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1 Introduction

Precision studies of hadron collisions moved into the focus of the particle physics community
after no clear evidence for physics beyond the Standard Model has been found during the
first two LHC runs. A pre-requisite for such studies is a solid theoretical framework that
allows one to describe hadron collisions using quark and gluon degrees of freedom and, in
this way, connect experimental data to the Standard Model Lagrangian without the need for
additional modeling. The current theoretical framework is based on the concept of collinear
factorization [1] that, for processes with large momentum transfer, relates hadronic cross
sections to convolutions of partonic cross sections, computable in perturbation theory, with
universal non-perturbative parton distribution functions. Further refinements and practical
advancements of such a framework are currently among the central topics in theoretical
collider physics.



Improvements in an existent framework may be provided by the soft-collinear effective
theory (SCET) [2-6] that seeks to establish a general pattern of factorization in collider
processes including both perturbative and non-perturbative physics. This effective theory
defines objects that are sensitive to particular momenta “modes” such as e.g. soft, collinear
etc. These objects can be calculated independently of each other and then combined to
provide predictions for physical quantities such as cross sections and kinematic distributions.
Key to this effort are factorization theorems that both define these objects precisely and
also provide information on how physical predictions should be assembled once these objects
have been computed.

There are four types of objects that appear in SCET; they are known as hard, beam, jet
and soft functions. Theoretical predictions for these functions are of interest since they can
be used to re-sum logarithmically-enhanced terms that appear in perturbative expansion in
QCD. In addition, they can also be used to set up a slicing method for deriving fixed-order
predictions for fully-differential calculations in QCD [7-18].

The slicing method requires an observable which can be used to separate the real-
emission phase spaces into “singular” and “regular” parts. Although, in principle, any
observable can be used to do that, if an observable is chosen in a way that does not violate
factorization into collinear and soft modes, a cross section, differential with respect to
such an observable, should satisfy a particular factorization theorem. Such a factorization
theorem would then contain soft and beam functions whose computation enables both, the
construction of subtraction terms for perturbative computations and the re-summation of
large logarithms that arise in theoretical predictions once the slicing variable becomes small.

In this paper we will deal with the so called zero-jettiness variable [19, 20] that can be
used as a slicing variable for processes where a color-less final state is produced in hadron
collisions. Calculations of the corresponding soft and beam functions have been performed
during the past decade. The zero-jettiness soft function has been computed through NNLO
QCD in refs. [21, 22] (see also refs. [23, 24]). The zero-jettiness beam function has been
calculated through NNLO QCD in refs. [25-27]. Studies of zero-jettiness beam functions at
N3LO QCD were initiated in refs. [24, 28-30] and were recently completed in refs. [31, 32].!

In this paper, we focus on certain technical aspects that arise in the computation of
the zero-jettiness soft function in higher orders of perturbative QCD. Due to algebraic
complexity of computations in high orders of perturbation theory, specialized tools and
methods are usually employed. Chief among them is the integration-by-parts (IBP) method
for loop integrals introduced in ref. [43] and adapted to real-emission integrals in ref. [44].
However, application of the IBP method to the computation of the zero-jettiness soft
function is not straightforward, as the zero-jettiness observable contains Heaviside functions
that depend on the light-cone components of four-momenta of the emitted partons.? This
fact, as well as the need to compute large number of complicated integrals, makes the

! Jettiness soft functions for more complicated final states were studied in refs. [33-36]. Beam functions
for qr factorization were calculated in refs. [37-40]. Automated approaches to computation of soft, beam
and jet functions are discussed in refs. [41, 42].

2We note that Heaviside functions can also appear in the construction of NNLO subtraction terms that
need to be integrated over unresolved phase spaces of final state particles, see e.g. refs. [45-47].



calculation of N3LO soft function non-trivial. Our goal in this paper is to discuss possible
ways to overcome these technical difficulties paving the way for the computation of the
triple-real and real-virtual contributions to the N3LO soft function. As a proof of concept,
we compute a number of non-trivial contributions to the N3LO soft function, that describe
emission of three gluons into the same hemisphere.

The remainder of this paper is organized as follows. In section 2 we introduce the
zero-jettiness soft function. In section 3 we explain how integration by parts can be used
to simplify computation of integrals with Heaviside functions. In section 4, we apply this
method to compute the soft function at next-to-next-to-leading order in QCD. We then
discuss various aspects of the N3LO calculation in section 5. We conclude in section 6.
Some useful formulas are collected in appendices A and B.

2 Heaviside functions in the zero-jettiness soft function

In this section we will briefly discuss the zero-jettiness soft function to explain how Heaviside
functions appear in phase-space integrals. Consider a process where two partons with
(normalized) momenta n and n collide and produce a color-neutral final state together with
m QCD partons with momenta ki 2 _,,. The jettiness variable 7 is defined as follows

LI 2qk;
T = Zmlnqe{n,ﬁ} [nﬁ]} . (2.1)
j=1

To compute the minima in eq. (2.1), we use the Sudakov parameterization of the parton’s

%n+%ﬁ+km, i=1,...,m, (2.2)

where k| jn =k, ;n =0, n? =n? =0 and nin = 2. It follows that

momenta and write

ki =

T = Zmin {ai, Bi} - (2:3)
i=1

To enable the choice between «; and f; in the above equation, we can partition the phase
space by writing
1=0(c; — B;) +0(Bi — ), (2.4)

for each of the m partons.® It is clear that the first term will contribute 3; and the second
one «; to the jettiness variable 7.

Inserting the partition eq. (2.4) into integrals over momenta of final-state gluons we
find phase-space integrals with Heaviside functions. In general, for m-emitted gluons we
can obtain 2" different terms however, using the symmetry between m gluons and the fact
that the result is invariant under the simultaneous replacement of all a;’s with 5;’s and
vice versa, the number of different terms is dramatically reduced. For example, for m < 3
which covers NLO, NNLO and N3LO cases, only two independent contributions to the

3In what follows, we will focus on gluon emissions.



soft-function need to be considered. They are 1) all m gluons are emitted into the same
hemisphere and 2) all but one gluons are emitted into the same hemisphere.
These different cases can be described as integrals over the following phase spaces

Ay = (N (Hdkﬁ )5@—2ﬁmﬂ, (2.5)
=1 j=1

where (4m)-
T €
= 2.
16721 (1 — €) (2:6)
and
a'_ﬁ'v h':nv 6'7 h n,
Ajﬁ]. = J J J B and ’ij,hj = I B (27)
5]‘—043‘, hj:n, ay, h:n

Thanks to the definition of the jettiness variable, we associate functions f; in eq. (2.5) with
Heaviside functions but, as we will see later, we will also need to consider cases where one
or several of these functions f are J-functions.

To explicitly see how these phase spaces are used, we consider an example of the
real-emission contribution to the soft function. Then, for NNLO and N3LO computations
we require the following integrals

,m_/d¢ Eika, ({k:},n, 7), ,m_/H¢ Eikag ({k:}, 7, 1), (2.8)
and
nm_/H%%Emm%}nn nm_/HwﬁEmw%}nn) (2.9)

where Eiks,({k;} and Eikog({k;} are properly rescaled three-gluon and two-gluon eikonal
functions. We will specify these functions later. For now, suffice it to say that they
depend on the scalar products of gluon four-momenta k;k; and on scalar products of gluon
four-momenta with external vectors n and 7.

A standard way to simplify computation of complicated phase-space integrals is to use
reverse unitarity [44] to map such integrals onto cut loop integrals for which IBP identities
can be derived in a straightforward manner. This is achieved by using the formula

i 1 1
21 |P(Z)+i0 P(Z)—i0]’

0(P(%)) — (2.10)
where P(Z¥) is a polynomial in variables Z that can be e.g certain components of gluons’
momenta. Once all §-function constraints in phase-space integrals are removed using
eq. (2.10) and, provided, that there are no other non-polynomial constraints in the integrands,
one can make use of the powerful integration-by-parts technology [43] to reduce computation
of a large number of phase-space integrals to a few master integrals.

Unfortunately, if integrands contain Heaviside functions, this approach fails since the
last condition mentioned in the previous paragraph is not fulfilled. A possible solution to



this problem was pointed out by one of us in ref. [24], where it was suggested to rewrite all
f-functions that appear in relevant integrals as follows?

1
G(bz — (Li) :/ dZi (5(21 bl — ai) bi, ai,bi > 0. (211)
0

While this representation yields an integrand whose dependence on auxiliary variables z; can
be computed using reverse unitarity, it also introduces one additional parametric integral
per O-function, which can become quite cumbersome. For this reason, in this paper we
would like to investigate how to derive and use IBP relations for phase-space integrals with
f-functions directly, i.e. without the need to introduce additional variables.

3 Applying integration-by-parts technology to integrals with #-functions

The goal of reverse unitarity [44] is to turn phase-space integrals into loop integrals. We
explained the main idea of the method in the previous section; we will now make this
discussion more specific considering the zero-jettiness soft function.

To remove all d-function constraints from the integration measure, we start with a
phase-space element of a gluon i with momentum k! = (E;, El) and write it as

[dk;] = = " or 5, (kD). (3.1)

(2

We then re-write the J-function as in eq. (2.10)

o 0 1 1 1
2y — - — , 2
O(k:) 2m <k§+io kf—iO) (k2. (32)

In addition, to deal with soft functions shown in egs. (2.8), (2.9) we need to re-write all

d-functions that define the re-scaled jettiness as cut propagators. For example, in case of
the nnn kinematic configuration, we write

1

5(1 — klgn — kigﬁ) = [1 _ k12n _ ]{337@] s

(3.3)

where k12 = kl + kz.

Hence, if we ignore 6-functions in the integrands of Sy, Snii, Snnn, Snni, we immediately
recognize that we need to compute a collection of “loop” integrals with conventional
and unconventional cut “propagators”. To do that, we can apply integration-by-parts
identities [43] to reduce the number of independent integrals that need to be calculated.
Furthermore, there are powerful public programs such as Fire [48, 49], Kira [50, 51],
LiteRed [52, 53], and Reduze [54, 55] that can perform reductions to master integrals in a
highly automated and efficient fashion.

However, if relevant integrands contain a collection of #-functions, as is indeed the
case for the soft function, this procedure can not be applied. An obvious problem is that

“See also section 4.2.2 in ref. [38].



f-functions cannot be turned into “propagators” since the mapping similar to the one shown
in eq. (3.3) does not exist. However, we would like to understand what happens if we ignore
this problem and attempt to derive IBP identities for integrands with #-functions.

To study this question, we consider the following integral

116(5).91 = [ a0 () g(b) (34)

where f(k) is a polynomial in momentum k and g(k) is a function that allows a standard
derivation of integration-by-parts identities.” To derive integration-by-parts identities for
the integral I0(f), g], we write the standard equation

0= [tk oo (k) (b)) (35

that is valid for dimensionally-regularized integrals. Vector v* in eq. (3.5) is an arbitrary
vector that we do not need to specify further. Calculating the derivative, we obtain

e 0L 1) 989} = OCF(R) ()} + k) ) v L. (3
It follows that
0= 110(7), 3 (0#9)] + 115(5), 90 (2, ). (3.7

The first term on the right-hand side belongs to the same class of integrals as the original
one I[0(f),g] because it involves the same #-function; we call this term the homogeneous
part of the IBP relation. Since, by assumption, integrals of g(k) can be studied using
standard integration-by-parts technology, it follows that the homogeneous terms produce a
closed set of linear equations when studied on their own.

The second term in eq. (3.7) involves §(f); we call this term the inhomogeneous part of
the IBP relation. Since we can use the generalized unitarity trick to write 0(f) — 1/f and
since f is a polynomial in k, I[6(f), gv*0, f] defines a class of integrals that can be studied on
their own independent of integrals with f-functions. In fact, obtaining integration-by-parts
identities for this class of integrals can be done with standard methods. The only subtlety
that we have to deal with when working with inhomogeneous terms is that the function
g(k)/ f(k) may contain linearly-dependent “propagators” that will have to be re-mapped
onto properly-defined integral families. Although this, by itself, is not a crucial issue, it
does not allow us to derive IBP relations for integrals with arbitrary powers of propagators
and forces us to produce IBP relations for each of the seed integrals individually.

We thus conclude that it is possible to establish useful integration-by-parts identities
for integrals with multiple #-functions by iteratively using eq. (3.7). It follows from that
equation that the derivative of an integrand produces inhomogeneous terms, where a
f-function is replaced by a é-function.

Therefore, by using eq. (3.7) repeatedly, we obtain a hierarchical sequence of IBP
relations containing integrals with a decreasing number of #-functions and an increasing
number of J-functions. The IBP relations can be used to express all relevant integrals

®In case of the soft functions, f(k) reads f(k) = £(kn — kn).



through a set of master integrals. When choosing master integrals, we try to select those
that contain fewer #-functions since they are easier to compute. We will illustrate the
construction of IBP relations and their usage in the next section where we will calculate
the real-emission contribution to the zero-jettiness soft function at NNLO.

4 1IBP identities and the NNLO QCD contribution to the zero-jettiness
soft function

In this section, we show how to use reverse unitarity and modified IBP relations to compute
the maximally non-abelian contribution to zero-jettiness soft function at NNLO. We define

it as
S%, = i /d 3 (ke ks) +/d 3k k)| (4.1)
where [56]
W (k1 ko) = Spa(k1, ko) + San(k1, ko) — Spn(kr, ko) — San(kr, k2) (4.2)
with

(1—¢) [(pi k1)(pj-k2)+i< ]

Spmj(k'h /‘62) = (kl ] k2)2 (pz‘ . k12)(pj . k12)

- (pi - pj)? [2 i k) (pj - k) +i j]]
2(pi - k1)(pj - k2)(pi - k2)(pj - k1) (pi - k12)(pj - k12)

L ipy) l 2 .z )
2(k1 - k2) | (pi - k1)(pj - k2) — (pj-k1)(pi-k2) (i~ k12)(pj - ki2)

X<4+ (0 k1) (s - k) + 1 5 ) )]
(i - k1) (pj - k2)(pi - k2)(pj - K1) ) |

In the next section we explicitly construct a few examples of IBP equations with
f-functions that are relevant for this case. We discuss the computation of the two terms in
eq. (4.1) after that.

4.1 An example of an IBP relation

In this section, we explain how to employ modified integration-by-parts identities discussed in
section 3. As the first step, we map all integrals that appear in eq. (4.1) onto integral families.
These families are defined by sets of linearly-independent propagators® and additionally
contain two #-functions from phase-space measures in eq. (4.1). Cut propagators are
constructed from J-functions d(k?) that enforce the on-shell conditions for the emitted
gluons, and also from jettiness-dependent §-functions that appear in the corresponding
phase spaces

d®gy ~ (1 — 1 — fB2) = 0(1 — kin — kan), (4.4)
ABRF ~ (1 — B — az) = 6(1 — kin — ki)

SWhen referring to propagators, we imply both cut and ordinary ones. In case of the real-emission
contribution to NNLO soft function, we have three cut propagators and four ordinary ones.



After partial fractioning, we find that we need several independent integral families in
this case. For example, one integral family that is required to describe the nn-configuration
reads

Tex ddk1ddk2 9(k)1n — kln)H(kgﬁ — kgn)

_ 4.6
ai..ar k’2 a1 k‘2 az 1 — k12n)“3] (klk‘g)‘M (kgn)% (k‘lﬁ)a(i (klg’ﬁ)cw ’ ( )

where the subscript ¢ denotes cut propagators.
In order to construct an explicit example of the modified IBP relations discussed in
section 3, we consider the integral
dq)nn
Toy = / 60 =T : 4.7
ex (an) (k1ﬁ> (k12ﬁ) 1,1,1,0,1,1,1 ( )

Starting with this “seed integral” and following the discussion around eq. (3.5), we

derive eight different equations by computing derivatives w.r.t. k1 and ke and by using
vectors v € {k1, k2,n,n}. For example, differentiating w.r.t. k1 and choosing v = ky, we find

0 — /ddk 1'% 0 K'0(kin — kin)0(kan — kon)
P Okf () (B3) (1 ko) (kan) (k1n) (k1an)
(d 4)71,1,1,0,1,1,1 71?)1(,1,0,1,0,2 - 710,)1(,2,0,0,1,1 + 71(3)1(,2,0,1,1,1 (48)

d d /{?/f( — n)u (5(]{17_1 — kl’n)@(kQT_L — kgn)
+ At e R )

In writing this equation, we have used the fact that homogeneous terms, which arise when

the derivative does not act on the #-function, belong to the same family of integrals as the
seed integral.

As we already mentioned, inhomogeneous terms arise when derivatives act on the
f-functions. In our example the last term in eq. (4.8) is inhomogeneous. This term vanishes
because ki'(n — n), d6(kin — kin) = 0. This is a general feature; indeed, we find that
integration-by-parts identities that involve a differential operator k!'d/0k; , do not produce
inhomogeneous terms. To prove that assertion, consider

0

[k“@(k:”q“) (k)] = e(kf%) aku

557 Kg(k)] + o] Kau (kg . (49)

The second term on the right hand side of eq. (4.9) vanishes which implies that differential
operators of the form k!'9/0k!" do not produce inhomogeneous contributions.
As a second example, we consider the derivative w.r.t. k1 and use v = n. We find

0 Q(klﬁ — k’ln)e(kQﬁ — k‘Qn)
0= [ d%;d%%- n"
/ YER2To1E (k2 (2) (1 — k1an) (ki) (kon) (kizn)
- 271,1,1,0,1,12 727’1110121+27ﬁ2110011 727’2110111 (4'10)

sttty Ly Ly

5(k1n — kln)e(kgn — k‘g’n)
(k1) (k3) (1 — k1an)(k1n) (kan) (kian)

Similar to the previous case, we have expressed homogeneous terms through integrals of

+ (nn) / Ak d%;

the family 7°*. However, in this second example, the inhomogeneous term does not vanish
and requires further treatment in the IBP setup.



The reason for that is the fact that the propagators in that term are linearly dependent
due to the new d-function in the integrand d(k1n — k1n) that becomes a rational function if
reverse unitarity is used. To see this explicitly, we make the replacement §(kin — kin) —
1/[k1n — kin]., multiply the result with the partial fractioning identity

(k‘lﬁ) — [klﬁ — k‘ln]c

= (k)

X {[1 — klgn]c + (kln) + (kgn)} R (4.11)

and obtain

/ A%y Ak O (kafi — kon)
[(k3)(k3)(1 — kign) (kin — kin)], (kin) (kon) (ki2n)
_ / d%kyd%y (ko — kon) { 1 N 1 }
[(k2)(k3)(1 = k1zn)(kin — kin)], (k12n) [(kin) — (kan) |~

(4.12)

We note that terms that do not contain the complete set of cut propagators were set to
zero in the above equation. Furthermore, we note that it is the partial fractioning step that
prevents us from writing IBP relations for arbitrary powers of propagators, as it is usually
done when traditional IBP relations are derived for integrals without 6-functions. Because
of this, we need to generate equations by selecting seed integrals, deriving IBP relations
for them and explicitly mapping all inhomogeneous terms to simpler integral families. We
further elaborate on this point in the next section.

In summary, we found that modified IBP relations in the considered case relate integrals
with two #-functions to integrals with one #-function. Written as phase-space integrals, the
modified IBP relations read

0= 3" abom(e) / ABIA2 i (n, 7, by, ) + 3 al™hom () / AB"h2 g, (n, i, Ky ko), (4.13)

0= 3" pom(e) / ABEAR2 g, (n, 7, by, ko) + 3 bmhom () / ABh2 g, (n, i, kr ko), (4.14)

)

where the two equations arise from derivatives w.r.t. k1 and ko, respectively.

We can apply the same logic to integrals with a #-function and a §-function. Inhomoge-
neous terms in this case will contain two d-functions and no #-function. IBP relations for
such integrals can be derived using conventional methods since d-function constraints can
be immediately mapped onto rational functions of parton momenta using reverse unitarity.

4.2 Reduction to master integrals

In the previous section, we presented an explicit example of a modified IBP relation that
we derived starting with a seed integral with two f-functions. We note that modified IBP
relations naturally form a hierarchical structure since the smaller the number of 8-functions
that a particular integral contains, the easier it is to compute it. Hence, in the course of the
reduction, we try to express integrals with larger number of 6-functions through integrals
with some of the f-functions replaced by the d-functions. Integrals that belong to the same
“hierarchical level” are organized into distinct integral families.



In practice, we implement derivation of modified IBP relations in Mathematica and
solve them using the “user-defined system” functionality of Kira. This requires us to define
integral families with different numbers of - and d-functions and to derive relations among
integrals that belong to different families. We note that for conventional integrals all these
steps are done automatically by publicly-available reduction programs, but we have to take
care of them ourselves in the present case.

As we already mentioned, it is straightforward to derive homogeneous relations for
integrals in each family for arbitrary powers of propagators. For example, for the integral
family defined in eq. (4.6), the derivative with respect to ko, contracted with v = 7 yields”

0 G(kzlﬁ — kln)H(kzﬁ - k?2n)
Okh [...], (kika)a (kan)?s (kin)os (k1an)er (4.15)
= [20:27 (67 = 77) + 2053 — 476" — 20557] 2%,

0= / A%k A%y n*

a3,a4,a5,a6,a7 + Tt

In writing this equation, we have defined operators :+(~) that raise (lower) the index a; of

the integral by one.

7;el)fa2ya37a4»a57a67a7
Inhomogeneous terms, such as the one that appeared in eq. (4.10) and discussed after
that equation, are generated on an integral-by-integral basis; they require partial fraction
decomposition and “on-the-fly” matching to topologies with fewer 6-functions. Although
this step is straightforward, it needs to be implemented in a separate Mathematica code
whose output is then fed to Kira.
Using this setup, we express the maximally non-abelian contribution to the zero-jettiness

soft function defined in eq. (4.1) in terms of eleven master integrals

S¥h = 7—1—46{ [(19265 + 48¢* — 7366 + 1336€> — 376¢ + 33) Al

3e3(2e — 3)(2¢ — 1)
8(4e — 1) (12¢* — 25€% + 41e — 3) 3 2
_ Ton Zgnn Zgnn
3e2(2e — 3)(2¢ — 1) ER N B
|:12867 + 864€5 — 848¢5 — 1680e* + 152€® + 770€? — 163¢ + 3
e3e+1)(2¢ — 1)(2e + 1)(2¢ + 3)
8 (64€” + 120€° — 164€> — 246€* + 69¢> + 126€> — 46€ + 3)

"™ (4.16)

_ Inﬁ
€2(e +1)(2€ — 1)(2€ + 1)(2¢ + 3) 2
(16€° + 166> + 36€2 + 11 — 9) o 2qmn
ele+1)(2e+1)(2e+3) 2
8(4e — 1) (263 + 36 + 3¢ — 3) _x . ]
— IP™ 4+ 227" 4+ 4TI b
c(2c +1)(2¢ +3) 5. tadel
The master integrals that appear in eq. (4.16) read
v~ [ ey - | b
) ]{; — )
(k12n) (4.17)

I _ / degy I _ / desy
’ (kiks)(kon) ~ ™ (k1k2) (ko) (k12n)

"We neglect inhomogeneous terms, represented by the ellipses.

~10 -



and

B ~ denn
T — /d nn 7 o _ / 50 ’

1 ) 2 (k12n)

_ donn _ denn

T — / 60 7 T / {9 7

3 (k1k2)(kan) ! (k1k2)(kon)(k12m) (4.18)
Inﬁ — / dq)gg nn __ / dqugg

> (k12n)(k12n2) ’ 0 (k1k2) (k1) (kan) ’

mo [
(kﬂfz)(kgn)(klgﬁ)
It is interesting that the above set of master integrals is actually redundant since for

i=1,2,3,4, I'" = 7" This happens because in certain cases integrals depend on «; and
B; (or on n and 7) in a symmetric way. As an example, consider Z5#". We find

7 N72/ [dkl][dkg](g(l — kin — kgﬁ)é(klﬁ — kln)e(kign — kgﬁ)
2 T Ve

(k121)
nen Ng2/ [dkl][dkjg](s(l — kin — kgn)(s_(kln — kl’r_l)e(kgﬁ — kgn) (4‘19)
(k127)
d(kin—kin) . _o [dkﬂ[dkg](g(l — kin — kgn)(s(klﬁ — kln)e(lﬁgﬁ — kgn) nn
= | (F2) —h
12

Another interesting feature of the above set of master integrals is that only three master
integrals I5_ 7 contain two #-functions; all these integrals correspond to the nn configuration.
For all other master integrals, either one or both #-functions are replaced by d-functions;
these integrals are simpler to compute than the original ones.

To understand why there are no nn master integrals with two #-functions, we note
that homogeneous parts of IBP relations are unaffected by #-functions; hence, by solving
homogeneous parts of the IBP relations we should find master integrals that would be
present if all -functions are removed from the integrand. It is then easy to see that, in the
case of nn integrals, removal of #-functions from the integrand leads to scaleless integrals
since the jettiness constraint only depends on 32 in this case.

4.3 Computation of master integrals

Having discussed the reduction to master integrals, in this section we explain how to
compute the master integrals that appear in egs. (4.17), (4.18). Since the NNLO soft
function is required for the computation of N3LO soft function, we will compute SJQVQA
through weight six.

We begin by calculating the four integrals that are needed to describe the nn config-
uration. To this end, we combine the phase-space parameterization in eq. (2.5) and the
Sudakov parametrization of the phase-space element of gluon ¢

Qd-2) _al?
[dki] = 12me 1 da; dB; (i)~ o % ,Bi €10,00), (4.20)
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to write

I — / Aenn = / Hdazd@ i)™ 6(1 — Br2) d(on — 1) 82 — Ba)

. ) (4.21)
_ I'*(1 — 2e)
_ 2¢ 1— —
| 81 as (B8 60— ) = Ty
where we have used (12 = 581 + [o.
The computation of ZJ™ proceeds in a similar way. We find
(a2BEB2) € 6(1 — B12) Oz — B2)
= / / das dBy d
2 k12n 21 P2 B1 + oz
062—>52/§2 / / 51 26(1 _ Bl)l 255571
d d (4.22)
S A ey

(1 —26)T(2 — 2¢)
B el'(3 —4e)

3F2[{1,1,1—26},{3—46,1+6};1].

The integral 73" involves the scalar product of the two gluon momenta. To facilitate its
computation, we write

nn __ di a2—>ﬁ2/f2 ng(é*Q) d£2 dﬁl 55 [51(1 _ 51)]—1—25
IB o /(kjle)(kQ’n) B /[Q(d_Q)]Z/ [£2+1_2\/&'72C088012] y (423)

where dQ(d R dQ(d 2) dQ(d ? and 12 is the relative angle between transverse compo-
nents of k1 and ko. To integrate over this angle, we introduce a new variable 7 defined as

_ Locospnn (4.24)
2
and write
A% = 2402 qQ=3) 4y [4n(1 — 5)] "> C . (4.25)
We integrate over 7 using the formula
—4,/¢
) 0d-3 /1d [4n(1 —n)]” 1/2—€ o Fy [{1 1/2 — €}, {1 — 2¢}; (1_\/\/572)2} (4.26)
Qd-2) G +1-2V6(1—29)] (1-v&)? P

apply the following hypergeometric identity®

oF [{a, b}, {2b} ;2] = <1_ ;>a2F1 l{;agl}{b+;}41:(l;22;/2)2] . (4.27)

and obtain

2T2(1 — 2¢)
e(1+¢€)T(1—4e)

8See, e.g. eq. (15.3.16) in ref. [57].

T - -

sy [{1,1+¢,1+€},{l—¢2+¢€};1]. (4.28)
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Following similar steps, we derive

dogy' 2(1 — 2e¢)
T — 60 — / d 1— e - 1726)( 4.99
! /%Mﬁwm@mm T(i—d0) )y & &) X&), (4.29)
where the function X4 reads

Xy(&o) = oF1 [{—1 — de, —2¢} , {—4de}; 1 — &l oF1 [{—€, —2¢}, {1 — €} ;&2 . (4.30)

We note that the integral in eq. (4.29) diverges logarithmically at the integration boundaries
& = 0,1 but the function X;(&2) is regular at these points

[(1 —4e)T(1 + 2¢)
OT(1—2¢)

[(1—¢e)T(1+ 2e)

Aa(0) = T'(1+e)

Xi(1) =

(4.31)

Hence, we can compute the master integral Z}™ by subtracting divergent contributions at
endpoints and adding them back. Specifically, we write

_ TP(1-2¢)

1 1
n = 2dwp4@{%“VAdég*%+%“fﬂd@“‘&)1%

1 (4.32)
+ [ e [ 0-e) e -6 N0 - -8 ) |
0

The first two integrals on the r.h.s of eq. (4.32) are trivial. The last integral is regular in
the integration domain &3 € [0, 1] and can be computed after expansion in e. We construct
such an expansion using the package HypExp [58] and use the program HyperInt [59] to
integrate the result over £&,. We arrive at

19376
810

7 _ 2 n 12 B 17m4e?
1T e 3 90

€ | ~6m2Cs — 26¢5] — ¢! [ + 64@4 +0(&), (4.33)

where we have discarded contributions of weight seven and higher.
It remains to compute three additional integrals for the nn configuration. We begin
with Z and change variables oy = 31/£1, B2 = as/&. We find

o [0
> (k12n)(k127)

_2T2%(2 — 2¢)
T4 4e)
(4.34)
_ 1+e
/ dgl/ dg ( 51 55115;2) oF [{1,2 — 2}, {4 — e} ;1 — &]
212(2 — 2¢)
-:ﬁq—zi/cml—&mﬁ“%@g
where
X5(£1) =qo[ [{17 6} ) {1 + 6} ;51] oIy [{17 2-— 26} ) {4 - 46} ;1 — gl} . (435)
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We subtract the (only) logarithmic singularity at £&; = 0 and obtain after the integration

2

_ 1 2 ™
I = — 4+ — 24+ —
5 62+6+ +6

4
—|—e[2C3—8—|—7r2] e [16(3—64+47r2+7;]

+ €3 |64¢; — +30(5 — 256 +

3 3 + 45
9274 4476

45 * 945

(4.36)

2123 3272 267r4]

+ €t |128¢5 + 472¢3 + 8C2 + 60¢5 — 512 +

+0 () .

Following the same steps as described above, we find the result for Zg"

2T2(1 — 2¢)
(14 €)2D(1 — 4e)

i = B {,1+e1+el+er,{l—€62+e62+e€};1]. (4.37)

Finally, for the integral Z#" we obtain

0 dogy
I;l B / (k?lk‘g)(kign)(klgﬁ)
- I'2(1 — 2¢) 1 .
T (146 (1—4e) /0 daay
X oF} [{17_26}7{1_46};1_51] 3F2[{171+671+6}7{1_672+6};£1] .

(4.38)

The &;-integral is finite; we expand it in powers of € and integrate using HyperInt. The
result reads

2 4

= T me
g D ) o e
7 6€+ C3+12 +e€

93776
3780

573
3

2

+19¢5| + € —82C2| + O(eY) . (4.39)

This concludes the computation of master integrals required for the calculation of the
real-emission contribution to the zero-jettiness soft function at NNLO.

4.4 Results for the real emission contribution at NNLO
We use the master integrals computed in section 4.3, insert them into eq. (4.16) and obtain
2 11 1767 404  11x?
G2 _ —1-4e) 2 11 [_ 2] 404
NATT €3 * 32 ¢l9 " 27 9
l2140 6772 597t 220¢3
€ _ _

- 18C3]

243 81

N 2 [12416 ~ 3687°
81 9 90 3

14374 67528 241672 (4.40)
- 2 A2 (5 — 182 3[
15 +268(3+4m°(3 8 Cs} +e€ 9 + 31
4697* 1775 7864¢3  88073(3 ,  6248(s
- - —122¢2 — O(eh) ).
YT 105 o T 9 G- ]+ (%)

The result agrees with the one derived earlier in ref. [24].7

9We note that it also agrees with the results of refs. [21, 22] which were computed through weight four.
Partial results through weight six have been obtained in ref. [60].
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To summarize, we have shown that by constructing the integration-by-parts identities
for phase-space integrals with Heaviside functions it is possible to express the real emission
contribution to the zero-jettiness NNLO soft function through seven master integrals. The
majority of these integrals needs to be computed by integrating over a simplified phase
space with all or some 6-functions replaced by the J-functions. This simplification is
very striking in case of the nn kinematic configuration where we find that no master
integrals with two 6-functions need to be computed. As we discussed earlier, this interesting
feature can be readily understood if IBP technology is applied to phase-space integrals with
Heaviside functions.

5 Testing the method with some N3LO contributions to the zero-jettiness
soft function

It appears from the discussion in the previous section that it is useful to construct IBP
relations for integrals with Heaviside functions. However, given an enormous growth in
computational complexity with increase in the perturbative order, it is important to check
this statement by considering a more complex example. Given our interest in the N3LO
QCD contribution to the zero-jettiness soft function, it is natural to check if modified IBP
relations can be constructed and used to compute it.

To this end, in this section we consider the maximally non-abelian part of the real-
emission contribution to the soft function with all gluons emitted to the same hemisphere.
We define it as follows

S =710 [ Al b, o, ko), (51)

where the function w( )(kl,k:g, k3) in eq. (5.1) reads [61]

W (ke ko ks) = S W (ka, ke, k) (5.2)
te{a,b,c,d}

Wfl?%)’t = [ggf)z(kl, ko, k3) +353t7)z(7€17 ko, k3) — gf’f)t(kla ko, k3) — g(*%(kh ka, kz)}

n

(5.3)
+ permutations{k1, ko2, k3 } .

In eq. (5.3), “permutations{ki, ko, k3}” describes all possible permutations of the gluon
momenta k;. The four terms 35,?, t =a,b,c,dineq. (5.3) are contributions to the soft eikonal
function that are ordered according to the structure of their collinear singularities [61].

A simple generalization of the discussion in section 3 implies that, in order to set
up IBP relations for integrals that appear in S39 . we require eight distinct classes of
integrals. They correspond to integrations over the following phase spaces Ipgg ~ [ d®gas',
Iggs ~ [dP@pgst, Ioss ~ [ A5y, Isss ~ [ AP35y and four more cases where the ordering of
f- and d-functions differs from the above examples.

Similar to the two-gluon case, these classes of integrals possess hierarchical structure that

we rely upon when solving the integration-by-parts identities. Indeed, a closed set of IBP
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relations can be derived for Is55 using reverse unitarity. On the other hand, IBP identities
for Iyss involve Isss, and IBP identities for Iggs involve Igss and Isss. Finally, integration-by-
parts identities for Igg9 make use of all other integrals with 6- and J-functions. We illustrate
how this approach applies to various N3LO QCD contributions to the zero-jettiness soft
function in the next sections.

5.1 The wr(ﬁ—l)’a contribution

The simplest contribution to consider is an integral of w,(%)’a. According to eq. (5.3), this
function is constructed from the function Sl(k), which reads [61]*°

31 (pipr)®
144 piq1 Prq1 Pig2 Pkq2 Pid3 Pka3

S (a1, 2, q3) =

(pipk) ( 1 ) < 6 pz(%—ch))
32pkq12 PRI Piq1 Pig3 \DPkq1  DPkQ2/) \Piqi2  Diq13 Piq2
N (pipr)® (1 1))({2(1 3)(1 3)
288 prq123 Piq123 \Pkq1  DPkq2 piq1 \Ppiq3s  piq1i2/) \Pkq3  DPkq12

) G 5) G~ ) )
piq2  Piqi3 biq1 piqs Prq3  Pkq12 ’

where p; = n, pp = n and ¢; = k;, i = 1,2, 3 in our notations. As can be easily checked, ng)
is not singular when any of the two gluons become collinear to each other. This feature

(5.4)

reduces the number of scalar products that appear in the denominators of that function,
making integration over three-gluon phase space simpler.

Applying integration-by-parts identities, we find that the integral of w%)’a

space d®ggy' can be expressed through six master integrals. The result of the reduction reads

/ d@g%"w ey, kg, k)

{ [182 3392 + 23268 69432 + 75728] I
(1 - 46)(1 —5¢e) | [ e Hed 5e3 5e2 be !

over the phase

[ 8 72 32 112 2016 13328 38304

— I —— — — 8064 I.
* 1563 5e2 + } 2 { Hed + 5e3 5e2 + 5e } 3 (5.5)
n é + 356 2248 + 5968 5664} I { 8 n 104 448 n 128} I

| € 5ed 5e2 e 5 4 5e3  He? e >

[ 36 648 4428 14328 22032

——t — — 2592 —— | I 7.
T Tsa T8 T pa Tt T 5 } 6}

Definitions of the six master integrals are given in appendix A, eq. (A.1). However, it is
useful to emphasize at this point that none of these integrals contains three f-functions.
We have explained why this happens when discussing the NNLO contribution to the soft
function in section 4.

Calculation of master integrals that appear in eq. (5.5) is rather straightforward. As
an example, consider a phase-space integral I; with three d-functions. It reads

I = / e (5.6)

10WWe note that we take the emitters ¢, j to be massless.
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Since the integrand does not depend on the relative orientation of the three partons in

2)
0(a; — B;)-functions by integrating over «;, i = 1, 2, 3, and find

the transverse plane, we can integrate over dQ( for i = 1,2,3. We then remove all

3 3
_ (1 — 2e)
I = dg; %€ 6(1— =" 5.7
1= [ TLa8 60— ) = =y (5.7)
For a less trivial example, consider the integral I5. It reads
dq)nnn
Iy = / 8 5.8
> =) o) (kazsit) (58)

To compute this integral, we remove two d-functions by integrating over ;2 and then
integrate over 1 to remove §(1 — 123). Then, writing 2 = (1 — f3)&, we arrive at

(5.9)

(1 ) /1 dg £72(1 - &)™

I = /da3d5304§6/33_69(0‘3 — Ps3) 1— B3+ a3 1—(1-p3)¢
0

It is straightforward to express the integrals over £ and ag through hypergeometric functions.
The result reads
1
I; = ;:1212 /du u) 2t By [{1,1 — 26}, {2 — de)} s u] o Fy [{1,1), {1 4 €} 5 0],
’ (5.10)
where we introduced a new variable © = 1 — 83. Although both hypergeometric functions
in eq. (5.10) are singular at u = 1, this singularity is made integrable by an explicit factor

(1 — u)'=%¢ in the integrand. Hence, we can directly expand the integrand in eq. (5.10) in
powers of € and integrate over u using HyperInt [59]. We find

1 T2 5 837t 2372
I5—6+8+6<2C3—6+46>+6 (—26C3 360 3
1 585(s 177* 8672
3 2
= 1 - 11

te ( £8977Cs — 180G + == + S 5 770 (5.11)

4 (o712 — BTGy 536C3 + T29Cs + 7T | Amt M9 0

3 3 s > 7560 3 90 ’

where we retained all contributions through weight six.
The results for all other integrals which appear in eq. (5.5) can be obtained along

similar lines; they are given in the supplementary material. Using them in eq. (5.5), we

()7

obtain a remarkably simple result for the integral of w, " in the nnn configuration

8 20r® 584¢s 86t
/ AR W (ky, Ky, k) = T 62C3 -t (14727%¢; — 12480¢s )
5.12)
37967 (
22288(3 —
+e ( C3 945 ) )

showing the usefulness of applying integration-by-parts technology to phase-space integrals
with Heaviside functions.
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5.2 The wr(ﬁ—l)’b contribution

We consider the second contribution to the zero-jettiness soft function given by an integral

of the function w,f;_f’b. This function is constructed from the function 31(2), which reads [61]

<) _ 1 7 pipk
Si = 6 (—pipk Piq12)
4192 Piq12 \ Piq1 Piq3 Pkq2 P43
2
; 12 p; — 1 1 1 ] 2
L (pipn) [ pile = @) ( 3 > (3 L b kal)] }
Dbig3 Prkq12 Piq1 Pkq93  Pkq13 \Pk43  Pk41 Diq2 Pkq2
1 3 1 1 DiDk
+t1 - (pipk PLG12)
84192 Prq123 \Prq1Pige \Prdi2  Prq3/ \Pigs (5.13)
1 1 PiPk 1 1
+3(—- (pipk PEG12) -
Prq3s  Prq12 Pig23 P91 \Piq2  Piq3
DiPk 1 1
18 ‘ ( - ) (2 PiPk Pr(q2 — (h))
4192 Pkq123 Piq123 \Piq12  Piq3

NG ) G0+ G~ ) G~ 5]
Prq3  Pkq12 Prq1 Pkq2 Prq2  Prqi3 Prq1 Pkqs3 ’

where p; = n, pp =n and ¢; = k;, i = 1,2, 3 in our notations. At variance with SEZ), the
function 35,? contains a scalar product of two gluon momenta ¢;q2 which causes a collinear

(3).b

singularity in the limit q; || g5 and makes it more difficult to integrate the function w,,,,

compared to the discussion in the previous section. However, there is no reason to expect
that things may work differently for this contribution.

We have, therefore, proceeded as before and performed a reduction to master integrals.
To check our results numerically, we derived Mellin-Barnes (MB) representations for relevant
integrals [62] and used computer packages developed in refs. [63, 64] to compute them
numerically. Comparing numerical and analytic results, we have found that reduction
to master integrals produces wrong results because not all integrals that appear in the
integration-by-parts identities in the course of the reduction are requlated dimensionally.

It is interesting to point out that a) integrals that appear in the function ws;—?’b(kl, ko, ks3)
are well-defined in dimensional regularization and b) all master integrals that appear in the
expression for the amplitude obtained after the reduction do not exhibit singularities that
cannot be regulated dimensionally. This means that the failure of dimensional regularization
is very well hidden in the internal dynamic of the reduction process and, therefore, hard
to detect.

To remedy this situation, we introduced an analytic regulator in addition to the
dimensional one. The analytic regulator is introduced in such a way that the phase-space
element is multiplied by a factor

Ay} — d@fF} (kin)” (kon)” (ksn)”. (5.14)

This modification changes the integration-by-parts equations making them v-dependent
and, therefore, significantly more complicated.'!

1Ty jllustrate increase in complexity related to the introduction of the regulator, we mention that the
size of the reduction tables grew from 300 KB (without the regulator) to 64 MB (with the regulator).
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However, the main steps that we have described earlier in connection with deriving IBP
equations and establishing a hierarchy of integrals is not affected by the analytic regulator.
Having performed the reduction for finite values of v and €, we have found that the

(3):b

integral of w, " (k1, ko, k3) can be written in a remarkably simple form which, however,

demonstrates very clearly why the analytic regulator is needed. We obtain
[ A (n)” (o) ()3 (B, b ) Z Ve ndier).  (515)

As indicated in eq. (5.15), both the reduction coefficients and the integrals .J; o3 are
functions of v but, studying the v — 0 limit of eq. (5.15), we find that for i = 1,2, ..,22 the
following holds

lig}) Ci(e,v) = Ci(e), 313%) Ji(e,v) = I;. (5.16)

The integrals I, ¢ have been already discussed in the previous section and I7 29 are
another sixteen integrals that can be evaluated at v = 0. These integrals are given in
eq. (A.2).

The last integral, Jos(e,v), has a 1/v pole but Ca3(€, v) is proportional to v. Therefore,
Cas(e,v)Ja3(€e,v) produces a finite result in the v — 0 limit that, however, is completely
missed if the reduction at v = 0 is performed.

Following this discussion and taking the v — 0 limit where appropriate, we write the
result of the reduction as follows

/ 4B WO (k. kg, key) =
(10249456€> — 6479980e* + 713856€> + 268429¢ — 67966¢ + 4287) s
20065 (2¢ — 1)(4e — 1)(be — 1)

7 38 (504€3 — 270€% + 37¢ — 1)

+ =l —
5¢3 5¢4(2e — 1)
(4260192€> — 3531008€* + 6743803 + 124140€> — 49897¢ + 3923)

504 (40€3 — 38¢2 + 11e — 1)
N (704€% — 280¢ + 26) .9 (9288¢* — 7308€ + 858¢2 + 347¢ — 55) 237

1

I3

Iy (5.17)

563 — 1062 b 5el(de — 1) 6~ gl
- 6(466;_1)18 + 3102-79 EIlo + 0 I+ 562—7 12 — 567113 + ghzx 592—715
(145 2846) L + },)*2[17 + %3[18 - E1'19 - szo 22(4: 1)121
_ ZIQQ - % [11/12% vy, (e, V>:| ,

where we renamed Jo3 to J,,.

As we already mentioned the integrals [7 9o that appear in the above expression can
be found in appendix A, egs. (A.1), (A.2). The integral that is singular in the v — 0 limit
is defined as follows

Jl,(e, I/) _ / dq)gglen(kln)y(an)y(kfin)y (518)

(k1ks)(kin)(k12n)(ksn)
We will now explain how this “pathological” integral can be computed.
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To integrate over the relative azimuthal angle between EI, L and ];3’ 1, we use the
following formula

Q=2 1 0(aiBj — ajfBi) ;B
=2 I LR {11 1—e}b; 222
Qd=2) ;k; { i3 2B i1+ 6}’0@5]‘

0(cv; i — aif3;) L ifj
+W2Fl [{1a1+6}7{1 _6}’05jﬁ]i‘| }7

(5.19)

where ¢ = 1 and j = 3. To proceed further, we change variables o 3 — 1 3/£1,3 and obtain
the following integral representation

dé1dés(&183)
B183(B1 + P261)

3
Jy, = 2/H dB; B 2 5(1 — Pras) {539(51 —£3)
i1

(5.20)

X 2F) {{1’14_6}’{1_6}?2 +&10(&3 — &1) 21 |:{1,1+6},{1—6};2:| }

We make a further change of variables, é&3 = rf and & = f in the first term in the square
brackets and £3 = f and & = rf in the second one. We find

3
J, = Q/H AB:B72HS(1 — Brag) dr Af 1€ 12 oF [{1,1+ ¢}, {1 — €} ;7]
=1
(5.21)

1 1 1
* BiBs ((51 + B2f) " (b1 +52f7')>.

It is convenient to write 51 = (1 —y), 2 =2y and B3 =1 —x, 0 < 2,y < 1. Upon doing
that, we find that integrations over x and y can be readily performed. We obtain

I'(—4e+2v)[(—2e¢ +v) (1 — 2¢ + v)['(—2e + v) 3

Jy,= 2
Y I'(—6e + 3v) (1 —4e + 2v) v

(5.22)

where

J,,:/dfdrf2€r€[2F1[{1,1—2e+v},{1—4e+2v};1—f]
(5.23)
+oF [{1,1 = 2e+ v}, {1 —de+2v};1—rf] | oFy [{1, 1+ €}, {1 —€};7].

The two hypergeometric functions in the square brackets in the last equation can be
conveniently re-written using the following identity

oF1 [{1,1 —2e+ v}, {1 —4e+2v} ;2]

N B B B ' (5.24)
=(1-2) oy [{—4e+2v, —2e + v}, {1 —4de+2v};2].
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Inserting eq. (5.24) into eq. (5.23), we obtain

1
/df dr f”_lre{gFl {—4e+2v, —2e+ v}, {1l —4e+2v};1— f]
0

(5.25)
4 p2etv—l o Fy [{_46 +2u, —2¢ + 1/} , {1 — 4de + 21/} ;1 — Tf] }

X2F1[{1,1—|—6},{1—6};7“].

From the above equation we readily see how the 1/v-singularity appears; it is generated by
the singularity at f = 0 in eq. (5.25) which is not regulated dimensionally.

Although we can compute J,, by expanding it in Laurent series in € and v, we only
require the 1/v singularity of this integral. We therefore compute the residue at f = 0 and
find

J |z/a0— 2F1 [{ 46 22} {1 46} 1 /d’l“T‘ 2F1 [{1,1+6},{1—6};T] 1+T_25_11
_2h [{_46’_22}’{1_46}; ]<F813 sy [{1, 1+ e, 14}, {1—¢2+ek;1] (5.26)

We now use egs. (5.22), (5.26), expand the result in € and obtain

w2 Time

. 3 2 2
b (vJ,) = 5 4+ 150+ g e (2025<5 — 507 43)

17877r
3 2 4
€ ( 50 1875C3> +0 (e ) .

Calculation of the master integrals I 2 .. 22 required for computing the integral of the

(3):b

function w,

(5.27)

proceeds in full analogy to the above case and for this reason we do not
discuss it here. Finally, if we use the reduction to master integrals eq. (5.17) and explicit
results for the master integrals that can be found in the supplementary material, we obtain

the following result for the integral of the function ws—z’b

8 32 1 4172
/d gggnwnn k‘l,k‘Q,k‘g) +€4+63<64_ 3 )

in the nnn configuration

58174

1 1
+ = (128—647r2 —774g3) += <256— 12872 — —2144g3>
€ €

4 2
16?877 _iassg 1306T (s

+ (512—2567r2— —28770(5>

33767 B 61676
15 5

—|—6<1024—5127r2— —8576(3423047%C3

+19480c§—68736c5>. (5.28)
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Again, we see that, apart from an unexpected (and interesting) complication related to the
need to introduce an analytic regulator, it is beneficial to make use of the IBP identities to
compute non-trivial contributions to the zero-jettiness soft function at N3LO.

5.3 The ws;—l)’c contribution

The third contribution to the zero-jettiness soft function is associated with the integral of

(3)

the function w, ;. Similar to the other two contributions, we construct w( ) from the

function 35,?, Whlch reads [61]

N 1 PiPk PEQ1 Prq3 Piq12
Sz(l? =3 3 {((4—d)PiQ1 +dpz'6_l2) { : —1) (2= -1
(9192)? Piqi2 P43 2prq123Piq123 \PKq12 Piq3

| PiPk (piQ1 3 meq )]
Pigs \piqi2 2 prqi2

DiPk 1 1
+ = ( - ) ((4—d) (PiQ1)2+dpiQ1piQ2)}
Piq123 \Piq3 Piqi2
+ 1 {Pz’pk {4]%((]2—%) + 2piqi2 o Pig2Pid3 +Diq1 Piq123
32q192 193 piq12 \ prq2 Pkq3 Diq3 Piq13 Piq3
+— (pi(h Pr(5q1 —8q2+243) — 3piq2 Pra3 +4pipk (D%)]
Pkq13 Piqg3
2 1 1
+ — (Pipk Piq12 pinS)
Piq123Pr4q3 \Piq2 Piq13
2 1 1 1 Piq12
+ ( - ) [2pipkkaI3pk(QQ —Q1)} + (1 —=
Prkq123Pr493 \Pkq13 Pr42 Prq123 Piqg123 piqs
1 1
X < —> {4 (pipr)? @203 + pipk (piQ1pk:(5QI_SQ2+QQB)_3piQQPkQS)} }
Prq13  Pkq2
(5.29)

where p; = n, pr, = n and ¢; = k;, ¢ = 1,2, 3 in our notations. At variance with the functions
ggg’b), the function 31(-,? contains propagators 1/(q1¢3) and 1/(g2g3) and, therefore, exhibits
a more complicated singularity structure. However, no additional issues arise when modified
IBP relations are constructed and used to reduce required integrals, so that working with
the analytic regulator introduced in the previous section, see eq. (5.14), suffices.

Performing the reduction to master integrals and taking the v — 0 limit where
appropriate, we obtain

/ ADEEn B () kg, hy) =
( 5152 60883 2218663 33423797 49850253233¢ 44313583 40023347)
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All the master integrals I1 39 that appear in eq. (5.30) are computed at v = 0; their
definition can be found in appendix A, eqgs. (A.1), (A.2), (A.3). The only v-dependent
integral J,, present in eq. (5.30) is the same integral which we have seen (and computed) in
the previous section.

In principle, computation of the I-integrals that appear in the calculation of the case “c”
does not differ from what we already discussed for cases “a” and “b”. However, integrals with
two separate scalar products of parton’s four-momenta are significantly more complicated
than what we have discussed so far and, to illustrate this point, we will discuss how one of
them can be computed.

We consider integral I3y defined as
I3 = / ALG .
(k1k2)(k1k3)(k12n)(k13n)

(5.31)

We can use eq. (5.19) to perform integration over azimuthal angles of ko and k3. We note,
however, that the momentum k5 is special because the d-function in the definition of I3
implies that as = 5. This condition removes one of the two hypergeometric functions in
eq. (5.19). Integrating over azimuthal angles and changing variables a3 = f1.3/&1,3, we
arrive at the following representation for I3

déides €565 Bs
(B1 + B2)(B1€3 + Ps&r)

3
I3 = 4/ [T ds: 87271 6(1 — Bras)
i=1

o1 [{1, 14+ €}, {1 —€};&] l&@(&a — &) Py {{1, 1+e,{1—¢ ;2 (5.32)
&3
+&30(§1 — &3) 2 F1 {{1, 1+e}b, {1 —¢}; &} ]

As the next step, we remove §(1 — [123) by integrating over f2 and change variables
(61, 83) — (x,y) according to the following formula ; = z(1 — y), f3 = xy. Integration
over x leads to a hypergeometric function. We obtain

. 4F(—46)F(—26) y_2€(1_y)—26—1§€€6
I A Al e oo
X oF [{1,—4e} ,{—6¢};y] oF1 [{1,14¢€},{1—€};&] (5.33)
X [?9(5351)2511 [{171+€}a{1€}§§1 +0(& —&3)2F1 {1,1+6},{16};£3} 1 )
’ & &1
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The integral naturally splits into two parts. To proceed, we change variables £ =
ré, & = ¢, and & = rf, & = &, in the first and the second integral in eq. (5.33),
respectively. We also rewrite the hypergeometric functions that appear in square brackets
in the above equation using the transformation

oF1 [{a, b}, {c};2] = (1 — 2) Py F [{c — a, ¢ — b}, {c}; 2] . (5.34)

We then write

Iz = 4F(_FT€_)£€()_ 2) (Z5) + 7). (5.35)
where
—2€(1 _ g) 42 g2 pl+4e _r _r —1-2¢
2 - [ ayagar VHOZU2 0002 16)
X oFy [{—1 — 6e, —2¢}, {—6€} ;y] 2F1 [{—€, —2¢},{1 — €} ;7] (5.36)
X oF [{—€,—2¢}, {1 —€};r].
and

—2€(1 _ ,\—4€e—2 ¢2¢€ ré(1 —r —2e—1
7 :/dydgdr y (1 y)r+y(£1_r§1 )

X 2F1 [{_1 - 667 _26} ) {_66} ; y] 2F1 [{17 1+ 6} ’ {1 - 6} 76] (537)
X oF1 [{—€,—2¢}, {1 —€};r].

The difficulty with computing these integrals is a power-like singularity at y = 1.
To extract and isolate it, we transform the y-dependent hypergeometric function in the
following way

D(=66)T'(1 +2¢) 6
I'(—4e)

o1 [{—1 — 6¢, —2¢}, {—6¢};y] =

142 D(—=1 = 2¢)I'(—6¢)
I'(—1—6¢)I"(—2¢)

(5.38)

+(1-y) oF1 [{1, —de} {2+ 2¢}51 —y].

This representation is helpful because the y-dependence of the first term in eq. (5.38) is
simple so that integration over y can be immediately performed, and the second term in
eq. (5.38) leads to integrals with only a logarithmic singularity at y = 1.

To proceed further, we consider integral I?Eg) and write it as

a a,l a,2
(@ = 7oV 4 (o), (5.39)

where the two terms correspond to the two terms on the right hand side of eq. (5.38). To
compute Zég’l) we integrate over y and obtain

=T(2+44€)[(—1 — 4e) r—271%, (5.40)

1+4e(1 _ —4e—2
/ Y (1-y)
1—y(d—r)
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We then use this result in the expression for Iég’l) and write

@ _ T'(2+4e'(=66)l'(1 + 2¢) %, —1—3e 21 21
Ty ' =— 15 0) /dfdr£ r (1—r) (1—¢r)

X oF) [{—€,—2€e}, {1 —€};r] oF1 [{—€,—2€},{1 —€};7].

(5.41)

This integral has a singularity at » = 0 and another (overlapping) singularity at r = 1,£ = 1.
The two singularities can be separated by multiplying the integrand with 1 = (1 —r) + 7.
The first term in the sum removes the r» = 1 singularity. Since the r = 0 singularity does
not overlap with any other singularity, it can be easily extracted. On the contrary, the r =1
singularity overlaps with & = 1 singularity and for this reason a slightly more sophisticated
treatment is needed. To this end, we subtract the product of hypergeometric functions at
r = 1 and add it back. When the difference

oF) [{—€,—2¢} {1 — €} ;7r&] oF1 [{—€, —2¢},{1 — €} ;7]

(5.42)
— ol [{_67 _26} 5 {1 - E} ; f] o Fy [{_Ea _26} ) {1 - 6} ; 1] s

is used in the integrand, it becomes non-singular at » = 1, so that we can expand it in
e and integrate. On the other hand, hypergeometric functions in the subtraction term
do not depend on r so that integration over r becomes straightforward. The resulting
one-dimensional integration over £ contains a logarithmic singularity at £ = 1 that can be
easily isolated and extracted. Putting everything together, we find

L _ _ 1 1 1(5 w2> 43¢y bm? 25
30

“Tmetss T l1sT 6 12 108 18

e (61{;3 43774 125 1371'2) 2 (89772C3 _85¢s N 845(s5 N 20974

6 540 ' 18 108 9 2 4 162
1772 2 472 1 6
w6 5) L <_ 3202 1 30472(5 N 075(3 N 3059¢; 57637

108 18 9 6 6 17010
10772 N 3125 219474
108 ' 18 105 (5.43)

) proceeds in the following way. First, we observe that in this
case there are two singularities, y = 1 and r = 1. We note that the latter overlaps with the

The computation of Iég’Q

& = 1 singularity. To disentangle overlapping singularities, we replace

7“1+6

m o1 [{—€, —2¢} , {1 — €} ;&r] o F1 [{—€, —2¢} , {1 — €} ;7] = (5.44)

2 F1 [{_67 _26} ) {1 - 6} 7£] o F1 [{_67 _26} ) {1 - 6} ) 1] )
in eq. (5.36) and add the difference of the two terms back. In the difference, the r = 1
singularity is regulated, so that one only needs to extract a logarithmic y = 1 singularity. To

compute the contribution of the subtraction term (the r.h.s. of eq. (5.44)), we can integrate
over y and over 7 to obtain yet another hypergeometric function of £. The resulting integral
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over ¢ has a logarithmic singularity at £ = 1 which can be easily extracted. We obtain

1 11 2 15¢3 22 872
I(a,Q):iiii 1T 2y, 9 8r*
30 1668 12 T ¢ A A 3 el TBG+ 3
2374 312(3 595(5 3272  47rt
-3 Tl 104¢s — - — — 64 4
36 6) ( R 3 50 O (5:4)
3 (2402 + 212 (3 4T6Cs — 577G + 6774 N 12872 475670 056
‘ 3 3 3 T 3 2835

Computation of the integral I?Eg) proceeds in a similar way except that the integration
over ¢ can be performed right away. We find

1
0 — B{1, 146142}, {1—¢2+2):1
30 1+2€3 2[{a +e€ 1+ 6}7{ €2+ E}a ]
—2e 1— —4e—2 € 1— —2e—1
X/dydry (1-y) rd—r) (5.46)
r+y(l—r)

X oF) [{—1 — 6¢,—2¢},{—6¢€};y] oF1 [{—€,—2¢},{1 —€};7].
We then rewrite o F [{—1 — 6¢, —2¢} , {—6¢} ; y] using eq. (5.38) and integrate the two terms
that appear in that equation separately. This integration is relatively straightforward since
integration of the first term in eq. (5.38) leads to yet another 3F>-function and integration
of the second term does not require resolution of any overlapping singularities.
Putting everything together, we arrive at the following result for the integral I3

3 13 1 109 72 1 572 461
Isgp= — + — + = | — 1 = =) -
30 864+6e3+62< 12 12>+ ( 3G+~ +12> 7663

111 2 1
——W2C3+292C3—3 G Tn? 850

1969 2372 12117t (311
- + €

12 18 360 6 2 18 12
3557T4> 2 ( o T2Tm(3 114774 (547)
— + €2 [ 18¢2 — — 1108¢3 — 4035Cs +
36 30
39772 37129 1072976
TS T 12 T 810 )

Finally, using reduction to master integrals and explicit expressions for integrals given
in the supplementary material, we arrive at the following result for the integral of w%)’c
over the nnn phase space

/ AP w5 (ko )

B + 70 (920 N 197r2) 1(8527 N 12272 N 16%)
- 3¢l 9 3 2\ 27 3 3

<67193 N 12807r2 N 19774 N 2732@) (558745 1099072 N 4397
81 9 90 3 243 27 9 (5.48)
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(3),d

5.4 Differential equations and w,;" contribution

Application of integration-by-parts identities to phase-space integrals with Heaviside func-
tions opens up an opportunity to compute complicated integrals using differential equations.

We will illustrate this by considering the contribution of the function wr(?ﬁ)’d, constructed

using the function S defined in ref. [61], to the zero-jettiness soft function. The function

35,? reads

<) _ —(pipr)? N 1 { 1 { 1
K A QR D123 PR Pi2 D03 A Qa3 P23 \ 0102 LPka1 Pigo
DiPk
Dpig3

PiPk )

(pz‘pk (9293 —q143) (p‘Q3
K3

+2 (piQ12ka123_piQBkaZ_piQka%))

n 1 {( 1 1 )
2piq13prq2 L \Piq1  Dig3
X [Pipk (Pk(h pi(493—3q12) —3Prq2 Piq12+Pra3 Pi(q1 —3q2) +2pipk (%%*Ql%))}

+4pipkpk(Q3_Q1)}

1 1 1
+piQ12ka3 {(piql _piq2> (_Qpipkpiql qulzs)

+pipk (a1~ 302 —gs) |+ {pipkprars

Pkq13Piq2

+ ( ! ! ) [ngk kalQSPleZ} }+

- pipkPk(3q1+q2—3qs3)
Prq3 Pk

Prq12Piq3 {

+ (mlqg B pqul> [ZPiPkpk% pkqlg] }

2 ; 1 1
Piq123 { (ikqul; 1) <pl§k )+ <pk(h2 _kaS) (~pimnpe(a+2a))

1, 1 3 1
3 (kaS _kaJ12) (pk‘h

N 1( 1 3 )( 1 1 ){4pz‘pkpk:(ql—%)pk(qiﬂ_qn)}H

E ka2_kaI3 ka1_ka3

_ pqug ) <2Pipk Prq2pr(q12— q3))
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(Q1 Q2) Piq123 \Pk43 DPkq12

d
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+ k@2 PR3 i (91 —324+203) +2 (Prg2)* pi(gs —Q1)}
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1 2piPk 4143
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where p; = n, pp = n and ¢; = k;, ¢+ = 1,2,3 in our notations. A distinct feature of
the function 35,‘? is that it contains a propagator 1/k%,; which depends on the relative
orientation of all three gluons in the plane transverse to the collision axis. This feature
(3),d

makes it very difficult to integrate the function w, ;" analytically over the phase space with
f-functions. On the other hand, the ability to write down the IBP equations and perform
reduction to master integrals should allow us to use differential equations to compute even

the most complicated master integrals. This is what we would like to discuss in this section.
3)

We begin by expressing the integral of wnﬁ’d through master integrals. These master
integrals can be found in appendix A; they can be split into two groups, depending on
whether they contain the 1/k?%y; propagator or not. The master integrals from the first
group are similar to what we have discussed earlier; they can be calculated in a similar
manner and the results are provided in the supplementary material. Master integrals that
belong to the second group involve a propagator 1/kf,;. These are the most complicated
integrals and we decided to compute them numerically.

To this end, we replace a propagator 1/k%ys with 1/(k%,; +m?) in all master integrals

)

that contribute to the integral of wS}L and derive differential equations for these integrals
w.r.t. the mass parameter m?. We emphasize that the very possibility to use differential
equations for phase-space integrals with Heaviside functions depends on our ability to set
up integration-by-parts identities and reduce the derivatives of master integrals back to
basis integrals.

It is quite clear that additional mass parameter makes integration-by-parts identities
more complex and requires us to introduce more integrals to close them. However, once the
differential equations are derived, it is in principle straightforward to compute the required

integrals by solving them numerically. We do this by using the method described in ref. [65].
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In what follows, we first discuss calculation of boundary conditions and then explain how
to solve differential equations by considering a (relatively) simple example.

5.4.1 Calculation of the boundary conditions

We have seen in the previous sections that, although IBP reductions have to be performed
for a non-vanishing value of the analytic regulator, the limit ¥ — 0 can be taken in an
absolute majority of integrals after the reduction is performed. The same applies to integrals
that contain propagators 1/k?y; that we modify by introducing the mass parameter m.
We will therefore discuss calculation of boundary conditions for such integrals, setting the
analytic regulator to zero.'?

The complexity of the boundary conditions computation strongly depends on the type
of constraints that a particular integral is subject to. As we explain below, the more
d-functions a particular integral has, the easier it is to compute the boundary conditions.

To understand this, consider integrals with three d-functions

d(I)nnn
I = 1 5.50
sss(m) /(k%QS_FmQ)z“. (5.50)

In eq. (5.50) the ellipses stand for mass-parameter-independent scalar products and i is
an integer number. In all integrals that refer to the nnn configuration, all S-variables are
restricted because 8; > 0, ¢ = 1,2,3 and 1 4+ B2 + B3 = 1. Moreover, for integrals with
three §-functions, all a-variables are equal to -variables and kf L =afi=pBi=1,2,3.
Hence, integration in eq. (5.50) is performed over a finite region of the three-particle phase
space, so that the approximate form of the integral in the m? — oo limit is simply obtained
by expanding the propagator 1/ (k%93 + m?) in k253/m?. Tt follows that all Iss55 integrals

have a particularly simple asymptotic mass dependence
. —2i
W%gnoo Isss(m) ~m™ =", (5.51)

It is obvious that a Taylor expansion of Isss-integrals in kfy3/m? produces integrals where a
“massive” propagator is absent. As the result, once the expansion is performed, we can use
integration by parts for k?y;-independent integrals to express any expanded Iss5 integral
through master integrals computed in the previous sections.

Consider now an integral that contains two J-functions and one #-function. We choose
four-momenta ki 23 in such a way that the f-function depends on ki (more precisely on a;
and f;1) and write

d nnn
Tyss(m :/ 000 5.52
9s5(m) o + m?) . (5.52)

At variance with Isss integrals, the integration over aj in Iyss integrals is not restricted

from above. This implies that, in the limit m — oo, there are contributions from the region
ap ~ m as well as a; ~ 1. Since the phase-space element scales as o] and since in the

2There are two integrals J, and J* (defined in eq. (5.18) and eq. (A.6)) that exhibit 1/v behavior and
(3),d

enter w, /" through the combination v.J, and VJ,Sd). The differential equation relevant to vJ, and I/Jl(,d) is

regular in v, which can be solved in exactly the same way as described in the following.
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limit a3 — 00, k¥gg + m? ~ a1 (B2 + B3) -+ + m?, we find that all integrals Iyss have the
following asymptotic dependence on the mass parameter m in the m — oo limit

limTgss(m) ~m 723 Ay +mTH AL (5.53)

In this formula 41,7 are two integers that are particular to the integral under consideration,
and A;2 are independent of the mass. To compute A; we need to Taylor-expand the
integrand in k%,3/m? and then use integration by parts to reduce the resulting integrals to
massless 6dd-integrals. To compute Az, we need to drop the 6(«ay — 1) constraint, as it is
only relevant for ay ~ 81 ~ 1, and then simplify a particular integral under the assumption
that a1 ~ m? > a9, as, 1, B2, B3. We note that in this case all the relevant integrals can
be straightforwardly computed in a closed form in terms of hypergeometric functions.

Finally, we require integrals with two #-functions and one §-function'?
d®fgs'
Ipgs = / —, 5.54
b6 (k3ys +m2)i. .. (5:54)

The asymptotic m — oo mass-dependence of such integrals reads
lim Tpgs(m) ~ m 2274 Ay 4 m 2172 4y 4 =21 A, (5.55)
m—o0

In eq. (5.55) Az receives contributions from the integration region with a3 ~ ag ~ m?,
Ay — from regions where either a; ~ m?, ap ~ 1 or ag ~ m?, a; ~ 1 and A; — from
the region where a1 ~ as ~ 1. We obtain A; upon Taylor expansion of an integrand in
k?y5/m? and Az upon Taylor expanding in “small” a- and S-parameters and neglecting the
corresponding f-function constraint.

To illustrate how contributions of different regions can be computed, we consider one
of the integrals with 1/(k?,3 + m?) propagator

d nnn

— 0606
Biom = | 1550

We would like to compute the leading contribution to O(m~=2¢) branch of this integrals in
the limit m — co. We consider two distinct contributions as ~ m? > 1 and a3 ~ m? > 1.
In the first case, [dkg] ~ dagage, k%23 + m2 ~ Oég(ﬁl + 53) cee 4 m2, kiks ~ 1,k1an ~ B1a ~
1, ksn ~ ag ~ 1. Hence, we conclude that

dag a5 € _9
~ ~ m €. 5.57
/a2(51+53)+m2 ( )

ngnoo B 500
as~m?
However, in the case asz ~ m?, there are additional dependences of the integrand on ks
including ksk; ~ azf1 ~ m? and ksn ~ a3 ~ m?. This implies that

lim B
Jim By s

dag ag* —2e—4
~ ~ €=, 5.58
/ (a3(B1 + B2) + m?)asas " (5.58)

az~m?

13 As we explained earlier, there are no master integrals with three theta-functions in case of the nnn con-
figuration.
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We conclude that the leading m — oo contribution to the O(m~2¢) branch of the integral
B 500 in eq. (5.56) arises from the region where ay ~ m? and all other variables are of
order one.

To compute this contribution, we notice that, upon taking the limit as ~ m? — oo in
k255 + m?, the only dependence of the integrand on relative azimuthal angles of massless
partons resides in the simple scalar products, e.g. k1ks in By. This integration can be easily
performed following the discussion in the previous sections. We find

By sos 5 / dB1dB2dBs BBy By 0(1 — Bra) dazaz “Oas — Bs)
g (B + B2)Prad
2 00 (5.59)
63] dog 042_6
x o F" {1,1+e {1—e); 2 /7
R e ] e
We integrate over ap and obtain
7 dag a5 € H =
PO R ‘ I —e). .

/Oé2ﬁ13+m2 m = (Big) DT —€) (5.60)

We then change variables ag — &, ag = 3/, observe that integration over & factorizes
and find

o T =21 +¢)

=2
" T(2+¢)

B 500 s {1, 1+61+¢€f,{1—¢62+¢};1]

(5.61)

ag~m?

x / dB1dBadBs (1 — Pras) B2 BB A B3 A

To compute the remaining integral, we remove the d-function by integrating over Sy and
change variables as follows 51 = zy and 3 = z(1 — y). The integral over = and y is then of
a hypergeometric type and we obtain the result for the required branch

o 21— eT2(14€)(—1—3€e)T?(—2¢)
- el'(2+€)[(—4e) (5.62)
X3y [{1,14+€,1+€},{1—€2+€};1] 3Fo[{1,—1—3€,—2¢},{—4e, —4e};1].

B 5606 =2m

The computation of the asymptotic behavior of the O(m~2¢) branch that we just described
is typical. In fact, all such boundary conditions can be calculated in terms of hypergeometric
functions in a straightforward manner.

It turns out that the most difficult boundary contributions to compute are the O(m=%)
branches of Iggs integrals. Indeed, for such branches, we need to consider asymptotic limits
a1 ~ ag ~m? > ag, B1, B2, B3. Inspecting k?yg in this limit, we find that we cannot simplify
the scalar product kiks so that k%53 +m? still depends on the relative orientation of k; and
ko in the transverse plane, even if m is taken to infinity.

To understand how such integrals can be calculated, we note that for the computation

of the O(m~%¢) branch, we need to neglect all #-functions in the definition of 06§ integrals
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since they are only relevant for aq2 ~ 12 ~ 1 which violates the assumption aq 2 ~ m2.
Hence, a O(m~4€) branch of any 664 integral can be computed by writing

(1 — gn — ksn)d(ksn — ksn)
((k3 +q)* +m?2) (5.63)
X /[d/ﬁ“dkzw(q —k1—Fk2)...,

2ty o [l (i)

where ellipses stand for various scalar products of momenta that appear in a particular
integral. All these scalar products have to be simplified under the assumption that k17 ~
konv ~ m? > kin, kan, ksn, ksn. We can further write

k2yq = (q+ k3)? = ¢* + 2k3q — ¢* + B3(qn) = ¢* + (1 — qn)(qn). (5.64)

—46)

Therefore, to determine the O(m branch of any Ipgs integral, we need to compute

. ddq
—2i1—4e 2 =
m AgN/ — - F'(¢%,qn, qn),
(¢* + (1 — gn)(gn) +m?)! ( )

(5.65)
F(¢% qn, qit) = / [dks]5(1 — qn — kyn)S(ksis — ksn) / (k][ ko) (g — k1 — Ko) ...

At this point, we can again use the integration-by-parts method and express all relevant
integrals F'(q?, qn, qi) as linear combinations of five master integrals. They read

{817 827 B3a 847 85}

= / [dk3]6(1 — gn — kzn)d(ksn — k3n) / [k ][dk2]d(q — k1 — k2) (5.66)

" { 1 1 1 1 1 }
’ kgﬁ’ (kzn)(kg'fl), (kgn)(klﬁ)’ 1— kl')”L '
Note that these integrals do not contain scalar products of the gluon four-momenta. This
happens because such scalar products are either simple as e.g. in case of k1ks = ¢?/2 or can
be simplified for large oy 2 as e.g. in ksk; — (ksn)(kin), kske — (ksn)(kan).
It is convenient to compute the integrals B; 5 in the rest frame of ¢ where k; 2 are
back-to-back. Then, using the following result for the angular integral

(d=1) —e)(—e¢ nn
/ i ﬁi%(l R 2_269(d_2)w oF) [{1,1}, {1 — €} ; HT* , (5.67)
we easily find
By = Ne(¢*)~“(1 — qn) ™,
By — ;1220 (@) (A —am) ™
(—¢) qn
o (1=2¢)2(¢*) (1 —gn)~* o€
BN @ [{1’ il —ehit (qnan)] 66
_ o (1=2¢)2(¢*) (L —gn) > o @
Be= Ny ™ e 20 [“’ Bl =ek <qn><qn>] ’

Bs = Neq_QE(l — qn)_26 o [{1,1 —€},{2 — 2¢};qn],
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where

. 1 [ Qd-2) r T2(1 — ¢) (5.69)

Ne= 2m)d-1 [42m) 1| T(2-2¢)

A typical function F(g?, qn,qn) is given by a linear combination of the integrals By, 5.
For example, for one of the boundary integrals that we will refer to as By this function

reads
4(1 - 26)%(2 — gn)(1 — qn i
Fy(¢%,qn, qn) = [ ( (1)—1—(6)7716?(6135)2 = b (1—|-€)m482
(5.70)
B 2(1+42¢€)(1 — gn)gn B,

m2q2

Hence, to determine the m~%¢ branch of the corresponding integral, we need to compute

d?q 6(1 — qn) 9 _
= Fs(q”, qn, qn). 5.71
/q 2+ qn(1 —gn) +m? 2(a7, qn, qn) (5.71)

To calculate the integral in eq. (5.71), we need to choose a convenient parameterization to
integrate over q. We do this in the following way. We introduce the Sudakov decomposition
for the vector ¢ and write ¢ = %aqn + %ﬁqﬁ + g . It follows that

dq 0(1 — qn) = daqdﬂqdql( 1«42 91 - 8,). (5.72)
In addition, the four-vector ¢ needs to be time-like, ¢> > 0. This implies

¢* = ayB, — ¢4 > 0. (5.73)

We would like to simplify the mass-dependent denominator in eq. (5.71). To do that, we
first re-write it using Sudakov variables

¢ + qa(1 — gn) + m? :aq—qi+m2:t+m2, (5.74)

where we introduce a new variable t = o, — ¢2 . Positivity of ¢? requires

2
L
> ==, 5.75
5, (5.75)
This implies
11— FBq)
t=a,—q¢2 > L P 5
T By (5.76)
F>0=t—ay(l1—F,) >0
Hence, we can write
1
d%gh(1 — qn) = 1 dagdBdt(ag t)~¢dQ=2g(1 - B,), (5.77)

~ 34—



where the integration boundaries are 0 < f; < 1, 0 < ay < 00 and oy(1 — ) < t < ay.
Using the fact that the integrand in eq. (5.71) does not depend on the azimuthal angle, we
integrate over dQ(4=2) and write

Q=2 da,dB,dt(ag —t)~¢
By =T [T Dy a1 py)
4(1 —2€)%(2 — By)(1 = By) 4¢? 2(1 +2¢)(1 — By
[ (raneg O Tram ™ k= a0 - ) o
(5.78)

To integrate further, we change variables oy — & with oy =t/€ and 0 < { < 1. Since
_ L
£

the integration boundary for 3, becomes 1 —§ < 8, < 1. To accommodate these boundaries
in a natural way, we change variables § — r, with 5 =1—¢&r, 0 <r < 1.

¢* =t —ag(l—By) = (6~ (1= Bg)) >0, (5.79)

Upon changing variables and using explicit expressions for integrals Bj 2 4, we note that
integration over t factorizes and can be performed easily. We obtain

m~44T2(1—)(142¢) ;
By=— g [dgarmaen),
0
Lo O e (1-2r(146) 21— ¢/2))) 6.80
e = P e e o

7“1_26 1—e¢ —r&)E —T
+2(2e+1)(1_76)&6(51_5)226 2 Fy {{—e,—e},{l—e}; Q_Tﬂ }

Integrating over £ and r, we find

3 6 12 15(3—36 4
By = m 44 R == 437 +60¢3 + T 84+6<120C3
2¢ € € € 4

; (5.81)
11
+81¢s + 7wt — 204) + €2 (—75<§ + 360C3 + 324¢5 + 6—7; + 27t — 468)).

Calculation of O(m~%¢) branches for other integrals that are needed to determine
boundary conditions proceeds along similar lines. Integration over ¢ can always be performed
exactly and the subsequent integration over £ and r is then completed by constructing
subtraction terms of end-point singularities to facilitate expansion of integrands in €.

5.4.2 Numerical solution of the differential equations

Having discussed the computation of the boundary conditions, we need to explicitly write
down and solve the differential equations. We note that we need to consider about two
hundred mass-dependent master integrals in total to close the system of differential equations.
Since it is impossible to discuss such a huge system of differential equations in any detail, we
decided to choose a small eleven-by-eleven sub-system and discuss it in a comprehensive way.
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We consider eleven integrals

Jr = /d 535" 7, %;2

S= / (k%23 :1‘@5;%7;/@1 -n’ Ja= 16123%

7= / <k%23 (j' sfg)(kln), S / (k%23 j‘ 72529)(’“377)7
dnumn i

B= ] Ry 7o | (R + ) )

d Hnnn
Ju = / oo .
(kfag +m?) (ko)

We note that somewhat different notations for the phase-space measures in J5 and Jq1, com-
pared to other integrals, imply that derivatives of d-functions, namely dd(kon — kon)/d(kon)
and do(1—Fki23n)/dki2sn appear in Js and J11 respectively. It is straightforward to compute
these derivatives if the corresponding J-functions are represented using eq. (2.10) in the
spirit of reverse unitarity.

To derive differential equations, we consider a vector of eleven integrals introduced in
eq. (5.82), differentiate it with respect to m?, use integration-by-parts identities to perform
a reduction of the resulting integrals back to the integrals [J1,.. 11 and obtain

0 M, M, M 9
—J = + + + My +m-M . .
Om? m24+1 m2 +i m?2 4 5| T (5.83)

The matrices M 5 are independent of m? but depend on e. They can be found in
appendix B.

We have already explained how to compute the boundary conditions in the previous
section; explicit results for integrals 71, 11 that appear in eq. (5.82) can be found in the
supplementary material. With the boundary conditions at hand, we solve the differential
equation in the following way. At m? — ioco, all master integrals are written as power-
logarithmic series in y = 1/m?

T = Cos(k,n)y"In"y. (5.84)

Coefficients of these series solutions are fixed with the help of boundary conditions and the
differential equations. We can use these series solutions to evaluate integrals in the upper
complex half-plane within its radius of convergence. The radius of convergence follows from
eq. (5.83) where we observe singularities at m? = 0, —1/4, —1.

Suppose we take the point m? = mf = 1/yo where the solution eq. (5.84) is valid. We
construct another series solution at this point

T = Cy(k)(y —w0)", (5.85)
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and find coefficients Cy, (k) by matching the above equation to eq. (5.84) at around y = yo.
The solution in eq. (5.85) has its own radius of convergence and allows us to move past the
radius of convergence of the original solution eq. (5.84). We then repeat this procedure at
another point m? = m? closer to the physical point at m? = 0 and iterate.

After sufficient number of steps, we arrive at a point m? = m% within the radius of
convergence of the formal solution at m? = 0. As follows from the differential equation
eq. (5.83) m? = 0 is a regular singular point of the differential equation; to determine
coefficients of the solution constructed as an expansion around m? = 0 we proceed as follows.

The formal solution in the neighborhood of the point m? = 0 can be written as
I (m?) = P(e,m*)(m*)M© T o(e), (5.86)

where P is a matrix that can be computed as a series in m? and the matrix M is related
to M3 defined in eq. (5.83).

The matrix P can be found by constructing a series solution around m? = 0. The vector
J o corresponds to the boundary conditions at m = 0; we can determine it by matching the
formal solution against the evaluation at a finite-m point m?c. We write

Tole) = [P(g,mfc)(m;)M@)}’l T (m3). (5.87)

The above procedure allows us to obtain the complete solution J in the neighborhood
of the point m? = 0, and the only thing left to do is to select integrals we are interested in.

By construction, these integrals correspond to a situation when the limit m? — 0 is
taken while keeping € fixed; this means that all contributions to integrals J that scale as
(m2)"*t In* m? where i,4; and k are non-vanishing rational numbers, should be set to zero.

To isolate those terms, we determine eigenvectors of the matrix M (e) with zero
eigenvalues

M(€e)§, =0, a=1,.,No, (5.88)
and write

N

Tio = S (&L~ T0) P(e,0) &, (5.89)

a=1

where dual normalized eigenvectors {EZ} are orthogonal to {£,}, i.e EZ - &, = 0gp. The above
equation provides the desired results for integrals Ji,. 11 at m? = 0.

We emphasize that the algorithm described above can be used to obtain numerical
solutions of the differential equations with arbitrary precision. To illustrate this point, we
present the results for two integrals that appear in eq. (5.82) at the physical point m? = 0
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computed up to at least 15 significant digits through weight six. They read

ddmm 0.5

Jolm2=0 = 30 = === — 5 = 28.17026373260709 ¢ — 119.43143332972728 €2
123 €
— 430.4404286909044 €3 — 1410.1679482808422 €*
— 4372.111524529197 € — 13148.701437210732 €8 + O( €"), (5.90)
dopmm 0.5 5.5
J10lm2—o = / 000 — 7 4 T 4 34.34926305180546 + 170.0583525098628 €
(Kigs)(kam) € €

+ 758.7443815516605 €2 + 3238.222100561864 ¢
+ 13535.346184323936 ¢* + O( €°). (5.91)

Numerical results for remaining nine integrals shown in eq. (5.82) can be found in
the supplementary material. We note that it is possible to reconstruct analytic solu-
tions using the PSLQ algorithm [66] and a basis of transcendental constants. Using
FindIntegerNullVector function provided by Mathematica, we test this explicitly for all
the integrals in this example and verify the analytic solutions numerically up to 2000 digits.

6 Conclusion

In this paper we discussed computation of real-emission integrals for observables that
contain Heaviside functions. This is an interesting problem because reverse unitarity [44]
cannot be immediately applied to map such integrals onto multi-loop integrals, preventing
straightforward use of integration-by-parts identities in such cases.

We discussed a way to re-introduce integration-by-parts technology into the computation
of such integrals and showed that the resulting IBP relations have a clear hierarchical
structure since, in addition to original integrals, there appear integrals with Heaviside
functions replaced with J-functions. Integrals with d-functions are, however, much simpler
since they can be dealt with using reverse unitarity and, thus, IBP equations for them
are self-contained. In addition, IBP relations provide a foundation for deriving differential
equations for real-emission master integrals with Heaviside functions that can be solved
numerically even if analytic integration becomes too difficult.

We have shown the efficacy of this approach by computing the real-emission contribution
to the zero-jettiness soft function at NNLO. We have also discussed several non-trivial
contributions to the zero-jettiness soft function at N3LO and used them to illustrate all the
different aspects of the proposed computational techniques. We believe that theoretical
methods discussed in this paper will be useful for computing other phase-space integrals
that involve Heaviside functions. In particular, we hope that their application will allow us
to complete the computation of all real-emission contributions to zero-jettiness soft function
at N3LO.
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A Master integrals for nnn contribution to the soft function

The master integrals that arise in the computation of the nnn contribution to the soft
function are defined as follows:

o integrals for [d®pp w ,(i)a

_ nnn _ dq)gg%n
Il B /dq)(;&; ’ 12 B k‘lzn)(kmn) ’
_ 4955 d®3se"
Is /(/61377)7 k123n (A1)
e [ dog
(k13n)(ki23n) (F123n)
o additional integrals for [ d®p’ w(?’)b‘
T e [
(k1ks)(ksn) (k1ks) (k3n)(kisn)
e [ hom [ o 0
(k1ks)(ksn)(kasnt) ’ (k1ks3)(k1an)(kizn)’
I =/ A235 —, hp :/ d@g&"_ )
(k1ks)(ksn)(ki2sn) (k1k2)(k12n)(kon)(kizn)
_ / d®3gs" _ / dogss’
L3 = — —, Ty = —,
(k1kz)(k12n)(kon) (k12370) (k1ks)(k1zn)(ki3n) (A.2)
oo [ O oo [ 0 '
(k1kg)(k12n)(k13n) ’ (k1kg)(ka3n)’
e [ e [ o 0
) (k) (k) (kasn) ) (kerks) (k) (kagsn)
b [ O aw
(k1k2)(kan)(k123n) (k1k3)(k12n)(ki23n)
o [ g e
(k1k2)(kasn)(ki23n) (k1k3)(ki2n)(ki23n)
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(3)

nnn

o additional integrals for [d®p w,

nnn
dq)@é(;

Iy = [ Gt

Ior — / d®yss"
25 (kikz)(k1ks)(ki2sm) ’

nnn
d 665

Iy = /(k1k2)(/€1k3)(kmn)(klggﬁ) )

nnn
d 666

I20 = /(klkz)(k1k3)(k12ﬁ)(k3ﬁ) ’

= | a3y
3 (k1k2) (kks ) (krasn) (kan)
B | A
33 (k1k2)(k1ks)(ki2n)(ki2sn)

nnn
d(I)EQG

I35 = /(kle)(klkB)(k2n)(k123’ﬁ)(k3ﬁ) ’

nnn
d(b599

fsr = /(kle)(klkii)(k12n)(k123ﬁ)(k2ﬁ) )

nnn
d®ggs

Tyo = / (k1ka) (k1 ks ) (k12n) (k12sn) (ko) -

(),

nnn

Iyt — dp
(kle)(klk);;)(klgﬁ) ’
d®gss"

IQ6 = /(kle)(k1k3)(k12n)(k13ﬁ) ’

I — / degy
28 (k1ka) (ki ks) (kam) ’

nnn
d 6466

I = /(k1/€2)(/€1k3)(k12n)(k13ﬁ) ’
d®gss’

Is2 = /(k1/€2)(k1k3)(k3n)(k123ﬁ) ’

(A.3)

d nnn

I :/ 656

34 (k1kz) (k1ks)(ksn) (ki2sn)?

Toe — / Ay

30 (k1ka) (ki ks) (kaan) (kan) (ki)
ddggs

Iss = / (kv k) (k1ks) (k12n) (koit) (k1s7)

o additional integral for [d®p® w, " without 1/k%,; propagator:
dq)nnn
Iy = / 006 A4
07 (kaks) (kan) (knasn) (ksn) (A4

o additional integrals for [ d®py’ w( )d

nnn
dq)ﬁéé

Iy = | ——098
o /k§23(k12”)7

d@nnn
Lis :/ k;ae 7
123

i [ 00
k25 (kisn) ’
Loy — [ A
k%23(k13ﬁ)2 ’
Py .
k%23(k1k3)(k3ﬁ) ’
I = [
k%zs(kmﬁ)(lﬁn) ’
Y -
k2,5 (k1ks)(kostt) ’
Y -
k§23(1€1k3)(k23n) ’
o [ ek
o7 k255 (k1231) (ksn) ’
foo = [t
k393 (k1ks)(kasn)?

nnn
dq)&é@

o1 :/k%23(k12n)(k1k3)(k3ﬁ) ’

)
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with 1/kf, propagator:

nnn
dq)566

[44 _/ D550
123 (ksn) ’
Tie = ¢
6= k123(k23”) ’
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o deRt
Isn =
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I
62 = | %2, (k1zan) (kin) (ksn) °
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dq)559
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k2o (k1237m) (kan) ’

m:/ A3y’
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nnn
d¢)666
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nnn
d¢)699
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nnn
d®699
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nnn
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o additional integral for [ Aoy wsg

Tas :/k%zs(’“l%ﬁ)(kl:ﬁn)(k1k2)(k2h) ’

939 (k1n)” (kan)” (ksn)”

Vo) Kys(kiks) (kin) (kion) (ksn)

B Matrices for the differential equations in section 5.4.2

1%:/ ey
k3y3(ki23n) (k1ks) (kin) (k2sn) *

(A.5)

¢ with 1 k23 propagator and 1/v behaviour:
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In section 5.4.2, we discussed an example of a differential equation w.r.t. the auxiliary mass

parameter. The differential equation for eleven selected integrals is given in eq. (5.83); it

involves five eleven-by-eleven matrices whose explicit form is shown below.
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