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OSCILLATORY INTEGRAL OPERATORS WITH
HOMOGENEOUS PHASE FUNCTIONS

ROBERT SCHIPPA

ABSTRACT. Oscillatory integral operators with 1-homogeneous phase functions
satisfying a convexity condition are considered. For these we show the LP — LP-
estimates for the Fourier extension operator of the cone due to Ou-Wang via
polynomial partitioning. For this purpose, we combine the arguments of Ou-—
Wang with the analysis of Guth—Hickman—Iliopoulou, who previously showed
sharp LP — LP-estimates for non-homogeneous phase functions with variable
coefficients under a convexity assumption. The estimates are supplemented
by examples exhibiting Kakeya compression. We apply the estimates to show
new local smoothing estimates for wave equations on compact Riemannian
manifolds (M, g) with dim M > 3.

1. INTRODUCTION
We consider operators with A > 1,
1) T f(a) = [ 00 w50 ()
and a € CF(R" x R" L R), ¢ € C®(R" x R""N\0;R), ¢*(z;w) = Ap(z/\;w),
a*(7;w) = a(x/X\;w). We suppose that ¢ is 1-homogeneous in w, i.e.,
(2) o (@; pw) = pd(z; w)
for u > 0. For the support of a we suppose that
supp(a) € A" ' = B,,_1(0,2)\B,,_1(0,1/2).

We write * = (2/,7,) € R"! x R and impose the following conditions on ¢ in
supp(a):
C1) rank(9?,¢) =n—1,
C2%)  92,(0:¢,G(z;w0))]

where G denotes the Gauss map

. has n — 2 non-vanishing eigenvalues of the same sign,

w=w

n—1
(3) Go(ziw) = N\ 02, ¢(x5w), G =Go/|Gol
j=1

of the embedded surface w — 9y¢(x;w). We identify A" ' R" ~ R™.
The operators defined in (1) naturally extend the adjoint Fourier restriction
operator for the cone

(4) Ef(x) = / o etenlel) f(w)dw.
An—l
In this note we prove new estimates

(5) 1T fll Lo ey Serpna AN fllo(an—1)
1



2 ROBERT SCHIPPA

for operators (1) like described above. Firstly, we recall the conjectured range of
LP-estimates

(6) 1EF e @ny S [1f ]l an—r)-

is given by p > 2(:7:21) This prominent open problem is known as restriction

conjecture for the cone and goes back to Stein. The conjecture was solved for n = 3
by Barcelo [32], for n = 4 by Wolff [38] via bilinear estimates, and for n = 5 by
Ou—Wang [25] via polynomial partitioning. Let

4, n=3,
(7) pn=1{ 2.3 pn>3odd,
2-337_L4, n > 3 even.

Ou-Wang showed (6) for p > p,, which is also currently the widest range in
higher dimensions to the best of the author’s knowledge. Notably, in the case of
Carleson-Sjolin phase functions (cf. [7, 18]), which are not 1-homogeneous anymore,
where C'27) is replaced with

H2¥)  92,(0:0(2;w), G(z500))|

Guth-Hickman-Iliopoulou [13] showed the sharp range of L? — LP estimates, in the
sense that there are phase functions for which the estimate fails for lower values of
p. The deviation from the corresponding generalized restriction conjecture for the
paraboloid occurs due to Kakeya compression. This was initially observed by Bour-
gain [4], see also Wisewell [36] and Bourgain—-Guth [6]. Related phenomena were
discussed by Minicozzi-Sogge [22] and Sogge [29]. In this note we point out Kakeya
compression for 1-homogeneous phases with variable coefficients, which shows that
the following LP-estimates are sharp up to endpoints:

. has n — 1 eigenvalues of the same sign,

w=w;

Theorem 1.1. Let ¢ : R" x R*71\0 — R be a 1-homogeneous phase satisfying C1)
and C2%) and a € CX (A" 1Y) be an amplitude. Then, we find the estimate (5) to
hold for p > p, with p, as in (7).

We remark that for p > p, the Aé-factor can be dropped. Guth—Hickman—
Iliopoulou showed the e-removal lemma for oscillatory integral operators in [13,
Section 12], albeit with a stronger non-degeneracy hypothesis than presently con-
sidered. The idea goes back to Tao [34, 35]. In Section 9 we prove the following
global estimates for p > p, by a small variation of the argument in [13]:

1T fll Lo ey Sona Nl an—1y-

The proof of Theorem 1.1 combines ideas from the case of constant-coefficient
homogeneous phases due to Ou-Wang [25] and Gao-Liu-Miao—Xi [9] and variable-
coefficient non-homogeneous phases due to Guth—-Hickman-Iliopoulou [13]. We
digress for a moment to describe the tools we will use and put them into con-
text. Bennett—Carbery—Tao [3] delivered an important contribution with sharp n-
multilinear restriction estimates. We note that the multilinear estimates were shown
as well for constant-coefficient phase functions as smooth perturbations thereof.
Bourgain—Guth [6] devised an iteration to deduce linear estimates from multilinear
estimates. Guth [11] observed that the full strength of k-multilinear estimates is
not required, but a slightly weaker variant given by k-broad norms suffices to run
the iteration. He used polynomial partitioning to improve on the previous results in
[11, 12]. The idea is to equipartition the broad norm with polynomials of controlled



OSCILLATORY INTEGRAL OPERATORS WITH HOMOGENEOUS PHASE FUNCTIONS 3

degree: After wave packet decomposition, one finds that either the broad norm is
concentrated on “cells” or on the “wall”, which is a neighbourhood of a variety. To
oversimplify matters for a moment, if the broad norm is concentrated on the cells,
then sharp bounds follow from induction on scales. If the broad norm is concen-
trated along the wall, then we are morally dealing with a restriction problem in
lower dimensions, which is amenable to another induction hypothesis.

We introduce the k-broad norms in the present context: For its definition de-
compose A"~ ! into finitely overlapping sectors 7 of aperture ~ K~! and length
~ 1, where K is a large constant. Given f: A"~! — C, write f = >_ f,, where f,
is supported in 7. In view of the rescaling ¢* of the phase, we define the rescaled
Gauss map

Gz w) = G(%;w) for (z;w) € supp (at).
For each « € B(0, \)
GMx;7) = {GMz;w) : w € T and (z;w) € suppa’}.

For V C R™ a linear subspace, let Z(G*(x;7),V) denote the smallest angle between
any non-zero vector v € V and G*(z; 7).

The spatial ball B(0, A) is decomposed into relatively small balls By of radius
K?. We fix B> a collection of finitely-overlapping K2-balls, which are centred in
and cover B(0,)\). For Biz € Bg2 centred at Z € B(0, \), define

8 Bg2) = i T  f,

@) prry(Bre) Vi VACGR (k1) \ 7:£(G (557) V) > K2 Va 1T e ,0)):
where Gr(k — 1,n) denotes the Grassmannian manifold of (k — 1)-dimensional sub-
spaces in R™. We stress the deviation from [13], in which the angle threshold K1
was considered. In case of the Fourier extension operator associated with the cone,
we have to strengthen the angle condition to K2 to further confine the narrow
part.

We write 7 ¢ V,, as shorthand for /(G*(#;7),V,) > K2 provided that Z is clear
from context. Thus, we can write as well

Bg>) = i T
poBre) = min e I )
for 1<a<A

For U C R™ the k-broad norm is defined as

1/

HT)\f”BLi,A(U):( Z prap(Bi2)) "
By2€Bg2,
BK2QU;£0

A key step in the proof of the LP-LP-estimate is the proof of k-broad estimates:

Theorem 1.2. For 2 < k < n and all ¢ > 0, there exists a constant C. > 1 and
an integer A such that, whenever T™ is an oscillatory integral operator with reduced
1-homogeneous phase satisfying C1) and C2%), the estimate

(9) ”T)\fHBLiYA(R") Se KON fllp2an—)
holds for all A > 1 and K > 1 whenever

2(n+k)

>0 = —_—
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Reduced phase functions are introduced in Section 3.1. These phases are basically
small CV perturbations of 1-homogeneous phases with constant coefficients. These
reduced phase functions were previously used by Beltran—Hickman—Sogge [1] to
derive decoupling estimates. As in [1], general phase functions satisfying C'1) and
C2%) are transformed by partitioning the support of the amplitude and Lorentz
rescaling to reduced phases.

The arguments to deduce Theorem 1.1 from Theorem 1.2 are essentially due to
Bourgain—Guth and we give a sketch in the following: As mentioned previously, it
is enough to work with reduced phases and amplitudes.

Firstly, we write

N A
|7 f||1£p(3(0,,\)) S Z 1T f”]zp(Bﬂ)'

Bp2€Byo2
Fixing one K?2-ball, there is a collection of (k — 1)-dimensional subspaces Vi, ..., Va
such that
_ A P
NT*f(BKQ)— {—Ig%/); HT f‘FHLP(BKg)'
for 1<a<A

Note that there are only K1) K~l-sectors. Writing T*f = >or T f,, sectors
T & Vg for 1 < a < A are estimated by ppap(Bg2). The remaining sectors are
isolated. This yields

A
() T, Sa KOOurs s Bi) + 31> TNell s, 0)-

a=1 1€V,
The first term is captured by the broad estimate; the second term is estimated by
¢P-decoupling (cf. [5, 1]) and induction on scales [25, 9].

Very recently, Gao—Liu-Miao—Xi [9] proved an extension of Ou-Wang’s result
for the circular cone ¢(z,w) = z’.w + x,|w| for more general conic surfaces, but
still with constant coefficients. For these constant coefficient phase functions, the
Kakeya compression described in the present work cannot happen. Gao et al. [9]
used k-broad estimates to derive new local smoothing estimates for the wave equa-
tion in Euclidean space. At small spatial scales, the variable coefficient phases
are approximated with extension operators for conic surfaces. Then we can use
arguments from [9]. Furthermore, in [17] Hickman and Iliopoulou showed sharp L?-
estimates for non-homogeneous phases with indefinite signature. This suggests to
study also homogeneous phase functions with indefinite signature with the methods
of the paper.

Notably, we do not use the usual wave packet decomposition for the cone as e.g.
in [25] or [9] to prove the broad estimate. Instead, we stick to the wave packet
decomposition commonly used for the Fourier extension operator of the paraboloid
or its variable coefficient counterpart [13]. This allows to use many arguments from
[13] without change and hints at the possibility of a unified approach. A major
change happens for the transverse equidistribution estimates, to be analyzed in
Section 5. Secondly, the narrow decoupling requires additional considerations, see
Section 8. Since the polynomial partitioning approach is involved, we elected to
elaborate on the argument in Sections 3 - 8.

We remark that the idea to use the same wave packet decomposition for homo-
geneous and inhomogeneous phase functions in the variable coefficient context is
not new: In [20] Lee considered linear and bilinear estimates for oscillatory integral
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operators and could treat variable coefficient versions of the Fourier extension oper-
ator of the paraboloid and the cone with the same wave packet decomposition. He
generalized bilinear estimates due to Tao [33] and Wolff [38] to variable coefficient
phases. Notably, in [20] was pointed out for the first time that a convexity condition
as H2T) or C2%) allows to go beyond Tomas—Stein L? — LP-estimates, which are
sharp for phases without convexity condition. Bourgain [4] showed in the context of
non-homogeneous phases without convexity conditions that the Tomas-Stein range
is sharp (see also [6]). In the present work, the LP-LP-estimates for general oscil-
latory integral operators with phase satisfying C'1) and C2%) due to Lee [20] are
improved to the sharp range up to the endpoint for n > 5.

In Section 10 we apply the new estimates for oscillatory integral operators to
prove new local smoothing estimates for solutions to wave equations on compact
Riemannian manifolds with dim(M) > 3. Local parametrices are given by

Ffla' x,) = / @m0 o (3 w) f (w)dw
]Rnfl

with ¢ € C®°(R" x R*"1\0) a phase function satisfying C'1) and C2%) and a €
SO(R2d+1) with compact support in z. Hence, it suffices to prove local smoothing
estimates of rescaled Fourier integral operators F*. In Theorem 10.1 and Corollary
10.2 we extend the recent results due to Gao et al. [9] for the Euclidean wave
equation to wave equations on compact Riemannian manifolds. This improves on
the previously best local smoothing estimates due to Beltran—Hickman—Sogge [1]
for wave equations on compact manifolds.

Outline of the paper: In Section 2 we show the necessary conditions for LP-
estimates for variable-coeflicient 1-homogeneous phases. Preliminaries for the poly-
nomial partitioning argument to show Theorem 1.2 are given in Section 3. In this
section we introduce the notion of a reduced homogeneous phase function and collect
geometric consequences. This will simplify the proof of Theorem 1.2. We recall the
wave packet analysis in the context of variable coefficients [20, 13] and collect facts
on the k-broad norms. In Section 4 we recall the polynomial partitioning tools.
In Section 5 transverse equidistribution estimates are proved. These differ from
the transverse equidistribution estimates shown in [13] for Carleson—Sj6lin phase
functions. In Section 6 we compare wave packet decompositions at different scales,
which is necessary to run the induction on scales in Section 7. In this section we
deduce Theorem 1.2 from Theorem 7.1, which is suitable for induction on dimension
and radius. In Section 8 we show how Theorem 1.2 implies Theorem 1.1. In Section
9 we show how the A\°-factor can be removed away from the endpoint.In Section 10
we apply the oscillatory integral estimates to show new local smoothing estimates
for solutions to wave equations on compact Riemannian manifolds.

2. KAKEYA COMPRESSION

In the following we modify the example due to Guth-Hickman-Iliopoulou [13,
Section 2] (see also [6]) for homogeneous phase functions. This yields the necessary
conditions:

Proposition 2.1. Necessary for the estimate (5) to hold for n >5 is

3n
p> { 2. 3524, noeven,

2.3l noodd.
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We only consider n > 5 because the bilinear estimates due to Wolff [38] and Lee
[20] solve the cone restriction conjecture for 3 < n < 4. Let
r= (2" 2p_1,7,) ER"?xRxRand w= (w,w,_1) €R"? xR.
——

x’!

We consider the phase functions
(A(zn)w', W)

(12) d(r;w) =2’ w+ o

, Wp—1€ (1/2,1).

A(z,,) denotes the (n — 2) x (n — 2)—positive definite matrix

2

n=2 [Ty T

2 n
D2 | 5|, m—2even,
A _ T, Tyt T,
(mn) o n—3 x $2
n

D2 | "o ®(zn), n—2odd

Ty Tpt

The main idea is to construct many wave packets which are concentrated in the
neighbourhood of a lower dimensional algebraic variety. Whereas the direction
governed by the frequency wy below varies, for fixed wy we consider precisely one
starting position vg. This concentration in a low dimensional algebraic variety does
not happen in the linear case (4).

We consider wave packets adapted to ¢ as follows: = = (B"2(0,c) x (1/2,1) is
covered by essentially disjoint elongated caps

S = {(W,wp1) €Z 1 [0 Jwn_1 —ws| A2}

with wg € B""2(0,c¢) for |¢| < 1. Apparently, = can be covered by ~ A"z"
finitely overlapping sets Zy. We consider a corresponding smooth partition of unity
(¥9)w,e= and wave packets

foo(w) = e*iM”’“/>wg(w), v=(V1,...,U0p_2) € R 2,

We have by non-oscillation of the phase

n—2
|T)\f97v(x”a-rn—17 xn)‘ ZAT XTe,u(m)'
XT,., denotes the characteristic function of Tpy ,. The Ty, are curved slabs of size
(1 x A2 5. x AY2 x)\) with
—_— ——
n—2 times
Ty C{z € B(0,\) : |2 Moo (%") | < A3 and |21\ (zn/N)] < AEFE),
for any € > 0, which follows from non-stationary phase; ¢ denotes a small constant
and 7g ., 7y denote curves:
1
Yo,0(Tn) = v — A(zy)w, Yo(Tn) = §<A(xn)w97w9>~
Furthermore, note that the condition
w’ _1 , 1
‘ —LU@‘S)\ 2 wp—1 €(1,2), w' € B(w,eA™2)

Wn—1

corresponds to considering A~ z-sectors into direction (wg,1). The degeneracy of
0%¢ into radial direction gives the localization of tubes to size A® into this direction:



OSCILLATORY INTEGRAL OPERATORS WITH HOMOGENEOUS PHASE FUNCTIONS 7

We have

(wo, 1) (wa, 1)
O (;w).
[(we, 1) [(wo, 1)
The non-degeneracy of 9%¢ gives localization to size A'/2*¢ into the remaining
directions. We argue in the following why the curved tubes xr, , are in fact of size

i_ (w971) |
wl [(we, D]~

1

= 0,0(x; (wp, 1)). + O\ for

1x A2 X ...x A2 x \: Consider the oscillatory integral
F(x/) _ /ei(z'.w+)\q~5(zn/)\,w))¢9(w)dw
with 1p € C°(A™1) localizing to a slab into direction 6§ € S*~2 and

é(xn,uw) = Mﬁg(l‘n,w) for p > 0.

We use Taylor expansion in w to write
AP(@n /A, w) = |w|(Ad(zn /X w/|w]))
= w](AB(2n /X, 6) + AVud(@n /A, 0) (o — ) + O(c)).

|w]
For w € supp(1g) we have
lw| = w.0 4+ O(cA™1).
Hence, we can write
AD(xn /N, w) = AD(2 /A, 0)(w.0) + AVud(xn /N, 0) (w — (w.6)8) + O(c).
Let {01,... ,91‘2, 6} be an orthonormal basis of R"~1. Then,

n—2

AS(0 /N, w) = Ad(@n /A, 0)(@.0) + A S (Vud(a/A,0).61)(w.01) + O(c).

i=1
Consequently,

2w+ A(xn /N w) = (2.0 + Ap(zn /N, 0))(w.0)
n Z(x'ﬂi AV (20 /), 0).0% ) (w.04) + O(c).

And for [2/.0 + Ap(x, /), 0)| < ¢ and |27.0° 4+ AV,d(x, /N, 0).0) | < cA/?, we see
that the whole phase is O(c). Hence, there is no oscillation within supp(«y) and
for fixed z,, this defines a region A, for 2’ of size 1 x A2 x ... x A/2. Taking
Ty =, Az, yields the IxAY/2x .. x A1/2x A-tube. Note that the factor e~ vw")
amounts to a shift in ' by Av, but does not change the size of the tube.

We prepare the initial data with randomized signs:
f = Z €9 f@,v~
]

By Khintchine’s theorem, the expected value of |T*f(z)| is given by the square

sum:
1/2 _n=2 1/2
B[ f(@)] ~ (1T fome) " 2 A% (D X1, (@)
0 0
Taking LP-norms yields by Minkowski’s inequality

([ (Z )b SBIT
0

-
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Next, we find by applying Hélder’s inequality

1/2-1/p
_n=2 1/2
S 2 U
6 0

E[||Tf]|+]
UTG/L)Q UTQ,UQ
0 0

The penultimate estimate is by hypothesis, and the final estimate follows from
|f| =1 and |supp f| ~ 1. Since the tubes Ty ,, are (1 x A1/2 x ... x A\1/2 x \)-slabs,

[ X1y, ~ \Z. Moreover, there are about A"7 slabs. Hence,
0,vg
_n=2 1/2 1
A (/ZXTMG) SRR S

1/2-1/p
A5 (| fll o).

1/2—1/p
1£lp =

1/2—1/p
<

Thus, we arrive at

(13) L lflle -1y S

U Ta,vg
0

Next, we shall see how to choose vy such that the curved slabs are concentrated in
a neighbourhood of a low-dimensional algebraic variety inspired by [13].
For Ey, we set

. n—2
(14) V9,251 = —(wg)gj and V9,25 = Vg n—2 = Ofor1 <j< LTJ
Let d =n—1— [252] and Z = Z(Py, ..., P,—1_4) be the common zero set of
the polynomials
-2
(15) Pj(xh N 71‘71727-'1771) = )\.’Egj — X2j-1Tn for 1 S _] S I_nTJ

It is straight-forward to show that @, — (Mg v, (Trn/A), y) is contained in Z (P, ..., Py_1_4).
Z is an algebraic variety of dimension
n—2
2 J
in R"~! and of degree O,,(1). Thus, Wongkew’s theorem (cf. Theorem 5.8) on the
size of neighbourhoods of algebraic varieties applies, and we find

(16) d=(n-1)—[

(17) |Nyis2(Z) 0 B0, 0)] < A2
We find by (16) and (17)
(18) IN L (2)] < )\3"472, n even,
AV S odd,
Moreover, for (21,...,2,) € Ty, we have 2, 1 € B} (zn/N), A2T).

This yields
1/2—1/p

(19) < Ny (2) - A2 |H/2- 1P,

U Te,ve
0

Plugging (19) into (13) with the estimate from (18), we find

p> { 2. 33’j4, n even,

. 3n+1
25255, nodd.
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This finishes the proof of Proposition 2.1. (]

3. PRELIMINARIES

3.1. Basic reductions of the phase function. In this paragraph we shall re-
duce 1-homogeneous phase functions satisfying the above assumptions to a form,
which highlights that the class of considered phase functions are indeed smooth
perturbations of the translation-invariant case

bu(Tyw) = (o', W) + , w € B(0,¢), wp_1 €(1,2).

Constant-coefficient perturbations were analyzed in [9].

The arguments were provided in [1, Section 2] and details are omitted here (see
also [20]). After localisation and translation, we may assume that a is supported
inside X x Z, where X = X' x T for X’ C B(0,1) CR* ! and T C (—1,1) C R
are small open neighbourhoods of the origin and Z C A" ! is a small sector around
en_1=(0,...,0,1) e R*~1,

Firstly, we can suppose that

C1')  detd?, p(z;w) # 0 for all (z,w) € X x E,
c2) o?

o Ox, &(2,w) has eigenvalues of the same sign for all (z,w) € X x Z.

This follows as in [1]. By rotation in the z-variables, we can also suppose that
G(0;e,—1) = e, and 3£W¢)(O; en—1) = 0.
Hence, by making = small enough, we find that
(20) 02 ,0(z;w)| < par for (z,w) € X x E.
By non-degeneracy C1’), we find a smooth locally inverse mapping @, ., : X' —
R™! such that
aUJQS(@In,UJ (xl)7 xn? OJ) = xl'

We shall also write @, ,(z') = ®(2’, ,,;w). There is also a smooth mapping ¥(z, -)
with

Op ¢(x; ¥ (z5w)) = w.

For A > 1, we consider the rescaled versions ®*(z;w) = A®(z/\;w) and ¥ (z;w) =
U(z/\;w). We assume that X and E are such that the above mappings are defined
on the whole support of a.

In the following we shall quantify the deviation from ¢, further, by restricting
the values of second and third derivatives and bounding higher derivatives: Let
Cpar > 0 denote a small constant. Firstly note that there are (possibly large)
constants Ay, Ay, A3 > 1 such that

C1") 1020 d(w;w) = In—1| < cpardy for (z;w) € X x E,

Cc2"y |92, 0z, P25 W) — In-1 | < cpards for (z;w) € X x E.

Wn—1
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For the higher derivatives, we suppose that

D1) ||a£azk¢“Lcc(Z><E) <cparAifor 1 <k<nm—1andpe Ngfl with 2 < |B] <3
such that |5'| > 2;
185,02, ¢ll=(2x2) <

D2) For some large integer N € N, one has
1020 || Lo (xxzm) < 22 A for all (a, B) € N x Ni " with 2 < |a| < 4N

2n
and 1 < |3] < 2N + 2 satisfying 1 < || < 2N or || > 2.

C;’; A, for all B € N2™2 with |8/| = 3,

A phase ¢ satisfying the above four conditions with constants A1, Ay, As is said
to be of type (41, Aa, A3). By parabolic rescaling (cf. Lemma 8.7), we see that we
can reduce to initial data with A; = 1; these phases are said to be reduced.

3.2. Geometric consequences. Let ¢ be a reduced phase function in the above
sense. We shall see how the corresponding hypersurfaces ¥, parametrized by
w +— Oy¢(x;w) resemble the ones from ¢.. To see this, recall that ¥ : U —

satisfies 0, ¢(z; ¥(z;w)) = w. Hence, X, is the graph of the function h,(w)

Oz, ¢(x; ¥(z;w)) over the fibre U,.

Each h, is a perturbation of the translation invariant case in the following sense:

Il [

Lemma 3.1. The following estimate holds true for all w € Uy:
(21) 103 s (@) = In—1/wn-1ll= < cpar-
Here cpar > 0 denotes the constant from the definition of a reduced phase function.

Proof. This is a consequence of properties of ¥. Firstly, we record that U(z;e,—1) =
1. By the implicit function theorem and non-degeneracy of ¢, we find

0¥ (w3 w) = 031, 0 (w; W (5 0)) 7
Hence,
[0V (2;w) — In—1llL = O(cpar)-
As a consequence of this identity (and choosing cpq, to be sufficiently small),
U (z;w) — ¥(z;0")| ~ |w — | for all w,w’ € U,

with implicit constant only depending on n.
Additionally, if 1 < k <n — 1, then by twice differentiating the identity

Oy, O (; ¥ (750)) = wp
in the w-variables, it follows that
105, Yr(250) || L = Olcpar)-
By the previous estimate, (21) follows from C2"). O

By similar means, we infer estimates for the generalized Gauss map associated
with 7%. To give the results, let

X*:{xeR”\geX}

denote the A-dilate of X, so that a” is supported in X* x =.
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Lemma 3.2. For all z,Z € X* and w,o € Z, the estimates
w
2(GMNa;w), GM;0)) ~ [ = =] ~ Z(w, @),
(22) w| |l
Z(GMNx;w), GMNE;w)) S AN e — 7

w

hold true.

This will be helpful to understand the wave packet analysis in the following
sections.

3.3. Wave packet decomposition. We carry out the wave packet decomposition
with respect to some spatial parameter 1 < R < A. For this purpose, we follow
[13] and use that the construction only depends on the non-degeneracy condition
C1). We do not use the usual wave packet decomposition for the cone as e.g. in
[25], but adapt the parabolic case, as previously done by Lee [20]. The reason is
that in Section 6 we would sort the smaller cone tubes into larger tubes anyway.
It appears that the present choice of wave packet decomposition allows to transfer
arguments from [13] to the homogeneous setting more directly. In the following we
introduce notations from [13].

Cover A"~ by finitely overlapping balls of radius R~/2, and let 1)y be a smooth
partition of unity adapted to this cover. These 6 will frequently be referred to
as ﬁ_l/ 2_balls. For a ball 6, cover R"~! with finitely overlapping balls of size

R x ... x R*%" with center v € R*#°Z"1. Let 7y = N(- —v) denote a bump
function adapted to B(v, R%) such that

Z 77'021
vezn—1

with 7, essentially supported in B(0, CR*%). This is possible by the Poisson
summation formula.

Let T denote the collection of all pairs (f,v). Then, for f : R*~1 — C with
support in A”~! and sufficiently regular we find

f= > mu@ef)) = > iu*@ef)
(0,0)€T (0,0)€T

For each Ril/ 2-ball 0, let wy denote its centre. Choose a real-valued smooth function
1 so that )y is supported in 6, and 1g(w) = 1 whenever w belongs to a cR~1/2-
neighbourhood of the support of ¥y for some small ¢ > 0. Finally, define

fo.w =0 - [ * (o f)].
The function 7, is rapidly decaying outside B(0, CR_#) and, consequently,

I fo,0 = (o * (Yo f))||Loe ®n-1) < RapDec(R)|| fl 12 (an-1).
The functions fp, are almost orthogonal: if S C T, then
Y Joulliz@eny ~ D MfowllZegn-ny:
(0,v)eS (8,v)€S

Let T be an oscillatory integral operator with reduced phase ¢ satisfying C'1’) and
amplitude a supported in X x E. For (6,v) € T define the curve 'y;,v : ]6},1) — R!
by setting 7917v(t) = ®(v, t;wp), where ® is the function introduced above and

Iy, =A{xn € T]0.0(2', 2n;wp) = v for some 2’ € X'}.
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Hence, &qu(v(;v (Tn), Tn;wp) = v for all x,, € I(}J). For the rescaled curve

Yo (t) = Mg pa (t/N),
we find
t
A
Let I'y, : I3, — R™ denote the graph mapping Ty, (zn) = (73, (2n), ,); for the
sake of brevity, the image of this mapping is denoted by Fg"v, too.

5‘w¢)‘(7§\7v(xn),xn;w9) =vforalltely, ={teR: <€ If},v}'

Lemma 3.3 ([13, Lemma 5.2]). The tangent space TF;U(M)FQ,U lies in the direction
of the unit vector GA(FQ,v(xn);wg) for all z,, € Ig‘,v.
We consider curved tubes
Tpo ={(z',2,) € B(O,R) : x,, € Iav and 2’ € B(vg‘ﬂ,(xn),R%M)}.
We refer to the curve I‘g‘ﬂ) as the core of Ty ,. Since ¢ is of reduced form, we find
by the diffecomorphism property of ® (writing ' = ®,! o ®, ., (2))
2" = 75| ~ 1000™ (25 00) — 0],
for all z = (¢/,z,) € X, with z,, € Ig"v uniformly in A. This has the following
consequence:

Lemma 3.4 ([13, Lemma 5.4]). If 1 < R < A and € B(0, R)\Tp,,, then

T fo,0(2)| < (14 R™Y2|0,0* (w;wg) — v) "V RapDec(R)|| f|| L2 an-1)-
3.4. L?-L*-estimate. We recall the following generalization of Parseval’s theorem,
only depending on non-degeneracy C'1’) of the phase function (cf. [30, Section 2.1]):
Lemma 3.5 ([13, Lemma 5.5]). If1 < R < A and Bg is any ball of radius R, then

(23) 1T Fll i) S BY2(£llz2can-1).-
This follows from the following estimate:

Lemma 3.6 ([13, Lemma 5.6]). For any fized x, € R, we find the estimate
(24) IT* Fllre@o-1x ety S I1fIlE2can-1).-

3.5. k-broad norms. Here we recall basic properties of the k-broad norms. Al-
though the naming is misleading as k-broad norms are strictly speaking no norms,
the properties are similar enough to make the following arguments work. We shall
A f£|P

also see that U — ||T f||BL£YA(U) behaves as a measure.

Lemma 3.7 (Finite (sub-)additivity, [13, Lemma 6.1]). Let Uy, Uy CR"™ and U =
Uy UUs. If1 <p < oo and A is a non-negative integer, then

A A A
(25) IT> Wy oy < IT W oy + 1T gy

holds for all integrable f : A"~ — C.
Secondly, we have the following variant of the triangle inequality:

Lemma 3.8 (Triangle inequality, [13, Lemma 6.2]). If U C R", 1 < p < co and
A=Ay + Ay for Ay and A non-negative integers, then

A A \
(26) IT*(fr+ f)llsey ) SIT Allsez ) + T f2llBLy W)
holds for all integrable fi, fo : A»~1 — C.
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We further have the following variant of Holder’s inequality:

Lemma 3.9 (Logarithmic convexity, [13, Lemma 6.3]). Suppose that U C R™,
1<p,p1,p2 <00 and 0 < ay,as <1 satisfy a; +az =1 and
L_o, o

V2 p2
If A= Ay + Ay for Ay, As non-negative integers, then

A A Qg A «
”T fHBL?A(U) f, ”T f| BLZ}AI(U)”T fHBZLz:ZA2(U)'

Later on, we shall only consider A > 1, which will allow for the use of Holder’s
and Minkowski’s inequality for k-broad norms.

4. POLYNOMIAL PARTITIONING

A key tool in the proof will be polynomial partitioning following previous work
by Guth [11, 12] (see also Guth-Katz [14]) and in the variable coefficient case Guth—
Hickman-TIliopoulou [13]. The idea is to divide the ball Bg through the zero set of
a polynomial into cells, which equidistribute the broad norm. Either ppx; will be
concentrated in the cells or at the wall, i.e., neighbourhood of the zero locus of the
polynomial. Both cases will be handled by induction. We recall some facts from
[13], which we will rely on in the following.

4.1. Tools from algebraic geometry. Given a polynomial P in R"”, its zero set
is denoted by Z(P). To make the varieties Z (P, ..., Pp_y,) smooth m-dimensional
manifolds, we consider transverse complete intersections:

Definition 4.1. Let m € N, m < n, and let P,..., P,_,, be polynomials on R"
whose common zero set is denoted by Z(Px, ..., Py—p). The variety Z(Py, ..., Ph_m)
is called a transverse complete intersection if

VPUz)A ... AVPy_m(z) #0 Yz € Z(Py,..., Pa_m).

The degree of the transverse complete intersection degZ is defined as
n—m deg Pj.

.....

We have the following partitioning argument:

Theorem 4.2 ([13, Theorem 7.3]). Suppose that W > 0 is a non-zero L'-function
on R™. Then, for any degree D € N, there exists a non-zero polynomial P of degree
deg P < D such that the following holds:
e The set Z(P) is a finite union of log D transverse complete intersection.
e If (O;)iez denotes the set of connected components of R"\Z(P), then #Z <
D™ and

(27) / W ~D™" W for alli € T.
0 R®

The connected components are called cells.
We further need the following lemma on transverse intersections of tubes with
varieties:

Lemma 4.3 ([12, Lemma 5.7]). Let T be a cylinder of radius v with central line ¢
and suppose that Z = Z(P, ..., Pa_m) CR™ is a transverse complete intersection,
where the polynomials P; have degree at most D. For o > 0, let

Zso ={z€ Z: Angle(T,Z,0) > a}.
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Then Z<o NT is contained in a union of < D™ balls of radius < ra~!.

For the application, we are interested in r = R(19)/2 as this will be the radius
of the (thin) tubes and @ = R~219,

4.2. Polynomial approximation. However, with smooth core curves, Lemma 4.3
is not applicable directly. We approximate the core curves by polynomials such
that algebraic methods can still be applied to the curved tubes. We follow [13,
Section 7.2]. Let € > 0 be a small parameter and let N = N, := [1/(2¢)] € N.
Suppose that I : (—1,1) — R™ is a smooth curve with

= (k) <
Tl en+1 (=11 0<% |§F<p1 T (1)) S 1.

After reductions of Section 3.1, we find the following estimates:
Lemma 4.4. The curves Fé’v satisfy
(T,.,) (1) ~ 1 for allt € Iy,

and
sup [(T§.,) " ()] < cpar for 2 <k < N.
teI;w

The proof from [13, Lemma 7.4] applies verbatim although the phase functions
are from different classes, but because of bounds (20) and D2) from Subsection 3.1.

We denote by [I']. : R — R™ the polynomial curve given by the degree-N Taylor
approximation of I' around zero. Observe that

IT)ellgoe (~2.2) < €Tl ew 1,1y S 1.
Furthermore, for A > 1, noting that A==V < A~1/2_ Taylor’s theorem yields
ITO (&) — [D)D ()] <c A2 [t for all |t <o A and i =0, 1.

Letting T* : (=, A\) — R” denote the rescaled curve I'*(t) = AI'(t/)), the above
inequalities imply that
(28) 1Tl (—2x2n S 1 and [[TA)[looe (—2n2x) S AT
and

(D) — (M) D (1) Se A2 |41 for all [¢] Sc A7 and i =0, 1.
As a consequence of [(T*)’(¢)| ~ |[['*]%(t)| ~ 1, the tangent spaces to the curves T'*
and [["*]. have a small angular separation, i.e.,

(29) Z(Teay T, Tiea) i [TY)e) Se A% for all i S AV2.

4.3. Transverse interactions between curved tubes and varieties. Next, we
generalize the transverse interaction of straight lines and varieties as in Lemma 4.3
to curved tubes, which are approximated by polynomials. Let Z = Z(Py, ..., Py_m)
be a transverse complete intersection and I' : R — R” be a polynomial curve. Given
a,r > 0, the problem is to estimate the size of the set

Zsarr = {z € Z : there exists x € I" with |z — z| < r and L(T,Z,T,T") > a}.
We further assume that I' is a polynomial graph, which means it can be rotated so
that it is given by I'(t) = ((t),t) for some polynomial mapping v : R — R"~!. This
is the case considered in the present context. We have the following generalization
of Lemma 4.3:
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Lemma 4.5 ([13, Lemma 7.5]). Letn >2,1<m <nand Z=Z(P1,...,Pp_m) C
R™ be a transverse complete intersection. Suppose that I' : R — R™ is a polynomial
graph satisfying

(30) T oo (—2n20) S 1 and [T oo (—2r20) < 0

for some \,6 > 0. There exists a dimensional constant C > 0 such that, for all
a>0and 0 <r <\ satisfying o > C6r, the set Zso 1 N B(0, ) is contained in
a union of

O((degZ - degT)")
balls of radius r/c.

In the present context, we consider the polynomial approximant I' = [1"(’,\,1}]E of
the curve F?)\,v as defined in Subsection 4.2. Then, degI’ <. 1 and by (28) we find
(30) to hold with § ~. 1/A. Consequently, for « > 0 and 0 < r < XA with a = /A,
the set Z~q,1 N B(0,)) can be covered by O.((degZ)™) balls of radius r/a.

5. TRANSVERSE EQUIDISTRIBUTION ESTIMATES

5.1. Linearizing the phase function. In this section transverse equidistribution
estimates for wave packets tangential to varieties will be examined. This is a key
point in the main induction argument. Contrary to [25] or [9], however, we stick to
the wave packet decomposition used in [13].

Definition 5.1. Let Z = Z(Py,..., P,_) be a transverse complete intersection.
A wave packet (,v) is said to be R~2 9 _tangent to Z in B(0, R) if

(31) Ty NBr € Np14s,,(2)

and

(32) L(GMNw3w9), T Z) < CrangR™7H0m

for any z € Ty, and z € ZN B(0,2R) with |z — 2| < C’tangR%+5m.
We want to study functions concentrated on the collection of wave packets
T, ={(0,v)eT:Tp, in R™3+0m _ tangent to Z in B(0,R)}.
Precisely, we make the following definition:

Definition 5.2. If S C T, then f is said to be concentrated on wave packets from
S if
F= 3" fou+RapDec(R)| fl|rz.

(6,v)€S

Let B C R™ be a ball of radius Rz with centre z € B(0,R). We study
np - T*g, where np is a suitable choice of Schwartz function adapted to B. A
stationary phase argument yields that np - TAgg’v is concentrated near the surface
Y ={3(w) : we A" 1}, where X(w) = 0,¢™(z;w). This leads to the refined set of
wave packets

TZ,B = {(9,1)) eTy: Tg’v NnB 75 (Z)}
For (0,v) € Tz p, the direction G (Z;wp) of Ty, on the ball B must make a small
angle with each of the tangent spaces T, Z for all z € Z N B. This constrains ¥(wp)
to lie in a small neighbourhood of some typically m-dimensional manifold S¢. But
in the homogeneous case, S¢ might only be one-dimensional, or “close” to a one-
dimensional manifold. This will be quantified below. This case does not contribute
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essentially in the broad norm. To linearize S, if it is not a “thin”, essentially one-
dimensional set, let Rz < p < R and for the remainder of this section, let 7 C A”~!
denote a sector of radius O(p~279). We define

Tzpr={0,v)eTz:0N7+#0and Ty, N B # 0}.

We recall the constant-coefficient examples. Suppose that Z is an m-dimensional
affine plane so that T.Z = V for all z € Z, where V' || Z. The extension operator for
the paraboloid has the unnormalized Gauss map Go(w) = (—w, 1). Consequently,

A, ={weR" 1! : Gy(w) e V}

is an affine subspace of R"~! of dimension m — 1. If Go(w) € V, then X(w) € A¢ =
A, x R. Due to the frequency localization and the uncertainty principle, 7z - Tg
will decay little in directions transverse to A¢. This was exploited in [12].

The situation for the cone is a little different. Here, Go(w) = (— mE 1) is not an
affine map. Let VT = {w : Go(w) € V}. By a crucial observation due to Ou-Wang
[25], if VT is tangent to C = {(w,ﬁ) tw € A"} up to an angle R~ then
N iom V*NCis a O(R™%m)-neighbourhood of O(1) radial lines.

In the variable coefficient case, we see that if V7 is tangent to C, = {0,¢*(Z;w)}
up to an angle R~% then N 1o, V+NCis a O(R°)-neighbourhood of O(1)
radial lines. A contribution like this can be neglected in the K-broad norm. Oth-
erwise, we shall see that we find quantitative transversality to hold and can deduce
transverse equidistribution estimates similar to the paraboloid case (or its variable
coefficient counterpart). In the constant coefficient case, but for arbitrary cones,
this was recently investigated in [9]. We shall see how the arguments adapt to the
variable coeflicient case.

Consider an m-dimensional linear subspace V = {2?21 a;jr;=0,i=1,...,n—
m} and let V— = {Z;L;ll a;jx; = 0}. We change to u-frequencies via ¥*, which
recall is defined by

Dy ™ (Z; UM T3 1)) = .
We use short-hand notation W(u) := WA(Z;u). It is easy to see that ¥ like 0,/ ¢*
and the identity mapping is 1-homogeneous because

DN W (1)) = it = s 6N () = Do 6™ (&5 10 ().

By substituting ¢(u) = hy(u) = d,, $*(T; ¥(u)) the arguments from [9] apply. We
define a set

n—1

L={uecA™": Zai,jajd;(u) —a;n,=0; i=1,...,n—m}.
j=1

The set {(u, (u)) : u € L} describes the points on the generalized cone, which have
a normal in V. The tangential case gives a negligible contribution to the broad
norm:

Lemma 5.3 ([9, Lemma 4.5]). Letn € S*2 CR*" L. Ifne L and L(n, V™) >
Z — K2, then L is contained in the set {{ € R"™1\0: Z(&,n) S K2}

It is important to note that, contrary to the transverse case analyzed below,
the lemma does not hinge on a stronger localization of 7. For later purposes, note
that for the suitably defined k-broad norm balls B(z; R%HM), for which Lemma
5.3 applies, make a negligible contribution.
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We turn to the more involved transverse case: In general {(u,¢(u)) : u € L}
may not lie in an affine subspace because L may have curvature. We start by
linearizing L. By taking the orthogonal complement of a suitable extension of the
tangent space we shall construct W, which is quantitatively transverse to V. Let
n € LNS" 2 with Ang(n, V™) < 5= K2, Define V to be the n — m-dimensional
linear subspace spanned by 71, ..., Yn—m given by

'yi:()zgz;(n)ai, ai:(ai,l,...,aiyn), izl,...,nfm.

The angle condition Z(n, V™) < § — K~2 ensures that v, i = 1,...,n — m are

linearly independent. Indeed, the Hessian is degenerate in the direction of 7, but

o is orthogonal to V~. Let V™~ be the orthogonal complement of V in R*7!, i.e.,
R"'=VaV-.

Note that V'~ denotes the tangent space of L: Starting from the equations

n—1
> ai0i6(n+¢) —ain =0,
j=1

linearizing yields for ¢ € T, L

1 n—1

aij Y 05.6(m)é, = (0°p(n)a;, &) = 0.

1

n

1

<.
Il
B
Il

Let V be the linear subspace spanned by V-~ and e,. Define W to be the
orthogonal complement of V' in R", i.e.,

RP=VaW.

As pointed out in [9], all the linear subspaces depend on the choice of 7. We have
the following quantitative transversality:

Lemma 5.4 ([9, Lemma 4.6]). Letn € S"2NL. If Z(n, V™) <
and V are transverse in the sense that Z(V,W) 2 K4,

5 — K72 then W

5.2. Verifying the transverse equidistribution estimate. We turn to the key
equidistribution estimate. In the following let 7 C A™~! denote a sector of aperture
O(p_%""sm) and B a ball of radius R2+%m. Moreover, we suppose that Z is K-flat,
i.e., for any z,z’ € Z N 2B we have

/T.2,T.Z) S K™
with K < R® < pom.

Lemma 5.5. Let Z be a K-flat, transverse complete intersection with dim Z = m,
deg Z <. 1, B = B(z, R2*%") q ball of radius Rz and let g be concentrated
on wave packets in Tz p . Suppose that with the notations of Subsection 5.1, with

¢ = hz, and for some n € V71(7) NS"~2 we are in the situation of Lemma 5./.
Then, for any p < R,

(33) / T2 S RETOC (2)727 9112,
BON 3, (2) R
e
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For the proof, we recall the following quantifications of the uncertainty principle
from [13, Subsection 8.2]: Let G : R™ — C be frequency supported on a ball of radius
r > 0. Then we have the moral estimate due to lack of L2-norm concentration:

][ GP < ][ aP.
B(zo,p) B(zo,r—1)

We use the below manifestation with G essentially supported in a ball of radius
r > 0.

Lemma 5.6. If r—2 < p <11, then for any B(zo,p), & € R™ and p > 0 one has

1 1
GP <5 |Cuil, |2 / Gp)™
]i(m,m sen =" Tpayr (167

Above, wp(e, r) is a weight concentrated on B(&o,r) given by
Wp(e,,r (§) = (14 re - £0|)7N for some large N = Ny € N.

As first step in the proof of Lemma 5.5, we consider wave packets tangential to
linear subspaces: In the following transverse equidistribution estimates are consid-
ered with respect to some fixed linear subspace V' C R™. Let B be a ball of radius
R219m with centre Z € R", and define

Ty.s = {(6,v) : Z(GNZ;wp), V) < R™2H0m and Ty, N B # 0}.

Let RZ < p < R and, for 7 C R™! be a sector of aperture O(p~2+%) centred
around a point in A", define

Tv]g.,-—{(@’l))ETVB Gﬂ( )75(2)}

Lemma 5.7. If V C R" is a linear subspace, then there exists a linear subspace W
with the following properties:
(1) dimV +dim W = n;
(2) V and W are quantitatively transverse with /(v,w) > K~* for any v € V,
weW, v,w#0;
(3) if g is concentrated on wave packets from Tv g, and there isn € V1(7)
such that for (;NS = hz the assumptions of Lemma 5.4 are valid, I is any
plane parallel to W and xo € IIN B, then the inequality

s ) =
[ T S RO (B ([ gy
INB(zo,p2 T0m) 1IN2B

holds, up to inclusion of RapDec(R)||g||L2 on the right-hand side.

Proof. Constructing the subspace W: We choose W after linearizing as in
Lemma 5.4. Recall that hz(u) = 0., *(z; ¥(u)) with 0,0 (Z; ¥(u)) = u such that
(u, hz(u)) is a graph parametrization of 9,¢*(z;-) in u-frequencies with w = ¥ (u).
Fix some n € LN ¥~1(7) and construct W as in Lemma 5.4. Note that

07, (@ V(W) AL A D2, N (& ¥ (1) = Go(T;w) - det T (u).

TUn—1
If LNW¥~1(7) =0, then \I/(L) N7 =0, but then, by Lemma 3.2 we had Ty 5, =0
and there is nothing to show. Hence, we can construct W around n € L N W¥~1(7)
as in Subsection 5.1. W and V are quantitatively transverse as in (2) by Lemma
5.4.

Verifying the transverse equidistribution estimate: Recall that g is con-
centrated on wave packets Ty g -, Bis a R%Jr‘s’"—ball7 and 7 is a O(p’%”m )-sector.
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W is constructed as above. Let np(z) = n((z — )/Rz %) denote a Schwartz
cutoff, which satisfies n(z) = 1 for = € B(0,2). We have

> 1 im 1
(31)  (pT goulm)(€) = e 2mimo€glimW (30n) KRG w)go, (w)dw
An—
with KM® given by

M) = [ R is
w

for the phase and amplitude function
T (2) = oMo + RIHOm z;w) — R3HOm(2:6),
a}(z) = a*(zo + R* T 2 w)il(2),
and _
- N o — T
i) = e+ T,
Let 2 (w) = 9,¢*(Z;w). Fixing w € E, £ € R such that |€ — projyy 2(w)| = R~2+0m
and R > 1, the following estimates hold on supp(a}f):
(i) 10:0%"(2)| ~ R#°"|¢ — projy, S(w)| 2 R¥™,
(ii) 02" (2)] < 10:05" for 2 < |a] < Nyar,
(i) Jo2adn) <. 1.
This is verified as in [13, Claim 2, p. 308].
Furthermore, w € supp(gg.,), then |w — wy| < Rz, and so [S(w) — &| S Rz,
where £y = 3(wy). Consequently, by non-stationary phase,

(15 - Tgo,0) 1 (€)] Sv ROWw (©)llgo.0ll 2

B(projy 0, R™ %)
Let
L={uc A" (=Vhz(u),1) € V},
S, ={we A" GNz;w) e VY.
Let A, = TnL'lef denote the affine variant of the linear subspace T, L, and A¢ =
Ay xR. With V¢ denoting the linear subspace associated with A¢, we have V?- =W.
Next, we shall show that
(35) dist(&g, Ag) S R™2H0m,
Then it follows
<
Bprojwesn by M Vpe, mdtomy

Here &, denotes the centre of a ball of radius O(R‘é*‘ém) containing projy, (&) for
(0,v) € Tprv. We can again refer to [13] for details. The claim follows then by
estimating

A -1
|(np - T Q‘H)AwB(Emeéwm)Hoo

via Lemma 5.6.
We turn to the proof of (35): Fix (6,v) € Tp v and let
up = proj, 1 (X(we)).
We compute by triangle inequality

dist (&g, A¢) = dist(ug, A,) < dist(ug, LN Y (7)) + sup dist (., Ay).
u, ELNT—1(T)
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Furthermore, by Lemma 3.2,
dist(ug, LN WT(7)) ~ dist(wg, S, N 7T) S L(GMNZ;wp), V) < R™3t0m,
where the last inequality is by the definition of Ty g .

We turn to the estimate of the second term: Fix u, € LN W¥~1(7). We note that
dist(u., Ay,) = dist(us, Ag) for @ = HHIL*”Hu by null direction. Let Az = ug + V, for
some linear subspace V,,. Now we note that the surface L N W~1(7) N {||u. S 2},
provided p is large enough, can be written as subset of graph of a function ¢ : W —
V.-, where W C V,, is a subset around the origin of size O(p_%"‘gm). More precisely,
we may write

LAY () N {JJus|S" 2} C {w + p(w) : w € W} + ug

with ¢(0) = 0 and V(0) = 0. The estimate now follows from Taylor expansion as
in [13, p. 310).

O

For proof of the transverse equidistribution estimate in Lemma 5.5 requires we
have to extend the estimate from fixed vector space to variety. The argument
follows [13, Section 8.4] with the difference that the quantitative transversality
mildly depends on the scale. We use the following result of Wongkew [39] to control
the size of neighbourhoods of varieties.

Theorem 5.8 ([39]). Suppose Z = Z(Py, ..., Pp_y) is an m-dimensional trans-
verse complete intersection in R™ with degZ < D. For any 0 < p < R and R-ball
Br, N,(Z N Bg) can be covered by Op((R/p)™) balls of radius p.

Next, we consider planar slices of neighbourhoods of varieties. We recall the
following from [13]: Any m-dimensional linear subspace V can be expressed as a
transverse complete intersection V = Z(Py,,...,Pn,_,,) with {N1,...,Np_,,} an
orthonormal basis of V+ and Py, (z) = (z,N;). Let Vi, V2 be linear subspaces in
R"™ and suppose that

(36) dim V; +dim V2 > n.
V1 NV, is a transverse complete intersection if and only if
dim(V; NV,) = dim Vy 4+ dim V5 — n.

This means that Vi N V5 is as small as possible.
Definition 5.9. A pair (V3, V3) of linear subspaces R” satisfying (36) is said to be
quantitatively transverse if the following hold:

e dim(V; NV,) =dimVy + dim V5 — n;

e /(v1,V2) > Ctrans for all non-zero vectors v; € (Vi NVo)tNV;, j=1,2.

In the main argument the constant ctrans will not be fixed, contrary to [13]. We
need to quantify the dependence on c¢gpans in [13, Lemma 8.13]:

Lemma 5.10. There exists some dimensional constant C > 0 such that the fol-
lowing holds. Let B, C R™ be an r-ball, V. C R"™ be a linear subspace, Z be a
transverse complete intersection and suppose that dim Z +dimV > n and (T,Z,V)
is a quantitatively transverse pair for all z € ZN2B,.. Then, the following inclusion
holds

VN B, NN,(Z) C Noe, (VN Z).

for all 0 < p < r with C = sin(ctrans) "+
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Proof. This follows from the proof of [13, Lemma 8.13]. a
We are ready for the proof of Lemma 5.5:

Proof of Lemma 5.5. First, by
(G (&:6) = GX(w:6) S |= — 2|/A S R7ETm,
we infer that
Z(GMN7;0),T.Z) < R~ =19 for all z € Z N 2B.

Letting V =T, Z, we have

TzprCTvpr
We can apply Lemma 5.7 to find a subspace W such that
(37) VW) z K™

and
p dim W 1275 _1
(38) / . ‘TAg|2 <s RO(ém)(E) 3 ”g”L;J (/ |T>‘g‘2)1+6
ONB(zg,p2 Tom) IN2B

for every affine subspace II parallel to W. By K-flatness of Z, we have that (T, Z, W)
is a quantitatively transverse pair for all z € Z N 2B. By Lemma 5.10, we have

AN 30, (Z)NBCN,

CK4p%+5"" (Hﬁ Z) N2B.

Since IIN Z is a transverse complete intersection of dimension dim V'’ + dim Z — n,
Theorem 5.8 yields that II N Np%+57n (Z) N B can be covered by

O(Ro((;m) (g)(dim V+dim Z—n)/2) — O(ROG)

balls of radius p%Mm because K < R® < p®~. Applying (38) to each of these balls
and summing, one deduces that

\ PNz 25/(148
‘T)\g|2 55 RO([S’")(E) Pl ||g||L2/( )(/

TAg[?) ™
IIN2B

/rmN Lism (DNB
P

Following the steps from [13, p. 318] completes the proof.

6. COMPARING WAVE PACKETS AT DIFFERENT SPATIAL SCALES

For the induction on scales, we shall compare wave packet decompositions at
different radii. Let 1 < R < A, and
T f(z) = Z T fo.0(x) + RapDec(R)| f|l r2(an-1y-

(0,0)€T

In this section we recall the results from [13, Section 9], which again did not hinge
on H2%), but on non-degeneracy.
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6.1. Wave packets at smaller scale. Let Rz < p < R and fix B(y, p) C B(0, R).
T* f., can be decomposed into wave packets at scale p over B(y, p). For g : A"~! —

C, define g = ei‘i’k(y;')g, so that

Trg(z) = T*§(Z) for & = = — g,
where T is the oscillatory integral operator with phase q~5)‘ and amplitude &* given
by

) — Y. Y. Sl ) Y.
(39) ¢($aw) - ¢((£+ Xaw) - (ﬁ(Xvw) and a’(mvw) - a(er Xaw)'

This yields by linearity
@) = S T ((fo.))(@) + RapDec(R) | 2can -
(0,0)€T

Each T* fov is (spatially) concentrated on the curve Rzt tube Ty, and, conse-
quently, each T (fp.,, )" is concentrated on Ty, — y. Since

(40) 00N (10,0 (0) 1) = y5w) = v — D (y; w),

A
0,v—0(y;w0)’

3(y;w) = 0,0 (y;w).

We repeat the construction of wave packets for each T’\( fo.») at scale p. Cover A"~!

the core curve Fg"v —yofTy, —yisequal tol’ where

by finitely overlapping balls 8 of radius p_%, and R"~! by finitely-overlapping balls
of radius p%é centered at vectors v € p% Z"~ 1. Let T denote the set of all pairs
(0,9). For each (0,v) € T one may decompose

(fo,0) = Z (fa,ufgﬂ; + RapDec(R)| f|lz2(an-1)-
(0,5)€T
The significant contributions to this sum arise from pairs (6, ) belonging to
Tpo = {(0,3) € T: dist(0,0) < p~* and v — v(y;wp) — 3| < R'F }.
Lemma 6.1 ([13, Lemma 9.1)). The following holds:
(fooV = D (fow)s, + RapDec(R)|f| 1=
(0,9)€To,»

6.2. Tangency properties. In this subsection we recall how tangency properties
of the large wave packets are inherited by the small wave packets (cf. [13, Sec-
tion 9.2]). On the other hand, recall that a small wave packet coming from a large
packet, which is tangential to Z, need not be contained in a neighbourhood of Z on
a small scale. The small wave packet is located too far away from Z. However, with
the angle condition inherited, we shall see that the small wave packet is contained
in a small neighbourhood of a translate of the variety.
We analyze functions h concentrated on wave packets from

T2 B(y.p) = 1(0,v) € Tz : Ty, N B(y, p) # 0}.
For this purpose, we consider the core of a small tube:
0,0 (30,0(1), 1 w) = v
for t € (—p, p). By (40), we have the identity:
(41) Yo w(®) = A0 -yt = Yn) + 9/
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Let T,,., be the p2 T9-tube with core curve fi\z,v = (3., (t),t). We have the following:

Lemma 6.2 ([13, Lemma 9.3]). If (6,v) € T and (8,7) € Ty, then

146

B30 = (T3, (t+9a) —9)| S BT’
for allt € (—p,p).
Fix (0,v) € Ty and (0,9) € Ty,,. Next, we show that for z € Té,f) and z € Z
and b € B(0,2R219") are such that
z—y+be B(0,4p) and |z — (z — y + b)| < Crangp® Tom,
then we find the following estimate to hold:
(42) LGN @305), Toyib(Z = g+ b)) < Crangp™ 307,

where G* is the generalized Gauss map associated with ¢*. We have C:”‘(x;w) =
GMa +y;w) and To—yyp(Z —y +b) = T, Z, so it is equivalent to check that

LGNz +yywy), ToZ) < Etangp—%-i-(Sm_

By Lemma 6.2, the definition of Té,ﬁ’ and assuming that p < R'~7, it follows

[ 4+y =19 (@ +ya)| SR
By expanding the Gauss map, we find
LGN+ y505), ToZ) S L(GMNTG (@0 + yn)iwo), T-2) + p7 2,
Finally, Fg\,v (Tn, + yn) € Tp,y, which is R_%““sm—tangent to Z. Hence,
Z(GNT}, (w0 + yn)iwo), T2 Z) < Grang R~ 370

Likewise the argument in [13, pp. 326f] shows that a p%““s—tube, which intersects
N (Z—y+b)NB(0,p), is actually contained in Npéwm (Z —y+b) by virtue

p%+5m /2

of (42).
We arrive at the following proposition (cf. [13, Proposition 9.2]):

Proposition 6.3. Let R> < p < R'“% and Z C R™ be a transverse complete
intersection.

(1) Let (0,v) € Tz and b € B(0,2Rz+0m). If (6,7) € Ty, satisfies

Tsa ON sisn o(Z =y +0) #0,
then (é,f)) S TZ—y-i—b'
(2) If h is concentrated on wave packets in Tz p(y. ), then h is concentrated on

wave packets in
U TZ7y+b~

\b|<R%+6"L

We also make the following definition:

T, = {(0,%) : (0,9) € U Tow: T550 NP%W/Z(Z —y+b)#0}.
(0,0)ET 2, B(y,p)
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By the above, we have ﬁ‘b C T Z—y+b- For a function h concentrated on wave packets
in Tz p(y,p), We consider a function of the form

=S g
(0,5)€Ty
Since Ty, C Tz_y_H) by Proposition 6.3, we have
T hy(F) = T)‘hb(x)XNp%Hm (z+v) () + RapDec(R) | h| 12
for all x = Z + y € B(y, p).

6.3. Sorting wave packets. In this section we recall sorting the large wave packets
by “medium tubes”. This was carried out in[13, Section 9.3]. Given a ball B(y, p),
many large wave packets (6,v) might give rise to essentially the same set T@,v-
Medium tube segments of T}, of length p and radius Rz allow for a grouping into
large and small wave packets.

We give the details: Let 7 denote the collection of all pairs (0~, w) formed by a
p~2-ball § and w € RI+9/277=1 For each (6, w) € T, choose some

T C{(0,0) € T dist(6,0) < p2 and v — (y;wp) — w| < RIHD/2

so that the family {7, : (é, w) € T} forms a covering of T by disjoint sets. The
medium tubes are given by

T5.,, = U Ty,o N B(y, p).
(0,0)ETG

If (6, w) € T and (0,v) € 75 then (cf. [13, Cor. 9.4])
disty (Tp., N B(y. p), T;,,,) < B3+

Let g : A"~! — C be integrable and define

950 = Z go.,v

(0,0)€T; .,

for all (6,w) € T. Since 750 cover T and are disjoint, it follows that
9= D 95+ RapDec(R)|gllz>.
(0,w)eT
The functions gg ,, are almost orthogonal and, consequently,
lglizz ~ > lgg.lie-
(0,w)eT

(95.,) 1s concentrated on scale p wave packets belonging to U(9 VET; ’f[‘gyv. This

union is contained in 7
Tow={(0,0) €T:dist(0,0) < p /2 and |5 —w| < R}

The family {75, : (0,w) € T} forms a covering of T by almost disjoint sets. Hence,

we have almost orthogonality between the scale p wave packets of the different
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Y (cf. [13, Eq. (9.17)]):

1> aelre~ D 150013

(8.w)eT (0,w)eT

functions (g ,,

6.4. Reverse Hormander L2-estimate. In the following we record a reverse
Hormander L2-estimate. This will imply transverse equidistribution estimates for
functions concentrated on wave packets, which are sorted as above. This was pre-
viously done in [13, Subsection 9.4], whose statements carry over. Thus, the proofs
are omitted. We collect the relevant estimates here for future reference.

Let Z be an m-dimensional transverse complete intersection, (6, w) € T and h be
a function concentrated on T z~p(y,,)N7; ,,- By the above, every scale R wave packet
of h intersects B(y, p) on the set T, which has a Hausdorff distance < Ratom to
Ty, N B(y, p) for any (6,v) € T;,. Moreover, the scale p wave packets of h will
intersect B(zo — v, CR%M""). In this case, the following reverse of Hérmander’s
L?-estimate holds:

Lemma 6.4 ([13, Lemma 9.5, p. 329]). Let T* be an oscillatory integral operator
with phase ¢ given by a translate of a reduced phase in the sense of (39) and
1<R:PO <y < Mz. There exists a family of oscillatory integral operators T all
with phase ¢ such that the following hold:

(i) each T* € T is again an operator with phase given by a translate of a
reduced phase as in (39),

(it) #T* = O(1);
(i4) if f is concentrated on wave packets to (with respect to T*) which intersect
some B(Z,r) C B(0, R), then
1117 S T71||T:\f||2L2(B(i-;CT))
holds for some T} € T,

Lemma 6.4 is proved in [13] via Fourier series expansion and Plancherel’s theorem.
The proof hinges only on the non-degeneracy C1) of the phase function. Hence, it
applies to the homogeneous phase functions presently considered as well. For h as
above, xg € Ty, and |b] < R2+9m this implies that hy, as defined above, is a sum
of wave packeté which intersect

B(xzo — vy, C’R%Mm).
Applying Lemma 6.4 at scale p with r ~ R2H9m to f, yields

72 < P—%—bm||TAT, |12
1hollz2 S B2 |12 hb||L2(B(IO_ych%+am)-

Since the tangency properties of T are inherited by 72, we infer

2. < B A 2
Wole = B2 I Rl | zemeeacnt o)
P

Applying Héormander’s L2-bound yields the following lemma:

Lemma 6.5. [13, Lemma 9.6] Let h be concentrated on wave packets from T z4py, )N
T, for some (57 w) € T. Let B C B(0, CR%‘“SW) be such that the sets

N 315, (Z +b) N B(a, CRztom)
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are essentially disjoint over b € B. Then,

D lasllZe < [1A]1Z..

be®B

7. MAIN INDUCTIVE ARGUMENT

The k-broad estimate is a consequence of the following claim, which is suitable

for induction. Let
n+k

p(k,n) =2 ———.

p(k ) n+k—2

Theorem 7.1. For e > 0, sufficiently small, there are
<Kl 1K€...<hh <K<hphKe

and large dyadic parameters A., Ce, D o <c 1 and 0,, < € such that the following
holds. Suppose Z = Z(P1,...,P,_m) is a transverse complete intersection with
degZ < Dye. Forall2 <k <mn,1< A< A, dyadic and 1 < K < R < ), the
inequality

i} - L .
(43) |‘T)\f||BL£)A(B(O,R)) <, KO Rm+olog Ac—log A)—ey n(p)+3 £ 1|2 an—1)

holds whenever f is concentrated on wave packets from Tz and

_ plk,m), ifk<m,
44 2<p< k =
Above,
1.1 1
ekn(p) = 5(5 - ];)(n—l— k).

In the first step we reduce to R <. A\'=¢ by covering B(0, \) with balls of radius
A€, The technical details are provided in [13, Lemma 10.2]. This reduction is
necessary to allow for polynomial approximation of the core curve 73,1; uniformly
in R.

Next, we set up the induction argument for 1 < R <. A=, For ¢ > 0 sufficiently
small, it is enough to consider K < R® by choosing C. sufficiently large (as the
claim then follows from the trivial L'-L>-estimate and crude summation). We let
furthermore

_§—(2n—m) 10n

Dp.=¢ , 0()=¢c—cppm, A.=T[e2 ],

(45) ,
§; =0i(e) =e* M foralli=1,....,n—1, and § = 6(¢) < 6_1.

The base case is given by m < k — 1, and A > 2'°. For details we refer to [13,
Subsection 10.3].

7.1. Inductive step. Let 2 < k <n—1, k< m <n,and K <, R, Assume,
by way of induction hypothesis, that (43) holds whenever dimZ < m — 1 or the
radial parameter is at most g. Fix e > 0,1 < A < A, and a transverse complete
intersection Z = Z(P, ..., Py_m) with degZ < D, ¢, where A, and D,, . are as in
(45). Let f be concentrated on wave packets from Ty. It suffices to show (43) for
p = po(k,m) by interpolation with the trivial L2-bound. We recall the two cases to
be analyzed:
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The algebraic case: There exists a transverse complete intersection Y C Z of

dimension 1 <! < m — 1 of maximum degree at most (D,, )" such that
A p||P g
(46) 1T f”BLQ AN 1, (YONB(OR)) > caig||T f”BLg A(B(O,R))"
AN S em )

Here cq19 > 0 depends on n and ¢.

The cellular case: For any transverse complete intersection Yt C Z of dimen-
sion 1 <! < m — 1 and maximum degree at most (D, )", the inequality

A A
(47) HT f”%[’i.A(N 1is (Y1))NB(0,R) < CalgHT fH%LgA(B(O,R))
RETom .

/4

holds.

The cellular case is as usually treated by induction on the radius. Via polynomial
partitioning the BLzy 4-norm is equidistributed among the cells and the induction
closes. The algebraic case is more involved: T*f can be regarded as concentrated
near a low-dimensional and low degree variety Y (for an oversimplification, think
of a hyperplane). If the wave packets from f are also tangential to this variety,
then we can use induction on the dimension to conclude. If this is not the case and
many wave packets are transverse to Y, we conclude via transverse equidistribution
estimates.

7.1.1. Cellular case. This case is handled as in [13, Section 10.5]. We omit the
details.

7.1.2. Algebraic case. In this case transverse equidistribution estimates become im-
portant at one step. This is different than [13, Section 10.6], and we turn to the
details. Fix a transverse complete intersection Y of dimension 1 <1 < m — 1 of
maximum degree degY’ < (D, )", which satisfies (43). Let R? < p < R be such
that p2+9 = Rz+9m  and note that

R< R¥ipand p< R™%/?R.

Let B, be a finitely overlapping cover of B(0, R) by p-balls, and for each B € B,
define

Tp={(6,v) €T:Tp,N NR%M,,”M(W) NB # 0}

fB = Z fo0-

(0,v)ETE

and

We have by the triangle inequality for broad norms
A £||P A p
”T f”BLz)A(B(O,R)) 5 Z ”T fBHBLiyA(N Lys, (YHNB))
BEBp R2 /4

up to RapDec(R)| f|;. on the right-hand side by the rapid decay off the wave
packets.

For B = B(y,p) € By, let Tp tqng denote the set of all (6,v) € Ty with the
property that, whenever z € Ty , and 2 € Y'NB(y, 2p) satisfy |z —z| < 2C’t(mgp%+6l,
it follows that

_ 1
CtangP *

L(GMa;we), TY') <
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where C_'tang and Cang are the constants appearing in the definition of tangency.
Furthermore, let Tg irans = TB\TB,tang and define

fB,tang = Z fG,v and fB,trans = Z f@,v-
(0,v)ETB,tang (0,v)ET B, trans

It follows that fp = fB.tang + fB,trans and, by the triangle inequality for broad
norms, one concludes that

||T>\fHBLP B(O R)) N Z ||T)\fB tangHBLp (B) + Z ||T>\fB t’!CLTLsHBLIJ 2(B)
BeB, BeB,

Either the tangential or transverse contribution to the above sum dominates, and
each case is treated separately.
Tangential subcase: Suppose that the tangential term dominates and we have

(48) ”T)\f”BLP L (B(0,R)) Z HT fB tanQHBLP
BeB,

4y (B)

This case can be handled as in [13, pp.345-346], and we skip the details.
Transverse sub-case: In this case, we have
A A
HT fHBLP 4(B(0,R)) NBXI; ”T thTanSHBLiA/Z B)"
c

Following [13], we use an argument similar to the cellular case. In the transverse
case the number of cells a given tube can enter is controlled by transversality as
follows:

Lemma 7.2 ([13, Eq. (10.23)]). We find the following estimate to hold:
(49) Y W saransllEaan-1y Se 1172 an1)-

BeB,

The strategy in the transverse case is to use induction on radius to show that for
some ¢, > 0 one has (redenoting f; for fp; irans)

(50) ks fJHBLpA ,(B) S CEm a(R)| fillL2(an-1)

for all B; € B,.
Provided ¢ > 0 is chosen sufficiently small, depending only on n and ¢, (50) can
be combined with (49) and the estimate

”.fB,trans”L?(An*l) /S ”.f”L2

to yield

1
IT*fll e a2 (BO.R) Se CeBm a( ||f\|L2 Z /B transl|72)” < Em a(R)| £l L2
BeB,

The main obstacle is that f; do not, in general, satisfy the hypothesis of Theorem
7.1 at scale p. The remedy is to break f; into pieces f;p, which are p%HM—tangent
to a translated variety of Z + b.

Flattening the variety: In the first step we flatten the variety up to K > (cf.

25, p. 25]). This requires to estimate K °("~1)-expressions of the form || T f; L e

with Z flat up to angles K~°. The factor of K°( is admissible (see (55) below).
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Separating essentially and non-essentially contributing Rz+0m_balls:
Cover Bj; by finitely overlapping Rz+9m_balls Bjg. Let (0,v) € Tz p,, and = €
Too NN 325, (Z) N By, 2 € Z with |@ — 2| < CiapgR> ™. By definition of
tangency, we have

L(CMw5w9), T Z) S R™5H0m,
Let V =T,Z. By Lemma 3.2, we have
L(GN(@;w9), V) S R0,

Now we consider the linearization ¢z(u) = 9,, ¢*(&; ¥*(u)) around Z, the centre of
Bj . We consider as in Section 5.1

n n—1
V= {Z a;je; =0, i=1,...,n—-m}, Lz={ue AL Z ai’jajéi(u)—ai,n =0}
j=1 j=1
such that L; denotes the u-frequencies with normal in V.
We apply the dichotomy of Section 5.1: Either Lz is contained in O(1) slabs of
size 1 x K=2 x ... x K2 by Lemma 5.3. This is referred to as Case I. Note
that if Lz is contained in O(1) 1 x K2 x ... x K~ 2-slabs, then so is |J# with
Z(GMNz3wp), V) < R~ 3+m by Lemma 3.2. Consequently, Case I-balls can be
neglected in the k-broad norm (see (51) below).
Otherwise, we consider the further refinement Ty g, , - with 7 a p_%—sector. By
Lemma 5.4, there is a quantitatively transverse subspace W with V & W = R™ and

Z(V,W) 2 K4

V denotes a suitable extension of a tangent space of Lz from Subsection 5.1 (Case
IT). We let X1 and X denote the union of balls B; ; from Cases I and II.

Next, we use the Sortlng into medium tubes as in Section 5.1. Recall notations
75, and 7;7 with 6 a p- 3 -cap and w € R 77 for sortings, which relate p-wave
pa7ckets on B; with the large R-wave packets. For the sake of brevity let g = f; trans-
We define as in [25, p. 25]:

Gess = D G5w=9" D 9w
(0,w)€ETess (0,w)€Trair
where
Tess = {(0,w) : 3(0,v) € 75 SO that Tp, N X711 # 0},
Tiait = {(6,w) : V(6,0) € Ty, : Too N Xy = 0}
Like in [25], we infer that
(51) ||T’\g||BngA(Bj) < ”T)\gessHBL?A/z(Bj) + RapDec(R)|| 1|2

As in [13], we choose a set of translates B, so that we can write

(52) ||T/\gess||BLz)A/2(B Z ||T/\gess b”BLp ) )
beB

S

where each piece gess,p is defined so that it is concentrated on scale p wave packets,
which are tangential to some translate Z — y + b of Z. At this point, we can
use transverse equidistribution and infer that gess satisfy favorable L2-estimates.
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Moreover, the radial induction hypothesis is applied to each of the T)‘gess)b. To
close the induction, one must estimate

(Z ngss,bHiz)%
beB

in terms of ||gess||2. The gain in (p/R) stemming from transverse equidistribution
is crucial. We can sum the contributions from the individual pieces gess,» without
any (significant) loss in R.

To ensure that gess , form a reasonable decomposition of gess so that (52) holds up
to logarithmic factors, the set of translates B must be chosen so that ( J,c 5 Npéwm (Z

y +b) covers Notvsm (Z) (where the mass of T?gess is concentrated) and so that
the Np% +5,,(Z —y +b) are essentially disjoint. This was achieved in [13] using a
probabilistic construction: Fix B = B(y, p) € B,, one may show the following:

Lemma 7.3 ([13, Lemma 10.5]). There exists a finite set B C B(0,2R2+%") and
a collection

B' C {Bg> € Bg=: Bg2 N B(y, p) # 0}

such that, up to inclusion of a rapidly decreasing error term,

1
(53) T paranslry , o S (s R (D0 n1s gy e (Bi2))”

Byo2eB’
and for each By € B’ the following holds:
(i) there exists some b € B such that

(54) Bg2 C Np%+6m/2(Z +b);
(i1) there exist at most O(1) vectors b € B for which
By ﬂNp%_Mm (Z+0b) #£ 0.

By the lemma, we may argue as follows: For each b € B, let B; denote the
collection of all Bgz € B’ for which (54) holds. Then, by (53) and property (i) in
the lemma,

S =

HT)\fB,trans”BLz‘A/z(B) 5 (10g R)2(Z Z Mf’\(fB,ansT(BI@ - y))
bEB B 2€8;,

Define the collection of wave packets
Ty={@.0)e |J Tou:Tpon( U (Bre—u) #0}
(97”)61‘655 BKQ GBg
If gess,p is defined by
(Gessp) = Z (gess);"i),
(0,9)€T;

then (gess,p)” is concentrated on wave packets that are p*%H’" -tangent to Z —y+0b.
Furthermore, again up to a rapidly decreasing error term, one has

”T)\gess,b”BLi’AM(Bj) 5 (log R)2 ( Z HT)\ (gess,b)~||pBLP

1
k,AM(B(o,p))) "
beB
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The function (gess,») satisfies the hypotheses of Theorem 7.1 at scale p and therefore
the radial induction hypothesis yields

- - 1 1
(Z ”T)\(gess,b)”%y; A/4(B(O’P))) P < Em,A/4(p) ( Z ngss,b”i;\.) P
beB ' beB
We claim that
1 n—-m)(+—-2L
(55) (3 Nennslfa) 5 B0 (2) 03y
beB

We show this via interpolation between p = 2 and p = oco.
For p = 2 this follows from orthogonality of the wave packets and property (ii)
of Lemma 7.3.

_For p = oo we use transverse equidistribution. By almost orthogonality of
(0,w) € T and the definition of 7.5 we have

H?]ess,bu%? ~ Z ”gess,bﬁ,wH%?'
(6,w)€Tess

By construction of g ., 5,, there is (6,v) € 75, such that Tp, for (6,v) in-
tersects Xrr. Let B = B(Z; R%"“gm) denote the corresponding ball in X;;. Since
the Hausdorff distance between Ty, , for further (61,v1) € 75, is < Rz%% we can
apply Lemma 6.4 at scale p with r ~ R2t9m to find that

~ — L S 1A =
(56) ngss7b7§7w||%2 5 R 2 ||T*)\gess,b7é,w||%2(103)'
Next, we can apply Lemma 5.5 to find that

+0(6,m) (ﬁ)

A 2 1 n—m 2
||T gess,b,é,w”m(m}amN %+6m(z+b)) <Rz R 2 ||gess,b79~,wHL2
4

(57)

SR%+O<W(%) 7 | gess.blZe-

Taking (56) and (57) together, we find

~ O@6m) ( P\ "7
1Geas pialliz S BOC(5) 7 gessplia,

which is the claimed p = oo estimate for (55).

At this point, the computation to close the induction follows [13, p. 351] verbatim.
The proof of Theorem 7.1 is complete. a

8. FROM k-BROAD TO LINEAR ESTIMATES

In this section we deduce the linear estimates from the k-broad estimates by
applying the Bourgain—-Guth argument [6]. We show the following proposition:

Proposition 8.1. Suppose that for all K > 1 and all € > 0 any oscillatory integral
operator T with reduced 1-homogeneous phase satisfying C1) and C27) obeys the
k-broad inequality

A CE
(58) 1T fllBry , (Bo,R) Se KR fllLr(an—)
for some fized k, A, p, Cc, and all R > 1. If

2 2.n=l  uro< k<3
(59) p(k,n) <p < — p(km):{ iy 2SR

n—2 2. 2=kt k> 3,
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then any oscillatory integral operator with C1) and C2%) phase ¢ and amplitude a
satisfies

(60) 1T fll o &) Soera AN F I Locan—1y-

From this proposition Theorem 1.1 is immediate by choosing k = "TH for n odd
and k = § + 1 for n even as max(p(k,n),p(k,n)) gives the lower bound for p in
Theorem 1.1. For the proof we use induction on scales: @, s(R) will denote the
infimum over all constants C for which the estimate

||T/\fHLP(B(O,r)) < Ol fllzrcan-1y

holds for 1 < r < R and all oscillatory integral operators built from a suitable
class of phase functions, which is invariant under rescaling and amenable to narrow
decoupling, which is explained below.

With this definition, it remains to prove that for p as in Proposition 8.1

QP,ﬁ(R) 55 R

foralle >0and 1 < R <A

For this purpose, we decompose B(0, R) into finitely overlapping balls By of radius
K? and estimate ||T* f||L»(p, ,)- f is decomposed into “broad” and “narrow” term.
The narrow term is of the form

(61) >t

TEV,
for some a

consisting of contributions to f from sectors for which G*(Z; 7) makes a small angle
with some member of a family of (k — 1)-planes. Here & denotes the centre of Byz.
The broad term consists of contributions to f from the remaining sectors. One may
choose the planes V7, ..., V4 so that the broad term can be bounded by the k-broad
inequality. Thus, f of the form (61) has to be analyzed. This is accomplished by
narrow ¢P-decoupling and rescaling. We use the following decoupling result:

Proposition 8.2 (Variable coefficient decoupling). Suppose that T* is an oscilla-
tory integral operator with reduced C1) and C2%) phase, which is K-flat and let
Bz CA S with1 < K2<\37%,0<6< 1/2. If V. C R" is an m-dimensional
linear subspace, then for 2 <p < % and any § > 0 one has

1
|3 0l ) S s K 2GRS T, )
eV TeV

_sN
+ 272 gl e

Here, the sum ranges over sectors T for which Z(G*(Z;7),V) < K~2, where T is
the centre of Br2 and wp, , = (1+ |z — Z|)~N is a rapidly decaying weight off By
with N the same as in the notion of K-flatness.

We remark that on the right-hand side there are strictly speaking slightly different
amplitude functions involved. If we choose Bx> C B(0,A'~%) for ) large enough
however, the amplitude functions satisfy the uniform bounds

|05a(z;w)| S 1
for 0 < |a|] < N, N being the parameter from K-flatness. This technicality of

dealing with different amplitude functions is handled by appropriate definition of
the induction quantity.
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In the translation-invariant case, e.g., with £ as in (4), this follows from the
£?-decoupling

N

(DIETE PHPIETE O W 7E TR

TEV
for 2 < p < -2% and by counting the sectors 7 such that Z(G(r), V) < K~2. This is

carried out in [25]; see also [16, Lemma 2.2]. The error term A~ 2" || f|| 12 comes from
approximation with constant coefficient operators. Gao et al. [9] used K-flatness to
prove narrow decoupling of general homogeneous phases in the constant coefficient
case.

Definition 8.3. We say that a 1-homogeneous smooth ¢ : R*~!\0 — R supported
in = is K-flat if

Qb(wlawnfl) = wnfl(b(w//wnfla 1)
(0% ¢(en—1)w )

20.}”71

with E(w) 1-homogeneous, satistying |0“Egr| Sq 1 for 0 < |a| < N.

= Wp-16(en—1) + O Plen—1)w' + + K *E(v)

In the course of the argument, we will need to consider higher derivatives; above
unspecified as N. These are needed for approximation with constant-coefficient
operators. In the end, we choose N = N(e) (since § = d(¢)) large enough such
that the error term A~ % If|lL2 propagates through the argument. Note that by
comparison with Taylor’s formula we have

1
KB = 3 2 [ 0= 9P

|a|=3

Sw (W™

3 .
Wn—1

!/
, 1)ds
1

W —

For these constant-coefficient operators, Harris’s argument [16, Lemma 2.2] of
sector counting applies. To apply narrow decoupling for the variable coefficient op-
erator on a small K2-ball with K2 < A\2~¢, we approximate the variable coefficient
phase with a constant coefficient phase. Beltran—Hickman—Sogge [1] worked out
that this is possible by Taylor expansion.

We need the following notations: Let ¢ be a reduced phase and € R™, which will
be the centre of the small ball on which we want to apply decoupling. Recall that
u > 0, (T; U (Z;u)) is a graph parametrization of the hypersurface ¥;. We have

(@, (0:0™) (@ 9 (@3 0))) = (o', 0) + 2nha(u)

for all 2 = (2/,7,) € R™ with hz(u) = (0z,¢")(2; ¥ (2;u)). We suppose for
technical reasons that a(z;w) = a1 (z)az(w); the general case is reduced to this by
Fourier series expansion. Let F; denote the extension operator associated to Xz,
given by

Ezg(x) = /R B ei“x/’“”x"hi("))af(u)g(u)du for all z € R",

where az(u) = az o VA (Z;u)| det 9, ¥ (Z; u)|. We recall how T? is approximated by
Ez: Let € B(7; K?) C B(0,3\/4). By change of variables w = ¥*(Z;u) and a
Taylor expansion of ¢* around Z, we have

T () = /]R RGN )50 (1)a () f ()
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with f; = e @¥ @) f o YA (z;-) and by Taylor expansion

1
EX(vyu) = %/ (1 = ) {(022®) (T + 70)/X; ONZ;u) v, v)dr.
0
By the derivative bounds

sup 10PEX (v;u)| <y 1
(v;u)€B(0,K2)Xsuppaz
and Fourier series expansion, the oscillation of £2 can be neglected. This yields the
following lemma:

Lemma 8.4 ([1, Lemma 2.6]). Let T* be an oscillatory integral operator with
reduced C1) and C2%) phase. Let 0 < 6 <1/2,1 < K2 < X279 and /) € X s0
that B(7; K?) C B(0,3)\/4).

o Then

_ 0N
(62) 1T £l eny) S 1B Fll o g em) + A2 1122

holds provided that N is sufficiently large depending on n, 6, and p.
e Suppose that |T| < M= There ezists a family of operators T* all with
phase ¢ and of type (1,1,C) data such that

2 N mn;(s,a’)
(63) 1Bz fall Loy sez)) SN T f Loy 2)) T A 112
holds for some T2 € T*. The family T has cardinality Oy (1) and is
independent of B(z; K?).

To apply the narrow decoupling to Ej; fz, we need that the constant coefficient
phase
ha(u) = 0,, ¢ (T3 V(T3 1))
is K-flat.

Definition 8.5. Let K > 1. We say that a reduced homogeneous phase ¢ :
R"™ x R*~1\0 — R is K-flat, if all its constant-coefficient approximations h; are
K-flat and

00029 S K™ 2< /| <N,

102,080l SK™*  3<|o/| <N.

The derivative bounds are required to control a change of variables in frequen-
cies. We remark that with this definition, Proposition 8.2 now follows from the
constant-coefficient decoupling and the approximation by constant-coefficient oper-
ators provided by the previous lemma.

We can give the definition of the inductive quantity now:

Definition 8.6. For 1 < p < oo and R > 1 let @, s(R) denote the infimum over
all constants C' for which the estimate

||T/\fHLP(B(O,r)) < Ol fllprcan-1y

holds for 1 < r < R and all oscillatory integral operators 7% with reduced C1)
and C2%1) 1-homogeneous phase, which is A’-flat, and all A\ > R. Furthermore, we
require estimates

|05a(z;w)| SN 1
for the amplitude function with 0 < |o| < N.
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Before we turn to the parabolic rescaling, note that by homogeneity,
n—1
(64) 0w d(x,w) = Y wj - 0,0 B, ).
j=1

Thus, for each t € (—1,1) and w € R™~! the Jacobian determinant of the map z’
(0w @) (m;w), d(x;w)) is given by wy,_1 - det 82, ¢(x;w) and hence, non-vanishing.
Let 2 = (2", 2p_1,2,) € R"2 x R x R. The implicit function theorem yields a
smooth local inverse mapping Y(-, z,;w), which satisfies

(T (2, 23 w), 2nsw) = 2" and G(T(2;w), Tnjw) = Tp—1.

Lemma 8.7 (Parabolic rescaling). Let supp(f) C = be supported in a p~'-plate
and ¢ be a reduced phase, that is \°-flat. Then, for any 1 < p < R < \:

2(n—1)

(65) IT* fll o (B0.R)) Sor B Qus(R/p)p~ 7 2| f o

The proof combines arguments from [1] and [13]. In [1] the phase after parabolic
rescaling was computed, and it was shown how after rescaling we find the bounds
for higher derivatives introduced in Section 3.1 to hold, even for arbitrary phases.
We shall also see that these phases are A’-flat. Since we need expressions from the
computations in [1], some details are repeated.

Proof. Let w € B, _5(0,1) with (w,1) the centre of the p~!-plate encasing the
support of g:

5/
fnfl

supp(g) C {(¢,&n—1) ER™ 11 1/2< &, 1 <2 and | —w| <pt)

We perform the change of variables
(€ 6n-1) = 1w+ p~ ' 1),
after which follows
Tg(x) :/ i (et )N @ yw + p ' 11)G (),
Rn—l
where §(n) = p~ "D g(pu_1w+p~ "1, np—1) and supp(g§) € Z. By Taylor expansion
and homogeneity of the phase, we find
G5 M 1w + p7 0 1) = S50, Vi1 + p~ O Bl w, 1),17)

1
+p 2 / (L= 71){(02 y d(@; 1w + 7p~ 0, 1), 1 ).
0

Let To (¥, yn) = (Y, yn; @, 1), yn—1) and T (Y, yn) = ATw(y'/X, yn/X) and con-
sider anisotropic dilations

Doy yn—1,Yn) = (0¥ yn—1,p°yn) and D/, (4", yn—1) = (p~ 'y, 0 *Yn-1)
on R™ and R"~ !, respectively. By definition of T, we find
T*g o Ti‘) oD, = T)‘/p2§
where

~ 2 7;~)\/102 ‘n) ~ ~
T g(y)Z/]R e aA (ysm)g(n)dn
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for the phase ¢(y;7) given by

1
<y/777> + / (1 - 7”)<8§2/5'¢(Tw(D;,—1yl,yn); Nn—1W + Tp_lnlann71>77/»77/>d7°
0

and the amplitude a(y;n) = a(Tw(D’p_ly',yn); Nn_1w + p~ 0’ ,nn_1). By a change
of spatial variables, we find
no o~ 2
||T’\9||LP(BR) Spr HT’\/p g”LP((Tgon)*l(BR))-

We want to apply the induction hypothesis at scale R/p?. First, we make a harmless
linear change of variables: Let L € GL(n — 1;R) be such that Le,_; = e,_; and

ag’n/aynqu(ou 0; €n,1) = In—1,
where
or(y;n) = (LY yns L)
It suffices to analyze Tz‘/p2 gz, with Tz‘/pz defined with respect to the datum ((;NSL7 ar,)
for ¢r, as above, ar(y;n) = a(L~Yy,yn; Ln) and gr, = |det L|go L.
To see that ¢y, is still a reduced phase, note the representations
oL(yin) = P*O(Yu(Dlr o LY yn)s ymi ow + p~ ' L'y’ )

and
1

<y’,n>+/ (1=r)(02/ d(Y (D), 1o L™ Y sy )i —rw+rp™ ' L'y 1) L'y, L'ty )dr,
0

where L' denotes the (n — 2) x (n — 2)-submatrix of L, containing the first n — 2
rows and columns. In [1] was then shown that, starting with a reduced phase ¢,
that ngL is again a reduced phase. For sake of simplicity, suppose that L = 1 in the
following as taking derivatives only gives additional components of L. For reduced
phase functions the components are bounded. We still have to show that it is still
\-flat: Consider the formula

1
o= n)+ / (L =102 d(Tu (¥ s yn)s 1w + 7o~ 0 1), 0 )dr
0

Hence, we find
(66)

_ ory,
8£n¢ / 1 r Zaw’ ’6 (Dgfly/ayn);nn—lw_krp 1n/ann—1)'a (n])(nl)dT

i,k

and for ¥(Z;u) = u, it is straight-forward from taking additional derivatives in 7’
that the resulting extension operator is indeed \°-flat. Next, we consider

ha(u) = O, $(; U (T; ).
By definition of ¥(Z;u) = (V' (Z;u), Vp—1(T;u)), we find
Ui = Oy §(T; U (; u))
= U)(Z3u) + p-l Z 02,021y O(T (Dt yn);

4,5,k

(67)

ot
7, (D) y s yn) O (T u) O (T; w)dr.

Wpaw +rp W (T 0) W1 (T; 1))
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We find
U(zu) = u+ f(u), |flu) Sp
This also yields bounds for the derivatives of f in (67) and taking the bounds of ¥
and we see that hz(u) is p~!-flat. The argument also shows that, if ¢ was already
p~!-flat, in particular, |9,/02, 6| < p~' and bounds for higher derivatives, then
gz~5 is p~1p~1-flat. This matches the heuristic that rescaling makes the phase more
resemble the translation-invariant case.
Hence, it suffices to show that

IT* £l oo (Dr)y Sov Qs (R)RY || £ v

for an ellipse

SIEA N IIC:
and an oscillatory integral operator with \°-flat phase. This can be argued as in
[13, Section 11.2]. O

The narrow decoupling allows to separate the contribution of T f, and it remains
to estimate |7 f; | 1 (5,). We are ready for the proof of Proposition 8.1:

Proof of Proposition 8.1. It suffices to prove the linear estimate for p satisfying the
additional constraint

p(k,n) <p
by interpolation. In the first step, for A > 1, we carry out a parabolic rescaling
depending on the phase such that it is enough to consider \°-flat phase functions.

This loses a factor C’¢)\O(")S by partitioning = into sectors, which will be admissible
provided that

(68) A0S < e,

Let € > 0. By the assumed k-broad estimate, we find

(69) S min max [P < CRORE | e,
Bp2€Bg2, K2

By2NB(0,R)#0
where V4,...,V4 are (k — 1)-planes and 7 ¢ V, is short-hand for
Z(GMN;7), Vo) > K72,

with Z being centre of B-.
We choose V,...,V4 for each Bz, which attains the minimum in (69). By this, we
may write

A
T P < KO max/ TP+ / TP
/BK2 7#Va JB 2 az::l B2 |T;a |

By summing over By and using (69), we find

A
/ TP S KOWE KRl fn, + S Y / S P
B(0,R) a=1" Bk2

Byo2€Byoa, TEV,
B2 NB(0,R)£0
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By the decoupling result Proposition 8.2, we find for any 0" > 0, provided that
K <X,

J

and summing over a and Bz, we find

(70)

Z Z/ ’Z TP S Kmox((B=3)p/2-D.0)+8 Z / T o [P

By2€Bg2 a=1 7€V, B(0,2R)

| S0 T S K9G 0s § / T Pws,,

K2 1€V, TV,

The separated expressions T f, are amenable to Lemma 8.7 and an application
gives

() [ TP S @ R R e
(0,2R)
Plugging (71) into (70), we find
/B(O . T fIP < (KO C. K% RPe/? + CM/(QP,S(R))pR‘SKfe(k,p)M/)||f||i£p(An,1).

This yields
(Q,5(R)” < KOMWC. K RP/? 4 Cs.5(Q, 5(R))P RO~k +o",

Since p is as in (59), we find e(k, p) > 0, and may choose §' = e(k,p)/2, so that the
K exponent in the second term on the right-hand side is negative. Moreover, we
can choose § small enough such that e(i—‘?mCE < % and 206 EZ?;S) < %. This ensures
for the first term on the right-hand side:

KOMKC: < p_R*%

Thus, if K = KORfé(vsP) for a sufficiently large Ky, depending on &, § = d(¢), p
and n, it follows that

~ 3pe 1
(@,5(R) < DR + L(Q, s(R)Y"
By choosing 6 = % and A > F(e) such that A > Ko)\e&(?m , the proof is complete
because (68) is ensured by QeEI?);f) <z O

9. e-REMOVAL AWAY FROM THE ENDPOINT

In the following we prove the estimate

(72) 1T fll o &) Seva | Fllrcan—)

for p > p, with p,, defined in (7). The argument is essentially well-known in the
literature [34, 35, 13] and we shall be brief. The detailed argument from [13] cannot
be applied directly because it relies on non-degenerate curvature properties H2) of
the phase function. However, we shall see that the partial non-degeneracy

(73) Jnon-vanishing eigenvalue of 92 (0, (2;w), G (;w0) )| w=uwe
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suffices for the argument. In the following we suppose that the phase ¢ satisfies the
non-degeneracy C1) and (73). We shall prove that, if for p > 2 and for all e > 0
the estimate

(74) IT* fll o (Br) Sevsia BEIFILocan—1y

holds for all p > p, all R-balls Bg, and any amplitude, then we find the global
estimate (72) to hold for all p > p. The following notion plays an important role in
the argument:

Definition 9.1 (Tao [35]). Let R > 1. A collection {B(x;, R)}}L, of R-balls in
R9 is sparse if {x1,...,zy} are (RN)-separated. Here C' > 1 is a fixed constant,

chosen large enough to satisfy the requirements of the forthcoming argument.

Like in previous instances of the argument, we are reduced to the analysis of
sparse families of balls.

Lemma 9.2 ([13, Lemma 12.2]). To prove (72) for all p > p, it suffices to show
that for all € > 0 the estimate

(75) 1T fllLo(sy Serpra BENFllocan—r)

holds whenever R > 1 and S C R™ is a union of R-balls belonging to a sparse
collection, for any choice of amplitude function.

The key ingredient in the proof of Lemma 9.2 is the following covering lemma
due to Tao [34]:
Lemma 9.3 (Covering lemma, [34, 35]). Suppose that E C R™ is a finite union of 1-
cubes and N > 1. Define the radii R; inductively by Ry = 1 and R; = (R;_1|E|)°
for 1 < j < N —1. Then, for each 0 < j < N — 1, there exists a family of
sparse collections (Bj.a)aca,; of balls of radius R; such that the index sets Ay have
cardinality O(|E|*Y/N) and

N—-1
E - U U Sj,aa
j=0 acA;
where S; o is the union of all the balls belonging to the family Bj .

With Lemma 9.3 at hand, the proof of Lemma 9.2 from [13] applies. It remains
to establish the estimates for T over sparse collections of R-balls.

Lemma 9.4. Under the above hypotheses, if p > p, then the estimate
IT*FllLe sy Sevsia BEINS N Lo

holds for all € > 0 whenever S C R"™ is a union of R-balls belonging to a sparse
collection.

Proof. Let (B(z;, R))}, be a sparse collection of balls. We can suppose that R < A

and that all B(z;, R) intersect the xz-support of a’. Furthermore, letting cgiam > 0
be a small constant diamX < c¢gjqm so that

|25, — @y
A

Fix n € C°(R"1) satisfying 0 < n < 1, supp(n) € B" ! and n(z) = 1 for
all z € B(0,1/2). For Ry := CNR, where C > 1 is a large constant, define

< cgiam for all 1 < 71, j2 < N.
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nr(z) = n(z/Ry). Let ¢ € CX(R™ 1) satisfy 0 < ¢ < 1, supp(¢)) € Q and
1(w) = 1 for w belonging to the w-support of a*. Fix 1 < j < N and write

SN (L G (-

@Iy f = Pif + (Y — Pif) = Pif + foo,

where P; f = fjg, * [ei‘bk(zﬁ')wf]‘ If one defines

Err(z) = / ei(aﬁ*(a:;w)ﬂzﬁ*(ﬂvj;w))a/\(x;oﬁfﬂ.y()@@)@,7

Rn—1
then it follows that
T f(z) = T " @) P, f](w) + Brr(a).

For z € B(zj; R), the term Err(z) is negligible. By Plancherel’s theorem,

Bun(e) = [ GFGI- (1 e, (D 0] ()

where

v i((z,w —d>>‘ Tiw +¢>‘ T W LY
GL(2) = Gy I/R,L ) w0 @) (53 ) s

Taking the w-derivatives of the phase of GY (z), one obtains
A(@wqﬁ(;;w) — Bw(b(%;w)) =2+ O(R)
= —M026(5:1w) — 96(F5w)) = O(R) for [a] > 2.

Hence, if z belongs to the support of 1 — ng,, then integration by parts shows that
G, (2) is rapidly decaying in Ry, and we find
|Err(z)| < RapDec(R1)||f||Le-

By applying the estimate for 7* with R®-loss over each ball B (x; R), one obtains

=

N
—idM(zc
1T Fllinis) < (S ITMe P )
=1

Seaas B ( Z 1P f I (- 1)) + [ fll e
Jj=1
Thus, it suffices to show that

N
ORI 7 < 1l
J=1

This follows via interpolation between p = 2 and p = oo. For p = oo, this is a
consequence of Young’s inequality. The estimate for p = 2 is by duality equivalent

to
N

N
|| 26727”(;5*(@;') Y- MR, * g, ||L2 RA-1) ~ Z ‘gj“LQ 5.
j=1

-

By squaring the left-hand side, we find

S [ G, i e

J1,J2=1

where R N
Gy (W) = (@7 (zjy5w) = (Zf2;“’))1/)2(w).



OSCILLATORY INTEGRAL OPERATORS WITH HOMOGENEOUS PHASE FUNCTIONS 41

Plancherel’s theorem yields
(76)

_— Gjl,jz (w)ﬁRl *9j (w)ﬁR1 * 92(w)dw = — Gjldz( )(angjl) (nRngz )~(Z)d2

Here (nr,Jj,) (2) = MR, §j» (—2). Fix 1 < j1,j2 < N with j; # jo, let z € R"~! with
|z] S Ry < |xj, —x;,| and consider

(2)]-1/ ei(<z,w>+¢/\(1j15w)7¢/\(wj2;w))1/)2(w)dw'
m)" JRra-1

For o € N"~! with |a| < 2, consider
03[0 (wjp3w) — 9N w530)] = 03020 (w15 w), 25, — 251) + O(Cdiam |25y — 254 )-

Let cerit > 0 be a small constant, chosen to satisfy the further needs of the argu-
ments, and wy € €. Suppose that

G, j»(2) =

J1.J2

— T

|x12 - 13]1|

(77) ’ + G’\(le;wo)’ > Cerit-

The non-degeneracy C1) implies that the vector G*(x;wg) spans the kernel of
02,9 (7;wp). This yields, in case of (77),

|aw[<am¢)\(xj1;w)7xj2 - zj1>|w:wo| 2 |Ij2 - Ij1|
and consequently,

|8w [(;5)‘(.’)3]‘1;(;}) - (b)\('rjz;w)]lw:wol Z |£L‘j2 — Ly ‘

Then, rapid decay of G, j, follows by integration by parts. If (77) fails, then

02000 (2,30). -2

|z, — @ |

—Tj

New=wo = 95 a:(b (zjy 5w >7G/\(xj1§‘*’0)>|w:% + O(cerit)-
Hence, by a Van der Corput-argument [31, Proposition 5, p. 342] we still find due
o (73)

|Gj1,j2(z)| 5 |xj2 - :Cj1|_§

This yields the estimate for the absolute value of (76):

2
-C/2 . N -C/2 .
1(76)] < By N mag3.) * (s G3a) er ey S By S T I,
j=1

2
—C/24n—1
SR T Mg e oy
j=1

Since there are only O(N?) choices of indices j; and j, and Ry = CRN, the trivial

estimate
2 N
gl D7 llgilize
i=1 j=1

suffices to sum the off-diagonal terms. The diagonal contribution is estimated by

N
(3 lims #5132 an1))? < Zugjumw )

j=1

Ll (Rn—l)

The proof is complete. O
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10. IMPROVED LOCAL SMOOTHING FOR FOURIER INTEGRAL OPERATORS

In this section we improve LP-smoothing estimates for solutions to wave equations
on compact Riemannian manifolds (M, g) with dim(M) > 3: We consider

(78) {@%Agu =0, (t,x)eRx M,

U(,O) :f07 U(,O) :fl
with the solution u to (78) given by

sin(ty/—A,)
u(t) = cos(t/—Ay) fo + ﬁgﬁ.
=g
Parametrices for the half-wave equation are provided by Fourier integral oper-
ators (FIOs); see below. By results due to Seeger—Sogge—Stein [27] relying on the
parametrix representation (see also [26, 23] in the Euclidean case), it is known that
the fixed-time estimate

lu( )l @ey < [ fol

L2 (re) + | f1] L (RY)

with
(79) 5,,=(d—1)%—%(

is sharp for all 1 < p < oo provided that ¢ avoids a discrete set. The local smoothing
conjecture due to C. Sogge [28] for the Euclidean wave equation, i.e., (M,g) =
(R4, (6%)) in (78), states that

(30) ( / a2, )

for o < % and d%dl < p < 0. (Note that 5, — 2 =0 for p = dzfdl.) This conjecture
stands on top of prominent open problems in Harmonic Analysis as it implies as
well the restriction conjecture as the Bochner—Riesz conjecture. Initial progress was
due to Sogge [28] and Mockenhaupt—Seeger—Sogge [24]. Wolff identified decoupling
inequalities [37] to yield sharp local smoothing estimates. Further progress in this
direction was made in [10, 19, 21]. Bourgain—Demeter [5] covered the sharp range
for decoupling inequalities, which implies sharp local smoothing estimates for p >
%. We refer to the survey by Beltran—Hickman—Sogge [2] for local smoothing
estimates for FIOs. Guth—-Wang—Zhang [15] verified the Euclidean local smoothing
conjecture for d = 2 by a sharp L*-square function estimate. Gao et al. [8] extended
this to compact Riemannian surfaces. We remark that for d > 3, counterexamples
due to Minicozzi-Sogge [22] show that (80) fails if one replaces R? with general

compact Riemannian manifolds for o < 1/p, if p < pg 4+ with

=

Slfollee @y + Al @

S|

(81) 264D if g s odd,
Pt~ 2.§Zd_+22), if d is even.

Hence, local smoothing estimates for solutions to wave equations on compact Rie-
mannian manifolds are only conjectured for p > pg 4+ with o < 1/p.

Gao et al. [9] also improved the Euclidean local smoothing estimates for d >

3and 2 < p < % due to Bourgain-Demeter by a broad-narrow iteration.
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Presently, we extend their arguments to the variable coefficient case. Let d > 3 and

2. 3445 {41  odd,
= - {3 g

) for d even.

We show the following:

Theorem 10.1 (Improved local smoothing on compact manifolds). Let (M, g) be a
compact Riemannian manifold with dim(M) > 3. Let 5, be as in (79), pg < p < o0
with pq as in (82) and o < % — 3. Let u be a solution to (78). Then, we find the
following estimate to hold:

(83) lullzr 2.2 a0y Sargwe 1follz _ on +Illee -

—o+1

We can interpolate with the trivial L2?-estimate and the sharp local smoothing
estimates for p > % due to Beltran-Hickman—Sogge [1] to find a broader range
of estimates (cf. [9, Corollary 1.3]):

Corollary 10.2. Let d > 3 and u be a solution to (78). Then, (83) holds true for
o < op, where, if d > 3 is odd,

3d—3(1 1
e 4 (5_;)7 2<p§pd7 p
P —1: _ 2(d+1
d 1(3d+1 1)+63j+1307 pa<p< (d—l)’

d+3\6d+10 p

and, if d > 3 is even,
3d—2(1 _ 1
_{4(2,,)» 2 < p < pq,
op =

d—2 ( 3d+2 1 3d—2 2(d+1)
( )+6d+12’ Pa<p= 1

d+4\6d+12 ~ p

It is well-known (cf. [30, Chapter 4], [22, p. 224]) that local parametrices for (78)
take the form of FIOs

(34) (Flet) = [ e Oate i) fle)de

with phase functions ¢ € C(R¥*! x R9\0), which are 1-homogeneous in ¢ and
satisfy C1) and C2%). a € S°(R??+1) is a symbol of order zero, compactly supported
in (z,t).

It turns out that for the proof of Theorem 10.1, it suffices to prove bounds for
rescaled operators

(85) (P f) (1) = / @O (¢ 1) F(€)de
Rd

with a* and ¢* defined like in previous sections. Theorem 10.1 is a consequence of
the following (cf. [1, Section 3]):

Proposition 10.3. Let F be an FIO as in (84) and pq as in (82). Then, we find
the following local smoothing estimate to hold for pg < p < oco:

1_1) 4,
(36) 1P Flzg sy Seva A3 £l .
Proposition 10.3 improves on the previously best estimates due to Beltran—
Hickman-Sogge [1], which read

(d=1) (1 _1), 1
IF e (ma+1y Sevga A 2 (3 ")+”+E||f||Lp(Rd)
t,x
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for2<p< %. Beltran—Hickman—Sogge [1] extended the decoupling inequali-
ties in the constant coefficient case [5] to variable coefficients. This argument also
yields local smoothing estimates for FIOs, which do not satisfy the convexity con-
dition C2%). Indeed, the FIOs, for which decoupling yields the sharp smoothing

estimates (cf. [1, Section 4]), are the ones with d odd, and

02 (020 (, 1, €), Go(z, 1;€))

d—1

. oy d—1 . .
having 5= positive and %5~ negative eigenvalues.

For the proof of Proposition 10.3, we run almost the same iteration as in the
proof of Theorem 1.1. The following lemma based on finite speed of propagation
allows to convert L2?-estimates for 77 into LP-estimates for F:

Lemma 10.4. Let (¢,a) be reduced data and ¢ € S(R?) such that supp(d) C
B(0,1), > cpa th(z —£) =1 for any x € RY. Assume supp(f) € A%. Then, for any
e > 0, the following estimate holds true:
\FAf(@,1)] Se [FNWRive (ag) f) (1)
(87) + RapDec(R) 3 (L4 |) M| f e = 20)|* |2
[€|>Re
for (z,t) € B(xo,R) X [-R,R], 1 < p < 00, where
YR1+e(20)(T) = Z PR~ (z —x0) — 0).

|¢|<Re

B%(Io))

Proof. The claim follows from a kernel estimate. We have

]:’\(x,t) _ /eiw(l’t;g)ax(%t;f)f(ﬁ)df

1 S (o
5 )d/ez<¢k(x,t,s>—<y,s>)ax(%t;f)f(wdydg.
Y

We set K*(x,t;y) = fei(‘bx(”;’t;g)_@’a)a*(agt;f)df. Let ®*(z,y,&,t) = ¢z, 1;€) —
(y,&). We have
Ve® (2,9, 6,1) = Vep* (2, 1:6) — .
For a reduced phase function, we have
At

1
Ve (2,0:8) =@, Ved' (2,66 = 1 Ve | 067 (z,5:€)ds +w.
0
By |Ve0io(x,t;€)] < 1 for a reduced phase function, we find for [t| < R and

|z — y| > R'* rapid decay by non-stationary phase. We have the estimate
[K* (@, t:y)] < On(L+ Rlz —y]) ™.

Provided that |0gal < cper for 0 < || < N and reduced phase functions, Cy can
be chosen uniformly. By this, we find (87) to hold. O

By the same arguments as in Section 8, we can show the following narrow de-
coupling:

Proposition 10.5. Let Bg> C B(0,\'"%) be a K2-ball. Let (¢,a) be a K-flat
datum. Let k > 3 and V be a (k — 1)-dimensional vector space. Suppose that
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supp(f) C U, S be a union of K~'-slabs such that Z(G*(z;7),V) < K~2. Then,
we find the following estimate to hold:
/2 _
v K

mm(5 §HN

1f1l >

for2<p< 2(k 31)
Like in Proposition 8.2, the amplitude functions on the right-hand side are
slightly different, but satisfy uniform bounds. The discrepancy will be hidden in
the induction hypothesis again.
As further ingredient we use the following Lorentz rescaling for FIOs. Let Q, 5(R)
be the infimum over all constants such that

12 Lo o0,y < Qra®RUE) 7] o
for 1 < R < X and all FIOs F with \°-flat phase functions and amplitude functions,
which satisfy
10ga(z, t;€)| < cpar
for 0 < |a| < N.
Lemma 10.6 (Lorentz rescaling for FIOs). Let (¢,a) be reduced data with ¢ a

X -flat phase function and f supported in a p~'-slab in A%. Then, for any 1< p <
R < A:

(89) 1P gl om0,y <o B Qua(R/p?)RYE3)

Proof. The proof has much in common with the proof of Lemma 8.7. However,
after rescaling, we use almost orthogonality in space-time, which comes from finite
speed of propagation (cf. Lemma 10.4). Let w € By—1(0,1) with (w, 1) the centre
of the p~!-slab encasing the support of §:

2(d+1)

—d
gl

!
supp(§) € {(&,&) e R? : 1/2 < €3 <2 and |§— —w| < p 1Y)
d
We perform the change of variables:
(€,€4) = (naw + p~ "', na),
after which follows

PN . -1/ _ 2
(Paant) = [ e et A0 o g+ o i),
R

—_

where g(n) = p~ @D g(ngw+ p~ 11, nq4) and supp(f) C E. By Taylor expansion and
homogeneity of the phase, we find

¢({E7 t;nqw + ,0_177/= nd) = (b(il?, t; w, 1)77d + p_1<6§/¢($, t;w, 1)7 77/>
1
407 [ (1= )@t ool
0

Let Yo (z,t) = (Y(z,t;w, 1), 24) and Y)(x,t) = AY,(x/),t/\) and consider anisotropic
dilations

Dy(x',za,t) = (pa', x4, p*t) and D!, (a',zq) = (p~"2', p~*xa)

on R and R?, respectively. By definition of Y, we find
FrgoYdoD, = FMetg
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where

~ /2 iGN P2 (o) ~ N/ o2 2
PNy = [ B 0mmaNe o dn
R

for the phase ¢(y,7;n) given by

1
(y,m) + /0 (1= )02 ¢ $(Yu(Dly 1y, ya); naw + rp~ ' ,na)n’, 0’ )dr
and the amplitude
a(y,7;n) = a(Tu(D)-1y; T);naw + p~ ', 1a).-
By change of space-time variables, we find
(90) 1P gl S 07 157 Gl ia(rron,) (5

Note that (Y2 0D,) 1 (Br) = Dp is roughly a set of size R/px...x R/px Rx R/p*.
We want to apply the induction hypothesis, to which end we use finite speed of
propagation: Since the time-scale is R/p?, the localization by Lemma 10.4 yields

~ 2 / 1_1 ~
(91) 17 3l ooy S0 B Qps(R/0*) R/ 33 1.
Since g(x) = g(pa’, xq — wz'), we find

- _d-1
(92) 19l = ™7 llgllze-
Taking (90), (91), and (92) together, we find (89) to hold. O
We are ready for the proof of the following proposition:
Proposition 10.7. Let d > 3,2 <k <d, and A\ > 1. If for alle > 0 and

00, 2<k<3 244D g =2
plk,d) <p< { w1 ., withp(k,d) = { 4 ’
21?:137 k>4, 2: gd—kig’ k>3,

FIOs with reduced data (¢, a) obey the k-broad estimate for all 1 < K < R < X and
some fized choice of A

= dli-1
HfAfHBLi’A(B?I) <C.K°R°R (3 p)\|f||m,
then we have for some D, 4 ,
1_1
(93) [P fll Lo a1y < Ds,¢,a)\d(2 P)+€Hf||Lp(Rd)-

Proposition 10.3 follows from Proposition 10.7 by choosing k = d—"f for d odd
and k = % for d even. This will complete the proof of Theorem 10.1.

Proof of Proposition 10.7. The proof has many similarities with the proof of Propo-
sition 8.1, and we shall be brief. By one parabolic rescaling depending on the phase
as in the beginning of the proof of Proposition 8.1, we can suppose that (¢,a) is
N-flat, and R < A!~10a. i

In the following @, (1) denotes the smallest constant such that for all Mo-flat
phase functions and normalized amplitude functions, we have

11
17 oo,y < R, 5(R)I s
It suffices to prove that for any € > 0 there is C. > 0 such that prg(R) < C.R? for
any R < A\~ 10a.
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For a given ball B2 C B(0,R), let V1,...,V4 be (k — 1)-dimensional linear
subspaces, which achieve the minimum in the definition of the k-broad norm, such
that

/ |FA f (2, ) [Pdadt < KOW Inax/ | FAf7 (2, t)[Pdadt
By Big!

TEV,
A
+Z/ 1Y ()| dadt.
=1 B?(ng TEV)

Summing over a finitely overlapping family (B Kz) = By covering B(0, R) yields

/ P fa,t)|Pdedt S KO " min max / | FX 7 (, t)[Pdadt
B(0,R) B Vi,..Vat¢Vy Jp _,
x2€EBg2 K

A
+ > /B | > P t)|Pdadt.

BKQEBKQ =1 TEV,

By the broad norm estimate, we find

> min max [P 0Pdedt < KO RE RO
Vi,...,Va Tgw B
Br2€B2 K2

The narrow contribution is estimated by Proposition 10.5:

(94)
A
Z/ ‘ Z f)\f‘r(w7t)|pd1'dt < C(;K(SKmaX((kf‘g)(%*%)p,O)
=1/ Br2€Bg2 eV,

> /R PGP,
where we have used the sector counting estimate
#{r: 7€V} <max(1, KF3).
Summing over Bgz € By in (94), we find

A
> 3 [ S P i < Cro gt )
B

Byo€Byo (=1 K2 TEV,
X Z / N wpar) | FN T (2, 1) [Pdadt.
T R !
By Lemma 8.7, we find

/ PN 7 (@, ) [Pdadt
(95) B(0,R)
<, K2R (R RP (350 71 4 RapDec(R)| £
Note the following by Plancherel’s theorem for p = 2, the kernel estimate for p = oo,
and interpolation:

(96) (STUFTIE) S 0£ 1
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Hence, summing (95) over 7 yields by (96)

1

[ 1P papdnr < cr# G2

+ O KRB0 ok v (R | 1|12,
with
1 1 1 1 1 1
e(p, k,d) = max{Qd(i — ];)p -2, 2d(§ — ];)p —2— (k- 3)(5 — Z;)p}
We find e(p, k,d) > 0, if
2(d+1
) g =2,

2d—k+45
2: 2d—k+3> k=>3.

P>

By the induction hypothesis, we have
Q" 5(R) < KOWC.K“RY + Cs5,R™ Q" (R)K P+,

We can choose §(¢), d1(¢), and K = KoR® similarly as at the end of the proof of

Proposition 8.1 to close the induction.

ACKNOWLEDGEMENTS

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-

dation) — Project-ID 258734477 — SFB 1173.

REFERENCES

[1] David Beltran, Jonathan Hickman, and Christopher D. Sogge. Variable coefficient Wolff-type
inequalities and sharp local smoothing estimates for wave equations on manifolds. Anal. PDE,

13(2):403-433, 2020.

[2] David Beltran, Jonathan Hickman, and Christopher D. Sogge. Sharp local smoothing es-
timates for fourier integral operators. In Geometric Aspects of Harmonic Analysis, pages

29-105, Cham, 2021. Springer International Publishing.

[3] Jonathan Bennett, Anthony Carbery, and Terence Tao. On the multilinear restriction and

Kakeya conjectures. Acta Math., 196(2):261-302, 2006.

[4] J. Bourgain. LP-estimates for oscillatory integrals in several variables. Geom. Funct. Anal.,

1(4):321-374, 1991.

[5] Jean Bourgain and Ciprian Demeter. The proof of the I? decoupling conjecture. Ann. of Math.

(2), 182(1):351-389, 2015.

[6] Jean Bourgain and Larry Guth. Bounds on oscillatory integral operators based on multilinear

estimates. Geom. Funct. Anal., 21(6):1239-1295, 2011.

[7] Lennart Carleson and Per Sjolin. Oscillatory integrals and a multiplier problem for the disc.

Studia Math., 44:287-299. (errata insert), 1972.

[8] Chuanwei Gao, Bochen Liu, Changxing Miao, and Yakun Xi. Square function estimates and
Local smoothing for Fourier Integral Operators. arXiv e-prints, page arXiv:2010.14390, Oc-

tober 2020.

[9] Chuanwei Gao, Bochen Liu, Changxing Miao, and Yakun Xi. Improved local smoothing es-
timate for the wave equation in higher dimensions. arXiv e-prints, page arXiv:2108.06870,

August 2021.

[10] Gustavo Garrigés and Andreas Seeger. On plate decompositions of cone multipliers. Proc.

Edinb. Math. Soc. (2), 52(3):631-651, 2009.

[11] Larry Guth. A restriction estimate using polynomial partitioning. J. Amer. Math. Soc.,

29(2):371-413, 2016.

[12] Larry Guth. Restriction estimates using polynomial partitioning II. Acta Math., 221(1):81—

142, 2018.



OSCILLATORY INTEGRAL OPERATORS WITH HOMOGENEOUS PHASE FUNCTIONS 49

[13] Larry Guth, Jonathan Hickman, and Marina Iliopoulou. Sharp estimates for oscillatory inte-

gral operators via polynomial partitioning. Acta Math., 223(2):251-376, 2019.

[14] Larry Guth and Nets Hawk Katz. On the Erd8s distinct distances problem in the plane. Ann.

of Math. (2), 181(1):155-190, 2015.

[15] Larry Guth, Hong Wang, and Ruixiang Zhang. A sharp square function estimate for the cone

in R3. Ann. of Math. (2), 192(2):551-581, 2020.

[16] Terence L. J. Harris. Improved decay of conical averages of the Fourier transform. Proc. Amer.

Math. Soc., 147(11):4781-4796, 2019.

[17] Jonathan Hickman and Marina Iliopoulou. Sharp LP estimates for oscillatory integral opera-

tors of arbitrary signature. arXiv e-prints, page arXiv:2006.01316, June 2020.

[18] Lars Hormander. Oscillatory integrals and multipliers on FLP. Ark. Mat., 11:1-11, 1973.
[19] Jungjin Lee. A trilinear approach to square function and local smoothing estimates for the

wave operator. Indiana Univ. Math. J., 69(6):2005-2033, 2020.

[20] Sanghyuk Lee. Linear and bilinear estimates for oscillatory integral operators related to re-

striction to hypersurfaces. J. Funct. Anal., 241(1):56-98, 2006.

[21] Sanghyuk Lee and Ana Vargas. On the cone multiplier in R3. J. Funct. Anal., 263(4):925-940,

2012.

[22] William P. Minicozzi, II and Christopher D. Sogge. Negative results for Nikodym maximal

functions and related oscillatory integrals in curved space. Math. Res. Lett., 4(2-3):221-237,
1997.

[23] Akihiko Miyachi. On some estimates for the wave equation in LP and HP. J. Fac. Sci. Univ.

Tokyo Sect. IA Math., 27(2):331-354, 1980.

[24] Gerd Mockenhaupt, Andreas Seeger, and Christopher D. Sogge. Local smoothing of Fourier

integral operators and Carleson-Sjolin estimates. J. Amer. Math. Soc., 6(1):65-130, 1993.

[25] Yumeng Ou and Hong Wang. A cone restriction estimate using polynomial partitioning. arXiv

e-prints, page arXiv:1704.05485, April 2017.

[26] Juan C. Peral. LP estimates for the wave equation. J. Functional Analysis, 36(1):114-145,

1980.

[27] Andreas Seeger, Christopher D. Sogge, and Elias M. Stein. Regularity properties of Fourier

integral operators. Ann. of Math. (2), 134(2):231-251, 1991.

[28] Christopher D. Sogge. Propagation of singularities and maximal functions in the plane. Invent.

Math., 104(2):349-376, 1991.

[29] Christopher D. Sogge. Concerning Nikodym-type sets in 3-dimensional curved spaces. J.

Amer. Math. Soc., 12(1):1-31, 1999.

[30] Christopher D. Sogge. Fourier integrals in classical analysis, volume 210 of Cambridge Tracts

in Mathematics. Cambridge University Press, Cambridge, second edition, 2017.

[31] Elias M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory in-

tegrals, volume 43 of Princeton Mathematical Series. Princeton University Press, Princeton,
NJ, 1993. With the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

[32] Bartolome Barcelo Taberner. On the restriction of the Fourier transform to a conical surface.

Trans. Amer. Math. Soc., 292(1):321-333, 1985.

[33] T. Tao. A sharp bilinear restrictions estimate for paraboloids. Geom. Funct. Anal.,

13(6):1359-1384, 2003.

[34] Terence Tao. The weak-type endpoint Bochner-Riesz conjecture and related topics. Indiana

Univ. Math. J., 47(3):1097-1124, 1998.

[35] Terence Tao. The Bochner-Riesz conjecture implies the restriction conjecture. Duke Math. J.,

96(2):363-375, 1999.

[36] L. Wisewell. Kakeya sets of curves. Geom. Funct. Anal., 15(6):1319-1362, 2005.
[37] T. Wolff. Local smoothing type estimates on L? for large p. Geom. Funct. Anal., 10(5):1237—

1288, 2000.

[38] Thomas Wolff. A sharp bilinear cone restriction estimate. Ann. of Math. (2), 153(3):661-698,

2001.

[39] Richard Wongkew. Volumes of tubular neighbourhoods of real algebraic varieties. Pacific J.

Math., 159(1):177-184, 1993.

FAKULTAT FUR MATHEMATIK, KARLSRUHER INSTITUT FUR TECHNOLOGIE, ENGLERSTRASSE 2,

76131 KARLSRUHE, GERMANY

E-mail address: robert.schippa@kit.edu



	1. Introduction
	2. Kakeya compression
	3. Preliminaries
	3.1. Basic reductions of the phase function
	3.2. Geometric consequences
	3.3. Wave packet decomposition
	3.4. L2-L2-estimate
	3.5. k-broad norms

	4. Polynomial partitioning
	4.1. Tools from algebraic geometry
	4.2. Polynomial approximation
	4.3. Transverse interactions between curved tubes and varieties

	5. Transverse equidistribution estimates
	5.1. Linearizing the phase function
	5.2. Verifying the transverse equidistribution estimate

	6. Comparing wave packets at different spatial scales
	6.1. Wave packets at smaller scale
	6.2. Tangency properties
	6.3. Sorting wave packets
	6.4. Reverse Hörmander L2-estimate

	7. Main inductive argument
	7.1. Inductive step

	8. From k-broad to linear estimates
	9. -removal away from the endpoint
	10. Improved local smoothing for Fourier integral operators
	Acknowledgements
	References

