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We discuss time reversal (T) violation in neutrino oscillations in generic new physics scenarios. A
general parametrization is adopted to describe flavor evolution, which captures a wide range of new
physics effects, including nonstandard neutrino interactions, nonunitarity, and sterile neutrinos in a
model-independent way. In this framework, we discuss general properties of time reversal in the context
of long-baseline neutrino experiments. Special attention is given to fundamental versus environmental T
violation in the presence of generic new physics. We point out that T violation in the disappearance
channel requires new physics, which modifies flavor mixing at neutrino production and detection. We
use time-dependent perturbation theory to study the effect of nonconstant matter density along the
neutrino path and quantify the effects for the well-studied baselines of the DUNE, T2HK, and T2HKK
projects. The material presented here provides the phenomenological background for the model-
independent test of T violation proposed by us in [T. Schwetz and A. Segarra, Model-Independent Test of
T Violation in Neutrino Oscillations, Phys. Rev. Lett. 128, 091801 (2022).].
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I. INTRODUCTION

The search for the charge-parity (CP) symmetry vio-
lation is a central goal for current and upcoming long-
baseline neutrino oscillation experiments. Fundamental
CP violation is closely related to time reversal T violation
thanks to the CPT theorem, which states that the product
of these two transformations must be a symmetry. Early
works on this topic include Refs. [1–3]. Fundamental CP
or T violation are related to complex couplings in the
Lagrangian. Indeed, in the standard three-flavor scenario
[4], it is described by a single complex phase in the lepton
mixing matrix [5–7], the so-called Dirac phase [8].
However, actual neutrino oscillation experiments involve
neutrino passage through matter, and hence, observable
transition probabilities are subject to matter effects [9].
Since a background of normal matter leads to violation of
CPT in the neutrino flavor evolution [10], fundamental
CP or T violation is not directly observable; see
Refs. [11,12] for a recent discussion. In this respect, T
violation has an advantage over CP violation for the
following reason. Since the matter effect is different
between neutrinos and antineutrinos, environmental CP
violation is typically large and difficult to disentangle

from fundamental CP violation. In contrast, it is well
known that a symmetric matter density profile (symmetric
between neutrino source and detector) does not introduce
environmental T violation if the fundamental theory is T
invariant; see, for instance, Refs. [13,14]. On the other
hand, T violation itself is again difficult to observe
experimentally since it formally corresponds to exchang-
ing neutrino flavors of neutrino source and detector. There
is extensive literature on T violation in neutrino oscil-
lations; see Refs. [1,12–21] for an incomplete list.
The usual search for CP violation is highly model

dependent. It relies on the standard unitary three-flavor
paradigm, implying the absence of any new physics in
neutrino interactions, mixing, and propagation. In this
restricted framework, a parametric fit to the available data
is performed in terms of the standard mass-squared
differences Δm2

21, Δm2
31, mixing angles θ12, θ23, θ13, and

the complex phase δ. “Discovery of CP violation” is usually
identified with the situation when the fit disfavors values of
δ ¼ 0 and π at a certain confidence level. Indeed, within this
approach, current results from the T2K [22] and NOvA [23]
long-baseline experiments, combined with the global neu-
trino oscillation data, show already an indication for a
preferred range of δ [24–26].
In Ref. [27], we have proposed a method, with the goal to

address several limitations outlined above and to search for
fundamental T violation in the neutrino sector in a more
model-independent way. In order to achieve this goal, we
have introduced two main ingredients:
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(i) We prosed a rather general parametrization of
neutrino evolution to describe the flavor system
more model independently, and

(ii) We presented a potentially realistic way to search for
fundamental T violation in long-baseline experiments.

Regarding (i), our general parametrization allows for
effects of nonstandard interactions in neutrino source
and detection, as well as arbitrary matter effect. Mixing
can be nonunitary, and therefore, the presence of sterile
neutrinos is allowed, as long as they do not introduce
additional oscillation frequencies (i.e., we restrict to two
independent oscillation frequencies). We will review this
parametrization in detail in Sec. II below.
The main idea with respect to item (ii) is the following:

We consider the oscillation probabilities within the general
framework at different baselines but at the same energy. The
reason for this assumption is that we want to be agnostic
about the energy dependence of the new physics. Hence, we
need to combine data from long-baseline experiments at
different baselines L at the same neutrino energy. Then we
check if the data requires T-odd (or equivalently L-odd)
terms in the transition probability, based on the model-
independent parametrization. We have shown in Ref. [27]
that this test potentially can be performed already with data
from three different long-baseline experiments (plus data
from a near detector). This opens the possibility to apply the
proposed test with actually planned and proposed experi-
ments, such as DUNE (L ¼ 1300 km) [28,29], T2HK
(L ¼ 295 km) [30], T2HK with a second detector in
Korea, T2HKK (L ¼ 1100 km) [31], and a long-baseline
experiment at the European Spalation Source, ESSνSB
(L ¼ 540 km) [32,33]. The crucial requirement is the
availability of measurements at the first and the second
oscillation maxima (at the same energy), with sufficiently
good energy reconstruction. Preliminary sensitivity esti-
mates have been performed in Ref. [27].
The goals of the present paper are the following. We

provide a more in-depth discussion of T violation, allowing
for the general nonstandard physics described above to
establish the theoretical basis for the test proposed in
Ref. [27]. We show explicitly that several results known
for the standard framework carry over to the new physics case
considered here. For instance, we prove that any nonstandard
matter effect does not introduce environmental T violation if
the fundamental theory is T conserving, as long as the matter
density profile is symmetric. Special care is given to
nonstandard mixing effects in source and detector. We give
a careful definition of the time reversal symmetry and discuss
its effect in nonstandard mixing scenarios. Along the way, we
establish the basic assumptions of the test in [27].
In Ref. [27], we have formulated the test by assuming a

constant matter density along the neutrino path and that the
matter density is the same for all experiments. These assump-
tions are only approximately valid for the experiments under
consideration. Therefore, in the present article, we provide a

quantitative estimate for corrections induced by realistic
matter density profiles, based on the detailed investigations
for the T2HKK and DUNE baselines from Refs. [34,35]. In
general, our approach is based on a perturbation ansatz, based
on the fact that both the newphysics aswell as the nonconstant
density effects are small perturbations to the standard three-
flavor and constantmatter case.Themethods developedbelow
allow for a straightforward correction of the T violation test
with respect to nonconstant density.
The outline of the remainder of the paper is as follows. In

Sec. II, we review the model-independent parametrization of
the neutrino flavor evolution and derive the transition
amplitudes and probabilities, taking into account nonconst-
ant matter densities as a small perturbation effect. In Sec. III,
we consider the time reversal transformation within this
model-independent setting and discuss which properties
known for the standard oscillation case still hold in our
model-independent framework and which do not. In Sec. IV,
we provide some further discussion and comment on T
violation in the disappearance channel within new physics
scenarios. In Sec. V, we provide quantitative estimates of
nonconstant matter density profiles for T2HK, T2HKK, and
DUNE. We conclude in Sec. VI.

II. MODEL-INDEPENDENT DESCRIPTION
OF FLAVOR EVOLUTION

We assume that propagation of the three Standard Model
(SM) neutrino states is described by a hermitian Hamiltonian
HðE; xÞ, which depends on neutrino energy E and, in
general, on the matter density at the position x along the
neutrino path. We follow the usual approximation in
describing neutrino evolution by setting x ¼ t (in units
where the speed of light is unity), i.e., localized neutrino
wave packets propagating with the speed of light. Therefore,
the space dependence of the Hamiltonian effectively
becomes a time dependence. In the following, we will
use x and t interchangeably. The evolution of the flavor
state jψi is described by the equation,

i∂tjψi ¼ HðtÞjψi; ð1Þ

where, here and in the following, we suppress the energy
dependence.
We consider neutrinos propagating from a source at

position xs at time ts to a detector at position xd, arriving at
time td, with xd − xs ¼ td − ts ¼ L. Let us define

HðtÞ ¼ Hvac þ V totðtÞ ¼ H0 þ VðtÞ; ð2Þ

V totðtÞ ¼ V0 þ VðtÞ; ð3Þ

H0 ¼ Hvac þ V0; ð4Þ

where H0 contains contributions from the vacuum
Hamiltonian, as well as the average matter potential V0,
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and it is time and position independent, whereas VðtÞ
corresponds to the matter potential due to the varying
matter density, with

R
xd
xs

dxVðxÞ ¼ 0. For our purposes
(long-baseline experiments), we assume that VðtÞ is a
small perturbation, i.e., that the matter density is roughly
constant along the neutrino path. This is a good approxi-
mation for experiments with baselines less than several
1000 km [34–37]. We will quantify this in Sec. V.
Let us diagonalize the position-independent part H0 by

H0 ¼ WλW†, withW being a unitary matrix and λ ¼ ðλiÞ a
diagonal matrix of the real eigenvalues λ1, λ2, λ3 ofH. Both
W and λ depend on the neutrino energy, and they will be
different for neutrinos and antineutrinos due to the matter
effect as well as fundamental CP violation. The energy
eigenstates jνii fulfill

H0jνii ¼ λijνii: ð5Þ

We allow for arbitrary (nonunitary) mixing of the energy
eigenstates jνii with the flavor states jναi relevant for
detection and production,

jνs;dα i ¼
X3
i¼1

ðNs;d
αi Þ�jνii; ð6Þ

where � denotes complex conjugation. We make no specific
assumption on the coefficientsNs

αi andN
d
αi. They can include

effects of heavy sterile neutrinos as well as nonstandard
interactions. Note that generically, the unitary matrix W
diagonalizing the Hamiltonian will contribute to these coef-
ficients; in specific models, they may be related and the new
physics entering in the coefficients Ns;d

αi and will also induce
nonstandard contributions to the Hamiltonian HðtÞ. Some
examples for specific models are nonunitary mixing [38,39],
nonstandard neutrino interactions [40–43], or the presence of
sterile neutrinos [44–47]. Our oscillation formalism has some
similaritieswith theonedeveloped in the context of nonunitary
mixing; see, e.g., Refs. [48–50]. Reference [51] discusses the
parametric relation between various nonstandard scenarios.
Here, we want to be more general and treatW andNs;d as

independent. In particular, Ns;d can be nonunitary, arbitrary
functions of neutrino energy, and they can be different for
processes relevant at the neutrino source and for detection
(as indicated by the indices s and d). This implies that, in
general, jνsαi ≠ jνdαi, but we do assume that Ns;d

αi are the
same for different experiments (at the same energy). Note,
however, that while the mixing in Eq. (6) can be nonunitary,
the induced matter potential V tot as well as the total
Hamiltonian will be still Hermitian, leading to a unitary
evolution of the system via Eq. (1).1

As we will see in the following, complex phases of Ns;d
αi

induce fundamental CP and T violation. In the standard

scenario, there is only one relevant phase (the Dirac CP
phase), whereas in nonstandard scenarios, there are several
new sources for complex phases [38–47].

A. Transition probabilities

We are interested in the transition amplitude for a
neutrino of flavor α at the source to a neutrino of flavor β
at the detector, Aðνsα → νdβÞ≡Aαβ, and the corresponding
transition probability Pαβ ¼ jAðνsα → νdβÞj2. Consider first
the unitary evolution operator S of the energy eigenstates,
jνiðtsÞi → jνjðtdÞi: Sijðtd; tsÞ. Then using Eq. (6), we
obtain

Aαβ ¼ hνdβjSðtd; tsÞjνsαi ¼
X
ij

Sijðtd; tsÞNs�
αiN

d
βj: ð7Þ

Let us now consider VðtÞ as a small perturbation and
solve Eq. (1) using time-dependent perturbation theory;
see, e.g., Ref. [52]. At zeroth order in VðtÞ, i.e., assuming
only the constant HamiltonianH0, the evolution operator is
just given by Sð0Þij ðtd; tsÞ ¼ e−iλiðtd−tsÞδij and

Að0Þ
αβ ¼

X
i

Ns�
αiN

d
βie

−iλiðtd−tsÞ: ð8Þ

At first order in VðtÞ, we find

Sð1Þij ðtd; tsÞ ¼ −ie−iλjtdþiλits

Z
td

ts

dtVijðtÞeiðλj−λiÞt; ð9Þ

Að1Þ
αβ ¼−i

X
ij

Ns�
αiN

d
βje

−iλjtdþiλits

Z
td

ts

dtVijðtÞeiðλj−λiÞt: ð10Þ

For the transition probability, we have

Pαβ ≈ jAð0Þ
αβ þAð1Þ

αβ j2 ≈ Pð0Þ
αβ þ Pð1Þ

αβ ;

Pð0Þ
αβ ¼ jAð0Þ

αβ j2; Pð1Þ
αβ ¼ 2Re½Að0Þ

αβ
�Að1Þ

αβ �: ð11Þ

The parametrization discussed here allows one to cover a
rather broad range of new physics scenarios, including
nonstandard interactions in charged current and neutral
current interactions, generic nonunitarity, as well as sterile
neutrinos (as long as they do not introduce additional
oscillation frequencies for the relevant energy and base-
lines). In principle, we can allow for an arbitrary energy
dependence of Ns;d

αi and λi, although in the presence of
finite energy resolution, we have to demand that the energy
dependence is weak at the scale of the resolution.
Following Ref. [27], due to the success of the standard
three-flavor paradigm, we can assume that new physics
effects are a small perturbation to the standard case. To
leading order, our parametrization covers also nonstandard

1Per assumption, we do not allow for the decay of energy
eigenstates, which would lead to a nonunitary evolution equation.
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interactions within the most general effective field theory
framework [53,54].2

III. PROPERTIES UNDER THE T
TRANSFORMATION

With these generalized expressions for the transition
amplitudes and probabilities at hand, we can now discuss
their properties under the time reflection transformation.

A. Constant matter potential

Let us first assume that the matter potential is constant;
i.e., we work at zeroth order in the time-dependent
perturbation theory. In this case, we can define the T
transformation by

T∶t → −t: ð12Þ

Then, we obtain from Eq. (8),

TAð0Þ
αβ ¼ TAð0Þðνsα → νdβÞ ¼ ½Að0Þðνdβ → νsαÞ��: ð13Þ

Note that if Ns
αi ≠ Nd

αi, then Að0Þðνdβ → νsαÞ ≠ Að0Þ
βα ¼

Að0Þðνsβ → νdαÞ. Therefore, the usual result TPαβ ¼ Pβα

holds only if the mixing is the same for the processes
relevant for neutrino production and detection. If there is new
physics distinguishing between neutrino production and
detection, the transformation (12) is not equivalent to
exchanging only the neutrino flavors of source and detector,
but also the type of interaction needs to be exchanged
(formally d ↔ s).
For real Ns;d

αi , it follows from Eq. (8) that TAð0Þ
αβ ¼ Að0Þ�

αβ ,
and therefore, TPαβ ¼ Pαβ. As expected, the T trans-
formation tests complex phases in the theory.
For the transition probabilities at zeroth order in VðtÞ, we

obtain

Pð0Þ
αβ ¼

����
X

i
cie−iλiðtd−tsÞ

����
2

ð14Þ

¼
X
i

jcij2 þ 2
X
j<i

Reðcic�jÞ cosðωijLÞ

− 2
X
j<i

Imðcic�jÞ sinðωijLÞ; ð15Þ

with the abbreviation ci ≡ Ns�
αiN

d
βi and the frequencies

ωij ≡ λj − λi. As usual, we identify the baseline by
L ¼ td − ts. Therefore, T is formally equivalent to L →
−L [1]. We see that the first line of Eq. (15) is invariant
under T, whereas the second line is T-odd. It is also
apparent that T violation will be present only for nonzero
Imðcic�jÞ, i.e., nontrivial complex phases of Ns;d

αi .

Hence, fundamental T violation can be established by
proving the presence of the L-odd term in the probability. Or,
put in other words, if data cannot be described by an L-even
transition probability,

Peven
αβ ðLÞ ¼

X
i

c2i þ 2
X
j<i

cicj cosðωijLÞ; ð16Þ

with ci real, and fundamental T violation needs to be present
in the theory. This is the test proposed in Ref. [27].

B. Nonconstant matter potential

Let us now consider the first-order correction in the case
of a nonconstant matter potential VðtÞ. We recall that VðtÞ
is defined between the locations of the source xs and the
detector xd. Therefore, we have to make sure that VðtÞ is
evaluated only for times in the interval ½ts; td�. This
requirement has to be respected also when applying the
T transformation in Eq. (12). One possible choice is to
replace Eq. (12) by

T∶t → ts þ td − t: ð17Þ

This implies that T leads to ts ↔ td and that T is still
equivalent to L → −L. Applying this transformation to
Eq. (10), we find

TAð1Þ
αβ ¼ i

X
ij

Ns�
αjN

d
βie

iλjtd−iλits

Z
td

ts

dtV�
ijðtÞe−iðλj−λiÞt: ð18Þ

Here, we have renamed the indices i ↔ j and used the
Hermiticity of the Hamiltonian, Vij ¼ V�

ji. We observe that
Eq. (13), which we have obtained for Að0Þ

αβ , and the com-
ments thereafter hold also for the first-order correction Að1Þ

αβ .
As we have seen in Sec. III A for the case of constant

matter density, the mixing coefficients Ns;d
αi are the only

sources of complex phases relevant for the transition
probabilities, and therefore, fundamental T violation or
conservation can be characterized by the presence or absence
of (nontrivial) complex phases in Ns;d

αi . Note, however, that
Ns;d

αi are defined with respect to the eigenbasis of the
Hamiltonian H0 for constant density; see Eqs. (5) and
(6). Therefore, in general, the nonconstant perturbation
VðtÞ may contain nontrivial complex phases even if Ns;d

αi
are real. Hence, we will define “fundamental T conserva-
tion” in the following as real Ns;d

αi and real VijðtÞ.3
Comparing Eqs. (10) and (18), we see that even for Ns;d

αi
and VijðtÞ real, we still have TAð1Þ

αβ ≠ Að1Þ�
αβ in general.

Hence, we recover the result that a nonconstant matter
density induces environmental T violation in neutrino

2We thankMartin Gonzalez-Alonso for illuminating discussions
about this point.

3Note that Ns;d
αi includes possible phases from the constant

matter potential. Therefore, having complex phases in VðtÞ but
not in Ns;d

αi would require rather special CP violating new
physics, coupling only to density variations.
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oscillations, even if the fundamental theory is T conserving.
This is a well-known result in the standard oscillation
scenario, e.g., [14].
We can also prove the result known for the standard case,

namely that a symmetric matter profile does not induce T
violation in the absence of fundamental T violation.
Following Ref. [14], this can most easily seen by setting
the time t ¼ 0 at the baseline mid-point, such that the time
interval ½ts; td� becomes symmetric: ½−L=2; L=2�. The
transformation (17) still remains L → −L. Rewriting
Eq. (10), we obtain

Að1Þ
αβ ¼ −i

X
ij

Ns�
αiN

d
βje

−iðλjþλiÞL=2
Z

L=2

−L=2
dtVijðtÞeiðλj−λiÞt;

ð19Þ

TAð1Þ
αβ ¼ i

X
ij

Ns�
αiN

d
βje

iðλjþλiÞL=2
Z

L=2

−L=2
dtVijð−tÞe−iðλj−λiÞt;

ð20Þ

where, in the second line, we have performed the variable
transformation t → −t in the integral. Comparing the two
expressions, we see that if Ns;d

αi and Vij are real (no
fundamental T violation), and the matter potential is
symmetric, VijðtÞ ¼ Vijð−tÞ, then TAð1Þ

αβ ¼ Að1Þ�
αβ . Since

the same holds for Að0Þ
αβ , we have TPαβ ¼ Pαβ in this case.

Hence, the above statement is proven. As in the standard
scenario, in order to introduce environmental T violation in
the absence of fundamental T violation, an asymmetric
matter potential is needed.
Here, we derived this result at first order in perturbation

theory. In Ref. [14], this statement was proven for the
standard oscillation scenario for arbitrary matter profile. It
is straightforward to generalize the proof given in [14] also
to the nonstandard scenario considered here, which we
briefly outline in the following. We depart from Eq. (7) and
use general properties of the evolution operator:

Sðtd; tsÞSðts; tdÞ ¼ 1; Sðtd; tsÞS†ðtd; tsÞ ¼ 1: ð21Þ

The second relation follows from the unitarity of the
evolution due to the Hermiticity of HðtÞ. Using now the
T transformation T∶ts ↔ td and combining the two proper-
ties above, we find

TSðtd; tsÞ ¼ Sðts; tdÞ ¼ S†ðtd; tsÞ: ð22Þ

Using again a symmetric time coordinate, we consider
the evolution operator Sðt;−tÞ. Its time evolution is given
by [14]

i
d
dt

Sðt;−tÞ ¼ HðtÞSðt;−tÞ þ Sðt;−tÞHð−tÞ: ð23Þ

Take now the transpose of this equation. If the Hamilton
operator is real (no fundamental T violation), then it is
symmetric. If, in addition, the density profile is symmetric,
HðtÞ ¼ Hð−tÞ, we see that Sðt;−tÞ and STðt;−tÞ follow the
same evolution equation and are therefore equal; i.e., S is
symmetric. Using this in Eq. (22), we obtain
TSðtd; tsÞ ¼ S�ðtd; tsÞ. With real Ns;d

αi , we obtain then from
Eq. (7) that TAαβ ¼ A�

αβ and therefore, TPαβ ¼ Pαβ.

IV. COMMENTS ON T ASYMMETRIES AND THE
DISAPPEARANCE CHANNEL

Let us collect a few relations regarding time reversal
asymmetries. We define the T asymmetry as

Aαβ ¼ Pαβ − TPαβ: ð24Þ

From Eq. (15), we find for the zeroth-order asymmetry,

Að0Þ
αβ ¼ 4

X
i<j

ImðNs
αiN

d�
βi N

s�
αjN

d
βjÞ sin ðωijLÞ: ð25Þ

The first order correction to the probabilities from Eq. (11)
can be written in the following way:

Pð1Þ
αβ ¼

X
ijk

sin

�
λkij

L
2

�
ReGk

ij

þ
X
ijk

cos

�
λkij

L
2

�
ImGk

ij; ð26Þ

where we have defined

λkij ¼ 2λk − ðλi þ λjÞ; ð27Þ

Gk
ij ¼ 2Ns

αkN
d�
βkN

s�
αiN

d
βjIij ð28Þ

Iij ¼
Z

L=2

−L=2
dtVijðtÞeiðλj−λiÞt; ð29Þ

with λkij ¼ λkji and Iji ¼ I�ij. The T transformation corre-
sponds to L → −L, and it follows that TI ¼ −I, TG ¼ −G,
and therefore, the first (second) line in Eq. (26) is T even
(odd). Hence, we obtain for the first order asymmetry

Að1Þ
αβ ¼ 2

X
ijk

cos

�
λkij

L
2

�
ImGk

ij: ð30Þ

For a symmetric profile VijðtÞ ¼ Vijð−tÞ, we have

Isymij ¼
Z

L=2

−L=2
dtVijðtÞ cos ðωijtÞ: ð31Þ
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In the absence of fundamental T violation, with Ns;d
αi and

Vij real, Isymij and Gk
ij are real as well, and Að1Þ

αβ ¼ 0, in
agreement with our results in Sec. III B.
Consider now the disappearance probabilities β ¼ α. In

the standard oscillation scenario, the T transformation
becomes trivial since exchanging initial and final flavor
has no effect. Let us reconsider this case in the extended new
physics scenario. First we assume that mixing is identical at
the source and detector Ns

αi ¼ Nd
αi. Then we find that both

Að0Þ
αα ¼ 0 and Að1Þ

αα ¼ 0. The first follows directly from
Eq. (25). The second follows from Eq. (30) by noting that
for Ns

αi ¼ Nd
αi and α ¼ β, we have Gk

ij ¼ Gk�
ji . Hence, we

conclude that for Ns
αi ¼ Nd

αi (which includes also standard
mixing), no T asymmetry can be observed in the disappear-
ance channel. This holds even in presence of complex phases
as well as asymmetric matter density profiles.
On the contrary, if Ns

αi ≠ Nd
αi, in the presence of non-

trivial complex phases, we obtain Að0Þ
αα ≠ 0. If Ns

αi ≠ Nd
αi

but both real, then Að1Þ
αα ≠ 0 for an asymmetric density

profile.4 We conclude that
(i) The observation of T violation in a disappearance

channel would be a signal of new physics inducing
different flavor mixing at source and detector;

(ii) If effects of asymmetric matter densities can be
neglected, it requires fundamental T violation (in
addition to Ns

αi ≠ Nd
αi).

Let us briefly comment on the possible observability of
such an effect, at least in principle. One can follow the
approach of Ref. [27] and imagine measurements ofPααðLbÞ
at a number of baselines Lb at a fixed energy and, in this
way, study the L dependence of the probability. Then one
can check if this shape is consistent with an even function of
L, or if data require the presence of L-odd terms. However,
to map out the L dependence for the disappearance channel,
onewould need several data points, covering at least first and
second oscillation maxima. Therefore, currently such an
analysis seems not feasible with the proposed long-baseline
experiments. The test studied in Ref. [27] is based on the
interplay of disappearance and appearance channel and
therefore, works already with four baselines (including
the near detector). We leave for future studies whether the
disappearance test could potentially be performed with
atmospheric neutrinos.

V. ESTIMATION OF NONCONSTANT
DENSITY CORRECTIONS

In this section, we are going to use this formalism to
estimate the impact of a nonconstant density for our T
violation test. We will address the following two points:
(1) When the average matter densities for different

baselines are not exactly the same, and

(2) An asymmetric density profile at a given baseline.
We consider these two cases using existing density profile
studies for the T2HK(K) [34] and DUNE [35] experi-
ments.5 The corresponding density profiles are shown
in Fig. 1.
Since both nonconstant density effects and new physics

are small corrections to the standard scenario with constant
matter density, we work in leading order in small effects;
we can neglect any new physics effect in estimating the size
of the matter density corrections. In this way, the non-
constant density will introduce calculable corrections,
which can be taken into account in the T violation test,
as we describe below.

FIG. 1. Matter density along the baseline of the T2HK (top)
T2HKK (middle) and DUNE (bottom) experiments. Data taken
from Refs. [34,35].

4Note, however, that this would be a second order effect, being
suppressed by the small density variations and the new physics
responsible for Ns

αi ≠ Nd
αi.

5As shown in Ref. [27], the ESSνSB experiment contributes
only very little to the sensitivity of the T violation test. Therefore,
we focus here on the DUNE and T2HK(K) experiments.
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A. Different average densities

Let us first assume that the matter density can be
considered constant for each experiment, even if the
average values are not the same. From the profiles shown
in Fig. 1, we obtain

ρ̄HK ¼ 2.6 g=cm3;

ρ̄DUNE ¼ 2.85 g=cm3;

ρ̄HKK ¼ 3.0 g=cm3: ð32Þ

The Hamiltonian of the system is thus reduced to the time-
independent H0 in Eq. (4). Assuming the standard neutrino
model, it reads

Hb ¼
1

2E
U

2
64
0

Δm2
21

Δm2
31

3
75U† þ

2
64
v̄b

0

0

3
75 ð33Þ

in the flavor basis, where E is the neutrino energy, U is the
standard PMNS mixing matrix, Δm2

ij ≡m2
i −m2

j are the
neutrino mass-squared differences, and

vðρÞ ¼
ffiffiffi
2

p
GFneðρÞ≈ 3.78× 10−14 eV

�
ρ

g=cm3

�
: ð34Þ

v̄b denotes the potential corresponding to the average
density ρ̄b, and the index b labels the different baselines,
which emphasizes that each baseline may have a different
mean density, and thus, a different Hamiltonian. We study
the time evolution of the system by diagonalizing this
Hamiltonian numerically, which leads to a set of effective
masses m2

b ¼ 2Eλb and mixings Ns
b ¼ Nd

b ¼ Wb for each
experiment.
In Table I, we give the values of disappearance and

appearance oscillation probabilities for the three baselines,
assuming different values for the mean densities for a few
choices of the CP phase δ. The relative size of the effect for
the appearance probabilities is shown in the upper panel of
Fig. 2. For the table and the figure, we have chosen the
neutrino energy E ¼ 0.75 GeV, which has been found to
provide the best sensitivity in Ref. [27]. For the figure, we
assume the mean density ρ̄ ¼ 2.85 g=cm3, corresponding
to the DUNE experiment, and show the relative error
induced for the T2HK and T2HKK baselines. As men-
tioned above, we can use the standard oscillation scenario
to estimate this effect, considering only leading order terms
in density variations and new physics. We show the size of
the correction as a function of the CP phase δ; all other
oscillation parameters are set to their best fit values [24].
We see the effect is below 1% for all values of the CP phase
δ. For the disappearance probabilities, the effect is even
smaller; compare Table I.

Regarding the T violation test [27] based on Eq. (16), the
main effect of the different mean densities is that the fit
parameters, the amplitudes ci, and frequencies ωij are no
longer the same for all baselines. Since the density
dependence is small, we can include it in the fit, assuming

cbi ¼ c̄i þ δcbi ; ωb
ij ¼ ω̄ij þ δωb

ij; ð35Þ

with the reference parameters c̄i and ω̄ij corresponding to
standard oscillations and a common density ρ̄ taken the
same for all baselines. Expanding up to first order in these
L-dependent perturbations, the L-even probability in
Eq. (16) becomes

Peven;b
αβ ¼

X
i

c̄2i þ 2
X
j<i

c̄ic̄j cosðω̄ijLÞ

þ 2
X
i

c̄iδcbi þ 2
X
j<i

ðc̄iδcbj þ c̄jδcbi Þ cosðω̄ijLÞ

− 2
X
j<i

c̄ic̄jδωb
ijL sinðω̄ijLÞ: ð36Þ

Thus, the crucial effect of different (mean) densities is
the appearance of new terms in the (previously) L-even

TABLE I. Disappearance (top) and appearance (bottom) oscil-
lation probabilities at the T2HK, T2HKK, and DUNE baselines,
assuming different mean densities, for δ ¼ 0; 90°; 180° and
E ¼ 0.75 GeV. The bold values correspond to the correct ρ̄
for each experiment.

Pμμð%Þ ρ̄ðg=cm3Þ
L (km) 2.6 2.85 3.0

δ ¼ 0 295 11.69 11.68 11.68
1100 2.19 2.19 2.19
1300 41.77 41.78 41.78

δ ¼ 90° 295 12.05 12.05 12.05
1100 2.82 2.82 2.82
1300 38.94 38.91 38.89

δ ¼ 180° 295 12.41 12.41 12.41
1100 3.53 3.53 3.53
1300 36.22 36.15 36.12

Pμeð%Þ ρ̄ðg=cm3Þ
L (km) 2.6 2.85 3.0

δ ¼ 0 295 4.77 4.80 4.81
1100 5.77 5.72 5.69
1300 2.65 2.76 2.83

δ ¼ 90° 295 3.53 3.55 3.56
1100 1.63 1.62 1.60
1300 2.06 2.17 2.23

δ ¼ 180° 295 4.11 4.13 4.15
1100 4.69 4.65 4.63
1300 7.93 8.12 8.24
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oscillation probability. Note the corrections shown in the
second and third lines of Eq. (36) are known and fixed and
can be just included in the test described in Ref. [27] as
constant correction terms for each baseline. The fit itself
can be performed with an expression equivalent to the firsts
line in Eq. (36), consistent with the leading order pertur-
bation approach mentioned above. From Fig. 2, we see that
at δ ¼ 0 and π relevant for the test, the corrections are
≲0.5% on the appearance probabilities, which themselves
are only few %. Therefore, with realistic statistical uncer-
tainties, these corrections are negligible.

B. Nonconstant density

Let us now discuss the effect of a nonconstant and
nonsymmetric matter profile at a given baseline. We use the
formalism developed Sec. III B to calculate how much this
affects the probabilities to be probed in T2HK(K) and
DUNE, assuming the standard neutrino model (using the
same perturbative argument as above).
Within our perturbation theory in VðtÞ, the zeroth-order

result corresponds to the diagonalization of the Hamiltonian
with the constant mean density of the previous subsection.
Therefore, the procedure described above yields the eigen-
values λb and mixing matrices Ns

b ¼ Nd
b ¼ Wb for each

experiment. As above, we obtain the mean probabilities from
Eq. (8) as Pð0Þ

αβ ¼ jAð0Þ
αβ j2. The first order correction to the

oscillation amplitudes is then given by Eq. (19) in terms of
these parameters, and the matrix elements of the perturbation
in the H0 eigenbasis are VijðtÞ ¼ WeiW�

ej½vðtÞ − v̄�. With
this, we can calculate the first order correction to the
probabilities given in Eq. (11). The relative size of this
correction is shown in the lower panel of Fig. 2 as a function
of δ. We observe that for T2HK, these corrections are
negligible and not visible on the scale of the plot. For DUNE,
the effect is subpercent for all values of δ. For T2HKK, it can
become as large as 3.5% for δ ≃ 110°; for δ ¼ 0 and π, it is
around 1.5%. Similar as in Sec. VA, these are calculable and
fixed corrections to the probabilities, which can be taken into
account in the test proposed in Ref. [27]. However, con-
sidering that these are percent-level correction on probabil-
ities that themselves are only a few %, this effect is again
negligibly small, given realistic statistical errors.
Notice, however, that the size of such corrections does not

directly determine the amount of environmental T violation
induced by the matter profile. Even for the case of a
symmetric profile with real mixings, where no extra T
violation is introduced, the oscillation probabilities them-
selves get a nonvanishing correction. In order to get a feeling
for the size of environmental T violation at the DUNE and
T2HKK baselines, we calculate the asymmetries (24) for the
standard oscillation case considered above:

T2HKK∶ Að1Þ
μe ≈ 3.5ð5.3Þ × 10−4;

DUNE∶ Að1Þ
μe ≈ −2.9ð−2.0Þ × 10−4; ð37Þ

for δ ¼ 0ð180°Þ. These can be compared to the case of
δ ¼ 90°, where we find

T2HKK∶ Að0Þ
μe ≈ 7.1 × 10−2; Að1Þ

μe ≈ −9.1 × 10−4;

DUNE∶ Að0Þ
μe ≈ 6.5 × 10−2; Að1Þ

μe ≈ 3.8 × 10−4: ð38Þ

We conclude that for these realistic density profiles, envi-
ronmental T violation is typically a % level effect compared
to generic fundamental T violation [34,35].

VI. CONCLUSIONS

In this paper, we have studied some aspects of the time
reversal transformation in a generic nonstandard neutrino
oscillation framework. The motivation for our study is the
model-independent T violation test proposed recently in
Ref. [27]. This test can potentially be performed with three
long-baseline experiments, such as T2HK, DUNE, and the
proposed T2HKK. Here, we provide a theoretical discus-
sion of the formalism for the model-independent new
physics parametrization proposed in Ref. [27]. We derive
the relevant flavor transition amplitudes and probabilities
and study their behavior under the T transformation.

FIG. 2. Relative correction of the standard appearance proba-
bilities as a function of the CP phase δ for E ¼ 0.75 GeV. The
upper panel shows the relative error for T2HK and T2HKK if the
constant mean density of 2.85 g=cm3 is assumed instead of the
correct ones according to Eq. (32). The lower panel shows the
relative size of the correction due to the nonconstant matter
potential VðtÞ.
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The proposed parametrization covers a wide range of new
physics scenarios in a model-independent way, including
nonstandard neutrino interactions with arbitrary Lorentz
structures in the charged and neutral-current interaction,
generic nonunitarity as well as sterile neutrinos. We provide
a discussion of fundamental versus environmentally induced
T violation, where the former is related to complex phases in
the theory while the latter is due to (standard or nonstandard)
matter effects along the neutrino path. We show that a result
well known for standard oscillations holds also in our
extended scenario: In the absence of fundamental T viola-
tion, environmental T violation can only be induced by an
asymmetric matter density profile.
We show that in general new physics scenarios, the

disappearance channel can be sensitive to T violating
effects. This requires new physics generating different
flavor mixing at neutrino source and detector. Although
difficult to realize in practice, such an observation offers, in
principle, a clear signal of new physics since in the standard
oscillation scenario, no T violation is expected in the
disappearance channel.
Focusing on long-baseline accelerator neutrino experi-

ments, we have treated density variations along the

neutrino path as a small perturbation. Using detailed
matter density profile studies for the DUNE and T2HK
(K) baselines from the literature, we have provided some
quantitative estimates on the corrections induced by a
nonconstant matter density. Typically, they are of order
few percent or smaller. Considering that appearance
probabilities are themselves typically only few percent,
these corrections are much smaller than realistic exper-
imental uncertainties and hence, do not affect the test
proposed in Ref. [27].
To conclude, the material presented here provides back-

ground information to the model-independent T violation
test from Ref. [27]. This lies out the basis for the possibility
to test one of the fundamental symmetries of nature, the
time reversal symmetry, in a model-independent way using
actually planned neutrino oscillation experiments.
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[11] J. Bernabéu and A. Segarra, Signatures of the genuine and
matter-induced components of the CP violation asymmetry
in neutrino oscillations, J. High Energy Phys. 11 (2018) 063.
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