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1 Introduction

The description of Bq—Bq mixing, where ¢ = d or s, involves two hermitian 2 x 2 matrices,
the mass matrix M and the decay matrix T'. Their off-diagonal elements M7, and I'Y, enter
the observables related to Bq—Bq mixing, namely

AM, = MY — M,

AT, =T% —T%, (1.1)
Iy
My

q _
and ag = Im

(1.2)
Here My p and I'p g denote the masses and widths of the two eigenstates found by
diagonalizing M —iI'/2. The mass difference AM, and the width difference AI'; are related
to M}, and T'Y, as
ATl r,
= —Re—¢+. (1.3)

AM, M,
In the Standard Model (SM) the phase between —I'{, and M}, is small, so that the
CP asymmetry in flavor-specific decays, af,, is much smaller than AT;/AM, and further
AT, ~ 2|T'{,|.

All results calculated in this paper equally apply to the Bs; and By systems. For

AM, ~ 2| M,

definiteness, we quote all formulae for the case of Bs— B, mixing, the generalization to
By—B, mixing is found by replacing the elements Vgs, ¢ = u, ¢, t, of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix by Vyq.



Currently, better theory predictions are needed for the case of B,— B mixing to be
competitive with the precise experimental values

AMS® = (17.7656 & 0.0057)ps—+  [1],
AT®P = (0.082 £ 0.005) ps ™! 2], (1.4)

where the quoted number for AT'$*P is derived from data of LHCb [3], CMS [4], ATLAS I[5],
CDF [6], and DO [7].

M7, probes virtual contributions of very heavy particles, while I'{, is mainly sensitive
to new physics mediated by particles with masses below the electroweak scale. Nevertheless,
a better theory prediction of [I'jy| also helps to quantify new physics in M7,: both AM;
|2, where Vi is an element of the CKM matrix. |V is
calculated from (and is essentially identical to) |Vy| extracted from measured b — clv,

and ATy are proportional to |Vis

¢ = e, i, branching ratios. The unfortunate discrepancy between the values for |Vg| found
from inclusive and exclusive decays inflicts an uncertainty of order 15% on the predicted
AM;. Now Vig cancels from AT'y/AMj in eq. (1.3), so that the SM prediction of this ratio
is not affected by the V; controversy.

In this paper we address I'j, at leading order of the heavy-quark expansion (“leading
power”), which expresses I'{, as a series in powers of Aqcp/myp. At this order one encounters
only two physical AB = 2 operators, whose hadronic matrix elements have been calculated
with high precision with lattice QCD [8]. These matrix elements are multiplied with
Wilson coefficients which are calculated in perturbative QCD. The insufficient accuracy
of the Wilson coefficients dominates the uncertainty of the SM prediction of AT’y [9-15],
which exceeds the experimental error in eq. (1.4). The perturbative calculation of power
corrections to I'{, has been carried out to order o [16] and first lattice results for the
associated hadronic matrix elements are also available [17] (for results from sum rules, see
ref. [18] and references cited therein).

The |AB| = 1 Hamiltonian HeﬁB‘zl comprises current-current operators with large
coefficients C 2 and the four-quark penguin operators whose coefficients C3_¢g are small,
with magnitudes well below 0.1, at the scale 3 = O(my) at which they enter I'j,. At
order o, T'{, is composed of one-loop contributions proportional to C;Cy with j,k < 6.
HL@B‘:I further involves the chromomagnetic penguin operator with coefficient Cg ~ —0.16,
whose leading contribution is of order a; and enters I'{y as products CsC}, with £ < 6. In
refs. [9-14] the small coefficients C3_¢ have been formally treated as O(c,). With this
counting the one-loop terms with C} 2C3_¢ contribute to next-to-leading order (NLO) and
those involving two factors of C3_g are already part of the next-to-next-to-leading order
(NNLO). First steps towards NNLO accuracy have been done in refs. [13, 14] by calculating
contribution proportional to the number of active quark flavors, i.e. loop diagrams with a
closed fermion line.

As in ref. [15] we use the conventional notion of “NLO” and “NNLO” in this paper
and treat C3_g on the same footing as C12. With this counting the NLO prediction of
I'{y requires the calculation of the yet unknown two-loop contributions with one or two
four-quark penguin operators. In this paper present several two-loop calculations, namely:



e penguin contributions proportional to the product of two C5_g coefficients. This
contribution completes the prediction of I'{, to order as, which is NLO in the above-
mentioned conventional power counting. The corresponding one-loop corrections have
been computed in ref. [16]. Two-loop contributions with one current-current and one
four-quark penguin operator have been calculated in ref. [15].

e the contribution proportional to the product of Cs and one of C_g. The calculated
one-loop and two-loop terms contribute to NLO and NNLO, respectively. The piece
of the one-loop correction proportional to the number Ny of active quark flavors
(stemming from diagrams with closed quark loops) has been computed in ref. [14].

« the contribution proportional to C2. Here the one-loop contribution is already of
NNLO and not yet available in the literature, except for the a?N ¢ part [14]. We
further provide results for the two-loop term which is N3LO.

As in ref. [15] we use the CMM basis [19] for the [AB| = 1 operators and calculate the
two-loop QCD corrections as an expansion in

z2=— (1.5)

up to linear order.

The paper is organized as follows: in the next section we briefly discuss the operator
bases of the |[AB| =1 and |AB| = 2 theories. Afterwards, in section 3 we provide some
details of our calculation and in particular describe the matching procedure for the case
of dimensionally regularized infra-red singularities. Analytic result for all new matching
coefficients are listed in section 4 and we present our numerical result for AT’ in section 5.
Section 6 contains our conclusions. In the appendix we provide results for the renormalization
constants relevant for the operator mixing in the |AB| = 2 theory.

2 Operator bases

The framework of our calculation is identical to the one used in ref. [15] and thus in the
following we repeat only the essential formulae needed to compute the width difference. The
new contributions considered in this paper require an extension of the |AB| = 2 operator
basis which is discussed in more detail.

For the effective |AB| = 1 theory we use the weak Hamiltonian

aB=1 4Gp
H = —
ff V2

6 2
W (Z CiQi + Cst) — X Ci(Qi— Q)
i=1 i=1

2 2
+ Vi Ve > CiQ5" + ViV Y CiQi°| +hec., (2.1)
=1 =1

where explicit expressions for the (physical and evanescent) operators can be found in
ref. [19]. Q1, qu’cu’uc), @2 and Qéu’cu’uc) are current-current and Qs, ..., Qg are four-quark



penguin operators. Qg is the chromomagnetic penguin operator. In eq. (2.1) we have
introduced the quantities A\J = V.V, a = u, ¢, t, which contain the CKM matrix elements.
Furthermore, we have used A\{ = —\] — A; and G is the Fermi constant. Our two-loop
calculations involve one-loop diagrams with counterterms to the physical operators in
eq. (2.1) and these counterterms comprise both physical and evanescent operators.

As mentioned in the Introduction, we specify our discussion to b — s decays relevant
for By— B, mixing. The corresponding expressions for B;— By mixing are obtained by
replacing Vs with V4. Using the optical theorem we can relate T'§, to the B, — B, forward
scattering amplitude:

s oL

= gy Abs(Bii / d'z T HAP= () HAP=1(0)|B,), (2.2)

where “Abs” stands for the absorptive part and 7T is the time ordering operator. Note that
I'{, encodes the information of the inclusive decay rate into final states common to B, and
Bs. Following ref. [9] we decompose I'{, as

f2 = —(A)T5 — 2AINTYS — ()3 - (2:3)

Let us now discuss the effective |AB| = 2 theory. To leading power in 1/m;, it is
convenient to introduce the following four operators

Q = 57" (1 =) bi 57, (1 =) by,
Q=57"(1—7°)b; 579, (1 —~°) b,
Qs =5 (1+7°)b; 5, (1+7°) bi
Qs =5 (1+7°)bi 5 (1+7°)b;, (2.4)

where 7, j are color indices. In four space-time dimensions there are only two independent
operators which we choose as @) and Qg since we have (for D = 4) Q = @ and

Qs = —a1Qs — %azQ + Ry, (2.5)

where Ry describes 1/my-suppressed contributions to I'fy [16]. a2 are QCD correction
factors which ensure that the MS renormalized matrix element (Ro) has the desired power
suppression [9, 12].

Using the Heavy Quark Expansion (HQE) it is thus possible to write I'?} in eq. (2.3) as

2 2
ab __ Grmy,

2= M [Hab(Z)<Bs\Q’Bs> + ﬁg,b(z)<Bs@g|BS>} + ... (2.6)

with z = (m2°%/mP'*)2 and the ellipses denoting higher-order terms in Aqcp/my. Here z
is defined in terms of pole quark masses. Later we will trade z for the ratio of MS masses
which leads to a better behavior of the perturbative series. H% and ﬁgb are ultra-violet
and infra-red finite matching coefficients which we decompose as follows

Hab(z) _ H(c)ab(z) + H(cp) ab(z) + H(p) ab(z)7
HE(z) = HO®(2) + H?P(z) + AP (2) (2.7)



Contribution | Maximal number of v matrices needed
for the two-loop calculation
Q12 X Q12 5%x5
Q12 X Q3-¢ 5x5
R3-6 X Q3—¢ 9x9
Q12 X Qs 3x3
Q36 X Qs 7x T
Qs X Qs 5XH

Table 1. Maximal number of v matrices which appear in the calculation of two-loop corrections to
the various contributions involving current-current and penguin operators.

where the superscript “(c)” denotes the contributions with two current-current operators
Q1,2 or Q(quécu’uc), “(cp)” refers to those with one operator Q72 or gqu’cu’uc) and one (four-
quark or chromomagnetic) penguin operator Q3—¢ g and “(p)” labels the terms involving
two penguin operators. In this paper we present new contributions to H® % and H ép ) ab(z)
up to two-loop order.

At intermediate steps (i.e. in D = 4 — 2¢ dimensions) of our calculation it is convenient
to use all four operators of eq. (2.4) together with evanescent operators with two or three

Dirac matrix structures given by [9, 20]

B =0Q-Q,

ESY = 5789747 (1= 75) bj 55707 (1 — 75) bi — (16 — 4€)Q

E§Y = 599" 7P (1 = 75) bi 5,707 (1 —75) bj — (16 — 46)Q,

ByY = 57"y (14 75) by 5577 (1 +75) bi + (8 = 8)Qs

B = 591y (1+75) bi 575 (1 +5) by + (8 — 86)Qs - (2.8)

The O(e) parts in eq. (2.8) are chosen such that the Fierz symmetry of the renormalized
|AB| = 2 amplitudes extends to D dimensions [21] and O(€?) terms, which are important
for a three-loop (NNLO) calculation, have been omitted. Furthermore, we remark that the
five evanescent operators in eq. (2.8) are needed in order to determine the renormalization
constants responsible for the operator mixing in the |[AB| = 2 theory, see appendix A.

In our calculation we encounter further evanescent |[AB| = 2 operators, since in
intermediate steps Dirac structures with up to nine different vy matrices can appear. In
table 1 we list the maximal number of v matrices for each pair of |AB| = 1 operators. It is
easily obtained by inspecting the corresponding one-loop diagrams with one physical and
one evanescent operator from egs. (2.4) and (2.8), respectively, or two-loop diagrams with
two physical operators. We define the additional evanescent operators as

(

B = 59" 41 (1= 95) ) 5% - - (1= 75) b — (256 + e17€)Q,
EP = 5y ™ (1= 5) bs 557, - - Vs (1 — Y5) bj — (256 + €56)Q



E§2) = §i’y‘u1 .. .’y‘u4 (1 + ’)’5) b; §j’ym e Yua (1 + ’}/5) bj — (128 + 6:(3?%6)@5

— (128 + €526)Qs ,
Ef) = 52")/”1 o ’)/“4 (1 + ’)/5) bj §j’y“1 o Vg (1 + ’)/5) b; — (128 + 655%6)@5
— (128 + ¢3e)Qs »

E§3) =&y . AP (1 — ’75) b]’ SiYpuy -+ Yz (1 - ’)/5) b; — (4096 + 6&3)6)(2,
B = 5y AT (1= 35) by 859 -+ Yur (1= 75) b; — (4096 + €5 €)Q,

E§3) =5y AR (1 4 95) bi 55y - - - Ve (14 75) by — (2048 + eg’ie)()g
— (2048 + e5€)Qs;,

B = 5" oy (1495) by 559 - Vs (1+75) bi — (2048 + €}€) Qs
— (2048 + €)e) Qs

EW = 5y 41 (1= 45) by 5%, - - - Vg (1 — 75) bi — (65536 + €\ V€)@,
B = 5" o (1= 75) by 8% - Yo (1= 75) by — (65536 + €57 )Q,

ESY = 5y (14 95) by 557, - - s (1 +75) by — (32768 + €51€) Qs
— (32768 + €5 90)Qs,
E{Y = 5y (14 78) by 5% -+ Vs (14 75) b — (32768 + 1) Qs
— (32768 + ¢{5) Qs , (2.9)

gk),egﬁ), which parametrize the O(e) terms in the

definition of the evanescent operators are irrelevant since the operators in eq. (2.9) do not

where for our calculation the values of e

appear in one-loop counterterm contributions. These numbers, however, become important
at NNLO to fully specify the renormalization scheme at this order.

3 Calculation and matching

The setup which we use for our calculation has already been described in ref. [15]. For conve-
nience of the reader we repeat the essential steps and stress the differences in the following.

Figure 1 shows typical one- and two-loop Feynman diagrams for the new contributions
considered in this paper. The displayed diagrams correspond to the |AB| = 1 side of the
matching equation. In addition, one needs the one-loop diagrams with a gluon dressing the
AB = 2 operators Q and Qg to determine the desired Wilson coefficients H® and H gb in
egs. (2.6) and (2.7). We perform the calculation for a generic QCD gauge parameter which
drops out in the final result for each matching coefficient and thereby provides a non-trivial
check of our calculation. The counterterms to the AB = 1 operators and the gauge coupling
gs in the Feynman diagrams exemplified in figure 1 are all evaluated at the renormalization
scale p;. Conversely, operators and couplings on the |[AB| = 2 side are evaluated at the
scale . The unphysical u; dependence of H%(z) and ﬁgb(z) diminishes order-by-order
in perturbation theory and can be used to assess the accuracy of the calculated result.
The p2 dependence of H%(z) and HZ(z), however, cancels with the us dependence of the
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Figure 1. Sample Feynman diagrams contributing to eq. (2.2) to the orders considered in this
paper. From top to bottom they contribute to the Q3_¢ X Q3_¢, Q1,2 X Qs, Q3,6 X Qg, and Qg X Qs
pieces of HEP=1(2)HAP=1(0) in eq. (2.2), with the blobs denoting the corresponding current-current
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or penguin operators.

hadronic matrix element, which enters the lattice-continuum matching. For calculational
convenience we first choose 11 = uo and implement the separation 1 # po with the help of
renormalization group techniques.

We pursue two different approaches to treat the four-quark amplitudes. The first one is
based on tensor integrals combined with various manipulations of the Dirac structures and
relies on FeynCalc [22-24] and Fermat [25]. The so-obtained formulae are then exported
to FORM [26].

For the contribution QJ3_¢ X (Q3_¢ routines are needed which can handle tensor integrals
up to rank 6. The second approach is based on projectors (see appendix of ref. [15]) which
allows taking traces. Thus, one only has to deal with scalar expressions. However, one

Lin each trace. We find

needs to calculate products of two traces with up to 18 v matrices
that both approaches lead to the same expressions for the amplitude with two AB =1
operators once the latter is expressed in terms of tree-level AB = 2 matrix elements.

For the reduction of the AB = 1 amplitude we use FIRE [27] with symmetries from
LiteRed [28, 29] and obtain four two-loop master integrals. Their evaluation as an expansion
in € is straightforward.

The amplitudes in the [AB| =1 and |AB| = 2 theories contain both ultra-violet and
infra-red singularities. The former are cured with parameter, quark field, and operator
renormalization. We use the one-loop counterterms for c in the MS scheme and renor-
malize the charm quark in the one-loop expression in the on-shell (or pole) scheme. The
renormalization of the bottom quark, which we also renormalize on-shell, is only needed for
the contributions involving Q)s. We also perform the renormalization of the external quark
fields in the MS scheme. The counterterms needed for the renormalization of the AB =1
operator mixing can be taken from the literature [30]. The renormalization constants of the
AB = 2 part are given in appendix A.

1Up to nine « matrices are present in the (two-loop) amplitude (see table 1) and nine v matrices come
from the projector.



In order to regulate the infra-red singularities two possibilities come to mind: one can
either introduce a (small) gluon mass, mg, or instead use dimensional regularization.

The choice my # 0 is conceptually simpler and has the advantage that after renormal-
ization the AB = 1 and AB = 2 amplitudes are separately finite and one can take the
limit D — 4, which eliminates all evanescent operators before matching the two theories.
Furthermore, it is possible to use four-dimensional relations in order to arrive at a minimal
operator basis. However, a finite gluon mass breaks gauge invariance and thus, in general,
additional counterterms have to be introduced for its restoration. In our application the
two-loop AB = 1 amplitudes with four-quark operators do not involve three-gluon vertices,
and thus it is safe to regulate the infra-red divergences with m, # 0. However, at three-loop
level this is not the case. Furthermore, the two-loop corrections with two (Jg operators also
contain infra-red divergences in the non-abelian part.

Regulating the infra-red divergences dimensionally using the same regulator ¢ as for
the ultra-violet divergences has the advantage that the loop integrals are simpler. However,
the matching has to be performed with divergent quantities in D # 4 dimensions. As a
consequence lower-order corrections have to be computed to higher order in €, meaning that
also the evanescent operators have to be taken into account.

In our calculation we proceeded as follows: we have computed the contributions QQ1_g X
Q1-6 and Q1—2 x Qg both for my # 0 and m, = 0 and have obtained identical results for
the matching coefficients, which provides sufficient confidence that the conceptually more in-
volved approach where the infra-red divergences are regularized dimensionally is understood.
Thus, the calculation of the Q3_¢ x (g and Qg x g have only been performed for mgy = 0.

In the following we provide some details to the matching procedure. In this context
we also refer to ref. [31] where the contribution Q12 X Q12 is discussed. We introduce the
|AB| =1 and |AB| = 2 amplitude in a schematic way as

ARPEL = A0(Q)° + Ap(E)°,
APB=2 — H,Boo(Q)' + HeBrg(Q)® + HoBor(E)’ + HeBpp(E)?,  (3.1)

where the Hx, Ax and Byy have an expansion both in ag and € with Bgg = Bgg = 1
and Bpg = Bgr = 0 at LO. (-)9 denote tree-level matrix elements. Starting from two-loop
order? Ay and Bxy contain infrared 1/e poles. The presence of these poles force us to
calculate the LO coefficients Hy to order € in order to obtain the correct finite € piece on
the right-hand side of eq. (3.1). Thus, the desired finite matching coefficients Hx have the

following expansion in ay and e€:

_ (i) O‘S)’ ,
Hg i;OHQ € (477 , (3.2)
and analogously for Hg. In general, several physical (“Q”) and evanescent (“E”) operators
are present; for simplicity we condense the notation to only one operator for in each case.
We start the matching at LO, which corresponds to a one-loop calculation of Ag and
Ag. For Bxy we use the tree-level expressions. Both A2B=1 and AAB=2 yre finite and from
the comparison of both amplitudes we obtain results for Hg) ’0), S] ’1), Hg)’o) and Hg)’l).

2The counting of loop orders always refers to the |AB| = 1 side of the matching equation.



At NLO we observe that after using the result for Hg 00 4nd Hg)’o) the difference

AAB=1 _ AAB=2 is finite, which constitutes an important consmtency check. In a next step

AAB=1 _ AB=2 (1,0)

we concentrate on the part of proportional to (Q)°, which contains H

as the desired finite coefficient. H, 8 ) can thus be determined by requiring the (Q)° part of
AAB=L - AAB=2 {6 vanish.

For definiteness, we now consider the LO expression of the Q3_g x (Q35_g contribution,
where for simplicity we set the matching coefficients Cy, C5 and Cg to zero and display only
the terms proportional to C3. Then the LO AB = 1 amplitude including terms of O(e)
is given by

Jam-_ e [(14@)(0) iy <Qs>(0) 427 (Ry)® — é <E§1)>(0) B i <E§1)>(o))

e (1?@(0) - 2205)” a3 (R)© — £ (B - 2 <E§1>>‘0))
+e (2@ = 50(Qs)"” 54 (o) = 7 () = S (B ) 1o (1)
+e (18(@)( )~ 36(Qs)"” + 36 (Ro)° >) 2+ O(%) + 0(62)] , (3.3)

where we set the number of colors to N, = 3. At the same order the AB = 2 amplitude reads

- NG (0) (0)
AAB=2 _ HQ<Q>(0) + Hg, <Qs> + Hp, <R0>( )+ HE<1> < (1)> +H B <E§1)>

+HE(1)< ()>()+HE(1)< (1)>(0)+H(1)<E5 > +ZZHE()< > 0)

=2 j=1
(3.4)
and from the matching procedure we obtain
HYY = 1403,
(0,1) _
H —03 (1681 og ( > + 108z + 131>
my,
H(O 0 = 9502,
(0,1) _ 12
HQS = 303 <1501 og (mb> + 108z + 125)
HYY = 2102,
B =3 <54 log (”1 ) 4362 + 43> ,
mp
2
0o _ G5
HE" = =2,
0,1) I p1
H = —— 1 — 4
T 3(3 °g<mb)+ )
2
0o _ G5
Hp" = —=5,
o1 1 o 0



with all other Hg)’o) and Hg)’l) being zero. In the next step we consider both amplitudes

at NLO up to O(e”). Upon inserting the above values for HS)’O), Hg)’l), Hg),o) and Hg)’l)
we observe an explicit cancellation of all 1/¢ poles multiplying Cg which allows us to take
the limit D — 4. We also find the coefficients independent of the gauge parameter.

The presence of Ry in egs. (3.3) to (3.5) requires some explanation: for D = 4 one
has (Ro)®) = O(Aqcp/ms) (and at NLO and beyond (Ro) = O(Aqcep/my) is ensured by a
finite renormalization). To derive this result one employs four-dimensional Dirac algebra
(such as using the Fierz identity from [16]) and for D # 4 the definition of Ry in eq. (2.5)

thus includes an evanescent piece. One may write
Ry = RM™* + Ep, (3.6)

with (RE™®) = O(Aqep/ms), while the evanescent piece (Eg,) scales as mY. Clearly, if one
uses a gluon mass as infra-red regulator, this subtlety does not occur, because the matching
is done in D = 4 dimensions. In our case of dimensional infra-red regularization, however,
ERr, must be included in the LO matching just as any other evanescent operator. If we were
interested in the C3 contributions to the 1/mj-suppressed part (which is beyond the scope
of this paper), we would have to provide different coefficients for the physical operator Rghys
and the unphysical Er,. For our choice of external states, namely zero momenta p, for the
light strange quarks, we cannot determine the coefficient of Rghys, because <R8hys>(0) =0
for ps = 0. Therefore, the coefficients Hg)o’o) and HI({0
the coefficients of Eg,.

0’1) in eq. (3.5) are to be understood as

The O(e) terms of the coefficients of evanescent operators, i.e. Hg’l), Hg)s’l), and Hgo’l)
are not needed for the NLO calculation presented in this paper. However, they will be
relevant at NNLO and beyond.

4 Analytic results

In this section we present analytic results for the new contributions to H®) @ and H ép ) ab
introduced in eq. (2.7). For this purpose it is convenient to decompose these quantities
according to the |[AB| = 1 matching coefficients as follows

HP®) = N G0 p(2),

0,j=3,....6,8
(2]
77 b S,ab
Hép)a (2) = Z CiCjp™(2), (4.1)
i,j=3,...,6,8
(2]

and to write the perturbative expansion of the coefficients

b b,(0 as(f1) ab,(1
P () = i O () + = 2 )(2) + 0(a?), (4.2)
© refers to one-loop and p?]b’(l)
butions. We define the strong coupling constant with five active quark flavors at the

(and analogously for pfj’ab) where p?;)’ to two-loop contri-
renormalization scale up, i.e. we have ag(u) = al? (111). Both the charm and bottom
quark masses are defined in the on-shell scheme. Furthermore, we fix the number of colors
to N. = 3. Computer-readable expressions for all results for generic NN, are available as
supplementary material to this paper and can be downloaded from [32].

~10 -



4.1 Four-quark penguin operators

We start with the QQ3_¢ x @3_g contribution. Both at one- and two-loop order, which
contribute to LO and NLO, respectively, the “cc”, “uc” and “wu” contributions agree,
because penguin operators come with the CKM factor —Aj = AJ + A\7:

ri =) =iy O =) = 0O 2),
pSI,CC,(O) (Z) S,UC,(O)(Z) — pS,uu,(O) (Z) ’

ij =D i
M (2) = pie () = pir D z),
p%cc,(l) (z) _ pfj,uc,(l)(z) _ pfjuu,(l) (Z) ‘ (4.3)

At one-loop order exact results are available [16], which we repeat for convenience

ps 0 (2) = VT =4z (3Ny + 6Ny 2) + (2 + 3Ny)

cc,(0

p5i (=) =773,

pie©(2) = VI =4z (60Ny + 120Ny 2) + (64 + 60NL) ,
cc,(0 112

p36( )(Z) =3
ce,(0) N _ T 5Ny 5sz> <13 5NL>

o (z>_m(12 LMz (18 )
cc, 0 112

p45( )(Z) = T?

25N 50Ny z 52 25N

PO (2) = V1= 42 (408N — 480Ny z) + (512 + 408NL) ,

P 0(z) = 122
3 )
170Ny 124Ny 2 416 170N
pg‘g”)(z):\/@( T T >+<9+ 3 L)’
Py (2) = VI =42 (~6Ny — 12Ny z) + (-1 — 6N),
S,cc,(0 3
i) = -3,
500 (2) = /T = 4z (=120Ny — 240Ny 2) + (—32 — 120N) ,
PO = -
3 9
S,cc 2N 4Ny z 7 2N,
P () = 1_42( 3 T3 >+ <_9+ 3L>’

P50 ) Tz (40NV . 80sz> . (_ 24 40NL) |
3 3 9 3
pee® () = VT = 4z (~816Ny — 1632N12) + (—256 — 816N) ,
2048
=25,
i) = vI= 1

S,ce,
Psg © (2)

212Ny 544sz> N ( 1792 272NL)
3 3 9 3 )
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The symbols Ny, and Ny label closed fermion loops with mass 0 and m., respectively. In
the numerical evaluation we set N;, = 3 and Ny = 1.

The two-loop results are new. Their expansions up to linear order in z are given by

154 16
pgcgy(l) (Z) _ _7[,1—|—§L2+14NLL2—|—14N\/L2+90NVZ

1166 T71N; 71Ny 57 5rn?

_om 4.5
27 T3 3 33 3 (4.5)
ey Ol M SN SNy g, 10
P (2) rr 1= g Nali—gNiLi—gNvLi+ Lo 3
L 317 5w _ 107 (—379+ 5m )+ (—379+ 57r>
324 93 9 I\"18 "3v3) VU 18 "33
85 5w
Ny (=22 4.6
No (gt ). (4.6)
4928 512
pieW(z) = — 5 L1+ 5~ Lo +280N, Ly +-280Ny Ly + 1800 Ny 2
34240 1420N; 1420Ny 1607 16072
— — 4.7
7 T3 5 3/3 3 (4.7)
1208 140 314 314
P (z) = = =2 L~ —— N Ly — =Ny L1 — =Ny Ly + 144Ny 2 L
27 9 3 3
1184 440Nyz 13876 80w 1607T2+N ( 3215+507r>
9 ? 3 81 9v3 9 "\T9 "33
3215 507 598 50w
+N (—+>+N (—+>, 4.8
VU9 T3v3) TN 27 "33 (4.8)
ey o 18T 8 BN L NN L 2N L+ 3 N L
Pas (2) 81154H1+36L19HL19L1+36V1
5 10 5 151 1 1
—-NyNyL——NpNyLi—=N&Li+~——Ly—-—NyLy——NyL
9HV19LV19V1+108218L218V2
10 10N? 803 52 1466 25N?
— N Ny——Y 4Ny | == || 2= - L
MR T V<36 3)12 243 27
50NNy 25NZ  5m 2572 <85 5 )
- - - + +Ny (-5
27 27 1083 108 162 18v/3
85 5w 85 b
+NyN (+)+N N (+)
HIVL 27" 33 HINY 2733
233 51 5w 233 51 5w
+Np | o ——m—— |+ Ny [ oo ——=—-— |, 4.9
L<27 18v/3 6) V<27 18v/3 6> (4.9)
1208 . 224 362 362
pieW(z) = — 37 1= "5 N L= =Ny Ly = =Ny L1 +576Ny 2Ly

1184 3836Nyz 11234 80m 16072
Lo+ + - -
9 3 81 93 9

3754 807 3754 80w 1360 807
+N <—+)+N (—+>+N <—+>7 4.10
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ey 28 10 BTN NN 102
Pag (Z)— 31 1 27H1 9 Lin 9 HINLLA 9 i1

437 100 200 100
9 Nle—? HNVLl—?NLNVLl—?NvL1+6ONVZL1

1208 10 10
Lo——NpLo——NyL
+ o7 2 9 LL2 9 \7g %)

200 200N 2 4855 10072

3

58213 410N} 820NNy 410N{ N 407 N 2007>
243 27 27 27 27V3 27
1610 1007 1610 1007
5 s ) NN (<5 )

(1222 657 ) N 3374 657 5072
A\"81 9v3) P\ 21 93 3

3374 65T 5072
27 93 3 )’

P55 (Z) =— 9 L+ 3 Lo+1904Ny Lo +1904Ny Lo —2592Ny 2z Lo

+NuNp, (—

+Ny ( (4.11)

249344 16568N;, = 16568Ny
+ +

—2(33120Ny +10368 Ny log(z)) — o7 3 3

N 12807 128072
3v3 3 7
ce,(1) 19328 2240 5960 5960

pse (2)=— o7 Li— 9 NHLl_?NLLl—TNVLl

18944 74000Nyz 62560 12807 256072
7200Ny zL L — — —
+ vzly+ 9 2+ 3 31 93 9
N (_ 60064 n 8007r> AN (_ 60064 + 8007T)
L 9 ' 3/3 v 9 ' 3/3

9568 8007
+N, (—+>, 4.13
A\" 21 "33 (4.13)
cey(1) __47872L _1040N I 226()N I _5OON N L 500N I
P (2) = 31 1T o7 H1+9 Lhi—=—g= HL179 L1
2260 500 1000 500
9664 68 68
Lo——NpLy——NyLo—144Ny 2L
o7 27 g Vb2 g Ny e \&2%

1000 1000 N2 24290 24872
[ Vi Ny ( il

+ —TNLNV— 9 3 )—576Nvlog(z)]z

556112 1600N7 3200N Ny 1600NZ 320w 160072
243 27 27 27 273 27

7600 5007 7600 5007
+NyN (—+)+N N (—+)
HIVL 27 "33 HINY 27 "33

(4.12)
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(8672 40077) (1148 4007 3407r2>

81 93 3 9/3 3
LN 1148 4007 34072
I3 T oy3 3 )
176 8
pare®(z) = ~5 D1 =5 L2 = 16N Ly~ 16Ny Ly ~432Ny =
1684 64N; 64Ny 8  8x2
— — + —_——
27 3 3 3v3 3
S cey(1) 220 Lot 16 Nl 64 I _16Nyz 2042 8r _167r2
P34 (Z) 27191{192 3+81 9\/§ 9

N ( 136 8 )+N <52+ 8 >+N (52+ 871‘)
H\~ort33) T\ T3 T o T
57067(1)(2) 5632 256

P35 9 L1*TL2*320NLL2*320N\/'L2*8640]\[\/2
55808 1280Njp 1280Ny 2567 25672
+ - - + 2 :
27 3 3 3/3 3
3520 160 1024
Pgécc’(l)(z):< o Ly TNHL1+48NLL1+48NVL1_ Lz)

160Ny z 47264 1287 25672 1648  80r
- + - - Ny ——4—=
3 81 93 9 27 33

N (1288 807) (1288+807r)
t 33 9 ' 3v3
Syces(1) 8 28 22 8 8 22
—L NyL Ny Li—-NygN.L N?L Ny L
Pas (2)= 811+27H1+3L19HL19L1+3V1
8 16 8 56 16 16
——NyNyLi——N;.NyL—~N2Li——1L N, L Ny L
9HV19LV19V1272+ L2+9V2
16 16N2 422 872
— N Ny——Y 4Ny | ————
g LT V( 9 3 )]Z
394 40N7 80NNy 40NV+ 27 10772
243 27 27 27 27{
68  4m 136 87 136
N NyNp | ——+—— |+ NyN —
+ H(Sl 9\/§)Jr H L( 27+3¢§> a V( o7 T
oy (12 Am ar (452 An dn
P\ 27 93 3 Y27 9v3 3 )
e 3520 256 1024 608N
poeeM () = L1+ = Ny Li+48NL Ly +48Ny Ly — =~ Lo+ sz
26960 1287 25672 ( 2176 1287r)
_ _ NH _74_7
81 9v/3 9 27 ' 33
N (1232 1287r> (1232+1287r>
L 33 3.3
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(4.15)

(4.16)

(4.17)

(4.18)
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SeeV) () 200, T8 N 3N N vy 102
Dag (2)= 81127H1+3L19HL19L1

344 160 320 160 1792
“NyLi——NyNyLi— =N NyLi———Ng¢Li———L
g vk mgm NNy Ly = = N Ny Ly === Ny L = — o= Lo

320 320 320 320N2
9 NLL2+7NVL2+ —TNLNV_ 5 =

408 1607° 42 Ni 1312Np N,
Nv<7 08 160w )]H 680 656N7 1312N,Ny

9 3 243 27 27
656N\2/+ 647 +3207r2 (1264 1047r>
27 27V3 27 81  9v3
2576 1607 2576 1607
NN (_+)+N N (_+)
HIVL o7 373 HINV o7 373
7328 1047 8072 7328 1047 80x?
N - — N — - 4.21
+L<27 9v3 3>+ V<27 9v3 3)’ (4.21)

45056 2048
poee W) = g L1~ =5 L2 —2176N Ly —2176Ny Ly~ 58752 Ny 2

N 461824 22528Ny 22528 Ny, N 20487 204872
27 3 3 3v3 3
Sice (1) 56320 2560 16384

psg - (2)= o7 Li+ 5 Ny Li+960N L1 +960Ny L, —

| G0SONy= | 664832 2048w 40967 (_ 26368 , 1280m )
3 81 9v/3 9 " 3.3
25472 128077) (25472 128077)
Ny

+N. (+ —_—
E\ 9 3v/3 9 3v/3

S,cc,(1 2048 4480 1888 800 800
) 7( )(Z) —

— L+ NgL Ny Li——NygN; Li———N?L
Pes 81127H1+3L19HL19L1

1888 800 1600 800 14336
+TNVL1*7NHNVL1*TNLNVL1 5 2L — T?LZ

21 21 1 16007
LAT6,  2T6 [_ 600 . _ 1600NG

(4.22)

Lo

(4.23)

9 9 3 3

Ly, (42896 108872 | 582016 2560N2  5120N, Ny
_ . _ _
V9 3 243 27 27

_2560N3+5127r+25607r NH<2816 64077)
27 273 27 81 93
12160 8007 12160 8007
gy ) Ve (<S5 )

407 544 407 544
+N <960—607T—5 T >+NV (960—67r—5 T ) (4.24)

+NuNip, (—

9v/3 3 93 3

Here Ny = 1 labels closed fermion loops with mass my and

=log — Ly =log —5. (4.25)

b b
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As a novel feature compared to the NLO calculation with two current-current oper-
ators [9], the penguin operator contributions involve Feynman diagrams with an FCNC
b — s self-energy in an external leg, cf. figure 1. Owing to pi = m% # p? = 0 these diagrams
contribute to the result in the same way as all other diagrams [33]. Indeed, we find that
their omission would lead to a divergent result.

4.2 Chromomagnetic and four-quark operators

In this subsection we present results for all contributions involving one chromomagnetic
and one of the four-quark operators (J1,...,Qs. Here the one- and two-loop corrections
correspond to NLO and NNLO contributions.

We start with Q12 x Qg where the (exact) one-loop result is given by [9]

CC 5 5
P187(0)(Z) =Vi-dz ( * Z> 7

18 9
5 10
00 = VI= g (g - ).
4 8z
PO =vi-1z (9 * 9) ’
8 16z
pSee O () <_3 B 3) Niewrs (4.26)
The results for p* and pfg’u“ are obtained from p¢§ and pfg’cc for 2 = 0. For pff and pfj’uc
we have
cc,(0) u,(0)
(0 p; zZ)+p,
pig 0 (z) = I8 ( )2 B,
S,ce,(0) Syuu, (0)
p;S'S,uc,(O)(z) _ Dig (2) + pig ' (4.27)

2

At two-loop order the results are new. The “cc” contribution is given by

cc,(l)( ) . <343 5NH 10NL ION\/> iL
P1s —\®1 " o7 27 o7 )V o2
2915 10Np, 20Ny 1072 N 1235 35N 35Ny
_ _ _ 5 _ _
54 9 9 9 486 81 81
_om 5y (-2, 0
543 9 H\781 " 9y3)’
ce1), (281 10Ny  20Np 20Nv> I 2 I
P2s (Z)_< 27 9 9 9 L+ ghe
N 1133 N 20Ny, N 40Ny N 2072 4475 N TONT, N 70Ny
_ 5
9 3 3 3 81 27 27
57 10w2 (170 107 >
—t — Hl == ——= |
9v/3 3 27 33
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pfécc,(1)< ) = <68i4 _ 812\;H B 1621;& B 1621;7v> I+ %Lg
(1432 16N, 32Ny 16772> , . 4660 56N 56Ny
27 9 9 9 243 81 81
4 872 136  8rw
—M—9+NH(—81+9\/§),
pSee () (_62870 N 16éVH N 32;\@ N 32évv> L %LQ

_ 1568 N 32N, N 64Ny N 3272 L 6728 N 112Ny, N 112Ny
9 3 3 3 81 27 27
8t 1672 272 167
+—+— . 4.28
9v3 ' 3 " ( 27 3\/§> (4.28)

Note that the (uu) contribution is not simply obtained by taking the limit z — 0 in the
expressions of eq. (4.28) since there are charm quark loops not connected to the external
operators. We thus have

uu, (1 cc,(1 1ONV
p18( )(Z):pIB( )(2) - Z,
z—0 9
uu, (1 ce,(1 ZONV
ng()(z):p%()(z)‘ + Z,
z—0 3
S,uu,(1 S,ce,(1 16NV
Pi1g ()(Z):plg ()(Z) - Z,
z—0 9
S,uu,(1 S,ce,(1 32NV
po W) =p W)+ (4.29)
z—0 3

For the uec contributions we find

V() + i (2)

2 )
S,ce,(1) S,uu,(1)

S,uc, D; z +pz‘ z

pSueD) () _ P8 (2) i (2)

(1), - Pis
P (2) =

(4.30)

For the contribution Q3_¢ x (Js we observe that both at one- and two-loop order we

YW

obtain the same results for the “cc”, “un” and “uc” contributions and thus we have

piy " (2) = v 0 (2) = 0 (2),
ij ij ij )
ce,(1 uc,(1 UL,
5@ =) =),
S,ce,(1) _Sue,(1) _Suu,(1)
i (2) = Dij (2) = pij (2). (4.31)
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The one-loop results are exact in z and read

cc,(0 32
p38( )(Z) = 3
0y _ 11 (_ 5Ny B 10sz) (_49 B 5NL>
st (2) = VI—dz (== 5 )t 3 )
cc,(0 512
p58( )( ) = T3

cc(O) /71 — 4 (_ . _9da

S,cc, 64
O =5

50Ny 1OON\/Z>+< 392 SONL>

38 )
3
ce 8NN 16V, 76 8N,
pfé Oy = VI—4z (_V_ VZ)_i_(_L),
3 3 9 3
S,ce,(0 1024
Dsg ( )(Z) =3

80N 160V 1216 80N
pae ) = VT -4z (— v VZ) + ( - L) : (4.32)
3 3 9 3
At two-loop order our results read
ces(1) 1285 64 28 28 448 196 Ny z
=— Li+—NyLi+—N;Li+—NyLi——Loy—
pgg() o7 1+9H1+3L1+3V1 92 3
B 30707+ 1937 N 2572 (170 107r> (361 107r>
81 18y3 6 27 33 9 3V3
361 107
N ( ) 4.33
ces(1) 1469 98 799 20 20
=—— NyLi— —N.L NyNiL N?L
Das (%) 162 1+27 "L 54 L 1+9 HNpL1+— g Vit
799 20 40 20 451 2
L NyNvyL NNy L N2ILi— —ILo+=-N.L
54V1+9Hv1+9LV1+9v1 o7 2+9L2
40NNy  40NZ 2072 41707
fN L Ny [ -1 - -
tghvhet | e A Ny | S8 e ] 2 T
100N2 200Ny Ny 100N2 41 1772
+00 L, OONLNy 100Ny  841xw T NHNL<340_207T)
27 27 27 108v/3 27 3V3
340 207 3695 3957 57r
L NN ( )
TV \21 33 ( 162 36\f )
3605 107 107r2 3605 10w 1072
N Ny [ — 4.34
+L< <1 9[ 3>+v< 81+9\/§+3>, (4.34)
ces(1) 20560 1024 628 628 7168 760Ny =
= Li+ Nyli+—N;Li+—NyLi— Lo—
Dss (Z) o7 1+ 9 L1+ 3 L+ 3 vl 9 2 3
540206 N 19407 N 57872 (3476 B 16077) (3476 B 1607r>
81 93 9 N7 3,3 9 3,3
5056 16w 6472
Ny | - — 4.
+H< 57 33 3>7 (4.35)
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ces(1) __11752L 1274N I _3086N I @N NI @NQL
Dss (2) = 31 1+ 97 HLq o7 L1+ 9 HNpL1+ g VL 1
3086 200 400 200 7216
— " - NyLi+—NyNyLi+—N;NyLi+—N2L L
27V19HV1+9LV1+9V1272
20 20 400NNy 400NZ 5822 20072
N, L Ny Lo+ Ny [ ==
Trg feletrg vt l 3 8 W\t T )]’
_ 249917 820N} | 1640NL Ny 820Ny 970m  T7lz®
243 27 27 27 273
3220 2007 3220 2007
s (555 e (- )
HNL | 57 373 BNV | 57 373

N 22297 N 11307 N 1072 N 32654 N 1307 N 10072
a 81 ' 9v3 ' 3 L 81 ' 9v3 3

32654 1307 10072
No | — 4.36
+ v< st "ol 3 ) (4.36)
See(l) 1976, 128 . . 32, . 32, gL 608Ny 2
P3g (2)= o7 11 g NVHbi— Nk = Ay 1+ 9 2+ 3
27160+1887r 59672 ( 152 1677) ( 152 167r>
81 ' 93 27 I\ 33 iT9 33
272 16w
N 4.37
* H<27 3\/§) (437)
Sea() ) 3048, S0 0 NN+ 22 N2
P (2)= g 115 Nuli———NpLi+ - NuyNpLi+ - NpLy
~ 1100 32 64 32 608
——NyL Ny Ny L NNy L NZL Ly
27 V1+9HV1+9LV1+9v1+7
64 64 64NNy 64N2 32m2
— —NpLy——NyL Ny | —
g ‘L2T gV 2+[ 3 g W 3 )|°
38584 160N? | 320NNy 160NZ 634w 67472
243 27 27 27 27v/3 81
544 32m 544 32w
N (7 =35+ (G 53)
AL\ 27 " 33 27 3V3
N 2956 N 1587 +4L2 N 9944 N 167 N 1672
H\7781 T9v3 9 U781 o3 3
9944 167 1672
No [ — 4.38
+v< 81+9\/§+3>, (4.38)
See() ) _ (31616 - 2048NL—2—24NL—%NL 8192L>
D58 ( )—( o7 1— 9 HLA 3 Lin 3 via 9 2
11456 Ny 2 N 502864 N 2720w 9488r* (_ 2656 2567 )
3 81 9v3 27 L 9 33
2656 2567 4352 544w 6472
+N <>+N — + , 4.39
YITT9 33 H< 27 33 3 ) (4.39)
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56768 3952 10928 320 320
paeW(z) = e L= 5 Nirln = == NpLi+ == Ny N Ly + TN,%L1

10928 320 640 320 9728
———NyL NygNyLy+——NNyLi+——Ni L+ L
57 V1+9HV1+9LV1+9V1272
640 640 640NNy  640N2 2720 32072
~——NpLy———NyLs+ Ny |-~
g LT g Avied [ R T U R T
458776 1312Ng+2624NLNV+1312N3 4816m 1167272
243 27 27 27 27/3 81
5152 3207 5152 3207
NgN. - -
(P 3{) V<27 3{)
27640 18087T 7808 2087r 16072
N { == 3

(4.40)

97808 2087r 1607r
W

4.3 Two chromomagnetic operators

Finally, we come to the Qg x Qg contribution, where the one-loop corrections are already of
NNLO. The one-loop result, for which only the Ny-piece has been known in the literature,

is given by
cc uc un 133 5N 10
Pss’(o)(z)zpsza’(o)(z) :Pss’(o)(z): 18 L+ 14z ( Nt 3 NVZ) ’
S,ce S,uc S,uu 164 8N 16
Psg (0 )( ) =DPss (0 )(z):pgé ’(0)(2)— o L+\/1 42( Ny+— 3 sz> . (4.41)
At two-loop order we have
ce,(1 uc,(1 wu, (1
Pss()zpss() Ps()7
S,ce, (1 S,uc,(1 S,uu,(1
V() = g W (2) = ps W (2) | (4.42)
with
ce,(1) (_ 2527 + 266 Ny n 836Ny, B 20Ny Ny, B QON]% n 836Ny B 20Ny Ny
Pss =\ " T97 27 27 9 9 27 9
40N, Nv 20N‘2/> (257 2Ny, 2Nv> 40
- - Li+ (20 2L Ly+ |—— NN
9 9 T\27 o g )t Tt |y AV
_ 40NY N 853 207 156295 100N7 200NNy  100Ng
3 9 3 486 27 27 27
277 16772 340 207 340 207
IR (LN ( ) + NN ( )
18v3 | 27 HNL\ =97 T3 3 HWA\ =57 T34

N 8632_107r_107r2 LN 8632_1077_1077
L\"'81 93 3 VI8l 93 3

1175 1257 572
+ N AR 4.4
H( 27 6V3 9 ) (4.43)

—90 —



SSeel) _ (_ 6232 656Ny  1568Ny 32NuNp 32N7 | 1568Ny 32Ny Ny
88

27 27 27 9 9 27 9
64N Ny 32N€,> ( 1312 64Np 64NV>
— — L - L
9 9 L+ 7 T 9 T 2
64 64N2 616 3272 222200 160N?
——N; Ny — ViNy | — — - — L
B R T V(Q 3)]2 243 27
320NNy  160NZ 140w 182872 ( 544 327r)
— — NogNr [ ——
27 o7 33 sl UMY\ T TR
CNAN (_544+?>27r>+ 15856 16w 167
BV 21 T 33 L\781 93 3
15856 16w 1672 1880 100w  8x2
N - - L 4.44
+V<81 9v/3 3) H<27 3v/3 9) (4.44)

5 Numerical results

In this section we present the numerical effect of the new corrections to Al'y and af,. We
start with discussing the relative size of the contributions from the various operators and
consider afterwards the ratio AT'y/AM;, from which |V;s| and the ballpark of the hadronic
uncertainties cancel. Finally, we use the measured result for A M, and present updated results
for AT'y in two different renormalization schemes. We also present updated results for ag,.

The calculations described in the previous sections and the analytic results presented
in section 4 use the MS scheme for the strong coupling constant and the operator mixing
and the on-shell scheme for the charm and bottom quark masses. It is well known that
the latter choice leads to large perturbative corrections. Thus, we choose as our default
renormalization scheme the one where all parameters are defined in the MS scheme. It is
obtained with the help of the one-loop relations between the on-shell and MS charm and
bottom quark masses. We define a second renormalization scheme where the overall factor
m2 (see, e.g., eq. (2.6)) is defined in the on-shell scheme, but H% and ﬁgb depend on the
quark masses in the MS scheme. In the following we refer to this scheme as the “pole”
scheme [13, 14]. Note that after each scheme change, which adds z-exact expressions to the
two-loop term, we re-expand the latter in z up to linear order to be consistent with our
genuine two-loop calculation.

For convenience, we summarize in table 2 the input parameters needed for our numerical
analysis. In addition we have (see ref. [14])

AS
T2 — —(0.00865  0.00042) + (0.01832  0.00039)i. (5.1)
t
From mny(mp) we obtain mb®® = 4.56 GeV using the one-loop conversion formula. B, and

B/S p, Parametrize the matrix elements of () and Qg as

(B QUuiz) [Ba) = SM2, 13, By, (1),

3
_ 1 .
= M3, f3 Bs g, (12). (5.2)

<BS‘QS(M2) |Bs) 3

- 21 —



as(Mz) = 0.1179 + 0.001 [34]
me(3GeV) = 0.993+0.008GeV  [35]
my(my) = 4.163+0.016CGeV  [35]
mP® = 172.9 + 0.4 GeV [34]

Mg, = 5366.88 MeV [34]

Bp, = 0.813+0.034 8]

Byp, = 1.31£0.09 8]

fB. = 0.2307£0.0013GeV  [36]

Table 2. Input parameters for the numerical analysis. From the charm and bottom quark mass one
obtains zZ = 0.04974 & 0.00092. The quoted mP*'® corresponds to my(m;) = (163.1 £ 0.4) GeV in

the MS scheme. We use the values for Bg, = Bg, (u2) and B:S‘,BS = B’S_’BS (12) with pg = mpP'® =

4.56 GeV.

For the matrix elements of the 1/m; suppressed corrections we have

(Bs|Ro|Bs) = —(0.43 £0.17) f5_ M3,
(Bs|Ri|Bs) = (0.07 £ 0.00) 3, M,
(Bs|R1|Bs) = (0.04 £ 0.00) f3 M5_,
(Bs|Ro|Bs) = —(0.18 £ 0.07) f3, M5,
(Bs|Rs|Bs) = (0.18 £ 0.07) f3 M5,
(Bs|Rs|Bs) = (0.38 £0.13) f3 Mp_,
(Bs|R3|Bs) = (0.29 £ 0.10) f3_ Mp_ . (5.3)
The results for (By|Ro|Bs), (Bs|Ra|Bs), (Bs|R3|Bs), and (Bs|R3|Bs) can be found in ref. [17]
and we extract the remaining three matrix elements from [8]. For (By|R;|Bs) and (Bs|Ry|Bs)
the ratio of the bottom and strange quark masses is needed my (1) /ms(p) = 52.55+£0.55 [37].

Let us next discuss our choices for the various renormalization schemes. We fix the
high scale in the AB = 1 theory to g = 165GeV = 2myy ~ my(m;). Since g is closely
connected to the lattice results for Bp,, Bi@‘, B, and the 1/m; matrix elements of eq. (5.3), we
fix it to pug = mP'®. For uy we choose my(mp) and mb®® in the MS and pole renormalization
scheme, respectively. Furthermore, there are the renormalization scales u. and py of the
charm and bottom quark masses, which in principle can be varied independently. However,
choosing p. = up avoids potentially large logarithms zlog z [38] which is why our default
choice is pi. = pp = mp(my). That is, instead of z = (mEe'/ mg(ﬂe)2 we use

as in [11-15, 38]. This means that the coefficients p?;)’(l)(z) and p.:*>0)

ij
by 13?]?’(1)(5) and ﬁfjab’(l)(é), respectively, as defined in eq. (32) of ref. [15].

(z) must be replaced
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Contribution X rx (MS) rx (pole)

Q12 % Q12 133 (145, —12.0)% 141 (190, —49.2) % (LO,NLO)

Q12 X Q3¢ —9.55 (—9.02, —0.53)% —9.82 (—11.5, 1.63)% (LO,NLO)

Q3-6 X Q3¢ 1.67 (1.32, 0.35)% 1.74 (1.60, 0.14)% (LO,NLO)

Q12 % Qs 1.01 (0.78, 0.23)% 1.09 (0.98, 0.11)% | (NLO,NNLO)

Qs6 X Qs —0.33 (—0.21, —0.12)% —0.36 (—0.26, —0.09)% | (NLO,NNLO)
Qs x Qs —0.33 (—0.20, —0.12) 1072 % | —0.36 (—0.25, —0.11) 102 % | (NNLO,N3LO)

Table 3. Relative contributions in percent in the MS and pole schemes. The breakdown into one-
and two-loop contributions is shown inside the round brackets. In the last column we mention the
corresponding perturbative order.

In table 3 we show the relative size of the individual contributions to AI'y both in the
MS and pole scheme. They are defined as

AT

rx AFS s (54)

with X € {Q12 X Q1,2,Q1,2 X Q3-6,Q3-6 X Q3—6, ...}. Power-suppressed 1/my corrections
are only included in the denominator of eq. (5.4) but not in the numerator. In both
renormalization schemes the dominant contribution is given by the Q12 X @12, followed
about a 7% contribution from @12 x Q3—¢. The remaining terms contribute at the 1% level
or below. Note that these contributions are necessary to obtain complete NLO and NNLO
corrections. It is interesting to note that the QCD corrections to Q12 x (1,2 amount only to
9% in the MS scheme but to more than 30% in the pole scheme. Also for the contribution
Q12 X Q3—6 the QCD corrections are about a factor of three larger in the pole scheme
whereas for QQ3_g X QQ3_¢g the situation is vice versa. For the contributions involving Qg the
QCD corrections in the MS scheme amount to up to about 50% of the leading order term,
though their absolute contribution is small.

Let us next consider AI's/AM;. We use eq. (1.3) with I'], from eq. (2.2) and M7, from
ref. [39] where two-loop QCD corrections have been computed. In the two renormalization
schemes our results read

AT B

AMSS = (47050 B cate £ 0.12,5 5, % 0.801 3, & 0.05impu ) X 1075 (pole),

AT e

T (520 Shscate = 01255, 4+ 0,671, % 0.06ipue ) x 107 (MS), (5.5)

where the subscripts indicate the source of the uncertainties: “scale” denotes the uncertainties
from the variation of 1, “BBg” those from the leading order bag parameters and “input”
refers to the variation of o (my), ms(my), me(3 GeV), mP°'® and the CKM parameters in
eq. (5.1). The uncertainties from the matrix elements of the power-suppressed corrections in
eq. (5.3) are denoted by “1/my”. Adding the uncertainties in quadrature (and symmetrising

the scale uncertainty) yields the numbers quoted in the abstract.
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Figure 2. Al';/AM; and aj, as a function of y; for the MS (dashed orange) and pole (solid blue)
renormalization schemes. The gray area shows the range of ;1 used to obtain the renormalization

scale uncertainties quoted in egs. (5.5) and (5.6).

The largest uncertainty is induced by the power-suppressed 1/my corrections. It is
obtained by combining the uncertainties from the seven matrix elements of eq. (5.3) in
quadrature taking into account the 100% correlation of (Bs|Rs|Bs) and (B,|Ra|Bs). Next,
there is the renormalization scale uncertainty, which we use to estimate the contribution
from unknown higher order corrections. We obtain the numbers in eq. (5.5) by varying
w1 between 2.5 GeV and 10.0 GeV while keeping pa, 1. and py, at their default values. A
simultaneous variation of u; = pp = e leads to significant larger scale uncertainties, which
is expected, because the anomalous dimension of the quark mass is large and appears in
the coefficient of log(uy/my).

The last three uncertainties in eq. (5.5) are correlated between the two schemes. The
scale dependence is plotted in figure 2(a) and leads to the asymmetric uncertainties quoted
in eq. (5.5). The difference between the central values found in the pole and MS schemes is
around 11%, i.e. of the expected size of an NNLO correction.

We proceed in a similar way for af,. We use eq. (1.2) and obtain

af, = (20739 %ucate £ 0.01 55, %+ 0.061 /s, £ 0.061mput ) x 1077 (pole),
af, = (20258 Pcate + 0.01 55 % 0.051 1, % 0.06inpue ) x 1077 (MS). (5.6)

In figure 2(b) we show the dependence on p; for the two renormalization schemes. Here
the interval in the pole scheme is completely contained in the one from the MS scheme.
The predictions in egs. (5.5) and (5.6) are consistent with those of ref. [14], but the
central values for AT's/AM; in eq. (5.5) are larger in both schemes. In ref. [14] only partial
NLO corrections to the Q12 X Q3_¢ contribution and no Q3_¢ x Q3—¢ or NNLO Qg terms
have been included. Inspecting the sources of the differences in detail, we find that almost
2/3 of these stem from the new contributions presented in ref. [15] and this paper. The
remainder is due to terms, which are formally of higher order in «y. Interestingly, the
p1 dependence of AI's/AMj is much smaller in eq. (5.5) compared to ref. [14], while the
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situation is vice versa for ag,. We trace this feature back to the use of a (1) versus ag(p2)
in certain NLO terms, both of which are allowed choices in the considered order. In view of
this observation and the fact that the intervals from the scale uncertainty of AI's/AM;
in both schemes barely overlap, we conclude that the py dependence is not always a good
estimate of the size of the unknown higher-order corrections.

In a next step we can use the experimental result for AM; [34],

AMSP = 17.7656 £ 0.0057ps~t, (5.7)
and obtain for AI'y in the two renormalization schemes

ATPole (0.083t8;8‘fgscale +0.00255, % 0.014/,,, + 0.001input) ps!
ATMS — (o.ogztg;gggiwle +0.00255, +0.012y /p,, + 0.001input) ps ', (5.8)

Comparing our prediction with the experimental value in eq. (1.4) we see that both the
“pole” and MS results are consistent with the measured value, but the central value of the
former is closer to the experimental result. One needs a better perturbative precision (which
will bring the “pole” and MS results closer to each other and reduce the scale uncertainty)
and more precise lattice results for the matrix elements of the 1/my-suppressed operators
to quantify new-physics contributions to AT's/AMj.

The value for AT's/AM, quoted in eq. (5.5) also applies to AT'y/AM, for two reasons:
first, while the CKM-suppressed contribution to AT'y/AMj is a priori expected to be relevant
due to [A/AF| > [A3 /¢, it merely contributes at the percent level because of a numerical
cancellation in the sum of uc and wu contributions [11]. Second, the non-perturbative
calculations of the Bs; and B, hadronic matrix elements agree well within their error bars.
As a result the central values for AT'y/AM, and AT's/AM; agree within a few percent (see
e.g. [14]) and the difference is much smaller than the uncertainty in eq. (5.5). We find

ATl
AFpole ~ s
d AM,

= (o.00238t8;888§,,gscade +0.00006 55, + 0.000401 ,y,, =+ 0.00003mput) pst,

= Al
ATMS ~ 5
d AM, Ins

= (0.00264i8;8888§80ale +0.00006 55, + 0.00034; ,,,, =+ 0.000031nput) ps~t, (5.9)

AME®

pole

AME®

where AMF® = (0.5065 + 0.0019) ps~! [2] has been used.

6 Conclusions

In this paper we have completed the calculation of the NLO contributions to the decay
matrix element I'Y, appearing in Bq—Bq mixing. These new contributions involve two-loop
diagrams with two four-quark penguin operators. We have further calculated two-loop
contributions with one or two copies of the chromomagnetic penguin operators, which
belong to NNLO or N3LO, respectively. All results are obtained as an expansion to first
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order in z = m?2/ mg, except for the one-loop Qg x Qg contribution for which our result has
the exact z-dependence. With our new results the theoretical uncertainties associated with
the penguin sector are under full control and way below the experimental error of the width
difference Al's ~ 2|I'{,| in eq. (1.4). We present updated predictions for AT's and AT'g and
the CP asymmetry in flavor-specific By decays, af,. For the width differences we find the
predictions in the pole and MS schemes to differ by 11%, which invigorates the need for a
full NNLO calculation of the contributions from current-current operators.

We provide the newly obtained matching coefficients in a computer readable format with
full dependence on the number of colors N,.. In the same way we present the renormalization
matrix Z;; of the AB = 2 operators including the submatrices governing the mixing of
evanescent operators with physical operators and among each other.

Acknowledgments

We thank Artyom Hovhannisyan for useful discussions. This research was supported by
the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under grant
396021762 — TRR 257 “Particle Physics Phenomenology after the Higgs Discovery”.

A Renormalization constants

In this appendix we describe the computation of the renormalization constants required for
the operator mixing in the |[AB| = 2 theory and provide explicit results relevant for the
two-loop calculations presented in the main part of this paper. Let us mention that all
relevant renormalization constants for the |AB| =1 theory can be found in ref. [30].

For the computation of renormalization constants in the MS scheme we can choose the
external momenta and particle masses such, that the amplitude b+ § — b + s is infra-red
finite. This is possible since MS renormalization constants do not depend on kinematic
invariants and masses. In our case it is convenient to set all external momenta to zero and
introduce a common mass for the strange and bottom quark. The gluon remains massless.
This leads to one-loop vacuum integrals.

We work in a basis with physical operators Q, Qg (cf. eq. (2.4)) and Ry and the
corresponding evanescent operators E%l), . ,Eél) from eq. (2.8). We have to introduce
further evanescent operators, which contains the Dirac structures present in the AB =1
amplitude. As can be seen from table 1 the contribution (J3_¢ X (Q3_¢ has the largest
number of v matrices and requires that the evanescent operators Ez-(4) (see eq. (2.9)) are
taken into account in the computation of the amplitude. The same evanescent operators
are also needed for the computation of the renormalization constants. In analogy to the
amplitude calculation, also for the renormalization constants the O(e) terms e; ; defined in

eq. (2.9) are only needed for EZ-(l).
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We can write the matrix of renormalization constants as a 20 x 20 matrix which is
naturally decomposed into four sub-matrices

Zo0 Zok
IApey = : Al
B=2 (ZEQ ZEE> (A1)

where Zgg, Zge, ZEg and Zgg have the dimension 3 x 3, 3 x 17, 17 x 3 and 17 x 17,
respectively. We define Zx g—s via the renormalization of the coefficient functions as follows

C_v’bare — ZZB:2C_?ren 7 (A2)

where CP@¢ and €™ are 20-dimensional vectors of the bare and renormalized |AB| =2
coefficient functions, respectively. The perturbative expansion of the sub-matrices is
introduced as

ZQQ:HZ‘—S% L
Zpp =1+ %;%zgg ,
Zpo = %;zggx (A.3)

where the first superscript denotes the order in «; and the second one the order in 1/e.
Note that at one-loop order the matrix Zgg only contains finite contributions.

In order to determine the matrix elements of Zap—o we compute the amplitude
b+ 5 — b+ s in the kinematics described above, take into account the field renormalization
of the external quarks in the MS scheme and require that the remaining poles in €, which are
all of ultra-violet nature, are absorbed by the operator mixing via Zap—o. This condition
fixes all matrix elements but the ones in Zgg. The latter are fixed by the requirement that
the contributions of evanescent operators vanish in D = 4 dimensions [21, 40]. Note that to
our order we do not have to renormalize the common strange and bottom quark mass.

An important check of our calculation is the locality of the extracted renormalization
constants. Furthermore, we perform the calculation for general QCD gauge parameter and
observe that the matrix Zap—s is independent of &.

In the following we present explicit results for the one-loop corrections to Zgg, Zgk
and Zgg. For N. = 3 we have

2.0 0

250 =435 |. .
2 8 -2
32 -1 0 0 000000000000

28;;): 00 0 —% -1000000000000 |, (A.5)
34 -5-8-5000000000000
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o o o0 -2 -2 0 0 -+-50 0 0 000 00
44 1 1
o o o -¥% 4 o0 o %t -1 0o 0o 0 000 00
0o -8 96 0o o %4 -9 0 0 5 & 0 000 00
0 —288 B8 o o 3 -2 0 0 5 -+ 0 000 00
608 544 22 1 1
W o o o % -3 o 0 -2 -2 0 0 -t 300 00
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0o o0 o HMM_I® g 0o 720-2400 0 -#2100 0 -3
0 0 0 %0 _26 9 0 240-7200 0 -16%0 0 ; 5
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* * * * * * * * * * * * * ok ok * X
* * * * * * * * * * * * * ok ok * X
* * * * * * * * * * * * * ok ok E I
(A.6)

M ”

where the entries are not needed for our calculation.

The (finite) matrix Zgé) ) depends on the O(e) terms of the evanescent operators, egi)
and egz,)f It is given by

(1,0) _ 1,0 1,0
Zpq = (ZJ(EQ,)I Z(EQ)Q Z(EQ ?3) ) (A7)
where
0

26 50—
Lol Lel 84
— el el +aa
%652)+%e§3) 962( )41 eé )+1792o
36 4 1603 _ 73362@)—1@53)— @
e esa el cya ey 464
Zyoh = 0o 18 1, 0 5. 1) (A.8)

€39~ 32+3 41 %ez(m 516421728 ’
6726(2)+ 179 ( )+126§ )+224 (2) 256% )+1 (4)+9013120
—224e§ )+19e(3)+ LtV 1-672¢} @ 2§7e§3)—%e§4)——8433776

36Oe§3+586§3+12 e§§+1zoe§§+ de$) -5 ) —Lel!) +24064

—120e2)+8¢§)) — Lell) +360 ) geg; 3642) Zell) 44544

* X ¥ ¥
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0
0
- ol gt a4
EQ2— degi+ges, 1+4€3,2*484,1*4E’ 2= 763215641 13€4.2— 1536 )

3) (@

720e] — 4665 — Lel —720e) 240 +240e) 4 38e5) +10et) — 1061 + Lel) + el — Lel) — 12288
1)

(4)
/11
240e§21> 16e§5{+1e<4> 240e)— 720e(2)+720e<2)+16e(5)+32e§{ 4oe(‘” Lel+ e i{ Zelt) —12288
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*

*

*

(A.9)
0
0
0
1) - Lel?) 168
bebn—geil, 88
0
0
" I 00 A N
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0
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