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CONSERVED ENERGIES FOR THE ONE DIMENSIONAL
GROSS-PITAEVSKII EQUATION: LOW REGULARITY CASE

HERBERT KOCH AND XIAN LIAO

ABSTRACT. We construct a family of conserved energies for the one dimen-
sional Gross-Pitaevskii equation, but in the low regularity case (in |14] we have
constructed conserved energies in the high regularity situation). This can be
done thanks to regularization procedures and a study of the topological struc-
ture of the finite-energy space. The asymptotic (regularised conserved) phase
change on the real line with values in R /27 Z is studied. We also construct
a conserved quantity, the renormalized momentum H; (see Theorem , on
the universal covering space of the finite-energy space.
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1. INTRODUCTION

We consider the one dimensional Gross-Pitaevskii equation
(1.1) i0:q + 9zeq = 2q(|g> = 1).

Here (t,x) € R? denote the one dimensional time and space variables respectively
and ¢ = ¢(t,z) denotes the unknown complex-valued wave function.

The Gross-Pitaevskii equation can be viewed as the defocusing cubic non-
linear Schrédinger equation (NLS), but assuming a nonzero boundary condition at
infinity

lg(t,x)] — 1, as |z| = co.
It is relevant in the physical contexts of Bose-Einstein condensation, nonlinear
optics (e.g. optical vortices) and fluid mechanics (e.g. superfluidity of Helium IT).
Thanks to this nonzero boundary condition, the Gross-Pitaevskii equation
possesses the following interesting black (with ¢ = 0) and dark (with ¢ # 0) soliton
solutions in nonlinear optics

(1.2) qc(t,z) = v/1 — % tanh (\/ 1—c2(x— 2ct)) +ic, —-l<ec<l

They are called black resp. dark since their density drops from the background
density 1:

lge(t,2)]* =1— (1 — *)sech? (V1 —c2(z —2ct)) <1, —1<c<l.
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2 H. KOCH AND X. LIAO

There are no soliton solutions of with travelling speed |2c| > 2. There were
many works, e.g. [3, 2, |4, [LO, |[16], contributing to the stability of these soliton
solutions.

The Gross-Pitaevskii equation is the Hamiltonian flow with respect to the
Hamiltonian function

(13) &) = [ ((a* = 1? +10:0) o
and the Poisson structure (see [7])
SF G OF 6G
FG) =i [ (222 2707 gz,
w(F, ) Z/R(aq 3¢ oq 5q)dx
Aside from the energy &£, the mass

(1.4) O A
R
and the momentum
(1.5) P =Im / q0,qdz
R

are conserved by the Gross-Pitaevskii flow. One computes straightforward for the
soliton solution family (1.2)) that

M(qc) = _2(1 - 02)7
P(qe) = 2¢v/1 — 2,
£(g) = 2\/1 2

The Gross-Pitaevskii equation (|1.1)) was shown by P. Zhidkov [18] to be locally-
in-time well-posed in the so-called Zhidkov’s space

ZF ={qge L®(R)|0,q € H* ' (R)},

associated with the norm ||q||zx = |lq||L= + Z 104/ 22,
1<I<k

for k > 1, and globally-in-time well-posed in Z' by use of the conserved energy
E(q) in (1.3). However even the stability with respect to this metric of the trivial
solution ¢ = 1 is expected to be false: We expect that for all e > 0 and & > 0
there exists initial data gy so that |[go — 1]|z» < & but the solution ¢(t) satisfies
sup¢||g(t) — 1||p~ > 2, with 2 being the diameter of the unit circle.

It is also interesting to mention the global-in-time well-posedness results by P.
Gérard [8, 9] in the energy space Y1 = {q € HL_(R") : |¢|> =1 € L*(R"™), Vq €
L?(R™)}, endowed with the metric distance

dy1(p,q) = llp = allz e + [|lpl* = laP[[ .-,

with |u|layp = inf{|lui|la + |luzllp |u = w1 + ue, us € A, ug € B}.
Notice that there is no simple relation between the metric space (X', d') (see Theo-
rem|[L.1]below) and the Zhidkov’s space (Z', ||-|| z1) or the Gérard’s space (Y, dy1).
In higher dimensions there are scattering results in |11} |12], which are not expected

to hold in one space dimension by virtue of these soliton solutions (|1.2)).
We denote the finite-energy space of the Gross-Pitaevskii equation by

Q(t’) € Xl = {p € Hlloc (R) : |p|2 - 178mp € Lz(R)}/Slv
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where S! denotes the unit circle (that is, the functions which differ by a multiplica-
tive constant of modulus 1 are identified in X'). Let the operator D = (9,) be
defined by

(1.6) Df(€) = ()f(©).
where (€) = /22 + €2, and f(¢) = %ﬂ Jp e " f(z) dz denotes the Fourier trans-

form of the function f(z). Here the factor 2 appears due to the mismatch between
the usual Fourier transform and the (inverse) scattering transform terminology. We
define

(1.7) lallee = [IDql[ 2
and introduce the energy “norm” in X*
1
. _ 3
(1.8) B () = (1D (g = VI3 + 1D @) [32)

and in particular

(B'@)* =£€(a), (E%q))* =D (lal* = 1)lI72 + D7 (0u0)|Z--
Obviously the energy norm E'(q) is conserved by the Gross-Pitaevskii flow. We
aim to show (almost) conservation of the energy norm E*(q) for all s > 0, and hence
the global-in-time wellposedness for all s > 0. In the present paper we consider
more general finite-energy spaces

(19) X*={qeH . (R): |¢g°—1€H ' (R), d,9€ H '(R)}/S', s>0.

We observe that neither mass M (see (|1.4])) nor momentum P (see (1.5))) can be
defined on any X*, s > 0.

In the following we are going to state properties of the metric space (X?*,d*)
in Subsection together with a conserved quantity, the renormalized momentum
Hy, on the universal covering space of the energy space. Then we will state the
main results Theorem [1.5| on conserved energies for s > 0 in Subsection which
follows from more general properties of the (renormalized) transmission coefficients
associated to the Gross-Pitaevskii equation in Theorem in the low regularity
regime. Some of the proofs and the ideas will be sketched in Subsection The
proofs of the central results are found in Section [2] and Section

1.1. The metric space (X*,d®). We first recall some properties of the generalized
finite-energy space X*® defined in (1.9) from [14].

Theorem 1.1 (Properties of the metric space, [14]). The distance function d*(-,-)
on the space X? is defined byH

(1.10) d*(p,q) = (/R |A(i£f:1H sech (- = ) (0 = 0) | 7. x) dy) ’

Then the metric space (X*,d*), s > 0 has the following properties:
e The space (X*®,d%(-,+)) is a complete metric space.
o The subset {q|q—1¢€ C§°(R)} is dense in X°.
o Any set {qg € Hi (R) : ||0xqll -1 (r) + [l|a|* — 1| a2 () < C} is contained
in some ball BE(1) with r depending on C.

Here the weight function sech (z) = can be equivalently replaced by any other strictly

2
eT+4e™

positive and smooth function with fast decay at infinity.
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o Any closed ball B:(q) in X*®, s > 0 is weakly sequentially compact.
e There is an analytic structure on X° which is compatible with the metric.
e There exists an absolute constant ¢ such that

d*(1,q) < cE*(q).
Ifpe X° and g € Hj, so that d°(p,q) < oo, then g € X*° andﬂ

z 5 S
E*(q) < E*(p) + (14 1Pl gra—1 + lp* = L|Fe—1)d® (p, @) + c(d®(p, q))*.

The analytic structure defined in [14] can be described as follows. We fix a
function n € C§°([—4,4]) with n =1 on [—2,2]. We fix a partition of unity
1= Z plx —n).
nez

We define the Hilbert space of real valued sequences [3 equipped with the norm
1
”(an)n”lg = (Z lan, — an,1|2) 2
n

and, given ¢ € X*® and given L > 0, we define
H®={be H*R)| (n(z/L —n)b,n(z/L —n)q)g- €R, VneZ}.
We have shown in [14]: Given ¢ € X?, there exist L > 0 and r, R > 0 depending
only on F*(q), so that we can define a map
U2 x H = X°
by 4
U((an),b) = €"“(q +b),
with (z) = Z anp(x/L —n).
nez

Here the map V¥ restricted to Bff‘XHS((O)n,O) is bilipschitz to its range, which
contains the ball By (¢) in X*, and the related coordinate changes and their Fréchet
derivatives are bounded by some constants depending only on E*(q) and s.

The topology of the metric space (X*,d®) is nontrivial. It is described by the
following theorem which we will prove in Section

Theorem 1.2 (Topology of the metric space). Let s > 0. Let
Q={g.:-1<ec<1}CcX?®
where q. denotes the ‘profile’ of the soliton solutions given in (1.2

ge = qe(x) = V1 —c2tanh (V1 — 2x) +ic, c€[-1,1],

and we recall that g1 = q—1 = 1 in X*® due to the identification of functions differing
only by phase.

Then Q is a strong deformation retract of (X*,d®), which means that there is a
continuous map (called deformation)

E:[0,1] x X°* — X?
so that

1

1 1
2The coefficient before d*(p, q) is corrected from c(1 + o'l Frsr + lpl? =1

fs—1) (in [14]) to

1
(AP lgrs—1 + llp* = 11 7.—1) below.
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(1) 2(0,q) =¢q, Vqe X*,
(2) E(tﬂQC) = (e, Vt € [Oa 1]’ Ve e [717 1]7
(3) E(1,9) CQ, Vge X°.

This corrects a statement in [14] where we stated incorrectly that all balls in X*
are contractible. In particular (X?,d®) is homotopy equivalent to the circle. The
following argument shows that the topology of the phase space is nontrivial. If
q = |qle’¥ € X! never vanishes and 9,.q € L', we can define the asymptotic change
of the phase on the real line as

0(q) = Im/iaw% dz
r la| 4]
(1.11) :Im/aif]dx
R ¢

— lim (p(z) —p(-x)) € R /(27 Z),

T— 00

which is also conserved by the Gross-Pitaevskii flow (on the time interval where
the solution never vanishes). It is a Casimir function which means that it Poisson
commutes with every Hamiltonian: % = 0, and hence the Hamiltonian vector field
of © vanishes.

If we consider the finite-energy solution ¢ € X' (even with no zeros), then
the above phase change function may not be well-defined (keeping in mind of the
example e!m(+z) ¢ X D). We are going to extend the definition of © to general
q € XY with 9,q € L' (see Theorem below for more details), and similar as the
mass M, this quantity © will play an important role later in the analysis of low
regularity case.

Notice that the (soliton) solutions defined have the following asymptotic
behaviors at infinity (modulo S!):

lim q.(t,2) =vV1—c2+ic, lim q¢(t,x)=—-vV1—-c2+ic, ce(-1,1),
Tr—r00 Tr—r—00

and in particular under the identification modulo S' in X*,
g-1=¢q =1in X?°.

If we consider modulo 27 Z, then
O(q.) = 2arccos(c),

and ¢ = O(q.) € R/(2r Z) is continuous. However it is not possible to lift ©(q.) :
[—1, 1] — R continuously. Notice that ¢ — 2 arccos(c) is a monotonically decreasing
function

[—1,1] 3 ¢ — 2arccos(c) € [0,2n] with — 1,0,1 — 27, 7, 0 respectively.
Thus
(1.12) {ge X?®:0,q€ S}

is not simply connected (indeed Theorem implies that X* is homotopy equiv-
alent to the circle). Nevertheless the asymptotic phase change © is closely related
to the momentum P by view of the Hamiltonian H; defined below.
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Theorem 1.3 (Asymptotic phase change © and renormalized momentum Hj).
The asymptotic change of phase © has a unique continuous and smooth extension
to {g€ X°:0,q € L'} modulo 21 Z

0:{geX’:0,qc L'} =R /(21 7).

The Hamiltonian

(1.13) Hy(q) = —Im /((|q\2 — 1), logq) dw € R/(27 Z)
R
which is defined on
{ge X3t :q#0}, >0

has a unique continuous and smooth extension to X2 modulo 2r Z. It is conserved
under the flow of the Gross-Pitaevskii equation (1.1]).

We sketch the proof of Theorem [I.3] and leave the details for Section 2] For the
extensions of both © and Hi, given gg € X?, we define a continuous map

B (q0) 39— 4§

so that ¢ € X*72 does not vanish. For the extension of © on {q € X% :0,q € L'},
we can take furthermore ¢ (see Lemma [2.4]) such that

q_qe Lgaawqe Lla
and set (with an abuse of notations)
©=0(9),

where ©(g) is the winding number of ¢ given in (L.I1)). Different choices of ¢ may
lead to different values of ©(q), which is nevertheless unique up to a multiple of 2,
and O : {qg € Bf (qo) : 0xq € L'} + R /(27 Z) is continuous.

For the extension of H; on X %, we proceed in a similar fashion, so that

q—qEc Hz.
If g € X2%¢ with e > 0 and 9,q,0,G € L', we define
(1.14) Hi(g) = ~1n [ (200~ 2./) ds < B/ (27 2),
R

which coincides with the definition (1.13) if ¢ never vanishes. The first term is the
momentum P (see (1.5)) and the second term is again the winding number of § if
0.G € L'

(1.15) Hi(q) =P(q) — ©(q).
On the other hand, we may rewrite (1.14) as

(116) )=t [ (G D0.0- 0l @)+ (7 - )2.q) de,

which in this form is easily seen to be well defined on X %, and, with a continuous
choice of ¢, it is continuous resp. smooth modulo 27 Z. Note that H;(q) cannot be
defined on X*if 0 < s < %, since the momentum P(g) = Im [, ¢9,Gdx cannot be
defined even on {¢ € X*® : ¢(z) =1 if |z| > 1}.

To see the conservation of the Hamiltonian H; (¢(¢, x)) under the Gross-Pitaevskii
flow, we recall the construction of the solution in |14, Section 2]. Let go € X, s> 0

(more precisely a representative of the equivalence class) and let § € X be its
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regularisation (depending only on the initial data qg, but not on ¢, which may be
different from the regularisation above). We make the Ansatz ¢ = ¢ + b for the
solution of the Gross-Pitaevskii equation and search for b as a solution to

i0b + by = 2[bI%b + 4|b[*q + 260" + (4]q]* — 2)b+2(0)*b + 2(|7* — 1)q — Gas
with initial data b(0) = go — ¢ € H®. Using Strichartz estimates we obtain a unique
solution b € C([0,T], H®) for some time T' > 0. If go € 14+ S, then ¢(t) € 1+ S and
with § = 1 we have ©(§) = 0. It is clearly independent of time. The momentum is
conserved for gg € 1+ S and hence by virtue of the relation , H, is conserved
on 14+ 8. By the density of the set 1+ S in (X*,d®) and the local continuity of H;
in X%7 H, is also conserved for initial data in X3,

1.2. Energies and transmission coefficient. Recently continuous families of
conserved energies have been constructed for the Korteweg-de Vries equation (KdV),
the modified KdV and NLS equations independently by Killip, Visan and Zhang
[13], and the first author and Tataru [15]. We recall the local-in-time well-posedness
result of the Gross-Pitaevskii equation in (X* d®), s > 0, as well as the global-in-
time well-posedness result for the case s > % (by constructing a family of conserved
energy functionals) in our previous work [14] below.

Theorem 1.4 (LWP in X*, s > 0 & GWP in X*, s > 1, [14]). Let s > 0.
The Gross-Pitaevskii equation 18 locally-in-time well-posed in the metric space
(X*,d®) in the following sense: For any initial data qo € X*, there exists a positive
time t € (0,00) and a unique local-in-time solution q € C((—t,t); X*) of and
for any t € Iélo,f), the Gross-Pitaevskii flow map X° 3 qo — q € C([—t,t]; X®) is
continuous.

Let s > L, then the above holds for all t € RT and hence the Gross-Pitaevskii
equation is globally-in-time well-posed in the metric space (X°,d*). Further-
more, for any initial data gy € X*, there exists 79 depending only on E*®(qy) such
that the unique solution g € C(R; X*®) of the Gross-Pitaevskii equation satisfies
the following uniform bound

(1.17) B3, (a(t) < 2B3, (@), VtE R

In the above, we have used the rescaled energy norm in the metric space (X*, d*®):

1

(1.18) () = (g = 12 + 10aalZ) "5 520,
where the rescaled Sobolev norm is defined as
(1.19) [fllezs = [ D3 fll L2,

and the rescaled operator
D, = (-2 +7%)%

3 Here the solution q € C((—F,%); X*) is defined in terms of the representatives in (X*,d) as
follows. There is G : (—t,%) — H? (R) which satisfies that

loc
(—£,8) 3t — 4(t) — 4(0) € L*(R),
is weakly continuous and
1G(-) = do,ella(fa,b)xr) < 005
for some regularized initial data go,. of (0) and for all time intervals [a,b] C (—t,t) with 0 € [a, b],
such that the equation (1.1)) holds in the distributional sense on (—#,¢) x R and G(t) projects to
a(t).
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reads in terms of Fourier transform as

— I

Do f(€) = (2 + 722 f(€).
Notice that when 7 = 2, Dy = D = (0,) is defined in (1.6) and E3(q) = E*(q) is
the energy norm defined in (|L.8]).

We aim to show the almost conservation law (1.17)) for all s > 0, and in particular

we are going to construct a family of conserved energies £2(q) which is equivalent
to (E2(q))? provided 7~ 2 E9(q) is small. Our main result reads as follows.

Theorem 1.5 (GWP and conserved energies in X®, s > 0). Let s > 0. Then the
Gross-Pitaevskii equation s globally-in-time well-posed in the metric space
(X*,d®%) in the sense in Theorem (1.4} Furthermore, there exist a constant C > 2
and a family of analytic (in both variables T and q) energy functionals (£3)r>2 :
X*® — [0,00), such that

o £3(q) is equivalent to (E2(q))? in the following sense: If ¢ € X°® with

\%Eg(q) < 56, then

s s 2 Eg(q) s 2
VT
o E2(-), T > 2 is conserved by Gross-Pitaevskii flow (L.1)).
Correspondingly, for any initial data qo € X?, there exists 1o > C' depending only on
E°(qo) such that the unique solution q € C(R; X?®) of the Gross-Pitaevskii equation
(1.1) satisfies the following energy bound:

(L.21) B3, (a(t) < 2B, (), VEER.

The construction of the conserved energy functionals (£2) is related to the com-
plete integrability fact (by means of the inverse scattering method) of the Gross-
Pitaevskii equation , which can be viewed as the compatibility condition for
the following two ODE systems (see Zakharov-Shabat [17])

N e 2N
e (P 8)u

(2= (ldP 1) —2idg+ Oug
UL 2ing— 0.0 202+ (jg2-1)) "

(1.22)

where v = u(t,z) : RxR — C? is the unknown vector-valued solutions. The
first ODE system can be formulated as the spectral problem Lu = Au of the Lax
operator

(10, —ig
(1.23) L_(iq _@).

If the potential satisfies ¢ € 1 + S, the Lax operator is self adjoint with essential
spectrum (—oo, —1] U [1,00) and finitely many discrete eigenvalues in (—1,1) (see
[6] and Theorem below). For

A e C\((—o0,—1]U[1,00))

we denote by z the square root of A\ — 1 with positive imaginary part. The map
C\((—=o0,—1]U[1,00)) 3 A — z is holomorphic.

The construction of the energies (£7) depends on the transmission coefficient
T~Y(\;q) of the Lax operator (see e.g. below for the definition of &2
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and see Section [3| below for the definition of T-1), and by an abuse of notation we
call 71, while not T, the transmission coefficient, and we will use the same abuse
for the renomarlized transmission coefficient 7! below. In the classical framework
g € 1+ S, the logarithm of this transmission coefficient is shown in 7] to have an
asymptotic expansion as follows

k—1
T A) =iY Hi(22) "+ T (A)zp1, ImA >0,
(1.24) —

with [(In T (A))srs1] = O(IN 1) as |A] — oo.
Here Hg is the mass M, H; is the momentum P, H, is the energy &, and

(1.25) Hs = Im /(agcqamq+ 3(lg]* = 1)g0.q) dz — P
R

which cannot be defined on X* for any s > 0 (since P cannot be defined on X* for
any s > 0).
We proved in |14] that,

(126) X*3q— T, (\) =exp (lnT_l()\) —iM(22)7! = iP(22(\ + z))—l)

defines a continuous map to holomorphic functions if s > % We expand its loga-
rithm as

ST ) ~ 3D H(22) 7
1>2
where H,,, = Ha, and

ﬂg =Im /(azqamx(7+ 3(‘CI|2 - 1)(]895(?) diL’,
R

which is well-defined on X 2.
We prove in this paper that there is a unique extension of a renormalized trans-
mission coefficient

(1.27) g— T = exp(ln T=1N) — iM(22) 7" — iO(22(A + z))*l)

to X° modulo exp(27i(2z(\ + 2)) "1 Z), or, equivalently, if we fix an element 1 in
the fiber of 1 and ©(1) = 0, there is a unique continuous extension of ([1.27) to the
universal covering space of X%. One obtains an asymptotic expansion

—iln T () ~ > H(22) 7!
1>1
on the covering space, where Hy is defined in (1.16), Hy = &£ and Ha,, = H,,, = Hop.
Justification of the asymptotic expansion follows from a combination of the tech-
niques in [14] and in this paper. We do not pursue this here to avoid a distraction
by sidelines.

Theorem 1.6 (Renormalized transmission coefficient). Suppose that ¢ € X°. Then

the renormalized transmission coefficient of the Lax operator (1.23): X\ — T, '(X)

is a holomorphic function on C\((—oo, —1] U [1,00)). The zeroes are simple and

contained in (—1,1), which coincide with the eigenvalues of the Lax operator.
There exists a constant C > 2 (as in Theorem , such that
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e if ¢ € X° satisfies the smallness condition %ES( ) < 55 for7:=2Imz >
2, then

ll(lanl(/\)—Flnm)
2z/ 21 Q(If?qu (©) + 1(lg]2 = 1)2( )d§’ <o f E%q)),

. ifgex®, se
some € € (0,1) an

(1.28)

%) never vanishes and satisfies 7, —1- 5E2+€( ) < % for
nd 7o > 2, then for all T > 7,
. A A ¢ 5
71T71)\_1T71_)\)——H—— 7I2d
(1.29) ‘22( nT(A) = ITEH(=A) ) = 5 433/R’52_422|8 i
140 S
<CTE (g R () (B2 (),

where Hy is given in (1.13) in Theorem[1.3

Remark 1.7. We will also obtain a more detailed expression for the odd part:
We take the function r = 72D-2q € X? and a non-vanishing function § # 0 with
G —q € L?, such that if %Eﬂ(q) <53 i fort=2Imz > 2 and Im A > 0, then

‘%(IHTC_l()\) lnT 422 / 57-2 j__;; 2T +§ )))|azCI| df
)\ 7'8 r — 9y log §)dx + ()\4722) /R(|r|2 — 1)(70,r) dx
v Z;Z /. s (g = (@)t 0,7 )
+ I [rd, ) (2)(lgf? — 1)(y) ) dady
A—2z

-5 [ e (e - i - )

1
I @)@ (o)~ 1)) drdy] < O(=BYa))’.
If s € [0,1] and the smallness condition —=E? (q) < % holds for some fized

V70 o
T9 > 2, then for all T > 79,

(1.31) Lefthandsides of (1.28) and (1.30) < CT75728E0 (9)(E2 ().

Corollary 1.8 (Conserved energy and momentum sequences). There exist a se-
quence of conserved energies Hop, n > 1 with

(1.32) | Hao = (B"(0))?] < e(E°(q)) E*(0) (E"())*,
and a sequence of conserved Hamiltonians H2n+1, n > 1 with

(133)  [fanss —1m / qg" Y do | < ole, B34 (q) B3 ()(B" /().
R

Remark 1.9. The conserved energy E2(q) given in Theorem here is indeed
the same as the conserved energy given in [14)], which is defined in terms of the
real part of the renormalized transmission coefficient located on the imaginary axis
(see e.g. below): Indeed, if we take the purely imaginary points (X, z) =
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(in/T2/4 —1,i7/2), T > 2, then the real parts of the renormalized transmission
coefficients in [14)] (see (1.26])) and here (see (1.27))) coincide.

1.3. Ideas of the proofs. In order to consider the low regularity case ¢ € X°, we
first perform a regularisation procedure: We define the regularisation r = 72(72 —
02)"'qg =12D72q € X? for ¢ € X° and 7 > 2. If E%(q) < 7'/2 then (see Lemma
below)

(134)  lrllze < ey llg=rllze + 77 P = Llze + 77 0ur 22 < cE2(g).

This regularisation r will play an important role in the proofs.

We will prove Theorem by use of Theorem [I.6] and mention the proof of
Corollary [I.§ below. We will also sketch below the proof ideas of Theorem [I.2] and
Theorem [1.3| (whose detailed proofs can be found in Section , and of Theorem
[1.6] (whose detailed proofs can be found in Section [3)).

1.3.1. Idea of the proof of Theorem [I.3. The construction for the deformation in
Theorem [[L2] is as follows: First we define a deformation to the set of functions
which do not have zeros outside an interval [— Ry, Ro]. This is followed by a second
essentially linear deformation to the set @, basically by unwinding the rotation
near infinity. Implementing these ideas is more delicate than this (simple) descrip-
tion: Because of the low regularity assumption ¢ € X%, we have to resort to its

regularisation (|1.34)).

1.3.2. Idea of the proof of Theorem[I.3 The crucial point in the proof of Theorem
[[:3)is a further regularisation map ¢ — ¢, with the regularisation ¢ having on zeros.
More precisely, given qp € X*, s > 0, we will construct (see Lemma below) a

continuous map defined on a small ball B;sXO (qo) in X°:
B (@) 24— qe X

so that |G| = 1, ¢ — ¢ € H®. Furthermore, with the assumption d,q € L', we have
0.G € L', and we can then define

@(q):—Im/RE)rlnzjdx eR/(2nZ).

Since X* is homotopy equivalent to S', © can be lifted to a map from the universal
covering space to R.
Direct estimates show then that

Hi(q) =Im /R((q — )93~ (¢~ d)amd) dzx

can be defined on the universal covering space of X %, and it is unique up to the
addition of multiplies of 2.

1.3.3. Proof of Theorem by virtue of Theorem and Theorem [1.6 Thanks
to the local-in-time well-posedness result in Theorem [T.4] the equivalence relation
(1.20) between the conserved energy £2(q) and the square of the energy norm
(E2(q))? implies immediately the (almost) conservation of the energy and
then the global-in-time well-posedness in Theorem by a standard continuation
argument (as e.g. the end of [14, Section 1]), which is omitted here.

It remains to prove the equivalent relation and the conservation of £2(q).
We are going to construct the energy functionals (£7(¢))r>2 in terms of the time-
independent renormalized transmission coefficient, and then show that is a
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consequence of the more precise statements in Theorem [I.6] in the low regularity
regime s € [0,2). In this paper we focus on the case s < 2 in order to avoid a more
technical presentation.
Case s € [0,1). We first consider the following integral for § € (—1,0) and 7o > 0,

2 o -

— — sin(7§) / (72 - 7'8)57'(7'2 + 52)_1d7,

0 o
which reads as, by using the standard branches of the logarithm and fractional
powers in the cut domain C\(—o0, 0],

lim [i_ /Oo((w — &) + 12)%ir(¢? + %) Hidr

el0 L
1 [ B
+— / (7 + &) + 72)Fir (62 + 7) Vidr ]
A -
Let « be the path from ico — 0 to i1y and then to ico 4 0, then we derive

~Zsin(rs) [ (7 - ) + ) har

(1.35) i T

= o (22 —|—Tg)§z(£2 _ 22)71d2 _ (7_3 _’_52)5’ 5e(~1,0),
2l

where we moved the contour of integration to the real axis for the last equality
where only residues contribute since the integrand is odd. Thus, for —1 < § <0,

11, = [ FOR G +€ae

(1.36) :—%sm (78) / /’T —’7'0 7— +§) 1|f(§)|2d£d7

:—gsm(ﬂ's)/ (T —1)° 7'||f|| 1d7"

™

Observe that the limit of the right hand side is ||f||fq_1 as § — —1.
70

For s € (0,1) and 79 > 2, we define our conserved energies in terms of the
real part of the renormalized transmission coefficient given by Theorem on the
imaginary axis as

2 o 2
(1.37) & (q) = = sin(n(s — 1)) / (72 — 103 ' Re In T, ! (2 —— l)dr,
™ T

0

and for s = 0, we define

(1.38) £%(q) = —Re 1nT;1(u/TZ2 - 1).

We derive ([1.20) for s = 0 straightforward from the estimate (1.28)) with (X, z) =
(iy/72/4 — 1,i7/2) and T > max{2,2C(E2%(¢))?} in Theorem

(1.39) £ + ()] < 22D (p2(g))

g

Similarly, for 0 < s < 1, and 79 > max{2,2C(E? (¢q))?} (such that 7 > max{2,2C(E%(q))?}
holds for all 7 > 7y trivially), we derive from (1.28)), (|1.36]) and the trivial estimates
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E2(q) <77°E$(q), EX(q) < EY, (¢q) and E$(q) < E? (q), that

- &5,(0) + (B, ()
< —% sin(m(s — 1)) /OO(T2 —70%)* 7?Re In T * (2\/?) +7(E)(q))?|dr

70

S -Zsinn(s — 1) [ (2= ) iet B (08, (0)?
Ego(q) s 2
<208 o)

Case s € [1,2). If s = 1, then £!(q) is simply the conserved energy (1.3):

E:(a) = (Ex(0)* = (B'(0)* = € = ||(lg]* = 1,0:9) 7> = Ha(a).
The same calculation as for (|1.35) gives for 0 < § <1

(1.40)  — %sin(7n§) /00(72 — ) r[(FP 4+ ) =7 dr + 1% = (15 + €7,

and hence for s € (1, 2),
E
(1.41) m o

Therefore, for s € (1,2), we define

oo

& (q) = %Sin(w(s — 1))/ (r2 — 7p2)s~1

70

(1.42)
« <72Re IHTJI (’L /%2 . 1) —|—7'1(E1(q))2> d7'+7'02(571)(E1(q))2.

The difference £5 (q) — (E2,(¢))? is given by

%sin(w(s —1) /TOO(T2 — 72yt (TzRe InT ! (z‘\/%z - 1) - T(Eﬂ(q))Q)dT,

0

and we estimate the integrand using (|1.28) and indeed (1.31)) by

7
(7'2 — 3)3_17-%_2"E20(q)(Ef0 (q))2 for some o € [1, 1]

Integration yields the searched estimate (L.20) for s =0 € (1,%]. If Z < s < 2 we
take o = % above

(72 — 2L 3ED () (B ()2,

which decays at the rate 72°7° with 2s — 5 < —1 as 7 — o0, and the integration
with respect to T gives (1.20]):
£ (9)

. z b s
£,(a) — (B5,)*| S 07V ES, ()(BA (0)* S 23 (B3, (),
To

7
where we used the trivial estimate EZ (¢) < 7'075+%E:0 (q) for the second inequality.
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In this paper we only consider the case s < 2, and for s > 1 we have expanded
above the rescaled energy norm E?(g) with respect to 7 in the formulation
of (E2(q))?, and similarly we expanded the real part Re In7"! on the imaginary
axis (A, z) = (iy/72/4 — 1,i7/2) in the definition of £5(q). For s > 2 one has
to expand these terms up to higher-order terms exactly as in [14]. Then one may
replace the norm |||q|? — 1||;2 py2 + |02¢|lizpu= in [14] by E°(q) here, which is (1.20
for general s > 0. This yields immediately the estimates in Corollary ﬁ.j__’ag
a special case. We do not go into details to avoid a more technical presentation.

1.3.4. Ideas of the proof of Theorem . Let ¢ € 1+ 8. Let T71()\;q) be the
time independent transmission coefficient of the associated Lax operator to the one
dimensional Gross-Pitaevskii equation , and T, '(\;q) be the renormalized
transmission coefficient modulo the mass and the asymptotic phase change as in

29
(1.43) 71 ()\) —7-1 (/\)e—i/\/l(2z)’1 —i0(2z(A+2)) ! )

C

This renormalized transmission coefficient 7, ! is defined on {qg € X° : |¢|*—1,0,q €

L', ¢ # 0}, and has a unique continuous extension to X° modulo exp(27i(2z(\ +

2))~1Z), or equivalently, on the universal covering space of X° with values in C.
We approximately diagonalize the Lax operator using the regularisation r (see

(1.34) above) and ¢ = A + z with Im{ > 0 (see (3.12) below), and obtain an

expansion
TN (A) = e® N> " Ty, (V)
n=0

where the phase correction function ® reads explicitly as

i¢ [|7"|2 — 1+ 2Re(7(q — r))] — FO,T i i
1.44) ®(\) = — de - —M—-——7—0
(L44) 2(%) /R BEEYE MR

and Ty, are 2n dimensional integrals essentially from a Picard iteration from z =
—oo which can be found in (3.24) below. A direct estimate gives, e.g. on the

imaginary axis (A, z) = (i\/72/4 — 1,i7/2) and 7 > max{2,2C(E%(q))?},

pENVEET L

such that if we take the logarithm:

‘ T — (@ + Tz)( <oW )

VT
Careful estimates give

rewem],_ e <o

E‘zq (Q) )3
VT
which implies the energy estimate (|1.28) of Theorem on the imaginary axis.
The odd conserved Hamiltonians Hs,, 41 in (|1.33]) in Corollary are defined by
the asymptotic series
1
2i

[ A >
(ln T7'(\) — In Tc‘l(f)\)) ~2 Z:OHQ,LH(QZ)*?(W).

The claim follows by combining the estimates of |[14] with (1.29).
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Organisation of the paper. We will discuss the topology of the metric space
(X*,d?) in Section [2] where we will prove Theorem and Theorem Theorem
will be proven in Section

2. THE TOPOLOGY OF X*

In this section we prove Theorem [[.2] that @ is a strong deformation retract and
Theorem about the asymptotic phase shift © and the renormalized momentum
Hy. The first step consists in estimates for an approximation, which is nontrivial
since X* is not a linear function space.

2.1. The regularization: Estimates for . One of the difficulties of dealing with
X?® with s < % is that H*(R) is not an algebra. We regularize q by r = 72D 2q
and derive estimates for the crucial functions |r|?> — 1, 7’ and ¢ —r in terms of E9(q)
in Lemma 2.2 below.

Definition 2.1. Let 7> 2, s € R and 1 < p < co. We define
[ fllwsr@y = 1D7fll e )
where D, = (=82 + 72)2 is defined by the Fourier multiplier as in (T.19).

e fax<0

The case s = —1is of particular interest. Let jr = x{,<0y€™" = { 0 >0

Then for 1 < p < 0o, we have by the above definition
(2.45) 1 llw=rr @) = 1D fllLey ~ iz * fller)-
Lemma 2.2. Let 7 > 2 and ¢ € X°. There exists r so that r € X? and
(246) |rlle~ < Cr(1+77Y2E(q)),
Ir]* = Uz < Cpr(14+772EX@)) (a1 = 1,0) 10, VP € [2,00),

Gl lyw=rw < llg = 7llee + 777 e < Cplld 10, ¥ € (1,00),

where C, > 0 is some universal constant depending only on p.

In particular if ¢ € X, then » € X2, with the energy
E(r) = |(r]* = 17| o < C(1+ E%(9)) E°(q)-
Proof. We choose
r=12D;% = (~0s +72)'q,

and obtain by a multiple use of Héormander’s multiplier theorem the first line of
for p € (1,00) by

7" llw=10 = 172 D73¢ | Lr < Cpl D714 || s,

7"l e = 72D7q'|L» < Cpr|| D7 || 1o,

I = gllze = 1D720:4 | o < Cp| D7 | o,

ID7Y e < ID7 Y ||e + D7 g =)l < Cpr =l Lo + Cllg — 7o

We turn to the proof of the second line in (2.46)). Let I be an interval with the
center £p € R and the length 7—!. Let J O I have the same center zp € R and
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the length 3771, Let n € C°(R;[0,1]) be supported in (—1,1), identically 1 on
[—1/2,1/2], and n, = Tp(7x), then

laf*de = | n(r(zo - 2))lq*(x) dz
Jatae= fm

< /JTI(T(xo —2))(lgl* = 1)(2) da + / n(r(zo — x)) dz

J
S Mal? =l el + 771
S 71/2|||Q‘2 - 1||H:1 +r7t
Hence, by use of [2.46);: [lg — rllz2 < l¢'ll -
lall2cry + Irllezcry < llr =gl + llallzz
240 STl = 112, 4 e 7
For the second estimate 2 we observe that
T = Ty = TG,
and hence by Sobolev’s inequality
R 2
Tl/z(HTHLZ(I) + llgll 2 (r))
S+ 1Y2ENg).

7l poecry S 720N L2y + 7

Before we address the third line of (2.46]) we claim the Sobolev inequality (re-
calling jr = X{z<oye”™ and [|j- * f|[z1 can be used to define the norm || f|y-1.1)
(248) N flleocy ST PN ey + 727N+ 722 — 20f*) 7 (G * ) (@)1 )

By scaling and translation it suffices to prove inequality for 7 = 1 and
xg = 0. This simplifies the notation. By the fundamental theorem of calculus, if
I =[-1/2,1/2] is an interval of length 1 and n € C}(I) with integral 1 (we can
choose 7 so that || + 7z L~ < 6), then

I9lle) < o= < 9 Lexco + | [ amdo]

2.4 .
(249) =1l +| [ (e 9)(0. + e

<19 lr(ry + 6171 * 9ll L2 m)-

This is almost what we need, up to the nonlocality of the second term on the right
hand side of (2.48). Notice that by the exponential decay property of the kernel

J1(x) = X{a<o0ye”, we have
(2.50) 71 * ()L @y ~ oG = f)ll L2 )
where p is chosen to be continuous and positive so that p =1 on I and
p(z) = (1+ |z —x*) ! for |x — xo| > 3/2.
Indeed, in order to show ||p(j1 * )|z S |71 * (pf) |z, we take g = j1 x (pf) resp.
f=p"10: — 1)g,
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and it suffices to show

lp(g1* (0~ (0x = Dg)) xS Nlgllre

Similarly, in order to show ||j1 * (pf)|lrr < |lp(G1 * f)ll L1, it suffices to show

71 % (p(0e — 1)p~ g) lLr < llgllp-

If we exchange the orders of p~! and the derivative (9, — 1), then one arrives at
the identity, and hence it suffices to bound the commutators pj; * [p~1,9,]g and
1% (p[0x, p~']g) as follows

/

. Y p
o1 (p 1;Q)HLI Slgllizys o= (;9)||L1 < lgllze

The second inequality holds obviously by Young’s inequality and it suffices to show
lpjr* (0~ W)l S (Il

This is ensured by the boundedness of the integral operator h — [, K(z,y)h(y)dy
in L' with the integral kernel

K(z,y) = (p(x)) 1{y<w}e—(r—y)

satisfying Schur’s criterium
sup . || K (z, -)HLl(]R) + SUPyHK(-,y)HLl(R) < 0.

Thus (2.50) follows. Finally we apply (2.49) with ¢ = pf, (2.50) and rescaling to
5.19)

derive (

We turn to the proof of the last line of (2.46|), by use of (2.47)), (2.48]) and (2.50)).
Let p > 2, then

12 = tllanay S 717 oy + 710+ 72 = 20?7 G # (02 = D) @)lascey
< 7 el aan I Lo + 7B I+ 72— 20P) 7 (gl — Pl
+ 2|1+ 72 — 2o[?) 7 (G * (g = ) (@)l 21wy
ST 2l e 7 ey

1 1
L (g, M) lz2n 11 + 7212 — 20[*) 77 (g = )| oy
I\ =1~

7L+ 722 = 2o?) TP (G # (laf® = 1)) (@) 1o ) -

We have used (the rescaled version of) (2.50) for the second inequality with p,(z) :=
(14 72|z — x*) 1

_1 . S
27 lpr (e * (fal? = IrP) ey S 7277 e * (pr (0 = 1r2) 22 r)
<T

_1
e llpe(al = 1) e ),
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which has been further bounded in the last inequality by Holder’s inequality and
change of variables 7z — x as
1
L o

1 1 ' P 1
Pl allorHa =Dl =7 ([ prlnl d )7 ot o= n)lasce

£ _(1_1
(s @) e T P (Y ol
=

’ /| =+—1
= nez L2

1
u HPT

-

1

) loe# (@ = 7)oy

N

=l

([n,n+1])

N

1 1
72 sup (g, 7)llz2nllo-7 (g —7)llew)-
|1 |=r—1

We raise the inequality to the power p and sum over intervals I to obtain
2 = 1es < Cr(1+772E%0)) (19 w0+ llal® = U1 )
The proof for the estimates is finished. O
2.2. Proof of Theorem [1.2

Proof of Theorem[1.4 We will assume s = 0 for notational simplicity and clarity,
but we will give an argument which immediately applies to s € [0,00). We define
r=12(r2-0%)"lg=hxq h:=Ze " asin Lemma We fix 7 large enough
such that the regularised solitons 7. := h * q. satisfy

3
4 )
The map X° 5 ¢ — r € X? is Lipschitz continuous (see Lemma 2.1 [14]).

We are going to construct the deformation from X° to Q essentially in two steps:
We first construct a deformation =1 (¢, q) defined on (t,q) € [0,1] x X°, such that
some regularised function 7 of ¢ € {Z;(1,p)|p = Z1(0,p) € X° and away from Q :
d’(p,Q) > 26} has no zeros outside the fixed space interval [—1,1]. At the same
time we keep @ fixed under Z1: Q = Z1(¢, Q).

We then investigate the asymptotic behaviours of the regularised dark soli-
tons 7. of ¢. € @, such that the regularised function 7 of ¢ € {E1(1,p)lp €
X? and close to @ : d(p,Q) < 25} has no zeros outside some large space inter-
val [-R, R] D [-1,1]. We construct the second deformation =y by unwinding the
rotations at infinity.

(2.51) Ire(R)| € [+,1], VIR >1, Vce[-1,1].

Step 1: Construction of =;. We first have the following observation. Given an
interval I we define

B 1) = (/I(|7"'|2 +(Ir2 = 1)?) dx)%.
We assume that e is sufficiently small so that |[r(z)| € (3,2) if E*(r; (z—1,241))) <
2e. For ¢ € X° with E'(r) > &, we can define a continuous map
q— (a_,ay) € R?
where
BY(r; (—00,a_ +1)) + 2(1 + tanh (a_ + 1))

= B'(ri(ay — 1,00)) + 5(1 ~ tanh (ay — 1)) = =.
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Then a4 are uniquely defined since the functions are strictly monotone, and a_+1 <
a4+ — 1 since otherwise
e < E'(r;(—o0,a— + 1)) + EY(r; (ay — 1,00))
=ec+ g(tanh (ay —1) — tanh (a— + 1)) <e,

which is impossible. We want to extend the definition of a4 as continuous functions
x4 on the whole of X°. Let

0 ift<1
pot)=4{ t—1 ifl<t<?2
1 ift>2

We define
21(q) =1+ po(E'(r)/e)(ay(q) = 1),  z_(q) = =1+ po(E'(r)/e)(a—(q) + 1)

which is now continuous on X°. Then x4 = +1 if E'(r) < ¢, and

@l € (5,

and hence the function r does not vanish outside (z_,z) with

2), Vz € (—oo,z_)U (z4,00),

Ty —T_ > 2.
Given 6 > 0 we define a continuous function p : X%+ [0, 1] as follows:
p(a) = po(d°(4,Q)/0), where Q = {gc|c € [-1,1]}.

Notice that p(g.) = 0, Vg. € Q, and p(q) = 1 for ¢ away from Q: d°(q,Q) > 26.
We define the first deformation via

(252)(EALqD(w==q(ﬂ+¢ﬂ@ﬂw+-ﬂhﬂ/®y+¢pMMw++w7LQ)> te[0,1].

It is the identity if ¢ = 0. It is clearly continuous and the identity on @. Fur-
thermore, since tp(q) take values in [0,1] and zy — 2x_ > 2 > 0, the function
z=x(t,y) =1 +tp(¢)(xr —2x_)/2)y +tp(q)(x4+ + x_)/2 as the argument for the
g-function above in satisfies

x> 1+tp(q)zy ity > 1,
< —1+tp(q)az_ if y < -1

We denote the composition of r(z) with this transformation of coordinates y +—
x(t,y) by 7,
253)  #(ty) = (Lt tp(@) (e —2-)/2)y + tpla) (as +2-)/2).
We observe that for ¢ € X° away from Q with d°(q, Q) > 24,

F(Ly) =r((1+ (24 —2-)/2)y + (z+ +2-)/2)
(2.54) 1
with |7(1,y)| € (572) for |y| > 1.
For g € XY close to Q: d%(q,Q) < 4,

(2.55) P(t,y) =r(y).
We are going to choose & > 0 small enough in next step such that the above
([2.54) holds also for ¢ close to Q: d°(q, Q) < 2§ if |y| > R for Ry > 0 large enough.
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Step 2. Construction of =;. We first investigate the regularised dark solitons
re(R) := (hxq.)(R), h= %e*ﬂ“, for large |R| in the following lemma.

Lemma 2.3. There exists Ry > 0 so that for all R > Ry, the map
(=1,1] 3 ¢ = ¢(c) :=r.(R)/r.(—R)

is injective and

3
(2.56) 1 < |re(R)], |re(—R)| <1, Vee (—1,1].
Proof. By virtue of (2.51)), the bound (2.56]) is clearly achieved by choosing Ry > 1.
By construction 7.(z) = —r.(—x) and hence

re(R)/re(~R) = = (re(R)/Ire(R)|)*.

It suffices to prove that
T

. '/T .
(2.57) Ocargr.(R) > 0, ll_)n} argr.(R) = 5 01_1>n_11 argr.(R) = —5

The limits ¢ — +1 are obvious and we will prove that the derivative 0. argr.(R)
never vanishes for R > Ry. For fixed R > 0, wse compute first

0cqe(R) = 0O, {ic + 11— c2tanh (/1 — czR)]

=i —cRsech?(\/1— c2R) — c tanh (v/1 — ¢2R).
V1—¢?

and hence, if -1 <ec<1
0cq:(R)
QC(R)
_ \/11,7 tanh (v/1 — ¢2R) + c?Rsech2(v/1 — ¢2R)
1 —(1—c2)sech2(v/1—c2R)
2 (tanh (V1= @R) + V1 @ Rsech (1~ )

>u>0

dcarg gc(R) =Im

Y

for some p > 0 if R > 1. This implies the claim for r. if R is sufficiently large since
limp oo [L(R)| = 0. O

Recall the definition of 7#(¢,y) in (2.53) and the fact (2.54) for ¢ away from Q.
We choose Ry > 1 large enough and 0 small enough, so that (by virtue of the

continuity of the map X° > ¢ — r € X?) for all ¢ € X close to Q: d°(q,Q) < 26,

d°(q,Q)

d%(q,Q) vy —x_
) . ) ) 2

FLy)] = [r((1+ po(—5 .
Vy & [=Ro, Rol.

€[=,2],

)y + pol m++m_)’ [;

Thus 7(1,%) does not have zeros for all ¢ € X° and |y| > Ro.

In the following we simply take R = Ry and denote (with an abuse of notations)
7(1,y) by 7(y). Since the map

B:Q>q.— TTE(_R];) e st
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is a homeomorphism, we define the retraction B by

Blg) = 5! ( #(R) (R ) X Q.

[F(R)| [F(=R)]

This is a continuous map from X* to () which is the identity on Q.
Recall the first deformation (2.52)). We fix the representative in the equivalence
class of ¢ € X® by requiring
1
There exists a smooth a(y) = a(y; 7) supported on (—oo, —R+1)U(R—1,00) with
bounded derivatives so that

Lo exp(ia(y))b(y) ify<—R
F(y) = { 7(

2).

exp(ia(y))b(y) \%(gg\ ify>R

where a(—R) = a(R) =0 and b—1 € L? are real valued with 1 < b < 2. We define
the second deformation

Ea(t, E1(1, ) = E1(1, q) exp(it(a(y; B(q)) — aly: 7)),
which again fixes ). As a consequence

Z2(1,E1(1,9)) — Blg) € L*.

We define the final deformation by

Es(t,52(1,51(1,9))) = (1 = £)Z2(1,E1(1, q)) + tB(q).

O

2.3. Proof of Theorem [1.3] Theorem studies the asymptotic phase shift ©

and the modified momentum H;. Before we start the construction rigorously, we
recall that if ¢ € X° never vanishes with d,q € L', we define

@(q):fIm/ aqux
R 4

and if ¢ € X*° with s > % never vanishes, then we define

Oy
Hi(g) = —Im / (af* = 1) %

The issue is to find a continuous resp. smooth extension across ¢ with zeros, on the
covering space of X0,
We first regularise ¢ — ¢ as follows, such that ¢ does not vanish.

Lemma 2.4. Given gy € X*, s > 0, there exist 6 € (0,1) depending only on E°(qo)
and a continuous map

RNYEYEY D G
so that |q| = 1,
(2.58) lg = Gllms < c(E°(q0))E*(q),
and, if 0,q € L' then g — G € L' and 0,G € L'.

For ¢ € 1+ S we may choose ¢ = 1 if we give up the estimate (2.58). We
postpone the proof of Lemma [2.4] and complete the proof of Theorem [I.3
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Proof of Theorem [1.3. We define for ¢ € X" with 9,q € L',
O =—-Im / 0y logq dx .
R

Since O is the winding number of z — G(z) if 0,q € L', it is obvious that different
choices lead to the same O, up to 27w Z.
For g € X*%, s> % and ¢ from Lemma we define H; as in ([1.16]):

(@) =1 | (4= Du1— (1~ Do
By Lemma [2.4] with the continuity of the maps
B (@) NX*3q—q—gGe HY/?

and

BX ()N X*3q— d,ge H 2,

the map ¢ — Hi(q) is continuous on Bg(o (go) N X*. Hence we obtain a unique
continuous map for s > %

Hi(q): X°* =R /(2nZ).

Conservation of Hi(q) by the Gross-Pitaevskii flow has been proven at the end of
Subsection [l 0

Proof of Lemma 2.4} The construction of the map g — ¢ is elementary but delicate.
It suffices to construct ¢ with || > 1 since then % has the same properties.
Let § >0and o € X%, 5>0. Let r =hxqg € X5t2, h = %e_““ (as in Lemma

j for some 7 > 2 large enough, so that ¢ in the unit ball Bffo (go) centered at qq
are uniformly close to its regularisation r:

(2.59) lg—rll2 <6, Vg€ BX (q).

This is the only relevance of 7 (which depends on § and E°(g)). We are going
to construct g — ¢ for a single ¢ € X* first, and then to extend this construction
q — ¢ continuously to the small ball B(‘SXO(qO) for some § < 1 small enough.

Step 1. Construction of ¢ — G. Let ¢ € X°, s >0, and r = hxq € X2,
h = Ze "ol for some 7 > 2. The set {z : |7(z)| < 1} is an at most countable union
of open intervals. In the complement we would like to define ¢ = r. If I is one of
the intervals and |r| > % on I, we also want to set ¢ = r on I. There are at most
finitely many other intervals ﬂ The actual construction is more involved.

4Indeed, the energy on the interval Jj, = (a, by,) reads roughly as ka (2 =12+ 712 = |J| +

\lel’ since ||r| —1|| 5, > %, and the derivative of |r| on some subinterval Jp, = (ag,cx) C (ak, by)
i = ;i ith S (r)2 > L > L Fini
with |r(ck)| 7 is comparable with A and hence ka(|r| )¢z T 2 Tl Finite energy

assumption implies the finiteness of the number of such intervals Ji, and the upper and lower
bounds for its length |Ji| in terms of the energy of r.
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There is a finite number K (possibly 0) bounded by a constant depending only
on the E°(q) of disjoint intervals

Ik:(akabk)v O<k§K<OOa

. bk_ak<’$_ak+bk‘<bk_ak

(2.60) with |r(z)] = 5 if 5 5

and |r(z)| < = for at least one x € I,

N A

with a length |I| bounded from below and above by a fixed constant depending
only on E°(g), so that [r(z)| > & if # ¢ U Ii,. Notice that that |r| > 1 also in
the outer thirds of the interval I: [ak, ax + b’“g“’“] U [bg — b’“g“’“ ,by], while |r| < 1
on some subinterval in the inner third of the interval Iy: [aj + 2 35, by, — b’“g“’“].

We define ¢ = r on the complement of these intervals. It remains to define ¢ on
the intervals I, = (ag,br). To do that we need some preparations. We fix a smooth
monotone function ¢ identically 0 on (—oo,1/3] and identically 1 for > 2/3 and a
smooth nonnegative function n supported in (0,1), identically 1 on [1/3,2/3]. We

define

x—ak) T —ag
)

u(@) = 05— )

We write r in polar coordinates in the outer thirds of the interval Iy,

; b, —a b +a b, —a
- i6(x) Ok Z Wk | _ Ok k| ~ Ok k
r(z) = p(z)e on { 6 ‘x 5 ’ 5 }

(@) = n(bk —

with 0 < 0(by,) — 6(ay,) < 27. We define on I
() = ((1 — (@) p(x) +mw () (plar) + o (@) (p(be) — p(ak))))

X exp (i((l — o (2))0(@) + ne(2) (0(ar) + dr(x)(0(bx) — 9(%)))))-
Then ¢ € X**?2 satisfies |§| > %, and

(2.62) lg = dllme < llg =7l + llr = dllm- < e(E°(q). ) E*(q).

Step 2. Construction of ¢ — ¢ on B;;XD (go). Now we want to fix a continuous
choice of ¢ locally in a neighborhood of gg. We do the previous construction for gq
and fix the chosen intervals I, = (ag, bx). Let ¢ € B;;XD (go) with § < 1 sufficiently
small (to be determined later), that is,

(2.61)

1
2
d°(q,q0) = (/R |i?j1 || sech (z — y)(q(z) — /\QO(JJ)H%g(R)dy) <.
Let r=hxq, h= %e*ﬂm‘ with 7 large enough such that holds.

In the construction of § below we are going to use some facts on the complete
metric space (X*°,d®) in Theorem as well as some regularity results, which can
be found in [14, Section 6]. Indeed, let A(y) in the definition of d%(q, qo) above be
the constant at y. Then we have the following regularity for the function A (see
also |14, Lemma 6.4])

(2.63) A(@) = A(y)| < Colz —yl,

for some constant C' depending on E%(qg). We write X as A(y) = exp(ia(y)) for
some real smooth function o with derivatives bounded by C§. We fix a point zg
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such that [r(z)| > 3 on z € (zg — 1,20 + 1) and add a multiple of 2 so that

iy
lov(z0)] < 5

With this choice the function « is uniquely determined. Then, with a possibly
different constant, we derive from (2.59) that

/ Isech (z — y)(r(z) — e*@ro(x))|72dy < C6°.
. 2

We take a small enough 4§, such that (recalling by the construction in Step 1, |rg| >
on the outer thirds of the interval Ij)

1
2

1 1 1
|r(x)|21 fOI‘J?E]R\LkJ(ak—Fg(bk—ak),bk—3(bk—ak)>.

We define
(z) =r(z) in R\ J(an,bx)
k

and write r again in polar coordinates in outer thirds of the intervals I}

r(z) = p(x) exp(if(z)).

On each side 6 is uniquely defined up to the addition of a multiple of 2. We choose
the multiples of 27 so that

|6(ax) — bo(ar)]; |0(br) — 0o (br)| < 7/2

which we can do by choosing ¢ sufficiently small.

With this choice we define ¢ by inside the intervals (ag,bg). Then |G| >
and § € X*T2. Since the parameter 7 depends only on E°(go), the estimate
follows as in (2.62). By the construction, ¢ € L' if ¢ € L*. O

=

3. THE TRANSMISSION COEFFICIENT

In this section we will introduce the (renormalized) transmission coefficient asso-
ciated to the Gross-Pitaevskii equation, give and analyze its asymptotic expansion,
and finally prove Theorem

We will first explain the Lax-pair formulation (L, P) of the Gross-Pitaevskii
equation in Subsection [3.1] In the classical framework ¢ € 1+ &, we will introduce
the transmission coefficient 771 () associated to the Lax operator

(10, —ig
L= (iq z‘ax) ’

where the spectral parameters (A, z) € R will be defined in (3.5) below.
Recall the regularization r of ¢ in Lemma [2.2] such that
71 = Tz, 107l z2, 7]l zo

can be bounded in terms of the (rescaled) energy norm E°(q). Using this regular-
ization r we will in Subsection [3.2] approximately diagonalize the spectral equation
of the Lax operator Lu = A\u as

= L7 (10 +iq —iq2
Lv =zv, with L = . . .
( iq3 —i0; +1(qq — Q1)>
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where the elements ¢;, j = 1,2, 3,4 are formulated in terms of ¢, (and \) explicitly,
such that

qu||L2a j:17273a4
can also be bounded in terms of the (rescaled) energy norm E°(q).
We will then in Subsection solve the renormalized Lax equation

= o 0 0 . = o Za:z _ZqQ
Lw = <0 2z> w, with L = (iqg —id, + iq4>

provided with the initial condition lim w(z) = (1>
r—r—00 O
by Picard iteration. Observe in the classical setting ¢ € 1 + S that the limit of the
first component of the solution w! at infinity is related to the transmission coefficient
T-Y\) as limyee w'(z) = €292 T=1()\) such that we have the asymptotic
expansion of the transmission coefficient (up to the correction in terms of ¢;) as
follows

o) =31,
n=0

where T, are 2n dimensional integrals essentially from the Picard iteration for
fixed A\. They are holomorphic functions in A for A € C\((—o0, —1] U [1,00)) and
they depend on the choice of r which we have fixed. We will also estimate the
terms Ts,,, n > 2 and their sum in Subsection [3.3] which yields an estimate for the
following difference for ¢ € X°:

1n<i TQn) T

n=0

lanl()\)Jr/ql de — Ty
R

We will simplify 75 up to tolerable cubic error terms (denoted by O.(£%)) in
Subsection [3:4] which is the main result in this section. Correspondingly we will
rewrite the corrected term 75 + @ in Subsection [3.5] as

Ty +®=A+B+0,(E%),

where the correction function @ is given in (1.44]) (with M, © denoting the mass
and the asymptotic phase change respectively):

] 1

Both the terms A, B are well-defined for ¢ € X, and we will precise them. We
recall that © depends on the choice of § and can be considered as analytic function
in ¢ for ¢ € X° with d,¢ € L' modulo 277Z, or as an analytic function on the
universal covering space.

To conclude, for ¢ € X° we will in Subsection define our renormalized
transmission coefficient

T = e (3 7, 0)
(3.2) =0 .
that is, lnTgl()\) = (<I> —|—T2) + (111(2 Tgn) - Tg).
n=0
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It is indeed 77! := T~ 1(\) exp (—%—Wiz)) if g € 1+8. We will then complete

the proof of Theorem Recall that we always take (X, z) € R (see below,
and in particular z = v/A? — 1 has positive imaginary part). We restrict ourselves
to the case Im A > 0 and

7:=2Imz>2
from Subsection[3:3]to Subsection[3.5] to simplify the presentation. We will consider
other cases for A € C\(—o0, —1] U[1,00) and make the conclusions in Subsection
1.0l

3.1. The Lax-Pair and the transmission coefficient. The Gross-Pitaevskii
equation is completely integrable by means of the inverse scattering method.
It can be viewed as the compatibility condition for the following two ODE systems
(see Zakharov-Shabat [17])

R e 2N
e (8

w =i (2N (aP =1) —2iAg + Oug
t —2i0\G — 0,7 222+ (lg2=-1)) ™

(3.3)

where u = u(t,z) : R xR + C? is the unknown vector-valued solutions. Equiva-
lently, the Gross-Pitaevskii equation can formally be reformulated in the Lax-pair
(L, P) form

L;=PL—-LP,
where L is the self-adjoint Lax operator
(3.4) L= (Z?q“f _ig]m) ,
and P is the following skewadjoint differential operator
N e ]
@0r +0:q =207+ (lg)* = 1)

In the above, the first system in reads as the spectral problem Lu = Au and
the righthand side of the second system of reads as Pu. The operators L(t)
and L(t') at different times are related by the unitary family U(¢',t) generated by
the skewadjoint operator P as

L(t)=U*(t', t)L{t" U ),

and the spectra of the Lax operator L is formally invariant by time evolution. This
inverse scattering transform relates the evolution of the Gross-Pitaevskii flow to
the spectral property of the Lax operator L. See [1} |4} [5 |6} |7, |10, |17] for the study
between the potential ¢ and the spectral information of L.

If ¢ — 1 is Schwartz function, then by [6, |7], the self-adjoint operator L has
essential spectrum Z = (—oo, —1]U[1, 00) and finitely many simple real eigenvalues
{Am} in (=1,1). We are going to define its transmission coefficient

T~'(A) such that [T (N)||,.; =1, T '(An) =0,
by solving the spectral problem of the Lax operator Lu = Au, i.e. the ordinary

. . . _[—iA ¢ .
differential equation u, = ( i )\> u in (3.3)).
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We consider the spectral problem on the Riemann surface {(\,2)]22 = A2 —

1}. More precisely, we first notice that if ¢ = 1 then the matrix (_12)\ 21)\> has
eigenvalues
iz and —iz, with z=2(\) =2 -1,

together with the corresponding eigenvectors

(miz)) and (ml—z))'

In the following of this paper we will always take (A, z) on the upper sheet of the
Riemann surface

R={(\2)|reV, z=z0)=V2-1eu},
(3.5) where V:=C\Z, Z = (—o00,—1]U][1,0),

and Y := {z € C |[Im z > 0} is the open upper complex plane.
The conformal mapping
(3.6) (=CN)=X+2z

maps from (A, z) € R to ¢ € U and has an inverse mapping ¢ — A = A(() = %(44—%)
In the classical framework ¢ — 1 € S, as ¢ — 1 at infinity, we solve indeed the
boundary value problem of the above ODE with respect to the space variable x € R

in (3.3):
—iA q

(3.7) g = ( 7 i)\> u, u=e <z()\1— z)) +0(1)e™ )T a5 2 — —o0,

We define the transmission coefficient 7-!(\) on R by the asymptotic behavior of
the (Jost) solution w of (3.7) at infinity

1
i(A—2)
Then T-1()\) is a holomorphic function on R, lim | 5oo T-Y(\) =1 and

(3.9) T 'O =T"'}), for (\z2), (N, —2)€R.

(3.8) u=e TN ( ) +0(1)eI™)* a5 2 — 4o0.

We multiply the above solution u by e~2**** such that it solves also the time evo-

lutionary equation in (3.3) and 9,7~*(\) = 0. Hence the transmission coefficient
T~Y()) is conserved by the Gross-Pitaevskii flow.

The logarithm of the transmission coefficient has the asymptotic expansion (|1.24))
ifgel1+S.

3.2. Approximate diagonalization of the Lax equation: Estimates for g;.
Let (A, z) € R (defined in (3.5))), such that

(3.10) ImA>0, 7:=2Imz>2.

In this situation, ¢ = A\ + z € U satisfies Im¢ = Im A + Im z € [Im z,2Im z) C R™.

Let ¢ € X° and let r € X? be given in Lemma We will diagonalize the Lax
equation for the Jost solution u into the ordinary differential equations ([3.12])
for v below, where the elements ¢;, j = 1,2,3,4 will be estimated in Lemma F)El
afterwards.
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A straightforward calculation shows that

1 —i¢ T\ [(—iX ¢ 7|2 —1 0 —i¢ T
Ir]2 — 42{ rooic)\ g iN) 0 |7‘|2—1} rooiC
_(-iz 0O 1 —i¢ 7 0 q—r\ [—iC r
(o &) rma(F 6 )

_(—iz 0 1 —i¢[Flg—r)+r(@—7] r2(q-7)+(q-r)
_(0 Z'Z)lerlr" 2( C(g—7)+7m(g—r) iC[T(q—f“)JrT(q—T)])'

If u satisfies the Lax equation (the first equation in (3.3))) then we take

—i¢ r . 1 —i¢ T
(3.11) v = < FC ZC) u, or equivalently, u = W ( f( iC) v,
such that v solves
(3.12)

1 —i¢ v\ [(—ix q)\ [—i( 7 0 7"\ (=i r
wmmral (7 0) (3 A 06 ) )
:<(§Z Q)U+<Q1 % )U,
1z g3  4q4 —q1

where ¢;, j = 1,2, 3,4 are given by
B iC[|r|* = 1+ 2Re (7(q — 7))] — 7

L [ = ¢2 ’
=) i 42— ) + g )
v P =¢
7‘[|r\2 — 1+ 2Re(7(q — 1"))] + i¢r'
= 2 _ (2 —(g=n),
rl*=¢
(3.13) o SR L
=) i+ P =)+ Cla-7)
’ [r? —¢2
B F[MQ 71+2Re(77(q77’))] — a7 ( )
B S o
B 2i([\r|2 — 14 2Re(F(qg — 7“))] + 2iIm (r#)
" P |
Lemma 3.1. The map (2,00) > 7 — E(q), s € [0,1] is monotonically decreasing.
Let (M, z) € R with ImA > 0 and Imz = §, 2 < 79 <T Let ¢ € X° with
E%q) < 72, Let r and q;’s be given in Lemma|2.9 and (3.13) respectively. Then
we have the following estimates for q;, j = 1,2,3,4:
(3.14) lgsllze < ;||(|7‘\2 — L) e +llg=rllee, Vp e[l o0,

and

N
(3:15)  Jigillr < Coll(lal* = 1, @)llyy=1r < Cp7 ' Ery * "(q), Vp € [2,00),
where in particular

(3.16) lgsllze < cE2(q) < cEY (q).
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Proof. Monotonicity of 7 — || f|| ys-1, s € [0,1] is obvious after a Fourier transform.

We recall that |r| < 7 if E%(q) < /2 by Lemma and observe that Im ¢ €
[,7). Thus

(3.17) I72 = ¢ = [Ir* = (Re)® + (Im () — 2ilm (Re | 2 [C]* + [r[.

The inequality (3.14]) is an immediate consequence of the structure of the g;.
We use the estimates ([2.46[) in Lemma, to derive from (3.14)) that

lajlze < Cp(L+ 7 2EQ@)(lal* = 1,¢) 100 ¥ € [2,00),
and hence (3.16]) holds. We use further the estimate

(3.18) [fllwzr S 727 f lwgr

whenever s,0 € R, s < o and the Sobolev inequality ||f|lz» < Cp||f||H%_;,
p € [2,00), to derive (3.15) by the following inequality and the trivial bound
1 1

1

E"375(q) < En ? P(q), 0 > 2,

1

7 (q).

The proof of Lemma [3.1]is complete. (]

_ _ 1_
lgille < Coll(lal* = 1@ ly-10 < Cor Mgl = 1,4 )|r < Cpr B2

3.3. The renormalized Lax equation: Estimates for T5,, n > 2. Recall the
(approximately) diagonalized Lax equation — for the unknown vector-
valued function v, which is related to the original Jost solution u by the transfor-
mation . The Jost solution u satisfies the original Lax equation and has
the asymptotic behaviour .

Let
1 izw-&-; q1 dm 1 iza;-i—f q1 dm 714' r
1 - — !
(3.19) w 55 ¢ 0 v 55¢ 0 < - z() u,
then it satisfies the renormalized ODE (of the original ODE (3.7) for u)
(0 0 0 @ . (1
(3.20) Wy = (0 2iz> w+ <q3 q4) w, zll)r_noow(x) = (0> .

We call w the renormalized Jost solution. It satisfies the following integral equation

w@) = lim_w(y)

v 0 g2(z1)
iz(x—x x m d s
+/Oo( iz + [ aad gs(z1) 0 w(zy) day

with the following asymptotics as ¢ — 0o (recalling u’s asymptotics (3.8])):

w(h,z) = (é) +o(1) as & — —oo,

(3.21) T o
w(A,x) = (e - dO r 1(>\)> +o0(1) as * — 4o0.
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Hence we use the following Picard type iterative procedure to derive the first com-
ponent of the vector-valued Jost solution w, taking two steps at one time

oo
wl = § Wp, wo =1,
n=0

z Y1 X y m
wn(x):/ (J2(y1)/ 2 —v2)t )y aad ¢3(y2)wn—1(y2)dy2dys .

— 00

(3.22)

Lemma 3.2. Let w, be defined in iteratively. Suppose that

(3.23) lgall7> < 4CTm 2,

for some positive constant C > 0. Then the following estimate holds
lwalle, + 10swallzr < €€ (Imz) " |zl 22 sl 2 [ wn—1 ]| =

Proof. Let 7 = 2Im z. We observe for y; < ya,
Y2 1
Mz —p2)+ [ Requdm < —r(n —v2) + s — el al
Y1
1 1
< *57’(2/1 —y2) + 57 Yaallz-
< —Imz(yy —y2) +C.

Hence, by Young’s inequality for convolutions

[[wn | Lo S/ eI 2 W72) |5 (1) |lgs (y2) [ dyadyn w1 || £
Yy2<y1

< () oozl o
Finally, since
x
Ora()| < faa(o)] - [ O gnly)] dy -
— o0

we have
18w L1 < / |g2()[eC 1 2@V | ga (y)| da dy [Jwp—1 || Lo
y<z

< e“(Im2) gzl z2llgsll e flwn—1 2

If (3.23) holds, then we define the limit of w,, at infinity as

Ton(A) = xlgréo wp,(x)

n

(324) _ 11 o (20— 427 aa(m)dm)

a3(7;)q2(y;)dx dy;, n >0,

21 <Y1 < <p <yn I =1

(with Ty = 1), such that by Lemma it satisfies

(3.25) Ton O] < (€€ m2) allzz sl o2 )
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If ¢ € 1+ 8, recalling the limit of the first component w! at infinity in (3.21)):
lim, 00 w!(x) = elw a1 de T=1()\), it holds

(3.26) Y Ty =TTy,

n=0

Lemma 3.3 (Estimates for Ty, n > 2). Let (A, z) € R with Im A >0 and Im z =
T,7>2, and q € X° with E%(q) < 7Y%, Letr, q;’s, Tan’s be given in Lemma
(3-13) and (3.24)) respectively.

There exist ¢,d (independent of X, z,q) such that
(3.27) Ton(N)] < "77(E ()™, n21,
and hence for g € X*®, s € ]0,2], and some fized 79 > 2,
Ton (V)| S 777287 ()" (85, (0)%, n22, V12w,
which implies for ¢ € X*, s € [0,2] with smallness condition E? (q) < 510"/ for
some 1y > 2,

D TN < er 7?7 (ED, (0))7(B3,(9)), V7 > 70,

Proof. We derive (3.27) straightforward from E9(q) < 72, (3.16) and (3.25):
c n c\" n
Tn ] < (Sllaolleelaslle:) < (5) (B2, ¥n>1.

If s € [0,1], then by virtue of the trivial estimates E2(q) < 77*E2(q) which
follows from || f|| ;=1 < 77°|| fl| g-1+s if s > 0 and E7(q) < E7 (¢) f 0 < s <1 and
T > 79, we derive

Ton(N)] < 77" 2 (ED(q))*" (B3 () < "2 (B7 (9)) "2 (85, (9))*.
If s € (1,2] and n > 2, then we take o = s/2 € (0, 1] such that
[Ton(N)] < """ 2(ED(q)*" (B ()"
S Cann72s(E20(q))2n74(Ego (q))4’

which, together with interpolation

E7 (q) < (B2, (a)' (B} (0)7 < (B, (@) E3, (@),
implies

Ton(N)] < 77" 72(B7 (0))*" (85, (0)%, V7 2 70
The bound for

S Tonl < M (rmEE () (7 R B (g))"
n=2 n=2

follows by a geometric sum and the trivial bound
TT2EYq) < o 2ES(q), VT > o

The proof is complete. O
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Corollary 3.4. Assume the same assumptions as in Lemma[3.3. There exists a
small constant 61, such that for all ¢ € X5, s € [0,2] with smallness condition
EQO (q) < 61702 for some 19 > 2, we have

(3.28)

In (i Tgn()\)) ~Ty(\)
n=0

< er B! < er 2 (B (@) (B, (@) VT2

Proof. By the Lipschitz continuity of the logarithm on {¢ € C : |¢ — 1| < 3} and
the triangle inequality

in (32 T2 () - TV
n=0

(T Ba) -1+ 7)
n=0
(30 7u) | expim) - 14 7)
n=0

S Z Ton (M) + [T2(N) .

Under the smallness condition E? (¢) < 517’3/2 and s € [0,2], the estimate (3.28))
follows from Lemma 3.3}

‘ZTQH

< er P TH(ER (9))* (B, ()

and
I To(A\)? < er2(EX ()" < er > (B2 (9))*(E5, (9))°
O

3.4. The term T,. Let (A\,z) € R withImA > 0andImz = Z, 7 > 2. Let ¢ € X°,

and let r be given in Lemma We recall that in (3.24]) we have defined

T, = /z< exp ( —2iz(z —y) + /zy q4(m)dm> q3(2)q2(y)dzdy,

where
r[|r\2 — 14 2Re(F(qg — r))] + Cr'
q2 = |T|2 — CQ - (q - ’I"),
77[|7“\2 — 1+ 2Re(7(q — r))] — 7’
q3 = |’I”|2—C2 7(q77ﬂ)a
2i¢[|r[*> =1+ 2Re (F(g — r))] + 2iIm (ri’)
" P |

Our task in this subsection is to extract the leading term in 75 with respect to large
7. We begin with bounds for multi-linear terms.

Lemma 3.5. Let a > 0. Suppose that for y > x
Re¢(z,y) = a(y — x)
then for 1 < p1,p2 < oo with p% + p% >1,

1

_ 1
(3.29) / =@ f () g(y)dady| < a 2 || ]l Lo gl en
<y
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Similarly, if for x1 < xo < x3
Re¢(x1, 22, 23) > a(xsz — x1),
then, for 1 < p1,p2,p3 < 0o with p% + p% + p%, =1

(3.30) ‘/ e‘¢(ac1,xz,xa)f(xl)g(xz)h(x?))dwldedx?)
. x1<r2<T3

34 Lyl L
<a 3tortas s Hf”LPl ||g||LF’2 HhHL”'

Proof. We estimate by Young’s inequality for convolutions, with % + p% + p% =2

/< e‘i’(z’y)f(x)g(y)da:dy‘ S/]R((e‘””XKo)’k ) W)lg(w)ldy

< [ f iz ligllzee le® Xa<ollr,

which implies (3.29). We apply a dual of this estimate with respect to x3

‘/ e*‘ﬁ(“’“"T3)f(xl)g(xg)h(x;g)dxldxgdxg’
T <z2<T3
= / e~ T f(21)||g(ws)| [h(w3)|derdasds
x1<x2<T3

= [ e fallglen)] (¢4 xoco * Bl (e2)dorde
x1<T2

_ 1,1

a2 £l gl (% Xaco * [R)]|2r
o411 1

< a I |l gl re e xaso * Bl

where we chose 7 > 1 so that 1 = p% + p%. Then (3.30) follows since

IN

l[€*Xa<o * hllLrs < a'||h|Los.

O
To simplify the presentation we formalize the notion of tolerable cubic errors.

Definition 3.6 (Tolerable cubic error). Let 7 > 2. We call a term F' a tolerable
cubic error if there exists a positive constant ¢ such that for all p € [2,3]

—343
[F < er™ 7 |(lal” = 1,8:0) 1§10

We write

F=0.(&%.

In this subsection we simplify T up to tolerable cubic errors. Their relevance is
described in the following lemma.

Lemma 3.7 (Estimates for tolerable cubic errors). Suppose 2 < 179 < 7 and F =
O-(E3). Then for0<s<1Z
—2-2s s
|F| < er 27 %E) (q)(E ().

Proof. The ideas of proof are exactly as in the proof of Lemma Ifo<s< %
we take p = 2 to bound

|F| < er™%(E%(q))°.
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If s € [0, 1], then we are done by virtue of E%(q) < 77E2(q) and E2(q) < E? (q).

70

Ifl<s< % we obtain by interpolation

2

|F| <er 27 2(E2(g))

N

< 07_5_2g(E7305(Q))3

If s = T we take p = 3 to bound by Sobolev embedding H%(R) < L3(R) and
interpolation

£

1 < er ol Ll < er (B0 < er (B (@) < e, (0) (4 (g >>2-

E) (g
If 5 Scos< T 1 we proceed in the same fashion but with an exponent p = (% 2*5)
(2,3):
Bl < er 2 (al = 1,0 )y a0 < 75 (B2 (g))°
3_1
< er (B P (9))® < er 3R ES (g) (B3, ().
|

Remark 3.8. We observe that %—1—22 =5, which gives a decay T—° and corresponds
to the Hamiltonian Hs.

The main result of this section is:

Proposition 3.9 (Leading term in T5). Assume the same assumptions as in
Lemmal3.3 Then

B0 = [ @ S @0 0)+ (i@ = D) - 1)

. 12 (la? ~ D@ 7)) + T 7] (@)l ~ 1))

* o0 [(la* = D)(@)Im [F(qg — ))(y) + I [r (@@= 7)) (| = 1)(»)] }dxdy

1
+ 12 /(q(j’ —r')dz
_ |2 _ 2 2 3
— o [la=rPas = oo [ a0 - 1ds +0n(6)

Proof. We are going to simplify T5 up to tolerable cubic errors in four steps.
Step 1. We can remove the integral of g4 from the exponential:

(3.31) Ty :/ e 2@V gy () g (y) dz dy + O-(E?).
<y

Indeed, since by Lemma [3.]

v
/ Q4dm‘ <o =yl laallze < er'/?lz -y 277 2B g),
x
we have if 771/2E0(q) < 1

v Y
1—exp (/ q4dm)‘ < / \q4(m)|dmexp(c7'1/2|x - y|1/2).
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Since

exp(er'?lz —y|'/?) S exp(rlz —y|/2),

/ o T-2)
<y

< / &0/ gy (2) | ga(m) g (9) | dwdmdy.
r<m<y

The simplication (3.31)) follows now from Lemma and Lemma
Step 2. We can replace the denominator |r|? — ¢? by 1 — ¢

T = /< p2i2(y—2) [F(\TP —1+ 21?3(2(2(1 ) e A
(332) [Pl =L 2Re(rla =)+ i
12

we have

- exp ([ )l s

=7 @)

—(¢— 7")} (y)dz dy
+ 0, (E).

Noticing |21 = =1 1C2 - (\7“\2‘—42)(1 =y, and by (3.17] @I ||71* — ¢*1 = €3 + |r|* and
by Lemma [rlle < 7, we apply the bilinear estimate in Lemma [3.5 followed
by Holder’s 1nequahty Wlth p1=p2 =p3=0pE[2,3]

| / izt gy g TP = D (72— 1+ 2Relrlq = 1)) +icr)
y ’ (=) -

St [ g @) I =10 (= Lrta = ). [w)] e ay

<072 lgs el = Ul 1 (I = 1,7 = 1), 7)o,
which is O, (£3) by Lemma and Lemma In the same fashion we replace the
denominator |r[? — ¢? by 1 — ¢? in g3 and we obtain (3.32).
Step 3. We exchange 7(x) resp. 7(x) and r(y) resp. 7(z) and replace |r|? by 1 with
tolerable cubic errors:
(3.33)

T, = /Ky eziz(y*z){i( ¢ () (y) + —— a

dxdy‘

1- %) — oy 7 (la@) P = D(la()® - 1)

ZC — 1 —/
+ gy [~ D@ @) =7 @) - D)

- =g (P = 1) = 7)) a = ) + @D @) (ol = 1) + i) )]
+ (@=)(@)(a = 1)(y) fdedy + O (7).

We first notice that replacing r(z) by r(y) leads to a tolerable cubic error via (3.30)

/< e250-2) (n () — () o <x>fz<y>dffdy\

[ e )fz(y)da:dmdy’
r<m<y

< er TRt ||| o | ful s | ol s
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for 1 < p1, pa, p3 with p% + piz + pig > 1. We thus derive from in Step 2 that
o= [ [ ) + @ )
+ s (J@ )W) - [P )
(7))@ = 1)) + @ P @) )
— @)@ (y) + 7 (@)a - )

+ (@) (@) (g~ 1)w)|dedy + O4(E%),

where we denote
f= |7"|2 —142Re[F(qg—1r)] = |7“|2 —1+7r(g=—7r)+7(g—1).

We can then harmlessly replace |r|? by 1 in the first summand, since by (3.29)
combined with Holder’s inequality

/ - eI £(2)]|(Ir ()1 — 1) f(y)|dady

< 7R (o) (7 ve) (7 = Tles).

Noticing that
g —1=pP=1+r(@g=r)+7(q—r)+lg—7r*=F+ (¢ —7)7
we replace f by |g|?> — 1 to arrive at (3.33)),

1 / 2iz(y—z) 2 ’
—_— e flx)(qg—1r)°(y)dzdy
= @(a )
< bt tey (1 _ _
<70t ws (17 flle ) llg = rllpeellg = 7llzea.

We argue similarly with the remaining terms.
Step 4. We derive the claim of Proposition by integration by parts. We first

work with the 7 (z)r/(y) term in (3.33]). Recall that % = (22)72, and integrate
by parts,
1

| T @ ) 7 @ )y

Y

_ é /a:<y e2iz(yfa:) [(ﬁ)’(x)r/(y) + 'F/(CE)((] — T)/(y)

(@7 (@)(a ) (v) | drdy
- /KU p2iz(y—x) [ - ((q —71)(x)r'(y) — 7 (2)(q — r)(y))

+(@=)@)(q = 7)) dedy

1 _/ —/ 1 / 2
S —r)dz + — [ |g—r2dz.
2 /R(qq ') de + o qu r|” dz
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This gives

) = [ La @ W)+ (o) - e -1
+ goae [l = V@) ) = 7' @) (o =)o)
+ 5 [P = D@)rla = r)) + (@) @) - V)] Jdody
_/ —/ 1
+ 3 (o7 =1 de — o [ la—rPdz+ 0, (&)

1
We rewrite the third term as

s | I el = D@ =) + 0 =) @) el 1)y

i iz(y—x
+23 / =D (jg? = 1)(@)(Ir? = 1) (y) = (Ir? = 1) (@) (la* = 1) (y)dady,
82 C <y
where by integration by parts the second integral reads as

ﬁ / =) [uq\? =)@ = D) + (7 = 1)) (al* = 1)(w)] dr dy

2 2
—1)dx
- g [aP =0 =)
Hence using 422C2 +2- 42C = 4;, we derive Proposition O

3.5. The term T, + ®. Recall the corrected function ® given in (1.44) if ¢ € X°
with [q|?> — 1,¢' € L':

1 ]

where ¢; is given in (3.13):

iC[|r[* = 1+ 2Re (F(g — r))] — 7/
Q1 = |T|2 — C2 )

M = [ (|g]* —1) dz denotes the mass and © denotes the asymptotic change of the
phase given in Theorem
We correct the term 75 by @ as follows.

Proposition 3.10 (Corrected term Tp + ®). Assume the same assumptions as in
Lemmal33

The corrected function ® has a unique continuous and smooth extension to X°
modulo wi(2¢) 1 Z, and more precisely, with a choice of ¢ such that G € X2, q—q €
L? and |q| > %

i (=P - ) \q—r|2
‘I’“ﬂ/ |r|2—<2 d““/\

(Ir] _1)7"7" . -1
2ZCIm/ rr’ d —|—22< EEe dz  mod 7i(2¢)”" Z,

(3.35)
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where the integral Im fR (Fr’ — %') dx is understood as

N q
t [ (= =70 -+ L0a - ) az.
Then
(3.36) To+®=A+B+0.(E%, mod 7i(2()"'Z,
where
AN = [ Im (q —r')dx
(3.37) 4 %{ |
=y P lye) ((i’(w>q’(y) +(la* = 1)(2)(la* — 1)(y))d:vdy7
and
B(\) = 2ZCIH1/ ' — =)dx — ﬁgz/ﬂg(\ﬂz—l)lm(ﬂ“’)dx

b [ e [W — 1)(a)Im [17)(y)
(3.38) + I [r7')(z) (gl — 1)(y)] do dy

+ ﬂ < ePle) [(IqIQ = 1)(2)Im [7(g - )](y)

+Im (g = ))(@) (g ~ 1)(y)] da dy.
In particular, we have that

(1) B(\) + B(=X) =0 and

(339) %(A(A) + A0 = —5- [ = (POP +10aP = D) dc.
(2) % (A( 5\)) reads as
(3.40) i (—1(|c?<5>|2—|ﬁ<§>|2) bt OP) da
' 422 Jp\ & £2 — 422 '

In particular with r = 72D2q, it reads as

1 [t 422 +§2))
422 Jp (T2 +82)%(8% — 427
which can be bounded by cr‘l(Eg(q))Q.

(3) There exists 65 > 0 and 19 > 2 such that if ¢ € X*, s € (1,2) does not
have zeros and satisfies the smallness condition

(3.41) 7' () da,

(3.42) ro—l—EE%“( ) < b,
for some 0 < € < min{s — 2, 2} then we can take r = q = q, such that
(3.43)
1 VG R YR ) A A 202 (y—2) Tome [ /
5 (T + O = T D) - ot = 5 [ 0 q (a)g' () dody

1
S 67—1—23(ToflfsEgO"'s(q))(E:O (q>)2, V’T Z T0,
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where Hy is defined in Theorem[1.3 Correspondingly (1.29)) holds.

Proof. We do more detailed calculations for ®, A and the case s > % respectively

as follows.
Calculation of ®. We first recall the definition of ¢; in (3.13])

iC(|r]* = 1) +iC[r(g—7) + (g —r)] — 7
qldx = 3 > dz
R R |2 — ¢
iC 9 rr!
= > —1—lg—
| (Grgter =1 =la=r) - ) da
.. 21 rl2—1 2 12
Noticing rple = = — S = e tear T e and
icz = —5-, we derive
(=1, 1 (Ir[* = 1)? 5
qu———/ 2 —7q —-1)+ gl —1)dx
|a o* - a1 =0+ = oy  — D)

||
+7/|q—7’2 ||2 <2|q—”"2:|d$

—/ — —/ (|T|2*1)2 —/}
- dzx .
25 / 2z< B FA (TR R
Thus the correction function ® = — fR qdx — i./\/l 2ZC@ reads as in , and

® = e [P =P = 1)de = 5 [ lg—ras

_chz/R“HQ_l)w dz ——Im/ r —E) dr 4+ 0,(&%).

Hence (3.36)) follows from Proposition

Calculation of A. To calculate more precisely A, we first notice the following fact
by use of the definition of Fourier transformations

2iz(y—z) _ sz(y z)—i€x+iny

| e i@ty =5 [ [ F(©)d(m)dedndydz
_1 1 —i(g—n)
~ 5 [ =g L R @atmayinds = [

Similarly, we derive

[ e s@atidedy = [ s Foiee

Since if (\,2) € R, then (=), —2) € R with Im (—)) = Im A and Im (—2) = Im z,
we have B()\) + B(—)) = 0 and

(3.44)

Ty @)

1 -
5 (A0) + A=)
1 : 1
== [ I (S@ @)+ d @ ) + (o ~ D@l - 1)) dr dy,
<y
which reads in terms of their Fourier transforms as
1 1 ) 7 ~ —
= (" 7 2 2 _ 2
o [ 3G~ o) (PP + 1P = 1)) do ay.
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This is (3.39)).

Similarly we arrive at ([3.40) for 3-(A(X) —A(—A)) by use of Plancherel’s identity,
which is (3.41)) if » = 72D 2q. It can be bounded by er~1(E%(q))? by virtue of
T=2Imz > 2.

Special case s € (1,2). If ¢ € X*, s > 1, then we can take ¢ = r (i.e. we do not
need the regularisation procedure) in the deﬁnitions of g;’s in . This is the
setting of , and we are going to show below similar estimates as in Lemma
(for terms Th,,), Lemma 3.7 (for cubic errors) and (3.36))-(3.39)-(3.40) (for A, B) in
this setting.

We proved in Proposition 5.1] that

_ _ 2n
Ton o, ym7s| < (€ + 77 iz pw=)r (= L)l pvz) ™

which can be compared with ([3.27) above. We refer to for the definition of
the space 12DU?, and we have FEQ(q) < Hilgl* = 1,¢) iz pv2 and the crucial

property that

_1_ 1
I fllizpve < com 277 fllHz, Vo > —3

that is,

- _1_ 1
U (al® = 1, d)lizpvz < o7 2 7EI(q), Vo> 3

1
Then, provided EZ(q) < 6,79 for some & > 0 such that o = 1 +e < min{s, 1}

and for some small enough §5, and some 75 > 2,

1
—1-2s/,_—1— s+ y
(3.45) ‘ZTM Wyimrams| S e 7 TUER T (0))(B, ()7, YT 2,

and we continue with a variant of the argument above.
We call F' a cubic error if

1F| < er?(lal® = L) pue-
Using
_2
Il o> < flhzpv> and  [[fllispuz < e 3£l L3,

we have the following estimate for cubic errors for s € (3, 3):

(3.46) IF| < w*%<T(;1-€E%“<q>><E:O (@)
If ¢ = r, then we have from - ) that
2 —
A+B = [ - Dyao - W/Rw — 1)l (qq') da
1 o) {
n r 2y >(q'<x>q'<y> + (lg? = )(@)(al* = 1)(y) ) dedy
z <y

o /Ky =) [(Iql2 — 1)(2)Im [¢q')(y) + Im [¢@)(z)(|q|* — 1)(y)dxdy.
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We can integrate by parts to rewrite the last integral above as

i (o = DIm laq)da

g 0 (Relag o) o)) — o oo Re f ) ),

where the double integral reads further as

= B I O

T 423 -
(3.47) C, <Y

_ 4:3< /m<y 22(Y—2) [y [Q’(x) /xy ¢'(m) dm (q—q/)(y)} dady
e [ I @)l — ) )y

We have showed in [14, Appendix A] thatﬂ
(T, +®)— (A+ B),

22 W= [§ ()¢ (y)]dxdy

with A+ B = ——Im / ! i (ﬁ + 4;7%) /]R(|q\2 —1)Im (gq’) dz
T em‘z(y-@ (q'<x>q'<y> + (gl = D@)(lal* ~ 1)(y))dady

<y
P / 0 (¢ (2)q (y)]dady
423¢ z<y

is a cubic error, which can be estimated as in ([3.46)) under the smallness assumption
(13.42).
Finally if ¢ # 0 and we take § = ¢, then by Theorem [I.3] we have

=
Hy = /(|Q|2 ~Dim[L)dz mod 272,
R q

and the integral difference

2
7 g 1. a7
[P = Dmlagias = [ (o - 02 i (4o
R R [ 4l
can be controlled as in (3.46). Thus we have (3.43) by view of 52z + y2m = 122
and 77 + i = 25

Correspondingly ([1.29)) follows by virtue of (3.45)).

O

3.6. Conclusions. Finally we deduce the claims made in Theorem about the
holomorophy of the renormalized transmission coefficient.

SInstead of ® given by (3 if g € X0 with |¢|2 — 1,q' € L' here, the correction function &
in [14] was given by ® = —fR qrde — ZM— 5P it g € X&)+ with |g2 — 1,4 € L'. Thus
with a choice of §, To + ® =T + & — Hlm Jr(aq — g)d:c.
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3.6.1. Case (A, z) € R with ImX > 0, 2Imz = 7 > 2 and ¢ € X° with E%(q) <
(517'%. This is the case considered from Subsection to Subsection Let r be
given in Lemma[2.2] Let ® be given in Proposition [3:10]

By the obtained results in Subsections we can define for ¢ € X° under
the smallness condition E9(q) < 0,72,

T () = (Ty + &) + (szznsz) € C/(mi(z¢) "1 2),

where T, +® is characterized in Proposition and the estimates for In > 7 T5,,—
T, can be found in Corollary Hence (1.28) and in Theorem [1.6] follow
from Corollary [3-4] Lemma [3.7] and Proposition [3.10]

Correspondingly the renormalized transmission coefficient 7! reads as

(3.48) T\ = 2™ Z Ton(N) € C /(™GO 2y,
where @ is defined in Proposition and Ty, are defined in ([3.24)).

If g € 14 S, then the (original) transmission coefficient T~ reads as T~1(\) =
e~ Jrardz 57 Ty (see ([3:26)), and we have the relation
TYA) =T~ (\)e M~ 7:c®,

c

We recall that © is uniquely defined modulo 27 Z. This implies that the definition
of the renormalized transmission coefficient is independent of the choice of r. We
hence can typically choose r = 72D %q.

By the proof of Theorem [I.3] and more precisely Lemma [2.:4] we can choose ¢
continuously in small balls and hence we find a continuous branch of ®();q) and
hence T 1();q) on the covering space of X° > ¢. For ¢ = 1 we may choose § = 1
so that T 1(\;1) = 1 (we identify 1 with I in the covering space).

3.6.2. Case (\,2) € R with Im A >0, 2Imz = 7 > 2 and ¢ € X°. We are now in
the position to remove the smallness condition on the energy.
Given any small enough dp, there exists R so that

IIr1? = 1| 2@\ (- r,R)) + TIIT — dll 2@\ (- R,R)) + 7|l L2R\ (= R,R)) < S0

As the first step, following exactly the ideas in Subsection and Subsection
we can solve the w-ODE on (—oo, —R]. Then we solve the original spectral
ODE for w on the finite interval [—R, R] with initial data at © = —R given
by w(—R) under the transformation obtained in the first step. On [R, o)
we solve the w-ODE again by iteration with initial data at © = R given by u(R)
and the transformation . The constant dg exists such that these arguments
work and we can still define the renormalized transmission coefficient in terms of
the limit of the first component of the solution w as
T (A) =e? lim w!(z).
Tr—r00

To prove holomorphy of 771 (); ¢) in A, for any zg with Im 2o > 1, we take a small
open disk around zy and fix 7 = 2Im z; (instead of 7 = 2Im z) in this small disk, to
define r = 72D~ 2q. Holomorphy of T, *()\) is then a consequence of holomorphy of
the ¢; with respect to A and of the Picard iteration-mapping . Similarly the
analyticity of T."*(\; q) in ¢ is obvious from the construction.
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3.6.3. Case (\,z) € R with Im\ < 0, 7 = 2Imz > 2 and ¢ € X°. In the case
(A, z) € R with Im\ < 0 (we recall that always Imz > 0), we have (71 = (\ +
2)71) = A\ — z satisfying —Im (™' = ~Im A +Imz € (Im2,2Tm z) € R*. We define

_ —¢1 r . 1 —ic™ " -
o = ( g i1 u, or equivalently, v = ME—c—2 7£ it Yo
such that v solves
_ iz 0 - o —h 42 ) -
UV )z = ) v+ 3 o)
(v7) (() zz) ( a3 0

where g, k = 1,2,3,4 are given by

—i¢ H|r? =14 2Re (F(g —1))] —r7

4, = |2 — ¢—2 ’
_rllrP =1+ 2Re(i(g — )] +iC "
4y = |T|27C72 —(q—?")7
(3.49) _f 9 _ P
_ ’I“H?“l — 14 2Re (T(q—r))] —iCr
43 = |7“|2—<_2 *(qir)v

—2i¢! [\T|2 — 14 2Re(7(q — 7"))] — 2iIm (r7")
44 = r2—¢2 )

There are similar estimates for ¢; as in Lemma if ImA < 0, and all the
results in Subsection [3.2} Subection hold correspondingly. The arguments above
in Paragraph work also correspondingly.

3.6.4. Case (\,z) € R with 2Imz =7 < 4 and ¢ € X°. We consider now the case
when 7 = 2Im z € (0, 4] is bounded. For §; > 0 sufficient small (to be determined
later), we can take 79 > 2 such that EJ (q) < 8. We take r = 75 D} %q, such that
by Lemma

Irllpe < erg, and
1 1

(=7, =(r)* = 1), ¢ = )ller < Cpll(lg? =1, )y 10, VD € [2,00).
To T0 7o

If (\,z) € R with Im X > 0, then ¢ € U with Im¢ > 0 and || > 1, and hence
¢ € C\R" with [¢?| > 1. Thus similarly as in Lemma [3.1| we have also

lgjllze < Cp(ONI(al* = 1,4 )lyy=10: VP € [2,00).
We then have by the argument in Subsection [3.3] that
| Ton(N)] < (CA)" (B2, (0))*" < (Cr60)", Y >1,

where C) is some positive constant depending on A, z,{. We then take dy > 0
sufficiently small (depending on A) such that Y7 Th, converges, and we define
the renormalized transmission coefficient T 1 as before (see e.g. (3.48))).

Together with Paragraph [3.6.2] and Paragraph[3.6.3] we have the holomorphy of
the renormalized transmission coefficient across the real interval A € (—1,1).
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3.6.5. The renormalized transmission coefficient and the Lax operator. We conclude
from Paragraphs |3.6.113.6.213.6.343.6.4] above that the renormalized transmission
coefficient T 1(); ) is well-defined for A € C\((—o0, —1] U [1,0)) and ¢ € X°. It
is understood as a continuous map from the universal covering space of X° to the
holomorphic functions on C\((—oo, —1]U[1, 00)). By construction it is independent
of time.

We are now in a position to study the spectrum of the Lax operator , if
g € X° By use of Lemma we can take its regularisation ¢ which satisfies
G—q € L? |Gl =1 and ¢ € H'. Then the spectrum of L is the same as the
spectrum of conjugated Lax operator:

(\/5 o)(iam —z'q)(ﬁ o> :(i3x+§ﬁfi’ —idg )
0 V@) \ig —id.)\0 i igq  —id, — 54q
_(i0. =i, 390 —ildg— 1)
i i, (g7 -1  —54q

where the entries of the second matric are in L?. We obtain a compact perturbation
of the Lax operator as an operator from H'/2 — H~1/2. By a Fourier transform
the left operator becomes the multiplication operator by

—¢ =i
<7: 5)7 geR’

whose eigenvalues are ++/£2 + 1, and hence the spectrum is the continuous spec-
trum, which is (—oo, —1] U [1, +00). When we consider the Lax operator as an op-
erator from H'/? to H~'/? then the multiplication by the second operator (whose
entries are in L?) is a compact perturbation. Hence the essential spectrum of the
Lax operator is (—oo, —1]U[1, 00) and the spectrum outside the essential spectrum
consists of isolated eigenvalues (in (—1, 1) since the Lax operator is self adjoint). If
A is outside the continuous spectrum then the space of solutions in L?((—o0, 0]) of

Lu—Xu=0

is spanned by the left Jost function and thus the geometric multiplicity of eigen-
values in (—1,1) is 1. The algebraic multiplicity equals the geometric multiplicity
since the operator is selfadjoint. Any eigenfunction (with eigenvalue outside the
essential spectrum) is a multiple of the left and the right Jost function and hence
the transmission coefficient T vanishes at eigenvalues. The algebraic multiplicity
is the order of the zero. Since the algebraic multiplicity is 1 the zeroes are simple.
Thus the renormalized transmission coefficient has simple zeros in (—1,1).

ACKNOWLEDGMENTS

Herbert Koch was partially supported by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) - EXC-2047/1 - 390685813 - Hausdorff Center
for Mathematics and Project ID 211504053 - SEB 1060. Xian Liao is funded by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-
ID 258734477 — SFB 1173.



(1]

REFERENCES 45

REFERENCES

M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur. “The inverse scat-
tering transform-Fourier analysis for nonlinear problems”. Studies in Appl.
Math. 53.4 (1974), pp. 249-315.

F. Béthuel, P. Gravejat, J.-C. Saut, and Didier Smets. “Orbital stability of
the black soliton for the Gross-Pitaevskii equation”. Indiana Univ. Math. J.
57.6 (2008), pp. 2611-2642.

F. Béthuel, P. Gravejat, and D. Smets. “Asymptotic stability in the energy
space for dark solitons of the Gross-Pitaevskii equation”. Ann. Sci. Ec. Norm.
Supér. (4) 48.6 (2015), pp. 1327-1381.

S. Cuccagna and R. Jenkins. “On the asymptotic stability of N-soliton solu-
tions of the defocusing nonlinear Schrodinger equation”. Comm. Math. Phys.
343.3 (2016), pp. 921-9609.

P. Deift and X. Zhou. “A steepest descent method for oscillatory Riemann-
Hilbert problems. Asymptotics for the MKdV equation”. Ann. of Math. (2)
137.2 (1993), pp. 295-368.

F. Demontis, B. Prinari, C. van der Mee, and F. Vitale. “The inverse scatter-
ing transform for the defocusing nonlinear Schrédinger equations with nonzero
boundary conditions”. Stud. Appl. Math. 131.1 (2013), pp. 1-40.

L. D. Faddeev and L. A. Takhtajan. Hamiltonian methods in the theory of
solitons. English. Classics in Mathematics. Translated from the 1986 Russian
original by Alexey G. Reyman. Springer, Berlin, 2007, pp. x+592.

P. Gérard. “The Cauchy problem for the Gross-Pitaevskii equation”. Ann.
Inst. H. Poincaré Anal. Non Linéaire 23.5 (2006), pp. 765-779.

P. Gérard. “The Gross-Pitaevskii equation in the energy space”. Stationary
and time dependent Gross-Pitaevskii equations. Vol. 473. Contemp. Math.
Amer. Math. Soc., Providence, RI, 2008, pp. 129-148.

P. Gérard and Z. Zhang. “Orbital stability of traveling waves for the one-
dimensional Gross-Pitaevskii equation”. J. Math. Pures Appl. (9) 91.2 (2009),
pp- 178-210.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. “Scattering for the Gross-Pitaevskii
equation”. Math. Res. Lett. 13.2-3 (2006), pp. 273-285.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. “Scattering theory for the Gross-
Pitaevskii equation in three dimensions”. Commun. Contemp. Math. 11.4
(2009), pp. 657-707.

R. Killip, M. Visan, and X. Zhang. “Low regularity conservation laws for
integrable PDE”. Geom. Funct. Anal. 28.4 (2018), pp. 1062-1090.

H. Koch and X. Liao. “Conserved energies for the one dimensional Gross-
Pitaevskii equation”. Adv. Math. 377 (2021), Paper No. 107467, 83.

H. Koch and D. Tataru. “Conserved energies for the cubic nonlinear Schrédinger
equation in one dimension”. Duke Math. J. 167.17 (2018), pp. 3207-3313.

Z. Lin. “Stability and instability of traveling solitonic bubbles”. Adv. Differ-
ential Equations 7.8 (2002), pp. 897-918.

V.E. Zakharov and A.B. Shabat. “Interaction between solitons in a stable
medium”. Sov. Phys. JETP 37 (1973), pp. 823-828.

P. E. Zhidkov. Korteweg-de Vries and nonlinear Schridinger equations: qual-
itative theory. Vol. 1756. Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 2001, pp. vi+147.



	1. Introduction
	1.1. The metric space (X^s,d^s)
	1.2. Energies and transmission coefficient
	1.3. Ideas of the proofs
	Organisation of the paper

	2. The topology of X^s
	2.1. The regularization: Estimates for r
	2.2. Proof of Theorem ?? 
	2.3. Proof of Theorem ??

	3. The transmission coefficient
	3.1. The Lax-Pair and the transmission coefficient
	3.2. Approximate diagonalization of the Lax equation: Estimates for qj
	3.3. The renormalized Lax equation: Estimates for Tn.
	3.4. The term T2 
	3.5. The term T2+Phi
	3.6. Conclusions

	Acknowledgments
	References

