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Abstract
Understanding possible mechanisms, which can lead to suppression of helical edge transport in
quantum spin Hall (QSH) systems, attracted huge attention right after the first experiments
revealing the fragility of the ballistic conductance. Despite the very intensive research and the
abundance of theoretical models, the fully consistent explanation of the experimental results is still
lacking. We systematize various theories of helical transport with the help of the spin conservation
analysis which allows one to single out setups with the ballistic conductance being robustly
protected regardless of the electron backscattering. First, we briefly review different theories of
edge transport in the QSH samples with and without the spin axial symmetry of the electrons
including those theoretical predictions which are not consistent with the spin conservation analysis
and, thus, call for a deeper study. Next, we illustrate the general approach by a detailed study of
representative examples. One of them addresses the helical edge coupled to an array of
Heisenberg-interacting magnetic impurities (MIs) and demonstrates that the conductance remains
ballistic even if the time-reversal symmetry on the edge is (locally) broken but the total spin is
conserved. Another example focuses on the effects of the space-fluctuating spin–orbit interaction
on the QSH edge. It reveals weakness of the protection in several cases, including, e.g. the presence
of either the U(1)-symmetric, though not fully isotropic, MIs or generic electron–electron
interactions.

1. Introduction

The theory predicting existence of time-reversal invariant two-dimensional (2D) topological insulators
[1–3], often dubbed quantum spin Hall (QSH) samples [4–6], provoked a huge interest because of its
physical beauty and high potential for applications in nanoelectronics, spintronics, and quantum
computers. It was realized [7, 8] that the one-dimensional (1D) boundary between trivial and topological
insulators, which are distinguished by inversion of the gap in the spectrum of electrons, can host the
so-called helical gapless edge modes. Modes of the given helicity possess lock-in relation between their spin
and momentum. The Kramers degeneracy guarantees that there are always two counterpropagating modes
possessing the same energy and opposite spins. A single-particle scattering, which converts the helical mode
into its counterpart from the Kramers doublet, is not allowed without a spin-flip. Thus, at least in the
absence of interactions, the helical modes are not liable to backscattering and localization caused by
material imperfections. This could provide a possibility to sustain ballistic transport, which possesses the
quantized ballistic conductance, G0 = e2/h per one QSH edge, in long 1D conductors. The róle of the
topologically nontrivial bulk and of time reversal symmetry (TRS) is often reflected in referring to the QSH
edge transport as ‘topologically protected transport’ or ‘transport protected by TRS’.

Transport properties of real samples appeared to be much more complicated than the above described
single-particle picture. It became clear already after first measurements that helical QSH transport remains
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ballistic only in relatively short samples and the conductance may be smaller than G0 if the edge length is
larger than some critical value [9–12]. This points out to the presence of not-single-particle backscattering
of the helical fermions, which can occur without changing the topological state of the bulk or breaking TRS.
The subballistic conductance demonstrates incompleteness of the notion of topologically/TRS protected
transport for the interacting helical edges.

The elegancy of the physics of the 2D topological insulators together with promising potential of their
application gave a strong push to numerous experimental [13–29] and theoretical [30–43] studies, see also
references to other papers which are discussed below in more detail. Despite enormous efforts of
researchers, the fully consistent theory explaining suppression of QSH helical transport in all experimental
setups is still absent and remains the hot topic. On the other hand, an abundance of various theoretical
models and some confusions in the terminology addressing the origin of protected transport hamper
comprehension of the field.

We would like to somehow brighten such a picture. In this paper, we discuss helical transport in the
QSH samples with- and without the axial spin symmetry of the electrons. We emphasize that, if this
symmetry is present, the (sub)ballistic nature of the conductance is fully determined by the
(non)conservation of the total spin projection on the axis of the spin symmetry. Importantly, if the total
spin projection is conserved, the helical conductance is ballistic regardless of the electron backscattering and
of the presence of the TRS on the QSH edge. If, on the contrary, this projection is not conserved, the helical
conductance can be suppressed even if the TRS is not broken.

The spin conservation analysis in systems with broken spin axial symmetry is generically more
sophisticated. Nevertheless, we will show that such an approach remains a useful tool. In particular, the spin
axial symmetry is effectively restored in the experimentally relevant low-temperature limit, and the analysis
of the spin conservation allows one to identify the setups where the ballistic conductance can(not) be
suppressed.

The paper is organized as follows: the Landauer setup for the helical conductors and basic notations are
introduced in section 2. Sections 3 and 4 are devoted to the discussion of the QSH systems with- and
without the spin axial symmetry of the electrons, respectively. Section 3 starts with a methodological
explanation of the connection between the spin relaxation and the suppression of the helical conductance.
Both sections 3 and 4 include a brief (though not an exhaustive) review of representative models and
theories, which illustrates this connection, and a detailed study of a corresponding example (with- and
without the spin axial symmetry), which corroborates the above generic statements and the approach. In
the review-like subsections, we critically analyze some contradictive claims on a suppression of the ballistic
conductance in the spin preserving setups. This demonstrates that using the spin conservation analysis
might help to avoid such inconsistencies.

The example of section 3 addresses scattering of the helical electrons caused by either uncorrelated or
Heisenberg-interacting magnetic impurities (MIs). They are able to cause backscattering of the individual
electrons which is accompanied by the spin flip. We argue that such a backscattering has no influence on the
linear dc helical conductance if the total spin is conserved. This holds true regardless of a spin ordering
which breaks the TRS on the helical edge.

In the example of section 4, we analyze the protection of helical transport against combined effects of
the space-fluctuating spin–orbit interaction (SOI) and the scattering of the interacting helical electrons by
the MIs. A fully isotopic and short-range correlated array of the MIs is unable to suppress the helical
conductance even if the SOI fluctuates. On the other hand, the absence of the spin axial symmetry of the
electrons leads to the suppression of the helical conductance by the U(1)-symmetric, though not fully
isotropic, MIs. This follows from the spin conservation analysis which is applicable despite the absence of
the spin conservation in the laboratory frame.

We conclude the paper by a brief summary.

2. Landauer setup for a helical wire

We focus on the helical modes of the single QSH edge and discuss the linear dc conductance of the system.
We conventionally subdivide the edge into three parts: two ideal 1D helical wires connecting leads and a
complex scattering region (SR), see figure 1.

Left and right wires are ideal, i.e. contain no sources for the scattering of the helical electrons. The
middle part, the SR, is a conducting region where the helical electrons can be scattered. This corresponds to
the standard Landauer setup: the SR acts as a composite scatterer while left and right ideal helical wires are
identical and play a role of contacts connecting the scatterer and external 2D leads.
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Figure 1. A generic two terminal setup for measuring the helical Landauer conductance: 1D wires (light grey boxes) with two
modes of the same helicity (red and blue lines) are connected to 2D leads (colored trapezia). For simplicity, we have illustrated
the case where the electron spin quantization axis is well-defined in the wires. The central part—the SR—is a conducting region
where backscattering (black dashed lines) of the electrons is possible. The dc voltage, Vdc, is applied to the 2D leads.

2.1. Backscattering inside the SR
The necessary, though not sufficient, condition for suppression of the ballistic conductance is backscattering
of the helical electrons inside the SR. Since the single particle backscattering of the helical electrons by a
potential disorder is not allowed, it can be caused only by interactions. The nature of these interactions is
broad and ranges from various exchange interactions, to electron–electron interactions, to a nontrivial
(e.g. fluctuating in space) SOI, to name just a few. Exchange interactions may include those with frozen or
dynamical localized spins, the MIs. The latter are often referred to as Kondo impurities even in the weak
coupling regime where the Kondo physics is unimportant.

We emphasize that, below, we discuss many examples where backscattering of individual electrons does
not suppress the ballistic conductance since transport remains protected. This paradoxical situation is the
well-known property of the helical systems. It compels us to distinguish notions of ‘backscattering’ and ‘the
ballistic transport’, see also the discussion in section 3.1.2.

The analysis of the helical conductance in the QSH sample depends on the presence or absence of the
electron spin axial symmetry. These two cases are discussed in next sections.

3. QSH systems with spin axial symmetry of electrons

The focus of this section is on the QSH systems with the spin axial symmetry of the electrons. Namely, we
discuss the systems where the spin projection on a given direction is conserved for all non-interacting
helical electrons. The Hamiltonian describing free helical 1D Dirac fermions in the left/right wires, figure 1,
reads as:

Ĥ0 = −ivF

∫
dx Ψ̂†(x)σ̂z∂xΨ̂(x). (1)

Here vF is the Fermi velocity; Ψ̂ = {ψ↑,ψ↓}T is the spinor constructed from the fermionic fields with given
spin projections on z-axis; the Pauli matrix σ̂z (and σ̂x,y introduced below) operates in the spinor space.
Equation (1) is the simplest model which describes the edge modes, for example, in those HgTe/CdTe
quantum-well heterostructures which possess the axial and inversion symmetry around the growth axis.

The Hamiltonian (1) of the free electrons conserves z-component of their spin which is the starting
point for the analysis of the helical conductance. We emphasize that, in the QSH systems with the electron
spin axial symmetry, the spin projection unambiguously defines the chirality of right (R) and left (L)
moving electrons with a given helicity. In this case, one can use subscripts ↑, ↓ and R, L on equal footing.

3.1. Spin (im)balance
3.1.1. (Im)balance of currents
The Landauer setup shown in figure 1 involves incoming, J(in)

R,L , and outgoing, J(out)
R,L , chiral charge currents.

Assuming reflectionless contacts between the wires and the leads, the incoming currents are fully governed
by the leads: J(in)

R,L = evF
∑

k nR,L(k), with e and k being the electron charge and momentum. The electronic
distribution functions nR,L are determined by the left and right leads, respectively. Outgoing currents are a
priori not known.

We consider only those SRs where the charge is conserved and the following charge current balance
always holds true:

J(in)
R + J(in)

L = J(out)
R + J(out)

L . (2)

3
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Similar to the charge currents, we introduce incoming, S(in)
R/L , and outgoing, S(out)

R/L , currents of the electron
spin projected on the quantization axis. The interaction induced backscattering can (or cannot) violate the
spin conservation in the SR. Therefore, we cannot presume a robust balance of the spin currents. Possible
violation of the spin conservation can be characterized by the spin imbalance: δS = (S(in)

R + S(in)
L )

− (S(out)
R + S(out)

L ). Using the well-known relation between the charge and spin currents in the QSH systems

with the axial symmetry and the certain helicity on the edges, S(in/out)
R = J(in/out)

R /2e, and S(in/out)
L =

−J(in/out)
L /2e, we express δS via J(in/out)

R/L :

δS =
(

J(in)
R − J(in)

L − J(out)
R + J(out)

L

)
/2e. (3)

It follows form equation (3) that, if the SR is spin conserving, the helical conductance remains ballistic.
Namely, if δS = 0, then (recalling equation (2)) we obtain:

J(in)
μ = J(out)

μ , μ = R,L. (4)

Therefore, the total electric current through the system, Jtot = J(in)
R − J(out)

L = J(out)
R − J(in)

L , can be expressed
via incoming currents:

Jtot = J(in)
R − J(in)

L , (5)

which are fully determined by the external voltage Vdc and by contacts between the external leads and the
clean helical wires. Thus, if δS = 0, the Landauer conductance, Gdc = Jtot/Vdc, is not sensitive to the
presence of the SR in the circuit. In the case of the reflectionless contacts [44], one arrives at Gdc = G0

regardless of internal details of the spin (and charge) conserving SR, including the interaction induced
backscattering inside the SR.

If the SR is not spin-conserving and there is the spin imbalance, δS �= 0, the backscattering in the SR
results in the so-called backscattering current, J(BS)

R,L = J(out)
R,L − J(in)

R,L , which suppresses the ballistic helical
conductance.

3.1.2. Ballistic transport vs backscattering
We come across an unusual situation where the helical Landauer conductance is ballistic despite the
interaction induced backscattering inside the spin preserving SR. Therefore, we should distinguish concepts
of ballistic transport and backscattering and refer to the regime Gdc = G0 as ‘ballistic’, though the helical
electrons can be backscattered. This remarkable robustness of the ballistic conductance with respect to
backscattering is the direct consequence of helicity and makes the physics of the helical 1D wires distinct
from that of usual (non-helical) 1D conductors [45] where any backscattering efficiently suppresses dc
transport.

3.1.3. Conditions for the spin conservation
The explicit calculation of the currents is often a very complex task. A feasible and physically transparent
alternative is provided by the analysis of the spin conservation in the SR.

An obvious sufficient condition for the spin conservation is the global spin U(1) symmetry,
exp(iŜzα)Ĥtot exp(−iŜtot

z α) = Ĥtot, with Ŝtot
z and Ĥtot being the total (of the SR and of the wires) spin

operator and Hamiltonian respectively. This requirement is sufficient but, generally speaking, not necessary,
cf section 4.3.

Several specific examples of spin preserving and non-preserving setups are given in the next subsection.
Below, we use terms ‘the spin U(1) symmetry’ and the above discussed ‘spin conservation’ on equal footing.

3.2. Spin (non)preserving setups and helical transport
Interaction with a single MI and nanomagnets. An exchange interaction of the helical electrons with the MI
can result in backscattering accompanied by the spin-flip. That is why the MIs were considered as a serious
obstacle for ballistic helical transport. The study of the Kondo physics for the XXZ-anisotropic MI
immersed in the helical Luttinger liquid erroneously predicted suppression of the helical conductance at
finite temperatures [46]. In reality, such an impurity backscatters the helical electrons but does not break
the spin U(1) symmetry and, therefore, cannot influence the dc conductance [47]. XYZ-anisotropic MIs
violate the spin conservation and are able to suppress the ballistic conductance but only if they are not
Kondo screened. This requires either the temperature being larger than the Kondo temperature, T > TK, or
a large value of the Kondo spin, S > 1/2 [48, 49]. The Kondo screening of the XYZ-anisotropic spin-1/2 MI
restores the spin conservation at T → 0 and, thus, neutralizes the destructive effect of such an impurity on
the ballistic conductance [50]: Gdc becomes equal to G0 at T � TK.

Coupling of the MI to additional degrees of freedom can result in a finite spin relaxation rate of the MI.
It violates the applicability of the spin conservation analysis and might lead to the subballistic conductance.
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Some examples of this effect have been reported in references [36, 40]: the hyperfine interaction couples the
helical electrons to the nuclei spins located near the edge. The latter are, in turn, coupled to the spins in the
bulk. This provides a ‘leakage’ of the spins to the bulk and suppresses the helical conductance at very low
temperatures [36]. Related effects are substantially material-dependent and are often very weak. For
instance, in such an archetypal material as HgTe/(Hg, Cd)Te, they are expected to be pronounced only in
long samples, L � 4 mm, at ultralow temperatures, T � 5 mK [40]. Since we address more universal
mechanisms, we follow the majority of studies in the field and do not take into account additional
(beyond those caused by the electron-spin exchange coupling) spin relaxations in the present paper.

The consideration of the MI, which backscatters the helical electrons in the SR, can be easily extended to
macroscopic magnetic scatterers consisting of a finite ensemble of dynamically interacting spins. For
example, instead of the single MI, one can consider a macroscopic nanomagnet which can be
phenomenologically described by a time-dependent vector of magnetisation [51]. If there is no spin
relaxation inside the magnet, the conductance reaches G0 after some transient governed by accumulation of
an excessive spin, which flows into the magnet from the biased helical wires.

An attempt to develop a microscopic theory of the nanomagnet attached to the helical edge has been
presented in reference [52]. The authors of this paper have used the Kane–Mele–Hubbard model, where the
nanomagnet is expected to appear spontaneously at small temperatures near a dislocation placed close by
the helical edge. The microscopic origin of this effect is the electron interaction. By employing a
self-consistent mean-field approximation (MFA), one can come to a doubtful conclusion on a suppression
of the helical conductance by such a nanomaget even at T → 0 [52]. Indeed, since the magnetization is
frozen (the basic assumption of the MFA) it certainly violates the spin conservation and can suppress the
helical conductance. However, the Hamiltonian of the Kane–Mele–Hubbard model has the global spin U(1)
symmetry and, therefore, the spin conservation analysis puts the MFA prediction in question. We believe
that fluctuations are crucially important since they bring to life dynamics of the effective nanomagnet which
could restore the ballistic value of the conductance. Thus, this interesting model deserves a further study.

A detailed and more rigorous microscopic study of the influence of the MI array (correlated or
uncorrelated) on the helical conductance is presented in the next subsection. We will show that our
microscopically obtained results are in perfect agreement with the spin conservation analysis.

Interaction between electrons and two-particle backscattering. Various electron interactions can yield
two-particle backscattering which is able to suppress the ballistic conductance if the spin conservation is
violated. For example, anisotropic electron spin interactions on a lattice can govern the Umklapp
two-electron backscattering which suppresses helical transport [8]. The electron–electron interaction in
quantum dots (charge puddles) attached to the helical edge was considered in references [53, 54]. The spin
non-conserving interaction of the electrons inside the dots provides the spin relaxation and makes the
helical edge conductance subballistic.

Contacts between the helical wires and the SR. One should keep in mind that the contacts between the
helical wires and the SR themselves can violate conservation laws and suppress ballistic transport. For
instance, one could erroneously surmise that the SR containing usual (non-helical) 1D spinful modes and a
spinless disorder does not violate the spin conservation but, nevertheless, suppresses the conductance via
the mechanism of Anderson localization. As a matter of fact, there is no contradiction since any connection
of helical- and non-helical wires in a series violates validity of the conservation laws. Namely: (i) the
contact, where the spin is preserved, would violate unitarity of the S-matrix (i.e. would violate the charge
conservation) describing such a connection. This directly follows from a different number of channels with
a given spin in the non-helical- and helical wire, e.g. R↑ and L↑ in the non-helical wire and only R↑ in the
helical one. (ii) The only other possibility for the connection in series is to allow the helical electron to
change its spin inside the contact. Clearly, this possibility is incompatible with the total spin conservation.

3.3. Helical modes interacting with a Kondo–Heisenberg array—a case study
Let us now elaborate at the microscopic level how the above explained spin conservation analysis works in
the case of the helical edge coupled to an array of the MIs. Such systems regain at present an increased
attention since they can provide a platform for the realization of chiral Majorana fermions [55]. The MI can
be correlated either via the indirect exchange interaction supported by the itinerant electrons (usually
referred to as ‘the Kondo array’ (KA)) or via the both indirect and direct Heisenberg interaction (usually
named ‘the Kondo–Heisenberg array’ (KHA)).

The influence of the dense KA on the conductivity of the helical edge was studied in references [56, 57].
The high density of the MIs means that the Kondo effect is overwhelmed by the MI correlations [58] and
the MIs remain unscreened at low temperatures. It was shown that if the helical electrons are scattered by
the KA with the random XYZ-anisotropy one comes across Anderson localization of the charge carriers [56]
while, in the spin U(1)-symmetric setup, the backscattering leads only to the renormalization of the Drude
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Figure 2. 1D wire with helical electrons, ψR/L or equivalently ψ↑/↓ , coupled to the KHA (green arrows) located inside the SR
(shadowed rectangle). Density of the MIs (dotted line) vanishes outside the SR and fluctuates in space inside it. The interaction
constants, JK,H can also depend on the coordinate.

peak in the dc conductivity. Based on a straightforward though a kind of superficial analogy with the
physics of usual (not helical) interacting 1D wires [59–61], a ballistic nature of the dc conductance in the
spin preserving setup was conjectured in reference [56]. We now demonstrate that this conjecture is correct
and extend the theory to the dense KHA where the Heisenberg interaction of the MIs may govern the
TRS-breaking spin ordering.

The total Hamiltonian describing the helical edge modes, which interact with the KHA (see figure 2), is
Ĥfull = Ĥ0 + ĤH + Ĥb + ĤV. It includes the fermionic and MI parts, Ĥ0 and ĤH, respectively, and the
voltage source part ĤV which depends only on the fermionic operators. Ĥb is the Hamiltonian of the
fermion-MI interaction which describes backscattering induced by MIs. In the spin-conserved setup, it
reads as follows:

Ĥb =
∑

j

Ŝ+j [JKψ
†
↓ψ↑](xj) + h.c. (6)

Here the sum runs over MI positions xj, JK is the position dependent coupling constant between the MIs
and the fermions; Ŝ±j = e±2ikFxj (Ŝx ± iŜy)j are rotated raising/lowering operators of the MIs. equation (6)

corresponds to the U(1)-symmetric XXZ-coupling with JK = J(x)
K = J(y)

K . To simplify discussion of this
example, we take into account neither electron–electron interactions nor forward-scattering generated by
the component J(z)

K though including them is straightforward and does not change our conclusions.
The spin Hamiltonian ĤH describes the direct Heisenberg exchange interaction (of quantum Ising type)

between the z-components of the MI spins:

ĤH =
∑

j

JH(xj)Ŝz(j)Ŝz(j + 1); (7)

where JH is the position dependent coupling constant. For concreteness, we have chosen the exchange
interaction between nearest neighbors. The inter-impurity distance ξs(j) = xj+1 − xj can fluctuate in space
if the spin array is geometrically disordered.

The MI density is ρ(d)
s (x) =

∑
j δ(x − xj) for the discrete array. Its smeared counterpart, ρs(x), vanishes

outside the SR and is finite and coordinate-dependent inside it.
Our starting point is similar to that of references [59, 62]: we express the electric current via a

convolution of the non-local conductivity, σ(x, x
′
; ω), and an inhomogeneous electric field E(ω, x′):

j(x, t) =

∫
dx′

∫
dω

2π
e−iωtσ(x, x′;ω)E(ω, x′). (8)

E(ω, x) is governed by the applied voltage. Next, we bosonize the theory, use the technique of the functional
integrals on the imaginary time, and describe the fermions by the standard Lagrangian of the helical
Luttinger liquid with the source term [8, 45]:

LHLL =
[
(∂τφ)2 + (vF∂xφ)2

]
/2πvF + iχφ. (9)

The Fourier transform of the bosonic Green’s function (GF), G(x, x′; τ ) = −〈φ(x′, τ)φ(x, 0)〉, yields the
Matsubara conductivity: σ(x, x′; ω̄) = (e2ω̄/π2)G(x, x′; ω̄). The Lagrangian describing the spin-conserving
backscattering reads:

Lb[nz,α,φ] = 2sρs(x)JK(x)
√

1 − n2
z cos(α− 2φ). (10)

6
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Here we parameterize each localized spin by its azimuthal angle, α, and projection on z-axis, |nz| � 1:
S± = s e±iα

√
1 − n2

z , Sz = snz; with s being the spin value. This parametrization requires the Wess–Zumino
term in the Lagrangian [63, 64]:

LWZ[nz,α] = isρs(1 − nz)∂τα. (11)

Let us now shift the spin phase α̃ = α− 2φ. The full Lagrangian in the new variables is

L = LHLL[φ,χ] + LWZ[nz , 2φ] + LMI[nz, α̃]. (12)

Here LMI ≡ Lb[nz, α̃, 0] + LH[nz] + LWZ[nz, α̃] is the MI Lagrangian; LH describes the Heisenberg
interaction of the MIs.

The coupling between the fermionic and MI sectors is reflected in equation (12) only by LWZ[nz, 2φ]. Its
contribution vanishes in the dc limit and the MI variables drop out from the equation for the dc
conductivity which reduces to that of the clean helical wire, see the proof in appendix A. Therefore,
coupling between the helical modes and the spin-preserving KHA is unable to change the ballistic dc helical
conductance as one expects from the above explained generic arguments.

Dense and large KHAs can host various spin orders [65]. If JH exceeds a critical value, J∗H, the crossover
(the quantum phase transition in the infinite system) of the Ising type occurs at zero temperature and the
component Sz on the edge of the QSH sample acquires a non-zero semiclassical average value, s〈nz〉 [66].
This means that the TRS can be spontaneously broken on the QSH edge [67]. Nevertheless, the helical dc
transport remains ballistic and protected as soon as the total spin is conserved. These arguments show the
secondary importance of the TRS on the edge for the protection of the helical transport. Note that the
fermion backscattering by the magnetically ordered KHA requires an energy of the order of the domain wall
energy, EDW [68]. Therefore, it is expected to be suppressed in regimes where all characteristic energy scales
are � EDW.

We emphasize that the dc helical transport in the current example is sensitive neither to the profile of
the spin density, ρs(x), nor to the spatial inhomogeneity of the coupling constants, JK,H(x). This is the
exclusive property of the helical system. On the other hand, the ac conductance might be sensitive to details
of the setup.

Let us conclude this section with an example which demonstrates a predictive power and usefulness of
the spin conservation analysis. So far, we have taken into account only the Heisenberg interaction between
z-components of the MI spins. The presence of the spin-preserving in-plane Heisenberg interaction of the
MIs, L(xy)

H ∝ ρse−2ikFξs S+(x + ξs)S−(x) + h.c., makes the analysis of the dc conductance technically very
complicated. In particular, the phase φ cannot be gauged out simultaneously from the Lagrangians Lb and
L(xy)

H . Qualitative arguments confirming the helical ballistic conductivity are given in reference [66] for the
case of an infinite system where the total spin is conserved. However, based on the spin conservation
analysis, one can state without explicit calculations that the conductance remains ballistic in this
complicated setups because the total spin is conserved.

4. QSH systems with broken spin axial symmetry of electrons

Another class of the QSH systems embraces those TRS-invariant 2D topological insulators where the spin
axial symmetry of the electrons is broken. As a result, the electron spin quantization axis cannot be
uniquely defined for all helical electrons and the z-component of the electron spin is no longer conserved.
Well-known microscopic mechanisms, which are compatible with the TRS and break the spin axial
symmetry, are the bulk- and the structural inversion asymmetry [69, 70]. The effects of the broken axial
symmetry can be described by an effective spatially homogeneous Rashba SOI in the 2D bulk. Close to the
1D edge of the QSH sample, the Rashba SOI can be inhomogeneous and strongly fluctuate.

The absence of the spin axial symmetry makes the applicability of the above explained spin conservation
analysis more sophisticated. A few particular cases are discussed below.

4.1. Spin-texturing in momentum space
If the TRS-invariant QSH system possesses the homogeneous Rashba SOI in the bulk, the spins of the edge
electron remain antiparallel only for two states of the Kramers doublet of the same energy (i.e. for two
modes with momentums ±k) while the direction of the spin quantization depends on the electron energy
(i.e. on |k|), the so-called spin-texturing (ST) [71]. In that case and unlike the Hamiltonian equation (1),
one should distinguish the chiral and spin bases of the fermions. These bases are related by the unitary
transformation which respects TRS: Ψ̃ = {ψR,ψL}T = B̂†

kΨ̂, B̂†
kB̂k = 1, B̂k = B̂−k. The chiral basis is

needed to calculate the charge current carried by the helical electrons. The Hamiltonian, which accounts for
the ST in the momentum space, reads as:

7
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H(k)
ST = vF

∑
k

kΨ̂†(k)B̂kσ̂zB̂†
kΨ̂(k). (13)

As opposed to Ĥ0, the Hamiltonian H(k)
ST does not conserve z-component of the electron spin. Therefore, in

a general case, one cannot use the spin conservation analysis to check the ballistic nature of the
conductance. The obvious exception is the case of zero temperature where transport is carried by the
electrons at kF and the product B̂kF σ̂zB̂†

kF
determines the direction of the spin quantization axis for the

conduction electrons. Hence, the ST becomes irrelevant at T = 0 because of the absence of the allowed
phase space for the electrons and the nature of the helical conductance (ballistic or subballistic) is fully
determined by the properties of the SR similar to the above discussed cases with the spin axial symmetry.

If temperature is finite, the ST violates the electron spin conservation and the helical conductance can
become subballistic. The well-known effect of the ST is the suppression of the helical conductance caused
by the inelastic (accompanied by the energy transfer) backscattering of the (disordered) helical electrons
which either interact with each other [72–74] or experience an influence of a noise [75]. Less expected
effect is an influence of the unscreened isotropic MI on helical transport of the noninteracting electrons, see
reference [76] where the example of the spin-1/2 MI has been studied at T > TK. The underlying
mechanism is the successive backscattering of the helical electrons which have the same chirality but
different energies. We remind the readers that, if there is no ST, the unscreened isotropic or even U(1)
symmetric spin-1/2 MI can backscatter one after another only electrons of different chirality, thus, the dc
conductance remains unaffected [47].

4.2. Spin-texturing in real space
The ST in real space originates in models where the direction of the spin quantization on the helical edge is
space-dependent. This could result from the inhomogeneously changed direction of the SOI governed by a
combined effect of the spin-diagonal (Dresselhaus) and the spin-off-diagonal (Rashba) SOIs [70, 77]. The
latter does not violate the topologically non-trivial state of the QSH sample but can be strong on its edges.
To describe the QSH edge with the spatially fluctuating SOI, one needs an extended version of the
Hamiltonian Ĥ0, equation (1) which reads as follows:

Ĥ(x)
ST =− i

vF

2

∫
dx Ψ̂†(x){(n(x) · σ) , ∂x}+Ψ̂(x)

=− i vF

∫
dx Ψ̂†(x)(n(x) · σ)∂xΨ̂(x) − i

vF

2

∫
dx Ψ̂†(x)(∂xn(x) · σ)Ψ̂(x) ; (14)

see references [77–80]. In equation (14), σ = {σ̂x, σ̂y, σ̂z} and the anticommutator {. . .}+ ensures the

Hermiticity of Ĥ(x)
ST . In the Landauer setup of figure 1, the vector n depends on the coordinate inside the SR

and is fixed by the equality n = {0, 0, 1} at contacts between the SR and the helical wires and in both wires.
Clearly, the Hamiltonian equation (14) coincides with Ĥ0, equation (1), if n = {0, 0, 1} = const in the
entire sample. We emphasize that equations (13) and (14) describe two principally different physical
mechanisms of the ST and there is no simple relation between these equations. Using equation (14) in the
QSH systems with the broken axial symmetry implies that the product B̂kF σ̂zB̂†

kF
yields the mean direction

of the electron spin quantization axis and the SOI fluctuations overwhelm the temperature-dependent
effects of the ST at low temperatures, T/EST � 1 (EST is the energy scale of the ST).

The electron spin density does not commute with Hamiltonian (14). Hence, the total spin is not
conserved in the laboratory frame and one could presume that transport could be sub-ballistic even on
clean (without magnetic scatterers) edges with space-fluctuating SOI [77]. This guess is incorrect. The role
of the spin conservation, which is a kind of masked in the model (14), for the protection of transport was
noticed in reference [80]. We will explicitly demonstrate this in the next section by using a simple and
straightforward rotation of the fermionic basis. We will use the spin conservation analysis in the rotated
frame to make conclusive predictions on the combined effects of the fluctuating SOI, the KHA and the
electron–electron interactions.

4.3. Combined influence of fluctuating SOI, KHA, and electron interaction on helical conductance—a
case study
Let us now explain how to uncover the spin conservation in the QSH edges with the space-fluctuating (but
static) direction of the spin quantization in the most straightforward way. First, we explain the method by
using the example of the clean Hamiltonian (14) and further use the spin conservation analysis to study
combined effects of the fluctuating SOI and the scattering by the KHA in the presence of the
electron–electron interaction.

8
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The full Hamiltonian consists of five parts: Ĥfull = Ĥ(x)
ST + Ĥe−KA + ĤH + Ĥe–e + ĤV, where Ĥe−KA and

Ĥe–e describe the exchange interaction of the helical electrons with the KA and the electron–electron
interaction, respectively, and are specified below in equations (17) and (21). ĤH is the Hamiltonian of the
Heisenberg interaction between the MIs. In the case of the ZZ-interaction, ĤH reduces to equation (7). In
this section, we will explicitly take into account the in-plane Heisenberg interaction, see equation (19)
below.

For simplicity, we fix the strength of the SOI, such that |n(x)| = 1, and parameterize the
coordinate-dependent direction of the SOI inside the SC by polar, θ, and azimuthal, ϕ, angles:
n = {cos(ϕ)sin(θ), sin(ϕ)sin(θ), cos(θ)}. The boundary condition n = {0, 0, 1} implies that θ = 0 at
junctions of the SR with the connecting helical wires. We further assume that the coordinate dependence of
n inside the SC is slow on the scale of the lattice spacing.

Let us, at first, diagonalize the Hamiltonian (14) by using the unitary transformation of the fermionic
basis Ψ̃ = ĝ†Ψ̂ with the matrix ĝ ∈ SU(2) being parameterized by the angles {φ, θ}:

ĝ = e−iϕ2 σ̂3 e−i θ2 σ̂2 , ĝ† (n · σ) ĝ = σ̂3. (15)

ĝ = 1 outside the SR because of the boundary conditions for n. Changing to the Ψ̃-basis, we find

Ĥ(x)
ST = −vF

∫
d xΨ̃†

{
iσ̂3∂x +

1

2
cos(θ)[∂xϕ]

}
Ψ̃; (16)

see algebraic details in appendix B.
The new frame, where the Hamiltonian (16) is defined, rotates inside the SR together with the SOI. Sz

spin component of the fermions is manifestly conserved in this rotating frame. One can give the following
interpretation to that result: the electron with a given z-component of the spin enters the SR where the
electron spin follows the SOI direction. The initial direction of the electron spin is restored after the
electron leaves the SR and, thus, the spin conservation law holds true because of the boundary conditions at
the contacts of the SR with the left/right helical wires. The spin conservation in the rotating frame suggests
that the helical conductance can remain ballistic in spite of the absence of the global spin quantization axis
in the laboratory frame. Indeed, both terms in equation (16) are diagonal, the term containing cos(θ) is an
effective forward-scattering potential; hence, there is no backscattering in equation (16) and the Landauer
conductance must be ballistic, as expected [80].

The protection of the helical conductance against the influence of the fluctuating SOI on the clean and
non-interacting edge is in general subtle and can be destroyed, e.g. by non-locality of the SOI fluctuations
or by a curvature in the dispersion relation of the helical electrons [81]. On a formal level, these phenomena
break the spin conservation in the rotating frame. Besides, the simple form of the diagonalized Hamiltonian
(16) can be obtained only for the stationary SOI fluctuations. If these fluctuations are dynamical, the
rotation by the matrix ĝ does not yield a conclusive information and does not help to prove the ballistic
nature of the helical conductance. For instance, the model similar to equation (14) can appear due to the
deformation of the QSH edge by acoustic phonons [82]. In this case, the deviation of the spin-quantization
axis from z-direction is a dynamical degree of freedom, which can be expressed via phonon operators. The
theory of the electron–phonon coupling becomes effectively non-local and the helical conductance becomes
sub-ballistic at finite temperatures due to the inelastic backscattering of the electrons by phonons [82].

If the SOI fluctuations are static, the above described simple though helpful method allows us to
consider the SRs with- and without the fermion scattering on equal footing. Let us gradually make the
problem more complicated and, at the next step, include into consideration the scattering caused by the KA.
The spin U(1)-invariant Hamiltonian of the exchange interaction between the itinerant electrons and the
MIs reads:

Ĥe−KA =
∑

j

Ψ̂†(xj)(S(j)̂J · σ)Ψ̂(xj), (17)

S(j) = {S̃x(j), S̃y(j), Ŝz(j)}.

We have introduced a diagonal matrix of the Kondo coupling constants Ĵ ≡ diag(JK, JK, J(z)
K ). X- and Y-spin

components are related to the above introduced rotated spin operator S̃x = (Ŝ+ + Ŝ−)/2,
S̃y = −i(Ŝ+ − Ŝ−)/2. Combined effects of the randomly fluctuating SOI and a single MI has been
considered in reference [83]. The authors of this paper have focused on the interplay of the Rashba disorder
and and off-diagonal anisotropy reflected by off-diagonal entries of the matrix Ĵ. We will show below that
even a simpler anisotropy of the XXZ-type (the diagonal matrix Ĵ and the U(1)-symmetric coupling in the
laboratory frame) suffices to suppress the helical conductance if the SOI fluctuates.
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We re-write Ĥe−KA in the rotated fermionic basis and simultaneously do an arbitrary unitary
transformation of the MI spin operators, S →S. Ĥe−KA in the rotated bases reads as:

Ĥe−KA =
∑

j

Ψ̃†(xj)(S(j)̃J · σ)Ψ̃(xj), J̃ ≡ R̂T
S ĴR̂Ψ. (18)

The orthogonal matrices R̂S ,Ψ ∈ SO(3) result from the unitary rotation of the spins and the fermions,
respectively. R̂Ψ is parameterized by the angles {φ, θ} and R̂S —by another independent set of the Euler
angles, see appendix C. Clearly, the z-component of the total (of the helical electrons and of the MIs) spin is
conserved in the rotated bases if (i) J̃kl = 0 for the entries {k, l} = {1, 3}, {2, 3}, {3, 1}, {3, 2}; (ii) J̃11 = J̃22;
and (iii) J̃12 = −J̃21. This is possible IFF JK = J(z)

K , i.e. IFF the bare exchange interaction is isotropic. After
choosing R̂S = R̂Ψ, we reduce equation (18) to the isotropic version of the exchange interaction considered
in section 3.3 at JH = 0. Based on the above discussion, we conclude that the conductance remains ballistic
in the system where the direction of the SOI rotates in the SR even if the SR contains the MIs isotropically
coupled (in the laboratory and rotating frames) to the conduction electrons. Any anisotropy of the
exchange coupling between the helical electrons and MIs results in the violation of the spin conservation in
the rotating frame and, thus, removes the protection of the helical conductance. For example, if the rotated
coupling matrix has two coinciding finite diagonal elements J̃11 = J̃22 �= 0 but one non-zero off-diagonal
element J̃13 �= 0, the subballistic correction to the helical conductance in the absence of the Kondo screening
is δGaniso/G0 ∝ J̃2

11 J̃2
13/(̃J2

11 + J̃2
33/2 + J̃2

13), see the derivation and discussion in reference [48].
The above consideration can be straightforwardly extended to the scattering of the helical electron by

the KHA. We start from the spin-preserving Heisenberg interaction in the laboratory frame:

ĤH =
∑

j

(
S(j)̂JH(j) · S(j + 1)

)
, (19)

ĴH(j) = diag (J⊥H , J⊥H , JH)x=xj .

We rotate the spin degrees of freedom

ĤH =
∑

j

(
S(j)R̂T

S (j)̂JH(j)R̂S(j + 1) · S(j + 1)
)
. (20)

If SOI variations are so smooth that the difference between the SOI at the space points xj and xj+1 can be
neglected, we obtain R̂T

S (j)̂JH(j)R̂S(j + 1) � R̂T
S (j)̂JH(j)R̂S(j) which reduces to the spin preserving form IFF

J⊥H (xj) = JH(xj), cf analysis of equation (18). Thus, the total spin is conserved in the rotating frame and,
based on the results of section 3.3, we conclude that the ballistic helical conductance remains protected if
both the Kondo- and Heisenberg couplings are isotropic at each space point. If either the SOI variations are
not smooth or there is a long range Heisenberg interaction, the difference of the SOI at the points xj and
xj+1 (or xj and xj+k with k > 1 in the case of the long range MI interaction) is not negligible, equation (20)
violates the conservation of the total spin and the helical conductance can be suppressed regardless of the
isotropy of the coupling constants.

Including the density-density short-range electron interaction in this consideration is also
straightforward. In the case, the Hamiltonian Ĥe–e takes the following form:

Ĥe–e =

∫
dx

[
V(ρ̂↑ + ρ̂↓)2 + δV ρ̂↑ρ̂↓

]
; ρ̂↑,↓ ≡ ψ†

↑,↓ψ↑,↓. (21)

We have singled out terms which are invariant, ∼V with V = const, and not-invariant, ∼δV with
δV = const, under the unitary rotation by the matrix ĝ. The fermionic density operators in the rotated basis
read as:

ρ̂↑ = ρ̂R cos2

(
θ

2

)
+ ρ̂L sin2

(
θ

2

)
− sin(θ)

2

(
ψ†

RψL + ψ†
LψR

)
; (22)

ρ̂↓ = ρ̂R sin2

(
θ

2

)
+ ρ̂L cos2

(
θ

2

)
+

sin(θ)

2

(
ψ†

RψL + ψ†
LψR

)
; (23)
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here ρ̂R/L = ψ†
R/LψR/L with ψR/L being entries of the spinor Ψ̃. The invariant part of Ĥe–e retains its form in

the rotated basis:

Ĥinv = V

∫
dx(ρ̂R + ρ̂L)2. (24)

Ĥinv does not break the spin conservation in the rotated basis and cannot lead to the suppression of the
helical conductance. The non-invariant part of Ĥe–e generates after the basis transformation all possible
types of the electron interaction in 1D systems [45], including nontrivial Umklapp processes in the SR [84]:

ĤUm =
δV

4

∫
dx

[
−ψ†

Rψ
†
RψLψL sin2(θ) ++

(
ψ†

Rψ
†
LψRψR − ψ†

Lψ
†
RψLψL

)
sin(2θ) + h.c.

]
. (25)

This is similar to the generation of the effective Umklapp due to the ST in the momentum space, cf
reference [73]. Since Umklapp (two-particle) scattering does not preserve the total spin of the helical
fermions it can suppress the helical conductance [8, 73, 85].

We would like to note that using the spin conservation analysis presented in this section helps to avoid
the excessive complexity inherent in the heavy theoretical machinery and can prevent erroneous conclusions
on the suppression of ballistic helical transport in the spin preserving setups, cf references [77, 78].

5. Summary

We have presented a general approach for the analysis of helical transport in QSH systems. Based on this
approach, we have critically reviewed and discussed theories addressing protection of this transport and
studied in detail particular examples.

Though the existence of helical modes on edges of QSH samples is protected by the nontrivial topology
of the bulk and the TRS, the edge electrons are vulnerable to backscattering processes caused by various
interactions. However, the backscattering does not necessarily suppress the ballistic helical conductance. For
instance, the helical conductance is ballistic despite backscattering in the QSH systems with the axial
electron spin symmetry if the projection of the total spin on this symmetry axis is conserved. We have
extended the discussion of the general approach by a detailed study of the new example where the helical
conductance remains ballistic in the spin preserving setup in spite of the scattering of the itinerant electrons
by the array of Heisenberg-interacting MIs. Interestingly, a magnetic spin ordering of the Ising type, which
formally breaks the TRS on long time intervals, also has no influence on the helical conductance if the total
spin is conserved.

If the spin axial symmetry is broken and the so called ST arises on the QSH edges, the spin conservation
analysis is more sophisticated and not always applicable. One should distinguish here two physically
different cases. If the broken spin axial symmetry results from an (effective) Rashba SOI in the bulk, one
comes across the ST in the momentum space which breaks the spin conservation law though is itself unable
either to backscatter or to affect the helical conductance. Being combined with various sources of the
backscattering, such an ST is able to suppress the helical conductance. These effects of the broken axial
symmetry are often frozen out in the experimentally relevant range of low temperatures and, therefore,
cannot dominate suppression of the helical conductance.

Another class of models with the broken axial symmetry is given by the systems where the SOI strongly
fluctuates on the QSH edge. This leads to the ST in the real space, i.e. to spatial fluctuations of the spin
quantization axis. The spin conservation law is violated in the laboratory frame by the SOI fluctuations,
however, the spin conservation analysis is applicable in the frame which rotates in space together with the
SOI direction. Using this approach, we have considered previous unexplored combined effects of the ST in
the real space and scattering of the (non-interacting and interacting) helical electron by the KHA of the
MIs. We have identified conditions under which the helical conductance in these systems is protected even
at finite temperatures.

To conclude, we have demonstrated that the spin conservation analysis is a useful tool for the study of
helical transport in a variety of the QSH systems. The setups studied in this paper in details show that this
approach helps to identify physical mechanisms being relevant or irrelevant for the suppression of the
helical conductance.
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Appendix A. Helical wire coupled to a Kondo–Heisenberg array

Non-local Matsubara conductivity of a helical wire can be expressed in terms of the GF of bosonized
excitations [45]:

σ(x, x′; ω̄) = (e2ω̄/π2)G(x, x′; ω̄). (A1)

We need the generating functional, Z[χ], which allows one to calculate G(x, x′; ω̄) for the helical wire
coupled to localized spins (a KHA). Consider first the spin preserving setup, where this generating functional
reads as follows:

Z[χ] =
1

Z[0]

∫
D{nz, α̃} exp (−SMI[nz , α̃])

∫
D{φ} exp (−SHLL[φ,χ] − SWZ[nz, 2φ]) ; (A2)

G(x1, x2; τ1 − τ2) =
δ2 Z[χ]

δχ(ζ1)δχ(ζ2)

∣∣∣∣
χ→0

, ζ1,2 ≡ {x1,2, τ1,2}. (A3)

Here Z[0] is the partition function; actions SHLL,WZ,MI correspond to the Lagrangians LHLL,WZ,MI (see
section 3.3, equations (9)–(12)):

SHLL =

∫
dζ

{
1

2πvF

[
(∂τφ)2 + (vF∂xφ)2

]
+ iχφ

}
; (A4)

SWZ[nz, 2φ] = 2is

∫
dζ ρs(1 − nz)∂τφ = 2is

∫
dζ ρsφ∂τnz; (A5)

SMI =

∫
dζ ρs(x)

(
2sJK(x)

√
1 − n2

z cos(α̃) + s2JH(x)nz(x, τ)nz(x + ξs, τ)
)
+ SWZ[nz , α̃]. (A6)

The Gaussian integral over φ in equation (A2) can be calculated straightforwardly:

∫
D{φ} exp (−(SHLL[φ,χ] + SWZ[nz, 2φ]))∫

D{φ} exp (−(SHLL[φ,χ = 0]))

= exp

(
−Szz +

1

2

∫
dζ dζ ′

[
χ(ζ)G0(ζ − ζ ′,ω)χ(ζ ′) + 2sχ(ζ)G0(ζ − ζ ′)ρs(x′)∂τ ′nz(ζ ′)

])
; (A7)

with

Szz ≡ −
∫

dζ dζ ′
[
2s2ρs(x)∂τnz(ζ)G0(ζ − ζ ′)ρs(x′)∂τ ′nz(ζ ′)

]
. (A8)

The variational derivative over the source field, equation (A3), yields:

G(x1, x2; τ1 − τ2) = G0(ζ1 − ζ2) +

∫
dζ dζ ′G0(ζ1 − ζ)ρs(x)

[
∂2
τ ,τ ′ Czz(ζ, ζ ′)

]
ρs(x′)G0(ζ ′ − ζ2); (A9)

where
Czz(ζ, ζ ′) ≡ 〈〈[snz(ζ)]

[
snz(ζ ′)

]
〉〉SMI+Szz ; (A10)

G0(ζ1 − ζ2) is the bare bosonic GF of the clean wire, and 〈〈AB〉〉 ≡ 〈AB〉 − 〈A〉〈B〉. Decoupled part of Czz

does not contribute to equation (A9) because ∂τ 〈nz〉 = 0. The averaging in equation (A10) is performed
over the full spin action SMI + Szz. If there is no exchange interaction between the itinerant electrons and
the localized spins, JK = 0, equation (A9) manifestly reproduces G0(ζ1 − ζ2) because the MI spins are not
coupled and ∂2

τ ,τ ′ Czz(ζ, ζ ′) = 0.
Integrating by parts and using transnational invariance of G0(ζ1 − ζ2), we find:

G(x1, x2; τ1 − τ2) = G0(ζ1 − ζ2) +

∫
dζ dζ ′

[
∂τ1 G0(ζ1 − ζ)

]
ρs(x)Czz(ζ, ζ ′)ρs(x′)

[
∂τ2 G0(ζ ′ − ζ2)

]
. (A11)
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The expression for G0 in the momentum-frequency representation reads:

G0(q, ω̄) = −〈φ∗(q, ω̄)φ(q, ω̄)〉 = − πvF

ω̄2 + (vFq)2
. (A12)

We are interested in the dc response of the wire at zero temperature. Changing from the momentum to the
coordinate, we obtain in the low-frequency limit, |ω̄(x1 − x2)|/vF � 1, the equality:

ω̄G0(x1 − x2; ω̄) = −π

2
sign(ω̄). (A13)

Let us now Fourier-transform equation (A11) for the GF, analytically continue it to the upper half-plane to
obtain the physical retarded correlation function, GR, and simplify it in the low frequency limit by using
equation (A13):

GR(x1, x2;ω) = GR
0 (x1 − x2;ω) + δGR(ω); (A14)

where

δGR(ω) =
(π

2

)2
S tot

zz (ω); S tot
zz (ω) ≡

∫
dx1 dx2 ρs(x1)CR

zz(x1, x2;ω)ρs(x2). (A15)

We have to analyze the low frequency limit of the product ωδGR(ω) which yields a correction to the
nonlocal conductivity of the clean wire, see equation (A1). We note that S tot

zz is the retarded correlation
function of the KHA total spin. Since all MIs are located inside the finite SR, the total spin of the KHA is
also finite. We conclude that the retarded correlation S tot

zz (ω) is bounded and, therefore, the product
ωS tot

zz (ω) vanishes in the dc limit. Hence, we arrive at the trivial limit

lim
ω→0

(
ωδGR(ω)

)
= 0. (A16)

Equation (A16) proves that the dc conductance of the helical wire coupled to any spin conserving finite
Kondo-Ising array (i.e. the KHA with only ZZ-coupling of the MI spins) coincides with the ballistic
conductance of the clean helical wire regardless of (i) properties of contacts between the wire and the region
of localized spins, (ii) a spatial inhomogeneity or a spin disorder of the KHA, etc.

If the spin array is infinite, the total spin of the KHA is not bounded, S tot
zz may diverge, our approach is

not applicable any longer and the theory of reference [56] for the infinite KA should be used instead. This
theory predicts the dc conductivity (not conductance!) with the renormalized Drude weight.

The action in equation (A2) is drastically changed in the spin non-preserving setup. For example, if the
coupling of the MIs and the itinerant electrons breaks the spin U(1) symmetry, one cannot obtain the
simple equations of the type (A7) and (A9). The action for the charge sector acquires the form of a
sine-Gordon theory, where the charge density waves can be pinned. This leads to the suppression of the
ballistic helical conductance, cf references [56, 57].

Appendix B. Rotation of spinors

Consider the Hamiltonian equation (14):

Ĥ(x)
ST = − i

2
vF

∫
dx Ψ̂†(x){(n · σ), ∂x}+Ψ̂(x) = −ivF

∫
dx Ψ̂†(x)

[
(n · σ)∂x +

1

2
[∂x(n · σ)]

]
Ψ̂(x). (B1)

Here n = {sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)} is the unit vector. Let us introduce a unitary matrix

ĝ = exp
[
−i

ϕ

2
σ̂3

]
exp

[
−i

θ

2
σ̂2

]
, (B2)

which has the property
ĝ†(n · σ)ĝ = σ̂3 ⇔ ĝσ̂3ĝ† = (n · σ). (B3)

Changing to a new spinor Ψ̃ = ĝ†Ψ̂, we obtain the new Hamiltonian in the form

Ĥrot = −ivF

∫
dx Ψ̃†(x)ĝ†

[
(n · σ)∂x +

1

2
[∂x(n · σ)]

]
ĝΨ̃(x) = −ivF

∫
dx Ψ̃†(x)

[
σ̂3∂x + ĥ

]
Ψ̃(x), (B4)

13
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where

ĥ = ĝ†(n · σ)ĝĝ†∂xĝ +
1

2
σ̂3(∂xĝ†)ĝ +

1

2
ĝ†∂xĝσ̂3 =

1

2

[
σ̂3ĝ†∂xĝ + ĝ†∂xĝσ̂3

]
. (B5)

We have used equation (B3) to obtain equation (B5). The spatial derivative of the matrix ĝ(x) reads as

∂xĝ = −i
1

2

[
σ̂3ĝ∂xϕ+ ĝσ̂2∂xθ

]
. (B6)

Inserting this expression in equation (B5), we find

ĥ = − i

4

[
σ̂3ĝ†σ̂3ĝ + ĝ†ĝσ̂3

]
∂xϕ = − i

4
ĝ†

[
ĝσ̂3ĝ†σ̂3 + σ̂3ĝσ̂3ĝ†

]
ĝ∂xϕ. (B7)

Using equation (B3), we simplify equation (B7):

ĥ = − i

4
[(n · σ)σ̂3 + σ̂3(n · σ)]∂xϕ = − i

2
cos(θ)∂xϕ. (B8)

Thus, the Hamiltonian in the rotated frame takes the form

Ĥrot = −vF

∫
dx Ψ̃†(x)

[
iσ̂3∂x +

1

2
cos(θ)∂xϕ

]
Ψ̃(x), (B9)

see equation (16) in the main text.

Appendix C. Electron-MI interaction in the rotated basis and the spin conservation

The unitary transformation of the electron spin operators can be re-written as an expansion in Pauli
matrices:

ĝ†σTĝ = R̂Ψσ
T, σ = {σ̂1, σ̂2, σ̂3}. (C1)

The matrix ĝ ∈ SU(2) is defined in equation (15) of the main text. Entries of the matrix R̂Ψ ∈ SO(3) are
coefficients of this expansion.

A similar expansion can be done for the unitary transformation of the MI spin operators:

ĝ†SSĝS = SR̂T
S , S = {S̃x, S̃y, Ŝz}. (C2)

with matrices ĝS ∈ SU(2), R̂S ∈ SO(3). For simplicity, we assume that the MIs also have spin 1/2. The
matrix ĝS can be parameterized by three Euler angles:

ĝS = exp
[
−i

ϕS

2
σ̂3

]
exp

[
−i

θS

2
σ̂2

]
exp

[
−i

ψS

2
σ̂3

]
(C3)

(the generalization to the arbitrary MI spin can be done by substituting S̃y and Ŝz for σ̂2,3/2, respectively, in
equation (C3)). Equations (C1) and (C2) have been used to obtain the expression for the effective coupling

constant in the main text, J̃ ≡ R̂T
S diag

(
JK, JK, J(z)

K

)
R̂Ψ, see equation (18).

The z-component of the total spin is conserved if Ĥe−KA, equation (18), does not contain terms Ŝzσ̂
±,

Ŝ±σ̂3, Ŝ+σ̂+, and Ŝ−σ̂− in the rotated basis. This requires the following properties of J̃:

J̃kl = 0 for the entries {k, l} = {1, 3}, {2, 3}, {3, 1}, {3, 2}; (C4)

J̃11 = J̃22; (C5)

J̃12 = −J̃21. (C6)

Equations (C4)–(C6) result in a set of transcendental equations relating the Euler angles {ϕS, θS,ψS} and
{ϕ, θ} at given bare coupling constants JK, J(z)

K . The spin can be conserved only if all these requirements are
compatible with each other. Let us check the compatibility of equations governed by equation (C4). After
lengthy but straightforward trigonometric manipulations, they can be reduced to the following form:

J̃13 = JK sin(θ) [cos(θS) cos(ψS) cos(φ− φS) + sin(ψS) sin(φ− φS)] − J(z)
K cos(θ) sin(θS) cos(ψS) = 0; (C7)

J̃31 = JK cos(θ) sin(θS) cos(φ− φS) − J(z)
K sin(θ) cos(θS) = 0; (C8)

J̃23 = JK sin(θ) [cos(ψS) sin(φ− φS) − cos(θS) sin(ψS) cos(φ− φS)] + J(z)
K cos(θ) sin(θS) sin(ψS) = 0; (C9)

J̃32 = JK sin(θS) sin(φS − φ) = 0. (C10)
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Equation (C10) implies that either θS = 0 or φS = φ. The former equality is incompatible with
equation (C8) (except for the trivial case θ = 0 which corresponds to the fixed direction of SOI along the
z-axis). Thus, the total spin can be conserved in the rotated basis IFF φS = φ. In this case,
equations (C7)–(C9) reduce to the following form:

J̃13 =
[

JK sin(θ) cos(θS) − J(z)
K cos(θ) sin(θS)

]
cos(ψS) = 0; (C11)

J̃31 = JK cos(θ) sin(θS) − J(z)
K sin(θ) cos(θS) = 0; (C12)

J̃23 =
[
−JK sin(θ) cos(θS) + J(z)

K cos(θ) sin(θS)
]

sin(ψS) = 0. (C13)

Equations (C11) and (C13) are compatible IFF the expression in square brackets is equal to zero. Thus the
spin conservation is possible IFF

JK sin(θ) cos(θS) = J(z)
K cos(θ) sin(θS); (C14)

JK cos(θ) sin(θS) = J(z)
K sin(θ) cos(θS). (C15)

These equations are compatible IFF |JK| = J(z)
K . The sign of JK is irrelevant (this follows from a possibility to

change signs of S̃x,y and JK simultaneously). Therefore, the isotropic bare coupling of the itinerant electrons

and the MIs, JK = J(z)
K , is the necessary condition for the spin conservation in the example considered in

section 4.3.
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[77] Geissler F, Cŕepin F and Trauzettel B 2014 Random Rashba spin–orbit coupling at the quantum spin Hall edge Phys. Rev. B 89

235136
[78] Ström A, Johannesson H and Japaridze G I 2010 Edge dynamics in a quantum spin Hall state: effects from rashba spin–orbit

interaction Phys. Rev. Lett. 104 256804
[79] Budich J C, Dolcini F, Recher P and Trauzettel B 2012 Phonon-induced backscattering in helical edge states Phys. Rev. Lett. 108

086602
[80] Xie H-Y, Li H, Chou Y-Z and Foster M S 2016 Topological protection from random Rashba spin–orbit backscattering: ballistic

transport in a helical Luttinger liquid Phys. Rev. Lett. 116 086603
[81] Kharitonov M, Geissler F and Trauzettel B 2017 Backscattering in a helical liquid induced by Rashba spin–orbit coupling and

electron interactions: locality, symmetry, and cutoff aspects Phys. Rev. B 96 155134
[82] Groenendijk S, Dolcetto G and Schmidt T L 2018 Fundamental limits to helical edge conductivity due to spin-phonon scattering

Phys. Rev. B 97 241406(R)
[83] Kimme L, Rosenow B and Brataas A 2016 Backscattering in helical edge states from a magnetic impurity and Rashba disorder

Phys. Rev. B 93 081301
[84] We have used the conventional order of space arguments in all parts of equation (25), for example ψ†

R(x)ψ†
R(x + a0)ψL(x + a0)

ψL(x), where the shift of two arguments by the lattice constant a0 is the standard regularization.
[85] Lezmy N, Oreg Y and Berkooz M 2012 Single and multiparticle scattering in helical liquid with an impurity Phys. Rev. B 85

235304

17

https://doi.org/10.1103/physrevlett.108.156402
https://doi.org/10.1103/physrevlett.108.156402
https://doi.org/10.1103/physrevb.90.075118
https://doi.org/10.1103/physrevb.90.075118
https://doi.org/10.1103/physrevb.103.235164
https://doi.org/10.1103/physrevb.103.235164
https://doi.org/10.1103/physrevlett.121.106601
https://doi.org/10.1103/physrevlett.121.106601
https://doi.org/10.1103/PhysRevB.104.195414
https://doi.org/10.1103/PhysRevB.104.195414
https://doi.org/10.1103/physrevb.89.235136
https://doi.org/10.1103/physrevb.89.235136
https://doi.org/10.1103/physrevlett.104.256804
https://doi.org/10.1103/physrevlett.104.256804
https://doi.org/10.1103/physrevlett.108.086602
https://doi.org/10.1103/physrevlett.108.086602
https://doi.org/10.1103/physrevlett.116.086603
https://doi.org/10.1103/physrevlett.116.086603
https://doi.org/10.1103/physrevb.96.155134
https://doi.org/10.1103/physrevb.96.155134
https://doi.org/10.1103/physrevb.97.241406
https://doi.org/10.1103/physrevb.97.241406
https://doi.org/10.1103/physrevb.93.081301
https://doi.org/10.1103/physrevb.93.081301
https://doi.org/10.1103/physrevb.85.235304
https://doi.org/10.1103/physrevb.85.235304

	Protection of edge transport in quantum spin Hall samples: spin-symmetry based general approach and examples
	1.  Introduction
	2.  Landauer setup for a helical wire
	2.1.  Backscattering inside the SR

	3.  QSH systems with spin axial symmetry of electrons
	3.1.  Spin (im)balance
	3.1.1.  (Im)balance of currents
	3.1.2.  Ballistic transport vs backscattering
	3.1.3.  Conditions for the spin conservation

	3.2.  Spin (non)preserving setups and helical transport
	3.3.  Helical modes interacting with a Kondo–Heisenberg array—a case study

	4.  QSH systems with broken spin axial symmetry of electrons
	4.1.  Spin-texturing in momentum space
	4.2.  Spin-texturing in real space
	4.3.  Combined influence of fluctuating SOI, KHA, and electron interaction on helical conductance—a case study

	5.  Summary
	Acknowledgments
	Data availability statement
	Appendix A.  Helical wire coupled to a Kondo–Heisenberg array
	Appendix B.  Rotation of spinors
	Appendix C.  Electron-MI interaction in the rotated basis and the spin conservation
	References


