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A B S T R A C T

Presumed probability density function (PDF) and transported PDF methods are commonly applied to model the 
turbulence chemistry interaction in turbulent reacting flows. However, little focus has been given to the tur-
bulence chemistry interaction PDF closure for flame-wall interaction. In this study, a quasi-DNS of a turbulent 
premixed, stoichiometric methane-air flame ignited in a fully developed turbulent channel flow undergoing side- 
wall quenching is investigated. The objective of this study is twofold. First, the joint PDF of the progress variable 
and enthalpy that needs to be accounted for in turbulence chemistry interaction closure models is analyzed in the 
quasi-DNS configuration, both in the core flow and the near-wall region. Secondly, a transported PDF closure 
model, based on a Conditional Quadrature Method of Moments approach, and a presumed PDF approach are 
examined in an a priori analysis using the quasi-DNS as a reference both in the context of Reynolds-Averaged 
Navier Stokes (RANS) and Large-Eddy Simulations (LESs). The analysis of the joint PDF demonstrates the high 
complexity of the reactive scalar distribution in the near-wall region. Here, a high correlation between the 
progress variable and enthalpy is found, where the flame propagation and quenching are present simultaneously. 
The transported PDF approach presented in this work, based on the Conditional Quadrature Method of Moments, 
accounts for the moments of the joint PDF of progress variable and enthalpy coupled to a Quenching-Flamelet 
Generated Manifold. In the a priori analysis both turbulence chemistry interaction PDF closure models show a 
high accuracy in the core flow. In the near-wall region, however, only the Conditional Quadrature Method of 
Moments approach is suitable to predict the flame structures.   

1. Introduction

In most industrial systems the combustion takes place in a vessel to
allow the generation of power. In the vessel, flames develop in the vi-
cinity of walls and interact with them, leading to flame-wall interactions 
(FWIs) that lower the overall combustion efficiency, impact the 
pollutant formation (Poinsot and Denis, 2005) and can also lead to un-
desired flame behavior, such as flame flashback (Fritz et al., 2001). In 
turbulent FWIs, turbulence increases the complexity even further. 

Numerical simulations of turbulent flames in the close vicinity of 
walls pose two major challenges. First, the thermochemical reactions 
inside the flame that are influenced by heat losses to the (cold) walls 
need to be considered and, secondly, it is necessary to account for the 

fluctuations of the reactive scalars caused by the turbulence. In direct 
numerical simulations (DNSs) of turbulent FWI (Gruber et al., 2010; 
Ahmed et al., 2021), typically, finite-rate chemistry is used to model the 
reactions in the flame, while the fluctuations of the reactive scalars are 
resolved by the simulation. This, however, leads to high computational 
costs and is not suitable for real combustion applications. Here, 
Reynolds-Averaged Navier Stokes (RANS) or Large-Eddy Simulations 
(LESs) are employed that use reduced or tabulated chemistry ap-
proaches and require turbulence chemistry interaction (TCI) closure 
models to account for the unresolved fluctuations of the reactive scalars. 
In the context of tabulated chemistry approaches, chemistry manifolds 
for FWI have been studied extensively (van Oijen and de Goey, 2000; 
Ganter et al., 2017, 2018; Strassacker et al., 2019; Efimov et al., 2019; 
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turbulent channel flow to generate appropriate turbulent inflow condi-
tions and a reactive simulation of the V-shaped flame. The simulation 
domain of the non-reactive case is a channel with a length of 14H,  3H 
and 2H in stream-wise (x), lateral (y) and wall-normal (z) direction, 
respectively. The flow is periodic in stream-wise and lateral direction, 
with a no-slip boundary condition applied at the walls. The computa-
tional mesh consists of 60 million hexahedral cells and is refined to-
wards the walls, with a minimum grid size of 25 μm or y+ 0.24. The 
inflow velocity fields at the boundary are stored at an interval corre-
sponding to the simulation time step of 3 μs and serve as an inflow 
condition for the reactive case. In the reactive simulation, the channel 
dimensions match the non-reactive counterpart, except for the channel 
length, which is reduced to 10H. The computational mesh consists of 
200 million cells (purely hexahedral, orthogonal mesh) refined towards 
the bottom wall with a minimum grid size of 12 μm at the wall in the 
wall-normal direction or y+ 0.14. In this region, the Kolmogorov 
length scale η has a minimum value of 45 μm and the laminar flame 
thickness of the methane-air flame is 

δL
Tburnt Tunburnt

max
(

δT
δx

) ≈ 0.5 mm, (1)  

ensuring a sufficient grid resolution. The fine resolution near the bottom 
wall is not motivated by the resolution of the Kolmogorov length or the 
flame thickness, but by the sufficient resolution of the FWI zone, because 
the flame can move as close as 100 μm toward the cold wall (Zirwes 
et al., 2021a). In the center of the domain (height of 1 cm), the wall- 
normal resolution is 100 μm and the Kolmogorov length at that posi-
tion is 150 μm. The velocity fields at the inlet boundary generated by the 
inert channel flow simulation are spatially and temporally interpolated 
to the inlet boundary face at every time step of the reactive simulation, 
which is about Δt 0.3 μs or CFL 0.15. In the lateral direction, pe-
riodic boundary conditions are applied. At the outlet a zero-gradient 
boundary condition is used for the velocity and the reactive scalars, 
while a Dirichlet boundary condition is employed for the pressure. The 

molecular diffusion coefficients for all species are assumed to be equal 
using a unity Lewis number assumption. The employed reaction mech-
anism is a reduced version of the CRECK mechanism (Ranzi et al., 2012) 
consisting of 24 species and 165 chemical reactions. The most important 
parameters of the numerical setup of the reactive simulation are sum-
marized in Table 1. Fig. 2 shows the instantaneous flame front of the 
reactive simulation, depicted by the YCO2 0.1 isoline. 

The quasi-DNS are performed with an in-house solver (Zirwes et al., 
2017, 2018) implemented in the open-source CFD code OpenFOAM 
(Weller et al., 2017), Version v1712. The solver uses finite-rate chem-
istry and was validated to be suitable for quasi-DNS in (Zirwes et al., 
2017) using multiple DNS reference cases from the literature. The spatial 
discretization is based on a fourth-order interpolation scheme, and a 
second-order fully implicit backward scheme is used for the temporal 
discretization. The solver was used successfully for quasi-DNS of tur-
bulent flames, examples are reported in (Zirwes et al., 2020; Hansinger 
et al., 2020; Zirwes et al., 2021b). The reactive quasi-DNS was averaged 
over the duration of 20 flow trough times 20⋅(10H)/Ubulk ≈ 20⋅0.02 s. 
The simulations were performed on approximately 32,000 cores and 
more than 18 million core-h were consumed. 

3. Modeling of turbulent flames using chemistry manifolds

In the context of turbulent combustion modeling using chemistry
manifolds two major challenges need to be tackled; (i) a suitable 
chemistry manifold needs to be found that is able to reproduce the flame 
structure, and (ii) a TCI closure model is necessary that accounts for the 
unresolved contributions of the reactive scalars, which in this particular 
context is the closure of the joint PDF. While the generation of a suitable 
manifold for FWI has been addressed in multiple studies of laminar 
(Ganter et al., 2017, 2018; Strassacker et al., 2019; Efimov et al., 2019) 
and turbulent (Heinrich et al., 2018a,b; Wu and Ihme, 2015) flames, the 
TCI closure in the close vicinity of the wall has received less attention. 
This work focuses primarily on the closure of the joint PDF, hence, a 
state-of-the-art manifold is used. Its suitability is demonstrated in Ap-
pendix B. 

The remainder of this section first introduces the manifold used in 
this work. Then, the modeling approaches for unresolved contributions 
of the reactive scalars are discussed in the context of both RANS and LES. 
Finally, the coupled CQMOM closure model employed in this work is 
presented. 

3.1. Chemistry manifolds for FWI 

Chemistry manifolds for FWI have been validated in multiple studies 
of laminar side-wall quenching flames (Ganter et al., 2018; Steinhausen 
et al., 2021; Strassacker et al., 2019) using detailed chemistry simula-
tions and experiments. However, a comparison of the tabulated ther-
mochemical states of the manifolds with a (quasi-)DNS of a turbulent 
side-wall quenching flame has not been investigated, yet. In this work, 

Table 1 
Numerical setup of the reactive case.  

Parameter Property 

Gas mixture Stoichiometric methane-air flame 
Reaction mechanism Reduced CRECK (Ranzi et al., 2012) 
Species diffusion model Unity Lewis number transport 
Dimensions (x× y× z)  100 mm× 30 mm× 20 mm
Flame anchor position (axial, wall-normal) (10 mm, 5 mm)  
Flame anchor radius 0.9 mm
Mean inflow velocity 4.4 ms 1

Gas inlet temperature 300 K
Wall temperature 300 K
Reynolds number 2770   

Fig. 2. Snapshot of the reactive flow simulation. 
The flame surface is visualized by the iso-contour 
of YCO2 = 0.1 and colored by temperature. The 
flame holder is indicated by the gray cylinder. At 
z = 0 mm the wall is shown in gray. The simula-
tion domain is shown as a gray bounding box. The 
slice close to the bottom wall corresponds to the 
area depicted in Fig. 6 and is colored by temper-
ature. (For interpretation of the references to color 
in this figure legend, the reader is referred to the 
web version of this article.)   
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a two-dimensional Quenching Flamelet-Generated Manifold (QFM) 
(Efimov et al., 2019) is used, a state-of-the-art manifold for FWI. It 
consists of a single, transient head-on quenching simulation and a series 
of preheated, one-dimensional freely propagating flames that extend the 
manifold at the upper enthalpy range. The simulation results are map-
ped on the normalized progress variable-enthalpy space ϕ ϕ(C,H), 
with the normalized enthalpy H and progress variable C given by 

H
h hmin

hmax hmin
, (2)  

C
Yc Yc,min(H)

Yc,max(H) Yc,min(H)
. (3) 

In the equation above, hmin and hmax are the minimum and maximum 
enthalpy in the chemistry manifold, respectively, while Yc,min(H) and 
Yc,max(H) are the minimum and maximum progress variable for a given 
enthalpy level. The progress variable Yc is defined as the mass fraction of 
CO2. Further details regarding the thermochemical manifold and the 
table generation can be found in (Steinhausen et al., 2021; Efimov et al., 
2019). The suitability of the manifold for turbulent side-wall quenching 
flames is studied in Appendix B. 

3.2. Closure of the joint PDF in the context of RANS and LES 

In the context of RANS/LES averaged/filtered balance equations are 
solved. Thereby, the local fluctuations and turbulent structures are in-
tegrated into mean/filtered quantities and do not need to be resolved in 
the simulation (Vervisch and Veynante, 2002). In the simulation of 
turbulent reacting flows instead of the commonly used Reynolds- 
average usually a Favre-average (mass-weighted) is used. In this work, 
the notation from Vervisch and Veynante (2002) is employed, with Q 
and Q′ denoting the Reynolds mean and fluctuations of a quantity Q, 
respectively, while Q̃ and Q’’ correspond to the Favre-averaged coun-
terparts. In the context of RANS, the averaging corresponds to a tem-
poral average. Note that in the investigated channel flow, the temporal 
averaging is additionally performed in the statistical independent lateral 
direction. In the context of LES, a spatial filter operation is performed 
using a box filter. A detailed description of the operations performed in 
the context of RANS and LES can be found in Appendix A. 

To capture the correct behavior of the turbulent flame, the unre-
solved fluctuations of the reactive scalars can be described by their joint 
probability density function (PDF) that accounts for the temporal sta-
tistic in the flow in the context of RANS and the filtered density function 
(FDF) that considers the spatial fluctuations in the context of LES. For 
the two-dimensional QFM employed in this work the bivariate PDF/FDF 
of the progress variable and enthalpy needs to be accounted for. In the 
following, both PDF and FDF are denoted by ̃P. Given the PDF/FDF ̃P(Yc,

H) of the progress variable Yc and normalized enthalpy H a mean/
filtered quantity Q̃ can be calculated in the context of RANS/LES

Q̃
∫

Yc

∫

H
fQ(Yc,H)P̃(Yc,H)dYcdH. (4) 

Here fQ is a function that describes the dependency of Q on the 
progress variable and normalized enthalpy (i.e. the thermochemical 
manifold) and P̃ denotes the Favre-weighted PDF/FDF, which can be 
determined from the non-density weighted PDF/FDF P as 

P̃(Yc,H)
ρ
ρ P(Yc,H). (5)  

3.3. Closure of the joint PDF with CQMOM 

The Quadrature Method of Moments (QMOM) (McGraw, 1997) is 
based on Gaussian quadrature and approximates the unclosed integrals 
in the moment transport equations containing the unknown PDF/FDF. 

The approximation is accurate up to the order 2N 1 with N being the 
number of integration nodes employed. In this work, a Conditional 
Quadrature Method of Moments (CQMOM) (Cheng et al., 2010) is 
employed to model the moments of the bivariate PDF/FDF ̃P(Yc,H); this 
represents an extension of the standard (univariate) QMOM approach 
(McGraw, 1997) to multivariate PDFs/FDFs based on the concept of a 
conditional PDF/FDF (Yuan and Fox, 2011), i.e. the bivariate PDF/FDF 
is given as 

P̃(Yc,H) P̃(Yc)P(H|Yc), (6)  

where P̃(Yc) is the marginal PDF/FDF of the progress variable and 
P(H|Yc) indicates the conditional PDF/FDF of the normalized enthalpy 
for a given value of the progress variable. The CQMOM uses a set of 
primary ϕα and secondary (conditional) ϕα;β nodes to approximate the 
joint PDF. The subscript α hereby describes the index of the primary 
direction, while (α; β) reads as index β of the secondary direction for a 
given index in the primary direction α. In the approximation, for each Nα 
nodes in the primary direction, Nβ nodes in the secondary direction are 
defined that model the conditional PDF/FDF P(H|Yc). Thus, a single 
node in secondary direction implies that for every integration node in 
primary direction a single integration node in secondary direction is 
used. In this work, the primary and secondary (conditional) direction 
correspond to the progress variable Yc and normalized enthalpy H, 
respectively. The integral approximation can be written as 

∫

R ψ

q
(
ϕα,ϕα;β

)
P̃
(
ϕα,ϕα;β

)
dϕαdϕα;β ≈

∑Nα

α 1

∑Nβ

β 1
wαwα;βq

(
ϕα,ϕα;β

)
, (7)  

with wα and wα;β being the primary and conditional weights of the 
bivariate PDF/FDF and q

(
ϕα,ϕα;β

)
containing all terms except the PDF/ 

FDF itself. Using q
(
ϕα,ϕα;β

)
ϕk

αϕl
α;β yields the moment definition 

m̃k,l

∫

R ψ

ϕk
αϕl

α;βP̃
(
ϕα,ϕα;β

)
dϕαdϕα;β ≈

∑Nα

α 1

∑Nβ

β 1
wαwα;βϕk

αϕl
α;β. (8) 

To perform the moment conversion (calculation of integration nodes 
and weights) a system of moments is used that is solved for in a coupled 
CFD simulation. To reach a fully determined system of moments for the 
bivariate PDF/FDF, a minimum of 2⋅Nα primary moments and 
Nα⋅(2⋅Nβ 1) conditional moments are necessary. For additional infor-
mation on the system of moments, the reader is referred to (Marchisio 
and Fox, 2013). The nodes and weights of the PDF/FDF are computed 
using a two-stage Wheeler algorithm that is described in (Wheeler, 
1974; Marchisio and Fox, 2013). First, the primary nodes ϕα are 
computed corresponding to the progress variable direction. The results 
are then used to calculate the nodes of the conditional moments in the 
enthalpy direction ϕα;β. Finally, the PDF/FDF is represented as a 
weighted sum of Dirac delta functions 

P̃(Yc,H) ≈
∑Nα

α 1

∑Nβ

β 1
wαwα;βδ(Yc ϕα)δ

(
H ϕα;β

)
. (9) 

Note that in the equation above, the PDF/FDF is modeled using a 
conditional PDF/FDF in the secondary direction, since the nodes in the 
secondary (conditional) direction are defined for every primary node 
separately, indicated by the subscript (α; β). An integral quantity Q̃, can 
then be approximated by 

Q̃ ≈
∑Nα

α 1

∑Nβ

β 1
wαwα;βfQ

(
ϕα,ϕα;β

)
. (10) 

In a coupled simulation, the algorithm presented in (Madadi Kand-
jani, 2017; Fox, 2018; Pollack et al., 2021) can be used to solve the 
moment transport equations. 
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are shown. While the prediction accuracy of the pPDF approach de-
teriorates with increasing aspect ratio, the CQMOM is able to correctly 
model the FDF showing a high accuracy for all aspect ratios. This em-
phasises the importance of a suitable FDF closure model with decreasing 
LES resolution. For the flame tip the aspect ratio has only a small in-
fluence on the prediction accuracy of both PDF closure models. The 
corresponding results are therefore not shown. 

6. Conclusion

Turbulent FWI in a generic turbulent side-wall quenching configu-
ration is investigated in this work. A quasi-DNS of a stoichiometric 
methane-air flame was performed. From the quasi-DNS data the joint 
PDFs/FDFs of the progress variable and normalized enthalpy were 
extracted and analyzed in the context of RANS/LES. The influence of 
enthalpy losses at the wall on the joint PDFs/FDFs was assessed for 
different wall distances and mean reaction progress in the flame. 
Analyzing the PDFs in the context of RANS clearly showed that the wall 
distance has a strong influence on the PDF shape and dimension. While 
in the core flow a univariate PDF solely dependent on the progress 
variable is observed, the PDF shape becomes increasingly complex and 
bivariate closer to the wall. In the context of LES, the FDF has a high 
dependency on the spatial position in the flow and two representative 
flame positions were discussed: a flame flank (A) and a flame tip (B). At 
the flame flank a wide FDF was present that showed a high dependency 
on the box filter’s aspect ratio and size (e.g. LES grid resolution). At the 
flame tip the FDF is less affected by the box filter’s shape, however, a 
strong correlation was observed between the progress variable and 
normalized enthalpy close to the wall. This finding is in contradiction to 
the often used modeling assumption of statistical independence, i.e. in 
pPDF approaches (Fiorina et al., 2005; Donini et al., 2017; Zhang et al., 
2021). 

In the second part of this work, a novel CQMOM approach, coupled 
to a Quenching-Flamelet Generated manifold is assessed in an a priori 
analysis in the context of RANS and LES. The results are compared to the 
quasi-DNS data and a pPDF approach from the literature using a β-PDF 
for the progress variable and a δ-peak for enthalpy. First, a moment 
convergence study was performed, showing very good agreement with 
the quasi-DNS reference for four nodes in the progress variable direction 
and a single node in the enthalpy direction. In the core flow region 
unaffected by wall heat losses, both models are in good agreement with 
the quasi-DNS reference. In close proximity to the wall, however, the 
pPDF approach is not able to capture the correct flame behavior in the 

context of RANS and for coarse LES (large box filter sizes). The CQMOM 
approach, on the other hand, shows excellent agreement with the quasi- 
DNS reference both in the near-wall region and in the core flow. These 
results are very promising for future fully coupled LES or RANS simu-
lations and provide an alternative approach to pPDF to account for TCI. 
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Appendix A. Favre-averaging in the context of RANS and LES 

To calculate a Favre-averaged quantity in the context of RANS a temporal average is performed and the Favre-averaged quantity Q̃(x, t) is given by 

Q̃RANS(x)
∫ T/2

T/2 ρ(x, t)Q(x, t)dt
∫ T/2

T/2 ρ(x, t)dt
, (A.1)  

where t corresponds to the time, T is the temporal integration interval and ρ the density. In the investigated channel flow in this work, the averaging is 
additionally performed in the statistical independent lateral direction, leading to 

Q̃RANS(x)
∫ ymax

ymin

∫ T/2
T/2 ρ(x, t)Q(x, t)dtdy

∫ ymax
ymin

∫ T/2
T/2 ρ(x, t)dtdy

, (A.2)  

with ymin and ymax being the minimum and maximum lateral coordinate, respectively. In LES a spatial filter operation is performed and Q̃(x, t) is given 
by 

Q̃LES(x, t)
∫

ρ(x*, t)Q(x*, t)F(x x*)dx*
∫

ρ(x*, t)F(x x*)dx* , (A.3) 
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Q̃
∑N

i 0ρiQi
∑N

i 0ρi
, (B.1) 

while, for the QFM value, both the density and the quantity are estimated from the chemistry manifold: 

Q̃QFM

∑N
i 0fρ(Ci,Hi)fQ(Ci,Hi)
∑N

i 0fρ(Ci,Hi)
. (B.2) 

While the manifold shows very good agreement with the quasi-DNS in the free flow and at the flame flank (A), at the flame tip (B) the manifold 
shows a deviation from the quasi-DNS reference in the near-wall region. These deviations in the manifold are due to turbulent mixing processes that do 
not occur in the laminar flames and are subject to future investigations. 

References 

Ahmed, U., Chakraborty, N., Klein, M., 2021. Scalar gradient and strain rate statistics in 
oblique premixed flame-wall interaction within turbulent channel flows. Flow 
Turbul. Combust. 106, 701–732. 
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