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INFINITE-ENERGY SOLUTIONS TO ENERGY-CRITICAL
NONLINEAR SCHRODINGER EQUATIONS IN MODULATION
SPACES

ROBERT SCHIPPA

ABSTRACT. We prove new well-posedness results for energy-critical nonlinear
Schrédinger equations in modulation spaces, which are larger than the energy
space. First, we remove the e-derivative loss in LP-smoothing estimates for
the linear Schrodinger equation, if p is larger than the Tomas-Stein exponent.
Next, we show local well-posedness results for nonlinear Schrédinger equations
in modulation spaces containing the scaling critical L2-based Sobolev space.
The proof is carried out via bilinear refinements and adapted function spaces.

1. INTRODUCTION

In this paper we continue the study of modulation spaces as initial data for
nonlinear Schrédinger equations in [27]. Modulation spaces in the present context
are used to model initial data, which are decaying slower than functions in L?-
based Sobolev spaces. These spaces are natural because of their invariance under
the linear Schrodinger evolution in contrast with the LP-based Sobolev spaces for
p # 2. Modulation spaces were introduced by Feichtinger [13]; see also subsequent
joint works with Grochenig [14, 15, 16]. The body of literature on modulation spaces
is already huge, so we refer to [27, 10] and references therein for an overview with
an emphasis on the use of modulation spaces in the context of dispersive equations.

In the work [27] LP-smoothing estimates in modulation spaces were considered:

(1) HeitAuO”LP([O,l],LP(]Rd)) S ”UOHM;’Q(]Rdy
These turned out to be useful to prove well-posedness results for the cubic NLS

2) i0u+ Au = £|u*u, (t,2) € R xR,
u(0) =ug € M ,(RY).

The solution was placed in Strichartz spaces, in which the linear part was estimated
by (1) and the nonlinear part was iterated with Strichartz estimates.

By frequency localization and rescaling arguments, the estimates (1) followed
from ¢2-decoupling for the paraboloid due to Bourgain—Demeter [6]. Let £ denote
the Fourier extension operator for the paraboloid:

Ef(t,x) = / el @SSR f(£)de.
{€eR4:|¢]<1}

Bourgain—Demeter proved the following estimates, which are sharp up to the e-loss:

s 1/2
(3) HngLP(BdH(O»R)) 55 R +E(Z Hgf"’”%p(deﬂ(o,R)))
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with s = s(p,d) given by

0, 2 <p< A2
S =

d d+2 2(d+2

1_2-‘;7 (d)SPSOQ

and f, denotes f -1p., gr-1/2) such that the family of R~'/2balls are finitely
overlapping. In [27] was pointed out how the right-hand side is related to the
modulation space norm of the initial value by rescaling and a kernel estimate. Thus,
(3) indeed gives (1) with s > s(p,d). It was also shown in [27] that s > s(p,d) is
necessary for (1) to hold true. In the present work, we remove the ¢ for p > 2(d+2)
Theorem 1.1. Let d > 1 and 2((1%3-2) < p < oo. Then, we find (1) to hold for

s = s(p,d).

For this purpose, we use an interpolation argument going back to Bourgain [2],
in which an e-derivative loss for Strichartz estimates on rational tori was removed.
Moreover, it is known that (3) cannot hold true for p = @ without R°-loss by
a relation to Gauss sums (cf. [6, 2]). It is moreover conjectured that (3) is true
with s = 0 for p < (d+2) For d =1, p = 4 (3) follows with € = 0 from a simple
geometric argument (cf [27, Theorem 1.1 (E)]).

Indeed, the present arguments follow closely Bourgain’s treatment of the nonlin-
ear Schrodinger equation on tori (cf. [2]; see also [24, 1]). As was already surmised
n [27], the linear evolution on modulation spaces resembles the Fourier sums en-
countered in the periodic case. It will be interesting to explore further consequences
of this transfer principle.

Following the proof of sharp smoothing estimates, we show bilinear refinements
via Galilean invariance:

Proposition 1.2. Let d > 3 and N1, Ny € 2V with N, < Ni. Then, we find the
following estimate to hold:

(4) ||Pn,e"® fiPy,e tAfQHLz [01]de)<N2 ||PN1f1||M4Z(Rd)||PN2f2HM42(Rd)

Bilinear refinements go again back to Bourgain [2, 3].

Finally, we apply bilinear Strichartz estimates in modulation spaces to extend
the local well-posedness theory of nonlinear Schrédinger equations. We consider the
energy-critical nonlinear Schrédinger equation for d € {3,4}:

(5) i0yu + Au =:|:|u|ﬁu (t,z) € R x R4,
u(0) =g € Miz(Rd).

The equation (5) is energy critical because the scaling
u(t, z) — /\%u(/\Qt7 Az)

leaves the energy invariant:

t,x)|? d-—
E[u]:/ Vult.2)” L d=2 42,

The corresponding scaling critical Sobolev space is H? (R%). For local well-posedness
in H'(R%) we refer to the survey by Bourgain [5]. Global well-posedness and scat-
tering for the defocusing case is much harder and was proved for d = 3 by the
I-team [12] and for d = 4 by Ryckman—Visan [26]; see also references therein and
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Bourgain’s seminal contribution [4] in the radially symmetric case. Sharp condi-
tions for global well-posedness and scattering of the focusing equation in the radial
case were proved by Kenig-Merle [23]. By the embedding
H'(R?) = Mj,(R7),

the local well-posedness for initial data in the modulation space strengthens the
local well-posedness result in H L(R?). Previous results on infinite energy solutions
to nonlinear Schrédinger equations are due to Braz e Silva et al. [7] with initial
data in weak LP-spaces. The results in [7] do not cover the energy critical equations
though; see also [8]. Moreover, weak LP-spaces are not invariant under the linear
propagation in contrast with modulation spaces. The first resuls on infinite energy
solutions are due to Cazenave—Weissler [9], who consider initial data with finite
linear solution in a certain LP-norm. The results in [9] do not cover the energy
critical case. L2-based Besov spaces were considered by Planchon [25].

In d = 11 showed local well-posedness for any s > 0 by linear Strichartz estimates
in [27]. This argument extends to d = 2 for s > 0, which is again the sharp analytic
well-posedness up to endpoints. We remark how the arguments of [27] extend to

L2-critical equations for d € {1,2}, i.e., the quintic NLS on the real line or the cubic
NLS in R2. Note that

L*(R?) ~ My p(R?) < MJ,(RY)

for p > 2 and s > 0. In this sense, the following well-posedness results are almost
critical:

Theorem 1.3. Let s >0 and T > 0.

(1) Then, the equation
(6) i0u+ Au = t|u*u, (t,z) € R xR,

u(0) =wug € Mg, (R) + L?(R)

is locally well-posed in Xp = C([0,T], L*(R) 4+ Mg 5(R)) N L§([0, T, L°(R))

provided that ||u0HMs ®R)+L2(R) < e(T).
(2) The equation

i+ Au = Eul?u, (t,z) € R x R2,
u(0) =ug € Mi,(R R?) + L?(R?)
12

is locally well-posed in X = C([0,T], L*(R?*)+M; ,(R?))NLE([0, T], L*(R?))
provided that |Juo||ar; ,r2)+12(r2) < €(T).

(7)

Note how above we choose the existence time in terms of the size of the initial
data. It would be more practical to consider T' = T'(ug), which is not detailed for
simplicity of presentation (see the proof of Theorem 1.4 below).

For d > 3 the derivative loss in the high frequencies of the L*-Strichartz estimate
has to be ameliorated via bilinear estimates. We show the following:

Theorem 1.4. Let d € {3,4}. Then (5) is analytically locally well-posed in Xp —
C([0,T], M3 5(R%)) in the critical sense: For any ug € M{,(R?) there is T = T (uq)
such that there is a unique solution u € Xt to (5), and the data-to-solution mapping
analytically depends on the initial value.

The first local well-posedness results on energy critical nonlinear Schrodinger
equations in the periodic setting are due to Herr-Tataru-Tzvetkov [19, 20]. In
these works, improved bilinear or trilinear estimates were proved via orthogonality
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in time. This proof was simplified by Killip—Visan [24], which is transferred to
modulation spaces presently. Killip—Visan pointed out how the estimates from
Proposition 4.1 can be used to show the well-posedness result for the energy critical
equation. A few remarks on global results in the periodic setting are in order: Herr—
Tataru—Tzvetkov [19] proved global well-posedness for small initial data by energy

conservation. Since the Sobolev embedding H'(T¢) — L%(Td) is sharp, the
straight-forward use of energy conservation requires smallness of the H'(T¢) norm.
Ionescu—Pausader [21] subsequently proved global well-posedness for large initial
data in the defocusing case for d = 3. Nonetheless, the global results fundamentally
build on energy conservation, which is not at disposal for initial data in MA}’Q(]Rd),
since these possibly have infinite energy. Thus, global results, even in the defocusing
case remain open for initial data in Mf ,(R?). On the other hand, the classical blow-
up arguments (cf. [23]) in the focusing case show that global solutions need not
exist, if the energy is negative.

For further reading, we also refer to the very recent contribution by X. Chen and
Holmer [11], in which unconditional uniqueness of solutions in C([0, T, H'(X4)) for
energy critical Schrodinger equations is proved via a unified approach for d € {3,4}
and X € {T,R}.

Outline of the paper. In Section 2 we recall basic facts about modulation spaces,
and we introduce the function spaces used in the proof of Theorem 1.4. In Section 3
we prove Theorem 1.1 by adapting Bourgain’s interpolation argument for Strichartz
estimates on the torus to modulation spaces. In Section 4 we show Proposition 4.1,
by which we prove Theorem 1.4 in Section 5. Theorem 1.3 is proved in Section 5
with linear Strichartz estimates for comparison.

2. PRELIMINARIES

2.1. Modulation spaces. The modulation spaces M;,q(Rd) ford > 1, s € R,
p,q € [1,00] are defined through an isometric decomposition in Fourier space. Let
(0k)geza With o, = o(- — k) and 0 € C*(B(0,1)) denote a smooth partition of
unity. We define

M (BY) = {f € S' @Y ¢ [ Fllass we) = | (010 (D)Fll o)) gl e < 00}

We write M, 4(R?) := M (R?) for brevity. We have the following embeddings in
the standard Besov scale (cf. [27, Section 1]): By the embedding ¢%* < (% for
q1 < g2 and Bernstein’s inequality, we have

ME o (RY) — MS(RY) (g1 < g2),

p,q1 P,q2
s d s d
Mm,q(R ) <= ]Mpz,q(R ) (pl < p2).

By Plancherel’s theorem, we have
(8) M »(R?) = L*(R).

Moreover, we have from kernel estimates with p = 1 and p = oo and interpolation
with (8) the estimates

Lastly, we note that
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provided that s; — sy > d (q% — q%) > 0 as a consequence of Holder’s inequality.
2.2. Adapted function spaces. We use UP-/VP-spaces taking values in modula-
tion spaces as iteration spaces. UP-/VP-spaces based on L2-based Sobolev spaces
go back to unpublished notes of Tataru in the context of wave maps. For a careful
introduction, we refer to the work by Hadac—Herr—Koch [17, 18]. However, there
seems to be no literature on the case that the base space is not a Hilbert space.
Hence, we choose to give the definition of UP-/VP-spaces and recall well-known as-
pects on the function spaces in the present context. The following presentation is
very close to [17].

Let Z be the set of finite partitions —oco = tg < t; < ... < tg = oo and let
Zoy be the set of finite partitions —oco < tg < t1 < ... < tg < oco. We consider
UP-/VP-spaces taking values in modulation spaces M, ,(R?), but provided that we
still have a suitable dual pairing, the following transpires to a more general case.
Denote the value space in the following by E.

Definition 2.1. Let 1 < p < oo and {#}}X, € Z and {¢},—' C E with

25;01 lléxly = 1 and ¢o = 0. The function a : R — E defined by
a= Zszl Liteoy,t0)Pr—1 18 said to be a UP-atom. We define the atomic space

UP(E)={u= Z)\jaj :aj: UP — atom, (\;) € £'}
j=1
with norm

lullor = inf{z A cu= Z)\jaj, (\j) € €', aj : UP — atom}.
j=1 j=1

Subspaces are considered as in [17, Proposition 2.2]. The spaces of p-variation
were already considered by Wiener [28].

Definition 2.2. Let 1 < p < co. V?(E) is defined as normed space of all functions
v : R — E such that lim; 4 v(¢) exists, v(oco) := 0 (this is purely conventional
and does not necessarily coincide with the limit), and v(—o00) = lim;—, o, v(t). The
norm is given by

K
lollve = sup (D llo(te) —v(ts-1)lI%)”

{tr} €2 k=1
is finite. Let V? denote the closed subspace of VP with lim;_, . v(t) = 0.
Propositions 2.4, 2.5, and Corollary 2.6 from [17] carry over verbatim. Recall

the duality (M, ,(R?))" ~ M, ,(R?) for 1 < p,q < oo, which is established via the
dual pairing

() Mp,q(Rd> X My o (Rd) —-C
(f:9) = [ fgdz.
Rd

We obtain an obvious variant of [17, Proposition 2.9] and have the following duality
(cf. [17, Theorem 2.8]):

Theorem 2.3. Let 1 < p < oco. We have
(UP(B))* ~ VP (E)
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in the sense that
T:VY(E') = (UP(E))*, T()=B(,v)
is an isometric isomorphism.
We have an explicit description of B for sufficiently regular functions:

Proposition 2.4. Let 1 < p < oo, u € V! be absolutely continuous on compact
intervals and v € VP (E'). Then,

Bluo) =~ [ 0. v(e)ar

Later we rely on computing the UP-norm with the aid of duality:

(9) lullor ) = sup |B(u, v)|.

’UGVP/(E,)Z“’Uval(E/):l

We remark that the spaces can as well be localized to an interval, in which case we
write UP(I; E), VP(I; E). We furthermore define the space DU?(I; E):

DUP(LE)={f=4 :ueUP([;E)}
with the derivative considered in the distributional sense and
Hf”DUP E) = HU'”UP (I,E)-

By Theorem 2.3, we have (DUP(I; E))* ~ VP (I; E') with respect to a bilinear
mapping, which for f € L1(I) — DUP(I; ) is given by

b
B(f.0) = / (), w(t)) .

We adapt UP-/VP-spaces to the linear Schrodinger propagation e
itA

@A a9 usual:

(10) ||UHXP (I;EB) = = le” uHXP(I;E)

with X € {U;V;DU}.

3. SHARP LP-SMOOTHING ESTIMATES

In this section we prove Theorem 1.1. Let d > 1 and p* = @ denote the
Tomas—Stein exponent. In the following we show that for p* < p < oo the estimate

(11) €2 Fll Lo (0.1 xRe) S [PAIBYENGT!

holds with s = s(p,d) = %— %. By the Littlewood-Paley square function estimate,
we can reduce to the estimate

(12) HPN@itAfHLrJ([O,ude) N NS”PNf”Mp,z-

Indeed, if (12) holds, then

1 F ooy ~ (D2 BN )| oo 1y
N

< (Z HPNeitAfH%p([o,ude))1/2
N

s 1/2
S OON*IPNfIg.) " ~ 1 llas -
N
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In the following we use an interpolation argument originally due to Bourgain [2] to
deduce (11) for s = s(p,d) from (11) for s > s(p,d). For more recent presentations
of Bourgain’s interpolation argument and extensions, we refer to works by Killip—
Vigan [24] and Barron [1]. The following presentation is close to Barron’s proof [1]
of sharp Strichartz estimates in the semi-periodic case. We opted to give an outline
of the argument for the sake of self-containedness.

We turn to the proof of (12) for p* < p < oo. First, we normalize | f||5s, ,(re) = 1.
Hence, we find by the Cauchy-Schwarz inequality

1P £l Loo(rey S NPy fllas. 2(RY) S N% 1PN fll g, 5 (ra)-
Let F(t,z) = Pye®® f(x). By the above, we can write

CN?2
P Wy =2 [ 07 180 [P(2)] > i

Let § > 0 and choose p* < ¢ < p. Applying Hdélder’s inequality, the above display,
and (12) in L7 for s > s(q,d) gives

NZ
/ '“p_1|{|F| > putdp Se Nq(% a )N(P—q)(%—6)+sq
0

< yr(4-22).
The ultimate estimate follows for eq < d(p — q).

Hence, in the following we focus on the estimate of the level sets, where |F| takes
large values:

CN 2
A= [ WP H{IF| > p}ldp.
Nz ~¢

Let Q = {|F| > p} for p > N29 fixed, and set €, = {R(e™“F) > 11/2}. We choose
w € {0,%,7, 25} such that [Q] < 4|Q,| and estimate || instead. Note that

(13) P20 S (Lo, K * 1o, )1z,

where K denotes the kernel
Kat) = [ oV, b e C2(B0,2)\B(0.1/2).
Rd

Like in Barron [1], we do not take advantage of the dispersive effects in R? for
€ [0,1], but discretize the kernel such that it resembles the exponential sum on
the torus. By Galilean invariance, we find the following lemma.

Lemma 3.1 ([1, Lemma 4.2]). If Qo is a cube of side length 1 centered at the
origin, we have the pointwise estimate

K (z,t)] < sup | ) (N a k))elltetRer Rtk

° kezd,

|k:|<(,N
This is amenable to a pointwise estimate, originally used by Bourgain [2] for
solutions to linear Schrodinger equations on the square torus. Let g,a € Z with
1 << N and 1 <a < ¢ with (a,q) =1, and set
1

Spa={tel0,1]: |t—f| <= s
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We have like in [1]:
Nt
|K(1‘,t>|1547a(t> 5 P 4
q*(1+NeJt = ¢]*)

Next, like in [24], we consider the times where the kernel is large:

T={te0,1]:gN?|t - g| < N% for some ¢ < N?, and (a,q) = 1},

where p > 0 will be chosen later. We let K = K17(t) and observe from
K — K| < N
This yields that

(Lo, (K — K) *1q,)2 | S N1,

and choosing ;1 > NZ7% we can absorb the contribution of K — K into the left
hand-side of (13). We remain with the contribution of K. For this, we use the
following proposition (cf. [24, Section 2]):

Proposition 3.2 ([1, Proposition 4.3]). Suppose r > @. Then, we find the
following estimate to hold:

4_
2

d+2
r

1K * Fll e gaxory < N2322)| )

L'

Applying Proposition 3.2 gives

d+2)

W07 < (10, K * 10,)] £ 07 N2
Consequently,
- 2(d+2)
] < 4j0,| < NE(4-252) o
for any r € (@, p). By the above, we can estimate the large level sets as

d
CN2

A< NE(-252) / w1 < N (352,
N§-S
The proof of Theorem 1.1 is complete. O

4. BILINEAR REFINEMENTS

By Galilean invariance, we can show bilinear estimates with derivative loss only
in the low frequency. In the context of Strichartz estimates on tori, we refer to
[24, 2]. Starting point is the following linear Strichartz estimate:

(14) e ug | Lago,1)xray S l[wollarg , ra)-

Proposition 4.1. Let 1 < K < N and suppose that (14) holds true. Then, we
find the following estimate to hold:

”PNeitAUOPKeitAUO||L2([0,1]><]Rd) S KQSHPNUO||M4,2||PK”UO||M4,2~
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Proof. Let (Qx ) be a family of frequency projections to balls of size K in R?
whose supports are covering B(0,2N)\B(0, N/2) finitely overlapping. By almost
orthogonality, we find

1Py e’ uo Prce™ o]l o,1)xe) S D 1PN Qrcre o Prce’™ 0T p0,1) e
K/

itA itA
= Z | PnQrre’ u0||2L4([0,1]><Rd)||PK€Zt U0||2L4([0,1]><]Rd)'
K/

We apply (14) to the second factor and to the first factor after Galilean transform,
which yields

SE*Y 1Qkuollis,, | Prvollis, ,
K/

< K*||Pyuoll3y, , | Prvoll3y, .-

The ultimate estimate follows by the finitely overlapping property and the definition
of the modulation spaces. O

This yields Proposition 1.2 by Theorem 1.1. In the next step we use the transfer
principle to derive an estimate for V2 My »-functions.

Proposition 4.2. Let K,N € 2% and 1 < K < N. Suppose that (14) holds.
Then, we find the following estimate to hold:

(15) ||PNUPKUHL,?@([0,1]de) S KzS”PNUHVAZMAQ||PKU||VA2M4,2'
Proof. By almost orthogonality, we can write

| PyuPgv||3z < Z HQK’PNUPKU|‘%3£([0,1]de)
K/

with (Qk/ )k like above. We apply Holder’s inequality to find
2 2
S 11Qu PrullZs o 1yrey IPrvlZs 0,17k
K/
We write Pxv = Zm AmGm With g, a UiM472-atom:
itA
gmzzllrelt J’{nﬂ Z”f;n”A}WAI)Q :1'
J J
Consequently,

||PKU||L;{w 0,1]xRd) = Z |am|||PK9m||L;{$ [0,1] xR4)
< Z |am|(z HPKeitAf;nHle,f,m(I;” de))
m J
1
S 2 laml (XA )"
m J

SJ K* Z |a"rﬂ| 5 Ks(l + g)HPK’UHUéMz;g

m

ENC

for any & > 0 by choice of (a,,) € ¢!. Likewise, by an additional Galilean transform,
we find

1@k PyullLs  (o,axrey S K| Qx Prnullug ay -
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We use the embedding Vi < UA and carry out the square sum over K’ to find
2 2
D NQurPrullTs o1k IPrvITs (0,110
K/

5 K4s Z ||QK/PNuH%]éM42HPKUH2U2M4,2
K’

< K S 1Qu Pruli v, I Picol2 v,
KI

S K| Pyulla g, , I1Prvl -
The proof is complete. O

Hence, the estimate of Proposition 4.1 holds true with functions in VZ My ».

5. LOCAL WELL-POSEDNESS IN CRITICAL MODULATION SPACES

This section is devoted to the proof of Theorems 1.3 and 1.4. We begin with the
proof of Theorem 1.3, which is carried out via linear Strichartz estimates (cf. [22,
Theorem 1.2]).

Proof of Theorem 1.3. We give the proof of (1) in detail. The key ingredients are
still like in [27] smoothing and Strichartz estimates. Let ug = f1 + fo with f; €
M¢5(R) and f; € L*(R). Then, Theorem 1.1 yields
1
NU &) fillsqom,zemy) S (D) e N frllarg , )

and by Strichartz estimates we find

1T () f2ll Lo qo,m.co )y S N fellL2w)-
Furthermore, since U (t)(L?*(R) 4+ Mg 5(R)) = L*(R) + Mg 5(R), we find

||U(t)uo||Loo([o,T],L?(RHMgJ(R)) N ||“0HL2(R)+M§,2(R)'

The nonlinear estimate is concluded by the inhomogeneous Strichartz estimates

t
H/o ez(t_s)A(|U|4U)(S)dSHLe([QT]’Le(R)) S H|u|4uHL6/5([O,T],L5/5(R))

S HUHiS([o,T],LG(R))'

Similarly,

t
H/O eZ(t_S)A(|u|4u)(s)ds‘{LN([O,T]7L2(R)) 5 ”‘u|4u”L6/5([O,T],L6/5(R))

S Nl Zs 0,10, ()
This finishes the proof of (1). The difference with the cubic NLS on R analyzed in
[27] is that we cannot afford to apply Holder’s inequality in time. This gives the
small data constraint. Regarding the claim (2), we note that in two dimensions,

p = q = 4 are sharp Strichartz indices and by Theorem 1.1 we have the smoothing
estimate

IU @) fllzao,ry,za2y) S (T)3 1 f [, m2)
for s > 0. O
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We turn to the proof of Theorem 1.4 in earnest. As iteration space, we consider
X' =3 UIMj , (cf. Section 2). We have for the norm

lul| x1 = (ZNQHPNU'“?]ZMM)
N

Nl=

We let furthermore

1
ve = (ZNQSHPNUH%/AZM“) 3
N
and have the embedding X*® — Y.
With bilinear estimates in adapted function spaces like in [24] available, the
arguments of the proof due to [24] apply to the local result. We have the following
analog of [24, Proposition 4.1]:

o]

Proposition 5.1. Let d € {3,4} and F(u) = :l:\u|ﬁu. Then, for any 0 <T <1,
we find the following estimates to hold:

t d+2
i(t—s)A =
16) | [ 2 Futas oz < Il oy

and

- I /O e =IAF(u+ w)(s) — F(u()ds | 2 0.7,

_4
S el o,y (1l xr oy + llwllxe qo.ry) 2
The implicit constants do not depend on T.

Proof. We only have to prove (17) because (16) is a special case. By duality, it is
enough to show

’/O /Rd[F(uﬁLw)(t) — F(u)(t)]o(t, z)dzdt|

4
S Nwlly =1 o, 1l xr o,y (lull x 2 o, 77y + 1wl x o, 77)) 72

For the above display, it is enough to show

d+2

T da—2 )
> > \/O /]R N (£, @) Hu%j)(t,x)dxdt\

No>1N1>..>Naqo2
-2

(18)
d+2
d—2

S llolly— T I lxs o,

j=1

The proof of (18) follows from linear and bilinear Strichartz estimates combined
with Bernstein’s inequality. We shall only show the variant of the Killip—Vigan
argument for d = 3 to avoid redundancy.

Case I: d = 3. By Littlewood-Paley theory, the two highest frequencies have to be
comparable.

Case I.1: Ny ~ N7 > ... > N5: We apply Proposition 4.1 to UNDUS\Q,z) and us\}l)ug\?;;
and estimate the remaining factors in LgS,. We write N1 = {(No, N1,...,Ns) :
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No ~ Ny > ... > N5} for brevity. The estimates yield

T
Z ’/ / VN, (Lx)u%l)(t,x). (5)(t ) ddt|
A 0 R4

svaNo Dl e uS e lule) e, [ui) [z,

<SSONENENENG ||vNOHv2M“HIIU
Nl =1

5
Sllolly—s T Iy
i=1

By the embedding X' < Y'! the proof of Case 1.1 is complete.
Case 1.2: Ng S Ny ~ Ny > N3 > Ny > Nj. Denote the summation set with As.

We apply two bilinear estimates to ’UNOUE\}) and ug\,)uggs) and Ly -estimates to the
other factors to find

Z|/ /Rdeotx J(t,2) . ul) (@) dadt|

4
S Mlowoul e luou$zs ul s, 16§ [ 2z,

1/2 1 3 3 5 (Z)
N ZNO ]\@,2]\[42]\752||UN0HVA21\/14,2 1_[||U1\/i||v§M4,2
Na =1

N N N2
<Z C—2 o, [ly- 1H||U Iy
1N2N3

S llolly— H [ @y
i=1

This finishes the proof of Case I. For the details of the proof of Case II for d = 4
we refer to [24]. O

We can complete the proof of Theorem 1.4 along the lines of [19, 24] with Propo-
sition 5.1 at hand.

Proof of Theorem 1.4. For small initial data we can construct a solution on [0, 1]
by showing that

D(u)(t) == e"Pug T i/o AP (u(s))ds

is a contraction mapping within
B = {ue X'([0,1]) N C4([0, 1], ML ,(RY) : [lufl 2 < 20}

endowed with d(u,v) := |[u — v||x1(j0,17)- This is a consequence of Proposition 5.1
by observing that ® maps B into itself by (16) and ® is indeed contracting by (17).
This proves Theorem 1.4 for small data.
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For large initial data, we argue with a low frequency cutoff. Let ug € M, (R%)
with

luollar; ey < A
for some 0 < A < 0o. We consider
B = {ue X'([0,T)NC([0, T], My o(RY)) : |ullx1 o)) < 24, [usnllxi oy < 20}

under the metric d(u,v) := [|u — v||x1([0,17)-
First, we see that ® indeed maps B to itself:

t
1@ (u)l|xr < e uollxr + ||/ e "IRF(ucy(s))ds|| 4
0

t
w6 - Flus) o)l
< luollazy, + CUF(uem)liziary, + Cllus wllx ul 52
< A+ OTlusn g uy, lusnllf 2y +C(26)(24) 7
< A+ CTN73 (24) T3 4 C(26)(2A4) 72 < 24

provided ¢ is chosen small enough depending on A, and T is chosen small enough
depending on A and N.
Next, we decompose F'(u) = Fy(u) + Fa(u), where

Fi(u) = O(u2 yui?) and Fy(u) = O(uZ2u).

We estimate with the Holder-like inequality for modulation spaces (cf. [10, Theo-
rem 4.3])

P> N @ ()] x1

t
< ||eitAP>NUO||X1 + ||/ ei(tfs)AFl(u(s))dsHXl
0

t
+ H/ ez(t_s)AFQ(u(s))clsHX1
0
2 E=
< I1P>nuollag ,way + Cllus vl [[ull ™ + CllE2 (W)l Liarg,
6—d =
< 6+ C@0)2A T + CTull e asyllusn 20 |
<5+ C(20)(24) T2 + CTN 72 (24) 7.

We can bound the above by 2§ provided that § is chosen small enough depending
on A, and T is chosen small enough depending on A, §, and N.
Next, we prove that ® is a contraction. We decompose like above F' = F; + F5 and

observe
6—d
—2

Fi(u) = Fi(v) = O((u = v)(us>n — vsn)(u

+ %))

and

Fy(u)=Fy(v) = O((u=v)(uen+v<n) 72) +O((uen —ven) (u+v) (uan +vn) ©2).
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By the above arguments for u,v € B:

d(®(u), D(v))

6-d
S llu—vllxi(lusnllxs + [loswllxo) ([ullxr + (vl x1) =2
+ [[1F2(u) = Fa(v)llziaeg,
_4

6—d
S (40)(4A) =2 d(u, v) + Tllu — vl pgenr , (lusnllpgenrs, | + lo<nllppear, )72

+ T(llull pgensy, + 0llpsenry usn —vanllzem |

X (lusnllogenr, | + lvenlliean )
— 4d 4 1
< (49)(44) = + TN 2 (44)7=]d(u,v) < Sd(u,v),

provided ¢ is chosen small enough depending on A, and T is chosen small enough
depending on A and N. This yields uniqueness and analytic dependence of the
data-to-solution mapping within B. By standard arguments, uniqueness extends to
Xl([O,T])ﬂCt([O,T],MiQ(Rd)). U

ACKNOWLEDGEMENTS

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) — Project-ID 258734477 — SFB 1173.

REFERENCES

[1] Alex Barron. On global-in-time Strichartz estimates for the semiperiodic Schrodinger equa-
tion. Anal. PDE, 14(4):1125-1152, 2021.

[2] J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and ap-
plications to nonlinear evolution equations. I. Schrédinger equations. Geom. Funct. Anal.,
3(2):107-156, 1993.

[3] J. Bourgain. Refinements of Strichartz’ inequality and applications to 2D-NLS with critical
nonlinearity. Internat. Math. Res. Notices, (5):253-283, 1998.

[4] J. Bourgain. Global wellposedness of defocusing critical nonlinear Schrédinger equation in the
radial case. J. Amer. Math. Soc., 12(1):145-171, 1999.

[5] J. Bourgain. New Global Well-Posedness Results for Nonlinear Schrodinger Equations. AMS
Publications, Providence, RI, 1999.

[6] Jean Bourgain and Ciprian Demeter. The proof of the I? decoupling conjecture. Ann. of Math.
(2), 182(1):351-389, 2015.

[7] Pablo Braz e Silva, Lucas C. F. Ferreira, and Elder J. Villamizar-Roa. On the existence

of infinite energy solutions for nonlinear Schrédinger equations. Proc. Amer. Math. Soc.,

137(6):1977-1987, 2009.

Thierry Cazenave, Luis Vega, and Mari Cruz Vilela. A note on the nonlinear Schrédinger

equation in weak LP spaces. Commun. Contemp. Math., 3(1):153-162, 2001.

Thierry Cazenave and Fred B. Weissler. Asymptotically self-similar global solutions of the

nonlinear Schrédinger and heat equations. Math. Z., 228(1):83-120, 1998.

[10] Leonid Chaichenets. Modulation spaces and nonlinear Schrédinger equationscs. PhD thesis,
Karlsruhe Institute of Technology (KIT), sep 2018.

[11] Xuwen Chen and Justin Holmer. Unconditional uniqueness for the energy-critical nonlinear
Schrédinger equation on T%. Forum Math. Pi, 10:Paper No. €3, 49, 2022.

[12] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao. Global well-posedness and
scattering for the energy-critical nonlinear Schrédinger equation in R3. Ann. of Math. (2),
167(3):767-865, 2008.

[13] H. G. Feichtinger. Banach convolution algebras of Wiener type. In Functions, series, op-
erators, Vol. I, II (Budapest, 1980), volume 35 of Collog. Math. Soc. Jdnos Bolyai, pages
509-524. North-Holland, Amsterdam, 1983.

[14] Hans G. Feichtinger and K. H. Grochenig. Banach spaces related to integrable group repre-
sentations and their atomic decompositions. I. J. Funct. Anal., 86(2):307-340, 1989.

8

9



(15]
[16]

(17]

(18]

(19]

20]

(21]
[22]

23]

[24]
(25]
[26]
27]

(28]

ENERGY-CRITICAL NLS IN MODULATION SPACES 15

Hans G. Feichtinger and K. H. Grochenig. Banach spaces related to integrable group repre-
sentations and their atomic decompositions. II. Monatsh. Math., 108(2-3):129-148, 1989.
Karlheinz Grochenig. Foundations of time-frequency analysis. Applied and Numerical Har-
monic Analysis. Birkhduser Boston, Inc., Boston, MA, 2001.

Martin Hadac, Sebastian Herr, and Herbert Koch. Well-posedness and scattering for the KP-
IT equation in a critical space. Ann. Inst. H. Poincaré Anal. Non Linéaire, 26(3):917-941,
2009.

Martin Hadac, Sebastian Herr, and Herbert Koch. Erratum to “Well-posedness and scattering
for the KP-II equation in a critical space” [Ann. I. H. Poincaré—AN 26 (3) (2009) 917-941]
[mr2526409]. Ann. Inst. H. Poincaré Anal. Non Linéaire, 27(3):971-972, 2010.

Sebastian Herr, Daniel Tataru, and Nikolay Tzvetkov. Global well-posedness of the energy-
critical nonlinear Schrédinger equation with small initial data in H(T®). Duke Math. J.,
159(2):329-349, 2011.

Sebastian Herr, Daniel Tataru, and Nikolay Tzvetkov. Strichartz estimates for partially pe-
riodic solutions to Schrodinger equations in 4d and applications. J. Reine Angew. Math.,
690:65-78, 2014.

Alexandru D. Ionescu and Benoit Pausader. The energy-critical defocusing NLS on T3. Duke
Math. J., 161(8):1581-1612, 2012.

Markus Keel and Terence Tao. Endpoint Strichartz estimates. Amer. J. Math., 120(5):955—
980, 1998.

Carlos E. Kenig and Frank Merle. Global well-posedness, scattering and blow-up for the
energy-critical, focusing, non-linear Schrédinger equation in the radial case. Invent. Math.,
166(3):645-675, 2006.

Rowan Killip and Monica Vigan. Scale invariant Strichartz estimates on tori and applications.
Math. Res. Lett., 23(2):445-472, 2016.

Fabrice Planchon. On the Cauchy problem in Besov spaces for a non-linear Schrédinger equa-
tion. Commun. Contemp. Math., 2(2):243-254, 2000.

E. Ryckman and M. Visan. Global well-posedness and scattering for the defocusing energy-
critical nonlinear Schrédinger equation in R4, Amer. J. Math., 129(1):1-60, 2007.

Robert Schippa. On smoothing estimates in modulation spaces and the nonlinear Schrédinger
equation with slowly decaying initial data. J. Funct. Anal., 282(5):Paper No. 109352, 46, 2022.
Norbert Wiener. Collected works with commentaries. Vol. II, volume 15 of Mathematicians of
Our Time. MIT Press, Cambridge, Mass.-London, 1979. Generalized harmonic analysis and
Tauberian theory; classical harmonic and complex analysis, Edited by Pesi Rustom Masani.



	1. Introduction
	2. Preliminaries
	2.1. Modulation spaces
	2.2. Adapted function spaces

	3. Sharp Lp-smoothing estimates
	4. Bilinear refinements
	5. Local well-posedness in critical modulation spaces
	Acknowledgements
	References

