
1. Introduction
When solar radiation reaches the Earth's atmosphere, it is likely that the radiation is interacting with cirrus 
clouds, as they are formed in high altitudes and have a large coverage. At any moment, the coverage of cirrus 
cloud reach to approximately 40%–60% of the Earth's surface (Mace et al., 2009; Matus & L’Ecuyer, 2017; Sas-
sen et al., 2008). It is recognized that cirrus's interaction with solar and infrared radiation will play a significant 
role in the energy balance of the Earth-atmosphere system (Liou, 1986, 1992; Stephens et al., 1990). At visible 
wavelengths, the radiative properties of cirrus are mainly determined by the ice crystal light scattering properties. 
Particularly, these properties define which fraction of the incoming radiation is redirected back into space and is 
therefore lost for the energy budget of the Earth. Hence, the so-called asymmetry parameter, characterizing the 
relative difference of the forward and backward scattered energy, needs to be determined. Although it contains 
only partial information of the angular scattering function, the asymmetry parameter is a key input parameter 
for the two-stream approximation of radiative transfer models (Liou,  2002). Because climate models mostly 
apply two-stream or Eddington approximations to parameterize radiative transfer (Fouquart et al., 1991; Randles 
et al., 2013), the asymmetry parameter of cirrus clouds largely determines their radiative impact in climate mod-
els (Fu, 2007; Kristjánsson et al., 2000; Liou, 2002).

The significance of the asymmetry parameter for cirrus clouds is also manifested by its connection to remote 
sensing (Labonnote et al., 2000; Yang et al., 2018). This can be revealed by a simple approximation formula of 
the plane-albedo of thin clouds (Liou, 2002; Meador & Weaver, 1980), that is,

𝑅𝑅 =
𝜔𝜔0

2𝜇𝜇0

(1 − 𝑔𝑔)𝜏𝜏𝜏 (1)

Abstract The retrieval of the asymmetry parameter from nephelometer measurements can be challenging 
due to the inability to detect the whole angular range. Here, we present a new method for retrieving the 
asymmetry parameter of ice crystals with relatively large size parameters (>50) from polar nephelometer 
measurements. We propose to fit the angular scattering measurement with a series of Legendre polynomials 
and the best fitted coefficients give the asymmetry parameter. The accuracy of the retrieval is analyzed by 
accessing the smoothness of the phase function, which is closely linked to the complexity of ice particle. It is 
found that the uncertainty of retrieval could be smaller than 0.01, provided the measured intensity profile is 
smooth enough. As an application, we report an case study on Arctic cirrus, which shows a mean value for the 
asymmetry parameter of 0.72.

Plain Language Summary The asymmetry parameter of ice crystals is a parameter that can largely 
determine cirrus cloud's interaction with solar radiation energy, and therefore its magnitude is important for 
climate and weather prediction models. In-situ measurements using nephelometers is a direct way to measure 
partial angular scattering functions, and the accuracy of these measurements is of upmost importance. 
In this paper, we report a novel method for retrieving the asymmetry parameter from polar nephelometer 
measurements. Depending on the smoothness of the measured angular scattering function, the accuracy of the 
retrieval could be very high. We report a case study over the Arctic region, showing a low asymmetry parameter 
around 0.72.
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where τ is the optical thickness, ω0 is the scattering albedo, μ0 is the cosine of direction of the incident solar 
radiation, and g is the asymmetry parameter of clouds. Because the optical depth is retrieved by measuring the 
reflected radiance for passive remote sensing, the assigned value of g (model value) for clouds, if not accurate, 
could induce large biases to the retrieval of optical thickness.

The asymmetry parameter of spherical particles, like water droplets, can be computed analytically due to their 
simplicity of shape. In contrast, ice crystals often exhibit complex shapes with a high degree of non-sphericity. 
This morphological complexity poses a great challenge for quantitatively studying their optical properties. Over 
the last few decades, progress has been made toward the improvement of the modeling capability of light scat-
tering by non-spherical particles. Various techniques including the geometric-optics ray tracing and numerically 
accurate methods, such as the Improved Geometric Optics Method (IGOM), Discrete Dipole Approximation 
(DDA), Finite-Difference Time-Domain method (FDTD), Invariant Imbedding T-matrix method (II-TM), have 
been developed for modeling the light scattering properties of ice crystals (Bi & Yang, 2014; Macke et al., 1996; 
Mishchenko et  al.,  1996; Taflove & Umashankar,  1990; Yang & Liou,  1996a; Yang & Liou,  1996b; Yurkin 
et al., 2007). The merits of these methods include that they are theoretically sound, highly accurate, and have the 
abilities to predict and interpret observational data, particularly polarization data. However, the limitation that 
one has to make specific assumptions on the particle morphology often results in the use of idealized and sim-
plified shapes, which most likely do not fully represent the optical properties of real atmospheric crystals with a 
high degree of morphological complexity.

Another approach for estimating the asymmetry parameter of cirrus clouds is to analyze the upwelling flux 
or multi-directional polarization data by applying radiation transfer theory and optical scattering models, for 
example, Stephens et al.  (1990); Diedenhoven et al.  (2012, 2013). The advantage of such analyses comprises 
the capability of probing cloud top information, being most relevant to the reflectance of clouds. As an indirect 
estimation, however, important assumptions on the cloud geometry (i.e., plane–parallel structure) has to be made 
for such analysis to be valid.

The most direct way of deriving the asymmetry parameter for ice crystals is the in-situ measurement by a neph-
elometer. Several instruments have been developed to measure the angular light scattering of ice crystals in-situ, 
including the Polar Nephelometer, Gayet et al. (1998) (PN), the Cloud Integrating Nephelometer (CIN), Gerber 
et al. (2000), and the Particle Habit Imaging and Polar Scattering (PHIPS) probe, Abdelmonem et al. (2016); 
Schnaiter et al. (2018). A common limitation of these instruments is the incapability to measure the whole angu-
lar range, particularly in the near-forward and near-backward scattering directions. Notably, by directly applying 
the cosine-weighted integral definition, Gerber et al. (2000) use CIN measurements to estimate the asymmetry 
parameter of cloud elements. In their approach, a fraction of energy in the forward scattering direction must be 
assumed in accordance with light scattering (diffraction) simulations. Other methods involving angular scattering 
measurements often use the best-fitting approach, by comparison with specific light scattering models, to deter-
mine the asymmetry parameter of ice crystals.

Despite decades of research, the value of the asymmetry parameter for ice crystals has not been very well con-
strained. If one asks the question what is the value of the asymmetry parameter for cirrus clouds, experimentalists 
and modellers will probably give different answers. Table 1 shows some typical values of g obtained from meas-
urements and modeling studies. In general, the radiometer-based studies from the early 90s give quite low values 
of g, the CIN measurements tend to give values around 0.74–0.75. A typical range of 0.76–0.78 is reported from 
PN measurements and the modeling studies normally predict the asymmetry parameter above 0.8. The discrepan-
cies between model and observation still motivate extensive studies of cirrus cloud optical properties, Bacon and 
Swanson (2000); Gerber et al. (2000); Liou and Yang (2016).

To further improve the accuracy of in-situ measurements, in this work, we developed a new method for retrieving 
the asymmetry parameter of ice crystals from polar nephelometer measurements with the PHIPS probe. The 
range of applicable size parameters (ratio of the characteristic length to the wavelength) is where geometric-op-
tics treatments are applicable (Yang et al., 2013). In contrast to previous methods, our method avoids specific 
assumptions for the undetectable angular range, which removes biases that stem from the use of specific optical 
particle models.

The structure of this paper is as follows, in Section 2, we revisit the basic principles of nephelometer measure-
ment of asymmetry parameter. In Section 3, we introduce the methodology for measuring asymmetry parameter 
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for PHIPS. In Section 4, we analyze the errors associated with the method. Section 5 reports the results from a 
recent in-situ measurements in Arctic cirrus clouds. Section 6 concludes this study.

2. Nephelometer Measurements of the Asymmetry Parameter
The asymmetry parameter g is defined as the cosine-weighted integral of the scattering phase function P(θ):

𝑔𝑔 = ∫
𝜋𝜋

0

𝑃𝑃 (𝜃𝜃)cos(𝜃𝜃)sin(𝜃𝜃)𝑑𝑑𝜃𝜃𝑑 (2)

where θ is the scattering angle. As cos(θ) has a maximum value of 1 at θ = 0 and a minimum value −1 at θ = π, g 
measures the relative difference between the forward-scattered and backscattered energy. This integral definition 
motivated the development of the CIN instrument Gerber et al.  (2000), measuring the accumulated scattered 
energy by an ensemble of particles over a limited angular range (10–175°) with and without a “cosine mask”. 
Specifically, the asymmetry parameter can be deduced from CIN measurements by the following expression:

𝑔𝑔 = 𝑓𝑓 +
𝑐𝑐𝑐𝑐 − 𝑐𝑐𝑐𝑐

𝑐𝑐 + 𝑐𝑐
(1 − 𝑓𝑓 ), (3)

where f is a constant number accounting for the energy within the forward-scattering range θ <= 10°, cF and cB 
are the integrals of the “cosine-weighted” forward-scattering and backscattered energy respectively, while F and 
B denote the integration of forward-scattering and backscattered energy respectively without the “cosine mask.” 
The advantage of the method is that the integration of the side-scattering energy could be accurate regardless of 
the smoothness of phase function. Nonetheless, this simple design also comes with some drawbacks. First, the 
error induced by the factor f is hard to quantify, because some light scattering models may not be sufficiently ac-
curate to reproduce the scattering phase function of real ice crystals due to morphological complexities across dif-
ferent scales. Second, for each cloud type, one has to assume a different value of f, which increase the complexity 

g from radiometer/polarimeter observations Reference

0.7 Stephens et al. (1990)

0.7 Stackhouse and Stephens (1991)

0.7 Wielicki et al. (1990)

0.75 Shiobara and Asano (1994)

0.76–0.78 (Tropical Cirrus, Florida) Diedenhoven et al. (2012, 2013)

g from the Cloud Integrating Nephelometer (635 nm) Reference

0.74 ± 0.03 (Arctic ice clouds) Gerber et al. (2000)

Garrett et al. (2001)

0.75 ± 0.01 (Florida anvil) Garrett et al. (2003)

g from Polar Nephelometer Reference

0.78–0.79 (Midlatitude cirrus, 800 nm) Jourdan et al. (2003)

0.76–0.77 (Northern Hemisphere cirrus, 804 nm) Gayet et al. (2004)

0.76–0.77 (Southern Hemisphere, 800 nm) Shcherbakov et al. (2005)

0.77–0.78 (Midlatitude cirrus, 804 nm) Mioche et al. (2010)

0.75 (Several cloud types, 532 nm) Järvinen et al. (2018)

g from numerical models Reference

0.79–0.88 (bullet rosettes) Iaquinta et al. (1995)

0.80–0.92 (plates) Macke et al. (1998)

0.77–0.86 (columns) Macke et al. (1998)

0.76–0.77 (two-habit model) Liu et al. (2014)

Table 1 
Values of Asymmetry Parameter (g) Estimated From Measurement and Modeling Studies
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of the retrieval algorithm. Generally, depending on the cloud microphysical properties, the absolute error could 
be around 0.04 for CIN. It should be noted that Equation 3 can also be applied to retrieve asymmetry parameter 
from polar nephelometer measurements Auriol et al. (2001).

Another approach for estimating the asymmetry parameter is to use statistical inversion method, Jourdan 
et al. (2003). This method requires the building of a look-up table based on light scattering simulations, which is 
essentially a best-fitting approach. The merits of such approach include that it can generate multiple parameters 
simultaneously, such as extrapolated scattering phase function, extinction coefficient, asymmetry parameter and 
scattering albedo. Nevertheless, the retrieved parameters will be inevitably biased toward the pre-computed look-
up table.

It can be seen that the existing algorithms for estimating the asymmetry parameter of ice crystals rely on simu-
lated optical properties of specific hexagonal models. The limitation of such approach is obvious, that is, as the 
level of complexity of real ice crystal increases, the model may not be representative anymore. This will inevita-
bly introduces biases for the retrieval of asymmetry parameter, making the accuracy assessment intractable. This 
limitation is unlikely to be resolved by simply improving the accuracy of measurement. Instead, an algorithm 
that minimizes the dependence on light scattering simulations needs to be designed, which is the main objective 
of this study.

3. Methodology
We start by expanding arbitrary phase function P(θ) in terms of series of Legendre polynomials Pl(cos(θ)) 
Wiscombe (1977),

𝑃𝑃 (𝜃𝜃) =

∞
∑

𝑙𝑙=0

(2𝑙𝑙 + 1)𝑐𝑐𝑙𝑙𝑃𝑃𝑙𝑙(cos(𝜃𝜃)), (4)

where 𝐴𝐴 𝐴𝐴𝐴𝑙𝑙 denotes the expansion coefficient of degree l. Due to the orthogonal property of Legendre polynomials, 
the expansion coefficient 𝐴𝐴 𝐴𝐴𝐴𝑙𝑙 can be evaluated by the following integral,

𝑐𝑐𝑙𝑙 =
1

2 ∫
1

−1

𝑃𝑃 (𝜃𝜃)𝑃𝑃𝑙𝑙(cos(𝜃𝜃))𝑑𝑑(cos(𝜃𝜃)) (5)

Let the phase function be normalized to 4π, that is,

∫
2𝜋𝜋

0
∫

𝜋𝜋

0

𝑃𝑃 (𝜃𝜃)sin(𝜃𝜃)𝑑𝑑𝜃𝜃𝑑𝑑𝑑𝑑 = 4𝜋𝜋𝜋 (6)

it follows that

𝑐𝑐0 = 1, (7)

and 𝐴𝐴 𝐴𝐴𝐴1 equals to the asymmetry parameter,

𝑐𝑐1 = 𝑔𝑔𝑔 (8)

meaning that asymmetry parameter is the first moment of scattering phase function with respect to Legendre 
polynomial.

For ice crystals whose size is large compared to incident wavelength, geometric optics ray-tracing approxima-
tion can be applied to calculate the optical scattering properties (Macke et al., 1996; Yang & Liou, 1996b). The 
scattering phase function is contributed by two separate parts, the external diffraction and ray-tracing part. The 
ray-tracing part of scattering phase function, accounting for reflection and refraction of light rays, is what a polar 
nephelometer can measure practically. According to the principle of light scattering in geometric-optics regime, 
the diffraction and ray-tracing contribution will be asymptotically equal when particle size parameter becomes 
large Yang et al. (2013). In this study, we set this lower limit of size parameter to be 50. For PHIPS probe, with 
a laser beam of wavelength 532 nm, this lower limit of particle size is round 26 μm. In this range, the scattering 
phase function can be approximately written as Macke et al. (1996):
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𝑃𝑃 (𝜃𝜃) =
1

2𝜔𝜔0

[(2𝜔𝜔0 − 1)𝑃𝑃𝐺𝐺𝐺𝐺(𝜃𝜃) + 𝑃𝑃𝐷𝐷(𝜃𝜃)] , (9)

where PGO(θ) denotes the geometric-optics ray-tracing contribution and PD(θ) is the external diffraction contribu-
tion, and ω0 is the single scattering albedo. The well-known 22-degree and 46-degree halo produced by pristine 
hexagonal cylinders are due to the contribution of PGO(θ). More specifically, it can be explained by the light rays 
refracted through prism angles of 60° and 90°, respectively. For complex real ice crystals, the phase function PGO 
is generally featureless. PD(θ) can be calculated by an integral involving the geometric projection of the particle 
along the incident direction, resulting a highly forward-peaked phase function. Previously, to estimate the value 
of g, a fraction of energy has to be assumed constant (∼0.56) to account for the undetectable angular range of 
θ < 10°, which is dominated by diffraction contribution PD(θ) Gerber et al. (2000).

Applying the Legendre expansion to Equation 9, one can obtain the following relation for the corresponding 
expansion coefficients,

𝑐𝑐𝑙𝑙 =
1

2𝜔𝜔0

[

(2𝜔𝜔0 − 1) 𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝑙𝑙 + 𝑐𝑐𝐷𝐷𝐺𝑙𝑙

]

𝐺 𝑙𝑙 = 0𝐺 1𝐺 2𝐺… (10)

where 𝐴𝐴 𝐴𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺𝐺 and 𝐴𝐴 𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝐷 are the expansion coefficients for geometric-optics and diffraction phase function respective-
ly. Take l = 1, we have the relation for asymmetry parameter,

𝑔𝑔 =
1

2𝜔𝜔0

[(2𝜔𝜔0 − 1) 𝑔𝑔𝐺𝐺𝐺𝐺 + 𝑔𝑔𝐷𝐷] , (11)

where 𝐴𝐴 𝐴𝐴𝐺𝐺𝐺𝐺 = 𝑐𝑐𝐺𝐺𝐺𝐺𝐺1 and 𝐴𝐴 𝐴𝐴𝐷𝐷 = 𝑐𝑐𝐷𝐷𝐷1 are the asymmetry parameter contributed by geometric-optics and diffraction 
respectively. As the diffraction phase function is highly peaked, gD is very close to unity. According to the anal-
ysis of scalar diffraction (SD) theory (Bohren & Huffman, 2008), the diffraction pattern for a spherical aperture 
shall have the following form:

𝑃𝑃SD(𝜃𝜃) ∝ (1 + cos(𝜃𝜃))
2

(

𝐽𝐽1(𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(𝜃𝜃))

𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥(𝜃𝜃)

)2

, (12)

where x is particle size parameter, and J1 is the first order Bessel function. According to the analysis in Mishchen-
ko et al. (2002), most of the diffracted energy will be confined into the angular range of θ < 7/x (in radian), which 
is a small angular range for ice crystals that are large enough. Despite that the above analysis is valid for spherical 
particle, the error caused by non-spherical ice crystal should be small as well since the asymmetry parameter due 
to large particle diffraction is very close to unity. We therefore make the following assumption,

𝑃𝑃𝐷𝐷(𝜃𝜃) = 𝑃𝑃SD(𝜃𝜃). (13)

To facilitate the retrieval, we computed the value of gD as a function of particle size d in μm using Equation 12, 
where d is defined as,

𝑑𝑑 =
𝑥𝑥𝑥𝑥

𝜋𝜋
, (14)

where λ = 0.532 μm is the wavelength used for measurement. The results are displayed in Figure 1. On logarith-
mic scale, gD(d) can be approximated by a polynomial of degree 4, that is.,

��(�) = −5.9270 × 10−5 − 0.00130 × ln(�) − 0.01087 × (ln(�))2

+0.04093 × (ln(�))3 + 0.94029 × (ln(�))4.
 (15)

The above fitting uses particle size range from 3.3 to 846.7 μm, which covers most the size range in our measure-
ment. For particle being larger than the upper limit, the value at 846.7 μm is used. In practice, the lower limit for 
Equation 12 to be valid is assumed to be 26 μm. It can be seen that gD is a weakly varying function with respect 
to particle size, resulting a relatively small error of 0.005 for the estimation of asymmetry parameter. Exploiting 
this weakly varying feature of diffraction contribution is important, because we can mainly focus on analyzing the 
error due to the integration associated with the geometric-optics phase function PGO(θ), which will be discussed 
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in the next section. We note that van Diedenhoven et al. (2014) also gives a empirical relation between the gD and 
size parameter x based on diffraction computation of hexagonal ice crystal of specific aspect ratio.

In the following, we shall find a set of Legendre polynomial coefficients up to degree Nt, giving the best-fit to the 
measured angular intensities. By doing so, we automatically obtain the asymmetry parameter gGO. Let a series of 
coefficients denoted by

⃗𝑐𝑐𝐺𝐺𝐺𝐺 =
(

𝑐𝑐𝐺𝐺𝐺𝐺𝐺0𝐺 𝑐𝑐𝐺𝐺𝐺𝐺𝐺1𝐺 𝑐𝑐𝐺𝐺𝐺𝐺𝐺2𝐺… 𝐺 𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝑡𝑡

)

. (16)

The problem can be cast as the following optimization problem:

argmin
⃗𝑐𝑐𝐺𝐺𝐺𝐺

𝜎𝜎
(

⃗𝑐𝑐𝐺𝐺𝐺𝐺

)

∶=

𝑁𝑁𝑚𝑚
∑

𝑛𝑛=1

(

𝑁𝑁𝑡𝑡
∑

𝑙𝑙=0

𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝑙𝑙𝑃𝑃𝑙𝑙 (cos (𝜃𝜃𝑛𝑛)) − 𝐼𝐼 (𝜃𝜃𝑛𝑛)

)2

𝐺 (17)

where I(θn) is the measured intensity from the polar nephelometer at scattering angle θn, and Nm is the total num-
ber of measurement directions. We then can obtain the normalized coefficients and the asymmetry parameter by 
the following formula:

𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =
𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝐺𝐺

𝑐𝑐𝐺𝐺𝐺𝐺𝐺0

𝐺 𝐺𝐺 = 0𝐺 1𝐺… 𝐺 𝑁𝑁𝑡𝑡. (18)

The above optimization problem can be converted to a system of linear equations, and solved by using least-
squared-fitting formula, see for example, Hu et al. (2000). Nevertheless, for arbitrary phase function to converge, 
Nt should be large enough. This could cause numerical instability, as large matrix inversion will be involved. To 
circumvent this difficulty, we first compute the intensity I(arccos(xi)) at Gauss–Legendre quadrature node xi via 
interpolation and extrapolation of I(θn), and the coefficients of various degrees can be then computed precisely 
via Gauss–Legendre quadrature integration:

𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =
1

2

𝑁𝑁𝑡𝑡
∑

𝑗𝑗=1

𝐼𝐼 (arccos (𝑥𝑥𝑗𝑗))𝑃𝑃𝐺𝐺 (𝑥𝑥𝑗𝑗)𝑤𝑤𝑗𝑗𝐺 (19)

where wj are the weights with respect to the quadrature.

As suggested by Equation 15, the asymmetry parameter, in other words, the first moment of diffraction phase 
function can be derived from particle size distribution (PSD). The PSD information is available from PHIPS 
probe since, besides recording single-particle angular scattering functions, stereo-microscopic images are also 
recorded. Now we can summarize our proposed method in the following flowchart (Figure 2):

Note that by finding the expansion coefficients, we not only retrieve asymmetry parameter, but also recover the 
phase function at arbitrary scattering angle. In the next section, we shall see that obtaining a set of best-fitting 
coefficients is crucial for analyzing the accuracy of retrieval.

Figure 1. Asymmetry parameter gD as a function of particle size d.
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The key ingredients of our method include two parts, one is the data fitting with Legendre polynomials, and 
second is the computation of diffraction expansion coefficients. Because the diffraction phase function is highly 
peaked, the expansion of such phase function requires many terms (could be larger than 6,000). To circumvent 
this difficulty, one can approximate the diffraction pattern by the Henyey–Greenstein (H–G) phase function van 
de Hulst (1980), as the HG function is completely determined by the asymmetry parameter. In such way, the 
phase function expansion can be written as:

𝑐𝑐𝑙𝑙 =
1

2𝜔𝜔0

[

(2𝜔𝜔0 − 1) 𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝑙𝑙 + 𝑔𝑔𝐷𝐷(𝑥𝑥)
𝑙𝑙
]

𝐺 𝑙𝑙 = 0𝐺 1𝐺 2𝐺… 𝐺 . (20)

It is interesting to see that Equation 20 explicitly contains many parameters that are relevant to light scattering, the 
asymmetry parameter, scattering albedo ω0, and size parameter x. Implicitly, 𝐴𝐴 𝐴𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺𝐺 are largely determined by the 
particle morphology. These coefficients are useful in radiative transfer computation, and now they can be derived 
from the polar nephelometer measurements.

4. Error Analysis
We shall now discuss the accuracy of the method. In practice, multiple error sources for the estimation of asym-
metry parameter could exist, including factors that are associated with instruments, noise of measurements, shat-
tering and so on. As we are mainly concerned with the problem of designing an algorithm, in this part, we will be 
focusing on the errors that are associated with the algorithm described in the last section.

4.1. Integration Error

The retrieval of asymmetry parameter from nephelometer is nothing but performing integration based on an 
incomplete angular-intensity profile. For polar nephelometer measurement, interpolation of the intensity is nec-
essary. It is apparent that the accuracy of interpolating the intensities (i.e., PGO(θ)) will be largely determined by 
its characteristics, such as whether a peak or sharp-change of intensity appears at small scattering angle and the 
halos that appears in pristine hexagonal crystals. Despite that the measured phase function (e.g., 18°–170°) is 
very often featureless, it is uncertain how much error will be induced by applying Equation 19. A basic property 
of Gauss–Legendre quadrature is that the integration is exact provided that the integrand can be represented using 
polynomials of degree up to N = 2nt − 1, where nt is the number of quadrature weights or nodes used. If N is a 
relatively small number, the quadrature nodes could be well confined in the range of detection, resulting a highly 
accurate estimation of asymmetry parameter. In the following, we shall exploit this fact for the purpose of error 
estimation.

In accordance with Equations 19 and 18, taking l = 1, we have the following expression for gGO:

𝑔𝑔𝐺𝐺𝐺𝐺 =

∑𝑛𝑛𝑡𝑡

𝑗𝑗=1
𝐼𝐼 (arccos (𝑥𝑥𝑗𝑗)) 𝑥𝑥𝑗𝑗𝑤𝑤𝑗𝑗

∑𝑛𝑛𝑡𝑡

𝑗𝑗=1
𝐼𝐼 (arccos (𝑥𝑥𝑗𝑗))𝑤𝑤𝑗𝑗

. (21)

Figure 2. Method for retrieving asymmetry parameter from measurement.
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It can be seen that the value of gGO will be exact as long as the intensity I(θ) can be represented using polynomials 
of degree up to N = 2nt − 2, because we have a term I(arccos(xj))xj in the numerator. Accordingly,

𝐼𝐼(𝜃𝜃) = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 ×

𝑁𝑁
∑

𝑙𝑙=0

(2𝑙𝑙 + 1)�̂�𝛼𝑙𝑙𝑃𝑃𝑙𝑙(cos(𝜃𝜃)), (22)

where a Constant is assumed such that 𝐴𝐴 𝐴𝐴𝐴0 = 1 . This constant is irrelevant for the analysis due to Equation 21. The 
accuracy of integration must be limited by the accuracy of approximating I(θ) using Equation 22. In general, we 
can use the following term associated with the last coefficient to access the accuracy of approximation,

𝜀𝜀 = (2𝑁𝑁 + 1)|�̂�𝛼𝑁𝑁 |. (23)

Hence, given a small coefficient 𝐴𝐴 |�̂�𝛼𝑁𝑁 | , the error is proportional to (2N + 1).This suggests that the method will 
obtain its best accuracy only if the expansion coefficient decays fast enough to small magnitude. In other words, 
the decay rate of the expansion coefficient is a determining factor for the integration to be accurate. As we shall 
see in a moment, this feature has very close relation with the morphological complexity of ice crystals. Let us 
require that:

𝜀𝜀 ≤ 0.001, (24)

which leads to

|�̂�𝛼𝑁𝑁 | ≤ 0.001

2𝑁𝑁 + 1
. (25)

We note that the upper limit of N is crucial for accessing the accuracy for PHIPS. This is because the number 
of N directly determines the Gauss–Legendre nodes and weights to be used in the integration. Remember that a 
common limitation of current polar nephelometers is that they are not able to measure the whole angular range. 
For PHIPS, the detection range is from 18° to 170° with 20 detectors equally spaced. For the integration to be ac-
curate, the corresponding Gauss–Legendre nodes shall be mostly within the range of detection. Figure 3 displays 
the Gauss–Legendre quadrature weights when different number of nodes are used. The two vertical lines indicate 
the detection range of PHIPS. It is not difficult to see that the best scheme for PHIPS is to be able to use no more 
than 8 nodes for integration, which lead to

𝑁𝑁 ≤ 14. (26)

Figure 3. The angular detection range of PHIPS and the Gauss–Legendre quadrature weights when different number of 
nodes are used.
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And therefore,

|�̂�𝛼𝑁𝑁 | ≤ 3.448 × 10−6. (27)

In other words, for PHIPS, if the measured intensity profile can be approximated by Equation 22 with N = 14, to 
such an extent that its expansion coefficient 𝐴𝐴 𝐴𝐴𝐴𝑙𝑙 decays to a magnitude of 3.448 × 10−6, the error associated with 
the asymmetry parameter should be around the order of 0.001.

4.2. Connection With Particle Morphological Complexity

As suggested by the above analysis, the decay rate of the expansion coefficients is a determining factor for the 
accuracy of retrieval. A natural question is, how to measure the decay rate of the expansion coefficient?

The decay rate of the expansion coefficient actually links to the smoothness, or the simplicity, of phase func-
tion. It has been well recognized that the morphological complexity of ice crystals, such as surface roughness, 
air-bubble inclusion will “smooth” the scattering phase function compared to a pristine counterpart. In modeling 
studies, attempts have been made to characterize these complexities, such as the distortion parameters and surface 
roughness parameter applied in Macke and Yang's ray tracing codes (Macke et al., 1996; Yang et al., 2008). In ad-
dition, Gaussian random spheres can produce smooth phase functions (Muinonen et al., 1996). These metrics are 
largely equivalent in terms of the effects on phase function. Nevertheless, these complexity metrics are designed 
for light scattering simulation, not retrievable by a polar nephelometer. Hence the complexity metrics such as the 
distortion parameter are not applicable for accessing the accuracy of our algorithm.

It turns out that following parameter is useful to measure the decay rate of the expansion coefficient:

𝐶𝐶𝑝𝑝 =

(

∞
∑

𝑙𝑙=0

|𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝑙𝑙|

)−1

. (28)

In practice, Cp can only be estimated by a truncated series of Legendre polynomials. To our surprise, the value 
of Cp is closely related to the distortion parameter, δ, designed for ray-tracing computation. The upper panel of 
Figure 4 shows the scattering phase functions of a hexagonal columnar particle with different Cp values. Different 
Cp values are calculated by varying the distortion parameter in the ray-tracing code. As displayed in the figure, 
the halo produced by pristine hexagonal column corresponds to Cp = 0.01. As the value Cp increases, the halo 
disappears in the scattering phase function. The lower panel of Figure 4 displays the relation between the distor-
tion parameter and Cp for various hexagonal columns and plates, where R denotes radius and L denotes the length 
in μm. It can be seen that relation is very close to a linear proportional relation, suggesting strong correlation 
between the two. Therefore, the value of Cp can also be used as an indicator of the degree of complexity of ice 
crystals. What being more useful in practice is that it is retrievable by a polar nephelometer.

In the following, we discuss some basic properties of Cp. For arbitrary normalized phase function, Cp satisfies 
the following relation:

0 ≤ 𝐶𝐶𝑝𝑝 ≤ 1. (29)

The values of 0 and 1 correspond to a Dirac delta function (i.e., no scattering) and isotropic scattering phase 
function respectively. This is due to the following relation:

2𝛿𝛿(1 − cos(𝜃𝜃)) =

∞
∑

𝑙𝑙=0

(2𝑙𝑙 + 1)𝑃𝑃𝑙𝑙(cos(𝜃𝜃)), (30)

meaning 𝐴𝐴 𝐴𝐴𝐴𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 1 for all l, which makes the value of Cp infinitely close to zero. On the other hand, for a constant 
phase function, we have:

𝑐𝑐𝐺𝐺𝐺𝐺𝐺𝐺𝐺 =

⎧

⎪

⎨

⎪

⎩

1 if 𝐺𝐺 = 0𝐺

0 if 𝐺𝐺 𝑙 0𝐺
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which leads to Cp = 1. For the H-G phase function, we have

𝐶𝐶𝑝𝑝 =

(

∞
∑

𝑙𝑙=0

|𝑔𝑔𝑙𝑙
|

)−1

= 1 − |𝑔𝑔|. (31)

Observe that for H–G phase function, the value of Cp is always inversely 
proportional to the asymmetry parameter with constant ratio of −1, while 
this is not true for the scattering of real ice crystals. As a matter of fact, based 
on simulations, the relation between Cp and asymmetry parameter g is com-
plicated and closely related to the aspect ratio of the particle (see Figure 10). 
For aspect ratio close to unity, the asymmetry parameter, as the first moment 
of the phase function, decays rather slowly in the region of small Cp. We shall 
discuss this in more detailed in the next section.

The introduction of the auxiliary parameter Cp is an important component 
of our method, because it can be simultaneously estimated with asymmetry 
parameter and serves the purpose of accessing the accuracy. Figure 5 displays 
the number of truncation terms N associated with an error of 0.001 (Equa-
tion 26), as a function of Cp for different light scattering models. The legend 
of fra100, for example, denotes the model of a second generation random 
fractal shape with radius of 100 μm. There are two branches of points asso-
ciated with two different models. The upper branch is associated with the 
fractal model (denoted by triangle), while the lower branch is associated with 

Figure 4. The correlation of Cp and distortion parameter applied in Macke's ray-tracing code.

Figure 5. Number of truncation term N associated with truncation error 
ɛ = 0.001, as a function of Cp for different ice crystal scattering models.
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the hexagonal models (denoted by square). It can be seen that for most of the models, the number of truncation 
term N is smaller than 14 as Cp > 0.4. In other words, if Cp large than 0.4, the error of retrieval shall be at the 
order of 0.001.

Numerical experiment has been carried out to further verify this observation. For example, in Figure 6, the red 
and black curves show the true values of asymmetry parameter and Cp, respectively, while the green and blue 
curves are the corresponding retrieval values. We note that the true values are calculated based on the mixing of 
the six models used in Figure 4. It can be seen that when Cp < 0.23, large bias could be induced. This is because 
in this region, a large number of truncation term is needed to accurately represent the phase function. When 
0.23 ≤ Cp ≤ 0.4, the error of retrieval starts to converge. When Cp > 0.4, the retrieval becomes highly accurate, 
which is consistent with our analysis. Based on Figure 6, we can further observe that: (a) Both estimated value of 
asymmetry parameter and Cp will converge to its true value; (b) The asymmetry parameter is generally negatively 
correlated with Cp as Cp becomes large enough (e.g., Cp > 0.4), and this could be used as an additional constrain 
for our retrieval.

4.3. Other Error Sources

For geometric-optics treatment to be applicable, we have set a lower limit of particle size to be 26 μm, corre-
sponding to a size parameter of 50 at wavelength 532 nm. The error associated with this limit can be estimated 
by Mishchenko et al. (2002):

𝑂𝑂
(

𝑥𝑥−3∕2
)

= 𝑂𝑂
(

50−3∕2
)

= 10−3. (32)

In practice, the particle size is generally larger than this limit.

For the Gauss–Legendre quadrature to be used for integration, the intensities at the corresponding nodes must 
be known. Nonetheless, for many of the polar nephelometer, including PHIPS, the detectors used for measuring 
the intensity are often placed equally spaced. This leads to a potential error caused by interpolation or extrapo-
lation. Such an error is presumably small, provided that the phase function is smooth enough after averaging. To 

Figure 6. Cp and its corresponding asymmetry parameter for a mixture of different models and their retrieval results based on 
our method.
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avoid potential bias of interpolation/extrapolation, we use the average value obtained from multiple interpolation 
methods. Specifically,

𝐼𝐼 (𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑥𝑥𝑖𝑖)) =
1

3
(𝐼𝐼𝑛𝑛𝑛𝑛𝑎𝑎𝑎𝑎𝑛𝑛𝑎𝑎𝑛𝑛 + 𝐼𝐼𝑙𝑙𝑖𝑖𝑛𝑛𝑛𝑛𝑎𝑎𝑎𝑎 + 𝐼𝐼𝑎𝑎𝑐𝑐𝑐𝑐𝑖𝑖𝑎𝑎) , (33)

where I(arcos(xi)) is the intensity to be used for Gaussian quadrature, and Inearest, Ilinear and Icubic are the interpo-
lation intensities based on the nearest − point, linear, and cubic interpolation methods, respectively. Numerical 
experiments have been carried out to verify the accuracy of the scheme (as seen in Figure 6). It should be noted 
that as Cp becomes close to or larger than 0.4, the value of integration becomes rather invariant to the interpola-
tion methods. In other words, different interpolation methods will give the same value. The extrapolation to small 
angles based on Equation 33 serve the purpose of estimating the value of Cp. It is worth noting that the interpola-
tion error could be voided if the detector is placed according to the Gauss–Legendre nodes.

In addition, we note that to avoid contamination by diffraction, the first small detection angle θ1 should satisfy

𝜃𝜃1 ≥ 7

𝑥𝑥
, (34)

where x is the particle size parameter. Assuming a lower limit of x = 50, the optimal number of nodes to be used 
is nt = 16 and θ1 = 8.35°.

Apart from the error associated with the algorithm, in practice, the errors caused by instrument design, sensors, 
noises, data processing, could potentially be important. A discussion of these issues is beyond the scope of this 
paper, more information can be seen in Baumgardner et al. (2017). To briefly summarize this section, we analyze 
the error of integration by introducing the Cp parameter, measuring the smoothness of the angular intensity pro-
file. It is found that when Cp > 0.4, the accuracy could reach to about 10−3. We also found a strong correlation 
between Cp and the distortion parameter defined in the ray-tracing model, which suggests that high morphologi-
cal complexity gives high accuracy of retrieval.

5. A Case Study of an Arctic Cirrus
As an application of our method, we report the results from a case study of Arctic cirrus sampled on June 29, 2021 
during the CIRRUS in High-Latitude (CIRRUS-HL) campaign when measurements flights were made in natural 
and aviation influenced cirrus using the DLR HALO aircraft equipped with a suite of in-situ and remote sensing 
instruments. The in-situ instrumentation included the PHIPS probe for characterization of the ice crystal angular 
light scattering properties. On the day of the case study, a warm front associated with southwesterly flow on the 
east coast of Greenland generated high level clouds north and northeast of Iceland. A thick Arctic cirrus cloud 
layer reaching from 8.8 to 11.3 km was observed and sampled in-situ on six different altitudes that were Langra-
grian to the airflow. Weather forecast prior to the sampling showed ascending air masses indicating a potential 
liquid origin for the cirrus ice crystals.

5.1. Time Series of Temperature and Ice Crystal Properties

Figure 7 shows a time series of the flight altitude and temperature (panel a), the ice crystal the area-equivalent 
diameter derived from the PHIPS stereo-microscopic images (panel b) and the corresponding values for Cp (panel 
b) and asymmetry parameter (panel d). Each data point in these panels represents an ensemble measurements 
of 20 consecutive single-particle events. It is assumed that there is no preferred particle orientation in these 
populations.

Largest ice crystal sizes were observed in the lowest sampling levels (between 8.8 and 9.5 km, −35°C and −39°C) 
where ice crystals with mean diameters up to 182 μm were observed. Stereo-microscopic images showed that 
the lowest sampling levels were dominated by compact and highly irregular crystals showing plate like growth 
with occasional bullet rosettes embedded. Panel I in Figure 8 shows example crystals from a period between 
10:16:09 and 10:16:56 UTC that is highlighted with letter I in Figure 7. The ice crystal diameter, Cp value and g 
are highlighted with increased symbol size in the corresponding panels. During this period 53 stereo-images of 
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ice crystals were acquired, from which 53% were manually classified as irregular crystals, 13% as side-planes, 
26% showed indication of shattering and the rest (8%) were incompletely imaged and could not been classified.

After 1043 UTC mostly bullet rosettes and small compact crystals, that partly resembled sublimated bullet ro-
settes, were observed. The average diameter was predominantly below 100 μm. Panel II in Figure 8 shows exam-
ple crystals from a period between 11:27:38 and 11:28:00 UTC, when compact and sometimes even quasi-spher-
ical crystals were observed. This period included 27 stereo-microscopic images, from which 41% were manually 
classified as quasi-spherical crystals, 30% as bullet rosettes, 19% as irregular and the rest (10%) could not be 
classified. All of the observed bullet rosettes showed indications of sublimation and simultaneous RH measure-
ments (not shown here) confirmed occasional periods of sub-saturated conditions that might have contributed to 
sublimation of these crystals.

Figure 7. Application of the proposed method for retrieving the parameter Cp and asymmetry parameter g in CIRRUS-HL with PHIPS instrument, on June 29, 2021. 
The panel (a) shows the ambient temperature in degree Celsius together with the GPS altitude, the panel (b) the mean diameter of the crystal population, the panel (c) 
the complexity parameter Cp and the panel (d) the values for g for the same population.
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The two highest sampling levels (around 11.3 km and −52°C) consisted of bullet rosettes with varying degree 
of complexity. Panel III in Figure 8 shows example crystals from a period between 11:41:30 and 11:41:54 UTC, 
when bullet rosettes with air inclusions and hollowness were observed. This period included 51 stereo-micro-
scopic images, from which 78% were manually classified as bullet rosettes, 4% as irregular, 12% showed indi-
cation of shattering, one crystal was an individual bullet and the rest (4%) could not be classified. Later, around 
11:43 UTC the bullet rosettes appeared increasing complex with side plane growth of varying degree.

The stereo-microscopic images indicated prevailing crystal complexities in the form of hollowness, surface 
roughness, air inclusions, and polycrystallinity. This is confirmed by the retrieved value of Cp, which was always 
above 0.4, also suggesting high accuracy of the retrieval of g. In addition, the particle size is generally above 
50 μm, which corresponds to a size parameter around 295 at wavelength 532 nm. In accordance with Equation 32, 
the bias caused by geometric optics ray-tracing treatment is:

𝑂𝑂
(

𝑥𝑥−3∕2
)

= 𝑂𝑂
(

295−3∕2
)

= 10−4, (35)

which is small enough for accurate asymmetry parameter retrieval.

Figure 8. Example ice crystal images captured with the PHIPS probe from three periods shown in Figure 7.
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The algorithm described in Section 3 can be also used to recover the scattering phase function. Figure 9 displays 
the angular scattering function measurement and its extrapolation to whole angular range based on Equation 20 
for the three periods shown in Figure 7. Note that the measurements are scaled such that its value at 42° matches 
the normalized phase function. Generally the peak of the normalized phase function will reach to the order of 
105–106. The corresponding asymmetry parameter, g, and the value of Cp are displayed in the legends. It can 
be seen that lower retrieved g corresponds to a higher side- and backscattering intensity, as is expected. Be-
cause these phase functions are from direct in-situ measurement, they are potentially useful for radiative transfer 
simulations.

Figure 7d shows the retrieved values for g. Overall, the values for g vary between 0.67 and 0.78 with a median of 
0.72 (Figure 10). No clear trend in g can be seen between the different altitudes or different crystal habits, which 
can be explained with the observed complexity of the ice crystals. Only during one period g values above 0.75 
are observed. As discussed above, this period around 11:26 UTC showed small compact and quasi-spherical ice 
crystals occasionally in sub-saturated conditions. Therefore, the increase in g can be explained by decrease in the 
crystal complexity caused by sublimation of the crystals.

5.2. On the g − Cp Relation

It has been well recognized that the asymmetry parameter and complexity of particle has some kinds of negative 
correlations. This relation is worthy of study in a more quantitative way because, among other factors (such as 
size), the complexity could play an important role in determining the asymmetry parameter of ice crystals. To 
our knowledge, such correlation has not been described in a uniform way. A major issue is that the definition of 
optical complexity of ice particle (model) is often dependent on specific models and methods, which makes the 
comparison between different optical models rather difficult, if not impossible. Since the asymmetry parameter is 
the first moment of scattering phase function, defining the “complexity” from the phase function moments seems 
to be reasonable and coherent.

The upper panel of Figure 10 displays the relations between the retrieved asymmetry parameter g and Cp. In total 
∼140 g − Cp pairs are shown, indicating a clear negative correlation. In addition, we show the modeling curve 

Figure 9. Three examples of extrapolated phase function and their asymmetry parameters and Cp values measured by PHIPS 
instrument, on June 29 2021. The measurements are indicated as open circles and are scaled to the phase function. The 
periods I, II, and III are highlighted in Figure 7 and example crystals corresponding to these periods are shown in Figure 8.
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of hexagonal particle models with different aspect ratios. The high-aspect-ratio models (very flat plates or very 
long columns) correspond to those high-asymmetry-parameter curves in the low-Cp region. When the aspect ratio 
of the hexagonal model is close to unity, the asymmetry parameter seems to be insensitive to the increase of Cp. 
However, when the Cp becomes large enough, the asymmetry parameter of all particle models decreases in a sim-
ilar rate. The retrieved data points of g − Cp pairs are mostly concentrated in the high-Cp region (i.e., Cp > 0.4), 
suggesting high complexity of real ice crystals. It can be seen that the g − Cp relation from the measurement 
matches well with the light scattering models.

The lower panels of Figure 10 show the histogram fitting of asymmetry parameter and the complexity parameter 
Cp, both displaying an approximate Gaussian profile. For asymmetry parameter, the mean value is g = 0.720 0, 
and the standard deviation is σ = 0.018 6, whereas the complexity parameter has a mean value of Cp = 0.491 1 
and the standard deviation σ = 0.034 8. The distribution of Cp suggests that our result is within the region of high 
accuracy.

6. Conclusions
Accurately obtaining the asymmetry parameter of ice crystals is important for climate modeling, numerical scat-
tering model development and atmospheric remote sensing. As a direct approach, in-situ measurements should 
be able to provide reliable ground truth. To improve the accuracy, we developed a novel and stable method for re-
trieving the asymmetry parameter from in-situ polar nephelometer measurements, that is, by fitting the measured 
angular scattering intensity with Legendre polynomials. Although we only conduct our measurement at single 
wavelength of 532 nm, accurate retrieval of the asymmetry parameter for a single wavelength in the visible band 

Figure 10. The relation between asymmetry parameter g and Cp in comparison with different scattering models. Based on data measured in CIRRUS-HL with PHIPS 
instrument, on June 29, 2021.



Journal of Geophysical Research: Atmospheres

XU ET AL.

10.1029/2021JD036071

17 of 19

is an important and necessary step toward accurately parameterizing the optical properties of ice crystals for cli-
mate modeling. The method is applicable to other visible wavelengths for other polar nephelometer instruments.

A key feature of the method is that it does not rely on any specific assumption about the truncated angular range 
in the near-forward scattering directions—an inherent problem of nephelometer measurements. In other words, it 
is a light scattering model-free approach and the asymmetry parameter is derived only based on measured data. 
This is achieved by exploiting the assumption that the forward diffraction and the refraction − reflection energies 
are asymptotically equal. By doing so, we manage to constrain the error of integration in accordance with the 
smoothness of the angular intensity distribution. The theoretical basis of this aproach links to the Gauss–Legen-
dre quadrature, which is exact provided that the scattering phase function is smooth enough. As the scattering 
phase function becomes smooth, the nodes of Gauss–Legendre quadrature will be very well confined in the range 
of detection, and the assumption on the undetectable range become redundant. As a way of finding the best-fitting 
coefficients, the Gaussian integration method is both stable and accurate. For the geometric-optics treatment to be 
valid, however, it is only applicable to ice crystals with a characteristic length larger than 26 μm at a wavelength 
of 532 nm.

The parameter Cp has been introduced to characterize the smoothness of the phase function for the purpose of an 
error analysis. We also found a strong correlation between Cp and the distortion parameter used in the ray-tracing 
simulation. Therefore, Cp can also be used as an indicator of morphological complexity of ice crystals. It is found 
that as Cp reaches to 0.4, the retrieval becomes highly accurate. Although it is beyond the scope of this study, we 
note that experimental verification of the link between Cp and the complexity of ice crystals measured by some 
other instruments, such as the SID-3, is very much worthy of investigation in the future.

As an application, we analyzed a case study of Arctic cirrus from the recent airborne campaign CIRRUS-HL 
where polar nephelometer measurements were conducted using the PHIPS probe. The retrieved asymmetry pa-
rameter reveals clear negative correlation with Cp. The validity of our method is evident from the fact that the 
magnitude of Cp is generally above 0.4, which belongs to the region of high-accuracy. The median asymmetry 
parameter around 0.72 that was deduced from this Arctic cirrus case falls into the range between CIN measure-
ments, Gerber et al. (2000); Garrett et al. (2001, 2003) and radiometric flux measurements Stephens et al. (1990) 
(see Table 1). The retrieved value of Cp (=0.49) suggests that real ice crystals could have much more complex 
morphology than the idealized models.

Data Availability Statement
Data used in the case study is from the CIRRUS-HL campaign. It can be accessed from https://halo-db.pa.op.dlr.
de/. The retrieval algorithm for the asymmetry parameter is written in MATLAB. The code and part of the data is 
accessible at https://github.com/IMK-AAF-AG-Aircraft/Asymmetry-Parameter-Retrieval, under a MIT license.
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