ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

Dynamical low-rank integrators for second-
order matrix differential equations

Marlis Hochbruck, Markus Neher, Stefan Schrammer

CRC Preprint 2022/12, February 2022

CRC 1173

- _

phenomena

KIT — The Research University in the Helmholtz Association 2ot se

mmmmmmmmmmmmm
nnnnnn



Participating universities

Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



Dynamical low-rank integrators for second-order matrix
differential equations

Marlis Hochbruck - Markus Neher -
Stefan Schrammer

Received: date / Accepted: date

Abstract In this paper, we construct and analyze a new dynamical low-rank integra-
tor for second-order matrix differential equations. The method is based on a combi-
nation of the projector-splitting integrator introduced in [11] and a Strang splitting.
We also present a variant of the new integrator which is tailored to stiff second-order
problems.
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1 Introduction

Dynamical low-rank integrators [9] have been introduced for the approximation of
large, time-dependent matrices which are solutions to first-order matrix differential
equations that can be well approximated by low-rank matrices. Typically, such ma-
trix differential equations stem from spatially discretized PDEs. The idea is to project
the right-hand side of the problem onto the tangent space of the manifold of matri-
ces with small, fixed rank. It was shown in [9], that this ansatz yields differential
equations for the factors of a low-rank decomposition resembling a singular value
decomposition. Compared to the approximation of the full matrix solution, working
only with the factors of the low-rank decomposition significantly reduces the com-
putational costs and the required storage. Unfortunately, the integrator of [9] suffers
from ill-conditioning in the presence of small singular values, a situation which is
called over-approximation, i.e., the rank chosen within the method exceeds the rank
of the actual solution. A projector-splitting integrator which is robust in the case of
over-approximation was introduced in [11]. It is based on a clever Lie-Trotter splitting
of the projected right-hand side, which allows one to solve the subproblems exactly.

Marlis Hochbruck - Markus Neher - Stefan Schrammer
Institute for Applied and Numerical Mathematics, Karlsruhe Institute of Technology, Germany,
E-mail: marlis.hochbruck @kit.edu, markus.neher @kit.edu, stefan.schrammer @kit.edu


Christian Knieling


2 Marlis Hochbruck et al.

A variant of this approach was recently presented in [2]. This new unconventional
integrator is especially suited for strongly dissipative problems.

Both the projector-splitting integrator and the unconventional integrator have been
applied to a variety of first-order matrix differential equations, e.g., for Schrodinger
equations in [2], for the Vlasov—Poison equation in [3], for Vlasov—Maxwell equa-
tions in [4], and for Burgers’ equation with uncertainty in [10]. However, to the best
of our knowledge, for second-order matrix differential equations of the form

A"(t) =F(A@t)), A(r)eC™",  A(0)=Ag, A'(0)= B, (1)

with large m,n, such integrators have not been considered so far. The obvious tech-
nique of reformulating (1) into a first-order system and applying the projector-split-
ting integrator [11] for first-order matrix differential equations behaved poorly in
our numerical experiments. The reason might be that the inherent structure of the
second-order problem is ignored by this procedure, causing the approximation qual-
ity to deteriorate. Therefore, we propose to combine the projector-splitting integrator
with a Strang splitting and call this new scheme ST-LO method (Strang splitting
combined with the method by Lubich and Oseledets). It yields a robust and reliable
dynamical low-rank integrator for second-order equations of type (1), provided that
the exact solution A(¢) and its derivative A’(r) can be well approximated by matrices
of low rank. In the special situation that the exact flows used within the Strang split-
ting preserve the low rank of the previous approximation, our integrator reduces to
the leapfrog scheme if the rank chosen in the method is sufficiently large. We also
develop a variant of the scheme which is tailored to stiff semilinear second-order
equations. For this, we combine our newly developed scheme with the ideas in [12],
where a dynamical low-rank integrator for stiff first-order equations was based on the
projector-splitting integrator.

For the projector-splitting integrator, a detailed error analysis was provided in [8].
It relies on an exactness property of the integrator, namely that it provides the exact
solution if this solution preserves the (low) rank of the initial value for all times and
the exact initial value is used to start the integrator. Unfortunately, this is no longer
true for the ST-LO scheme because of the Strang splitting. Nevertheless, we will
provide error bounds under similar assumptions as in [8].

The paper is organized as follows: In Section 2, we briefly recall the projector-
splitting integrator introduced in [11] by Lubich and Oseledets. The construction of
the ST-LO scheme is presented in Section 3 and its error analysis in Section 4. A
modification of the ST-LO scheme which also works for stiff second-order problems
is developed in Section 5.

Throughout this paper, m, n, and r are natural numbers, where w.l.o.g. m >n>>r.
If n > m, we consider the equivalent differential equation for the transpose. By .#,
we denote the manifold of complex m x n matrices with rank r,

My ={Y € C™" | rank(Y) = r}.
The Stiefel manifold of m X r unitary matrices is denoted by

Yy = {U € C"™" | UHU =1},
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where I, is the identity matrix of dimension r and U is the conjugate transpose of
U.
The singular value decomposition of a matrix ¥ € C"™*" is given by

Y=UV? U€Ym VEVnn ZIX=diag(o,...,0,)e€C™"

where o1 > ... > 0, > 0 are its singular values. It is well known that for r < n, the
rank-7 best-approximation to ¥ w.r.t. the Frobenius norm || - || is given by

Y=UXVH =QLVvH,
where X = diag(oy,...,06,,0,...,0) and
U=U[I0 €Y, V=V[I0 €%, Z=diag(o,...,0).

For a given step size T we use the notation #; = k7 for any k with 2k € Ny.

2 The projector-splitting integrator

In this section, we briefly review dynamical low-rank approximations as introduced
in [9, 11]. We start with the following problem: Given some time-dependent matrix
A(t), find a low-rank approximation A(¢) € .#, such that

A()~A()  forall t€]0,T).
In [9], this is done by imposing that A (t), which is contained in the tangent space
9;([)///, to ./, at A(t), satisfies
IA"(£) = A(1) || = min! 2)

For an initial value A(0) = Ay € .#,, condition (2) is equivalent to a Galerkin condi-
tion. In fact, then A solves the evolution equation

A'(r)=P(A(1)A'(r),  A(0)=Aq € 4, 3)

where P(K (t)) denotes the orthogonal projection onto the tangent space ﬂg( t>///,. A
natural choice for the initial value Ay of (3) is the rank-r best approximation to A(0).
For all A € .#, there is a non-unique low-rank factorization

A=0SV",  Ue,, Ve, SeC™ invertible, 4)

-~

which allows us to write the orthogonal projector P(A) onto 93( t>///, as
P(A)Z=2zVVH —gU"zvV" + 00"z, (5)

cf., [9, Lemma 4.1]. The dynamical low-rank integrator constructed in [11] is based

~

on a Lie-Trotter splitting, applied to the differential equation (3) with P(A) given in
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(5). Given a step size T > 0, the first integration step consists of solving the three
subproblems

Y, = AV Ya(0) = Ao, (6a)
Y, =UUlA, Yy(0) = Yg(7). (6¢)

As shown in [11, Lemma 3.1], all subproblems (6) can be solved exactly on .Z, when
the additional conditions

Vo(t)=0,  Up(t)=0,Vi(t)=0,  Uy(t) =0,

are imposed. Then, the solutions

Yn (t) = U77 (I)Sﬂ (t)VTI (t)H’ ne {aaﬁa’}/}v

can be written in terms of the increment AA = A(7) — A(0),

U (1)Se(t) = Ug(0)S(0) + AAV (0), V(1) = Vi (0),

S (t) = Sp(0) — Up (0)? 44V (0), Up(t) = Up(0), V(1) = Vg (0),
y 1

B
T(0S,(0)" = V(05,0 + AATT,(0),  Ty(r) = T,(0).

The integration process is continued with initial value Yy(7) ~ A(7) in the next time
step. A single time step of the resultant projector-splitting integrator is presented in
Algorithm 1, version (¢).

The above approach is also suitable for the construction of low-rank approxima-
tions to the unknown solution A(¢) of the first-order differential equation

A(t)=F(A@t)), A(0)=A eC™",  te€[0,T]. @)

As explained in [11, Section 3.4], the only change affects the replacement of the
increment AA in Algorithm 1 in a way resembling the explicit Euler method,

AA = TF(Ay),

see version (f3). The global error of this first-order scheme depends on the quality of
the approximation of the exact solution A(¢) of (7) by a low-rank matrix (for ¢ € [0, T])
and on properties of the right-hand side F, cf. [8].

Remark 1 The computational complexity of Algorithm 1 is dominated by the two
products AAV and AAHU inlines 7 and 11, respectively, the two QR-decompositions
of matrices of dimension m X r and n X r, respectively, and the three matrix-matrix
products in lines 8, 10, and 11. For an efficient implementation, it is important to
compute the products AAV and AAH U without computing AA explicitly.
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Algorithm 1 Projector-splitting integrator for low-rank approximations to
(o) given time-dependent matrices A(t) or (f) the solution of (7), single time step

1: function PRS]((?,.?,VJ,AAA) N
2: {input: factors ﬁ,S,\/} of rank-r approximation A = USVH ~ A(t) with Ue P Ve Y
3 Secr *’'_functions for matrix-vector multiplication with AA and AAH

() AA=A(t+7)— A1),

(B) AA=<F(A) }

K=aav

K=US+K .

9: compute QR-decomposition US = K
10  §=S-U"K

1:  L=VS"+AA"T

12: compute QR-decomposition VSH =L

14: return l7,§,\7,L N N .

15: {output: factors U, S,V of rank-r approximation A = USV¥ ~ A(t + ) and L = VSH (optional),
16: with U € ¥, V € %, S € C¥7}

17: end function

3 Dynamical low-rank approximation of second-order matrix ODEs

Next, we devise a low-rank integrator for second-order matrix differential equations
of the form (1). A straightforward practice would be to rewrite (1) as a first-order

system
Al [ B A(0)] _ [Ao ®
B| ~ |FA)|’ B(0)| ~ |Bo|’
and to apply Algorithm 1. However, numerical tests showed that the quality of the
numerical solutions deteriorates over time, possibly caused by the neglection of the

structure of the the right-hand side of (8).
We thus use a different ansatz and first split (8) into

m;b&hﬁk 9)

and then apply a standard Strang splitting. Solving the subproblems exactly leads to
the well-known leapfrog or Stormer-Verlet scheme,

T

Biyy =Bt 5F(A), (102)

Ayl ZAk+TBk+%, (10b)
T

Bip1 =B 1+ EF(AkJrl)v (10c)

cf. [5, Section 1.5]. If approximations to A’ = B are not required at full time steps,
then the most economic implementation of the leapfrog scheme is to combine (10a)
and (10c) via

B B, | +TF(Ay), k>1. (10d)
2

k+3 =
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For k=0, B ! is computed from (10a).

A low-rank integrator for the second-order equation (1) is now designed by ap-
proximating the exact flows of the subproblems in (9) by their respective low-rank
flows using the projector-splitting method [11]. First, we determine initial values Ag
and §0 as rank-r4 and rank-rp best—approximatiAons to Ag and By, respectively. Af-
ter k time steps, the low-rank approximations A ~ A(#;) and §k_ |~ B(t, 1 ) are
represented by (non-unique) decompositions

n 7o UH n T ) 7 H
Ak:UkSka GMrA, kaé :kaéka%ka% G%YB’
where
Uk S %n,rAv Vk S %l,rAv Sk € (CVAXFA7 Tk*% S qym,rgv Wk*% € %l,rgv Rk,% S (chxrB'

The low-rank matrices Ay, | ~ A(ty+1) and §k R B(t,, 1 ) are obtained by approxi-
mating the solutions of (9) by applying Algorithm 1 to

B, \(0)=F(A), B,_1(00=B_,, oc€[01], k>1, (lla)
-2 2 2
Ai(0) = Biy1)2, Ar(0) = Ay, cel0,7], k>0, (1lb)
where for k = 0, we have
B)(c) = F(Ay), Bo(0) = By, ce [o,%]. (11¢)
Since the exact solutions of (11) read
§k7%(r) :EH +TF (Ay), (12a)
A7) = Ay +1By, 1, (12b)
~ T -~ T ~
Bo(i):Bo—l—iF(Ao), (]20)

the increments AB, 1 and AA; are given explicitly as
2

—B —B — TF(A, >
ABk,% Bk,%(f) Bk—%(o) ’L'F(Ak)7 k 1,
AAy = Ar(1) —Ar(0) = TB, 1, >
~ T ~ T  ~
ABo = Bo(5) —Bo(0) = 7 F(Ao).

The resulting dynamical low-rank integrator for second-order matrix ODEs will
be named ST-LO method, for Strang splitting combined with the Lubich-Oseledets
integrator. It is presented in Algorithm 2.

There is a close relationship between the ST-LO and the leapfrog schemes:

Theorem 2 [f for allt € [0,T] the exact solutions A(t) and B(t) of the subproblems
(9) with rankAg = ra,rank By = rp stay of rank rs and rp, respectively, then the solu-
tions of the ST-LO and leapfrog schemes coincide.
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Proof The ST-LO scheme is derived by exchanging the exact flows of the leapfrog
scheme by their corresponding low-rank flows. Since the exact flows preserve the
rank by assumption, the application of the exactness property of the projector-split-
ting integrator [11, Theorem 4.1] yields the desired result. ad

Algorithm 2 DLR integrator for second-order ODEs (1), ST-LO scheme, single time
step

1: function ST-LO(7,F,U,S,V,T,R,W rs,rp)

2 {input: step size 7, right-hand side F,

3 factors U, S, V of rank-r, approximation A = USV¥ ~ A(t) with U € Vingras Ve Vg s
4 Secmxm,

5: factors T, R, W of rank-rg approximation B = TRW* ~ A'(t — ) with T € Yinrg»
6 W € ¥,y R 578}

7

8: §-step: T.RW,L= PRSI(f,ﬁ,W,rB,AB) where AB = TF(ﬁgvH)

9:
10: X—step: (7, A,\A/ = PRSI(U,S‘\,\A/,rA,AA) where AA = tTLH
11:

12: return U,S,V,T,R,

13: {output: factors U, S,V of rank-r4 approximation A=USVH ~ A(t + 1) with Ue Vingras

14: VeV, SeCaxm,
15: factors Tﬁ,VAV of rank-rg approximation§ =TRWH ~ A (r+ %) with Te Vinrgs
16: W € ¥y R CB78}

17: end function

Algorithm 3 DLR integrator for second-order ODEs (1), ST-LO_VAR scheme, single
time step

1: function ST-LO_VAR(T, 3,F,U,S,V,T,R,W,ra,rp)

2 {input: step size 7, weight a)32, right-hand side F,

3 factors l77§,\7 of rank-r4 approximation A=USvH ~ A(t) with Ue Vingras Ve Vras
4: S e Craxra,

5: factors f,l?,W of rank-rp approximation B=TRWH ~ A'(r) with Te Yinrg» We Vnrgs
6 Recmem)

7 ~ A~ o~ o~ A~ A~ A~ A

8:  B-step: T,R,W,L=prsI(T,R,W,rg,AB) where AB = ZF(USVH)

9:
10 A-step: U,V =prs1(U,S,V,rs,AA) where AA = @3TTL?
11:
12: B-step:  T,R,W :PRSI(?,I?,WJB,AB) where AB = %F(l?:S‘T/H)
13:

14: return U,S,V,T,E,KVA L R

15: {output: factors U, S,V of rank-r4 approximation to A = USV? =~ A(t + 7) with U € ¥,
16: VeV, SeCnrn,

17: factors f,l/?\,VAV of rank-rp approximation to B=TRWH ~ A’(t + ) with Te Vinrgs
18: W € V.50 R € CB¥78Y}

19: end function
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Clearly, in general the ST-LO scheme does not inherit the exactness property
of the projector-splitting integrator, because of the splitting error. A detailed error
analysis of the ST-LO scheme will be presented in Section 4.

In the same way, a variant of the ST-LO scheme is based on the non-staggered
version of the leapfrog scheme (10), procuring approximations to A’ on the same
time-grid as approximations to A. Here, the function F has to be evaluated twice in
each time step so that the computational effort is larger when compared to the stan-
dard ST-LO scheme. In this version we also allow for a rescaled step size in the A-step
(10b). As we will see later, this will be an important detail in the construction of dy-
namical low-rank integrators for stiff second-order matrix differential equations. The
resulting method is called the ST-LO_VAR scheme. It is described in Algorithm 3.

4 Error analysis of ST-LO
In the following, we analyze the error of the ST-LO scheme given in Algorithm 2

when applied to (1) with a right-hand side F which is Lipschitz-continuous with a
moderate Lipschitz constant L, i.e., F satisfies

|F(Y)—F(Y)| <L|[Y —Y| forallY,Y € C"*". (13)

Our analysis relies on the error analysis in [8] for the projector-splitting integrator.

Recall that the ST-LO scheme is derived from the leapfrog scheme (10), which is
stable under the CFL condition, cf. [7],

: (14)

=~

T < Ry, =
We therefore assume, that the step size T always satisfies (14).

Assumption 1 The exact solution A : [0, T] — C™" of (1) is in €*([0,T]). Further-

more, there are low-rank approximations Xx(t) € #,,,Xp(t) € My, such that

A(t) =Xa(t)+Ra(r),  IRA(0)] < pa, [RL(D)] < pj, (15a)
B(t) =A'(r) =Xp(t) +Rp(r),  [Re(0)|| <ps, [Rp(t)|l < pp. (15b)

Additionally, there exist sufficiently large constants Y and g, such that (15) is also
satisfied for all Ya(t),Yp(t) € C™*" with

[A(1) =Ya(O)ll < 7, 1B(1) = Ya(1)[| < 78
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For the approximations Ay ~ A(#;) and Ek R B(t,., ! ) computed with the ST-
LO scheme and for Xk and 5,(7 ] given in (12), we define

ki

Ef = A1) — A, Ep =Bt y) = Bioyll, k>0, (16a)
B =0, Ej = IB(y) ~ Bolty ), (16b)
By =JAw) - A (), By =[Bl ) -B (0, k=1, (60
B = E), Ej = Bofty) — Byl (164
Ef = 1Ak (2) = Al By =B y(0-Byl. k=1 (6
By the triangle inequality, we have
ENT BRIV EMY g KT <EKLEM k>0 (1)

The analysis of the ST-LO scheme is organized in two lemmas and a theorem.
k+2

Our first result are coupled, recursive inequalities for E"Jrl and Eg
Lemma 3 LetA:[0,T] — C™" with A € €*([0,T]) be the exact solution of (1) with
initial values Ag,By € C"™" and B = A'. Further, denote by B,_ ! and Ay the low-
rank approximations obtained by the ST-LO scheme after k steps started with initial
values Ay € My, ,By € M. Then, the errors introduced in (16) satisfy

TA >

1 T ~1
El <EJ+ ELEX +E; +C5F 72, (18a)
2
T ~1 ~
Ej < (1+ S L)E+TEp+TE; + B3 + (G +C5)T (18b)

and for k € N we have
1 _1 ~jr L
Eyt <Ey ? +1LEK+Ey 2 +CEF 7, (19a)
_1 e L ~
EX < (14 P2L)EX +1Ey 2 + 1By 2 + EX 4 (G +Cfn)e. (19b)

The constants CﬁF and C}LgF are given explicitly as

1
CLF — —lA" (¢ CLF — { ZA™ (¢ —IA@ (¢ }
A tg[lg>;]24ll @l 5 = max tg[lgx]gll Ol max S7 1470l

Proof By Taylor series expansion, we have
A(txs1) — (A(tk)+TB(tk+l))|\ < ClFg3, k>0, (20a)
1Bt 1) = (Bt 1) +TF (A1) || < € o k> (20b)
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as well as

I1B(ey) ~ (Bo+ 5 F(40)) || < CH* 7. (200)

%
Hence for k = 0, we have
Ej < |Bo+ 5 F(Ao) — (Bo-+ 5 F(A0))| + CH" e
<ES+ %LEX +C5F e 2D
by (20c), (12¢), and (13). Employing (17) shows (18a). Using (18a) and (20a) yields
E} < ||A0+TB(§) - (Zo—k'cﬁ%)H +CEF 3
<ES+ TEB% +CiF
< (1+ %ZL)EX 1 TEY+1E] + (CYF + CKF) . (22)

Together with (17) this proves (18b).
For k > 1 we follow the same steps. We have by (12), (13), and (20b)

BN < BN ik 4 O (23)
and by (17) thus (19a). Lastly, we have by (20a), using again (12), and inserting (19a)
BN < X 41BN 4 O

<Ettr <E§_% VTLES BN 4 CIEFT3> +CLF g3
= (1+ PL)EL + 1S 2 £ 0BT 4 (CFF 4 CFo)e, (24)
which together with (17) completes the proof. O
In [8, Section 2.6.1] it was shown that the error between a time-dependent matrix
A(t) satisfying (15a) and the rank-r4 approximation Y| ~ A(7) computed by Algo-

rithm 1 started from X4 (0) € .#,, is bounded by
|A(T) = V1]l < pa+T77py. (25)
gL ~
In the next lemma we eliminate E£+ 2and E ﬁ“ from (19) by using (25).

Lemma 4 Let the assumptions of Lemma 3 be satisfied. Furthermore, assume that

E{<ps, Ep<ps. (26)
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1
If Assumption 1 is fulfilled, then for all k such that ty14 < T, the errors E§+2 and
EXT defined in (16) satisfy

k
ol .
Ep'? <pg+Tnspp+7LY Ej+CE T (1+1), (272)

j=0

k
; 7
EX™ < pattiiipp+ L Z ler1— B4 + Tt pa + Etk+1fk+2P1§
J=0 (27b)

1
+ <(C£F +CE N1 + 2tktk+1C11§F) 7,

respectively.

Proof The proof is accomplished by induction on k. First, we show that the errors

~ ~ft L
Ek+1 and Ek+2 are umformly bounded by suitable constants ¥4 and Y. Then the

auxiliary solutions A and B are sufficiently close to the exact solutions A and B, and
hence they admit representations like (15) by Assumption 1. Since the approxima-
tions A and B are low-rank approximation to A and B computed by Algorithm 1
started from initial values of rank r4 and rp, respectively, the local errors E]‘Jrl nd

]
E§+ % are bounded by
0! E‘k"r% <710 k>1 Sk+1 ’
va B = TPB, = b EA S 7TpA7 k Z 07 (28)

cf. (25). The estimate on the global error then follows from (17).
For k = 0 we deduce from (21) and (26)

~1 T
E; <ps+5Lpa +C5F 72,
By Assumption 1, for ¥z > pg + ZLpa +Ch' 7%, it holds by (18a) and (28) that

E2<pB+ LEA+7 pp—+CLEr?

2
< pp+TLES + 7;1 pp+CEE?, (29)

which is (27a) for k = 0.
Likewise, by (22), (26), and (29) we have

E} < pa+ T LES 4+ tpp + 7t pp + (CEF + C5F) 3. (30)
Choosing 74 as the right-hand side of (30), by Assumption 1 and (28) we deduce
2 7 LF
E) < pa+TPLES +t1pp + 7114 + t1t2p3+( F ity 12,

which shows (27b) for k = 0.
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Assuming that (27) holds true for some arbitrary, but fixed k — 1 € Ny, we now
prove (27). Applying the Gronwall-type Lemma 6 below, we find from (27b) for
j=1,...,k

E] <eViMml, 31)
where
; 7 1
MA =pa+tipp +7tjp,f, + Etjtj+1p§ + ((CkF +CIB?F)lj + El‘jf]l‘jCIB?F)Tz. (32)
By (26), this bound is also valid for j = 0. From (23) and (27a) we obtain
~fr L _1
Ey'? <Ey 4 tLEK+C5 T
k—1

< (pB +Tnpp+ LY B+ CF (141 )) TLEK + CLF 3
=0

IN

koo
=ps+7Ttpp+7L Y ES+CE T (1+10). (33)
j=0

Inserting (31) into (33) for 0 < ;.4 < T results in constants Cg(T), CN’B(T) depending
on L, pg, pp and C5F such that

1 ~
Ey"? < Cy(T)+ T°Cy(T).

~ e
By Assumption 1 for yg > Cp(T) + t>Cp(T), (28) shows that E£+2 < 71pp. Thus we
obtain from (33) and (17)

k
ol .
Ep ? <pp+Tnipp+7L Y Ej+C5 o2 (1+1),
j=0

which proves (27a) for all k € Nj.
Similarly, using (24) and the induction hypothesis, we get

k—1

. ; 7

EXT < (PA +1pp+TL Y tx_jEN +Ttepy + EtkthrlpI/?
Jj=0

1
+ ((CII{F + C{gTF)l‘k+1 + EtkthrlCIéF) ‘L'2> + ’L'ZLE/;
k=1
+1(p3+7tkp}g+1L Y Ej+CEe(1 +tk_1))
=0
+7t%pp + (CF +ChF 1) 7?

k
; 7
= PA+ k1P + TL Z ter1—Ex +Ttkpy + 5¢k+1tk+2pé
J=0 (34)

1
+ ((CIIL{F +CII§F)tk+] + El‘klk+]C]§F) 72.
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By employing the bound (31) on E/{ for 0 < #44 < T we define constants C4(T),
Ca(T) depending on L, p4, pg, P4, P, C5F and C5F such that

EXTY < Cu(T) + T2Ca(T).

Now let Assumption 1 be fulfilled for some y4 > C4(T) + 72C4(T). Then we have
Eﬁ“ < 77p), by (28). Finally, we conclude from (34) and (17)

k
i 7
ExT < patti1pp+ LY tii1—Ey + Tt P + Efk+lfk+2p;3
j=0

1
+ ((CIXF +C5 i1 + 2lklk+1CIEF> .

This completes the proof. O

We are now able to prove a global error bound.

Theorem S If the assumptions of Lemma 4 are satisfied, then the global errors Eﬁ“

and El];+ % are bounded by

k+1 Tt k+1
EMT < Gfk'HMA ,
where MK is given in (32), and

A 8 22)

k+3 k+3
Ep 7 <eVhupy?

for

k+l 1 1
My * =pg +tk+%LPA +7tk+%pfg+ Etktkﬂpg + (EtktkHCﬁF-‘r (1 +tk)C1L3F)T2,

respectively, as long as ty1 4 < T.

Proof The bound for E ﬁ*l is a direct consequence of (31) with j = k+ 1. The bound

1

for E§+2 is obtained as for EX™! in the proof of Lemma 4, but starting from substi-
tuting (19b) into (19a). O

The error of the ST-LO scheme is hence a combination of two error contributions:
an error caused by the low-rank approximations, and a time discretization error stem-
ming from the leapfrog scheme. If the low-rank errors pa, P, p} and pp are small,
i.e., the solutions A, B of (1) are well-approximated by low-rank matrices, the time
discretization error dominates.

In the proofs of Lemma 4 and Theorem 5 we used the following Gronwall-type
lemma.
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Lemma 6 Let 7,L > 0 and {M;}i>0 a nonnegative, monotonically increasing se-
quence. If the nonnegative sequence {Ey } ;> satisfies

k-1
Ex <M +Le* Y (k- j)E;,
=0

then

Ek < Mk erkﬁ .

Proof Define g := Ej /M, for all k > 0. The sequence {& }x>o is nonnegative and
satisfies

k—1
g <1+7°LY (k—j)g; (35)
j=0

due to the monotonicity of {My}>o. The statement then follows from [I, Lemma
3.8]. a

5 Dynamical low-rank integrator for stiff second-order matrix differential
equations

We now consider semilinear second-order equations of the form
A" = —QIA—-AQ3 +f(A), t€][0,T], A(0)=Ag, A'(0)=By (36)

with given Hermitian, positive semidefinite matrices Q; € C™ ™ and Q, € C"*" of
large norm and a Lipschitz continuous function f with moderate Lipschitz constant.
It is well known that explicit methods like the leapfrog scheme (10) require step size
restrictions to ensure stability. Hence the same is true for the ST-LO algorithm, since
it can be viewed as a low-rank counterpart of the leapfrog scheme. Thus we aim at a
scheme which is unconditionally stable (i.e. independent of || »||).

For first-order equations, such an integrator was proposed in [12]. However, the
idea in [12] cannot be applied here directly since it relies on the property that the
exact solution of a linear first-order equation with initial value in .#, stays in .#,
for all times. This is in general not true for linear second-order equations, so that
additional considerations are required.

We reformulate (36) into an equivalent first-order problem and split the right-hand
side into a linear and a nonlinear part by introducing weights w; > 0, i = 1,2,3 with
0} + 07 +o3 =1

B ®B ?B

[ﬂl - {_Q%A_AB:sz‘Ff(A)] - [.Q%A] + [A.sz} + [f(A)} : (37
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A natural choice would be 0)12 =1/3, i=1,2,3 but a different weighting is also
possible. The split equations can be written as

A]" [ o?B 0 w’][A

ARl (8
2

AB]' = [0?B —AQ?| = [AB {0 _92], 38b

[ } [(1)2 2] [ } wZZI 0 ( )

S

J-%

The solution of the linear problems (38a) and (38b) can be expressed in terms of the
matrix exponential

0 o1\ cos(witQ;)  wPtsinc(witQ)) .
P (t {—QJZ 0 }) o {—IQ? sinc(wit;) cos(wir;) |’ j=12.9

The full splitting scheme reads
Ay ( Q L 7 Y Ql) Ao
=~ | = T T T T = | 4
{Bl] ;° ¢7 °9: © ¢7 ° ¢7 By (40)

where (j)fl and (j)'zQ2 denote the numerical flows given by Algorithm [ with step size
2 2

% to the exact solutions of (38a) and (38b), respectively. ¢Ty denotes the numerical
flow of the ST-LO_VAR scheme, described in Algorithm 3, with right-hand side f.
The overall method (40) is called ST-LOSTIFF.

When approximations at full time steps are dispensable, the last half step (})?' in

(40) can be combined with the first one of the next time step.

6 Conclusion and Outlook

In the present paper, we developed and analyzed dynamical low-rank integrators for
second-order matrix differential equations of the forms (1) or (36), proving second
order convergence in time under reasonable assumptions.

Numerical experiments are reported in [6], where we also discuss implementation
issues. This includes rank-adaptivity, which turns out to be essential for accomplish-
ing the desired accuracy efficiently.
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