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WELLPOSEDNESS OF NLS IN MODULATION SPACES

FRIEDRICH KLAUS

ABSTRACT. We prove new local and global well-posedness results for the cubic
one-dimensional Nonlinear Schrédinger Equation in Modulation Spaces. Local
results are obtained via multilinear interpolation. Global results are proven
using conserved quantities from the integrability of the equation, persistence
of regularity and by separating off the time evolution of finitely many Picard
iterates.

1. INTRODUCTION

The last years have brought vast interest towards the dynamics of the cubic
Nonlinear Schrédinger Equation (NLS)

iU + Uge = +2|ul?u,
u(0) = wuyg,

with initial data ug either decaying very slowly or being not decaying at all. There
are several ways to tackle this problem. In this paper we investigate the behavior of
solutions to when the initial data takes value in a one-dimensional Modulation
Space M, ,(R).

Modulation Spaces M, ,(R) were introduced by Feichtinger [16] and by now have
been used in the study of several different PDE, see also [27),32]. One of the reasons
why they serve as interesting initial data is because their decay is comparable to
the one of functions in LP. In particular the spaces with p = oo include non-
decaying initial data and provide them with an elegant function space framework. In
comparison to LP spaces, the Schrodinger semigroup is bounded on any Modulation
Space M, ,(R), and dispersive L> blow-up phenomena as constructed in [J] can be
ruled out. One of the major open problems in this context is whether a global result
in M5, , could hold for certain s, g. Just to name one of the many consequences an
affirmative answer would have, this would solve question whether the local solution
to

(1.1)

uo(z) = cos(x) 4 cos(V2z),
can be continued globally. While we are not able to give an answer to this question,
we are able to prove results with arbitrarily high p < co. Among other results (see
Remark we will show: In the defocusing case, if p < oo and if s > 0 is large
enough, there is a unique global solution of in M, (R).

Local results for Nonlinear Schrodinger Equations with Modulation Spaces as
initial data space have first been proven in [3I], [ B [8]. These results rely on
boundedness of the Schrodinger operator and an algebra property which holds either
when ¢ = 1 or when s > 1—1/q. Later [18| 20] [12] increased the range of admissible
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2 WELLPOSEDNESS OF NLS IN MODULATION SPACES

p, q for s = 0 using enhanced trilinear estimates for p = 2,2 < ¢ < co and an infinite
normal form reduction technique for 1 < ¢ < 2,2 < p < 10¢'/(¢’ + 6). Using
complete integrability of cubic one-dimensional NLS, [25] showed the solutions of
[18] to be global. Global solutions for initial data in M, ,» with p sufficiently close
to two were constructed in [II] though we note that these solutions were allowed
to live in different spaces M 4 for ¢t > 0. Using decoupling techniques [29] recently
proved LP smoothing estimates to extend the local well-posedness if p € {4,6} and
also, inspired by the work [I5], gave global results for s > 3/2. Finally we want
to mention [28] which very recently considered the energy-critical NLS with initial
data in Modulation Spaces.

The goal of this work is twofold: On the one hand we want to give an overview
of local well-posedness results and to ‘clean up’ the local results for s = 0, which by
the consideration of Section [6]is sharp if we aim for analytic well-posedness. This
is done by a simple Banach fixed point argument using multilinear interpolation of
the estimates obtained in [I§] and the trivial estimates for ¢ = 1. From this we
obtain local well-posedness in a range of (p, ¢) containing all of the aforementioned
results for s = 0 except for (p,q) = (4,2) from [29].

On the other hand, we aim to extend the global results, possibly for higher
regularity. To this end we first extend the almost conserved energies constructed
in [25] to the range p = 2,1 < ¢ < 2 and then use the principle of persistence of
regularity to see that for a restricted range of 1 < p,q < 2, the newly constructed
local solutions are also global. Finally, we prove as in [29] [I5] that in the defocusing
case when we take s > 1, we obtain global solutions in M;l for any 2 < p < co. In
fact, the same technique shows global well-posedness in My , for any 2 < p < oo if
s> 2 —1/q is high enough.

The paper is structured as follows: In Section [2] we state basic facts on Modu-
lation Spaces, in Section [3| we introduce the notion of quantitative well-posedness
which gives the analytic framework to obtain the local well-posedness in Section
[ In Section [5] we prove the global results first for p = 2, then for 1 < p < 2
and finally for 2 < p < co. The well-posedness results are complemented with the
illposedness shown in Section [6]

Acknowledgements. The author wants to thank Peer Kunstmann and Robert
Schippa for helpful discussions. Funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) — Project-ID 258734477 — SFB 1173.

2. MODULATION SPACES

In this section we recall the definition of Modulation Spaces and state some
results we need in the later sections. Modulation Spaces were introduced by Fe-
ichtinger [16] in 1983 and have found rising interest in recent years. They can be
introduced either via the short-time Fourier transform or equivalently via isometric
decomposition on the Fourier side which also shows their close connection to Besov
spaces. Modern introductions to Modulation Spaces are given in the books [I7, [32],
and we also want to mention the PhD thesis [I0]. We refer to these for proofs of
the following statements.
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Definition 2.1. The short-time Fourier transform of a function f with respect to
the window function g € S(R) is defined as

Vo f(a.6) = /R e E £ (y)gly — ) dy.

The Modulation Space norm of a function f is defined as

1155, = ([ ([ Vst o) as)* €0 ae)"

With the usual modifications, this definition also includes p,q = co. We define
the Modulation Space M, , as the subset of S'(R) which has finite Modulation
Space norm.

There is an equivalent way to define the Modulation Space norm. Let p € S(R)
be a smooth radial bump function, that is 0 < p <1, p(§) =1if |£] <1/2, p(§) =0
if |¢€] > 1. Let

pr(§) =p(€ — k), ke
Define Qo = [-1/2,1/2) and Qr = k + Qo. Define
k() = pe(©) (D pr(©) ™, keZ
kez
Then, o, satisfy

lor(€)] > ¢, VEeQy,

supp(ok) C {|¢ — k| < 1},

ez ok(§) =1, VEER,

DY ()] < Cry, V€ ER,|a] <m.

(2.1)

Definition 2.2. Given a sequence of functions oy, satisfying (2.1)), the sequence of
operators
Op =F 'onF, ke,

is called a family of isometric decomposition operators.

Definition 2.3. Given p,q € [1,00] and (D) a family of isometric decomposition
operators. The Modulation Space norm with respect to (O is defined as

I [ = e

It can be shown that for any family of isometric decomposition operators, M ,
can be equivalently characterized as the subset of S’'(R) which has finite Modulation
Space norm || - [[ars  , and the norms || - ||azs  and |- ||7v[g , are equivalent. Moreover
Schwartz functions S(R) are dense in M, , for any p, q € [1,00). If p = oo, density
fails. For instance we have continuous embeddings C#(R) C M1 C CP(R).

As a consequence of Holder’s and Young’s convolutional inequality, we obtain
bilinear bounds. These imply in particular that the spaces M, 1 as well as M, , N
M1 are algebras under multiplication for all p, ¢ € [1, 00].

Lemma 2.4. The following inequalities hold true: If% =" L andm— 1—1—5 =

=1 p;
m o1
Diz1 g then

22) e

m
Mpwq SJ E ||f7;||Mp1,qi7
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ifg > 1_ 1 4, 1 i_ 1,1 _ 1, 1
and ZfS - O’ P p1 + p2’ 1+ q q1 + q2 1 + T2 then

(2.3) £ 9llar; , S 1f 1

p,qa P1,91

Ngllaz,, oy + 1flIns,, o NGl azs

P2,r2 '

Proof. We give a short proof since [10, Theorem 4.3] only proves a similar statement.
If we use the notation Iy + o ~ k for Iy + 1y = k+ {—1,0,1}, then

Ox(fg) = Dk(zmllf)(zmmg) = Z Ok, /)OO, 9).
I 2

ki1+ko=l

The operators [ are bounded uniformly in k on LPi. Hence

IOk Dle S D 100 Flloes |0, fllre

lLi+loxk

Consequently, (2.2]) with m = 2 is obtained from Young’s convolutional inequality.
The case of general m follows by induction. For (2.3)) we use Peetre’s inequality to
see

EI0e(fDler S Y 100 Ao [0 fllzee + 180 fllzes (12)°Or fll e
l1+l2xk

and we conclude using Young’s inequality. O

The bilinear bound allows to handle algebraic nonlinearities in nonlinear PDE.
More complicated nonlinearities on the other hand can cause problems. In [27]
Ruzhansky-Sugimoto-Wang raised the question whether an inequality of the form

A1 Fllag,s S IFISES
P

could also hold if & € (0,00) \ 2N. This was answered negatively by Bhimani-
Ratnakumar in [§]. In fact, they proved the stronger result that if a function
F : R? — C operates in M, 1 for some 1 < p < oo, then F' must be real analytic
on R2. This also shows that in general, neither implication between f € M, 1 and
|f| € M, holds.

The following theorem shows how Modulation Spaces are nested. The first in-
clusion is a consequence of Bernstein’s inequality and the embedding of ¢? spaces,
whereas the second is a consequence of Holder’s inequality.

Theorem 2.5 (Embeddings). The following embeddings hold true:

o My, CMy2  if p1<p2q <q2,51 =52, )

S1 S2 > — i R
° Mp,q1 C Mp,qQ if  q1 > qo,81 > S2,81 — So > B o

The latter shows that we can trade regularity for [ summability. In one dimen-
sion, this gives for example H'/2 c M?'* respectively H'/?* ¢ M?'. This is
sharp since M2 C L™ whereas H'/? ¢ L. On the other hand, [¢ summability
does not gain regularity (see [19)):

Lemma 2.6. We have that MP? ¢ BE"UBZ*>® forany0 <e < 1,1 <p,q,r < 0.

In particular an embedding of the form M?! C H¢ can never hold for positive
regularity. The obstruction for this is I* ¢ 2. Indeed, one can just consider the
sequence a,, = 1/k? if n = 2% and a,, = 0 else, i.e. spreading out mass in I? can be
done without any problems - in contrast to [2.

It is useful to spell out the connections between Modulation Spaces, Besov Spaces
and LP spaces:
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Theorem 2.7. The following embeddings hold true:
o Mj, = H*(R), with equivalence of norms,
o M,1 CCYR)NLP(R), if 1<p<oo,
o My, CLP(R), if 2<p<oo,

L . X
* M7, C Bpg, if 0 = max (O’W _ E)’

. . 1 1
® By, C My, if T = max (0’ T W).

1
For example we see that By, C Mz; C L™ N L2
We will make use of the following interpolation result.

Theorem 2.8. Let pg,p1 € [1,00] and qo,q1 € [1,00] such that gy # 00 or q1 # o©.
Let sg,s1 € R and 0 € (0,1). Define
= (1 — 9)80 + Osq,

1-6 6 1 1-6 0
= + +

P mq 9o ¢

with the usual convention in the extreme case p;,q; = oo. Then,

(2.4) (Moo (RY), MPR (RY)] ) = MP9 (RY)

)

S R

in the sense of equality of spaces and equivalence of norms.

Finally, since the decomposition on the Fourier side is uniform, there is no clean
scaling relation for Modulation Spaces. Estimates still hold (see Theorem 3.2. in
[14]) and we use the ones for p = 2:

Lemma 2.9. We have the scaling inequalities

A2 Y)agy,,  if 1<g<2
Al/q_le”Mz,y Zf 2<g< o0

nmxmmms{

and

A L PY: if 1<q=2
. > 27 =
[PADlrsz,y Z { A2l i 2<g<oo

for all A <1 and ¢ € My 4. Similarly,

Wl < A2I0ODIas,, i 1<q<2
Mz,q ~ ,\171/11”1/)()\.))”1\/[2#7 if 2<qg<oo
and

el >{**Mwmem,¢f1gqu
e )\1/2”1/}()‘))”1\/[2(17 Zf 2<qg<

forall A >1 and ¢ € My ,.

If u is a solution of cubic NLS, then so is uy(x,t) = A~lu ()\_135, )\_Qt) for all
A € (0,00). Choosing A > 1 we find that

A7E Ju(, t)||ay if 1<¢<2,
Nt O, i 2<q< oo,

lux(@, N8| asa, S {
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and
A7 (e, ), if 1<¢<2,
A Hul, )l  if 2<g< oo

lux(@, X0 Iar,,, 2 {

In particular as long as ¢ < oo we are in a subcritical range with respect to
scaling.
3. QUANTITATIVE WELLPOSEDNESS

Following [2] we quickly introduce the notion of quantitative wellposedness.
While it is just a reformulation of the standard Picard iteration for homogeneous
algebraic nonlinearities in a more quantitative fashion, it gives us the means to sim-
ply show linear and multilinear estimates and immediately obtain well-posedness.
Our focus of application lies on cubic NLS on the real line,

g + Uge = £2|u?u,
u(0) = f,

though the notion applies basically to any semilinear evolution equation with mul-
tilinear nonlinearity.

Definition 3.1. Let L be a linear and Ny, be a multilinear operator. The equation
u=Lf+ Ng(u,...,u)
is called quantitatively wellposed in the spaces D, X if the two estimates

(3.1) ILfllx < Cillflip,

k
(3.2) [Nk, un) [ < Co [ lluallx

i=1

hold for some constants Cy,Cy > 0.

As a consequence of polarization identities, in order to show an estimate of the
form (3.2)), or more generally

k
1Nk, ) xS T T il
i=1

it is enough to show the estimate
1Ny (s )l S

Indeed it is not hard to see via polarization that this implies

k
HNk(uh e ,Uk)HX SJ Z ||u1||l)€’7
=1

and now putting uw; = s;u; with [[s; = 1 and minimizing over s; proves the
claim. This shows that for multilinear nonlinearities the contraction property of
the corresponding operator in the Banach fixed point argument usually follows from
being a self-mapping. In a similar manner one proves that the estimate

k
INk(u, . w)llx S [T v,
=1
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implies the estimate

k
INk(ur, - ue)llx SO0 [T o

og€eSy i=1

Yis

where Si denotes the permutation group of order k.
Denote by BX(R) the ball of radius R in the space X. The reason for Definition
is the following:

Theorem 3.2. Let the equation
(3.3) u=Lf+ Ng(u,...,u)

be quantitatively wellposed. Then there exist € > 0 and Cy > 0 such that for all
f € BP(e) there is a unique solution u[f] € BX(Cqe) to (3.3)). In particular, u can
be written as a X -convergent power series for f € B (e)

(3.4) ulf] =Y Aulf),
n=1
where A, is defined recursively by
AN =L A= D> Ne(An,(f)- - Anc (),

ni+--4nEg=n

and satisfies for some Cy,Co > 0,

An(Af) = A" An(f)
[4n(f) = An(9)lx < CTIf = glp(Ifllp + llgllp)"
[An(Hllx < C3IIfIB-
We will work in Modulation Spaces which do not admit homogeneous scaling,
and are also above the scaling critical exponent for NLS. Hence the bounds
and will depend on the time variable T" which fixes how long we can guarantee

a solution exists. As a byproduct, we obtain a minimal time of existence depending
on || f||p which then leads to a blow-up alternative.

Lemma 3.3. Let (3.3) be quantitatively wellposed in D, X = Xr, and assume that
the constants in (3.1) respectively (3.2]) are

Cy = (T), Cy = T (T)*.
Then we may choose
k-1 k-1
(k—1)oqg +az+ag’ s

Twmin(&fﬁl,«sf&), B1 =

as a guaranteed time of existence.

Proof. It ®(u) = Lf + Ni(u,...,u), then (3.1) and (3.2)) give
[®(u)|lx < Cie + Ca(Coe)*,
which has to be smaller than Cye for a contraction on BX (Coe). Taking Cy = 2C4
we need that
205(2C €)1 < 1,

which amounts to
Ta2 <T>a3+a1(k71)€k71 < 1
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When ¢ is small, we can make T large and T ~ (T) so that f$; is the relevant
exponent for T. When ¢ is large, (T') ~ 1 and we arrive at (5. It is not hard
to see that this also guarantees the Lipschitz bound to hold, and we obtain a
contraction. (]

We apply this general setting to cubic NLS and obtain:

Definition 3.4. Let D a Banach space of functions and let S(t) = et We call
a function u € X7 C C°([0,T), D) a (mild) solution of NLS if it solves the fized
point equation

(3.5) = S(Hug T 2i /0 S(t — ) (Jul2u)(r) dr

in X for all T" < T. The supremum of all such T is called mazimal time of
existence and denoted by T™.

In the following we use the notation

t
N (u1, uz,uz) = N3(u1,uz, uz) = 2i/ S(t = 7)(uatizus)(7) dr,
0
and note that all local results we prove hold for both the focusing (minus sign in
(1.1)) and the defocusing (plus sign in (1.1f)) equation.

Corollary 3.5. Consider the Cauchy problem (1.1} with initial data f = ug in a
Banach space D. If the bounds

(36) IS ol S () ol
t 3
an | [ se-nwmw@ ]| <T@ T,

hold for some ay,a,, > 0, then there exists a unique solution u € Xp to (1.1)).
Moreover, the blowup-alternative

(3.8) T" <oco = limsup |lu(-?)||p = o0
t T

holds.

Proof. The existence and uniqueness follow from Theorem Assuming that
|u(T*)||p < oo the assumptions from Lemma [3.3] are satisfied, hence there exists
a small § > 0 such that can be solved on [T*,T* 4 ¢), which contradicts the
maximality. O

4. LocAL WELLPOSEDNESS VIA MULTILINEAR INTERPOLATION

4.1. The triangle 1/q > max(1/p’,1/p). We recall the Strichartz estimates which
lead to local wellposedness of (1.1]) in L?(R).

Lemma 4.1 (Strichartz estimates). Let p > 2. The following hold true:

(4.1) IS@) fllze S 12120l o
(4.2) 1S@) fllze = [IfllL2
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Moreover, call (q,p) admissible if 2/q =1/2 —1/p, 2 < p,q < oo For all (q,p) and
(G,p) admissible we have

(4.3) 1S@)fllere S 112

t
(44) I [ St = )86 gaz <16l

Recall how this allows to prove local (and due to L? conservation also global) well-
posedness of cubic NLS in L?(R) by a fixed point argument: Let X7 = L L2([0, T]x
R) N LEL([0,T] x R). Then from Hélder’s inequality,

t
HM%%%WE%/W*WMMMMM
0
3

< ||U1’L7,2’LL3||L§L;/7L§/3 < T1/2 H ||Ui||XT'
=1

Corollary together with L2-conservation then gives global wellposedness in
L?(R). The space L L2([0,T] x R)NLELL([0,T] x R) would have been enough for
the iteration of the trilinear term, too.

The following estimates for the Schrédinger semigroup hold and are optimal with
respect to the time dependence of the constant. A first version of them were proven
in [I] in the case p = 2 which [4] then extended for p,q € [1,00]. Sharpness of the
exponent for p € [1, 2] was proven in [13] and extended to p € [1, o0] in [I0, Theorem
3.4].

Lemma 4.2 (Semigroup estimates in Modulation Spaces). Let 1 < p < co and
1 < q < 0. The following hold true:

IS fllagy. S L+ D21 f lIag,.,.

IS@) fllas,., < A+ D22 fla,, o for p=>2,
1S fllntey = 1 flI0t2,5

IS fllag,.q S L+ D22 f L,

Note that (4.8)) is obtained from interpolating between (4.5) with p = 1, 00 and

7).
By Corollary for all 1 < p < co we obtain local wellposedness in M, ; with
Xr = C°M,1([0,7] x R) due to the trivial estimate

(4.
(4.
(4.
(4.

t
[V (1, ugs ug)llxr S II/0 S(t = s)(|ul*u)(s)ds|| x,
ST+,

which follows from the Banach algebra property of M, ;.

From the estimates for M, ; and L? = My 5 we use multilinear interpolation to
obtain new local wellposedness results. The range of p, ¢ that can be reached as line
segments between points (1/p,1) and (1/2,1/2) is exactly the triangle 1 < ¢ < 2,
1/q > max(1/p’,1/p), and this is where this simple multilinear interpolation works.
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Theorem 4.3 ([6], 4.4.1). Let (Af, AY)=1,....n) and (Bo, B1) be compatible Banach
couples. Let N : Z?ﬁvﬁn A N AY — By N By be multilinear such that

IN (a1, .. -van)”Bo < My HZ:1 ”CLVHA;; )
IN (@1, csan)ll g, < M1 Ty s

Then T can be uniquely extended to a multilinear mapping Z?SUSH[A&A’{]Q —
[Bo, B1]o with norm at most Mg~ M?.

Theorem 4.4. Let 1 < g <2, 1/q > max(1/p’,1/p). Then for any initial data
ug € MP9, there is a T > 0 and a unique solution u to (1.1) in
(4.9) X2 = [2°M, ([0, T] x R) N LY [Mj 1, L*]4([0,T] x R).

Here, the numbers 6 € [0,1] and p € [1,00] are determined by 1/p = (1—0)/p+6/2
and 1/q=1—60/2. Moreover, either the solution u exists globally in time, or there
is T* < oo such that

limsup [[u(t)||as, , = oo
t—T*

Remark 4.5. Note that due to MP' C L™ we have that (M, L] c LY (=9,
This shows that the constructed solutions are also distributional.

Proof. Without loss of generality we assume 7' < 1. The assumptions on 6 and p
imply that M, , = [M;1,L?]s. We interpolateﬂ the linear estimates

[1S()uollLeerzrsra < lluollre,
1S(#)uollgonryr S lluollazy s s
to obtain

(4.10) 1S )uollxr S lluollare.a-

Moreover, the nonlinear estimates

3
||N(U17U27U3)||L§°L§mL§L§ S T'/? H ||Ui||L§L§a
i=1
3
IN (ur, ug,us) || pgenrmn ST ] luillgeasy s
i=1
give
3
(4.11) IV (1, ug, ug) [ S T2 T il
i=1
The result now follows from Corollary O

1Strictly speaking, instead of interpolating with the intersection we interpolate first on both
spaces and then take the intersection. Interpolation of mixed-norm LP spaces was shown to work
in [3]. Since we can apply this to O f for each k the same works if we consider mixed-norm
combinations of LP and Modulation Spaces.
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4.2. The triangle 1/q > |1 —2/p|. Using Bourgain space techniques, Guo showed
local wellposedness of cubic NLS in Mj 4,¢ > 2 [I8]. Since his results were also
derived from a trilinear estimate of the form 7 we can use interpolation to get
more wellposedness results in Modulation Spaces. The triangle 1/q > |1 — 2/p| is
strictly larger than the triangle from the first section and can be obtained by means
of interpolating between the three endpoints My 1, M1 and Mj . Since the
latter space contains the Dirac delta distribution and there is no local wellposedness
theory for it, we have to exclude it and obtain wellposedness in a half-open triangle.

Definition 4.6. A U L2((a,b) x R) atom is a function a : (a,b) — L? of the form

K
a = Z X[tkfl,tk)qb]w

k=1

where a =ty < ...tg = b and (¢1,...,¢x) € (L*)X which has unit norm in [P,
i.e. >, |¢illt. = 1. The space UF L2 is defined as the space of elements of the form
Z;’;l Ajaj, where (\;) € I'. It is equipped with the norm

(o)

(4.12) llullgr = mE{||(A)|lir :u= Z Aja; for a; UP atoms}.
j=1

The space UX is defined as S(-)UF L2 with norm

(4.13) lullor = [1S(=t)u(®)llvpre

The spaces U7 and its close cousin V,? can be seen as refinements of Bourgain
spaces in the case of b = 1/2, which satisfy U/ C L{® for all 1 < p < co. Indeed,
the X*? space would be defined by the norm |jul|x:» = |S(=t)u(®)l| o - The

usual Strichartz spaces are connected to the UX spaces via
[ollzers S llvlluz -

A proof of this can be found in [23, Chapter 4] and we refer to this book as a
reference for an introduction to these spaces.

Theorem 4.7 ([I8]). Let 2 < g < oo and let X} denote the space of all tempered

distributions such that the norm ||ul x« = |[|Onulluz (o,r1)llie s finite. Then,
L3
(4.14) IN (u,ug,us) | o S (T2 + T4+ T T sl s
i=1

This estimate gives local wellposedness in X% C L{°M?%4([0,T] x R). Indeed,

for the linear part the definition of Ua gives
(4.15) [1S#)uollx, = 1B SE)uollvz e = [[|Bnuollvzrzllie
' < MBnuollzz llie = [luollar2.a,

Since this result was only shown for 2 < g < oo for the sake of simplicity let us
define X4 = X29if 1 < ¢ < 2, where X2 is as in Theorem Then we arrive at
the following theorem which is proven analogous to Theorem
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Theorem 4.8. Let 1/q > |1 —2/p|. Then for any initial data uwy € M, 4, there is
aT >0 and a unique solution u to (1.1)) in

[LtOOMLl,Xq]g, Zfl <p<2,
(4.16) weYpP?=¢ X1, if p=2,
[L° Moo 1, X, if2<p<oo
Here, ¢ is chosen such that
1 6 1 1-2, ifp <2,
(4.17) o104, —={, 2 ip
q qg p 5 if p> 2.

Moreover, either the solution u exists globally in time, or there is T* < oo such that

limsup [|u(t)||a,,, = oo
t—T*

Remark 4.9. Taking into account the well-posedness in My o from [29], these re-
sults can be slightly strengthened to include the line 1/¢g =1 —2/p, 4 < p < co.
Indeed there the estimate

1S(&) fllzeo,yxry S I lazs

24
is shown to hold, which gives rise to an iteration in LMy NL," L%. Interpolating
the linear and the corresponding trilinear estimate with the estimates for ¢ =1,p =
oo puts us into the setting of Corollary[3.5.

5. GLOBAL WELLPOSEDNESS

5.1. Global Wellposedness if p = 2. If p = 2 and ¢ > 2, Oh-Wang [25] showed
the existence of almost conserved quantities that are equivalent to the norms in
the spaces M, 4. To this end they used the complete integrability of cubic NLS via
techniques from Killip-Visan-Zhang [20] in combination with the Galilei transform.
In this subsection, we extend these almost conserved quantities to the case ¢ € (1,2)
by using a weight with more decay, as it was done in [20] for Besov spaces B3 .

First we state the necessary preliminaries from [20]. Given an operator A with
continuous integral kernel K (z,y), we define the trace

tr (A) :/K(a:,x) dzx,
R
and the Hilbert-Schmidt norm
4l = [ 1K(e )P dody.
R2
It can then be shown that for all n > 2,
[tr (A1 Ap)| < [|Asllg, - - [[Anll5.-

We consider both focusing and defocusing cubic NLS in the form
(5.1) — Uy = — Uy £ 2Julu.

Depending on the sign we have the following definition.
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Definition 5.1. The perturbation determinant a(k,u) and its coefficients o, (K, u)
are

Oz(n,u) = Rez &tr ([(K _ 5')71/2u(/£ + 3)7112(/@ _ a)—l/z]n)

where gy (K, M) = AN agy, (k,u) for all X € R.

Absolute convergence of this series holds provided we can control norms sligthly
stronger than H~1/2(R). Define a ~ b as a < b and a > b. Then:

Lemma 5.2 (Lemma 4.1 in [20]). Given v € S(R) and & > 0, we have

2 ~ V|2
(5.2) (k= 0)~H2u(r +0) 2|3, ~ /Rlog (4+ %) (§2|1(f,)$2)1/2d5'
In particular for all § > 0,
a(é)[? "
6.3 osatro) 5 ( [ )

Even though we need H—1/ 2+(R) regularity to control the series, the first coef-
ficient in the expansion behaves similar to an H~!(R) norm:

Lemma 5.3 (Lemma 4.2 in [20]). Given u € S(R) and £ > 0, we have

(5.4) as(k,u) = Retr ((m — 3)7111(/6—&-8)’111) — /]R m

Most importantly, a(k,u) is a conserved quantity for all k > 0 whenever it is
defined.

d.

Proposition 5.4 (Proposition 4.3 in [20]). Given u(t,x) a Schwartz-space solution

of (5.1) and k > 0 large enough, we have
%a(n, u(t)) = 0.

In [25] the construction of the almost conserved quantity on the level of Ms,
worked as follows: Combining Lemma Proposition and invariance of (|5.1)
under Galilean transformations, we obtain almost conservation of

(el
/Rcs—n)?ﬂdg’

—1/2—

uniformly in n.

Moreover, considering (£) instead of a compactly supported bump function
for the uniform decomposition on the Fourier side in the definition of the Modulation
Space norm gives an equivalent norm for 2 < ¢ < oco. More precisely, if one defines

I lasrme = (1€ = m) FONL,) ™,

nez
then for # < —1/2 and 2 < ¢ < 0o one has

[ fllarz0.0 ~ 1 fllat, -
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We follow quickly the proof (see Lemma 1.2 in [25]) to motivate our next definition.

The estimate “>” is trivial since for o as in Deﬁmtlonwe have o(¢) < (€)?. For
the converse estlmate write I, = [k —1/2,k + 1/2). Then,

Ihoans = (3 [ 6=miieerac) )’
~ Hz<k‘—n>29/ |f(§)|2df L/2

/2
k @%
/ FO)P de
< ||f||M2,q.

We see that both the restriction ¢ > 2 and § < —1/2 enter in the third line when
Young’s convolution inequality is used. If we have more decay available, i.e. if
0 < —1, we can also use the triangle inequality to get the full range of gq.

€z
29”1/2

0a/2

Lemma 5.5. If0 < —1 and 1 < g < 0o, we have
[ flazezo.a ~ | fllags -

Proof. Again “>” follows immediately from o, < (-)%. Now for the converse state-
ment write

(/R<s—n>29|f< Wf)é (/ >R - m*|f©)I de)

Nl=

lEZ
1
<y /al (1= |f(©) dg)’
IEZ
%
=S -n?( [ oeli©r i)
=
Thus,
lwllazero.a = Z (€ —” H )E
nez
S [ -mionsiss e
Iz
< [l(n)°
by Young’s inequality in the last step. Since 6 < 1, H<7”L>0||z7g < 0. O
From the form of ay in Lemma we see that we will get § = —1. By re-

combining «s for different values of x, we get more decay (see also Lemma 3.4 in
[20)).

Definition 5.6. Define the weight function w(&, k) as

3k
(5:3) ven S EreE )

A short calculation reveals that

_, (8/2)? K?
’U)(f,ﬁ?) *452_"_%2 - §2+4H2’
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and hence

(5.6) 4m2(g,u) - gag(/{, u) = /w(f,ﬂ)|ﬁ(§)|2 de.

Correspondingly we define F(O,u)(&) = w(€ —n, 1)'/?a(€) and
ull gr2a = 11w ull 22 lig -
With these preparations we can prove:

Theorem 5.7. Let q € [1,00). There exists a constant C = C(q) such that

2_ .
O+ wO)Iasz,) 7~ 1w(0) 31z, if 1<q<2,
%

6D e, < {0(1 1) s ) 0Oy 2 <0

for all u € S(R) solutions to the cubic NLS on R.

Proof. The case 2 < ¢ < oo was treated in [25]. In what follows we slightly modify
its argument when 1 < ¢ < 2. Consider the case of small initial data in My 4 first
and assume

[u(O)ar,,, <€ <1
For n € Z, define u,(z,t) = e*in1+in2tu(z — 2nt,t) which satisfies |4, (€, t)] =

|t(§ + n,t)| and is a solution to cubic NLS as well.
By Lemma [5.2] for any 6 > 0

o(imttr3) =es(omtt 3) £ 2 (. e s

Jj=2

Now for any g € (1,00) if § is small enough,

|4, 0)[? 1 .
/]R (1 + (5 _ n)2)1/2—6 ~ zk: (1 4 (k‘ _ n)2)1/2_5 /IL |U(£a0)|2d§

S Mu(0)lfs, .

uniformly in n € Z. Indeed, if 2 < ¢ < oo we can employ Holder’s inequality
provided with exponent ¢/2 if § > 0 is small enough. The case 1 < ¢ < 2 follows
from ¢ = 2 because of the embedding M, , C L?. This shows that at time ¢t = 0
the series for « is convergent. By continuity in time we can then choose a small
time interval 0 € I such that the series stays convergent, and

(it ) =02 00 )| %  f e Sayre=s)

for all ¢t € I. The same argument works for k = 1 instead of k = 1/2.
We calculate the difference of o and ag by first making use of the above estimate,
then localizing in Fourier space and then using Young’s convolution inequality, with
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I = [k, k+1)
N e (€, t))? N
(fa(n®-3) ~ex(m®3)| ) 5 (X ([ e o))
~ [tk [ a2 ag|
keZ I

—1426
SR 2 ol ,,
S llull3s,,»

provided § > 0 is small enough such that we can choose ¢ < 2g—, and ¢ > 1.
We use the definition of M5 4, the subadditivity of the square root, Minkowski’s
inequality, Proposition [5.4] and the above estimate to find

)y, = B0l = || (43 00 0) — Ses(1,ma0)
< s -Gt - e ersmt]
+ H(‘La(%’“n(t)) - %a(l,un(t)))% .

o e

g

y + 5 02— @)1 un(e)

03 2
1 1 3
+[[10(5. wu(@) - ot umo)| ",
< [[w(0)l 5z, +4 > (a2 = a)(n,un(S))IIZ%

s€{0,t},ke{1/2,1}
< [u(0)ll5z,,, + CUuO5,  + @, ).
for some constant C' > 0. Using a continuity argument gives

(5-8) [u®)llas,, < N[w(0)llar,,

if |u(0)|ar,, < € with e sufficiently small.

For general initial data, we apply Lemma [2.9] and the discussion thereafter. Con-
sider uy(z,t) = A~ u (A"'a, A72¢), which is a solution to NLS for all A > 1. Then
for 1 < g < 2, we have

ur(©)lar, , S A2 [0(0)llar,, <6< 1
if A~ (1+ [[uw(0)|rs,,)? On the other hand,

1
[u(®)llasy,, S AT [Jua(A?t

M, -

and so

1_1 2_
a2z, S A7 10(0) gz, ~ (1 + [u(0)llaz,,) 7~ [w(0) 2,

which finishes the proof if 1 < ¢ < 2.
This proof does not extend yet to ¢ = 1 because the estimate of the tail does not
have enough decay in n. The problem here is the coefficient ay since for the tail of
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order homogeneity 6 and more we can estimate with Young’s inequality

T%;O‘ ) — s (t6m) — cva (1n)[V2 < Z (/ Iu £, t))|2)1/2—5)2
~ [t [ ar

_ sie
< (k)12 H;%HUIliz < Nullze,

~

as long as 0 stays small enough. To handle the sum

Z |a4(un)‘1/27

ne”Z

we need to take a closer look at its structure. In [22, Chapter 8.1] Koch-Tataru
prove a formula for T4 which is related to a4 via ay = Re T4 (ik) and reads

Sy & Re (a(&)a(&)a(és)a(lq))
Talin) = 5 /m& 6y —cam0 (205 + €1) 20k + £3)(205 + €1)

This implies

1 26(6163 + E16q + E3€4) — 83

oy = —
27 Je, res—es—cam0 (467 + &) (4R% + &3) (4r% + £F)

Re (a(&1)a(&)a(és)a(Es)).

We concentrate on the part where there are frequencies in the enumerator because
the other part is more easily estimated. Now for example,

€163 . . ) .
[a(&n)lla(€2)]|a(Es)]|a(Eq)]

/51+525354—o (482 + &) (4R% 4 &3) (4K% + £7)

J el | gl @

T dk2 + €7 Ax2+ €2 Ax2+ €7 L

[SKZ )2 i ‘ .
<
= 1 4k2 + 2l 21l 4k2 + €2 Ll”“HLl
u 2 i
<
~ /74H2+£2‘L2 4H2+§2‘L1Hu“M2’1'

Here we used Young’s convolution inequality and the fact that

/ ja(€)lde = 3 / (€)1 < 3 il = Il

kEZ keZ



18 WELLPOSEDNESS OF NLS IN MODULATION SPACES

Thus to bound 3, _, |ay(uy,)|*/? we estimate

neZ
1

%(HU"HMZJ/JLHZwQ [ i)
N%”“”%me(zzl 2f+1k| - n)? gz4/<;2flkl|—|n)2 5)
(S iz ) 1 e ),

1 R 1 1 1 1
< HU||§42,1 (llall72 ; m) > (lall 1 ; Y 12)2

S w7 gy, llull e

Nl

< Hu||M21

In the first line we estimated with the inequality from above, then we discretized
in Fourier space, then we estimated via Holder and Young’s convolution inequality,
and finally we used again that the L' norm of the Fourier transform is bounded by
the Ms 1 norm and that the scaling behavior of the sums is £~1/2.

Arguing as before, we also obtain the case ¢ = 1. O

5.2. Global Wellposedness if p < 2. If p < 2, the spaces M), , are contained in
M 4 and we expect an upgrade to a global result with the use of the principle of
persistence of regularity (see e.g. [30]). We use the following version of Gronwall’s
inequality:

Lemma 5.8. Let u,a, 3 : [a,b] = R be continuous with 3 > 0. Assume that for all
tela,b],
t
+ [ Beuis)ds

u(t) < alt) + /t a(s)ﬂ(s)eﬂ B(s")ds" g

a

Then also

The following blow-up alternative is easily obtained:
Lemma 5.9. If for all T > 0,

sup lu(t)|[ar.,, < o0,
t€[0,T]

and if cubic NLS is locally well-posed in M (R), 1 < p,q < oo, s > 0, then it is
also globally wellposed in this space.

Proof. By Corollary we have to show that the M;q(R) norm cannot blow up.
Now u solves

t
(5.9) w(t) = S(t)uo + 2i / St — 8)[ulu(s)ds
0
and hence if 0 < ¢ < T, estimating with (2.3]),
(5.10) lu()lns, Srlluollns, + 1l o 0.7, 01 1)/ l[u(s)llarg , ds.

Using the assumption ||u||2Loo([0 7)1y < C we can use Gronwall’s inequality and
conclude. (]
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Lemma @ tells us that the M ; norm is a controlling norm in this setting.
This shows that when 1 < p < 2, 1 < g < oo and s is high enough, not only
the question of local but also of global well-posedness becomes trivial: From the
embedding H'/?+ ¢ My 1 and the construction of conserved quantities adapted to
H® for any s > —1/2 [22], 20] we find global in time bounds in M., 1 if we just
embed into H'/?t. In the spaces M, 1 with 1 < p < 2 we also find global well-
posedness due to Theorem [5.7] The case p > 2 is more complicated and treated
below.

For s = 0 and general 1 < ¢ < oo, we obtained the local well-posedness via
interpolation. In the upper triangle 1/¢ > max(1/p’,1/p) the Picard iteration
space was

X = L3 My,q([0,T) x R) N L] [Mp1, L0([0,7] x R).
Note that we could equally well have iterated in
X = L Myg([0,7] % R) 1 L [Mp1, Lo ([0,7] % R),

because the Strichartz estimates holds true up to L{L2° in one dimension. With
this at hand, we can prove:

Lemma 5.10. Cubic NLS is globally wellposed in M, ,(R), 1 <p<2,1/¢>1/p.
Proof. We interpolate the multilinear estimates

lurtigus|ag,, S Nutllare y luzllarg o llusliase,

lurtous|lpe < [|usllLee |luz|| Lo [lus]| L2

to obtain

(5.11) lurtzus|n, , < llutllpr o noge U2l o noog llusliag, 4

where p, ¢, 0 are exactly as in Theorem This shows

t t
2 2
| [ st outus],, 5 [ 10 e oo, do

and we can conclude as in Lemmaif we know that ||ul| 220, 7], (M 1,
finite. Now with continuous inclusion with T-dependent constants,

L>]y) T€Mains

[L>([0,T], Ma,1), L*([0, T}, L))o < [L2([0, T], Ma,1), L*([0,T], L)
= L*([0,T), [Ma2,1,L>]p)
C L*([0,T), [Mwo,1, L™]p).
Since we could have chosen the left-hand side as the iteration space in Theorem [{:4]
we conclude that the solution has locally bounded norm in this space with estimate
[ellizos (0.0, 1), 40,11, 250)]p S [lwollarz.a-

Note that p < 2, hence MP4 C M?%9. The M?9 norm does not blow up, hence
the norm on the left-hand side does not blow up even if we replace [0, 1] by a time
interval [0,T] as we can just glue together solutions. (I
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5.3. Global Wellposedness if p > 2. In the case ug € M, with 2 < p < oo, we
want to use techniques inspired by [I5]. Similar results were obtained for p = 4 and
p =61n [29]. Note though that the spaces MJ, and Mg, with s > 3/2 embed into
M, j,g and M6172 in which we will prove global wellposedness. The goal is to make use
of the fact that there is a number N such that for n > N, the nth Picard iterates
will be in an L? based space. Indeed, if we keep the notation from Theorem
then by the multilinear estimate (2.2)),

| A3 (o) Lo (0,1),002.1) S ”|S(t)u0|2s(t)u0||L°°([0,1],M2,1) S HUOIHW&N

and similarly for each natural number of the form 4n + 2, n € Ny, we have

(5.12) | 4241 (w0) | e (10,1105 1) S lwoll32; 2, -

More generally, we find:

Lemma 5.11. Given odd natural numbers ki, ko, ks € N and 2m—+1 = k1 + ko + ks,
and n € N with m > n, the following estimates hold:

(5:13) [N (Ary, Akgs Akl o= (0,10, 1) S T (T2 o |37

pyl) ~ Mp(2m+1),1
(5.14) [Azn1ll oo (10.17,002, 1) Sn T T2 uo 3757,
m m n 2(m—n
(5.15) 1Az 1ll o (0,17,00.0) S T (Y™ 2|20 o 1347

Proof. We use the estimate for 0 <t <T

IV (Ak, s Akys Ars)lng,, = H /Ot S(t = 5) Ar Ay Ak dSHMp,l

5 T<T>1/2HA]€1 ||Mp1,1 ”Akz ||Mp2,1 HAksHMpg,N

provided >, 1/p; = 1/p. Plugging in the definition of Aj, from Theorem (3.2
iteratively shows that after m iterations we arrive at

[ Azm-1(wo)l[agy,, + 1IN (Arys Aas Arg)Iagy S T™(T) % || Luo|| 37!

Mmy1yp,1’
if k1 + ko + k3 = 2m + 1. Together with
2m+1 2l 2m+1
w2t S @5 w2
(5.13)) and (5.14)) follow. To prove (5.15]) we additionally use
”uvw”M4n+2,1 5 ||uHMoo1 ||vHMoo,l ||wHM4n+2,1’
once we reached p = 4n + 2 in the iteration. ([

As is shown for the usual Picard iteration (see for example Theorem 3 in [2]), and
because there is no loss in the constant from Holder’s inequality , the constant
in grows at most exponentially in n meaning that we are able to sum the
remainder term. This motivates that we will be able to construct a solution of NLS
of the form

(5.16) u(t) =Y Ap(uo) +v=1i+u,

where

s CO([O,TLMMH_QJ) and v € CO([O,T]’M271).
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If « has the form (5.16)) and solves NLS then v will solve the difference NLS

{ivt + e = |ul*u— G(t),

(5.17) o) .

where G(t) is given by

2n—1

G(t) =iy +ilwa = > A (uo)Ar, (o) Ar, (uo).
k=3 ki+kotks=k

As a fixed point equation this equation reads

2n—1 2n—1 2n—1 2n—1

(5.18) v(t) = N(v+ 3 Aulug), v+ > Alug), v+ > Ak(uo)) =3 Awluo).
k=1 k=1 k=1 k=3

The existence and uniqueness issue of v is covered in the following Lemma.

Lemma 5.12. Letug € Myy21. There exists T > 0 and a solutionv € C°([0,T), Ma1)
of (5.18). The solution is unique in L ([0,T), Mynt2). If T* denotes its maximal
time of existence, then either T* = 0o or

lim sup ||v(t)||M4n+2,1 = 0.
t—T*

Proof. We ignore permutations of the arguments of N and rewrite (5.18) as

2n—1 2n—1 2n—1 2n—1

o(t) = N(v+ 3 Ax(uo)v+ D Ax(uo), v+ Y Ap(uo)) = 3 Ar(uo)
k=1 k=1 k=3

2n—1 2n—1 2n—1

= N(v,v,v) +N(v,v, ; Ak(uo)) +N(v, ; A (up), ];1 Ak(uo))

+N( ; Ap(ug), § Ay (up), kz_:l Ak(u0)> - kz:; A (o).

If we define the function in the last line to be F(¢,x), then we can show

(5:19) IF Iz o,7100,0) S TT)" 2 ol 375, + T2 2(T)* 52 luol| 57,

Mant2,1 Myny2,1"

Indeed, we rewrite

2n—1 2n—1 2n—1
N (Y Ak(wo). Y Ax(uo), Y Ax(uo))
k=1 k=1 k=1
2n—1

Z_ Z N(Ak?1 (U()), Akz (UO); AkS (Uo)) + F

m=1 ki+kz+ks=m

2n—1
= > Ar(ug) + F,
k=3
and use Lemma, to estimate. In the same fashion, we find
o2n—1
|32 At ey S O Bt + TP L

k=1
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This shows that if ®(v) is the right-hand side in (5.18)), and if [|v|| o< (0,77, 015.,) < R,

we have

@)L= (o1 020) S TR + TR(T) uoly,,, ., + T RTY*"luoll37,

Myny2,1
+ T 2 w3, + T3 (T 32 w572, -

Choosing T' < min(1, ||u0HJT/in+2 ) and R ~ [Jug||n,, ,, makes @ into a mapping

@ {[|vll Lo o,1,02.0) < BY = {I|vlloc((0,77,015,0) < R}

Since we can obtain a similar estimate on ®(v;) — ®(vy) via polarization, this shows
that we can employ the Banach fixed point argument to get a unique solution
v € L>([0,T], M2,1) of (5.18). Since we could have iterated in C°([0,7], Ma,1) as
well, we obtain continuity of v.

To prove the stronger blow-up criterion, if ||v(T™)||azy,.., < 00 then we can use
W(T*) +v(T*) € Mypy2,1 as new initial data for NLS. But then we transform this
into an equation for v again and obtain a small § > 0 such that we can solve
on [T*,T* + 4] yielding a contradiction to the maximality.

For the stronger uniqueness statement we note that we can also construct a
unique solution u of NLS in L*°([0, T, Map42,1) directly due to its algebra property.
Since v and v only differ by finitely many terms which do not blow up in Man121,
the uniqueness from u transfers. O

To go from local to global we need to bound a controlling norm for large times.
Our controlling norm will we the H' norm and the way to bound it will be via
estimating the derivative of the time-dependent Hamiltonian and using a Gronwall
argument. Since we need the Hamiltonian to control the energy, the method only
applies in the defocusing case. This method has also been used in [29] as well as
in [21] to prove global wellposedness of NLS equations in H!(R) + H*(T), and it
proves to be valuable here as well. More precisely, the difference NLS equation
is Hamiltonian with respect to

H(t,v) = / %|%|2 + i(|v +a(t)[* — |a(t)|* — 4Re(vG(2))) dz.

From the embedding H' C M1 C Mypi2,1 and Lemma we see that such
bound suffices to upgrade our local to a global result. Arguing as in Lemma [5.9] we
find that if we start with one more derivative ug € M}, 42,1, then the same holds
for the solution w.

We first show that when adding an L? norm, the Hamiltonian is strong enough
to control the H' norm:

Lemma 5.13. For allT > 0 and up € Man42,1 there exists a constant C' > 0 such
that

(5200 E(v)+ vl < H(tv) + ]2 +1 < B) + o2 + 1,
where
B = [ Lo+ Lpptd
v) = 2% 4’U T.

The constant depends on n, ||uo||rsy,,n, and T.
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Proof. For 0 <t < T,
/|v +al* — |v|* — |a|* 4 Re(|a|*uv) dx

<c [ JoPal(l] + [a]) do
< cllalf~ ol + = o)
< el ol + all=lolz2 ol3.)

< (L + (CElali~lvlz: + B ().

This term is fine due to the estimate ||@||zee St |luol|az4,.0, - Knowing that

ta N

/ il dx < C(Juollatayars T),

it remains to show that |@|*@—G(t) can be estimated in L? if ug € My,421. Indeed,
we rewrite it as
2n—1
aPa=" Y Ak (uo) Ak (o)A, (uo)
k1,k2,k3=1
2n—1

Yo Y Ak(uo) Ak, (uo) Ak, (uo) + R(t) = G(t) + R(t),

k=1 ki+kao+ks=k

where R(t) has only terms of homogeneity 2n + 1 < k < 6n — 3. Thus as in the
proof of Lemma for all T > 0,

2n+1 + ||u0||6n73

||RHL°°([O,T],L2) ST ||u0||M4n+2,1 Myny2,1°

Hence

Man42,1 Man 2,1

/Re((|ﬂ|2ﬂ = G1)) dw <r vl 2 (luoll3g) L, , + luoll§z 5, )
<lollze + Cllluollasinan)s

which implies (5.20). O

Theorem 5.14. Let 2 < p < oo and assume that uy € M;l. Then the local
solution from Lemma[5.19 exists for all times. In particular, there exists a unique
global solution u € C°([0,00), M} ) to cubic NLS with initial data u(0) = ug.

Proof. Via scaling (see e.g. Theorem 3.2. in [14]) we reduce to consider small initial
data. Moreover, there exists an n € Ny such that p < 4n + 2, hence Lemma [5.12
is applicable and without loss of generality we may assume p = 4n + 2. Fix some
T > 0.

We look at the time derivatives of the L? norm and H and aim to use Gronwall.
Now with the notation

(f.9) = / Re(fg) dz,
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we calculate that for 0 <¢ < T,
at%nvniz = (w,00) = (v, Jo+ (v + @) — G(t))
S [ 1o + [aP) + ol - Gi(e) de

S E() + ||l o.1x) 10122 + 0l 22 1a*@ — G(#)]| o 0,77, 22)
S E@) + ||v]|7: + 1.
The last inequality was proven in the proof of ([5.20) and the its depends both on

T and ||uo||rsy,.p0, - For the Hamiltonian, we argue as in [21, Theorem 4.1] to see
that only time derivatives on terms with @ and G prevail,

(5.21) O H = (i, |[v|*v + [v]*@ + 2Re(v@)v) + (v, 0,(|T]*a — G)).
Indeed, for the bilinear part of H we calculateﬂ

1
at§(vz,va:) = (vty 7(Umr) = 7(”7&, "U + ﬂ|('l) + 71) - G)a

and for the remaining part,

1

O / Z(|v +a|* — |a[*) — Re(vG) dz
= (v, [v+af* (v + @) = G) + (A, v+ al*(v + @) - a*a) — (v, Gy),

from which (5.21]) follows. We recall @t; = —iG(t) + i1, and plug this into the first

summand. The worst term is

(Taw, [v]0) = = (@, (J0[*0)0) S Tallzgs, [0ll7allvallze S E(v),

since we are able to bound @, in L> because ug € Mj, o, C ML ;. Since G,

4 and U, can be bounded in L uniformly in time, the other terms in the first
summand of (5.21)) are estimated more easily. It remains to estimate

(v, 0u(Jaf*a — G)) = (v, 0, R),
where with the notation from the proof of (5.20) we have

2n—1

R= > Ap, (u0) Apy (w0) A (o).

ki k1+ka+ks>2n+1
Now for each &,
0 Ar(uo) + P Ai(uo) = Y A, (u0) Ap, (o) Ak, (uo).
k1+ko+ks=k
Again the worst term comes from the two derivatives. From partial integration,
(v, (02 Ak, ) Ap, Ars)
= _(Ux’ (awAkl)A]%AkS) - (Ua (8xAk1)(8wAk2)Ak3) - (’Uv (awAh)Akzaa:Aks)'

2Strictly speaking this is only formal, the term (v¢, —vzz) is not well-defined because both
factors are only distributional. One can make this rigorous by going to the interaction picture in
the calculation, see |21 Theorem 4.1] for details.
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In order to use Cauchy Schwartz we have to be sure that the functions that are
integrated against v or v, are in L?. But this holds true since ki + ko + k3 > 2n+1
and since ug € M, 5. All in all we find

O(H+Clv||22) SH+C|v||2: +1 forall 0<t<T,
and hence by Gronwall’s lemma

sup H(t,v) + C|jv[|72 < o0,
te[0,T]

which proves the theorem. O

Remark 5.15. The same method applies to M , for 2 <p < oo and s > 2 — 1/q.
In this case by Theorem an embedding M, . C M;l holds so that the local
wellposedness becomes trivial by the algebra property. See also [29] for p = 4 and
p = 6, and the remark therein for general ¢ = 2. This shows that for all spaces
M, with 2 < p < 00,1 < g < o0 one has global wellposedness if s is large enough.
Using Lemma[5.9 and Theorem the same holds true for 1 < p < 2. It remains
open whether a global result can be achieved if p = co.

6. ILLPOSEDNESS FOR NEGATIVE REGULARITY

We complement the well-posedness results and show that the cubic NLS is not
quantitatively well-posed in MP? if s < 0. This includes the cases p,q = oo and
extends considerations from the introduction of [29] where ill-posedness was shown
using Galilean invariance. We want to remark that results on norm-inflation for
nonlinear Schrédinger equations in Modulation Spaces have been proved in [7],
though some of them rule out the cubic case due to the complete integrability. The
proof of our result is inspired by [24]. More precisely, we show that:

Theorem 6.1. When s < 0, there is no function space Xp which is continuously
embedded into C([0,T], MP1(R)) such that there exists a C' > 0 with

(6.1) 1S@) fllxr < Clfllmg,

and
t

(6.2) ||/ S(t = s)|ul*u(s) ds| x, < Cllull%,-
0

In particular, there is no T' > 0 such that the flow map f — u(t) mapping f to a
unique local solution on the interval [=T,T) is C* at f =0 from Mg, to Mg .

Proof. We first prove that the failure of the above estimates implies that the data-
to-solution map cannot be C3. Indeed, if we consider f = yug where ug € MP is

fixed, then
3

1o} [ 2
Srzulta) =121 /0 St — $)(1S(5)uo|2S(s))ug ds,

which by the flow being C® would imply the bound

t
(6.3) H/ S(t = 5)(IS(s)uol*S(s))uo ds|arpa < Iluoljpa-
0

We will show below that (6.3)) fails, which then gives the claim.
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To show that there is no quantitative wellposedness, we show exactly failure of
(6.3). Indeed, using the linear bound in the nonlinear bound would exactly imply

3).
To prove failure of (6.3]), we look for a lower bound of

t
g(t,x) = / S(t— s)(|S(s)uo|*S(s)ug) ds.
0
Denote by §(t,£) the Fourier transform x +— £ of g. We rewrite
t
9(t,&) = / elt=o) / e (8 g (&4 )it (S2) o (&) dérdEads
0 1—82+E83=¢

eitx —1

_ it /1_£2+€3_€ﬁo(&)ﬁo(fz)ﬁo(&) i ks,

where x = & — &3 + & — £€2. We choose 1ig(§) = X[n,n+a] compactly supported
at frequency N, where N > 1, « < 1. Then, § can only be nonzero when & €
[N — a, N 4 2a]. Moreover, when & = & — & + &3, we have the factorization

(6.4) x=—2(=&)(€ &),
which is of size o?. In particular choosing oo ~ N~¢, we find
eitx — 1
_ 2 |t + O(NTF).

Now the Modulation Space norm in MP9 of ug is
S
[uollaz;,, ~ N
Similarly, by integrating in &; and &3, the Modulation Space norm of g is then
lgllars, 2 N*a?.
This shows that when (6.3]) holds, we need to have
NS$—e < N3s

which can only work when s > 0. O
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