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ANALYSIS OF A DIMENSION SPLITTING SCHEME FOR MAXWELL
EQUATIONS WITH LOW REGULARITY IN HETEROGENEOUS MEDIA

KONSTANTIN ZERULLA

ABSTRACT. We analyze a dimension splitting scheme for the time integration of linear Maxwell
equations in a heterogeneous cuboid. The domain contains several homogeneous subcuboids,
and serves as a model for a rectangular embedded waveguide. Due to discontinuities of the
material parameters and irregular initial data, the solution of the Maxwell system has regularity
below H'. The splitting scheme is adapted to the arising singularities, and is shown to converge
with order one in L2. The error result only imposes assumptions on the model parameters
and the initial data, but not on the unknown solution. To achieve this result, the regularity
of the Maxwell system is analyzed in detail, giving rise to sharp explicit regularity statements.
In particular, the regularity parameters are given in explicit terms of the largest jump of the
material parameters. The analysis is based on semigroup theory, interpolation theory, and
regularity analysis for elliptic transmission problems.

1. INTRODUCTION

Maxwell equations belong to the fundamental equations in physics, and are in particular
used to describe a large number of phenomena in optics, see [32, 25, [9, [17]. Their solutions
are hence of great interest in many applications, like the design of waveguides, see Section 9.3
in [45]. To model waveguides, heterogeneous media are often studied that consist of several
homogeneous submedia. This approach leads to material parameters that are discontinuous
at the interfaces between different submedia. Maxwell equations with discontinuous material
parameters, however, usually have irregular solutions, see [I5] [8, [7, 11, 12, [I3] for instance.
This poses severe difficulties for the analysis of numerical schemes for the considered Maxwell
equations. To tackle these difficulties, we employ semigroup theory, interpolation theory, and a
detailed regularity analysis of an elliptic transmission problem.

On domains with tensor-structure, alternating direction implicit (ADI) schemes are very at-
tractive methods for the time integration of linear isotropic Maxwell equations. In the ADI
splitting from [56, 42], the Maxwell operator is split according to the spatial dimensions in
which derivatives arise. The split system is then integrated in time by means of the Peaceman-
Rachford scheme, see [44]. The splitting from [56) [42] can also be integrated in an energy
conserving way, see [L0]. These schemes are implicit and can be shown to be unconditionally
stable, see [56}, 42} 10, 29, [31), B8] for instance. Despite being implicit, the mentioned ADI schemes
are also computationally cheap. In particular, the implicit steps can be shown to decouple into
essentially one-dimensional problems amounting to linear complexity, see [56, 42, [10], 29} 30} [38].
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2 KONSTANTIN ZERULLA

In [47, 48], the Peaceman-Rachford ADI scheme is transformed into an even more efficient for-
mulation, being called fundamental ADI-FDTD scheme. There is also a modified ADI scheme
that uniformly preserves the exponential decay behavior of the Maxwell equations with interior
damping, see [53].

Despite their practical relevance, it seems to the best of our knowledge that only few rigorous
error results are known about ADI schemes. In [29] 20, 211, [19, [I8], the material parameters are
required to be W1 respectively W1 >N 23 regular on the entire cuboidal domain. In presence
of appropriate initial data, the ADI schemes from [56] 42] 10] are then shown to be of order
two in H~! and L?, respectively. While the mentioned error statements focus only on the time
discretization, a fully discrete error analysis is performed in [38 B1] for the Peaceman-Rachford
ADI scheme in combination with a discontinuous Galerkin discretization in space. [31] moreover
provides estimates on time- and space-derivative errors. In [54], the Maxwell equations are
considered with positive material parameters being piecewise constant on two adjacent cuboids.
Assuming appropriate initial data, time discrete approximations of the Maxwell system provided
by the Peaceman-Rachford ADI scheme from [56, 42] are here shown to be of order 3/2 in L2.
The error analysis of ADI schemes on the heterogeneous medium from the current paper is not
covered by the existing literature, to the best of our knowledge. In particular, the solution of the
considered Maxwell system has lower regularity than required in the above mentioned literature.

We study the time dependent linear isotropic Maxwell equations

OE =1curlH - %J, OH = —% curl E

£

(1.1)
E(0) = Eo, H(0) = H,

for ¢ > 0 on the cuboid
Q= (a7, af) x (az,a3) x (a3, a3)
with the boundary conditions of a perfect conductor
E xv =0, pH-v=0

on the boundary 9@Q). Conditions on the divergence of E and H are incorporated in an appropri-
ate state space for , see and Remark The vector v denotes the unit exterior normal
vector at Q, E = E(z,t) € R® stands for the electric field, H = H(z,t) € R3 for the magnetic
field, and J = J(z,t) € R? is a given external electric current. The functions ¢ = e(z) > 0 and
= p(xz) > 0 are the electric permittivity and magnetic permeability, respectively, and describe
the properties of the material () consists of.

The following assumptions on the parameters € and p are essential throughout the paper. The
conditions are inspired by a model of a rectangular embedded waveguide, see Section 9.3 in [45]
for instance. To formulate the preconditions, we make the following geometric constructions.
The cuboid Q is divided into a chain of smaller cuboids Q1, . .., Qr, where the interfaces between
adjacent cuboids should be parallel to the xo-z3-plane. We collect these interfaces in a set Fins.
Each cuboid Q; further contains smaller subcuboids Qi,l, ceey Ql K, that are separated from each
other, and touch the planes {3 = a3 } and {z3 = ag}. The smaller subcuboids QM’ . Qi,K
are, however, not allowed to touch an interface in jint. The remainder of QZ is then denoted
by Qi,o- The resulting partition of @) corresponds to a specific composition of materials. The
subcuboids szl? ey Ql x play the role of embedded waveguide structures, while Qi,ﬂ serves as
the surrounding medium. An example of the considered configuration is given in Figure [I] with
L =2 and K = 1. Note that our analysis can in a straightforward way also be transferred to the
case that each cuboid Qm, j € {1,..., K}, contains further embedded subcuboids that again
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Q1,0
(A) Three dimensional (B) Illustration of
picture of model domain subdomain notation

FiGURE 1. Example of a heterogeneous model domain )

touch the planes {3 = a3} and {x3 = a3}, but no other face of Q; ;. For the sake of a clear
presentation, we however omit this extension.
For the material parameters € and u, we throughout impose the assumptions

6'@@;"’“'@1,;‘ < R>O’ €|Qi,0 = 8’@,1’ 'U”‘Qi,o = Ml@i,z’ (1-2)

fori € {1,...,L}, 7 € {0,...,K}, and [ € {1,...,K}. These assumptions mean that each
subdomain Q” should consist of a homogeneous medium. Additionally, © is assumed to be
constant in each cuboid @Q;. One main goal of this paper is to express the regularity of the
solutions in terms of the largest relative jump of ¢ inside a cuboid Q;, see Corollary and
Remark 5.3

Due to low regularity in the zq-z2-plane of the solutions of (L.1)), see Remark we use a
different directional splitting of the Maxwell operator than the standard one from [56, 42]. (The
solution of is not contained in the domains of the standard splitting operators. Hence the
standard Peaceman-Rachford ADI scheme is not applicable to the original solution, see [29].)
The idea behind the directional splitting, we consider, is to treat the x3-direction independently,
and to leave the z1-zo-directions coupled, see Section [6.1] The split system is then integrated
in time by means of the Peaceman-Rachford scheme [44], see (6.3). The resulting scheme is
shown to be unconditionally stable, see Lemma For the implicit steps in the scheme ,
decoupled two-dimensional elliptic problems have to be solved for the third components of the
approximations to the electric and magnetic fields, see Remark [6.4. All other components of
the electromagnetic field approximations are obtained by solving only one-dimensional elliptic
problems.
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Note that the present geometry only allows singularities at the interior edges. This is essential
for the numerical splitting scheme . In particular, the scheme relies on the fact that the
solution of the Maxwell equations is H -regular in the x3-direction. The scheme is not applicable
to the solution of in absence of this regularity.

Our main result is given in Theorem stating that the directional splitting scheme
converges with order one in L? to the solution of ((1.1). The error result is rigorous in the sense
that we impose assumptions only on the material parameters and the initial data. Furthermore,
we can deal with less regular initial data than comparative literature [29] 211 20, [19]. For these
irregular data, we can, however, only show convergence of order one instead of order two. Indeed,
the local error can only be expanded to terms of second order in the time step size, since higher
order error terms cannot be controlled properly in our regularity setting. We are also going to
provide a rigorous convergence result of order 2 — x for scheme in a subsequent work in
preparation. (The number £ > 0 depends on the largest jump of the parameter ¢ at the interior
edges.) There we, however, have to impose stronger assumptions on the initial data.

To establish Theorem [6.5, we study the regularity of in detail. The regularity of the
time-harmonic counterpart of on more general heterogeneous polyhedral domains has been
analyzed in several papers, see [8, [0, 13} [7, 11, 12] for instance. We provide a regularity
analysis here to have sharp regularity statements for our model problem that explicitly link the
size of the jumps of the material parameters to the regularity of the problem, see Corollary
and Remark Moreover, we obtain that some components of the electric and magnetic
field have differing regularity. This turns out to be crucial for the numerical approximation
scheme. The regularity statement and the associated reasoning will additionally be employed
in the above mentioned follow-up work to derive higher regularity statements. For the sake
of a clear presentation, we hence give a detailed account of the arguments. In particular,
we localize at the interior edges in our medium, and study elliptic transmission problems in
a neighborhood of these edges, see Section [3| and [14, 15, 12]. To obtain the desired sharp
and explicit statement of Corollary and Remark the first nonzero eigenvalue of a one-
dimensional transmission problem has to be determined, see Lemma The actual regularity
and wellposedness statement in Corollary is then deduced by constructing a regular state
space X7 in and by applying semigroup theory on the latter space in Proposition

Structure of the paper. In Section [2| we recall useful function spaces, and introduce an
analytical framework for the Maxwell system . In particular, we construct a space X
in that turns out to be a regular state space for . In the spirit of [I5], we then
study the regularity of a transmission problem for the Laplacian in Section Using these
findings, the space X; is shown to embed into a space of fractional Sobolev regularity, see
Section In Section [5| we then prove the wellposedness of in X1, and in this way the
desired regularity statement. A directional splitting scheme is constructed in Section [6] It
is shown to be unconditionally stable, and a rigorous error estimate is established there, see
Theorem [6.5]

Notation. For convenience, we use a partition of Q that is different from the above Q =
U{;l U]K:o QZ] The new one is subordinate to the one above, and obtained by appropriate
refinement. In particular, the material parameters € and u are assumed to be constant on
each element of the new partition. We arrive at N smaller open cuboids @1,...,Qy with
Q = Uf\;1 @;. These cuboids should not overlap and again touch both planes {z3 = a3} and
{z3 = a7 }. Tt is also assumed that if two subcuboids share an interface, that the edges of the
corresponding faces then coincide.
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We denote the open faces of @ by
Fji ={r e |z;= aji, z € (a ,a)") for 1 # j}, I .= Fj ury; (1.3)

for j € {1,2,3}. The set of interfaces of the fine partition Q1, ..., Qy is called F, and the set of
exterior faces is Zey;. We also assign a unit normal vector vg € R? to every face F € Fint U Foxt
in the following way. In case F' is an interface being parallel to the x;-x3-plane, we choose vr as
the canonical unit vector e;, [ # j € {1,2}. Otherwise, F' is an exterior face, and vp coincides
with the outer unit normal vector v of Q. We also employ a set of effective interfaces .Z< that
contains all physical interfaces. It is defined via

%’f ={Z CQ is a face of@i,j, ie{l,...,L}, je {1,...,K}}U9~7int. (1.4)

A\ i in % imi i in Fint.
Normal vectors for interfaces in .Z<! are defined similarly as for interfaces in iy

The restriction of a function f € L*(Q) to a subcuboid Q; is denoted by f®) fori € {1,..., N}.
We also need a notation for jumps of functions at interfaces in ). To that end, let F' be an
interface between two cuboids ;1 and Q;2 with face vector vp pointing from Q;1 to Q2. Assume
additionally that the restrictions f(*) and f(? have well defined traces trp f(1) and trp £
at F. The jump [f]r of f at F is then defined as [f]p := trp f02) — trp fO1),

For a linear operator A on a normed vector space (X, ||-||), we denote its domain by Z(A),
and its graph norm by \|xH2@(A) = ||z + ||Az||?, = € 2(A).

2. ANALYTICAL PRELIMINARIES

This section is structured into two parts. The first one collects useful analytical concepts and
results about several function spaces that will throughout be employed without further notice.
We then proceed in the second part by interpreting the Maxwell system as an evolution
equation on an appropriate state space.

2.1. Important function spaces. For our reasoning, the divergence operator div, and the
two- and three-dimensional curly and curl are essential. Formally, they are defined by

3
diV¢ = Z @qﬁl, CuﬂQ v = 81’1)2 — 821)1,
=1

curl ¢ = (O3 — D32, D301 — D13, 012 — a1 ),

for distributions ¢ = (1, ¢2, ¢3) on a Lipschitz domain 2 C R® and v = (v1, v2) on a Lipschitz
domain S C R2.

For the sake of a clear presentation, we subsequently introduce only spaces and trace operators
related to the curly, curl, and div operators on the cuboid @) and a rectangle S. The definitions
and results, however, can be transferred to the subdomains ()1, . .., @y by appropriate adaptions.
We first recall the Banach spaces

H(curly, S) := {v € L*(S)? | curlyv € L*(9)}, HngurlQ = |lvll32 + [Jeurly |32,
H(ewl, Q)= {¢p € L*(Q)° | cwrlg € (@)%}, 102 = 972 + llcurl 72,
H(div,Q) := {¢ € L*(Q)* | dive € L*(Q)}, 11155, == llol72 + [ldiv $l[7-

We further use the subspaces Hy(curly, S), Ho(curl, @) and Hy(div, @), being the completion
of the space of test functions on S and @ with respect to the norms |||, 1,» [I*llcur @0d [|*[] iy

respectively. For these spaces, Theorems 1.2.5-1.2.6 in [24] state the following. The normal
trace operator v — v - v|gg extends continuously from C°°(Q)? to the space H(div,Q), now
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mapping into H~/2(0Q) with kernel Hy(div,Q). Moreover, Green’s formula can be extended
to H(div, @), stating

/QU -Vepdr + /Q(div v)pda = (v v, 0) g-1/29Q)x H1/2(0Q)

for functions v € H(div, Q) and ¢ € H(Q).
Concerning the curl operator, Theorems 1.2.11-1.2.12 in [24] establish similar results. The
tangential trace operator v — v X v|gg has an extension to the space H(curl, Q) with kernel

Hy(curl, Q) and range H~'/2(dQ)3. Green’s formula reads
/ (curlv) - pdax —/ v-curlpde = (v X v, 9) g-1/2(00)x H1/2(0Q)
Q Q

for vectors v € H(curl, Q) and p € H(Q)3.

To cover the two-dimensional case, we additionally introduce the unit tangent 1, on 0S.
Denoting by vg = (11, v2) the unit exterior normal vector of 95, it is defined by vy = (—v9,11).
For the two-dimensional case, Theorems 1.2.10-1.2.12 in [24] then yield that C°°(IS)? is dense in
H (curls, S), and the tangential trace v, : v — v - 14]|gs extends continuously to H (curls, S) with
kernel Hy(curly, S) and range H~/2(9S). In this setting, the Green’s formula is given by

/S(curlg U)(Z5 dr — ‘/S’U : (82¢, —81(;5) dx = <2) * Vg, ¢>H*1/2(6S)><H1/2(8S)

for v € H(curly, S) and ¢ € H'(S). We simply call the application of all three Green’s formulas
integration by parts.

Closely related are intersections of the above spaces, that are useful to derive regularity
statements. We define the spaces

Hrp(curl,div, Q) := H(curl, Q) N Hy(div, @),
Hy (curl,div, Q) := Hy(curl, Q) N H(div, Q).

3

Both spaces embed continuously into H'(Q)3, meaning that there is a constant Cp > 0 with

IE)2 ) < Cr(llewrl H|2 o + div E2: ) (2.1)

forall H € Hp(curl, div, Q)UHy(curl, div, @), see for example Lemmas 1.3.4, 1.3.6 and Theorems
1.3.7, 1.3.9 in [24].

During the proof of the global error bound in Theorem [6.5] we also use extrapolation theory,
see Section V.1.3 in [I] and Section 2.10 in [51]. Let A be a closed and densely defined operator
on a Banach space (X, ||-||x) with nonempty resolvent set. Let additionally A be an element of
the resolvent set of A. Then the extrapolation space X fl with respect to A is defined as the
completion of X in the norm ||| x4, = (M — A)~1.||x. Note that this definition is independent

of the choice of the resolvent value A. The operator A then has a unique and bounded extension
A_q from X to X f‘l. It is called the extrapolation operator of A to X. The resolvent operator
(M — A)~! moreover extends to the bounded operator (A\I — A_1)~" from X4, to X.
Interpolation theory is another important tool for our analysis. Throughout, we only employ
real interpolation on Hilbert spaces, which can be defined via the K-method, see Section 1.1
in [41] for instance. By means of interpolation spaces, we in particular define fractional order
Sobolev spaces, see [40, 49]. These spaces throughout serve as a measure for regularity state-
ments. Let s € [0,2], k € {1,2}, 0 € (0,1)\ {1/2}, d € N, O C R? open with a Lipschitz
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boundary, and define
H*(0) := (L*(0), H*(0))sj22,  H{(0) := (L*(0), H5(0))s 2- (2:2)

We additionally note that the spaces H?(0) and H(O) coincide for 6 € (0,1/2) (this can be
verified by means of Corollary 1.4.4.5 in [27] for instance).

The spaces of functions with piecewise Sobolev regularity are also important. Let I'* be a
union of some faces of . Define the spaces

PHYQ) :={f € L*(Q) | f € HYQ;), i € {1,...,N}}, q€10,2],
PH:(Q) :={f e PH*(Q) | fY =00on dQ; NT*, i e {1,...,N}}, s e (1/2,2],
equipped with the norms

1 e = i |7

for f € PHY(Q) and g € PH}.(Q).

The next lemma serves as a technical tool, establishing a useful density result for function
spaces related to the electric and the magnetic field. It uses to approximate with piecewise regu-
lar functions, that satisfy prescribed transmission conditions, and that vanish in a neighborhood
of all exterior and interior edges of ). The result is applied in the proof for Lemma and it
will play a crucial role in a subsequent work that is in preparation. For the statement, let I'* be
a (possibly empty) union of opposite faces of the cuboid @, and let .F,; ; denote the set of all
interfaces whose normal vector is parallel to the j-th canonical unit vector e;, j € {1,2}.

Lemma 2.1. Let € satisfy . Define the spaces
Vi={p e PHL(Q) | [exlz =0, [¢ls =0 for all F € Fipj,
F' € Fint \ Fint,j}s
W :={pe PH*Q)NV | o9 is smooth, supp(p) NT* = 0,
© vanishes in a neighborhood of all edges of Q1,...,QnN,
8V990(i) =0 for faces F C 0Q;, 1 € {1,...,N}}.
The space W is dense in V with respect to the norm in PH(Q).

Proof. We show only the density of W in V in the case I'" = I'y U '3, and assume j = 2. All
remaining settings can be established with the same techniques, up to appropriate modifications.

1) Let ¢ € V and ¢ > 0. Applying Lemma 2.5 in [I5] to every interior and exterior edge of
Q, there is a function ¢ € V, that vanishes in an open neighborhood of all edges of Q1,...,Qn
and satisfies

2
wooy  N9lleag = llgllpas,

¢ —ellpr(q) <4 (2.3)
Hence, there is a union 7 of tubes of inner radius ¢ > 0 around all edges with ¢ vanishing on

QNIT.
We next construct a piecewise smooth function fulfilling the required transmission, support,
and normal derivative conditions. We only deal with the cuboid

771 71 771 71 7,1 ,1
Q1= (ay ’a;r ) X (ag aa;r ) % (ag »a:;r )s

(setting a3i’1 = a3i) and we assume that Q1 touches the faces I' and 'y of Q, see 1) All
other cuboids can be treated in the same way with slight modifications. Let [ € {1,2,3}, and
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Xm,1 : R = [0,1] be a smooth cut-off function with supp x,,; C [a;’l, af’l + 11U i Tln, +’1],

m
Xm, = 1 on [al_’l,al_’l + 5] U [al+’1 - ﬁ,a;r’l], and [|x7,llcc < Cm for a uniform constant

C >0 for all m > m; € N. Let

I‘li’l ={xe€dQ: |z € {ali’l}, xj € (a,j_’l,a;“l) for j # 1},

1, 41 =1, 41—, 4
and denote the pyramid with basis I‘li’l and peak (X ;ral , 22 J;ZQ = ;% ) by Pli’l. Its

reflection at the face I‘li’(l) is called pli’l. Let further Q;, be the adjacent cuboid of @1 in
coordinate direction k € {1,2}.
We then define the larger set Qp := QU U?:1(15l+’1 U ]jjf’l), and put

oM () for z € Pli’1 up,,
(1= xma(@s)pD(z)  for o = (w1,22,73) € Py,
(1 — Xma(z2))pM)(x) for © = (z1,x2,23) € P, 1
o) () for z € P,

Im, (1) () = gB(l)(—xl + QaT’l,xg,xg) for x = (21,29, 23) € ]5;“1,
=2 502) () for = € Py,
0 forxelf’f’luﬁ’;’l,
0 for z € R3\ Q1.

Since ¢ is an element of V and vanishes on Q N .7, there is a number my € N and an open
superset Q1 of Q1 with gm,(l)’Q°1 € HY(Q1) for m > my. We then repeat the same reasoning
for all other subcuboids, by appropriately changing the definition of the function g,, ;) for each
subcuboid @;. Define then a function g,, on Q by gm|qQ, = gm,@)lq; fori € {1,..., N}.

Taking the exterior face conditions for ¢ into account, the arguments from the proof of Lemma
2.1 in [2I] show that g,(ﬁ) converges to ¢ in H'(P) for P € {PljEZ | 1€ {1,2,3}} as m — oc.
There consequently is a number 7 > my with

lgm — @l pr(q) < 6 (2.4)

We next employ the standard mollifier p,; that acts on the [-th coordinate, and that is
supported within [—%, %] Let

Un.i = Pn3 % Pn2 * Pn.1 * i, (i) neN,ie{l,...,N}.

By construction, the function 1/;7” is smooth, and it vanishes in a union 7 of tubes with
radius %C around all edges as well as in a neighborhood of all exterior faces in I'y UT'3, provided
that n > ng € N. We also remark that the function t,, being defined by QZJn|QZ = &n,ia
satisfies all required transmission conditions in ) for sufficiently large n. As a consequence of
standard mollifier theory, the sequence (zﬁm)n furthermore converges in H 1(Q2) to gy, (i)- There
consequently is a number n > ng with

gy S0 i€ (LN (2.5)

2) It remains to incorporate also the Neumann boundary conditions at the faces of Q1. This
is done by transferring a technique from the proof of Lemma 3.3 in [2I] to our setting. Let

lem — G, (0)

+1_ -1 _
k € (0,—5"1—) be a fixed number. Let & : [a; ’1,af’1] — [0,1] be a smooth function with
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1 1

supp @ C [a; ", a]" + 5], and @ =1 on [a;’ aplt + 4]. Define then the function

~ 1 ~
hyo1 (@1, 2, 23) 1= V1 (21, T2, 23) — &(21) /_ L Xk,1(8)O1i 1 (s, 2, 23) ds
a’

=: @Z;nl(x) —ri(x)
for x = (z1,29,23) € Pl_’1 and k£ € N. By construction of Q;ﬁ,l, the functions h; ; and 7 are

smooth. We next deduce that r; tends to zero in Hl(Pl_’l) as k — oo. The integrand of 7y,
is uniformly bounded in k, and converges pointwise to zero. Thus, (rg)x is uniformly bounded.
Applying now Lebesgue’s theorem of dominated convergence twice, we infer that r; converges
pointwise and in L?(P ’1) to zero as k — oco. A simple computation further gives rise to the

formulas
1

g = (01@) /_’1 Xk, 1(5) 01,1 (s, +) ds + @xn1 0191,

ay
x1 ~
817“k = d/, L Xk71(8>8181'¢ﬁ71(8, ) ds, l e {2, 3}.
a;’

Similar arguments to the ones above now imply that (017%)r and (97 )k are null sequences
in L2(P["). As a result, (hj 1)k converges to 1y 1 in HY(P), and O1h, ; = 0 on ;. By

analogous constructions on all other pyramids Pfr ’1, Pzi ’1, and P3i ’1, we further obtain similar

functions th th and hf3 for kK € N. They are in particular smooth and coincide with z,Z,le,
K

provided that the distance to the associated face is larger than 5. Define now a new mapping

Yr,1 on Q1 via its restrictions Vg 1| p+a1 = hljc[,j' As the function @5%,1 vanishes in 7 (union of
tubes around all edges with radius 3]/4C ), we can choose £ > 0 so small that v, ; is smooth on
Q1. We then repeat the analogous construction for all remaining cuboids Qo, ..., Qy, obtaining
functions vy 9, . . ., Y, n for k € N. Finally, we define the mapping v, elementwise by 1/1,(:) = Vi,
forie{l,...,N}.

By construction, 1 is smooth on every cuboid, and it vanishes in an open neighborhood of
'y UT's and of all edges of the subcuboids. It further satisfies the required normal derivative
condition at all faces for sufficiently large k. Using finally that the function iy, satisfies the
required transmission conditions, we conclude that v, also fulfills by definition the transmission
conditions [ey]z = 0, [Yr]z = 0 for all F € Fin 2 and F' € Fiy 1. Taking also f
into account, ¢y is contained in W, and the estimate ||V — @|| pp1(g) < 49 is valid for sufficiently
large k. O

2.2. Analytical framework for the Maxwell system. Throughout, we consider the Maxwell
equations (1.1)) as an evolution equation on the space X := L?(Q)%. The space is equipped with
the weighted inner product

((EI> ) (fl)) :_/QgE'EJruHTIdx, (g) 7 (g) e X

inducing the norm ||-|| on X. The positivity and boundedness assumption on ¢ and g implies
that ||-|| is equivalent to the standard L2-norm.
On X we consider the Maxwell operator

1
M = <—100ur1 Ecourl> , P(M) : = Hy(curl, Q) x H(curl, Q). (2.6)
m
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Note that fields in Z(M) have continuous tangential components at the interfaces.

We next incorporate the boundary conditions for the magnetic field, as well as divergence
and normal transmission conditions. Recall to that end the set of effective interfaces .Z<f. The
latter contains all interfaces between the submedia Qz‘,z, ie{l,...,L},1€{0,...,K}. For each

effective interface F € F&T we put

V(F):= (L*(F),HY) HL ={uec HY(Z) | u=0o0n.ZNIQ}. (2.7)

We then define the subspace
Xo:={(E,H) € L*(Q)° | div(¢El|g,,) € L*(Qip), [€E-vz]s € V(F), (2.8)
div(pH) =0, pH-v =000 0Q, .Z € X ie{1,...,L},1 €{0,...,K}},

of X, which is inspired by the spaces Xgiy and Xo in [29, 21, 20]. The space Xy is complete
with respect to the norm

N
5 5 ) L2 9
1B, = B )| + 3 divc@BO) [+ 3 B vl s
i=1 FeFcl
To equip the Maxwell operator with the magnetic boundary conditions as well as the electric
and magnetic divergence conditions, we introduce the restriction My of the Maxwell operator

to the space Xg, and consider it on the space

Xy = 9<M0) = .@(M) N Xo, (29)

which is equipped with the norm
2 2 2
o)l =)l )l ()
= + || M , € X;.
H (H “ H)||, H H

Remark 2.2. By interpreting the Maxwell equations (1.1)) on X, we only assume that the
divergence of the electric field is an L2-function on every submedium Qis,i€{l,...,L}, l €
{0,...,K}. In particular, we allow for nonzero jumps of the normal component of the field
eE across effective interfaces in .Z£. These discontinuities represent surface charges on the
interfaces, see Section 3.5 in [25]. O

Although the space X is mainly defined by means of the domains of the divergence and curl
operators, which themselves allow for irregular functions, the space X; indeed embeds into a
space of functions with piecewise fractional Sobolev regularity above 2/3, see Proposition

The next lemma deals with My, and it shows that M is not only the restriction of M to Xg,
but also its part in this space. The statement corresponds to relation (2.5) in [21].

Lemma 2.3. The identity 2(MEY) = 2(M*) N X is valid for all k € N, and M(2(M)) is a
subset of Xo. In particular, My is the part of M in X, and the space X1 is complete.

Proof. We show only that the space X is complete. The remaining statements can be established
in the same way as identity (2.5) in [21].

To deduce the completeness of X1, we first note that M is closed in X as the part of a closed
operator, and thus its domain X; is complete with respect to the graph norm of My. It hence
suffices to show that the graph norm of My coincides with the standard norm on Xj.
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Let (E,H) € X; = 2(M)N Xy. Combining the relation div(e(M(E,H));) = div(curl H) = 0
with the transmission conditions in H(curl, Q) and H(div, @) and the definition of the norms

on X and X7, the identities
2 2
()], =G
Xo Xo

G, -1

immediately follow. 0

2
2(Mo)

The part of M in X; is denoted by Mj, and it is shown to generate a strongly continuous
semigroup on X;. Thus, the space X; serves as a state space for the Maxwell equations ,
see Proposition [5.1] Using a regularity statement for the space Xy, we can then conclude that
the system ossesses solutions of piecewise H!'~?-regularity, 6 € (0,1) appropriate, see
Corollary [5.2] and Remark [5.3] As a starting point, the following result states the generator
property of the Maxwell operator on X. The statement is part of Proposition 3.5 in [29].

Proposition 2.4. Let € and p satisfy . The Mazxwell operator M generates a unitary
Co-group (e"M)icr on X.

3. ANALYSIS OF AN ELLIPTIC TRANSMISSION PROBLEM

This section is concerned with investigations of transmission problems for a Laplacian on
the cuboid @), see . The considered elliptic transmission problem arises several times in
literature, see [15], 136, B7, 39, 43, B4, 11], 12| 13] for instance. Note, however, that there are no
explicit regularity statements for our particular application of the embedded waveguide at hand,
to the best of our knowledge. In other words, we are interested in precise regularity results in
terms of the size of jumps of the parameters € and p. This is because the below system
arises naturally when analyzing the regularity of the electric and magnetic field, see the proof
of Lemma and [I5], 11, 12]. Because we are also going to transfer some arguments from the
analysis of to a different elliptic transmission problem in a subsequent work, we analyze
the problem here in detail to have a self-contained presentation.

Let n € {e,p} satisfy the assumptions (L.2). The function n will throughout serve as a
placeholder for the material parameters € and p. Let further I'* be a nonempty union of some
of the sets ', I'9, I's, consisting of opposite boundary faces of @, see . Consider the elliptic
transmission problem

fA¢(i) = f(i) on @Q; forie {1,...,N},
Y =0 on I'*, (3.1)
Vv =0 on 9Q \ T, '

W]z =0=[nVyY-vz]z on F € Fy,

involving a given function f € L?(Q). System (3.1) can also be expressed equivalently by the
formula

Ar«u = f, (3.2)
involving the Laplacian
(Apsu) D := Au®, on @Q;, i€{l,...,N}, (3.3)
u € P(Ar+) == {v € HL(Q) | div(nVv) € L*(Q), Vv-v =0o0n 9Q \ I'*}.
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We next recall the decompos1t10n Q= UZ 1 U] 0 QU from Sectlon To measure the regu-
larity of the solution of (3.1)) in the case n = ¢, we introduce the number % € (2/3, 1] with

(elo,, —€la.)® 4sin® () A
j {I{IaXL} ely £ "~ sin(En) sin(ZEn)’ (34)
1€1,...,Ly, oy oy 5
el K Q17 1Qi0 2 2
Note that % decreases if the relative discontinuities of the material parameter ¢ in the sub-
cuboids Q1, ..., Qr, become stronger, meaning the material becomes more heterogeneous. In the
limit case of homogeneous subcuboids Q1,...,Qr, on the other hand, the number R is one.

The central result of this section is the following regularity statement for . To state it,
we employ the following notation. We define Q := Q N {z3 = 1/2}, Q; = QI N{xs = 1/2}

i € {1,...,N}, and interpret them as rectangles in R?. Piecewise Sobolev regularity on Q is
then deﬁned with respect to the partition Q1,...,Qn. We put
Yo = Hy, ((0,1), L*(Q)) N Hg, ((0,1), H(Q)) N L, ((0,1), PH*"(Q)) (3.5)

for k € [0,1). This space is canonically equipped with the sum of the norms.

Proposition 3.1. Let n € {e, u}, and let € and p satisfy (1.9). Let further k >1—& if n =,
and k = 0 if n = p. Assume also that f € L*(Q), and let T* be nonempty. There is a unique
solution 1 € Yo_,. of with [[Y|l4,_, < C | fllp2q) for a constant C = C(Q,n, k) > 0.

The remainder of this section is concerned with the proof of Proposition The argument is
oriented towards the papers [36} B9, [I5]: Using the Lax-Milgram Lemma, the Laplacian Ap« is
bijective. Consequently, the regularity of functions in Z(Arp+) has to be studied. By means of a
cut-off argument, we separately study the behavior of functions in Z(Ar+) in cylinders around
interior edges and in the remainder of Q.

We first analyze the behavior in a cylinder around an interior edge. By means of cylindrical
coordinates, we can decompose the problem into a related elliptic transmission problem on the
unit disc, see Section and a one-dimensional elliptic problem for the height variable, see the
proof of Lemma @ On the remainder of @, functions in Z(Ar+) are piecewise H?-regular,
see Lemma [3.12] The global regularity statement is then concluded in Section [3.3]

In the next subsection, we first derive an inequality that is useful to establish the energy
estimate in Proposition It comes into play when we consider functions in Z(Ar-) on the
part of () away from the interior edges.

3.1. Energy estimate for the Laplacian with transmission conditions. The next two
lemmas provide a useful energy identity and an a priori estimate for the Laplacian on Z(Ap+)N
PH?(Q). This is done in the spirit of Grisvard, see [26].

Lemma 3.2. Let n) € {e, u} satisfy (1.4). The identity

3l ot

;(Qn + [[05u? i2<

+ H(‘?%u(i)

+ 2 Hc‘?lagu

L2(Qq) L2(Q:)

+ 2 H@lﬁgu(z)

—I— 2 Hagagu(z

‘Au(i)

L2(Qi L2(Qq)

=)
L2(Qs) ) :;nz

is valid for u € P(Ar+) N PH*(Q).
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Proof. 1) We only treat the case I'" =T';. A simple calculation first leads to
2

L2(Qq) L2(Q:) L2(Q))
+ 2/ (alu D) (@3ul?) da + 2/ (&2uD)(82uD) dz + 2/ (020D (92u) dz
@ Qi Qi

HAu

= H@lu

+ H(?%u(’)

+ H@%u(’)

L2

forie{1,...,N}.

2) By Lemmah there are two sequences (¢, ), and (), in PH?(Q) satisfying 4,055) — O3ul?,
1/17(5 ) dou' in HY(Q;) as n — oo, and fulfilling the boundary and transmission conditions
cpgf) = 0 on Fé), 7(11) = 0 on F(Qi) NoQ, and [pn]lz = 0 = [nYn]s for F € Fiyeo for all
i€{l,...,N} and n € N. Employing Lemma 2.1 of [2I] and Lemma 7.1 of [54], the relations

82cp(i) =0 on F(i) 831#(1 =0on T, A 0Q,

[0500] 7 = 0 = [n0s0I] 5 for F € Fins2,

are furthermore valid. An integration by parts then leads to

N
Z/ 1 Osel) @0n)) dr = 3 /Qn(”(@zsoﬁf))(agwé’))dx
i=1 g

Taking limits, we infer the formula

Z/ (826 (02 dx—Z/ )(9y803u))? da:

for the last term on the right hand side of (3.6} . Treating the fourth and fifth terms on the right
hand side of (3.6)) analogously, we arrive at the desired statement. O

We next provide an energy estimate for piecewise H?-regular functions in the domain of Ap«.
It is obtained by combining Lemmawith the Poincaré inequality, see Theorem 13.6.9 in [51].

Lemma 3.3. Letu € Z(Ar«)NPH?*(Q), andn € {e, u} satisfy . The estimate [[ul| prr2(q) <
Cl|Ar+ul|r2(q) is valid with a uniform constant C'= C(n,Q) > 0.

3.2. Analysis of a Laplacian on the unit disc with transmission conditions. The goal
of this subsection is a precise regularity statement for functions in the domain of a Laplacian
on the unit disc with transmission conditions representing the ones in system forn =«
near an interior edge, see . To that end, we derive an explicit spectral decomposition of
the Laplacian in terms of Bessel functions for the radial part and piecewise smooth functions for
the angular part. The resulting eigenbasis can be decomposed into a set of piecewise H2-regular
functions, and a one containing functions with lower regularity, see and Lemma
Treating both sets separately, the final regularity statement is derived in Corollary

The next definition involves the union of all edges of the interfaces, being denoted by . and
called skeleton.

Definition 3.4. Let e C . NQ be an interior edge, and let Qin 1, ..., Qin4 be the four adjacent
cuboids to e. The material parameter € has a strong discontinuity at e if €|g,, ,u.-UQw.. has
a strictly larger value on one cuboid than on the remaining three.

In the following, we fix an interior edge e, C . NQ. After translation and scaling we assume
the identity

ein = {(0,0)} x [0, 1]. (3.7)
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We moreover assume that € has a strong discontinuity at e, and fix four cuboids Qin 1,. .., Qina

having e, as a common edge. We denote by &;, the restriction of € to the latter cuboids. The
(4)

notation ey, then refers to ein|q,, ;- As € satisfies lb it then suffices to treat the configuration
1 2 3 4
S (3.8)

As in [14} 15], we localize in a cylinder around the interior edge e;,, see Section Let &
be a cylinder around ey, with radius 1, that touches the faces F{,f and I'; of Q. After scaling,
we can assume that 2 touches no interior edge (except ey, of course). Rotating appropriately,
we can assume the representation

ngin,i = {(l',y,Z) ‘ (l’,y) € Di? FAS [07 1]}7
D; ={(rcosp,rsing) | r € (0,1), ¢ € I;} (3.9)

for i € {1,...,4} with the intervals
L:=(0,3), IL:= (%), I3:=(m3m), Iy:=(3n,2m).

By (r,¢) we throughout denote polar coordinates. Note that Dy, ..., Dy give rise to a partition
of the unit disc D. The partition represents the regions, where e;, is constant.
In this subsection, we study the two-dimensional Laplacian

Apy = = div(en V), (3.10)
Y € P(Ap) = {1 € HY(D) | div(e,Vep) € L*(D)},

with transmission conditions on the unit disc D. Note that the transmission conditions fit to
the ones of the Laplacian Ar«, see .

It is well known that Ap is invertible with compact resolvent, and selfadjoint on L?(D) with
respect to the inner product

(f, DD = /D emfgdr,  f.ge LA(D), (3.11)

see [36] for instance. (Indeed, bijectivity is obtained via a Lax-Milgram-Lemma argument and
symmetry is derived with an integration by parts.)

The eigenvalue problem for Ap can be handled by transferring the reasoning in [50]. This
means that we switch into polar coordinates, and separate between angular and radial variable.
As the coefficient €;, depends only on the angle ¢, it can be interpreted as a piecewise constant
function on the union I; U--- U I4.

The angular part leads to the eigenvalue problem

WD) = -2 on I, i€ {1,...,4},  ¥,emd’ € HL(0,27), (3.12)

where Héer((), 2m) refers to the periodic H'-space on (0,27). By Lemma 4.2 in [37],
has countably many eigenvalues 0 = k3 < k% < -+ — o0, and associated piecewise smooth
eigenfunctions v, 11, . ... The latter form an orthonormal basis of L?(0,27) with respect to the
L?-inner product with weight ey,.

A lengthy calculation leads to the following relation for the square root of the first nonzero
eigenvalue of , see [55]. It provides a crucial sharp lower bound involving the number &

from (3.4]).
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Lemma 3.5. Let ¢y, satisfy (@) Then k < k1 < 1 < ko, and k1 satisfies

(€W~ dsin®(kym)

5%)51%) N _sin(%w) sin(?’%w)'

In the following, we construct an orthonormal basis of eigenfunctions for the Dirichlet Lapla-
cian Ap. To this end, we employ the Bessel function .J, of order v > 0, and the eigenvalues of

1} The positive zeros of J, are denoted by 0 < u§”) < ug/) < -+ — 00. We define

Uia(r,9) = T (5 r)n(0), 7€ (0,1), w € (0,2), (3.13)
with £ € N and | € Nyg. Note that the functions ¥, ; have second weak derivatives with
singularities at 7 = 0. This eventually causes the weaker regularity statement than H? in

Proposition These singular functions are hence incorporated separately by means of the
spaces

M =span{¥y; | ke N, l € Ng\ {1}}, A =span{¥;; | k € N}. (3.14)

In the next lemma, we derive useful spectral properties of the Laplace operator Ap. The
proof employs ideas from Theorem 2 in Section 5.5.2, Lemma 1 in Section 6.4.2, and Theorem 1
in Section 6.4.2 of [50].

Lemma 3.6. Let €y, satisfy (@
a) The family {Vy, | k € N, | € No} is an orthonormal basis of L*(D) with respect to the
inner product (-,-)e,.p from }

b) The spaces # and AN are contained in the domain 2(Ap). Furthermore, .# is a subspace
of PH?(D). The eigenvector relation ApWy, = —(/L,(:l))Q\I/kJ is satisfied for k € N and | € Ny.

Proof. a) The asserted orthogonality follows by combining the choice of the functions {¢; | [ €

No} with Theorem 2 in Section 5.5.2 of [50]. The completeness of the system {¥; |k €N, [ €

No} can be concluded in the same manner as in the proof of Lemma 1 in Section 6.4.2 of [50].
b.i) Let £ € N and | € Nyg. The function Wi satisfies the transmission and boundary

conditions for Ap due to the choice of 1, see , and the definition of /L,(:l). Note further
that every function Wy ; is at least H'-regular. To show that claim, let i € {1,...,4}. Since
1y solves (13.12]), the function \I/,(;)l is as regular as the function (al(z) cos(kip) + bl(z) sin(kyp))r
with appropriate real numbers al(l), bl(z). If [ = 0, this means that ¥ ¢ is piecewise smooth. In
case | € N, Uy, then belongs to the space H'**(D;) for every k < min{1, x;}, see [4, [l [3] for
instance.

The stated eigenvalue-eigenvector relations are obtained in the same way as in Theorem 2
in Section 5.5.2 of [50] by means of the choice of 1)y, see . As a result, .# and A are
contained in Z(Ap).

b.ii) It remains to show that every function in .# is at least piecewise H2?-regular. Let [ € N
with x; > 1. (The case k; € {0,1} can be handled by switching into cartesian coordinates.)

Since Wy, is as regular as the function ¢()r™, it satisfies the estimate
1 ' | |
/0 A (%|8r(qjk,l)(l)|2 + T’@g(q/k,l)(l)F + %‘arago(q/k,l)(z)’Q

+ 10,0 ) D2 + T%\ag(q/k,l)@\?) dpdr < oo,

proving that Wy ; is an element of PH?(D). O
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In view of the stated inequality in Proposition we also need an a-priori energy estimate
for functions in Z(Ap) in terms of the Laplacian Ap. In Lemma 2.2 and the following Remark
n [36], the estimate

1l a2y < CU1Yl2py + 1ADY | 12(p)), ¥ € 2(Ap) N PH?(D),

is derived with a uniform constant C' = C(eiy) > 0. By Lemma M is a subspace of PH?(D).
Standard reasoning then leads to the inequality

1%l prz(py < CllADY 12Dy, e, (3.15)

with a uniform constant C' = C(ej,) > 0.

To derive a counterpart of for functions in the space 4" from , we transfer ideas
by Kellogg in the next two lemmas to our setting, see Theorem 5.2 and Lemma 5.6 in [36].

Let v € (1/2,1) and f € C([0,1]). In a first step, a norm estimate is derived for the solution
of the one-dimensional problem

P2 () + T P () = PR () = f(r), e (0,1), (3.16)
Y(0) =9(1)=0,  $eL*0,1).
The solution % is given by

W(r) = ar”—i—%r”/ 2 () dt - ir*”/ tAV () de, e (0,1),
0 0

involving the number

v

1
o= —;/0 (t1/27v — 124y £ (1) dt.

We note that the expression on the left hand side of corresponds to the radial part of
the Laplacian Ap, acting on functions in .#". The inequality provided by the next lemma will
thus be crucial for an energy estimate in .4, see the proof of Lemma [3.§

Lemma is obtained in a straightforward way: Each summand on the right hand side of
the solution formula for 1 is estimated separately by means of the Young and Cauchy-Schwarz
inequalities. We thus omit the proof.

Lemma 3.7. Let £ > 2(1 — v) with parameter v € (1/2,1) from (3.16). The solution ¢ of
satisfies the inequality

1 1
/ r(r () + 3y dr < C/ fdr
0 0

with a uniform constant C = C(k,v) > 0.

We next establish the desired a-priori estimate in fractional order Sobolev spaces for the
operator Ap on the space 4 from (3.14]). Recall the number % from ([3.4)).

Lemma 3.8. Let eiy satisfy , ko € (2(1 —R),1), and ¢ € FMowap) e inequality
191l prrz—r0/2(p) < CllIADP L2(D)

is valid with a uniform constant C = C(kg) > 0.

Proof. 1) Let ¢ € 4. We use the sets
Dig = {(z,y) € Di | |(z,y)] = £}
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for £ > 0. Recall the definition of D; in (3.9). Note moreover that ¢ is smooth on each D;¢ by
definition of .4 in ({3.14)).
%0
Combining the inequality |z1]%0/2|zo|"0/? < /23 + 23, (21, 72) € R?, with Lemma 2.12 from
[6], it suffices to prove the estimate

2 2
KQ Ko Ko
72 ¢l 2Dy + ZHT 208 r2(py + Z 72 9;0kdl 12Dy < CllADP 2Dy

j=1 k=1

Transforming to polar coordinates and integrating by parts with respect to the r- and -
variables, the formula

4 . . . ;
> /D e [(0260)(D261) — (9.0,6)] d(x, )
=1 €
// i [0(076 ) (9,01)) + 2Lz 5059, 6D)] dp dr

+Z/ (520,89l = (707 (0,67 (026)

+ Hpopro=2(9,¢10)%)],—¢] de (3.17)
is obtained.

2) The first term on the right hand side of ([3.17)) is next treated separately by means of
Lemma We first note that ¢ has the representation

Z
o(rcos o, rsing) = Y apde, (1)1 (), (3.18)

for r € (0,1), ¢ € (0,27), with numbers Z € N and a1, ...,az € R. Since 1; is an eigenfunction
of (3.12) to the eigenvalue x?, we deduce the identity
AAGD = 2280 4 120,80 _ 23200 ;O pe(0,1)  (319)
Combining (3.19)) with Lemma we then infer the estimate

4 1 ) N 4 1 .
S [t o apar< ey [ [ e dedr
i=170 i =170 i

with a constant C' = é(lio) > 0. For the first term on the right hand side of (3.17), we
consequently arrive at the inequalities

Z/ | dre @206 dipr
i=17& i
4 1 '
E_Z(%G/ / (4) Ho+1(82¢(1) dgodr—|—4/ / pro—1 T¢(Z))2d90d7‘)
i=1 &
4
> - 16/ | S 0260) dodr + 4CVERADOI ). (3.20)

3) We next focus on the face integrals on the right hand side of (3.17] . To that end, we analyze
the behavior of ¢ near the center of D. In view of (3.18)), it sufﬁces to consider the function
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d(r, @) := Ju, (r)¥1(p). Using that 1y is an eigenfunction of and that ko > 2(1 — K1),
one can show that the functions r%0~1(8,¢" )(82d>(2 ) and 7%0=2(9,$)? possess continuous
extensions to [0,1] x [;, and that they tend to zero as r — 0. The dominated convergence
theorem hence yields

%5%2 ] 2T 0,001 (0200) + Hgar 20,60 cdp =0, (321
4) For the next step, the formula
9200 = 3 (8261) + 2240,0,01) + 1526
is useful. Combining (3.17)) and (3.20)), we derive the estimate

2:1/&’6 moei(fl)(Aqs( ))2 d(z,y) +4C‘||\/5;AD¢||%2(D)
4
ZéZ(/ e [(03610) + (8501)* +2(8:0,617)] d(,y)
=1

=2 [ 0 (0,00)(020) + L 20,00 g o).
In the limit £ — 0, the monotone convergence principle and (3.21)) lead to the relation
(1+ 46)”\/51nAD¢H%Q

>} z L, 0260 + @00+ 20:0,6 d(o )

The H'-norm of ¢ can finally also be bounded by [|Ap¢|| 12(p) using the Cauchy-Schwarz and
Poincaré inequality. O

The following corollary is an important and direct consequence of Lemmas [3.6] and [3:8 as
well as (3.15)). It provides the desired regularity statement and energy estimate in the domain
D(Ap).

Corollary 3.9. Let gy, satisfy (@, and Kk > 1 — K. Then 2(Ap) C PH?*7%(D) with
|ull prr2—r(py < Cl|Apull2(py, w € P(Ap), for a constant C = C(k) >0

3.3. Conclusion of the regularity statement. We now establish the desired regularity state-
ment for functions in the domain of the operator Ar« from , resulting in a regularity result
for the solution to the interface problem . To that end, we first use a cut-off argument to
focus on thin cylinders around interior edges. This principle is well known to experts in the
field, see [16] [14] 15] for instance. To have a self-contained presentation, we however sketch the
arguments.

Let us first fix some notation for the next statements. Recall that .% is the union of all edges
of the interfaces. Let e, C . be an interior edge. Without loss of generality, we assume in
the following that all cylinders around the interior edges with radius 1 are disjoint from each
other. We denote by dist(e,) : @ — [0,00] the distance function to ey,. Let additionally
X : [0,00) — [0,1] be a smooth cut-off function with x =1 on [0,1/4] and supp x C [0,9/16].

Lemma 3.10. Let ¢ satisfy , and let e;y C % be an interior edge. Let furthermore u €
PD(Ar+). The function x(dist(ei, -)?)u belongs to Z(Ar+).
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Proof. We can assume that e, satisfies , and abbreviate v := x(dist(ein, -)?)u.

Recall definition . Using the product rule and construction of x(dist(ei,-)?), it suffices
to verify the first order transmission condition for v at interfaces touching e,. Let .# be such
an interface. We assume the representation .# = {0} x [0,1] x [0, 1], and take z = (x1, z2,23) =
(0,22, 73) € F. A straightforward computation then shows that Vx(dist(em, )?) v = 0. This
means that v fulfills the same interface conditions as u, whence v is an element of the domain

D (Ar+). O
Recall for the next statement Definition (3.5)), and (3.4]).

Lemma 3.11. Let ¢ satisfy , and let e, C .7 be an interior edge, where € has a strong
discontinuity. Let furthermore u € Z(Ar+) and k > 1 —&. The function x(dist(em, -)?)u belongs
to Yo— N D(Ar+) and

[ (dist (e, -)ull v, < CllAr- (x(dist (e, -)u)l| L2(g)
with a number C = C(e, k).

Proof. 1) Without loss of generality, we can assume that e, satisfies . ‘We moreover assume
that I's C I'*. (The case I's  I'* can be handled with the usual modifications for homogeneous
Neumann boundary conditions.) Throughout, C' = C(e, k) is a constant that changes from line
to line. As in the proof of Lemma [3.10] we set

v = x(dist(em, )?)u € Z(Ar-).
Recall the cylinder 2 = D x (0,1). By construction of v, it suffices to prove

1l 2(0,1), PE2—%(D)) + [Vl E1 ((0,1), 51 (D)) + [Vl 2 ((0,1), 22 (D))
S CHAF*U ’L2(f)' (322)

2) The function v is odd reflected at '3 to the large cylinder 2 := D x (—1,2). The parameter
ein is reflected in an even way. Note that v belongs to H'(%), and that e, V| Dix(—1,2) is an
clement of H(div, Z).

3) Let x3 : R — [0,1] be a smooth cut-off function with y3 = 1 on [0,1] and supp x3 C
[—1/2,3/2]. We analyze the product x3(z3)v in the following, and thereby use ideas and tech-
niques from [16} 14]. To that end, we extend the function x3(z3)v trivially by zero in x3-direction
to the infinite cylinder D x R.

Put now

—A(xsv®) =: f e L2(D; x R), (3.23)
for i € {1,2,3,4}. The above extension procedure then implies the fact
1F1l 2 (Dxry < Cllifll 22 (3.24)

Next we apply a partial Fourier-Transform with respect to the xs-variable, and we denote the
resulting function by  for w € L?(D x R). The inverse transform of a function v € L?(D x R)
is denoted by ©. We moreover call the new variable in Fourier space £. Relation then
gives rise to the formula

(& -02 - 832)A(>?3U(i))($1,$27§) ="(f), (71,22,8) € Di x R, (3.25)
and we note that “(ysv)(-,§) € Z(Ap).
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4) Corollary the triangle inequality and (3.25|) provide the relation

I"(%30) G B prz—r(py < C("£2A(>%3U)('7€)|’2L2(D) + HA(JZ)(HS)H%Q(D))' (3.26)
We next take also the estimate
0 < 7%(5in€2/\(>0(3v)('7 5)7 ADA(>°<3/U)('7 5))L2(D)’ (327)

into account, that is a consequence of the positivity of —Ap. Combining (3.25))—(3.27)), we arrive
at the inequalities

I"Gesv) (g2 (y < C(IVERET (R0) (5 )32y
— 2R (e (130 (- ). A (130 ) 12 )
+ IVamAD (%50) (5 OlF2(p) + IVER (D Ol 1)
< ClIVam (N Oz ) (3.28)
Integrating now with respect to £ and using Plancherel’s Theorem, we conclude
”>%3UH%2(R,PH2—“(D)) < CHfH%Q(DXR)‘
In view of , we consequently derive the relation
IX3vll L2, pr2-=(D)) < ClIfll12()- (3:29)
5) Relation further yields the inequality
162 (X30) (- ) 1720y < CINH N T2(y-
Integrating with respect to £ and using , we infer the estimate
IX3vll 2,2 (0)) < ClFll L2 2)- (3.30)

With the selfadjointness of the operator (—Ap)'/? and the Cauchy-Schwarz estimate, we next
deduce the inequality

IVZmlél(—=AD)Y* (%30) (-, Ol 2 (p) = (Emlél? (X30) (-, €), (~AD) (X30) (-, ) 12 )
< [IVemlél* (X30) (- )l 2 () IVEmA D (X30) (-, €) | L2 ().

We now integrate with respect to & and use the equivalence of the H'-norm and the graph

norm in 2(—Ap)*/2. Relations (3.24) and (3.28) now imply

IvemXsvll i, m (p)) < ClFll L2 2)- (3.31)
Combining (3.29)—(3.31)), inequality (3.22)) is valid. O

For the next statement, we collect all interior edges e, at which ¢ has a strong discontinuity,
into a set &(¢), see Definition We also set &(u) := ), and recall that x is introduced at
the beginning of this Subsection. The below lemma then states that functions in the domain
P(Ar~+) from are H2-regular near every edge of an interface at which ¢ has no strong
discontinuity.

Lemma 3.12. Let n € {e,p} satisfy (1.3), and let w € Z(Ar+). The function w := (1 —
Dect(n) x(dist(e, -)?))u belongs to PH?*(Q) and lwllprz(Q) < [[Arw| 12(g)-
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Proof. We only treat the case n = € and I's C I'*, as the remaining can be handled with similar
arguments. By Lemma the function w is an element of Z(Ar+). In view of Lemma it
suffices to show that w is piecewise H?2-regular. To reach this goal, we analyze w on two adjacent
cuboids @; and Q2 that share an interface . with two interior edges. (The case of 1 and Q2
touching the exterior faces I'y or I'y can be treated similarly.) Without loss of generality, we can
assume the identities

Ql = (_170) X (_]-a 1)2) QQ = (07 1) X (_17 1)25 F = {0} X [_1a 1]2
A smooth cut-off function X : [-1,1] — [0,1] is furthermore employed. It satisfies supp x C
[~7/8,7/8] and ¥ = 1 on [-3/4,3/4]. Set also Q := (—1,1)3. By construction, the function
f(x1, e, x3) := nx(x1)X(x2)w(x1, T2, 23) is then an element of the space
{f € PHY(Q) | Aflq; € L*(Q1), i € {1,2}, [ f]5 = [01f]5 =0,
f('v +1, ) =0, f(:tla K ) =0, 83f(" '7:l:1) = O}

By Proposition 8.1 in [54], the mapping f is then H2-regular on Q7 and Q. O

Combining Lemmas [3.11] and [3.12] we derive the desired regularity statement for functions in
the domain Z(Ar+). Recall for the statement definitions (3.4) and (3.5]).

Lemma 3.13. Let u € Z(Ar~), and let n € {e, u} satisfy . Choose further k =0 if n = p,
and k > 1—% if n=e. Then |lull,, < C|Ap-ulr2(q) with a uniform constant C = C(x,n,Q).

Proof. 1) In the following, C = C(k,n,Q) > 0 is a constant that changes from line to line.
Integration by parts and the Poincaré inequality imply the well known estimate

||AF*'UJ||L2(Q) > C'Hu||H1(Q) (3.32)

2) For e € &(n), we set v, := x(dist(e,)?)u (assuming that the distance between interior
edges is greater than 2). Combining the triangle inequality with Lemmas and we infer
the inequality

lullvo . <C( D IArvelzaig) + [1Ars(u = > ve)llz2(g))-
e€&(n) e€&'(n)
With Young’s inequality, we then infer the estimate
luls, < C( 2 IArveldeg) + 1Ar (= 3 wo)lfag)- (3.33)
e€&(n) e€&'(n)

3) Let e € &(n), and abbreviate w, := y(dist(e,-)?). Employing the product rule for the
Laplacian as well as Young’s inequality, we deduce the relation

”AF*UEH%Q(Q)

N
< O (IAwe)u™([Z2(q,) + I1(Vwe) - (Vu®) | F2(q,) + llwedu|Faq,)-
i=1

We next take into account that all functions w, have disjoint support. In view of the regularity
of w, on Q and inequality (3.32)), we arrive at the result

> lAr-veliag < C(I X (Awuliag +1 Y (Vo) - (Vo)
ec&(n) e€&(n) e€&(n)
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+> weAF*UH%%Q))

e€&(n)
< CHAF*UH%%Q)' (3.34)
Analogous reasoning also establishes the statement
IAP-(u— > ve)llfz(q) < CllAr-ullz2q). (3.35)
e€é(n)
The desired estimate is a consequence of f. O

Proposition [3.1] is now a direct consequence of Lemma [3.13

Proof of Proposition[3.1l Using the Lax-Milgram Lemma, one can show that the operator Ap-
from (3.2)) is bijective. Hence, there is a unique solution ¢ € Z(Arp+) of (3.1). Lemma now
implies the asserted regularity and energy statements. O

We can also treat the pure Neumann case I'* = (), as the difference only arises in the energy
estimates. For the statement, recall the space %5, from (3.5) and the number % from (3.4)).

Proposition 3.14. Let n € {e, u} satisfy , and let f € L*(Q). We set k =0 if n = p, and
k>1—FR ifn=e¢. There is a unique function ¥ € Y5_, solving

(1—A)w(i):f(i) on Q; forie{l,...,N},
Vi-v=0 on 0Q, (3.36)
W]z =0=[VY-vz]s for F € P
It satisfies [[¢lly, . < C|[fll2q) with a constant C = C(k,n,Q) > 0.

Proof. To unify the arguments, we introduce the appropriate Neumann-Laplacian
(Agv)D = Ao P(Ay) := {v e HY(Q) | div(nVv) € L*(Q), Vv -v =0 on dQ}.

As the reasoning in Lemmas focuses only on the local behavior of functions in
the domain of Ap« around the interior edges and also allows homogeneous Neumann boundary
conditions, the mentioned statements are also valid for functions in the domain Z(Ay). (In the
proof of Lemma one uses Proposition 8.2 from [54] instead of Proposition 8.1.)

Adapting the arguments in the proofs of Lemmas and to the current setting of
Neumann boundary conditions, we furthermore derive the energy estimate ||ully, , < C|/(I —
Ag)ul|2(q) for u € Z(Ap) with a uniform constant C' = C(k,7,Q) > 0.

Using the Lax-Milgram Lemma, we moreover obtain that system has a unique solution
in 2(Ap). The above regularity statement and energy estimate now imply the asserted result.

O

4. REGULARITY RESULT FOR THE SPACE X;

This section is devoted to an embedding result for the space X; from . To this end, we
extend the well known regularity results for the spaces Hy/(curl,div,@) and Hp(curl,div, @),
see Sections 1.3.4 and 1.3.5 in [24] for instance. Throughout, we assume that ¢ and p satisfy
(1.2). The corresponding spaces for our setting of discontinuous coefficients are

Hy po(curl,dive, Q) := {E € Hy(curl, Q) | div(¢E) = 0},
Hyo(curl,dive, Q) := {E € Hy(curl,Q) | div(eE) € L*(Q)}, (4.1)
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Hro(curl,divp, Q) :={H € H(cwrl,Q) | div(yH) =0, pH-v =0 on 0Q}.

The first and last space are already complete with respect to the norm in H (curl, @) (making
use of the bounded normal trace operator from H(div, Q) into H~/2(0Q)). The second space
in (4.1) is complete with respect to the norm

Il o = IE72q) + lcwrlEl72(q) + [|div(eE)|72(q) -

Our first goal is to establish embeddings of the spaces from into appropriate fractional
Sobolev spaces. In a next step, we then derive the desired embedding of X7, see Proposition [£.6]
In the literature, we could detect neither the precise explicit dependence of k on € and p, nor the
distinction between the regularity of the single components of the electric and magnetic field.
These results, however, turn out to be essential for the error analysis in Section [6.2] and another
work that is in preparation. For a clear presentation, we hence deduce the desired embeddings
in a sequence of lemmas. Note that [7), [IT), 12} 8] contain regularity statements for the above
or related spaces in a more general setting, allowing general polyhedral domains for instance.
Our plan is to transfer parts of the reasoning in paragraphs 1.3.3-1.3.5 in [24] to our setting of
a transmission problem.

We start with the study of Hpy go(curl,dive, Q). Combining Theorem 1.3.4 in [24] with an
integration by parts, we first obtain the injectivity of the curl-operator on this space.

Lemma 4.1. Let ¢ satisfy . The curl-operator is injective on Hy go(curl, dive, Q).

We next introduce the space
H.:={E c L*(Q)? | div(¢E) =0, €E-v = 0 on 9Q}.

The following statement characterizes the preimage of the curl-operator for the space H..
The result corresponds to Theorem 1.3.6 in [24], and extends Lemma 6.3 in [§] to our setting
of multiple submedia in a cuboid. For the statement, we recall the number & from , and
introduce the space

Fiw = (PHH(Q) x HY(Q) N {v € LX(Q)* | dyw € LA(Q)}, (4.2)
[0l15_. = ol pm-r@pexm@) + 1050l72qp, v € V.
Lemma 4.2. Let ¢ satisfy , and let kK > 1—R. Fach function E € H. has the representation

1
EF=—curl®
€

with a unique function ® € Hy oo(curl, dive, Q). Moreover, ® belongs to the space Vi_,, and it
satisfies the estimate ||®[|,, < C'| Bl 2(q) with a constant C > 0 depending only on ¢, k, Q.

Proof. 1) Throughout the proof, C'= C(e, k, Q) > 0 is a constant that is allowed to change from
line to line. In view of Lemma [£.1] it suffices to show the existence of the desired vector ® as
well as its regularity.

Using Theorem 1.3.6 in [24], there is a vector ® € H'(Q)® N Hy(curl, Q) with L curl® = E

3 z
and div® =0 on Q. By , this implies
div(e® &) = 0. (4.3)

In general, ® does, however, not satisfy the additional transmission condition [[5&3 -vz]ez =0
for all interfaces 7.
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2) We next extend the traces [e®-v#] # for the effective interfaces .7 € .Z<H | see the notation

paragraph in Section |1l There is a function ¢ € H*(Q) N PH2(Q) with Vi) x v = 0 on 9Q,
[V -vzls =[P vs]s for F € FE, and

int>»

[Pllprzg) <C Y. e velzllviz) < CIE|L2q)- (4.4)

Fegeft

int

Recall that V(%) is defined in (2.7). To show this claim, we consider the model case of four
subcuboids

Ql = (_LO)Q X (07 1)7 Q2 = (07 1) X (_17()) X (07 1)7 Q?) = (07 1)37

Q4:(_1;0)X(071)27 t0}\]':Q7j062j+17].6{17273}7 94:am@7

and construct a function ¢ on Q := (—1,1)2 x (0,1) that satisfies the extension property [[5V1L :
ve 7 = [[eé - Vg, ] #,, homogeneous Neumann boundary conditions on 6(2 \ I's, homogeneous
Dirichlet boundary conditions on dQ N T'3, and the required regularity and energy properties
of 1. Due to symmetry, the trace [e® - v#,].#, can be extended in a similar way. The desired

function zﬁ is then obtained by combining this reasoning with a cut-off argument around the
edges in @ and the extension result from Propositions 2.2 and 2.3 in [2].

In the following, we use techniques from the proof of Lemma 3.1 in [20] and Lemma 8.13 in
[54]. Set g := ®1|z,, with ®; denoting the first component of ®. Identify .#; with [~1,0] x [0, 1],
and consider the Laplacian Az on .#; with domain

2(Az) = {uec H*(F) | u(-,0) = u(-,1) = 0, du(0,-) = dau(1,-) = 0}.

The operator —A #, is then selfadjoint and positive definite on L?(.%;). We can hence define
positive definite and selfadjoint fractional powers (—Az,)7, v > 0, of —A . Hence, —(—A%,)"
generates an analytic semigroup (e_t(_Av”fl)v)tzo. Note further that

‘@((_Aa”ﬁ)lm) = {()0 € Hl(ﬁl) ’ 90('70) = @('7 1) = O}'

(This identity can for instance be obtained by means of Theorem VI.2.23 in [35].) Com-
bining furthermore the trace theorem with the boundary conditions for ®, we conclude g €

(LQ(agil), @(—Ay1)1/2)1/2,2 with
9l 270 2(-a5,1172)1 50 < Cl 1l (@)- (4.5)
Let x : [-1,1] — [0,1] be a smooth cut-off function with x =1 on [—1/2,1/2] and support in
[—3/4,3/4]. We then set

W (21, w9, 35) = X(ﬂh)am(e"“(*Aﬂ‘l)l/2

9) (2, x3), (z1,72,73) € Q1.
In consideration of the analyticity of (e*t(*A"”f’l)l/z)tEO, we conclude the identities

12(1)|91 = 0’ 6112(1”91 =9, 1/01(1)|F3 = O,

as well as homogeneous Neumann boundary conditions on all other faces of Q1. We further
calculate

dx = (X'(wl)xl + x(x1) — X(wl)xl(—A%)1/2)e_x1(_Ay1)1/297

R = (" (z1)mr + 2 (1) — 2 () (A2 — 2x(a0) (- A )2
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—zi(— 1/2
_X(l’l)xlAg1>e z1(—-Agz) g.

We moreover note that the H'- and H?-norm on .%; are equivalent to the norms ||(—A z, )'/2- l22(21)
and [[Az,||r2(#,) on P(—Az)"? and 2(Az,), respectively. Using Remark 6.3 and Proposi-
tion 6.4 in [41], we hence conclude /) € H2(Q1) with

15D | pr2(qy) < Cllgll(rz(20),2(-a2)172), 50 < CllP1lm1(Q);
see (4.5]). Define now

72(2)(37179527373) = —15(1)(—90173?27333)’ (w1, 2, 23) € Q2,
PO (21, w9, 3) = P (21, — 9, 73), (21,22, 23) € Q3,
DD (21, 29, 23) 1= 9D (21, — 29, 73), (1,22, 23) € Qa.

By construction, ) belongs to PH 2(Q) N H'(Q), and satisfies the extension property [[5V1Z :
ve e = [e® - vg )]s as well as the continuity relation [eVY) - vg ]z = 0 for j € {2,3,4}.
Taking also (2.1]) into account, we obtain the energy estimate

H%ZHPH%Q) < C|®1]l () < ClE| L2(q)-

Altogether, w is the desired extension on Q. . . R
3) Proposition provides a unique function ¢ € Z(Agq) — Y2—, with AP = Ay® on
Qi and
181 < Cldllprr@) < ClIEllL2 () (4.6)

Altogether, ® := & — V& + V4 is the desired function. The asserted norm estimate is a

consequence of (2.1)), (4.3)—(4.6) and the definition of #5_, in (3.5). O

The next proposition summarizes the results of the last two lemmas. The proof is a modifi-
cation of the one for Theorem 1.3.7 in [24]. As an intermediate result of the proof is crucial for
the below reasoning, we elaborate the argument.

Lemma 4.3. Let € satisfy , and choose k > 1 — K. Then Hygo(curl,dive, Q) embeds
continuously into Y1_x.

Proof. Let E € Hy go(curl,dive, Q). Lemma yields that the operator % curl is bijective from
Hp go(curl, dive, Q) into H.. Using the open mapping principle, %curl hence is an isomorphism
between these spaces. Lemma and Remark 1.2.5 in [24] further lead to the identities

1
= curl (Hn go(curl,dive, Q)) = He
£

1
= —curl (Hypo(curl,dive, Q) N #1_x).
€
This implies Hy go(curl,dive, @) € #1_,. Lemma furthermore yields
IE] i1 (curt,g) + 1Bl _,, < Cllz cwrl B[22, (4.7)

with a uniform constant C' = C(e, k,Q) > 0. Altogether, the identity I = (L curl)™' o L curl is
bounded from Hy go(curl, dive, Q) into #{_. O

To show the embedding property of the space X; from (2.9) into #_, x PHY(Q)3, we next
prove that one can omit the L*-norm in the definition of |||z 0"
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Lemma 4.4. Let ¢ satisfy . The estimate
1Bl 20 < Crvolllewr] Bz gy + v Bl )
is valid for all E € Hy o(curl,dive, Q) with a constant Cno = Cno(e, Q) > 0.

Proof. Let E € H No(curl dive, Q). By Proposition there is a unique function ¢ € Z(Ayg)
with Ag(®) = divE® on Q; for i € {1,...,N}. The difference ¢ := V¢ — E then belongs to
Hy oo(curl, dive, @), and we can apply 1nequality (4.7) to it. In this way, we obtain

C
1Bl z2(g) = [WllL2(q) + IVEllL2(@) < — —llcwlEll12(g) + Vol r2(q)

where C' is the uniform constant from (4.7). In view of the weak formulation of the identity
Nogo = %div(sE) and the Poincaré inequality, we infer the estimates

Vol < =z ¢AVEE) o < o 0l IV 2o
CP
< - ZIVElliz Q) ldiv(eE) 12 q) , (4.8)
employing the Poincaré constant Cp > 0 for Q. U

In view of the assumptions ([1.2), the parameter x is piecewise constant on the chain Q1,...,Qr1
of cuboids. As the setting of two cuboids from [54] transfers to the partition Ulel QL in a
straightforward way, the reasoning for Proposition 9.7 in [54] yields the following statement.

Lemma 4.5. Let u satisfy . The space Hrgo(curl,divp, Q) embeds continuously into
PH(Q).

We now deduce the desired regularity statement for functions in the space X;. For the
statement, recall the number % from (3.4) and the space #1_, from (4.2)).

Proposition 4.6. Let e, i satisfy , and k > 1—%. The space X1 embeds continuously into
- x PHYQ)3.

Proof. 1) Let (E,H) € X; = 2(M) N Xo. We first show the asserted regularity of (E,H). In
view of Lemma, it remains to deal with the electric field E.
Consider the elliptic transmission problem

Ay = divE® on Q; forie {1,...,N},
Y =0 on 0Q,
[¥]# =0 for 7 € Fint,
HeV@ZJ'Vg/r]]y: [[eE-I/y]]y for F € Fipn,

which has a unique solution v € %, N H}(Q). (The space %_, is defined in ) Indeed,
a modification of the reasoning in the proof for Lemma and the precondition [[EE vz)z €
V(ZF), F € F see , yield a unique mapping ¢ € %_,. N Ho (Q) with AY® =0 on Q;,
satisfying the requ1red boundary and transmission conditions in . By Proposition n 3.1} there
also is a function ¢ € P(DNpg) C Yoy with AanJ =1 d1V(6E) Altogether Y=Y+ e
Y5 N HY(Q) is the solution of (4 .

Hence, E — V4 is an element of Hy oo(curl, dive, Q) C #1_, see Lemma The vector Vi

being an element of #]_,, we infer the stated regularity result.

(4.9)



ANALYSIS OF A SCHEME FOR MAXWELL EQUATIONS IN HETEROGENEOUS MEDIA 27

2) It remains to show the asserted embedding property. In the following, C' = C(e,k,Q) > 0
is a constant that changes from line to line. Using Lemma [4.5] it suffices to deal with E.
Proposition [3.1] yields

N
1] < C D div(eEDED)||2q,)- (4.10)
i=1
The reasoning for (4.4) and (4.6]) furthermore leads to the bound
IVYlln, <C Y EE-velzllvis). (4.11)
FeFh

Applying Lemma [£.3] to E — V1, the relations

1Ellyi_ < IE=Vly_, + IVYllr,
< C(IBlr2q) + llewrl Ellr2g) + VYl r2(q)) + Vel
< C(IMEH)| + |Ell2q) + 14y, + VPln )
follow. The desired embedding is a consequence of and . O

5. WELLPOSEDNESS OF THE MAXWELL SYSTEM IN X3

The main result of Section [4] establishes a regularity statement for the space X, see Propo-
sition To conclude a corresponding regularity result for the solutions of the Maxwell sys-
tem , we show in this section that X is a state space of . This is done by means of
semigroup theory.

We next transfer techniques from the proof of Proposition 2.3 in [21I] to the current setting.
Recall moreover that M; is the part of M in X;.

Proposition 5.1. Let € and p satisfy . The operator My generates a contractive Cy-
semigroup (™M)~ on X1. The latter is the restriction of (e"M);>o to X;.

Proof. 1) Employing the theory of subspace semigroups, see for instance Paragraph 11.2.3 in [22],
the asserted generator property follows by showing that the family (e! )t>0 leaves the space X
invariant, and that it is strongly continuous on it.

We first note that e (2(M)) C 2(M) for t > 0. Regarding the magnetic conditions, the
arguments in the proof of Proposition 2.3 in [2I] apply also here. This reasoning results in the
invariance of the space

Xmag = {(u,v) € X | div(pv) =0, (pv)-v =0 on 0Q}

under the resolvent map R(A, M) for A > 0, and in the invariance of Xp,e with respect to the
family (etM)tzo.

2) Let (,9) € X1, and set (u(t),v(t)) := eM(@,9) for t > 0. Semigroup theory then
yields that the function (u,v) belongs to C([0,00), Z(M)). The Maxwell equations with
J = 0 lead to the formula dyu = %curlv. Taking the divergence of this equation, the relation
O¢div(eu(t)) = 0 follows in LQ(QU), ie{l,...,L}, 1 €{0,...,K}, for the subdomains (Qll)
from Section [I] This is equivalent to

div(eu(t)) = div(ea) (5.1)
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on Qzl As a result, the mapping [0, c0) — H(div, QUC), t — eu(t) is continuously differentiable.
Due to the continuity of the normal trace operator on H(div,Q;;), the relations

Ofeuw(t) - vzly = [curlt-vz]z =0,  t2>0,

follow in H~'/2(.%) for every effective interface .7 € .ZH | see the notation paragraph in Sec-
tion [[I This shows that the function

[eu(?) vzl = [ct-ve]s (5.2)

belongs to the space V(%) from (2.7) for . € Z£I and that the mapping [0,00) — V (%),
t — [eu(t) - v#]# is continuously differentiable.

3) We finally note that Proposition [2.4and (5.1)-(5.2) imply the contractivity of (e |x,)i>0
on Xj. O

The next statement is a conclusion of Proposition It transfers parts of Proposition 2.3
from [2I] to our setting of discontinuous coefficients. Although the proof basically follows the
lines of the one for Corollary 9.24 in [54], we present it here for the sake of a self-contained
presentation. Note that the formula for pz is also deduced in the Appendix of [46]. For the
external current density J, the space

W= Ll([O,T], @(Ml)) + Wl’l([oﬂ T]a X1),

| fllw = f:}lllfrh (LAl qo,20my) + Mf2llwingor xy),  fEW,
fLeL*([0,T],2(Mn)),
f2eWb1([0,T],X1)
is employed for fixed T > 0.
Corollary 5.2. Let € and p satisfy . Let T > 0, wg = (Ey, Hy) be initial data from
2(My) = 2(M?*) N Xo, and let g := (2J,0) : [0,T] — X be the weighted external current
density that is continuous, and an element of W. The following items are valid.
a) The Mazwell system possesses a unique classical solution w = (E, H), belonging to
C([0,T),2(M;)) N CY([0,T], X1). It satisfies the bounds
lw@lx, < llwollx, + gl o..x.) >
IMw(t)llx, < llwoll g + (F+3) gl
fort e [0,T].
b) The volume charge density o on Q; and the surface charge pz are given via

pD(t) = div(eD ED (¢)) = div(eW E) — / t div(JD(s)) ds,
0

p2() =B w7z = [Bo vsls — [ 1) vl s ds

fortec[0,T],ie€{l,...,N}, and F € F

int *
Proof. a) The stated classical wellposedness of ([1.1) on X; follows from Proposition and

semigroup theory, see Theorem 8.1.4 in [52] for instance. Duhamel’s formula leads to the repre-
sentation

t t
w(t) = My + / =M1 () ds = Mgy + / ell==)M (%J(S)a 0) ds.
0 0

Taking the contractivity of (/1) into account, the first asserted estimate is obtained.
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Let ¢ >0 and (1J,0) = J; +Jo € LY([0,T], 2(My)) + WHL([0,T], X1) with

12T, 0)[lw = 1131l 20,11, 2(0m)) + (T2 llwro.1,x1) — €-

An integration by parts in the above Duhamel formula leads to the identities

Muw(t) = e™ Mg + /Ote(t—s)MMJl(s) ds — /Ot(;;e(t_s)M)Jz(s) ds
=™ Muwo + /Ot =ML, (s)ds — Ja(t) + ™M I5(0)
+ /0 t et=IMJl (s) ds.
Combining Lemma 7.6 in [54] with Proposition the relations

[Mw(t)lx, < llwoll gary + 191 1o ry,a00m)) + (F +3) 132w om0
< Nlwoll paryy + (F +3)(1(2T, 0)lwy +¢)

are derived. Letting ¢ tend to zero, we infer the second stated estimate.

b) The representation for the current density is obtained by modifying the arguments from
Proposition 2.3 in [2I] and part 2) from the proof of Proposition The linear mapping
X1 = L*(Qy), (u,v) — div(e®u) being continuous for i € {1,..., N}, the regularity of w
implies that p(¥ : [0, 7] — L?*(Q;) is continuously differentiable. Similar reasoning further shows
that [0, 7] — L2(Q;), s — div(J®(s)) is continuous. Taking the divergence in , leads to

9, div(eWED (1)) = —div(ID(¢)),  te(0,T],

in L?(Q;). The first asserted formula is obtained by integration with respect to t. Analogously,
the arguments in part 2) of the proof for Proposition result in the stated formula for the

surface charge pg in V(%) for every effective interface .F € F<l. O

Remark 5.3. In view of Proposition Corollary provides a classical solution of the
Maxwell system (1.1)) in the space C*([0, 7], #i_. x PH*(Q)?) for k > 1 — & with the number &

from (3.4]) and the space ], from (4.2]). O

6. ANALYSIS OF A DIRECTIONAL SPLITTING SCHEME

This section is concerned with the construction and analysis of a directional splitting scheme
for . The scheme can deal with the low regularity of the solution of the Maxwell system, see
Remark In particular, the regularity requirement for the initial data is weaker than for the
ADI schemes from [56], 42, [10], see [29, 211, [19} 20}, 23]. In Section we introduce the splitting
and analyze the splitting operators. We furthermore comment on the efficiency of the scheme.
Subsequently, we bound the error of the scheme in Section [6.2] Here the regularity results from
Section [B] are essential.

6.1. Construction of a directional splitting scheme. In view of the H'-regularity in x3-
direction of the solution to (1.1f), see Remark we split the z3-coordinate off and leave the
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x1, x9 coordinates coupled. This strategy leads to the splitting

L0:.H3 —19;H,
—10H; 10;H,

M E\ %curlH B %Cllﬂz(Hth) 0
H/ —icurlE - —iazE:% + %83E2
ialEg —%&),El

— curly(Eq, Eo) 0

E E
a(B) s (®) o

involving the curly-operator from Section[2.1} To define appropriate domains for the operators A
and B, we denote S := (a],a]) x (a3 ,aj ), using the representation Q = (aj,a]) x (a3 ,ag) x
(ag,ag). Employing also the space Hy(curlg, S) from Section we consider the splitting
operators A and B on the domains

2(A) = {(E,H) € L*(Q)°® | (E1,E2) € L*((a3,a]), Ho(curly, S)),
(H1,Hy) € LQ((ag,aJr),H(curlg,S)),
0\Es3, 0,E3,01Hs, 0,H;s € L*(Q),
Es=0onT;UTy},
2(B) .= {(E,H) € L*(Q)® | 83E1, E»,93H;,0:H, € L*(Q),
E; =0=Ey on I'3}. (6.2)

With these domains, the operators A and B are closed and densely defined on X = L?(Q)°.
Note additionally that Corollary provides a classical solution of the Maxwell system
that is contained in 2(A)NZ(B). (This follows from Remark [5.3]and the embedding of X7 into

Let 7 € (0,T) be a fixed time step size, n € N with nt < T, and (1J,0) € C([0,T], X1). We
then approximate the solution (E, H) of with initial datum (Eg, Hyp) at time ¢, :=mn < T
by means of the Peaceman-Rachford directional splitting

(1]:3171) = T (f;:) | = -5 T+ 5400~ 547( +3B) (IE{Zj)

_z (J(tn_1)0+ J(tn)> } (6.3)

with exact initial data (E°,H’) = (E¢,Hp) € X;. For a different operator splitting, this
Peaceman-Rachford time integrator is employed in [44) [56], 42, 21, 29, 30, [47, 38, 18, 20, 3T, 48,
H4], for instance.

In the next two lemmas we derive that both splitting operators are skewadjoint. This implies
that the scheme is well defined and unconditionally stable, see Lemma Recall that the
inner product on X = L?(Q)° is defined in Section

Lemma 6.1. Let ¢ and p satisfy . Then A and B are skewsymmetric on X.
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Proof. Let (E,H), (E,H) € 2(A). We next employ Green’s identities from Section Taking
the boundary conditions in Z(A) into account, we infer the equations

(A <IE{) ; (g) ) = /Q [(0aH3)Ey — (01H3)Es + (curly(Hy, Hy))E3 — (92E3)Hy

+ (61E3)f12 — (curlg(El, EQ))I:I3} dx
= / [Hg curlg(El, Ez) -+ H182E3 - H281E3 - E3 curlg(I:I1, I:IQ)
Q

— E1321:I3 + Ezalﬁg] dx

(@)

This shows that A is skewsymmetric. The operator B can be treated similarly, meaning that
the prescribed boundary conditions in Z(B) are used in an integration by parts. O

Using arguments from the proof of Lemma 4.1 in [29], we next conclude that both splitting
operators are skewadjoint.

Lemma 6.2. Let e, satisfy . Then A and B are skewadjoint on X. In particular,
(I —7L)~Y and (I +7L)(I — 7L)~"' are contractive for L € {A, B}, 7 > 0.

Proof. 1) As A and B are densely defined, closed, and skewsymmetric, see Lemma it suffices
to show that the operators I+ A and I+ B have dense range in X. We only consider the operators
I — A and I — B, and show that the space of test functions C°(Q) is contained in their range.
(The operators I + A and I + B can be treated with the same arguments.)

2) Let (E,H) € C°(Q)5. We want to show the existence of a vector (E,H) € 2(A) with
(I — A)(E,H) = (E,H). This is equivalent to the system

E1 — %821‘13 = E1, Hl + iaQES = I:Ih
EQ + %81H3 = EQ, H2 - ialEii = I:I27 (64)
E; — 10,H, + 19,H, = E;, H; — ia2E1 + %31]32 = Hs.

By formally inserting the left equations of the first and second line into the right equation of
the third line, we derive the formula

pH3 — 01 (101 Hz) — 05(20,H3) = pHz + 0B — 01Eg =: f € L*(Q). (6.5)

2) Recall the rectangle S := (aj,af) x (a3, a3 ), being the projection of Q = (a,a]) x
(a5 ,a3) x (a3, a3) to the x1 — z2 plane. We consider the equation

N
as

/7 /S [pwe + %(Vxlmw) (Vi aop)] d(@1, 22) das (6.6)
ag

= 7 [ redmadn, g e Pz a) 11S)),

being the weak formulation of (6.5). The Lax-Milgram Lemma provides a unique solution
w € L?((a3,a3), H'(S)) of (6.6). Note moreover that Hz := w satisfies (6.5 and that 1V, ,,Hs
is an element of L?((a3, a3 ), Ho(div, S)). Put

E;:=E; + %82H37 E; =B, - %alH?" (6.7)
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By construction, the left equations in the first and second line of (6.4) are then fulfilled. Using
(6.5, we then derive the relation

E] — 0 Ey = 82E1 — 81]:32 + divth(évxlymHg) = M(Hg — 1:13) (6.8)

As a result, curly(Eq, Ey) is an element of L?(Q).

We next deal with the boundary condltlons for (E1, Ea). Let ¢ be an element of L%((a3 , a3 ), H'(S)).
With (6.7] . and the fact that 1V, ,,Hs is an element of L*((a3,ad ), Ho(div, S)), we cal-
culate

/(is /S(El,EQ) (020, —019) d(z1, 22) dz3
:/ / 182¢+ (82H3)82¢ E281¢>+ (81H3)81¢d(x1,x2) dxs
_ / / (02B1)6 + (01 Bn)d — div(LV,, o, Hy)o d (21, 22) das

3
:/ /Curlg(El,Eg)(bd(x1,$2) dxg.
ag JS

With Lemma 1.2.4 in [24] we conclude (El, Eg) € L?((a3 ,a3), Ho(curly, S)).

3) Treating the remaining equations in in a similar fashion, we arrive at a desired vector
(E,H) € 2(A) with (I — A)(E,H) = (E, ).

4) We next deal with the splitting operator B, and proceed similar to the above case for A.
Solving the formula (I — B)(E,H) = (E,H) for (E,H) € 2(B) amounts to determining the
solution of the system

E; + 10;H, = Ey, H, - iastz = Hy,
E, — 1o;H, = E,, H, + %33]31 = H,, (6.9)

Formally inserting the equation on the right hand side of the second line of into the one
on the left hand side of the first line yields

— LOE = Ei - 1o3H, € L*(Q). (6.10)
As in the proof of Lemma 4.3 in [29], we obtain a unique E; € L?(S, H?(a3 , a3 )) solving (6.10).
(We use here the fact that e and pu are constant in x3- direction) It satisfies the boundary

condition E1 =0 on I's. We put Hg =H, — 783E1 Then, 83H2 is an element of LQ(Q)7 and
- ) leads to the identity

E; + 10sHy = By + 105H, — i@gﬁh =E:.

The remaining relations of can be handled in the same way. Altogether, we obtain a vector
(E,H) € 2(B) with (I — B)(E,H) = (E,H). O

Combining formula (4.5) in [21] with Lemma we can now conclude the unconditional
stability of scheme (6.3)).
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Lemma 6.3. Let ¢ and p satisfy , 7 >0, and T > nt. Let also (E°, H) € 9(B), and
(1J,0) € C([0,T],2(A)). Then the estimate

I B < (B, ) )+ T o (2.0l

s valid.

Using the reasoning in the proof of Lemma[6.2] we can also draw an important conclusion on
the complexity of scheme (6.3]).

Remark 6.4. Let ¢ and pu satisfy , and let 7 > 0. Each application of scheme (6.3))
essentially amounts to solving only two-dimensional decoupled elliptic transmission problems
for E3 and H3, and one-dimensional decoupled elliptic problems for E; and Ey. To show this
claim, we first note that the main effort for consists in evaluating the resolvents of A and
B. In the following, we analyze both resolvent operators separately.

1) Let (E,H) € X = L*(Q)% and (E,H) = (I — JA)"}(E,H). We then arrive at system
(with g instead of % and i instead of %) From the identity on the right hand side of the
third line in , we obtain the relations

+

~ as
/Q,qugodx—/_ [qqu,(p—i—%curlg(El,Eg)god(xl,xg)

as

tl+
= /_3 /S[MH:%SD + 5E102p — $E201¢] d(21, 22) das
as

for all ¢ € L?((a3,a3), H'(S)). Inserting the equations on the left hand side of the first and
second line of ., we arrive at the relation

| s = 5Bt + 3o do

+
a3
= [ st (Ve eaH) - (Vo) a1, 22) (6:11)

for all ¢ € L?((ag,a3), H*(S)). Having solved the essentially two-dimensional problem (6.11]),
E; and E; are directly obtained via the formulas on the left hand side of the first and second
line of (6.4)). A similar statement is true for Es.

2) Let (E,H) = (I — 7B) '(E,H). Then system is valid with - instead of % and o~
instead of i The identity on the left hand side of the first line in leads to the equation

+
- ag o “
/QsElngdx _ /7 /SsElng— S5 (21, 00) dzs, ¢ € Hi((ag,ad), LA(S)).
a3
Plugging in the formula on the right hand side of the second line of , we conclude
+
~ ~ ag “ “
/QeElqb + TH 050 da = /_ / EB16 + T2(95E1)(056) (w1, 2) das

for ¢ € H{((a3,a3),L*(9)), being the weak formulation of - Having solved this one-
dimensional elliptic problem, H2 is directly obtained as H2 Hs — —53E1 Similar statements

are true for E2 and Hl. O
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6.2. Error bound for the directional splitting scheme. This section is devoted to a first
order convergence result for scheme (6.3). The statement is proved by combining the regularity
results from Section [5] with the statements about the splitting operators from Section

In order to expand the semigroup (e*);>o for positive times, we additionally employ the
functions
1 t -
. - - -1 .sM M
Aj(tw == T /0 (t—s) " e*Mwds, Ao(t) =", (6.12)

for w € X,t > 0 and j € N, see |28, 29] for instance. Note that Proposition implies that
Aj(t) leaves the space X invariant for j € Ng, and ¢t > 0.
Semigroup theory and Proposition moreover lead to the useful relations

1 1
14Ol coey < 57 IO oy < 5 (6.13)
1
EMAG(8) = Ag(t) = T on Z(M), j € No, (6.14)

for t > 0, see Section 4 in [29]. Note also that A;(t)(Z(M1)) € Z(M,) for t > 0.

We next derive an error bound for scheme . Here arguments from the proofs of The-
orem 4.2 in [29], Theorem 5.1 in [2I], and Theorem 10.7 in [54] are employed. Throughout
the statement and the associated proof, the solution of the Maxwell system is denoted by

= (E,H), while the approximate solution at time t,, = n7 is w,. For the current J in ,
we also use the space

Wr = Wh([0,T], X1) N C([0,T), 2(M))
with corresponding norm

||‘”WT = ||'”W1v1([0,T]7X1) + ||‘”c([o,T},@(M1)) ’
for a fixed final time 7" > 0, see Section Note the relation 2(M;) = 2(M?) N Xo.

Theorem 6.5. Let ¢ and p satisfy (1.4), T > 1, and wy = w(0) € 2(M?) N Xo. Let also
(1J,0) € Wr, and 7 € (0,T). There is a constant C = C(e, 1, Q) > 0 with

[w(tn) = wllz2q) < CTT ([lwoll o(ary) + (2, 0) lwr)
for all n € Ng with nt < T.

Proof. 1) We first estimate the local error. Throughout the proof, C' > 0 denotes a constant
that depends only on ¢, u, and @Q. It is allowed to change from line to line. Let k € Ny with
(k4 1)7 < T, and recall the notation t; = k7. Inserting the identity

S
L3t + 5) = L3(ty) +/0 Lt ) dr, s e [0,7], (6.15)
into the Duhamel formula for w, we infer the representation

wtess) = e™Muw(ty) +/ (=M (_13(1;, + 5),0) ds

+/ eT*SM/ (=1J'(t +r),0)drds
0 0

= eTMUJ(tk) +7Ay (T)(—%J(tk), O) + Rk(T)a
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involving the remainder term
Ru(r) = [ e 13t +1),0) drds.
Using in scheme , we on the other hand obtain the equations
Trr(w(te)) = (I~ 5B (I + 5A) (I A7 + §B)w(ts) + (~L3(14).0)
/OT(—iJ’(tk +7),0) dr|
= (I=35B) (I = 3A1) (I + FA)(I + 3 B)wlts)

_|_

IR

b1+ TA)(=L3(1),0) + (1 + TA) /OT(—;J'(tk +r),0)dr].

Note that A is extrapolated in the second identity, as Bw(tx) is in general not contained in
P(A), see Remark Note furthermore that the functions (—1J(¢),0), A;(7)(—=2J(¢),0) and

(—1J'(t),0) belong to Z(A) N 2(B) for every t € [0,T], see Propositions 4.6/ and as well as
&9).

Subtracting the representations for w(tx11) and Z; g1 (w(tx)), we conclude
Tr k1 (w(ty)) — w(tki)
— (I-3B) (1A [U+5A) T+ 5B)— (I FA) -5 B)e™ |w(ty)
+7(I = 5B)H (I + 54) = (I - $B)A:(7)| (— 13 (1), 0)

LI - IB) NI+ 1A) /OT(_;J'(tk +1),0)dr — Ry(r)
=: 61716(7') + 627]@(7') + 637k(7') — Rk(T) (616)

We next estimate the summands on the right hand side of .

2) We first deal with ej (7). Recall that A;(7) and As(7) leave the spaces Z(M;) and X,
invariant. Thus MA;(7)w(t) is an element of Z(B), and A;(T)w(t) belongs to Z(M?) for
j € {1,2}. Algebraic manipulations and hence lead to

€1,k(7)

—(I-IB)'(I 1[ (I+5A1)(I+5B)~(I-3A_1)(I-5B)e™ |w(t)

= (I-IB)"\(I )+ M+ TA LB — (1 - 5M + A B)e™w(ty)
—(I-3B)'(I— gA_l)—l (1= e™ 4 M(I+e™) + TALB(I - ™)) w(ty)
= (1= 3B)7M(I = 3A1) 7" [ = 7 MAL(r) + M + 5 M?As (1)

LIBMA(7)]wit)
= (I=3B) M (I-5A41) 7 [~ 72M2Ao(r) + 5 M2A1 () = A BMAL(7) |w(ty).
Combining Corollary Remark and , we conclude the estimates
le e (DIl + 1T + §B)ere(Nl < CT2w(ti)ll o azynx,- (6.17)
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3) We next deal with ez (7). Note that MAo(7)(—21J(t),0) is contained in Z(B) for every
€ 0,7, as Wr — C([0,T],2(M1)), Aa(7) leaves Z(M;) invariant, and X; — Z(B), see
Proposition With (6.14)), algebraic manipulations then lead to

ea (1) = T2(I — B) ' [AM — MAs(7) + SBMAs(7)] (=13 (t), 0).

Propositionand (6.13) then imply
le2 (D[l + [1(1 + FB)ea(r)]| < C2[[(=13,0) - (6.18)

4) To bound e3;(7) and Ry(7), we employ the embedding of X; into Z(A) N Z(B), see
Proposition as well as the contractivity of (e/M);>o in X3, see Proposition We then
infer the inequalities

les (M)l + (I + §B)es u(T)| < CTI (=23, 0)llwa (.t 10,0 (6.19)
IRE(T) ]| + (1 + FB)Ri()]| < Ol (=23, 0)llwr1 (114 4] X0)- (6.20)
5) The stated bound on the global error is now obtained in the standard way from the above

results for the local error and the stability of scheme (6.3]). Using the Lady Winderemere’s fan
argument, we first derive the global error formula

n—1

wy —w(ty) = 3 [T = 5B) I+ 5A)(I - 34)" (I + 5B)
k=0

(Frrrrw(te) = wtei))-

We next combine (6.16)—(6.20) with the stability statement in Lemma Abbreviating (I +
ZL)I — 5L)~! by 4,(L) for L € {A, B}, we conclude

[wn — w H<ZH — IB) Y[ (1 (A (B) " (A)]]
I+ 5B (T prrw(tn) — wtpr)| + | Frntw(ta1) — w(ty)]|

<CZ

< CTT(IIU}OII@(MI) +1(=23,0)[lwy)-
For the last estimate we employ Corollary and the relation nT < T. O

+ (=23, 0)llw + Tl (= 23, 0) I peg 11, x1)

The data that support the findings of this article are available in [55]. The author wishes to express
his appreciation for the valuable comments of the anonymous expert. The comments led to a significant
improvement of this preprint.
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