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Abstract

Proper assignment of left- and right-handed labels to general chiral objects is known to be a
theoretically unfeasible problem. Attempts to utilize a pseudoscalar function to distinguish
enantiomers face two unavoidable difficulties: false chiral zeros and unhanded chiral states. In
here, we demonstrate how both of these problems can be solved in the context of light—matter
interactions. First, we introduce a two-dimensional quantity called complex electromagnetic
chirality that solves the problem of false chiral zeros. Next, we define an infinite-dimensional
pseudovector called chirality signature that completely quantifies the multidimensional nature of
electromagnetic chirality, does not have false global chiral zeros, and allows to continuously
distinguish any pair of enantiomers because it does not produce unhanded chiral states. We prove
that the introduced measures are invariant under the largest group of symmetries of Maxwell’s
equations—the conformal group. The complete, continuous, and conformally invariant
quantification of electromagnetic chirality provided by the chirality signature distinguishes it as a
particularly suitable tool for the study of chirality and its applications.

1. Introduction

There are two types of objects: those that can be superimposed onto their own mirror image and those that
cannot. The latter are called chiral objects and they exist in pairs (called enantiomers): an object and its
mirror antipode. One often distinguishes between both versions by assigning a discrete label ‘left’ or ‘right’
using a reference or a conventional rule. There are hence two different albeit related concepts: chirality,
which is a property of an object to differ from its mirror image, and handedness, which is a label that tells
two enantiomers apart.

The concept of chirality underlies a wide spectrum of physical phenomena, ranging from the left-right
asymmetry of the weak interaction in particle physics, through the differential response of chiral molecules
to different polarization handedness of light, to chiral magnetic fields of galactic scale. Practical aspects of
selecting a particular molecular enantiomer are crucial in pharmacy, for example when both left and
right-handed versions of the same chiral molecule are produced in a chemical reaction, but only one has the
required medical effect.

It is remarkable that, despite their broad use, the left and right-handed labels cannot be appropriately
assigned to all chiral objects [1, 2]. A chiral object that is complex enough can be transformed into its
mirror image by a continuous transformation such that it stays chiral at all times [3, 4]. This is known as
the chiral connectedness property, and is the source of two main difficulties in the quantitative studies of
chirality: false chiral zeros, and unhanded states.

Attempts to quantify chirality with a continuous real pseudoscalar function face the unsolvable difficulty
of false chiral zeros. Under the requirement that such function obtains the value of zero for achiral states
and takes values of opposite signs for enantiomeric configurations, the chiral connectedness implies that the
function would also have to acquire a value of zero for some chiral configuration [5]. In this case one speaks
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of a false chiral zero—the zero value of the pseudoscalar function cannot definitively indicate an achiral
state. Moreover, there are strong indications that the use of two (or several) pseudoscalar functions does not
resolve the problem of false chiral zeros either. Since even objects as simple as tetrahedra are chiraly
connected [4], assuming that a pair or pseudoscalar functions exists which never have chiral zeros
simultaneously for arbitrarily complex physical objects is equivalent to assuming that the subset of objects
that have zero value of the first pseudoscalar function is not chiraly connected, i.e. that such subset is more
primitive than the set of tetrahedrons. This is unsound, since only one degree of freedom was removed. The
argument can be repeated after including more pseudoscalars. Notably, a precise recipe specifying and
demonstrating a fixed finite set of pseudoscalars that are defined on a general set of physical objects and
never share false chiral zeros has never been put forward.

The second, more general problem that follows from chiral connectedness is the problem of unhanded
states: a pseudoscalar function cannot be used to assign handedness labels ‘left” or ‘right’ to all objects [1].
There are chiral configurations at which the function vanishes (due to chiral connectedness), which are
called unhanded configurations, unhanded states, or states of latent handedness. In other words, there is a
deficiency in enantiomeric differentiation: there are pairs of chiral objects, one mirror image of the other
and physically different, that cannot be distinguished using one (or several) fixed pseudoscalar functions.

The problem of unhanded states attracted interest in chemistry, for example Pinto ef al in [2] proposed
an abstract strategy of assigning a handedness label ‘left’ or ‘right’ that does not give rise to unhanded states
for chiral objects. Their idea consists in constructing a hierarchy of rules, each assigning a left, right, or
unhanded label. Then, applying the rules consecutively until some rule determines the given object as left or
right (i.e. not unhanded), one identifies the handedness of the object with this result. The emergence of
such hierarchical constructions indicates the multi-dimensional nature of chirality. A precise definition of
quantitative chirality measures reflecting such multi-dimensionality was so far lacking.

The purpose of this paper is to solve both the false chiral zeros problem, and the unhanded states
problem in the context of light—matter interactions, by providing continuous quantitative descriptions of
chirality. For this we study the chirality of objects by reference to their interaction with the electromagnetic
field. We do not focus on individual chiral properties such as optical rotation or circular dichroism, but
instead we use the T-matrix method [6, 7]. The T-matrix (or transition matrix) contains the complete
information about the linear interaction of an object with dynamic electromagnetic fields, allowing to
formalize chirality measures as functions on the spaces of T-matrices. Additionally, there is an abundance of
resources that numerically compute T-matrices of various systems [8], including the calculation of
T-matrices for molecules from quantum-mechanical simulation data [9].

Previously [10], the use of the T-matrix method allowed to reinterpret chirality in the context of
light—matter interactions by measuring how differently the object interacts with fields of opposite
polarization handedness. The new property was called electromagnetic chirality (em-chirality), and its
scalar measure was introduced as well. This measure has an upper bound with the remarkable characteristic
that maximally em-chiral reciprocal objects are invisible to all light of a particular polarization handedness.
Efforts to design and fabricate materials with such properties are ongoing [11—13]. The notion of
em-chirality is also being considered in applied mathematics [14, 15].

To solve the problem of quantification of handedness without false chiral zeros we consider one
particular pseudoscalar property of a scatterer and combine it with the scalar measure of em-chirality. We
render the result as a complex-valued function called complex em-chirality. It features the scalar
em-chirality as its absolute value and the pseudoscalar function as its real part. Zero values of the
pseudoscalar property will only contribute to the zero value of the real part of the complex number—the
question whether an object is chiral or achiral is then addressed by the absolute value, which allows to
separate achiral states from unhanded states.

Next, we solve the problem of unhanded states by providing the complete description of em-chirality
that allows to continuously distinguish any two enantiomers. We introduce an infinite-dimensional
pseudovector called chirality signature, whose pseudoscalar components vanish simultaneously if and only
if the configuration is em-achiral. This provides, for the first time, the complete quantification of the
multidimensional nature of chirality in light—matter interactions. Despite its infinite-dimensionality it can
be practically calculated and represented, because it admits an appropriate truncation. The complete and
continuous quantification of chirality is suitable for the study of chirality evolution. For example, it opens
up the possibility of quantitatively studying chirality evolution in chemical reactions [2] where one
molecular enantiomer converts into the other [16], or where a chiral intermediate state mediates between
achiral reactants and achiral products [17].
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Furthermore, we show that the chirality signature, the scalar and complex measures of em-chirality are
invariant under the group of conformal transformations, which is the largest group of symmetries of
Maxwell’s equations. This means, in particular, that each chirality signature is uniquely associated with a
corresponding set of objects, where all objects in the set are related to each other by conformal
transformations.

The article is organized as follows. Sections 2 and 3 provide the context for the core sections 4—7.
Section 2 contains an overview of the helicity operator and the T-matrix method, which are two central
concepts for the study of electromagnetic chirality. Section 3 contains a brief exposition of the em-chirality
and its scalar measure that were previously introduced in [10], including a new equivalent alternative
definition of em-chirality as the solution of a Procrustes-like minimization problem. In section 4 we define
the complex em-chirality and then use it in section 5 to illustrate a solution to the false chiral zeros
problem. Section 6 is devoted to the chirality signature. Both sections 5 and 6 contain numerical examples
that illustrate the discussions using chiral configurations of dielectric spheres in the monochromatic regime.
In section 7 we prove the conformal invariance of the introduced measures. In section 8 we briefly discuss
the applicability of the measures outside of electromagnetism, and section 9 contains the final remarks.

2. Helicity and the T-matrix

2.1. Electromagnetic helicity as chirality reference
When studying chirality of any object one is often interested in a reference that changes its property under
mirror transformations. In the context of light—matter interactions the role of such reference is played by
the polarization handedness of light, or, more fundamentally, the electromagnetic helicity. The role of
helicity in chiral light—matter interactions is under intense scrutiny [18—31]. We can split any
electromagnetic field into two components of opposite helicity, left-handed and right-handed,
corresponding to eigenstates of the helicity operator A with eigenvalues A = 1 and A = —1, respectively.
The helicity operator A is defined as the projection of the angular momentum operator onto the direction
of the linear momentum operator

J-P

A="r.
||

(1)

The fundamental importance of helicity arises from the invariance of the helicity operator A under
translations, rotations and Lorentz boosts [32, section 10.4]. This fact is embedded in the theory of special
relativity: since the speed of light is maximal, it is impossible to boost a reference frame such that the
photon would reverse its direction, which means that the projection of its angular momentum onto its
direction cannot switch under changes of reference frames. The parity transformation, however,
anticommutes with the helicity operator A and hence changes the sign of A, which makes helicity a natural
chirality reference in light—matter interactions. In this article we will be using the helicity basis for
representing states of the electromagnetic field, and the operators describing the light—matter interactions.

In the space of solutions of Fourier-transformed Maxwell’s equations in an empty source-free region the
helicity operator in equation (1) is represented by the curl operator divided by the wavenumber

A—>%V><. (2)

2.2. The T-matrix method

One of the most powerful and efficient methods of theoretical study of various light—matter interaction
problems is the T-matrix method. Usually one considers a monochromatic electromagnetic field in the
presence of a scatterer that is enclosed in a sphere of radius R around the origin. The Fourier-transformed
Maxwell’s equations for the empty source-free region outside of this sphere read

VXE:lkZOH, VXH:—lkE/ZO (3)

V-E=0, V-H=0, (4)

where Zy = pc is the impedance of the free space, k = |k| = w/c > 0 is the length of the wave vector, and

—iwt :

the harmonic time-dependence e " is omitted. The general solution can be decomposed in electric
(Rg N (), Nj,(r)) and magnetic (RgM;,,(r), Mj,,(r)) multipoles [7]:
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o ]
Eo(r) =Y > ajuRgMju(r) + bjnRg Njp(r) (5)
p—
S
+) ) G Min(r) + din Ni(r), |r] > R, (6)
=1 m=—j
with
. . Yin (0, 9)
Rg M;,,(r) = ji(kr)(—i)r x VL=< (7)
g ] ]J /](] ¥ 1)
1
and |
RgM;,,(r) = EV X Rg Nj, (1), (9)
where aj,, and bj,,, are expansion coefficients, jj(~) are spherical Bessel functions and Yj,, (0, ¢) are the
spherical functions as defined in [33, section 3.5].
The magnetic field is simply given by
i
Hiy (r) = -V X E((r). (10)

k

The irregular terms in (6), i.e. Mj,,(r) and Nj,,(r), are acquired by interchanging spherical Bessel functions
jj(-) for spherical Hankel functions of the first kind h](»l) (). The regular term in (5) is called the incident field
E; and the irregular term in (6) is called the scattered field E.

The complete information about linear interaction of an object with dynamic electromagnetic fields is
contained in its T-matrix [7]. It connects the coefficients of the incident and the scattered fields:

a ¢
"(5)- () "

where 4, l_;, ¢, and d are composed of the coefficients a;y, bjms Cjm> and d;y,, respectively. The T-matrix is
connected to the scattering (S) matrix by the relation § = 1 + 2T and provides an equivalent description.
While the T-matrix is most often considered for monochromatic fields, group-theoretical arguments
allow the generalization to polychromatic fields. Such generalization will be the subject of a dedicated
article. Here we describe a few aspects that are necessary for the present article.
First, we change the multipole basis to a multipole basis of eigenstates of the helicity operator:

1
Rg Ayin(r,w)i=—= (RgM;y, (r,w) + ARG Ny (1, w)) (12)
for helicity A = +1. The property

% X Rg Apjm (r,w) = ARgA (1, w) (13)

follows from (8) and (9).
Next, we use the results of [34, equations (33b) and (33¢)] to write the incident polychromatic field as

00 j 00
E(r,t) = Z Z Z / dw w(@) ™ frun (W)RG A (1, w)e ™. (14)
J>0

A==£1 j=1 m=—j

The main advantage of this representation lies in the transformation properties of the coefficients
Jn (W) o< @iy + Abjy,. As discussed in [34], they transform under unitary irreducible representations of the
Poincaré group for zero mass and helicity A = %1 in the multipolar basis. In particular, each helicity
eigenstate transforms independently. That is, the two helicities do not mix upon transformations of the
Poincaré group. We will use these transformations properties for proving invariance properties of
em-chirality in section 7. We also note that the scattered field (6) can be written in the same form as
equation (14) by exchanging jj(~) for h;l)(-). Transformation properties of the scattered field coefficients are
the same as of the incident field, since spherical Hankel functions are defined by the same differential
equations as the spherical Bessel functions [35]. The T-matrix can now be re-interpreted as an operator that
acts in the Hilbert space of irreducible representations of the Poincaré group labeled by zero mass and
helicity A = +1. A state in this space can be written as [34]:
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> *dw
n=>33 /> i (15)

A==£1 j=1 m=—j

d3
= / ﬁﬁ(p)lpw- (16)

A==1

Equation (15) is the decomposition in the multipolar basis states, also known as angular momentum basis
states |wjm\), which are eigenvectors of four operators P%, J, J5 and A, while equation (16) is the
decomposition in the plane wave basis where [p)) are eigenvectors of Py, P, Ps, and A. The state functions
are square-integrable with respect to the scalar product

00 j 50
=33 / 0 & o @hyun(), a7)

A==l j=1 m=—j

whose equivalent expression in the plane-wave basis is

&p .
(flmy =" P @m@: (18)

A==l

The value of (f|h) is invariant under the action of the Poincaré group. In fact, Gross [36] showed that
this scalar product is also invariant under the conformal group—the largest group of symmetries of
Maxwell’s equations. The conformal group extends the Poincaré group with dilations and special conformal
transformations. This means that, for any operator X representing a transformation of the conformal group,
such as e.g. a Lorentz boost, and for any pair of states |[f) and |h), we have that the inner-product of the
transformed states X| f), and X|h) is equal to the inner-product of the original states: (f|h) = ( f|X'X|h),
implying the unitarity of X.

It is straightforward to restrict the generalized polychromatic T-operator to a single-frequency
description, recovering the common monochromatic T-matrix. One benefit of the polychromatic
description consists in the ability to describe objects that change the frequencies in the scattering process,
such as in Raman scattering. Moreover, the general T-operator is necessary for considering Lorentz
transformations, dilations, and special conformal transformations, since all these transformations change
the frequency content of the electromagnetic field.

3. Electromagnetic chirality

Since the linear interaction of a scatterer with dynamic electromagnetic fields is completely described by its
T-operator, it is essential to define chirality as a function on the space of T-operators. In [10], the
T-operator approach allowed to introduce the notion of electromagnetic chirality (em-chirality) and its
scalar measure, which reflects how differently the object interacts with fields of opposite helicity. In this
interpretation chirality becomes a Lorentz-invariant property that includes the usual geometric chirality as a
special case. The scalar measure of em-chirality admits a maximal value that depends on the total
interaction of the object with the electromagnetic field. Objects that achieve the maximal value are invisible
to all fields of a particular polarization handedness. In this section we provide a short exposition of the
corresponding results.

A T-operator in the helicity basis

o (T ) 5

consists of four suboperators T*' that act on states with helicity A’ = 41 and map them to states with
helicity A = +1. Electromagnetically achiral objects are defined as those that satisfy

TH = U, T V] (20)
T+ =0T V] (21)

for some unitary U;,; and V;,. When conditions (20) and (21) are met, the measurements done with
incident fields of a particular polarization handedness are unitarily similar to the measurements done with
incident fields of the opposite polarization handedness [10], and hence do not provide new information.

The definition of em-chirality contains the common geometric definition of chirality, because
translations and rotations act unitarily on the T-suboperators and do not change the polarization
handedness of the EM-field.
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But since the set of unitary transformations is larger than the set of rotations and translations, there
exist geometrically chiral objects that are not electromagnetically chiral, for example those that fulfill
equations (20) and (21) with Lorentz transformations and not with rotations or translations.

To answer the question, to which degree a given scatterer is electromagnetically chiral, the scalar
measure of em-chirality x was introduced in [10] using the sequences of singular values of the
suboperators’:

X(T) = \/meﬂ —ou(T)) + Y (ou(T+7) = ox(T—H))? (22)
k k

AIETH) = #T )+ |6(T+) — 3T, (23)

where (A) denotes the non-increasing sequence of singular values of A. For future reference we also define
the following dot product operator:

o0

F(A)-F(B) =Y ow(A)aw(B). (24)

k=0
The T-suboperators in equation (23) are assumed to have finite Hilbert—Schmidt norm

2

3 3/
- d_pdp < 00, (25)

. T)\/\’( , /)
Hs ol o7 PP

H AN

which ensures the existence of their singular value decomposition (SVD). Then, we have that

=&TV) #(1T™). (26)

’ ’ e

2
HS
Using the von Neumann trace inequality for Hilbert—Schmidt operators [37] we re-write the definition of
em-chirality in equation (23) (see appendix A) as

XD = | [l T = UVl il T = G Vil @7)

where the minimization is performed with respect to all unitary U;; and V. Taking into account

section 2, we note that this definition can be applied to both single-frequency scattering and to scattering

taking place in the whole frequency domain, in case the Hilbert—Schmidt norm of the T-operator is finite.
This measure of em-chirality is bounded by the square root of the total interaction

Cint = Z)\ N
X = \/ch € [0, 1]. Objects that are transparent to all fields of a particular helicity necessarily exhibit

2
™ H , which means that x can be normalized to take values on the unit interval
HS

maximal em-chirality ¥ = 1 [10], where the hat denotes the normalized version of the definition. Further
properties hold for reciprocal scatterers.

3.1. Reciprocal case
Reciprocity of a scatterer reflects the symmetry of measurement results under the exchange of the source
and the detector. The reciprocity condition is defined in the plane wave basis as [38, equation (2.22)]

(PAIT|p'N) = (=p'N|T| — pX). (28)

Most usual scatterers fulfill the reciprocity condition (there are exceptions, however, such as
magneto-optical materials), which makes the following properties useful in numerous applications.
Consider a SVD of T~ in the plane wave basis

o0

T (pg) =Y outbi(p) di(q) (29)

k=1

? The singular value decomposition (SVD) of a compact operator is defined as

oo

™ =37 au(T)t) (6l

k=1

. . . . . ! 1.
with a unique sequence of non-increasing singular values o (T*") and some families of orthonormal vectors |1,) and |¢;).
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for some orthonormal families of states |t¢/;) and |¢;). Then it follows from equation (28) that

(o @] o0

T =T (=g —p) =Y oxdi(—a) du(=p) = Y 0x & (p) () (30)

k=1 k=1

for orthonormal families & (p) := ¢;(—p) and p(q) := ¥ (—q). It implies that the sequences of singular
values of T"~ and T~ are equal
FTT)—-a(r =0 (31)

and the second term of equation (23) vanishes, which can be used to simplify computations.

Another property is reflected in the fact that a reciprocal object that exhibits the maximum value of
normalized scalar em-chirality ¥ = 1 is transparent to fields of either positive or negative polarization
handedness. The proof of this fact can be found in [10].

4. Complex em-chirality

Now we attempt to assign left- or right handedness to an em-chiral object. As argued in [1], no
pseudoscalar property can be used for defining a proper left—right classification of general chiral objects in
terms of a real number that acquires opposite signs for enantiomers and that is zero only for an achiral
object. Most classes of objects possess the so-called chiral connectedness property, which means that chiral
objects can be continuously transformed into their mirror enantiomers while staying chiral during the
transformation. Then, in accordance with the intermediate value theorem, the pseudoscalar function must
take a zero value at some point, which would nevertheless correspond to a chiral configuration. In such case
one speaks of a false chiral zero.

In this subsection we show how a combination of a pseudoscalar property with a scalar chirality
measure can solve the problem of false chiral zeros. We extend the normalized scalar measure of
em-chirality by multiplying it with a complex exponential phase factor. The latter depends on the difference
in interaction cross-sections of fields of opposite polarization handedness, which is a pseudoscalar property.
The complex em-chirality is defined as

Xe(T) = X(T) exp(ip(T)), (32)
where
m (TP T = ) = ) )
o(T):= — = -1 (33)
2 ( T2
2 2
_ AT TR (0, 7] (34)

2
IT|

and the Hilbert—Schmidt norm is implied. The absolute value of the complex em-chirality is the normalized
scalar em-chirality |x.(T)| = x(T) and the real part R (x.) will be referred to as the handedness measure of
the scatterer.

The defining property of the phase factor consists in its behavior under arbitrary mirror
transformations. The T-matrix is transformed as

Tt Tt T T
(T—+ T">_><'T+ 'T**)’ (35)

where tilde indicates a reflection of a T-suboperator, which is a unitary transformation. The permutation of
suboperators is due to the change of the helicity under mirror transformations.
The phase of the complex em-chirality ¢ changes under mirror transformations according to

2 ——2 — 2 2
T+ T, T+ T

P =T Gk (o)
T 2 _ T+, 2 o T,, 2

TR ||T”|2 I )

=7 —¢(T), (38)
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Figure 1. Continuous transformation of a chiral configuration of seven spheres (a) to its enantiomer (c) passing the achiral
configuration (b): two spheres of the right leg are rotated by 7/2 about the y-axis. The configuration (b) is achiral, since it is
mirror symmetric with respect to the plane z 4+ x = 0. The configuration (c) is the mirror antipode of the configuration (a): the
mirror reflection of the initial configuration (a) with respect to the xy-plane followed by a rotation about the y-axis by 7 /2
results in the final configuration (c).

so the mirror transformation reflects the complex em-chirality with respect to the imaginary axis
X(T) exp(i(T)) — X (T) exp(i(m — $(T))), (39)

which changes the sign of the handedness.

The complex em-chirality maps a scatterer to a semicircle of unit radius, which is divided into four
distinct regions: of right-handed () < 0, left-handed () > 0, achiral x. = 0, and unhanded
R(xe) = 0, x. # 0 scatterers. This allows to distinguish between unhanded and achiral states, which
constitutes the solution to the false chiral zeros problem.

Just as with the scalar em-chirality, the complex em-chirality can be defined for T-operators acting on
the whole frequency domain as well as T-matrices describing monochromatic scattering. In the former case
it becomes possible to define handedness for frequency-mixing scatterers. In section 5 we apply complex
em-chirality in the monochromatic regime for a numerical illustration of chiral connectedness and the false
chiral zeros problem. Appendix B contains further properties of complex em-chirality. In particular, that
X(T) = 1(—1) for objects that are invisible to light of negative(positive) helicity.

One limitation of the complex em-chirality consists in the existence of unhanded states. This implies
that there are pairs of enantiomers that have the same value of complex em-chirality, and therefore cannot
be distinguished by .. This problem is integral to all approaches that try to distinguish enantiomers by
assigning left- and right-handed labels, which is in general not sufficient to describe the complete
multidimensional nature of chirality [1, 2]. Besides, the choice of the pseudoscalar property is rather
arbitrary, so alternative pseudoscalar properties would lead to a different assignment of handedness labels.
The alternative approach to analyzing chirality and distinguishing enantiomers that is free of such
drawbacks will be discussed in section 6.

5. Illustration of chiral connectedness with complex em-chirality and solution to the
false chiral zero problem

We apply the notion of complex em-chirality to study a reciprocal system of seven dielectric spheres and its
continuous transformations. We start with a geometrically chiral composition of spheres with radii

r = 100 nm and relative permittivity €5 = 4 in air (¢ = 1) that are centered at points (—a, a,0), (—a, 0,0),
(0,0,0), (0,0,a), (0,a,a), (a,0,0) and (a, —a, 0), with a = 500 nm as shown in figure 1(a). The last two
spheres (the right leg of the configuration) will be continuously rotated around the y-axis until a maximal
rotation angle of 7/2 in the positive direction, where the configuration of figure 1(c) is reached. The final
state is the enantiomer of the initial one. This can be seen by reflecting the starting configuration with
respect to the xy-plane and then rotating the resulting object about the y-axis by 7 /2.

We consider electromagnetic scattering properties of spheres at a fixed frequency f = 500 THz and
calculate the T-matrix of the configuration at numerous points of the continuous transformation using a
typical multiscattering algorithm [39], which is implemented in the code described in [40]. This allows to
numerically compute the trajectory of the complex em-chirality x. for this process, the result of which is
presented in figure 3(a). The starting configuration is right-handed 2R(x.) < 0 and the final configuration is
left-handed 93(%x.) > 0. The zero value of complex em-chirality corresponds to the arrangement of
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Figure 2. Continuous transformation of the initial chiral configuration (a) to its enantiomer (f) avoiding any intermediate
achiral configuration. The transformation is similar to the of figure 1, but the achiral state figure 1(b) is avoided as follows. First,
the right leg is rotated about the y-axis by 97/40 (b). Then, the furthest top sphere is shifted by 50 nm along the negative
direction of the y-axis (c)—the transparent blue sphere depicts the position of the sphere before the shift (also enlarged in the
top right corner). Then the right leg is rotated by extra 27/40 (d). Afterwards the shifted top sphere is brought back to its initial
position (e) and finally the right leg is rotated by the remaining 97 /40 onto the final configuration. Configurations (b) and

(e) are chiral, contrary to the configuration in figure 1(b). This can be clearly seen in the corresponding insets containing
zoomed-in versions of the shadows of the right leg on the y—z plane. In (b) and (e) here, such shadow does not coincide with the
reference diagonal, breaking the mirror symmetry that can be seen in figure 1(b).

x/nm

figure 1(b), which is geometrically achiral because of its obvious mirror symmetry. As mentioned in
section 3, geometrically achiral objects are electromagnetically achiral, which is the reason for vanishing ..

There are, however, principally different transformations that mutate the initial state figure 1(a) into its
antipode figure 1(c) without ever reaching an achiral configuration. An example of such transformation is
described on figure 2. This transformation is designed to avoid achiral arrangements by breaking the mirror
symmetry of figure 1(b). The corresponding trajectory of complex em-chirality on figure 3(b) shows that at
no point of this transformation the configuration becomes electromagnetically achiral. The existence of
such transformations is the essence of the chiral connectedness property.

If we focus solely on the handedness part, we note that it takes a zero value at the intersection of the
trajectory with the imaginary line. This point is the false chiral zero of the pseudoscalar function $R(x.). Its
combination with the scalar measure of em-chirality allows to unambiguously distinguish between achiral
states |x.| = 0 and states with 93(x.) = 0, which constitutes the solution to the false chiral zero problem.

Configurations with |x.| # 0 and R (x.) = 0 can be called unhanded, because the given pseudoscalar
function fails to assign a handedness to them. Such configurations are chiral, so they exist in two
enantiomeric versions, but they cannot be distinguished using complex em-chirality. In the next section we
provide the solution to the problem of the complete description of em-chirality, which will allow to
distinguish any pair of enantiomers by classifying objects with respect to their chirality signature.

6. Chirality signature

The existence of chiral unhanded states x. # 0, R(x.) = 0 reveals the fact that complex em-chirality does
not contain the full information about chiral properties of an object. The complete picture would be
described by a mathematical object , that, for an object T and its mirror antipode T, fulfills the properties

Xo(T) = =x(T) (40)
T is em-achiral = x(T) =0 (41)
Xs(T) = 0 = T isem-achiral (42)
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Figure 3. Trajectories of complex em-chirality for (a) the continuous transformation that passes the achiral configuration
(corresponds to figures 1) and (b) the continuous transformation that avoids the achiral configuration (corresponds to figure 2).
The trajectories start in the left-handed region 93(x.) < 0 and end in the right-handed region %(x.) > 0. The absolute value of
X. equals the scalar em-chirality and the real part is the pseudoscalar handedness measure.

(b)

Violation of equation (42) by the handedness part of the complex em-chirality 93(.) is the cause of

unhanded states.

In our framework it is possible to define a quantity that would fulfill the properties (40)—(42). Consider

the difference of the sequences of singular values

Xu(T):=a(T"") = G(T™7)
Xo(T):=G(TT") = (T ).

(43)
(44)

According to equation (35) and the corresponding discussion, a mirror transformation changes the sign of

each element of the sequences (43)—(44):

X((T) = &(T~7) = &(T*) = —xu(T) (45)

Xa(T) = G(T™F) = G(TH) = —0a(T). (46)

Besides, the achirality condition (20) and (21) is equivalent to X1(T) = X2(T) = 0. This implies that the

properties (40)—(42) are fulfilled by the tuple

Xs(T) := (1 (1), X2(T)), (47)
which we will call the chirality signature.
The scalar em-chirality (equation (23)) can be written as a function of Xs(T) as
X = V(D) - 0T + (1) Xa(T). (48)
In the case of a reciprocal scatterer (31) the second part of the tuple vanishes
(1) =0, (49)
and the chirality signature may be identified just with the sequence ¥
Xs(T) := X1 (T). (50)

We provide an illustration for this definition using the reciprocal system from the previous section. The
values of \s(T,), Xs(Tp) and Xs(T.) are shown in figure 4, where the T-matrices correspond to the
configurations described on figures 1(a)—(c).

10
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Figure 4. First 70 components of the chirality signature for the initial T,, achiral T}, and final T, configurations from figure 1.
The mirror antipodes hzive components of opposite signs Xs(7,) = —X;(T.) and the achiral configuration has all components
equal to zero X5(T;) = 0. The square root of the sum of the squares of the components equals the scalar em-chirality Y = 0.014.

As can be seen on figure 4, the components of the chirality signature of enantiomeric configurations
have opposite signs

Xs(Tu) = _X‘S(Tc) (51)

and the chirality signature of the achiral configuration has only zero components
X(Ty) = 0. (52)

An important property of the chirality signature is that its components converge to zero: it is
well-known that for large enough values of multipolar order the response of spatially localized scatterers
vanishes. Therefore, the matrices T'"' represent compact operators with singular values that converge to
zero. This then allows to truncate the chirality signature at some point after which the contributions to the
scalar em-chirality are negligible.

Each component of X acts as an independent pseudoscalar handedness measure: it changes its
sign under a mirror transformation and equals zero if the object is achiral. An individual component of
sometimes equals zero for a chiral state, producing a false chiral zero. But only when all the elements of
equal zero, the object is em-achiral. This provides, for the first time, the concrete quantification of the
infinite-dimensional nature of chirality.

We note that the chirality signature method is fundamentally different from the conventional approach,
where enantiomers are distinguished by a single pseudoscalar property such as optical rotation or circular
dichroism. Such properties are typically very small and can be zero for chiral objects. A property such as
this one was incorporated in the phase of complex em-chirality. As one can see on figure 3, the handedness
part of complex em-chirality (the real part of x.) is at least three orders of magnitude smaller than the
corresponding scalar em-chirality (the absolute value of x.). This implies that the contribution of the
selected pseudoscalar property to the scalar em-chirality has very low significance for our system. In fact,
the handedness part of the computed . is smaller than the 70’th component of the chirality signature y.

The chirality signature, on the other hand, provides the complete (as defined by equations (40)—(42))
decomposition of scalar em-chirality into its pseudoscalar components. This, together with the fact that its
norm Xs equals the scalar em-chirality ¥, results in the access to significant pseudoscalar functions of the
object. These are of the same order of magnitude as the scalar em-chirality, as seen on figure 4. Therefore,
differentiation of enantiomers using this description is much more stable with respect to perturbations of
the geometry of the object or to uncertainties in the entries of the T-matrix.

Importantly, the chirality signature is able to continuously distinguish any pair of enantiomers. An
example of the failure of the conventional approach is the state T, that corresponds to the chiral unhanded
state R(x.) = 0 on figure 3(b). Since the configuration is chiral, there exist its geometric enantiomer 7",,,
which is a different object. But both of them acquire the same value of complex em-chirality

Xc(Tu) = Xc(:fu) (53)

In this case the complex em-chirality is unable to differentiate these particular enantiomers. The chirality
signature, however, provides two different pseudovectors for T, and for T, as shown on figure 5.

11
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Figure5. First 70 components of the chirality signature for the chiral unhanded configuration T, (configuration that
corresponds to the point with R(x.) = 0 on figure 3(b)), and the chirality signature of its enantiomer T . The chirality signature

is able to distinguish both enantiomers, while the complex em-chirality has the same value for both x.(T,,) = x(T,).

L=<l

=
Ny

7. Conformal invariance

The conformal group constitutes the largest symmetry group of Maxwell’s equations [41]. It consists of the
ten-parameter Poincaré group (four space-time translations, three rotations and three Lorentz boosts)
together with a dilation and four special conformal transformations. Before proving the conformal
invariance of the introduced em-chirality measures (in the polychromatic regime) we first prove their
Poincaré invariance. The states (16) transform unitarily under a general Poincaré transformation X with
helicity A unchanged [32, p 198]:

XlpA) = |Xp Aye P, (54)

where the phase angle depends on the initial momentum, helicity, and parameters of the transformation.
Each of the four scattering suboperators T*" (defined on the whole frequency domain) will transform
independently and without changing its singular values:

T =" o) (o] = D X[ (el XT = aulei) (il (55)
k k k

where |¢}) = X|¢x) and |@}) = X|¢x) are new families of orthonormal vectors. This follows because, as
previously discussed, X is unitary. It then follows from equation (26) that the norms of suboperators are
invariant under X as well. This implies that the em-chirality (23), the complex em-chirality (32) and the
chirality signature (47) are invariant under Poincaré transformations. We now show the conformal
invariance.

As proven in [42], a massless irreducible representation of the Poincaré group can be extended to a
representation of the conformal group by defining the generators of dilation and special conformal
transformations as (we reproduce the equations from the original article without any changes)

1

D= E[PoPk/PZ,JOm (56)
1

Ky = E[PO/PzJolJok +A*—1/2]4 (57)
1 1

K = E[PO/PZ, Uoko> Jiel 414+ — E[Pi/PZ,JOkJOk + A —1/2]4, (58)

where the sums over k = 1,2, 3 are implied, P, and ], are generators of the Poincaré group, A is the
helicity operator, and [, -]+ is the anti-commutator.

If the Poincaré group is represented unitarily, which is our case, then the extension to the conformal
group representation is also unitary [42]. Since the helicity operator A commutes with all elements of the
Poincaré group, it is evident from equations (56)—(58) that it also commutes with all the conformal
generators, which means that helicity is unchanged by conformal transformations. The singular values of
T-suboperators are unchanged under the unitary conformal transformations, and we conclude that all the
defined measures of em-chirality are conformally invariant. Given an object and its T-matrix, the quantities
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X(T), x(T) and X5(T') are the same for any conformally transformed version of the object. This means, in
particular, that each Xs(T) is uniquely associated with a corresponding set of objects, where all objects in
the set are related to each other by conformal transformations.

We note that this discussion combined with the group-theoretical representation of electromagnetic
fields reveals that electromagnetic waves conserve their polarization handedness under conformal
transformations. This conclusion, to the knowledge of authors, has not been previously expressed in the
literature.

The fact that the results of our analysis are conformally invariant is a rare circumstance. Most physical
properties, such as energy, momentum and even mass (unless it is zero) are not invariant under conformal
transformations. On the contrary, the introduced chirality measures are invariant under the actions of the
conformal group. Such high invariance indicates a special type of description, which only contains
information that is inherent to the scatterer.

8. Applicability outside electromagnetism

We now briefly consider the applicability of the electromagnetic chirality measures to two other kinds of
waves: gravitational waves, and phonons. Extension to the case of gravitational waves in linearized general
relativity is straightforward because the two possible polarization modes of gravitational waves

[43, sections 35.4 and 35.6] can be seen to correspond to the A = 42 massless irreducible representations of
the Poincaré group. Except for the different helicity values, the situation is essentially analogous to the
electromagnetic case. The applicability to chiral phonons [44—48] and mechanical chiral metamaterials

[49, 50] is less straightforward. One difficulty is the existence of both transverse and longitudinal phonon
waves. While the transverse waves may be mapped onto positive and negative helicity modes, the
longitudinal waves are A = 0 modes, which do not exist in the electromagnetic case. Therefore, the chirality
measures discussed in this article cannot be directly applied to phonons in general. The measures could be
directly applied only when both the excitation and the response of the systems involve exclusively the
transverse degrees of freedom [51].

9. Final remarks

In this work, and within the context of light—matter interactions, we have solved two long-standing
problems related to chirality: the false chiral zeros problem related to chiral connectedness, and the general
distinction of enantiomers. We have introduced the complex electromagnetic chirality, a measure that
describes the handedness of an object without acquiring false chiral zeros. We have also introduced the
chirality signature of an object: an infinite-dimensional pseudovector whose components vanish
simultaneously if and only if the object is electromagnetically achiral. The chirality signature provides the
complete description of electromagnetic chirality, offering a continuous quantification of the
multidimensional nature of chirality. Unlike conventional approaches that utilize a single pseudoscalar
function, the chirality signature provides a consistent and general method for continuously distinguishing
each element of any pair of enantiomers. We have proved that the scalar and complex electromagnetic
chirality measures, as well as the chirality signature, are invariant under all the transformations of the
conformal group. Historically, the study of invariance and symmetry concepts was often key to extending
our physical understanding. The complete, continuous, and conformally invariant quantification of
electromagnetic chirality provided by the chirality signature distinguishes it as a particularly suitable tool
for the study of chirality and its applications. In particular, it provides a sound basis for the study of
chirality evolution dynamical processes, such as chemical reactions.
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Appendix A. Proof of the new formula for scalar em-chirality

First we show that, for any two Hilbert—Schmidt operators A and B, it holds that
. - 1 2 = = 2
n[}’l‘l/’lHA UBV'|| s = |5(A) — #(B)[%, (59)

where the minimization takes place over unitary operators U and V, 6(A) and &(B) are non-increasing
sequences of singular values, |5(A) — E(B)|2 = (6(A) — &(B)) - (6(A) — &(B)), and the - operation is
defined in equation (24).

Using the Hilbert—Schmidt scalar product we re-write the left hand side as

. + 2 o
I}JH\I}HA — UBV HHS = (60)
= min(A — UBV', A — UBVT) (61)
= min {(A,A) + (UBV', UBV') — (A, UBV') — (UBV',A)} (62)
2
= [|Allfs + [[UBVT|| 1y — max {(UBV',A) + (A, UBV')} (63)
= ||AHiis + HB”Iz{s - sz)aVX {Re(A, UBVT>} > (64)

and the problem reduces to maximizing Re(A, UBV'). The von Neumann trace inequality for
Hilbert—Schmidt operators states [37] that any two Hilbert—Schmidt operators X, Y fulfill the condition

[o.¢]

Re(X,Y) <> ox(X)o(Y) (65)
k=1

with equality holding if and only if X and Y share singular vectors. It is always possible to find such unitary
U and V that transform the singular vectors of B onto those of A by the following construction. Consider
SVDs of A and B

A=UX,V! (66)
B=U%V,. (67)

Then for
U:=U,U} (68)
V=V, (69)

one gets
UBV' = U, Ul U,E, Vi (V. V) = Uz, Vi, (70)

which according to the von Neumann trace inequality realizes the maximal value

rgavx{Re<A, UBV)} = Z or(A)ok(B) = G(A) - G(B). (71)
’ k=1

Now, using [|A[|?,s = G(A) - G(A) := 52(A), where a shorthand notation is introduced after the := symbol,
and, similarly || B||};; = 3*(B), we finally write equation (64) as

: 2 _ = 2 - o
min|A — UBV!|| s = &*(A) + G*(B) — 25(A) - G(B) (72)

= |3(A) — G(B)[*. (73)

Application of this formula to the definition of the scalar em-chirality (23) results in

S S ——y |2 = — S —t |2
XA(T) = |G(TT) = (T )|+ [d(T7) = a(T™) (74)
— minll T — — |12 Tt +=17 |12
=min|T77 = T Villgs + min[| 777 = U2T7 Vafis, (75)

which provides a new perspective on scalar em-chirality as the solution to a minimization problem. One
can recognize a close resemblance to the well-known orthogonal Procrustes problem [52], but formulated
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for Hilbert—Schmidt operators acting on the space of solutions to Maxwell’s equations. The definition of
em-chirality in equation (75) lends itself to straightforward formulations of T-matrix-based scalar measures
of geometrical chirality. It suffices to restrict the U;/V; to compositions of rotations and translations. Such
an approach was studied in [53].

Appendix B. Further properties of complex em-chirality

Consider a scatterer that is transparent to fields of positive helicity. Then, as was mentioned in section 3, it
exhibits the maximal scalar em-chirality ¥ = 1 = |x.|. The phase (34) can be found using

I+ = [T+ =0, (76)
which implies ¢ = 7 and it follows that the object is maximally right-handed
x(T) = —1. (77)
In the case of transparency to fields of negative helicity we similarly have x = 1 together with
I =T+ | =0, (78)
so ¢ = 0 and the object is maximally left-handed
Xe(T) = 1. (79)
The converse is true for reciprocal objects. Assuming maximal scalar em-chirality ¥ = 1 = |x.| and the
condition (31), we get for the normalized version of the definition (23)
_ (@(THH) - d(T 7))
F(TtH)2 + (Tt )2+ (T 1) +o(T)?

1 (80)
and therefore
FTH )Y+ (T )Y =—-25(TT) - G(T ), (81)

where the dot product denotes >~ ox(T+ )0 (T~ ). Since singular values are non-negative, there exist
only two possibilities for this condition to be fulfilled: either

FTT7) =0, F(T ) =0, FTTH) =0 (82)

or
FTT7) =0, FT ) =0, F#T ") =0. (83)

If all singular values of an operator are zero, then the operator itself is zero, hence both cases signify
invisibility to fields of positive and negative helicity respectively. The first case (82) implies ¢ = 7 and
consequently the object is maximally right-handed x. = —1, the second case (83) results in ¢ = 0 and the
maximal left-handedness x. = 1 follows.
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