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Abstract

Coefficient functions of the operator product expansion of correlators of HQET heavy-light quark cur-
rents are calculated up to operators of dimension 4 up to 3 loops.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Heavy-light currents and their correlators in HQET

QCD problems with a single heavy quark Q having momentum P = Mv+ p (M is its on-shell
mass, v> = 1) can be described by heavy quark effective theory [1] (HQET, see, e.g., [2—4]) if its
characteristic residual momentum is small (p < M), and characteristic momenta of light quarks
and gluons are also small. QCD operators are expanded in 1/M, the coefficients are HQET op-
erators of corresponding dimensionalities. For example, QCD heavy-light quark currents at the
leading order in 1/M are equal to the matching coefficients times the HQET heavy-light cur-
rents. These matching coefficients are known at 2 [5,6] and 3 loops [7]. Anomalous dimensions
of all HQET heavy-light currents are the same and known at 2 [8—10] and 3 loops [11]. Cor-
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relators of such currents at small distances can be calculated using operator product expansion
(OPE); coefficient functions of operators up to dimension 3 are known up to 2 loops [12-14].
The (G?) contribution vanishes at 1 loop; the (G3) one is known at 1 loop [12]. Contributions
of quark condensates up to dimension 8 are known at tree level [12,15]. Here we calculate the
perturbative contribution expanded up to m* (m is the light-quark mass) and condensate contri-
butions up to dimension 4 at 3 loops. The perturbative spectral densities of correlators of some
QCD heavy-light currents with m = 0 in the threshold region at 3 loops were calculated [16];
they are related to the HQET spectral density by the corresponding matching coefficients.

If our heavy quark is b, there are 2 different HQETS: with ¢ quark and without it. The heavy—
light HQET currents in these 2 theories are related by the decoupling coefficient, which is known
up to 3 loops [17]. The HQET current in HQET with c is related to the QCD currents by the
matching coefficients. In this paper we shall work in HQET without ¢ quarks. There are n; =3
dynamic flavors (u, d, s) and the static b quark.

At the leading order in 1/M the heavy-quark spin does not interact with gluon field. We
may rotate it at will without affecting physics (heavy-quark spin symmetry [18]). We may even
switch it off (superflavor symmetry [19]). We shall use the effective theory of a scalar static
antiquark. This particle has no antiparticle; its field ¢* contains only annihilation operators. Its
coordinate-space free propagator in the v rest frame is 8(X)So(xY) where So(t) = —if(r). The
momentum-space propagator So(p) = 1/(p® + i0) does not depend on p. Static-quark lines
cannot form loops.

We consider the current

Jjo= @540 = Zj(es (1) (1) ¢))
where qo is the bare light-quark field. The correlator of 2 currents in the v rest frame
(Tjo(x)Jo(0)) = 8(X)Mo(x) @)

is non-zero only for x0 > 0 (the symbol T is superfluous: the product jy(0)jo(x) = 0). The
momentum-space correlator

/ d“x (T jo(x) jo(0))e’P™* = To(p°) 3)

does not depend on p. They are related by the 1-dimensional Fourier transform
o0 400
iwt do —iwt
Ho(w) = | dip(0)e'™ ,  To(r) = o o(w)e ™. )
b4
0 —00

The correlator I1p(w) has a cut from 0 to +o0, the discontinuity gives the spectral density

1 : .
po(w) = o [Mo(w +i0) — Mo(w —i0)] . &)
The correlator is expressed via the spectral density by the dispersion representation:
oo d o0
Mo(w) =i / LWy =60) / do po(@)e ™" . (©)
w—v+i0
0 0
We can analytically continue ITp(¢) from ¢t > 0 to t = —it, T > 0 and obtain the Euclidean

correlator
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(0.¢]
Ho(r) = fdw po(w)e™ " (7
0
The spectral density can be reconstructed from it by the inverse Mellin transform
a+ioo
1 wT
po(@) = 5— dt Io(r)e™", (®)
2mi
a—ioo

where a is to the right from all singularities of ITp(7).
Borel transform of the correlator IT(w) is often used in sum rules. In HQET it is defined by

BpF(w) = lim %(iy“@ )
k—oco k! dw w=—Ek
It is equivalent to the correlator in imaginary time I1(7). For example, for the function
1 R e—V/E

F(w) = o itis BpF(w) = FE T
The Fourier transform (4) of F(w) is

F()= i@(t)%e‘i(”_io)t ;
its analytical continuation from the half-axis # > 0 to the half-axis t = —it, v > 0 is

F(r)=i ;n(n; eVt
Therefore,

BpT(w) = —iTl(t = 1/E). (10

The static-antiquark propagator in a gluon field is § (X1 — )?())S()()C? — xg)m, where
X1
[x1, x0] = Pexp —igO/dqug(x) (11)

X0

is the Wilson line in the antiquark representation, the integral is taken along the straight line from
xo to x1. Therefore, the correlator can be written as

o (1) = (go(vt)[vz, 0]g0(0)) . 12)
We can consider a more general object [20]
Fo(x) = (go(x)[x, 0]g0(0)) , 13)

where x is not necessarily timelike. The bilocal vacuum average can be expressed via Fp(x):

{@o(O[0, x]Tg (x)) = =TrI"Fo(x), (14)

where [0, x] is the Wilson line in the quark (fundamental) representation, and I is a Dirac matrix.

3
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The correlator of the MS renormalized currents j(u) still contains ultraviolet (UV) diver-
gences when ¢ = 0. Subtracting these divergences we obtain the renormalized correlator I1(z; ).
The dispersion representation should contain 3 subtractions:

s [ _depEw
M(w; n) = la)/€3(8_ —lO)+ch ,
0

(@, ,u)—Q(t)/da)p(a) we~ "”f+zc i"sM(r). (15)

n=0

Divergences of the correlator of renormalized currents are in subtraction terms in (15): in co-
ordinate space they are at + = 0, in momentum space they are polynomial in w. More exactly,
in dimensional regularization only ¢, contains 1/&" divergences, whereas power divergences
in cp,; are not seen in this scheme. The renormalized spectral density is simply given by

po(@) = Z3 (a5 (1)) p(@; ).
The correlator has 2 Dirac structures

[T=A+By. (16)
It is convenient to introduce the currents with definite parities P = +£1:
. 1+ Py .
Jp=—5—J a7
Their correlators are
1+ Py P
PIlp > where l'[p:P(A+PB):ZTr(1+Py$)H (18)

(we shall see soon why it is convenient to introduce the factor P here).
For sufficiently large —w the operator product expansion (OPE) is valid

M(w; 1) =Y _ Ci(w; W{0i(w), (19)

where O; are all possible operators. If the ¢ mass is small, we can include operators with powers
of m(u) in the set O; and calculate the Wilson coefficients C; treating g as massless. Then the
terms with even-dimensional O; have Dirac structure ¢, and those with odd-dimensional O; have
the structure 1.

Currently we are in the world where the antiquark Q has quantum numbers 0. Then S-wave

= . + - - .
Qg mesons have j© = % , and P-wave ones % and % . The currents ji have quantum num-

1+ . . . 1 .
bers of 5~ mesons (currents with quantum numbers of mesons with j > 5 necessarily involve
derivatives, we don’t consider them). The matrix elements of our currents are

Oljp(WIM) = F(nu, (20)
where the meson states are normalized as
(M, p'|M, p) = Q2r)*8(p" — p) 2D

. . . . P e

in the v rest frame, and u is the Dirac wave function of the % meson M satisfying pu = Pu and
normalized as u*u = 1. The contribution of the meson M to the correlator ITp and its spectral
density pp is
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Table 1

Correlators of currents with spin % heavy antiquark.

P I I |35%)

+1 Vs s 2y
' v/ 2M4.8Y

-1 1 1 21—
sy vsv/ 2m-s"

My () = |FI2e Moy, Ty(r)=|FPe 7,
i|F|?

_—_— = 2 __
D ATi0’ pm (@) =|F|"8(w — A), 22)

My (w) =
where A is the residual energy of this meson. If there are several mesons with given quantum
numbers, we get sums of contributions (22); sums become integrals in the continuum spectrum.

Now let’s switch on the spin (and parity) %7 of the static antiquark Q (still at M = oo). The
static antiquark is now described by the field & satisfying hp = —h. The free propagator of this
field contains the extra factor (1 — $)/2 as compared to the scalar case. The currents are

Jjro=holqo; (23)

in the v rest frame the set of independent Dirac structures I is 1, 7, yliy 71, yliyiykl where
square brackets mean antisymmetrization. Instead of this set, we can use 1, ySHV, v, )/;{Vyi,
where ySHV is the "t Hooft—Veltman ys. In HQET renormalized currents with the anticommuting
ySAC coincide with the corresponding currents with )/SHV, because their anomalous dimensions
are the same [5] (contrary to the QCD case). Therefore, in the following we shall just use ys. The

correlator of jl+ and j, is

0
Y rom, (24)

H12=—T1’f‘1

where IT is the correlator with the scalar static antiquark, and minus comes from the fermion
loop. The Dirac matrices I either commute or anticommute with y°: I'y? = — Py°T". Both I'; »
must have the same P (otherwise the correlator vanishes), and

1 -
nu:—anTrrlrz. (25)

The same formula works for the spectral densities.

S-wave mesons with light-fields quantum numbers j© = %Jr become degenerate doublets 0™,
1~; P-wave ones with j¥ = %_, %_ form degenerate doublets 0%, 17 and 17, 2%, The currents
with I' anticommuting with y° (ys, y%: P = +1) have quantum numbers of the S-wave 0=, 1~
mesons (j P %+); those with I' commuting with yo (1, y5yi: P = —1) have quantum numbers

of the P-wave 0", 17 mesons (j© = %_). The spectral density of correlator of the currents with
quantum numbers of 0F mesons is 2p4, and for 1T mesons it is ZpiSi-/ (Table 1, eq. (25); this
is the reason why we introduced the factor P in (18)). A 0~ meson contribution to the spectral
density is | Fy- 126(w — A); for 1~ one it is | Fy- 289 8 (w — A), where

(0lhysql0™) = Fo-(w), (0lhyq|1™) = Fi-(n)é (26)
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(e is the polarization vector of the 1~ meson). Therefore

Fo- (1) = Fi- () = V2F () @27)

(this is an example of the heavy-quark spin symmetry). The case of 0", 1+ mesons is similar.
Usually the relativistic normalization of one-particle states is used:

(M, P'|M, P), = 21)*2Ps(P' — P) (28)

(it becomes meaningless when the meson mass M — oo, and thus is not usable in HQET; in
the meson rest frame |M), = ~/2M|M)). The spin-symmetry result (27) can be written in a
completely Lorentz-invariant way:

- _ _I+y ys  for 0~
(O|hTq|M) = M F () TrT M, M—Tx{¢ for 1 °

pM=-Mp =M. 29)
For example (P* = Mv" is the meson momentum)

2F - 2F
;’;)P“, Olysqloy = 228

VM
- _ 2F(n)
Me*,  (Olhi[y*, y 1g117) = ==L (e PV — e PH).
Oz [y", vy 1ql17) i ( )

(Olhysy*ql0™) =

2F ()
M

(Olhy q17) =

Similarly, for 0F, 1+ mesons (j* =17)

1—¢ {1 for 0T
— L x

M= PM =My =—M. (30)

2 ys¢ for 1T >
Of course, phases of | M) states (and hence of M) can be redefined.
The vacuum average (13) for a general (timelike or spacelike) x has 2 Dirac structures

1
Fotx) = =7 [ FsGe) = it Fy ) |

Fs(x*) = ((0)[0,x]q(x)), Fy(x*) = ;—2@(0)[0, x]xq(x)). 3D

In HQET x = vt, and the scalar functions Fs y have positive argument x? = ¢2. If x is spacelike,
the argument x is negative. When we analytically continue HQET results to r = —i T, we obtain
Fs.y of negative argument —7°.

2. Perturbative contribution

Perturbative contributions to the correlator are shown in Fig. 1: the one-loop diagram; one of
three two-loop ones; and two examples of three-loop diagrams.

We use integration by parts (IBP) to reduce three-loop diagrams to master integrals with the
C++ program' FIRE6 [24]. Generation of Feynman diagram was done with QGRAF [25] and
evaluation of color factors with the FORM [26] package COLOR [27].

1 We have also used the Mathematica program LiteRed 1.4 [21,22] and the REDUCE package Grinder [23] for testing
purposes and the identification of the master integrals.
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Fig. 1. Perturbative contributions to the correlator.

There are three non-trivial master integrals. Two of them are known exactly as hypergeometric
functions with e: [28] and [23,29]; for the last one, only a few terms of the ¢ expansion are
known [16], but this is sufficient for our purpose. This IBP procedure and the master integrals
are reviewed in [30].

The renormalized perturbative correlator is

1 2
Mp(c: “)_i{z 2[IJFCF |:6Lr+4<n3 +2>}

o5 40 8 52 , 153
+cF(ﬁ) {CF[ISL$+<—712+43>LT 83+ ot o 2+T]

3

8 5 6413
Cal2212 75 10483 — —7t — —p? 4 —=
+A|: T+<n+> g3 57" 27n+72

s 5 )]

— Trm|8L% 4 4
Fnz|: + ( 77 13

e
e )
o3

+C (“‘Y) Cr| 7202 4 2( 272 471 )Ly — 2005 + —omt 4 g2 4 22
Nag) 17F T T3 4
+Calaar2 +2( 2822 4205 L, —116¢ _ B eyl B8
o R 745 27 36
8 (4 16 401
_TFnl[léLi 3(371 —|—17)L _32C3_E”2+ 0 ]H

2

_ ’g—[l +6Cp ~(Li+1)

2 16 32 507
+Cr (:’—n) {CF[162L$ + <?n2 + 109)L, +405; — ot — 1277 + ?}

4 4 2789
+Ca [66L§ - (5712 - 125>LT —22— —nt -7+ —]

15 24
229
— Trny |:24L +36L; + ?i| }]

e () (5 2)
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S PR Y PSS ST Y AR
n Zs _o g2
8| Fax| T ’ 3
s \2 s (8, ) 76, 249
+Cr (E) {Cp|:96LT+2(§n +59)L,+ 165 — 3+ == ) Lo
26, 40, 91}

64
— 140¢s + — 1340 — —xt = =
§5+37TC3+ &3 1577 377 +24

88 97 889
+Cy |:3L%——(2 2 161)L$—(16g s+ 2 c )L,

20 7t 277 4357
6075 — — 8903 — — — — g ———
=+ 605 JT 23 + 8923 5 2771 + = ]

; 32L3+104L 2016 5 0\ 1s s 3ppy - 80,2, 285
Ten _ 8 245
FR 3 3 337 B %7 18

2

— Pm(Zmiz>CFTF (:{_;[)2 (6L, + % — %)

mt 1 17 8 45
-——|L c—18L2 —L,—-x*
32[’ g e [ 2 3”+2}

ol 3 16 , 259 2 212 72 4155
— 186L — L3 1 - — — |L
+CF(4T[) {CF|: 86 T+<37T 2 643 3 + ] T

20 4 113 , 10609]

— 420¢5 + 64 35163 — —
¢s+ 64120 + 3514 9 9 — D
T 154L 4 , 63 2 (16 +200 , 2603 L
f f2_ _ R R
A3 3 2 )T Bt g )T
z* 835 64801
180¢5 — 2072 179 T
L S e R T I T AT }
56 4 , (64 , 235 32 2 6137
—Temy| =L +2L% — [ =72 - =2 )L+ 6403+ —72 — ——
Fi’ll|:3 + <9 2 ) + C3+27 7

2
) D1 (Ols) 17
CrT 6L,
A v s

> om? a\2[ (7% 11 72 65
— T L. — - =
7 e F(47r> 3 q )Tty

Lo, ag)} , (32)

where g = aénl)(u) m =m™ () is the mass of the quark ¢ in our current (1), m; = m("’)(u)
are all light-flavor masses (see the last diagram in Fig. 1), and

MTeVE

=log (33)

The coefficient functions C,,» (1) with n =0, 1, 2 satisfy simple renormalization group (RG)
equations (while m> mixes with g¢, and m* mixes with mgq and G2, Sect. 3). Its solution is

8
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o o5\ 2
Cm»weXp{4 (—2n0L+ +61)+(ﬁ> [—2Bov0L2 —2(»1 — Boct) L+ + 2]

+O(a3)}, Yk =2Vjk — M¥Ymk, Yo=—6Cr(n+1) (34
Here
dlogZ > og \n+1
Va(av)zﬁzzyan <_;) (a=j,m)

ldlogZ, o )n+1
Pl =5 e => 8 .
Our results (32) for n =0, 1, 2 satisfy this condition
The renormalized spectral density of the OPE terms having dimensionalities < 2 is

N, [ w? o 4
d<2, .. _ e s 2
Pp (a),u)——ﬂz{—4 |:1—CF—47T <6Lw——n —17)

3

2 40
+Cr (Z—;) {CF[ISLS) - <?n2 +97)

8 103 72 1173
—85+ —nt+ —nt+ —

45 3 8
76 8 238 20057
N A _ 6 4 &30 o U0/
+CA|:22Lw (9 T +141> 104¢3 4571 77 b4 = i|

8 92 1849
—Tpn1|:8L620—4 5nz+13) w—320+ =1+ “]

( 27 18
+p7[l_4cF_(3Lw___6>

o[t

(

16 143 2 20 1377
4C 18L 72 — 503+ — a4 =
+F { ( -I—2> §3+45n+3n+16]
redie 1/19 2 337 ” 2 T 61 2+13069
(2, _ _ = o 2 VY
4 3\ 3 B 108 144
2 2 1097
— Tpm|4L? — Z( =7? +2 — 803+ —n 4 ——
Fn1|: - 3(37‘[ + 9) §3+277'[ + 36 il}i|
2
m o
—— |1 =6CFr—3L,—1
8|: F4TL'( [0 )

o5 \2 , (8 , 109 16 , 39 , 507
20r (2) Tep|81L2 - "2 )Ly + 2005 — — il
+ F(4n){F[ © (3 T TG ST T e
2, 125 2 2789
+CA[33LZ)+(§712—7> — 1153 — —n* —6n? +

15 48 }
229
— TFn1|:12L§) —18L, }”

) i
n+12

Zm CFTF< ) (2 —6)+(’)(a3)}

where

(35)
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% Sl .

Fig. 2. Quark-condensate contributions to the correlator.

2
Ly=log 2. (36)
"

Terms up to two loops agree with [12]; the remaining ones are new. Multiplying the leading m°
term in the HQET spectral density (35) by the corresponding matching coefficients [5,6], we
reproduce the leading 89 terms in the 3-loop QCD spectral densities (10), (14) in [16].

3. Quark and gluon condensates (dimensions 3 and 4)

Some 0-, 1-, and 2-loop diagrams for the quark condensate contribution are shown in Fig. 2.
Starting from 2 loops (the last diagram in the figure) contributions proportional to the singlet sum
> "m;{giqi) appear. Our result for the coordinate-space correlator” is

{gq)

(07
M4z, n)=—P2L 14+ 6CF—
p(T uw) 2 { + F4j_[

2 2 10
+Cr (:‘—n) {2CF [4(5712 - 1>Lr 165+ —m + 11]

72 , 149 4
—Cyl4 ?_7 L. —8s+m e —16TFn; Lr+§

3 4, 8
+Cr (Z—n) {c%[4(18¢3+§n4+§n2—35>L,

L1600 928 5 140 479, 8 o
—5— —n 3 — — —n - =7
3 5T g Te T8 5T Ty
176 (2 4 902 , 737
CrCa|l —|(zn? =112 —4(14153 — —n* — —=n* - — )L
+ FA[3<3” ) < BT T T o)
1 424 23654 3799 , 27122 , 23669
— (121605 — — =2 - 4 2
3( e R A TR Y
2 [88 n? N\ 12 _af330, 4 2gt 164 2 1409
2| 887 _ 2 4164, 1409
A3\3 i SRAT 27 9 )"
4856 199 , 4094 , 69583
— 7205+ 127203 — — 34+ —nt 4 ——nt - ——
SHE G Bt e0” T3 T T s }

2 We have used the well-known method of projectors [31,32] for computation of various condensate contributions (at
1 loop a similar method was used in [33,34]).

10
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32 /2 22 25
- ZCFTFnl[?<§7T2 — 1>L% — 32(343 —Zx2- —)Lr

27 9
1 100 3536 10253
— —(593603 — —n* — ——n? - ——
27 3 9 3
2 32 217
+ 2CATFnl|:16<? — 6>L% — 4(653 — Enz + T)LT
1 89 830 27736
— — (225873 — Zgt 2222 20
27( €] 1571 9 T+ 3 )]
32 2 32 109
2 (a4 20 2 )
m{qq)t o 5
1+2Cr— (3L, — =
LT {+ F47[( i 2)
a5\ 2 9 , (4, 35 8 , 547
4Cr (=) {cr| 2L R ) R TSN g B
+ F<4n) { F[2 ,+<3ﬂ A C3+371 D
e 1, 1 2+61 i 3 2+3415
Algle g\ T Jle e T e
ron(2r2 5L+335
— Ten 2 292
FR\=Fr =32t Ty

3 4 1393
+acr (32 [C% [9L2 +2(4n2 — 15)L2 - (30;3 iy 1—6)LT

1 712, 431 , 461 , 20141
+ = 1450¢5 — TTL’ 3+ 14503+ —n" + —n° — ——

3 180 6 £
+CpC 33L3+l 70,2 403) )2
FRA225 T30 3 2 )T
4 2551 , 6997
(12905 — St m 222 270
( BT T Tt 144) i
1 256 10715 8119 , 16439 , 207275
— (75805 — 22252 - 4_ 2_
3( STt 8 T 80" T 3 T T am

9 15 27 54
67 5 , 2951 419 , 10103 , 675449}

TS T TG B T 0™ T 3888 ¢ 7776

4/8 496 13
—~ CFTFn,[lzLi + = (—n2 - 13)L$ —~ <72¢3 - — - —>LT

2242 5 1 , 365 , 2 4, 362 , 26281
+Cy TLT—— 22 +T L+ (33¢3+—=n"— —n"+——|L:

3\3 277 T 36
U (30580, 2234 1264 , 42839
_ b _ 223 4 1264, 42839
27 ST 9 24

CaTem| 2003 — 2ar? 471y 12 44 065 — 2hp2 4 2280
alpm| ==Ly =5 T &3 77 77 T

53 , 353, 26521)}

1
— (4360, — gt~ 2252 2220
+27< 8737 "7 T 36

11



K.G. Chetyrkin and A.G. Grozin Nuclear Physics B 976 (2022) 115702

2
(Trmi)™ (32 5 40 , 1940 6395
LT L 48—
T3 <3f A I I T
RN as\2[1/4 ,
(Em@an) gerte (32) {357 -1

oy 4, 8 , 44 , 76
+ | Cr| 3377 1 et 126+ ot - ot
T

45 9 3

Cal(100 , 7 , 211 , 3559
SN 222 2311 )Ly — 2560 — —at — o2 4 22
+3[(3” ) BT T T T

e H(222 1)L, — 16 44n2+313 (37)
_ wl 2272 = _ _ = 20
Ful =\ 3 T &3 77 9 ,

where (gq) is renormalized at p. The terms up to 2 loops in the dimension-3 contribution agree
with [12].
Finiteness of the renormalized coefficient function Cg,4 provides an independent confirmation

of 2y; — y44 at 3 loops [11]. This anomalous dimension vanishes at 1 loop; Y54 = —¥m, hence
Cjq4 has the structure (34) with n = —1. We need one more term:
Cio ~ X cﬁ+(ﬁ)2[—2( — Boc)Lr + 2] 38)
qq p 147r yp Y1 0C1) Lt 2

3
+ (%;) [—4Bo(y1 — Boc1)L? —2(ys — 2Boca — Brc1)Lr + es] + O(af)} ’

where yx = 2yx + Vmk, Yo = 0. Hence the oy term contains no L, the a? one contains L%, etc.
. . _ 3 2 - T . . .
The dimension-3 operators O3 = (m”,m ) _m7,qq)" satisfy the renormalization group equa-
tion [35-38]

3y, 0 0

do m

o > 41305=0, =] 0 3y, 0 |, (39)
osm v Y ~Vm

__Nelyige, %

V=0 Fax

N\ 2
+ Cr[Cr (9673 — 131) — Ca (4823 — 109) — 20Tpn/] (Z—;) + O(af)} ,

N, o5 \2
’r_ c N 3
y =245 Cr Ty (E) +O@W).
Therefore, the coefficient functions C3 = (C,3,C,, 2 qu)T satisfy the renormalization
group equation

dC; _ 0C3 28 0C3
dlog 9L, dlog oy

=y —2y/)Cs. (40)

The dimension-4 operators m O3 satisfy the renormalization group equation similar to (39) but
with the anomalous dimension y3 + y,,,. Hence we obtain

0 0
2B 42y — By |Cps =y Ci
[BLr 'Balogas+ Yi Vmi| m? =V %aq

12
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0 vt

Fig. 3. One-loop gluon condensate contribution.

_321 -2 dloga +2; —3ym_ Cnym? =7'Caq.
9 —28 0 +2y; —4Ym |Cpa =vCnig

| 9L, 0 log arg 1" a9

[ 0 —28 0 +2Vj—4Vm-C 2y m2 =¥ Cimiq -

| 9L, dlog a | Tm mad

Our results (32), (37) satisfy these equations.

It is well known that the gluon condensate contribution vanishes at 1 loop. In the fixed-point
gauge the static quark does not interact with gluons, and the only remaining diagram is shown
in Fig. 3. But the G? correction to the massless quark propagator S(x, 0) vanishes after vacuum
averaging [39]. The 2- and 3-loop contributions are

G? 2 4 Ca (4
e =g () (oG n) o5 ()
as (ol (4 5 136 , 140 , 23
3E L2 o 2a2 211 )Ly 45603 + ot — g2 - 22
+ 47r{ F[ (3” ) PN ST T T T

CpCal (124 20
+-£4 [(77# - 449>L, 52405 — Tt 41007 + 167]

9
c 4 , 4 , 65 , 93
A1 =n? =23 )L, — 463+ — —mt - =
+9[ <3ﬂ )r §3+5n+6n >
2erTem| (222 11\, — 160, — B2 2P
3CF Fny 3\ 3 T &3 77 9
1 4(4 20 253
_ §CATFn1|:§<§n2 — 23)Lr — 163 — ﬁnz + T“} , (41)

where G2 = G;’w GV The anomalous dimension of this operator is [40—42]

__, 9B (42)
Yer ==y logo
and hence the coefficient function must have the structure
as\2 (o 2
Con ~ <E> {1 + 20— vl +e] + O(as)} . 43)

Our result (41) satisfies this condition.
The flavor-singlet dimension-4 operators O4 = (3 m?, o m,.z)z, > m;iGiqi, G*)T satisfy the
renormalization group equation [35-38]

13
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dOy

+ V4 04=0, (44)
dlogu
A 0 0 0
0 4y 0 0
va= y v’ 0 0
— d]/ _ d}// d}’m _2 dﬂ
dlogas dlogag dlogas dlogas

and the corresponding coefficient functions Cq = (sz‘." C(Zm;)z, Cmeq'iqi’ CGz)T — the

equation
dCy T
= —2vi)Cq; 45
dlog /i (v4 Yi)Ca (45)
hence,
[ 3 dy
-2 2y; — 4 C =vCs pmigo ——Ceq2,
| 0L, 'Balogas—i_ Vi )/m:| Yomi = VS Emidig; dlog o G2
[ 3 0 dy’
-2 2y; —4 C =y'Cy 50 ————Cp2,
| 0L, 'Balogas—i_ Vi )/mj| (Cmh? =V C X miGiai dlogay G?
[0 a5 0 o] —q- Y
9L, Pologa, VT XM T g log g, O

The second equation here is satisfied trivially, because C (Sm2? = (9(055’). Our results (32), (37),
(41) satisfy these equations.

4. Higher-dimensional condensates

The tree diagram in Fig. 2 can be written exactly in x = vt:

(1) =i0(1){g (vt)[vt, 01§ (0)) . (46)
It is expressed via the bilocal quark condensate [43] which has 2 Dirac structures:
(g (0)[x, 01 (0)) = —%—‘” [fs(xz) - %fv (xz)} : @7

Its expansion in x via local quark condensates is known up to dimension 8 [15]. We use the bases
of local condensates [44]

Q’=q), @’ =il@Guo™'q), 0°=1(i/q),

0] =1(qGwG"q). Q3=i(GGuG""ysq),

01 =(3G.G"vo"q),  Qi=i(gDuJvo’q),

A=i(GDa DDy, DsDey™ ™y Py yy¥lg),

0} =i(qllG ., G* 1+, DMay¥a), Q5= —(GlIG ., G*], DM 14y ysq)

03 =i(G[PGu.G"lg), Qf=D*/q),

Q5 =i(GlG . J*Iy"q) . Q6= (GG, J"14v"v54) | (48)
where Gy = Gy, J = gJyt?, Ji = D'GY,, = 82 qiVut®qis 0y = Y[uYv]: operators
containing G,w = %sw,pg G*? and y5 = %Salgy(s)/a)/ﬂyy)/a are understood as short notations

14
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for the expressions from which both ¢ tensors are eliminated using £#"° gqg, 5 = —4! 8{; 8;858(‘3’].

The anomalous condensate A does not vanish in the MS scheme; it is a finite combination of
dimension-8 gluon condensates [44].

We obtain the contribution of bilinear quark condensates up to dimension 8 to the correlator
at the tree level

2
Hi’»(r)z—%{f’@ —ZmQ’ - P;—d[%QS —mZQﬂ

+ 3 1Q6+3 Q5 3 3Q3
- |Z 2mO5 —3m
3ld(d+2)|2 2
4 2 3 4 7 . 6 5 s .
+P4!d(d+2)[3Q1_§Q2—3Q3+Q4—2mQ —3m~Q”° +3m Qi|
TS

- sa—208+ 08— 1o 3084508
51d(d +2)(d + 4) %2 T 4¥3 g4 5 6

+5m(30] — 0F —30% + 0}) — 15m*(Q® + m Q> — m3Q3):|
+ O(rﬁ)} . (49)
The terms up to dimension 7 at m = 0 agree with [12].
5. Conclusion

The results obtained here can be used for extracting numerical values of Fp (and hence
fB = fB*, fB,/fB and similar quantities for 0%, 17 mesons) and Ap (and hence mp, — mp,
mp+y — Mp, Mp o+ — Mp+), Mp) from HQET sum rules (1/m;, corrections should be calcu-
lated separately).

For sufficiently small 7 the correlator I1p(7; ) is given by the truncated OPE series

o0
Mp(t;p) = /dwpifz(w; e + % (x5 1), (50)
0

where the coefficient functions are known as truncated series in «;. On the other hand, we can
represent it as

Hp(t;u)=/dwpp(a); we =t (5D
0

where the spectral density is given by the ground-state meson contribution (22) plus the contin-
uum of excited states. We can use the rough model of the continuum contribution [45]

pp(@; 1) =|Fp(w)*8(w — Ap) + pp= (: W0 — wcp). (52)

where w.p is the effective continuum threshold. Equating these two expressions, we obtain the
sum rule

15
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Wcp

|Fp(u)Pe T = / do = (@; e + 157 (T ). (53)

0

It is approximately valid at sufficiently large t, where the continuum contribution is small, and
the uncertainty introduced by its rough model is not essential. If there is a window of T where
both conditions are satisfied, we can use this sum rule to extract an approximate value of Fp(u).

Differentiating (53) in t and dividing by (53) we obtain the sum rule for the ground-state
residual energy

Joer do pp= (3 we ™ — dT157 (v; ) /d

c d<2 _ d>3
1o F dw pp="(w; we=e + %™ (T3 )

Ap= (54)
The continuum thresholds w.p are tuned in such a way that the resulting A p do not depend on
7 in the region of applicability.
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