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Abstract We propose an approach that allows to systemat-
ically take into account gravity in quantum particle physics.
It is based on quantum field theory and the general principle
of relativity. These are used to build a model for quantum
particles in curved spacetime. We compute by its means a
deviation from a classical geodesic in the Earth’s gravita-
tional field. This shows that free fall depends on quantum-
matter properties. Specifically, we find that the free-fall uni-
versality and the wave-packet spreading are mutually exclu-
sive phenomena. We then estimate the E6tvos parameter for a
pair of atoms freely falling near the Earth’s surface, provided
that the wave-packet spreading is more fundamental than the
weak equivalence principle.

1 Introduction

The theory of quantum fields is well known by now to be
extremely successful in describing scattering processes in
elementary particle physics. The very notion of an elemen-
tary particle is based on the Poincaré group which is in
turn the isometry group of Minkowski spacetime. Accord-
ing to the general theory of relativity, Minkowski spacetime
describes a universe with no matter and no cosmological con-
stant. The observable Universe is therefore described by a
non-Minkowski spacetime. The questions arise then how
to model a quantum particle in the absence of the global
Poincaré symmetry and how to experimentally test this con-
struction in the presence of a gravitational field.

From an experimental point of view, these questions need
to be studied in the background of the Earth’s gravita-
tional field. This may be described approximately by the
Schwarzschild line element (the Earth’s rotation neglected)
which, in spherical coordinates, reads
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with f(r) = (1)
where rg is the Schwarzschild radius, which is rg ¢ =
8.87x 1073 m in the case of Earth, while the Earth’s radius is
g ~ 6.37x10° m. The ratio rg, /re ~ 1.39x 1077 is neg-
ligibly small, yet its gradient is responsible for the gravita-
tional force, whose gradient is in its turn for the tidal effects.
These manifestations of the Earth’s gravitational field are
(for good reason) irrelevant in particle colliders. In light of
this, the Schwarzschild line element turns in the zeroth-order
approximation into the Minkowski one to underlie the special
theory of relativity.

One of the basic postulates of this theory is the special
principle of relativity, which states that the laws of physics
are the same in all inertial frames [1]. Even though it was
formulated prior to quantum theory, this principle is imple-
mentable in quantum physics. In particular, it gives rise to
Wigner’s classification of elementary particles [2], meaning
that these are related to unitary and irreducible representa-
tions of the Poincaré group, which are distinguished by mass
and spin. To put it differently, the existence of an elementary
particle is independent on an inertial frame considered. This
mathematical construction is in agreement with up-to-date
observations in high-energy physics.

Collider-physics experiments are performed in the back-
ground of the Earth’s gravitational field. For example, non-
relativistic neutrons have been shown to fall down in accor-
dance with Newton’s gravitational law [3-5]. Theoretical
particle physics is obviously incomplete, as it is based on
the Minkowski-spacetime approximation and, therefore, the
Wigner classification is an approximation as well. The fun-
damental problem is to find a way how to go beyond of this
approximation and yet to stay consistent with collider
physics.

From a logical point of view, this should be done by
implementing the general principle of relativity in quan-
tum theory, which asserts that physical laws are invari-
ant under general coordinate transformations [6]. Leaving
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aside the group-theoretical aspect of this construction, we
have recently shown that the general principle of relativity
is implementable in de-Sitter spacetime [7]. It was gained
through deriving a non-perturbative (in curvature) wave-
packet solution which, first, is invariant under the diffeomor-
phism group and, second, locally reduces to the superposi-
tion of Minkowski plane waves. The latter property implies
that this solution may be associated locally with one of the
Wigner classes and, therefore, is in agreement with the Ein-
stein equivalence principle — locally and at any point of
the spacetime, the Minkowski-spacetime (quantum) physics
holds [8].

This article aims to treat this approach further. Specifi-
cally, we wish to study the question if free fall is universal
in quantum theory. In other words, if the weak equivalence
principle [8] holds in quantum physics. Furthermore, we
shall show in passing that all gravity corrections to quantum-
mechanical phase, which were previously obtained under
certain approximations or heuristically, can be systemati-
cally derived by building the principles of general relativ-
ity in quantum particle physics. We shall find higher-order
gravitational corrections to the phase, which, to our knowl-
edge, have not been reported before, and establish that these
corrections may not be unambiguously determined without
experimental data.

Throughout, we use natural units c = G = i = 1, unless
otherwise stated.

2 Quantum particles in curved spacetime
2.1 Covariant wave packet

In order to study quantum corrections to free fall, one needs
first to introduce a model for quantum particles, since these
are elementary “sensors” by means of which one observes
free fall in practice. Quantum field theory is by now a funda-
mental framework which allows us to successfully describe
microscopic processes. Its application in particle physics
relies, however, on the Minkowski-spacetime approximation.
The outstanding problem remains, namely that it is unclear
how to consistently take into account gravity in microscopic
physics.

We have recently proposed in [7] that an operator, which
creates a quantum scalar particle out of vacuum, should be
related to a quantum-field operator, CfD(x), as follows:

A
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where X is a space-like Cauchy surface, ¢x p(x) stands for
a wave packet whose centre of mass is initially localised in
the semi-classical limit at X = (7', X) in coordinate space
and at P = (PT, P) in momentum space, where the on-shell
momentum P belongs to the cotangent space at X. This def-
inition arises from a covariant generalisation of asymptotic
creation and annihilation operators to underlie S-matrix in
collider physics [9].
Accordingly, we obtain from the definition (2) that

[a(px.p). @' (px.P)] = (#x.P» PX.P)kiein_Gordon’ 3)

where we have made use of the quantum-field algebra (e.g.
see [10]). This commutator defines the normalisation condi-
tion for the wave packet:

((stP’ gl))(sp)l(lein—Gordon =1, (4)

which reduces to the standard normalisation condition known
in quantum mechanics if one considers the non-relativistic
approximation in the weak-field limit, after having rescaled
the wave packet by 1/+/2M, where M is the scalar-field mass.
Thus, a single-particle state is

lox.p) = a' (px,p)I), Q)

where |€2) is the quantum vacuum, namely a(¢x, p)|Q2) = 0.
The primary task is, therefore, to determine ¢x, p (x) on phys-
ical grounds. It should be emphasised that it is by now a stan-
dard approach in quantum theory to search instead for a
global quantum-field-mode expansion in a given curved
space [11]. This approach has been put forward as a gener-
alisation of the global plane-wave expansion in Minkowski
spacetime, where quantum field theory serves primarily for
the description of scattering processes [12]. Still, the Uni-
verse is not globally flat [13]. This means that elementary par-
ticle physics is based on the Minkowski-spacetime approx-
imation. It then follows from the Einstein equivalence prin-
ciple that the global plane-wave expansion of quantum-field
operators in particle physics corresponds to a local quantum-
field expansion in the non-flat Universe. If we now consider,
for instance, the Sunyaev—Zeldovich effect, which is respon-
sible for the CMB-spectrum distortion due to the inverse
Compton scattering of the CMB photons by high-energy
galaxy-cluster electrons, then we conclude that the plane-
wave expansion of quantum-field operators has to locally
emerge at any given small-enough space-time region. The
equivalence principle suggests further that one needs to deal
with an object which depends on a relative distance, rather
than on an absolute position as that is the case for quantum-
field operators, e.g. Cib(x). The wave function gx_p (x), which
describes a particle in quantum theory, seems thereby to be
a natural object for that purpose.

The Minkowski-spacetime approximation in elementary
particle physics is good enough to describe high-energy pro-
cesses to take place in colliders. Primary observables here
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are related to S-matrix elements, each of which provides a
probability amplitude for a given initial multi-particle state
to evolve into a particular final multi-particle state. Both ini-
tial and final states are usually associated with wave func-
tions to have definite momenta — plane waves. However, the
LSZ reduction formula [9] (which basically links the math-
ematical formalism of quantum field theory to physics) uses
normalisable wave functions to describe particles having nei-
ther definite momentum nor position — superposition of plane
waves. Note, S-matrix has also to depend on initial and final
center-of-mass positions of quantum particles, otherwise one
could not implement the cluster decomposition principle,
basically stating that distant experiments give uncorrelated
results (see Ch. 4 in [12]). This requires localised-in-space
quantum states which correspond to wave packets. We con-
clude from these trivial observations that gy p(x) must be
representable via superposition of plane waves for x suffi-
ciently close to X, if treated in a local inertial frame.

The general principle of relativity requires that physical
laws are the same in all coordinate frames [6]. In particular,
the Einstein field equations are invariant under general coor-
dinate transformations. In the semi-classical approximation,
the single-particle state [¢x, p) enters the Einstein equations
through the expectation value of the stress-tensor operator
f,w (x) of the scalar field CfD(x) in the quantum state |¢x p).
For this expectation value to be tensorial, one must impose a
condition that gx p(x) is a covariant wave packet or scalar
in the problem under consideration. Therefore, quantum par-
ticle physics must be formulated in an observer-independent
manner: All observers, independent on their state of motion
or their rest frame, agree on the existence of the single-
particle state |px p), assuming thata quantum particle, which
is described by this state, moves through their detectors (e.g.
Wilson’s cloud chambers in case of an electrically charged
particle). Still, this particle affects their detectors differently
and this depends on their state of motion (e.g. curvature of a
charged-particle track depends on how a given Wilson cham-
ber moves). This idea logically follows from the general prin-
ciple of relativity, but remains unexplored in quantum particle
physics.

By analogy with the Minkowski-spacetime case, we fur-
thermore suppose that px p (x) is a solution of the scalar-field

equation, which has the following Fourier-integral represen-
tation:

1
px.p(x) = (—g(X))" 2

d*K T 2 2
X/ 5 0(K")8(K” = M?) Fp(K) ¢x g (x), (6)
(2m)

¢x Kk (x) satisfies the scalar-field equation on mass shell
gAB(X)KaKp = K? = M?:

1
(O + M7 = 2 R@) Jox k() =0, )

and Fp(K) has a peak at K = P and provides for the
normalisation condition (4). It should be remarked at this
point that the Klein—-Gordon product, which has been defined
in (2), is not conserved if the scalar field interacts with itself
or other (non-gravitational) fields. In this case, |px p) is a
dynamical state that may, for example, be unstable. The nor-
malisation condition cannot then be fulfilled for all times (e.g.
free neutrons have a mean lifetime of about 15 min). How-
ever, this condition holds for all times in curved spacetime,
evenifitis dynamical (e.g. gravitational waves, collapse etc.)
if (L + s(x))ci>(x) = 0 is fulfilled, where s(x) is real.

However, a word of caution is needed on this point. The
gravitational interaction between a pair of particles can be
thought as virtual-graviton exchange within the effective the-
ory of quantum gravity [14]. This quantum-gravity approach
presumes a background gravitational field whose fluctuations
are promoted to quantum-field operators. Hence, in quantum
gravity, o (x) satisfies the scalar-field equation (7) with anon-
trivial right-hand side. This results in a dynamical evolution
of a(px, p). We treat in this article a test-particle approxima-
tion — |@x, p) does not source gravity or, in other words, is
independent on the graviton field h v (X).

It proves useful to consider Riemann normal coordinates
at X, such those x corresponds to y, while X to ¥ =
(0, 0, 0, 0). In the Riemann frame, i.e. y, the first deriva-
tive of the metric tensor vanishes at X. Thereby, geodesics
passing through the point X turn into straight lines in the Rie-
mann frame [15]. Note, this particular choice of coordinates
does not affect physics as we deal with the covariant wave
packet. In the Riemann frame, however, the metric tensor is
given through the curvature tensor, its covariant derivatives
and their tensorial products in a covariant form:

1 . 1 .
gab(y) =Nab — 35 Racbd ycyd -z Racbd;e ycydye

3 6

(2 Ruchaier — = RucgaRy,*, ) v 395y
20 acbd;ef 45 acgdNpe 1

+00°), (®)

where it is implicitly understood that the curvature tensor and
its derivatives are computed at X (see Sec. 7 in [15]). The
Latin indices running over {0, 1, 2, 3} are coupled to the cap-
ital Greek indices by means of the vierbein ¢4 (X). We shall
study in what follows how these three curvature corrections
to the Minkowski metric 7, affect a quantum particle.

We shall mainly focus here on the wave-packet propa-
gation in the Schwarzschild geometry in order to find out
whether free fall is universal in quantum theory. We have
proposed in [7] to characterise the wave-packet propagation
by its centre-of-mass position:

o = —i/0d3y —g(» ¥y g%
s

x(@y,p (M y,p(y) — @r,p(MWey.p(»). (9
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In Minkowski spacetime and in the non-relativistic limit, it
reduces to the standard definition of the position expectation
value (y'), which is known in quantum mechanics, while
(% = y9, i.e. yV is generically a c-number. Furthermore,
the wave-packet propagation rate then reads

doly') = —i/0d3y —g( gy
y

x(¢y,p (M) p@y,p(y) — @y,p (M) 0pey,p(y)), (10)

where we have used the normalisation condition (4), the
scalar-field equation (7) re-written in Riemann normal coor-
dinates and also the fact that gy, p () vanishes at spatial infin-
ity due to its localisation in space. It is straightforward to
show that this rate reduces to the momentum expectation
value divided by M in the quantum-mechanics regime. For
all these reasons, (y') defined in (9) might be a proper starting
point to study free fall of quantum matter.

2.2 Non-inertial effects

A physically relevant solution ¢x g (x) of the scalar-field
equation (7) must be determined from observations in particle
physics. To our knowledge, there has been made up to now
only one observation which reveals the role of the curvature
tensor in quantum particle physics and which we shall utilise
below. We intend first to neglect the space-time curvature
to obtain the zeroth-order term (in curvature) of the wave
packet gy p(x) in curved spacetime.

In the absence of the space-time curvature, we obtain
from (7) that

0 —iK-
By x (v) = e K, (11)
where
K-y = Kqy“, (12)

as this directly follows from quantum field theory in
Minkowski spacetime and its application to elementary par-
ticle physics [12]. Next, we obtain a covariant Gaussian wave
packet [16,17], with the momentum variance D > 0, namely

Kl(%_;EY,P()’))
Xy, p(y)

where K, (z) is the modified Bessel function of the second
kind,

oy p(y) = N© : (13)

1 D2 4 %
Xy p(y) = <é_1 +i e P-y— Wy'}’) (14a)
and
D
NO = ) (14b)
2 Kl(]g—j)
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We refer to Sec. B in [ 7], where we have computed the center-
of-mass propagation of this wave packet and its energy-
momentum vector, and found that this packet behaves kine-
matically as a point-like particle of the same mass if and only
if Mc > D. This may thereby be interpreted as a classical
limit in which particles can be treated as effectively having
no extent.

It is worth mentioning that the right-hand side of (11) and,
consequently, the right-hand side of (13) can be expressed in
terms of general coordinates, namely

¢§2)K(x) = ¢tk (15)
where
Ko = Ky gV (X)Vyo(x, X) (16)

and 0 = o(x, X) is the geodetic distance [18]. The capi-
tal indices refer to the tangent space at X. The zeroth-order
solution of the scalar-field equation in the form (15) was our
starting pointin [7] to obtain a covariant wave-packet solution
in de-Sitter spacetime, which, first, is non-perturbative in cur-
vature and, second, reduces locally to the plane-wave super-
position at any point X. The latter property implies that this
solution is consistent with the application of quantum field
theory to collider physics.

The approximate solution (11) [or, alternatively, (15)] can
be used to make “predictions” which can then be compared
with observations in quantum particle physics by making
use of the relation between the Schwarzschild and Riemann
normal coordinates.

2.2.1 Wave-packet propagation

In Riemann normal coordinates, all geodesics which pass
through the point X are given by straight lines [15]. For
instance, we consider the following (classical) geodesic:

yi(r) = (PY/M), (17)

where 7 is the proper time. This geodesic can be re-written
in terms of general coordinates, namely

@) = 2O, pyanye- (18)

This is the result of classical theory. In quantum theory, one
should instead consider

(x) = =i / Y=g 20 8" ()
y

X (v, p(M3@y,p(y) — y.p(MNppy,p(Y).  (19)

This integral cannot in general be evaluated exactly. We shall
do this perturbatively in terms of number of metric-tensor
derivatives.

Having expanded g,;(y) (and ¢y p(y)) in (19) over the
curvature tensor, its derivatives and products, and then col-
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lected terms having the same number of the metric deriva-
tives, we get

(x oy + Z )(s)s (20)

where the term with s = 1 is absent, since we work in Rie-
mann normal coordinates in which the first derivative of the
metric tensor vanishes at X. We have, by definition, fors = 0
that

(%0 =—i f Py 3 () ¢y (@Y p (3) + c.c.
y
= x4+ ) 8. 1)

Next, in the non-relativistic approximation, i.e. the group
velocity VI = P?/ PV is negligible with respect to the speed
of light ¢, we find at X = (0, 0, 0, rg) that

(0)
S0)*" V0 0 (22a)
4
(1) a 1) n? (1) 4D ) )
5(0) vo0 8D2c2 83 < 0,0 YY) M25h2 A(0) 2T )
(22b)
() a
S(O)X V-0
©e?n* (@ |, 4D o
+ 4D2c4 68 0),0 +—= M2h2 A(O) 2 cT, (22¢)
(3)
S0 % V=0
(g0)?1" 5 (Ao)
24DAcirg 3 (2000
DZC 3) 2 4D6C2 3) 4
T 2 AT+ e Aoy aT ) (22d)
@) a
o 7T
_(eo)?nt (a%)
10D4c4 (rg)? O\ 7 @0
D2 2 @ ) 4D6c2 @ .
2 R0 T T A0t )Cfv (22¢)

where we have replaced y° by 7 in accordance with (17) and
the non-relativistic limit,

2
(n) (n)
A(s)k—“rzc(s)kz( ) » (23)
=1
where C" (S) k.1 are numerical coefficients, and

CZVS, 23}

2(rg)?

is the free-fall acceleration. If we suppose for the moment
thatt < Mh/ 2 D2 then all these corrections to the classical

ge = ~ 9.81 m/s? (24)

geodesic (18) are owing to D < oo. This can be readily
understood by looking at the argument of the modified Bessel
function in (13). Specifically, we obtain in the limit M /D —
oo that

2 2 5 ) D2
=5 DrpO) ~ o5 iy + ((Py)? = Myy)
@5)

where the first (divergent) term is canceled in (13) by an
analogous term in (14b), the second term corresponds to
the quantum-mechanical phase, and the last term ensures
that the wave packet is suppressed away from the classical
geodesic (17). The strength of this suppression is charac-
terised by the momentum variance D. The bigger its value,
the smaller the wave-packet localisation region and, there-
fore, the deviation from the classical geodesic must disap-
pear in the limit D — oo, but D < Mc¢ < oo holds in
practice. However, the wave-packet spreading starts to play
aroleif T 2> MTi/2D? (see Sec. 4 of Ch. 2 in [19]). Hence,
we find that the wave-packet spreading enhances the devia-
tion from the geodesic over a long-enough time. Does this
lead to a measurable effect?

Up to the first order in derivatives of the metric tensor,
we get in the non-relativistic and weak-field limit near the
Earth’s surface that

(x°(0)) ~ et (26a)
. . . St
(x (1)) ~ X (0) 4+ Vig — 8293
2
I+-55 A(“ 2 A
0,2 D22 2.0)
(26b)

where the wave-packet spreading yields a contribution which
is in fact negligible in the semi-classical approximation
Mc/D >> 1. Thus, this trajectory agrees with experimen-
tal tests of free fall of non-relativistic neutrons nearby the
Earth’s surface [3-5], where the spin degree of freedom does
not play any role here, if the semi-classical approximation
applies. If not, then the centre of mass of the packet propa-
gates towards Earth with a constant acceleration that differs
from gg by the factor of 1 + (D/Mc)>.

Higher-order (in metric derivatives) corrections to the
centre-of-mass trajectory may start to play a role over
long-enough time intervals, as, for instance, it follows
from (22d). However, we need to take into account the cur-
vature tensor, because the space-time curvature may give a
non-zero contribution at that order. We shall study this later
below.

@ Springer
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2.2.2 Wave-packet phase y1 = XR, (32b)
Thermal have been sh ire a phase shift v = (329
ermal neutrons have been shown to acquire a phase shi 3 2
= h(at 2d
as a consequence of the Earth’s gravitational field [20]. The Y (C fa+ ZR) cosh(ag/c), (32d)
quantum interference induced by gravity was originally pre- e obtain
dicted from the Schrodinger equation with the Newtonian 5
. . . . . . az at
grav1t.at10nal potentla.ll.[Z.l] fmc.i this result 1mmef11ately fol-  p. y &~ Mcttg (1 + _2R + ( Rz) ) , (33)
lows in the non-relativistic limit from the approximate solu- ¢ 6¢

tion (13):

x, p(x) o exp (—iMczt (1 + v(1)>> , (27a)
where by definition
5Dy = %, (27b)

where z is the vertical height to vanish at the Earth’s surface.

A few remarks are in order. First, this result has been com-
puted by considering isotropic coordinates, (ct, x, y, z), in
Schwarzschild spacetime, such that X = (0, 0, 0, rg). We get
from the coordinate transformation y = y(x) treated at X
that

o0
yo=xt+ ) sy, (28)
n=1
where x vanishes from now on at X and, to the first order in
derivatives of the metric tensor,

(1,0 o o 882
80y~ +555 1, (29)
where the approximate equality means that we have omitted
polynomials of the ratio rg_ g/ rg in the prefactor of the right-
hand side. We shall tacitly do the same below in the higher-
order terms in the expansion (28). Second, the on-mass-shell
condition P-P = M?c* gives
rs, @

—) M. (30)

Pr — X)Mc? ~ (1-—
T . grr(X)Mc ( 2

This result can be derived by taking into account that P-y =
M 27 on the classical geodesic, where, in the non-relativistic
approximation, the proper time 7 reads

ga(X)yAyB ~ err(X)y'. (31)

The ratio rg, ¢ /re in g77(X) has been neglected in (27a) as
well.

Another experiment which probes the wave-packet-phase
structure has been performed by making use of an acceler-
ated interferometer [22]. Namely, the acceleration-induced
quantum interference of non-relativistic neutrons has been
observed, that agrees with the expectations from the Ein-
stein principle [23]. Expressing Riemann normal coordi-
nates y through Rindler coordinates (g, Xg, Yr, Zr), 1.€.

0

y' = (c/a + zg/c) sinh(atg/c), (32a)

@ Springer

which coincides in the non-relativistic approximation with
the gravity-induced phase shift if we take a = gg. The
acceleration-squared term cannot be compared yet with that
in gravity, as we first need to take into account higher-order
gravity corrections to (27a). We shall study these corrections
shortly.

The Colella—Overhauser—Werner experiment [20] shows
that the wave function of a freely-falling particle is a super-
position of the scalar-field modes which are not eigenfunc-
tions of the Schwarzschild-time translation operator d;, even
though it is a Killing vector. For this reason, quantum-field
modes, which are eigenfunctions of a time-like Killing vec-
tor, do not necessary correspond to modes whose superpo-
sition can be related to a physical quantum particle. The
Bonse-Wroblewski experiment [22] gives another example
for this observation, now in case of Rindler spacetime. How-
ever, this circumstance might change if one considers inter-
acting field models. For instance, stationary wave functions
above a reflecting plate describe bound states of particles in
the Earth’s gravitational field [24], which were observed in
Nature [25].

The gravity-induced quantum interference has been
observed so far in the non-relativistic regime. The wave-
packet phase P-y turns on shell into Mt, where 7 is the
proper time over a geodesic defined by the initial centre-of-
mass position X and the initial momentum P. Hence, a gen-
eral relativistic result for the phase difference in the Colella—
Overhauser setup [21] (with M > 0 and the curvature tensor
neglected) reads

Sp(h) = (Mc?* /1) (Trg — Trg4h)s (34)

where £ is a vertical height of the upper horizontal path above
the Earth’s surface. Moreover, we obtain from P-y up to the
first order in gg that

gahl (Mc)*> +2P?

Sp(h) ~ —=25 .

(35)

where [ is the length of the horizontal path. The gravity-
induced phase shift ¢ (k) reduces to the Colella—Overhauser
result [21] in the non-relativistic regime, Mc > P. In the
relativistic limit, 8¢ (k) is by a factor of two bigger than that
previously reported in [26-28] for photons. Note, we take
in (35) into account both the gravitational time dilation and
length contraction in the horizontal direction, which non-
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negligibly contributes in the relativistic limit. This was also
taken into consideration earlier in [29].

2.2.3 Preliminary conclusion

There are several gravity-attributed effects which were exper-
imentally confirmed in non-relativistic quantum physics. In
full agreement with [3-5], we have found that the relativistic
wave packet is consistent with Ehrenfest’s theorem for free
fall:

2

dr g2

iff Mc >> D is fulfilled. Besides, thermal neutrons have
been shown to non-trivially interfere with each other due to
the Earth’s gravitational field [20]. This was predicted earlier
in [21] by relying on the Schrodinger equation with Newton’s
potential. Here the covariant wave packet gives the phase
shift (35) which also agrees with the observations. Note that
both effects are essentially due to the gravitational time dila-
tion (29) (see also [30]).

For these reasons, the mathematical model for an elemen-
tary particle in curved spacetime, that has been presented
in Sect. 2.1, deserves further scrutiny. The next step we
intend now to make is to perturbatively take into account
the space-time curvature.

D\
<)C (t)> ~ —8o (1 + Mz 2) 8:15’ (36)

2.3 Curvature effects

The curvature-dependent terms neglected in the previous sec-
tion may start to play a role over long-enough time intervals
even if the wave-packet localisation size is much smaller than
the local curvature length. In order to study this issue, we look
for the wave-packet solution in the following form:

Sy x () + Z $y'k (). (37)

n=2

oy k() =

Substituting ¢y, g () into the scalar-field equation (7), we
obtain

(1840 + M?)py' % () = j™ (). (38)
where we have forn € {2, 3, 4} that

JPG) =-DPeP (392)
JP) = -DVey . (39b)
JO0) = —DWg —DPpP, | (39)

and, in vacuum (R, = 0 and, consequently, r)“b R,, = 0),

1
D(z) — 5 Racbd yCydaa ah’ (403)

1
< R e Y ¥V 000,

D = (40b)

1 1 RY 8
DW= (% Racbd;ef +tz Racg e f)y yy yfa o

beecy y ycad- (400)

Note that there is no correction with n = 1, since we work
here in local inertial coordinates. We now intend to solve this
system of differential equations in order.

2.3.1 LO curvature correction

We obtain one curvature-dependent term at the leading order
(LO) of perturbation theory, which does not vanish in vac-
uum, namely

Py x () =

where v is a covariant function of y and K . In other words, v;
depends on y-y = yZ and K -y only. We obtain then from (38)
with n = 2 that

K Rucpa KKy yd vy, (41)

0-0v; —2iK-0v; + 80 = — (42a)
where the dot stands for the differentiation with respect to y2 s
and the first two terms on the left-hand side of this equation
can be re-written in terms of y? and K -y and derivatives of v
with respect to its variables. This equation has infinitely many
solutions. However, bearing in mind j® (y) = O(y?), one
should have v; o K-y. This gives from (42a) that

— k. (42b)

It is worth emphasising that this solution is non-unique. For
example, v] +-constis another solution of (42a). This constant
represents a free parameter. It cannot be determined even in
de-Sitter spacetime even if one considers the de-Sitter quan-
tum state. It seems, thereby, that we need experimental data
to deal with this mathematical ambiguity.

There has been recently observed a wave-packet phase
shift due to the curvature [31]. This effect was predicted ear-
lier by assuming the non-relativistic approximation [32-36].
In order to show how this result follows from the covariant
wave packet, we first establish the leading-order correction
to (13):

N Racpa P PP y¢y*

2
Py, p ) = 1802

K4(A[/)I_222Y,P(Y))
(Zy,p(y)*

Second, choosing isotropic coordinates in Schwarzschild
spacetime and assuming Mc¢ > D, we find in the non-
relativistic approximation up to the second order in the metric
derivatives that

@x, p(x) o exp (—iMczt (1 +0D 4 v(z))) ,

x(i P-y —2D*y?) (43)

(44a)
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where (Vv has been defined in (27b) and

(8o1)?

6c¢2
where we have also used the expansion of Riemann coor-
dinates via isotropic coordinates up to the second order in
derivatives of the metric, appearing in (28). The numeri-
cal factor in front of the curvature-dependent term in the
phase correction (44b) follows from the combination of the
proper-time expansion over the non-inertial coordinates x at
X and the leading-order correction (43) to (13). This coef-
ficient can also be obtained by working in Fermi coordi-
nates and expressing the proper time t through the Fermi
time coordinate (see (45) in [37]). This result agrees with
the observation [31] and, therefore, the imaginary part of v;
given in (42b) is physically correct.

The acceleration-squared term in (44b) remains experi-
mentally unobserved, although, as a matter of principle, it
may be testable, as recently argued in [38]. This term man-
ifests itself in the non-inertial frame and is, accordingly,
present in (33) as well (see also [23]).

The curvature-dependent correction (43) is covariant.
Besides, it vanishes on the classical geodesic (17). Still, the
wave packet has a non-vanishing support in space. This cor-
rection is, hence, generically non-zero iff D < oo (note
that the packet is proportional to the Wightman function
in the limit D — oo, which, in vacuum, is oblivious to
the leading-order curvature correction, see (2.21) in [39]).
Specifically, ¢x, p(x) becomes deformed due to (43). More-
over, this deformation is typical for the gravitational tidal
effect, namely the wave packet becomes squeezed in the hor-
izontal direction, while stretched in the vertical one.

For this reason, one might expect that (43) influences the
wave-packet propagation solely due to D < oo. Indeed, we
have from (20) that

o
_ )
=Y 85, (45)
n=0

1 .
v®? = ) Roioj x'x’ +

(44b)

where, up to the fourth order in derivatives of the metric
tensor, we find in the non-relativistic limit in Schwarzschild
spacetime that

©)
8(2)Xa V——>()) O, (4621)
254 2.2
M a Ga)h” (o (o) Dy o
50" 75 Tapicg 3\ P2t 5 Aot )
(46b)
53 x" —— 0. (46¢)

V-0

It should be noted that there is no contribution to the nor-
malisation factor (14b) at this order of perturbation theory.
In fact, both the wave packet and its normalisaition condi-
tion (4) do not depend on a coordinate frame. This means that

@ Springer

the leading-order correction to (14b) has to be proportional
to the Riemann tensor R,p.4 contracted with the metric ten-
sor 1,5 and the initial four-momentum P,, as there are no
other tensors in the problem under consideration. Yet, any
scalar obtained by contracting R,pcq With 1,5 and P, is zero
in vacuum.

Up to the second order in derivatives of the metric tensor,
we obtain in the non-relativistic limit at the Earth’s surface
for 1 < ¢/gg ~ 3.06x107s,i.e. T ~ r, that

(g)?h?
(x0(0) ~ et <1 + e 800 (47a)
. . . 8t
(' (1)) ~ X (0) + Vig — %
D> TN
(1 2l ) o).
(47b)

The novel contribution entering the centre-of-mass trajec-
tory of the wave packet at this order influences time dura-
tion of free fall (cf. [40]). This result shows that the position
expectation values defined with respect to T = const and
(x9(t)) = const Cauchy surfaces approximately agree if
h/D <L re(rg/rs, @) ~ 100xsolar-system size.

2.3.2 NLO curvature correction

There are two curvature-dependent terms in the next-to-
leading order (NLO):

Sy k() = e K Rucpa:e KKy ! (w1y* + wK*) (48)

where w1 and w; are covariant functions of y and K, which
do not vanish in vacuum. First, we obtain from (38) with
n = 3 that

1
0-0wy; —2iK-0w; 4+ 12wy = 3 (49a)

According to the minimal Ansatz, we need to look for a
solution of the inhomogeneous part of this equation only. By
analogy with our procedure in the previous section, we obtain
i
=——K-y. 49b
oz XY (49b)

Second, we have

wi

d-0wy — 2i K-0wy + 8wy = 2iw; — 2w, (50a)

where the prime stands for the differentiation with respect
to K-y. The inhomogeneity of this equation originates from
w) & K-y. Therefore, we assume that w, depends on K-y
only. This results in

i ,
REYYYE (K-y)"+ AN K-y, (50b)

which has no free parameters.

wy =
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Even though there are no experimental data, to our knowl-
edge, which need the curvature derivative for their expla-
nation, we can make a prediction by using this particu-
lar solution in the non-relativistic regime. This is due to
Rocog:0 = 0 in Schwarzschild spacetime. Therefore, the
wave-packet phase up to the third order in derivatives of the
metric tensor reads

@x, p(x) o exp (—iMczt (1 + oD 4@ 4 v(3))) , (51a)

where vV and v® have, respectively, been defined in (27b)
and (44b), and

o C e 2geD)? z
=—6R050j;kX’x]x B (51b)

NE)

and we have also made use of (28) up to the order with n =
3. The numerical factor in front of the curvature-dependent
term coincides with that to appear in the phase if one works in
the Fermi frame (see (45) in [37]). But, there is an extra con-
tribution in the non-inertial frame, that may be interpreted
as a time-dependent correction to (27b). It becomes non-
negligible with respect to (27b) if ¢+ 2 16.4 min, whereas a
characteristic curvature time at the surface of Earth is roughly
givenby (rg/c)\/re/rs, ¢ ~ 9.5 min. Itisunclearifitis fea-
sible to design an experiment that could test this non-inertial-
frame contribution to the phase.

The next-to-leading-order curvature correction to the
locally Minkowski wave packet (13) vanishes in vacuum on
the classical geodesic. Hence, this provides a sub-leading cor-
rection to the gravitational tidal effect we have considered
above. Nevertheless, we find no contribution to the classi-
cal geodesic in the non-relativistic limit in Schwarzschild
spacetime, that depends on the first (covariant) derivative of
the Riemann tensor, i.e.

o0
(@ = Y Blxl, (52)
n=0

where, up to the fourth order in the metric derivatives,

(©)

8(3))6“ —>V—>O 0, (53a)
0

8(3))5“ —>V 4 0. (53b)

Note, for the same reason as in the case of the leading-order
correction, there is no curvature contribution to the normali-

sation factor (14b) at NLO.
It is straightforward to compute higher-order corrections
to (47). These corrections yield

2. D> rseh® (1 1 ;
0~ o (14 50 = 1 (5= ) )
(54
where we only consider 72-dependent terms in (x? (7)), because
higher-order polynomials in 7 contribute to higher-order
terms in the classical trajectory x’ (). The wave-packet cen-
tre of mass falls down with a constant acceleration which
depends on the Lagrangian mass M, the momentum vari-

ance D and higher-order metric derivatives. This is our main
result.

2.3.3 NNLO curvature correction

We find eighteen curvature-dependent terms in the next-to-
next-to-leading order (NNLO):
4 _iK-y
¢§z,)1<()’) =e K y(Racbd;efKaKb]Cdef
+Racge Rbdhf K chdefgh)’ (55)
where by definition
chef = fl ycydyeyf
+Hy Ky + fycylyek!
+ Ay Y KK + fsyyin (562)
chdefgh = f6KbycydyenygKh + Kb(f7ycydyeyf
+ Iy Y Ky + foy y KK ) s
+ (froybyy!
+fuklyy!
+ 2y KyT + fiayPy KT + flakPKey!
+ fisY’KKS + fieyPn®
+/17K 0 + fisK"K K ) ns"nl. (56b)
Substituting (55) with (56) into (38) with n = 4, we obtain
0-0f; —2iK-0f; = Fj, (57)

where the first batch of the F-functions reads
1

F| = 5~ 16 f1, (58a)
Fy =2if] —2f] — 125, (58b)
F3 =2if; —2f] — 123, (58¢)
Fy =2ify —2f +2ifs — 2f3 — 8f1, (58d)
Fs=—2fi —8fs, (58¢)
Fe = —% (] = 2iv] — vy) — 16, (58f)

where we remind that the dot and prime stand for the deriva-
tive with respect to y> and K-y, respectively. Taking into
account, first, dimensions of the f-functions and, second,
assuming that the curvature-dependent factor in (55) is a
polynomial of maximal degree six both in y and in K, as this
is the case in de-Sitter spacetime for the solution derived in
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[7], we obtain a solution for the first batch of the f-functions,
which generically depends on twelve constant parameters,
assuming that v is given by (42b). Next, the second batch
of the F-functions can be treated, namely

F = % — 165, (59a)
Fy=4if; —4f + ( —ivy) — 123, (59b)
Fy =2ify —2fs - 8f6 —8fo, (59¢)
Fio = —j—; — 12 fio, (59d)
Fi1 = 2ifi0 — 2f{y +4f1 — 107 — 8 fi1, (59%)
Fis = %ifio — 2ffo +4f1 — 2 v1 ~ 8, (596)

giving the second batch of the f-functions to depend on extra
eleven constants. And, finally, we have

Fi3 = 2ifi0 — 2f]p — 81 + 87 — 813, (60a)
Fia = 4ifu1 —4f{; +2ifio — 211,

+2ifi3 — 2f{3 — 4 fs — 4 fia, (60b)
Fis = 2ifin —2f], + 2ifiz — 2f{s+ 2fs —4fi15.  (60c)
Fi6 = =3 fi0 — 4 f16, (60d)
Fi7 = =2f11 — fi3+ 2ifie — 2 flg» (60e)
Fig = 2ifia — 2f|4 + 2ifis — 2 f{s — 2 fo. (60f)

The f-functions that solve these equations depend on addi-
tional twelve constant parameters. In total, (55) depends on
35 dimensionless parameters which need to be determined. It
is not clear to us how these can be unambiguously achieved.
For this reason, it is impossible at this stage to make any
predictions for the phase shift at NNLO.

At this order, the curvature-dependent correction does not
vanish on the classical geodesic. This is the main reason
why we consider this order. One of the consequences of this
property is that the Wightman two-point function, defined as

2

Wkx,X) = Dlim ox, p(x), (61)

—><>o47'[2N

acquires a non-trivial contribution which can be brought
to the form obtained in [39,41] by fixing two (at least in
Schwarzschild spacetime) of all free parameters. Another
consequence is the fact that the wave-packet normalisation
factor depends now on the Riemann tensor at x = X. Specif-
ically, we have from (20) that

(n)
“Vy = 28(4) “ (62)

@ Springer

where, up to the fourth order in the metric derivatives, we
obtain in Schwarzschild spacetime that

(gea)zh“

o0
O 2n
50 ca D4C4(F®)2 Z c,,( ) s¢ct, (63)

@ T

where C,, are real and depend on the free parameters. There-
fore, the normalisation factor

(rs, @) ht &
8D4(r@)6 Z ( )) 64

depends on the curvature tensor at the point X.

N ——> NO (1
V-0

3 Concluding remarks

The main goal of this article was to study free fall in quan-
tum physics. In order to address this question, however, a
quantum-particle model in curved space is required. The con-
ceptual idea we have put forward in this regard is to covari-
antly generalise asymptotic particle states to underlie S-
matrix in elementary particle physics. First, this approach
respects the general principle of relativity in the sense that
the quantum-particle state |¢x, p) unitarily transforms under
the diffeomorphism group by construction, i.e.

lpx.p) = log 5) = Ulpx.p), (65)

where U is a unitary operator that is related to the coordinate
transformation x — X = X(x), and, thereby, X = i(X)
and P(X) is a covariant vector obtained from P(X) by
means of the tensorial transformation rule. Second, locally
and at any point X, the wave packet ¢x p(x) to be asso-
ciated with |@x p) is represented in a local inertial frame
through the superposition of Minkowski plane waves, imply-
ing that |@x p) is related to one of the unitary and irre-
ducible representations of the Poincaré group. This imple-
ments the Einstein equivalence principle at quantum level. In
other words, quantum-field-theory techniques applied for the
description of microscopic processes in collider physics are
reliable in any space-time region of the Universe, assuming
that a local curvature length there is much bigger than a char-
acteristic length scale to describe a given quantum system
(see [42] for an application of this approach).

It is worth emphasising that we have focused here
on the construction of diffeomorphism-invariant quantum
states, |@x p). In the semi-classical limit (see below),
these states describe particles (approximately) moving along
geodesics. Each of these geodesics is determined by its tan-
gent vector P/M at X. In accordance with Heisenberg’s
uncertainty principle, |px p) are (essentially) localised in
a certain space volume at a given moment of time (see
Sec. I1.3.1 in [43] for further details). Such localised states
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can thus be employed to obtain pseudo-local diffeomorphism-
invariant observables in gravity, proposed in [44].

A few experiments have been performed up to now, that
require for their explanation both quantum theory and gravity.
The elementary-particle model we have proposed is, first, in
full agreement with the quantum interference induced by the
Earth’s gravitational field [20]. This is a non-inertial-frame
effect which is accordingly absent in local inertial frames.
It was later experimentally proved that this effect also exists
in accelerated frames [22]. Loosely speaking, these experi-
ments show that the quantum interference cannot be used to
distinguish between uniform gravity and acceleration [23].
The wave function ¢y p(x) is naturally consistent with these
observations, as shown in Sect. 2.2.2. Second, there has been
recently observed a phase shift due to the space-time curva-
ture [31]. A theoretical basis for this experimental result was
established in [33], assuming a stationary spacetime. The
wave-function solution g x p (x) we have obtained in this arti-
cle agrees with [33] and, consequently, with the observation
[31], yet this provides a generic result which is applicable
in vacuum in non-stationary spacetimes as well (see also [7]
for a non-perturbative (in curvature) result in de-Sitter space-
time).

The covariant wave packet ¢x p(x) is therefore suitable
for studying free fall of quantum matter. The main result
of this article is the observation that the wave-packet cen-
tre of mass falls down with the acceleration that depends on
both the Lagrangian mass M and the wave-packet momen-
tum variance D, which is given in (54). It implies that free
fall is not universal at quantum level. However, it appears
hard to predict how accurate an experimental test of free
fall must be to observer this effect. In fact, this predic-
tion depends on D which essentially defines the initial
quantum-particle state. To pass experimental constraints on
the (possible) violation of the universality of free fall, the
momentum variance D must necessarily be much bigger
than (1/rg)/7s. @/re ~ 10718 eV/c and much smaller than
Mc. To put it differently, the characteristic (initial) extent of
the wave packet must be much bigger than the Compton
wavelength 72/ Mc and much smaller than the local curva-
ture length rg\/7e/7s. @ ~ 10'! m. This qualitatively agrees
with the results of [7] (see also appendices in [45]).

The non-universality of free fall implies that the weak
equivalence principle cannot hold in quantum theory, if con-
ceived as the free-fall universality [8]. There are many other
arguments supporting this assertion, see [46]. For this rea-
son, this reference proposed a quantum version of the weak
equivalence principle. If adapted to the position expectation
value, this quantum principle basically states that this expec-
tation value cannot depend on M. The lower bound on /i /D
arises from —%Ffj X)(y'y/ ) (0) to give a quantum correction
to — 318, (X)(»%)2. The expectation value (y’y/) ) charac-
terises the wave-packet extent which is subject to spreading.

It is a universal quantum phenomenon, see [19], which is
described by (D/M )2( yo)z. From an experimental point of
view, this is the most relevant source of the deviation from
the classical law of free fall, as the upper bound on /D is
violated for a wave packet of size comparable to or bigger
than the Earth-orbit radius.

For an experiment aiming at testing the weak equivalence
principle by making use of a pair of atoms, one may estimate
7/ D by an atomic diameter. Defining the E6tvos parameter as

8A — 8B

(A,B)=2 )
1 8gA + 8B

(66)
where g4 and gp stand for free-fall accelerations of two
atoms A and B, respectively, we get

n(Au, Al) ~ —8.88x 10719, (67)

This cannot be compared to the experimental upper bound
of the order of 10~!! found in [47], as aluminum and gold
cylinders used in the experiment give the Eotvos param-
eter n ~ 1077°. The theoretical estimate (67) is close
to the precision of the MICROSCOPE experiment [48],
where, however, arelative acceleration of alloy masses, rather
than atoms, has been probed on board of a satellite. Next, if
we consider 3’Rb and 3°K atoms, then the E6tvs param-
eter is dominated in this pair by potassium atoms, as these
are lighter and smaller. In this case, we obtain the following
estimate:

n(Rb, K) ~ —1.42x10716. (68)

This is by 9 orders of magnitude smaller than the sensitiv-
ity of a matter-wave interferometer used to test the free-fall
universality with rubidium and potassium atoms [49,50],
whereas by 4 orders of magnitude smaller than the atom-
interferometer sensitivity (employing 8Rb and 3"Rb iso-
topes) achieved in [51]. A novel measurement technique
[52] allowed herein to reduce systematic errors [53], mak-
ing atom interferometers promising for quantum tests of the
weak equivalence principle with even higher sensitivity.

The main result (54) relies on an assumption that the posi-
tion expectation value is given in the Schwarzschild frame
by the integral (19). This definition tacitly uses the constant-
proper-time Cauchy surfaces, as P! = 0 has been set in the
integral computations. Still, the position expectation value
depends on a Cauchy-surface choice [7]. Up to the first order
in derivatives of the metric tensor, we find

2 DZ ;
~ e )% (©9)

d ; N

7 F D)~ —ge (1

where Cauchy surfaces of constant r have been consid-
ered. Note that the Schwarzschild time ¢ and proper time
7 (over the geodesic (17) with P/ = 0) roughly equal if
t < c/gg ~ 107s. At this order of the approximation,
the difference between (69) and (36) effectively stems from
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replacing 9y by 8y — ggy"d3. Therefore, quantum tests of
the universality of free fall might also show if quantum par-
ticles measure proper time. It would then provide another
witness for the proper-time role in quantum theory, see [54].
A theoretical argument in favor of that could be based on
the circumstance that, in the Riemann normal frame, (y%)
exactly equals (P%/M) t, independent on the ratio D/Mc
(at least up to the order studied), when the Cauchy surfaces of
constant proper time are treated. Indeed, this choice ensures
that the curvature-dependent normalisation factor N does not
modify that equality. In this case and in the Riemann normal
frame, the wave-function centre of mass propagates over the
classical geodesic (17) as if the wave packet were structure-
less.

The expectation value (x“) makes no use of position
operator. It is not even clear how to self-consistently define
quantum-mechanics operators with corresponding expecta-
tion values in curved spacetime. Still, such quantities as
energy and three-momentum of the wave packet can be estab-
lished without introducing the quantum-mechanics operator
formalism by solely employing the quantum-field algebra:

(pa) = /E 42 () (y.p T Dlgr. p) — QT ()IR),
(70)

where the scalar-field stress tensor reads

Tap() = Va® (1) Vpd()
1 3 & 252
—3 80 (Vb )V b (y) — M2$(y))

1 c\&H2
tg (Gab(y) = VaVp + gap(y)VeV )CD )
(71)

for the scalar-field model studied, where G,,(y) is the
Einstein tensor. The integrand in (70) can be expressed
through ¢y p(y) and its complex conjugate by means of the
quantum-field algebra, wherein — (2| fah(y) |€2) serves to set
the quantum-vacuum four-momentum to zero. If the Rie-
mann tensor is now neglected, (p’) approaches Mdy(y') in
the non-relativistic limit, while (p°) naturally contains that
what would be the quantum-mechanical expectation value of
the three-momentum-squared operator. It remains to under-
stand how to obtain (y“ p;) and (ppy“), which might give a
curvature-dependent commutation relation.

The quantum state |y p) cannot yet be treated as a sat-
isfactory model for an elementary particle. Indeed, this state
does not source gravity, i.e. (¢x, p |fl,w(x) lox,p) = 0, where
ftw(x) is the graviton field, although (¢x p| f",w X)|px.p) #
(Q|7A",w (x)|€2). A proper generalisation of the operator
a'(px.p) given in (2) is required to go beyond the test-
particle approximation. For this reason, it is unclear
whether (54) implies that the gravitational mass differs
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from the inertial mass and how these two masses are related
to the Lagrangian mass M in gravity.

Another aspect of the problem is how to determine the
free dimensionless parameters that enter the wave function
@x, p(x). It may require study of this problem in other space-
times, by searching for a unique form of ¢x p(x) reducing
to preferred wave functions in corresponding curved space-
times. Besides, it may require quantum gravity for dealing
with this question. In particular, it might be feasible at least to
re-produce our results by using the effective-theory approach
to quantum gravity, by setting up no background gravita-
tional field and replacing the Earth by a heavy quantum parti-
cle. This approach has already provided quantum-gravity cor-
rections to hyperbolic-like trajectories [55-57]: In quantum
gravity, such trajectories cannot be solutions of the geodesic
equation.

Finally, the quantum-mechanical phase is given in the
semi-classical limit by +iS(x, X)/k, where S(x, X) =
—Mc*t(x, X) is the single-particle (on-shell) action.
Curvature-dependent corrections in ¢y p(x) may in general
contribute to this phase on a classical geodesic. In fact, the
leading correction in vacuum is proportional to the curvature
tensor squared, as shown in Sect. 2.3.3. This means that the
classical action for a single particle in curved spacetime has a
limited application in quantum theory.
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