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Abstract

The phase-field method is w idely e stablished for modeling crack propagation i n material science. It shows good agreement
with analytical solutions and is able to describe a complex fracture behavior. Nevertheless, the models are mostly introduced for
homogeneous systems, and there are only a few approaches for heterogeneous systems. So models, that are able to describe the
crack propagation in such systems, are highly desirable. Based on a classic crack propagation phase-field a pproach, existing
models are discussed, and a new model is derived. The first m odel, w hich i s b ased o n a n a Iready e xisting a pproach, uses
homogenized properties and a single-crack order parameter, while the second model, a new approach, introduces multiple
crack order parameters, each of which only tracks the damage of a corresponding phase. Furthermore, the issues of the
single-crack order parameter model are demonstrated, such as the ability to reproduce the quantitative surface energies for an
interfacial crack and the non-physical behavior of a crack propagating along a sloped material interface. In contrast, the novel
multi-crack order parameter model prevents distortions for an interfacial crack and propagates along the interface in a more
physical manner. In comparison with an analytical solution, based on linear elastic fracture mechanics, the novel model shows
a good agreement, even for strongly sloped interfaces, where the single-crack order parameter model fails to reproduce the
analytical solution. In a subsequent application to fiber-reinforced p olymers, the new model has proven to be able to predict
fractures in complex systems, including crack nucleation, branching, and merging. Finally, the applicability to a 3D system is
illustrated.
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1. Introduction

Understanding failure and fracture behavior is a challenge in modern engineering and materials science, especially
when considering the growing number of materials with a complex morphology and heterogeneous material
properties, such as fiber-reinforced polymers (FRP). Predicting the resistance to failure and the complex crack
propagation paths of such materials will improve the ability to determine effective load capacities and to develop
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efficient, safe, and predictable products. Linear Elastic Fracture Mechanics (LEFM) has proven to be capable of
describing crack propagation in homogeneous materials in 2D [1,2]. An extension to heterogeneous materials is
possible [3,4], but a general approach which describes complex heterogeneous materials in 3D seems difficult
and not feasible. An alternative approach is cohesive zone modeling (CZM), introduced by Barenblatt [5] and
Dugdale [6], which can be embedded in the finite element method (FEM), using cohesive finite elements. An
overview of CZM can be found in Elices et al. [7]. Since these models demand for conforming meshes, more
advanced crack paths require cumbersome remeshing methods. In comparison, the generalized/extended finite
element method (GFEM/XFEM) enriches the solution space of the FEM to handle discontinuous functions [8]. This
eliminates the need for conforming meshes and remeshing. However, both CZM and GFEM/XFEM are limited to
describe complex crack propagation behavior, including nucleation, branching, or the interaction between cracks.
In a domain with sharp interfaces, different regions, e.g., phases or destroyed and unbroken material, occurring in
the case of fracture, are distinctly separated, cf., e.g., Prahs and Bohlke [9], in the context of interface conditions
on a sharp interface. This requires explicit tracking of the interface, which has proven impractical. An alternative
approach to fracture utilizes the phase-field method (PFM), introducing order parameters to allow a smooth transition
between various regions. This results in continuous order parameter fields, often referred as phase fields, and
allows an implicit tracking of the interface on nonconforming meshes, and thus an efficient numerical treatment
of singularities, such as grain boundaries or cracks. Thus, the PFM is widely established to describe the evolution
of microstructures, such as solidification or solid—solid phase transitions, considering different types of physical
aspects, e.g., thermodynamics, chemistry, or mechanics [10-14]. Phase-field approaches to brittle fracture have
been developed in both the physical [15-17] and the mechanic community [18-20]. The latter is based on Griffith’s
theory [21] and the variational formulation of Francfort and Marigo [22] and Francfort and Bourdin et al. [23].
Other more advanced applications, for example, deal with plasticity [24—27] or multiphysics [28-31]. For most
of these models, the material is considered homogeneous. This is a reasonable assumption on macroscopic length
scales. Often, however, failure mechanisms occur at smaller length scales, where many materials are heterogeneous.
Therefore, models that are able to describe fracture of heterogeneous systems are highly desirable.

Most phase-field models describing crack propagation in such systems introduce a varying crack surface energy.
This is achieved either by anisotropy [32,33] or interpolation of the surface energy [34,35]. Schneider et al. [36]
proposed a model that extends the multi-phase field model of Nestler et al. [37], so as to describe crack propagation
in polycrystalline systems. The model takes into account damage due to a phase transition to a common crack
phase. This concept has also been extended to anisotropy [38] and plasticity [39]. A common approach to consider
an interfacial fracture toughness is to lower the crack resistance in the interfacial region. Hansen-Dérr et al. [40,41],
for instance, model a locally varying value based on a virtual phase transition. To account for interfacial effects,
CZM have also been introduced into phase-field crack propagation models [42—45]. Although these models can
describe complex crack propagation in heterogeneous materials, including interfacial effects, and agree with the
LEFM and experiments, they can lead to non-physical behavior as discussed by Henry [46].

The objective of the paper is to introduce a novel multi-crack order parameter (MCOP) phase-field model for
fracture which is able to overcome issues of the established single-crack order parameter (SCOP) approaches for
modeling crack propagation in heterogeneous systems based on the phase-field method. Therefore, some issues of
the SCOP model are illustrated in simple 1D and 2D simulation setups and several advantages of the novel model are
demonstrated. This paper is structured as follows: Section 2 introduces the phase-field crack propagation models for
the homogeneous and heterogeneous case and the corresponding governing equations are derived, while Section 3
gives remarks on the numerical implementation. Followed by a discussion of the numerical results in Section 4
of both heterogeneous models in 1D, two limiting cases for a binary interface in 2D, including a comparison to
analytical solution from the LEFM, and an application to FRP in 2D and 3D are presented.

2. Phase-field crack propagation models

For a material body {2 € R" n € {1, 2, 3}, in an Euclidean space, the displacement vector u relates the position
vector of a material point regarding the reference and the current configuration. The boundary of the body 32 € R"~!
consists of a subset df2p, on which a Dirichlet boundary condition is applied, by prescribing the displacement
vector u = u, while a Neumann boundary condition is imposed on 0f2v, for which the stress vector ¢t = ¥ is
specified. For both boundaries, df2p U {2y = 942 and 9{2p N 32y = @ must apply. In addition, the body contains a
sharp crack surface S..
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Fig. 1. Schematic homogeneous domain with a sharp crack interface (a) and a diffuse crack interface in yellow (b). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

2.1. Classical homogeneous model

Free energy functional. For a homogeneous domain containing a sharp crack, cf. Fig. 1(a), the free energy functional
is proposed by

f[u]=/ fa@)dv+ [ G.da, (€))
Q Se

with a strain energy density f.(«) and a critical energy release rate G, which describes the surface energy density y
for the sharp crack surface by G, = 2y. The introduction of the crack order parameter ¢, € [0, 1] enables a smooth
transition of the material state. For ¢, = 1, the material is fully broken, for ¢, = 0, it remains undamaged. Following
Kuhn and Miiller [19], this allows the free energy (1) to be rewritten by a volume integral

1 1
Flu, ¢c, Vo] = /_;) h(@c) fer(u) + EGC (60 |V¢c|2 + €_¢02) dv, 2)

F e, Ye)

cf. Fig. 1(b). The strain energy density is degraded by the function A (¢.) = (1 — ¢.)>. For a general discussion of
degradation functions, the reader is referred to Kuhn et al. [47]. The energy of the crack is parametrized by a &>
and a gradient term with the spatial gradient Vg, = grad(¢.) and its norm |Vip.| = +/V@. - V.. In addition, the
length parameter €. defines the width of the diffuse interface.

Strain energy density. The elastic term of the free energy functional (2) is modeled by an elastic potential, assuming
small deformations. Thus, the strain energy density reads

1
Ja(u) = 70 & 3)

with the strain tensor & = sym(grad(u)), where sym(-) denotes the symmetric part of a second order tensor. In
addition, Hooke’s law

o =C]le], 4)

is assumed, with the symmetric Cauchy stress tensor o, and the 4™ order stiffness tensor C. Moreover, body forces
are neglected and a quasi-static behavior is considered, subsequently. For an isotropic case, this constitutive equation
simplifies to o = Atr(e) 1 + 2pue, with the Lamé parameters A and p, the second-order identity tensor 1, and the
trace operator tr(-). The Lamé parameters can also be expressed by Young’s modulus E and Poisson’s ratio v, using

e BV B
(14+v)(1—=2v)’ 2(14v)’

As cracks typically do not evolve under compression loads, several approaches exist to split the strain energy
density into a tension and compression part. By only degrading the tension part, this results in a more physical crack

propagation behavior. Early tension—compression splits were introduced by Amor et al. [48], Miehe et al. [49] and
Henry and Levine [17]. More recent variants were proposed by Ambati et al. [25], Strobl and Seelig [50], and Storm

5)
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Fig. 2. Analytical order parameter profile for crack (a) and solid (b), for a corresponding sharp crack and a solid—solid interface at x = 0,
respectively.

et al. [51]. Despite their significance, none of these variants is considered here, in order to reduce the complexity of
the proposed model. However, an extension to most of the established tension—compression splits could be applied
straightforwardly. Applying Eq. (3) and (4) to the functional (2), yields

Flu, do. Vo] = / %h(qbc)(c €] - & + %GC (ec Vg + 1¢c2> dv. ©)
02 €c

Balance of linear momentum. Following the approach of Kuhn et al. [19], the minimization of the free energy
functional (6), with respect to the displacement yields the balance of linear momentum

div(h(¢o)o) = 0. ()

Evolution equation. The evolution equation of the order parameter ¢. can be described by an Allen—Cahn
equation [52]

€c(ﬁc =-M

SF_ <8f<u, ge. Vo) div(&f(u, ge. w)c))) | )

S¢pe d¢c EAY
with a mobility parameter M > 0, Vip. - n = 0 on 9f2 and the outer normal vector n on the boundary.

Analytical crack profile. For a one-dimensional stationary crack without mechanical loads, and thus with vanishing
mechanical driving force, the evolution equation according to (8) is able to reproduce the correct surface energies
of a sharp interface and lead to the analytical profile [20]

x|

Pe(x) = exp (—E—> €))

C

which is displayed in Fig. 2a.

Irreversibility condition. Various approaches for the realization of an irreversibility condition for the evolution
equation are listed in the literature: Bourdin et al. [18] used a Dirichlet boundary condition. In contrast, Miehe
et al. [20] introduced a strain history function to realize the irreversibility of crack order parameter. More
recent approaches use the augmented Lagrangian method [53], a primal-dual-active set [54], a complementarity
system [55], or the interior point method [56]. The model introduced above reproduces the correct sharp interface
energy in the case of the analytical profile (9). Since mechanical loads are considered here, the strain energy
density contributes to the evolution equation of the order parameter (8). This leads to a distorted profile, if crack
healing is prevented completely, and therefore to an error in the represented energy, if the applied load is removed
completely. As the objective of this work is to investigate the possibility of different models to reproduce the sharp
interface energies, the irreversibility is realized by a Dirichlet boundary condition, where the evolution equation is
not restricted in general, but all fully damaged points remain damaged, using a boundary condition ¢. = 1, where
a point is assumed to be fully damaged by ¢. > 0.99 using a numerical threshold. This improves the numerical
behavior and has a negligible effect on the results. Nevertheless, the models presented in the present work could
also be realized with other approaches to the irreversibility condition, which are listed above.



L. Scholler, D. Schneider, C. Herrmann et al.

|

SCOP MCOP
G 09°

¢°(z) 9% (z) > 0

o0 one

Fig. 3. Schematic heterogeneous domain for the SCOP and MCOP models: The initial domain is schematically drawn on the top left. The
subdomains are visualized separately in the center, with a sharp crack interface. In the lower left, the SCOP model is shown with its diffuse
crack interfaces in yellow, whereas in the lower right, the MCOP model is displayed with several diffuse crack interfaces in the subdomains
2% and 2° in red and yellow. The diffuse solid interface ¢*(x)¢?(x) is indicated in green. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

2.2. Heterogeneous single-crack order parameter (SCOP) model

Solid order parameters. To distinguish different regions of a heterogeneous body, the order parameters ¢* < [0, 1],
Va =1,..., N are introduced for N different regions, which can be arranged in the tuple

o=1{s". ¢ ....0"}. (10)

A bulk region of phase « is represented by ¢* = 1, while a diffuse interface is represented by 0 < ¢* < 1. As the
order parameters can be interpreted as the volume fraction of the corresponding regions, the condition

N
D¢ =1 an
a=1

has to be fulfilled. By extending the free energy functional (1) with interfacial terms between the regions a multi-

phase field model can be formulated, as proposed by Nestler et al. [37]. Using a double obstacle phase-field potential

results in an analytical one-dimensional profile for a binary interface:

o 1 (T I8 I
¢ (X)_§(1+Sln(zx))’ ) SXSE, (12)

as shown by Steinbach et al. [57], which is presented in Fig. 2b. It is characterized by the interface width I or,
analogous to the crack profile, by a length parameter ; = 4/72l;. Since no changes of ¢* are examined in this work,
an extension of the free energy and a derivation of a classical multi-phase field is omitted. Instead, the analytical
profile (12) is utilized to parametrize the domain, resulting in diffuse and smooth volumetric interfaces, cf. Fig. 3.

Free energy functional. To account for heterogeneous materials, the domain {2 can be decomposed into subdo-
mains 2 with constant material properties, cf. Fig. 3. Thus, the energy functional for sharp interfaces follows by
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N N
Flu] = Z/ﬂ fe"l‘(u)dv+2f G* da. (13)
. Jao o Jse

In the context of the SCOP model, and thus, in contrast to the functional (1), the strain energy densities fJ as

well as the critical energy release rates G are phase-specific, denoted by the phase index «. The energy of each
subdomain is given by an integral of energy densities over {2¢, which can be parametrized using an indicator
function and expanded to (2. Subsequently, the order parameters of the solid phase field can be used as a smooth
approximation to the indicator function [58,59]. This leads to a linear interpolation of the energy densities with the
solid order parameters ¢, cf. for example Nestler et al. [37], yielding

N N
f[u]:LZ¢“f§(u)dv+/S > ¢"G da. (14)

As for the classic homogeneous model, a crack order parameter ¢, is introduced to describe the damage of the
domain smoothly, and the free energy of a heterogeneous body is given by

u o ro 1 al oo 2 1 2
]-'[u,¢>c,V¢c]=/Qh(¢c);¢ fel+§;¢> G® <ec|v¢0| + ot ) dv, (15)
1
fezx — Eo_a .ea’ o_oz :(Ca [6‘0(]. (16)

In general, the phase-inherent stresses and strains are unknown. To determine an overall material behavior, further
assumptions have to be made. This is widely investigated in the context of phase-field modeling [60-64]. Recently,
Prajapati et al. [38] introduced a model that applies the homogenization scheme proposed by Schneider et al. [63]
in the context of a phase-field fracture model. Nevertheless, for simplicity, a Voigt-Taylor homogenization scheme
is used in this work, assuming equal strains in each phase

e“=eVa=1,...,N, (17)

acknowledging the limited capabilities of this scheme [13,60]. By applying (17) and (16) to the functional (15) this
yields

N N
Flu, ¢e, Vo] = /Q %h«bc) ;w@“ [e]) - & + % ;qs“G? (ec |V | + iqbcz) dv. (18)

Note that the procedure to obtain the evolution equations of the crack order parameter and the balance of linear
momentum is the same as for the classical phase-field crack propagation model in Section 2.1, but now including
interpolations of the phase-specific stiffnesses and critical energy release rates with the order parameters ¢*.

2.3. Heterogeneous multi-crack order parameter (MCOP) model

Order parameters. As in the previous section, a tuple of order parameters,

N
o=1{s". 0% ... 0"}, D ¢* =1, (19)
a=1

is introduced to parametrize different regions of a heterogeneous body. In addition, a tuple consisting of separate
crack order parameters ¢ € [0, 1], for each solid phase,

b= {0 0% ... 0} (20)

is introduced. Each crack order parameter ¢ tracks the damage of the corresponding solid region «. For ¢¢ = 1, for
instance, the complete volume fraction ¢* is damaged, while other solid regions are not affected by ¢, cf. Fig. 3.
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Free energy functional. The MCOP model combines the functional given by Eq. (14), used as the basis for the
SCOP model, with the individual degradation of the strain energy densities f by means of multiple crack order
parameters according to Eq. (20). In addition, the critical energy release rates G2 are also parametrized by the
individual crack order parameters. This results in the free energy functional

N N
1 1
Flu, ¢, Vo] = /Q DO (D) S+ 5 ) 9°GE (ec Ve |” + - (¢3)2) dv, 1)
o o ¢
with Vg, = {Vd)cl, V¢c2, e V¢év } The free energy functional for each subdomain 2 can be identified by
Flu, 92, Vgl | = /Qqs“f“(u, <, Vo) dv (22)
o o 1 o o 2 1 o 2
:/mh(¢>c) i+ 5Ge e | Vol | +€—(¢C) dv.
1o (u, ¢, Ve )

With Eq. (16) and, as in the previous model, the assumption of the Voigt—Taylor scheme (17), the functional for
the whole domain and each subdomain is obtained by

1 1 1
F[u, 02, V9¢] = /Q Fh(#)(C [e]) & + 5 G (ec [vael + (¢>§)2) dv, (23)
1 & 1 & 2 1 e
Flu. ¢, V] = /Q 3 2 Oh(9E)(C lel) e+ 5 )9 Ge (ec [vor | + = (#2) ) dv. (24)
a=1 a=1 ¢

As in the previous models, minimizing the latter functional with respect to the displacements yields the balance of
linear momentum and is therefore omitted here.

Evolution equation. For each crack order parameter an Allen—Cahn equation,

et = —me ST e (8f“(u’ ¢ Vo) _div<8f°‘(u7 3‘,V¢3))), (25)
5¢ 09¢ a3

with a mobility M* > 0 is postulated. These evolution equations are defined on the subdomains 2%, whereas on the
boundary 02* a homogeneous Neumann boundary condition with V¢ -n = 0 applies. In contrast, the boundary G¢,
resulting from the smooth transition of G (cf. Fig. 3), has to be treated separately. Neither a classical Neumann nor
a Dirichlet boundary condition is a reasonable choice. A Neumann boundary condition would enforce a certain
flux across the boundary. For example, a zero flux would result in a crack propagation direction perpendicular
to the boundary. A Dirichlet boundary condition, on the other hand, would constrain the order parameter ¢¢ and
thus the crack propagation. More complex boundary conditions, such as absorbing boundary conditions, or Robin
type boundary conditions, could constitute more physical boundary conditions. Since these are neither widely used
nor trivial to implement, an alternative approach is proposed: The evolution equation is extended to the whole
domain {2, but the elastic driving force is restricted to 2%, and considered to vanish anywhere else. This results
in a continuous calculation of the crack order parameters, not restricted to the inner boundary, each with similar
terms, as in the homogeneous model, but with phase-specific quantities. Outside the subdomain (2¢, the phasefield
is continued in the sense of the exponential profile (9), reproducing the correct sharp interface energy in a diffuse
context. The coupling of these different equations takes place solely through the interpolation of the strain energy
density. In addition, an irreversibility condition for each evolution equation is used: As in Section 2.1, each crack
order parameter is kept damaged by means of the additional constraint ¢¢ = 1, if ¢ > 0.99.

2.4. Comparison

Classic homogeneous model. Section 2.1 introduced a crack propagation model based on established models from
the literature. Many extensions and modifications to such a model can be found in the literature, which can improve
the model for many applications [39,41,51]. Nevertheless, such extensions are avoided intentionally, reducing
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Table 1
Comparison of the terms in the balance of linear momentum and the evolution equation of the SCOP and MCOP model. A- denotes the
Laplacian operator.

N S . 1 1 0h(de)
SCOP : div(h(qsc)qu“a“):o, ferr =D 9°GE (Aqsc—e—zqsc)—e— 8;¢)Z¢“f§f

o

N
: AP o 1 a o 1 o 1 oh ¢Cl «
MCOP : dlv(Zh(¢C)¢a>:0, ¢ = G <A¢C_¥¢C>_; afng) @ Vg=1,...,N

the complexity, as the model is used as the basis for the introduced heterogeneous SCOP and MCOP models.
In the scope of this work, no implementation of the classical model is conducted. While the limitations of the
classical model are acknowledged, many of the established modifications might also be applied to the novel MCOP
model, while retaining the advantages of this approach. Nevertheless, the classical model could be extended to
heterogeneous systems, e.g. based on element-wise constant material properties in the context of the FEM. On the
other hand, the SCOP model with the limit of a sharp interface would yield the same results.

Single-crack order parameter (SCOP) models. The SCOP model, introduced in Section 2.2, is similar to models
from the literature [13,38,39]. However, there are some differences:

e Schneider et al. [13] introduced the order parameters ¢* and the crack order parameter ¢, in the same tuple ¢.
Therefore, ¢. also contributes to the summation condition (11). This results in a model where the phases show
transitions to a common crack phase. In addition, the interpolation function % (¢.) must then normalize with
respect to ZQ’ ¢%, while the crack energy is also considered in the evaluation equation of the phases, and vice
versa.

e Prajapati et al. [38] and Spith et al. [39] used a similar approach as Schneider et al. [13], but the crack
evolution equation is assumed to be independent of the order parameters ¢*, and is solely used to determine
effective material properties.

e In this work, the order parameters ¢* and the crack order parameter ¢, are introduced separately, and the
damage of all phases is represented by ¢., but without any phase transitions from these to the crack phase.
This results in a model similar to Prajapati et al. [38] or Spith et al. [39], but without requiring a normalization
of the interpolation function.

e Due to the similarities to established models, the SCOP model is used as a reference model in the following
2D examples.

SCOP vs MCOP model. Both models introduce a tuple of order parameters for the parametrization of the domain,
thereby accounting for the heterogeneity of the body. The differences between both models are summarized in the
following.

e SCOP model: Only a single crack order parameter is considered. Thus, all regions are equally damaged. Both,
the balance of linear momentum as well as the evolution equation of the crack order parameter are obtained
by minimization of the functional F with respect to the total domain f2.

e MCOP model: A tuple of crack order parameters is introduced. Thus, the damage of a region is described by its
own order parameter, which allows a more advanced degradation of the strain energy. Moreover, functionals 7
are introduced on subdomains 2%. As for the SCOP model, the balance of linear momentum is obtained by the
minimization of the total functional with respect to the total domain. However, the evolution equations of the
crack order parameter are obtained by the minimization of the functionals F* with respect to the domain 2¢
of the corresponding crack order parameter. Each evolution equation also recovers the classic model, while
maintaining a constant crack surface energy and many of the advantages of this model.

Furthermore, the differences in the evolution equations and linear momentum balances are summarized in
Table 1.
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3. Numerical treatment

Influence of the crack length parameter €.. Regarding phase-field crack models for simulations, it has been
repeatedly shown that the length parameter used to determining the width of the diffuse transition between damaged
material points and undamaged material points has an effect on the simulation results, see [19,20,39], for example.
This is especially true when considering crack initiation processes, for which often €, is treated as material property,
cf., e.g. Tanné et al. [65]. Recently, Kumar et al. [66] discussed crack nucleation in the context of phase-field
modeling and promoted an alternative approach for nucleation treatment. If initial cracks exist and the transition
width is compatible with the discretization grid and the domain size, the influence of €. is not significant [65,67—69].
This difficulty was extensively studied in [70], and it was concluded that the length parameter should be considered
as a material property that depends on the tensile strength of a material. Tanné et al. [65] derived a possible
solution for the correct determination of the length parameter. However, if the length parameter is considered as a
material property, especially on small length scales, this often leads to difficulties, as the compatibility between
the length parameter, the discretization grid, and the domain size is no longer guaranteed. To eliminate this
sensitivity, Wu et al. [71] introduced an approach for brittle materials. Since the presented model is a completely
new interpretation of the regularized crack problem, the approach by Wu et al.’s is not considered, to reduce
complexity. For a clear presentation of the new model, the disadvantages and the problem of the dependence of
the simulation results on the length parameter are acknowledged but not taken into account. However, improving
of the model towards parameter insensitivity is nevertheless straight forward with the approach published in
Wu et al. [71].

Algorithm 1: Staggered scheme for SCOP Algorithm 2: Staggered scheme for MCOP
initialize @, initialize ¢ VYo =1,...,N
initialize boundary condition initialize boundary condition
t <1 t <1
while 7 < feng do while ¢ < fenq do
loop loop
solve lin. momentum balance // cf. Table 1 solve lin. momentum balance // cf. Table 1
for « =1 to N do
solve evolution eq. for ¢ // cf. Table 1 solve evolution eq. for ¢ff // cf. Table 1
@ <_¢c+Atl7.>c ¢g <_¢g+At¢g
end
adapt mesh adapt mesh .
static <— }QBC|OO < €4, static < aznll.z.l.).(,N |¢‘§|w < €¢c
if static then if static then
t<—t+ At t < t+ At
increment boundary condition increment boundary condition
break break
end end
end end
end end

Numerical discretization. The proposed models result in a system of partial differential equations, consisting of
the balance of linear momentum and multiple evolution equations for the crack order parameters. In this work the
staggered approach of Miehe et al. [20] is used, which is based on a operator split. Each partial differential equation
is solved by assuming the other fields constant. Together with a time stepping scheme

¢ =+ Arge, LT = 98" + Arg (26)

and a time step At, this results in linear partial differential equations. The index n denotes the order parameters for
an old time step, while n + 1 denotes the order parameter for a new time step.
In order to ensure a quasi-static crack propagation, the steady state conditions

|| < € [BE] < €n 7)

are introduced, with the infinity norm |-|,, and a tolerance parameter €5 = 1074, After solving the individual
equations in each iteration, the condition is evaluated. Only if the condition is fulfilled, the system will progress
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further in time. As a consequence there is an inner iteration loop, which solves each equation subsequently, until a
steady state is reached, and an outer loop, which can be associated with a physical time and a time-dependent load,
using boundary conditions. The procedure corresponding to this approach is illustrated as pseudocode in algorithm 1
for the SCOP model and compared to the MCOP model (algorithm 2). The mobilities M and M“ also reduce to
numerical parameters and will not influence the results within a certain reasonable numerical range. In addition, an
exemplary study of the evolution of these staggered systems and their iterations is conducted in Appendix A. In
order to solve the partial differential equations, a FEM approach, based on the C++ finite element library deal.ll [72],
is used. In this work, first-order Lagrange finite elements and a second-order Gauss—Legendre quadrature rule for
numerical integration are used. The evolution equations are solved using an implicit time stepping procedure (cf.
Eq. (26)), except for the elastic driving force term, which is considered explicitly in time. Adaptive mesh refinement
(AMR) is used to reduce the computational effort. Especially for the setup chosen in Section 4.2, big domains are
required which are computationally unfeasible on a uniform mesh. In this work a basic AMR strategy is used, and the
reader is referred to, for example, Heister et al. [54] for a more state-of-the-art AMR approach. The strategy of our
current approach uses different criteria for refinement or coarsening for the evolution equation and the equilibrium
of the linear momentum. Based on the gradient of the order parameter or strain energy density and the extent of the
elements, discrete changes are calculated for each element. If certain values are exceeded or undershot, the element
is refined, or coarsened, respectively. In addition, this procedure is explicitly evaluated in time. Despite limitations
of the strategy acknowledged, it enables the computation of bigger domains. Combined with a very conservative
refinement controlled by the values for refinement and coarsening, and frequent execution, the strategy has proven
its robustness. However, this has the disadvantage of low computational optimization compared to more advanced
approaches such as those of Heister et al. [54]. Nevertheless, it provides huge improvements over a uniform mesh.

Residual stiffness. For a FEM approach, an interpolation function /4 (¢s), which will be zero for a fully broken
state, will result in a singular stiffness and an ill-posed problem. This can be avoided by replacing the degradation
function by

h(g) 1—dc >,

h(ph) else, (28)

MM={

with a threshold value ¢! = 10~*. This function will preserve a certain value and even ensures a residual stiffness
even for completely damaged regions.

4. Results

Effective crack order parameters. In order to be able to compare the results of the SCOP and MCOP model,
additional effective order parameters are introduced. An order parameter ¢“ can be decomposed into an effectively
damaged part ¢¢ and an effectively undamaged part ¢¢:

o = e+ . @)
Each of these parts is defined using the individual crack order parameters of the MCOP model
¢ =%, B =" (1-¢7). (30)

Also a totally effective crack order parameter is formulated:
N
P =) P (31)
a=1

Note that these effective quantities describe the damaged and the undamaged fraction with respect to Zg % =1,
which is in contrast to ¢, which only describes the ratio of damage with respect to ¢*.

4.1. Steady-state profiles in 1D

To illustrate the difficulties of the heterogeneous SCOP model, steady-state profiles are examined for different
model parameters and compared to the analytical solution. For the sake of simplicity, the system is assumed as



L. Scholler, D. Schneider, C. Herrmann et al.

1 =
___¢1
___¢2
B |
g |- #? .
OC _ R h
O:’A-‘\ ‘‘‘‘‘ /\ l\/ \\ - \‘7_-—
-4 -3 -2 -1 0 1 2 3 4

z/€s

Fig. 4. Steady state profiles for a diffuse interface at x =0, with G2/G! = 100 and €, = e;.

binary and one-dimensional, while no mechanical loads are considered. Instead, a completely damaged point, in
the middle of the domain, is placed and imposed via the boundary condition ¢. = 1 or ¢ = 1, respectively. In
addition, an interface with different critical energy release rates for both materials is also placed in the middle of
the domain. In Fig. 4, exemplary steady-state profiles ¢, for the SCOP model, and ¢Z, for the MCOP model, are
shown along with the imposed interface. Note that a high contrast of the crack surface energies G2/G. = 100
and the same length parameters €. = €, are chosen. This results in a highly distorted profile for the SCOP model,
compared to the analytical profile, due to the additional spatial gradient in zf ¢*GY. In contrast, the evolution
equations of the MCOP model are independent, as the coupling is modeled purely by the degradation of the strain
energy density, which is not present here. Together with the constant G¢, this will avoid any distortions, and the
analytical profile is reproduced.

The distorted profiles result in different energy densities and do not yield the analytically desired crack surface
energy G¥ = 1/2(G! + G2) when integrated over the domain. For the investigation of these deviations in the total
energy, the error estimator deviation

| F=G¢
€G. = G:

is introduced. For varying ratios of the critical energy release rates and interface widths, the deviations are displayed
in Fig. 5(a). Due to the higher spatial gradient in the critical energy release rate, an increasing deviation for a higher
contrast G2/G!, can be observed. For € > €., the change of the critical energy release rate is distributed over a
larger physical width, leading to lower spatial gradients and lower deviations. If the case €; < € is considered, the
spatial gradient increases, but its influence is limited to only a part of the crack interface, resulting in a relatively
low deviation for the total energy of the system. From a numerical point of view, €; ~ ¢ it is desired to reduce the
effort of resolving both interfaces. In this case, however the deviation is rather high. The deviations shown here do
not exceed =~ 7.8%, which seems tolerable. Nevertheless, the maximum local deviation of the energy density can
be defined by
*
ef = M , (33)

f X=Xmax

(32)

with the analytical energy density f*, defined by the analytical profile, and is evaluated at xpa, for which the
absolute difference of the density is highest. For the various parameters, this local deviation is shown in Fig. 5(b),
which also shows an increasing deviation with higher G2/G!. With increasing es/e., the spatial gradient in
>V $*G becomes more local, which also increase the deviations. For the MCOP model, the error quantities eg,
and e; will vanish, as the profiles are identical to the analytical ones and will reproduce the correct crack surface
energy G.

Although a high contrast in the surface energies only produces moderate deviations in the total energy, the local
deviations of the energy density are an order of magnitude higher. So far, no crack propagation behavior has been
considered. However, it is expected that the inability of the SCOP model to reproduce the energy density and total
crack surface energy will also influence the evolution of the crack, which will be investigated in the subsequent
sections.
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Fig. 5. (a) Error of the total crack energies eg,. (b) Maximum of the local error of the energy density e (b) and a diffuse interface with
varying model parameters.

4.2. Sloped binary interface

This section follows the investigations by Henry [46]. Along with a binary interface, an initial crack is placed
in a two-dimensional rectangular domain, with an angle 6 between them, cf. Fig. 6. Note that the real size of the
domain is large, compared to the interface widths, to avoid any influence from the boundaries.

In order to reduce complexity and avoid any influence of the chosen homogenization scheme, the elastic material
behavior of both regions is assumed to be equal and isotropic with A! = A2, u! = p2. In his work, Henry imposed
displacement boundary conditions, but in order to use the LEFM theory in the present work, stress boundary
conditions are employed to apply an initial mode I crack opening. For a straight crack the stress intensity factor
results from

K= Ao+/a, (34)

with the generally unknown prefactor A, the crack length a, and the stress o, far away from the crack, which hence is
associated with the stress vector 7 of the boundary condition, cf. Fig. 6. If the stress is increased monotonously, this
results in crack propagation above a critical stress, followed by an unstable crack growth. To be able to investigate
the behavior of the crack propagation models, a quasi static crack growth with K; = Kj is desirable for a constant
critical value Kj.. To obtain such a stable crack growth, the applied stress will be increased after each time step.
If the crack propagates, measured by an enlargement of the domain, ¢. = 1 holds, the stress at the boundaries is
reduced below an estimated new critical value, which is based on the crack growth Aa. Furthermore, the stress
increment for each time step is also reduced. This approach aims to achieve linear crack growth over time and
avoid unstable crack growth.

Artificial interface. Firstly, the interface between the region is considered as artificial. Hence, the crack resistance
is assumed to be equal, G! = GE, resulting along with the same stiffness to the same material. The ratio of the
interface width parameter of the solid and the crack is €./I; = 2/5, and for the interface angle & = 50° is chosen.
The results after simulating a mode I crack propagation of such a system are shown in Fig. 7: It could be observed
that the initial crack propagated straight through the domain, despite the presence of the interface. For the MCOP
model, contour lines of the effective parts ¢! and ¢Z are displayed, additionally. In the solid interface, the crack
is transferred from one region to another, continuing the total effective crack, consisting of the sum of J)‘C’ . The
resulting effective crack q;c of the MCOP model is comparable to ¢, of the SCOP model. In Fig. 8a, the temporal
evolution of the crack length a, normalized by the initial crack length ay, is plotted against the normalized simulation
time. Here, both models also show the same effective behavior, and the transfer of the crack propagation, from one
crack order parameter ¢ to the other, can be observed. The evolution of the applied stress o, normalized by the
critical stress to propagate the initial crack oy, is displayed in Fig. 8b. Because of the way the boundary condition



L. Scholler, D. Schneider, C. Herrmann et al.

Fig. 6. Exemplary structure of an inclined interface, with an angle 6 between the binary interface and the initial crack. A time-dependent
stress is applied on the left and right boundary.

Fig. 7. Simulation domain with an initial crack and a marked and enlarged artificial interface region (a). The crack order parameter ¢. for
the SCOP model (b) and ¢. for the MCOP model (c), with contour lines for ¢! and ¢Z. In addition, the solid boundaries of the interface
are shown.

is applied, it should be noted that only the time step is shown, in which the crack grows, while the other steps
are omitted. The models show similar profiles and coincide with the expected profile from LEFM, cf. Eq. (34).
Regardless of the use of multiple crack order parameters, the novel MCOP model is able to reproduce the crack
path and kinetics of the SCOP model. Furthermore, the presented approach ensures quasi-static crack growth and
produces an almost linear crack growth over time, as well as the desired relation between applied stress and crack
length.

Infinitely tough region. The other limiting case of crack propagation with a binary interface is an infinitely tough
interface, which can be obtained when G2 = oo, which ensures that the upper region cannot be damaged at all and
enforces the crack to grow along the interface. For both regions, the same stiffness parameters are used, while the
boundary condition is applied as before.

In Fig. 9, the crack path for both heterogeneous models and 6 = 50° are shown, considering both a sharp solid
interface (a—c) and a diffuse solid interface (d-f). The marked cross section is also drawn in Fig. 10 along with the
solid interface. The SCOP model shows a non-physical behavior in some aspects:
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Fig. 8. Normalized temporal evolution of the crack length (a), and the stress at the boundary, applied against the crack length (b), for the
SCOP and MCOP model with 6 = 50°.

Domain SCOP MCOP

Sharp interface

Diffuse interface

Fig. 9. Crack propagation along the sloped interface, for sharp and diffuse interfaces: Simulation domain with an initial crack and a marked
and enlarged interface region (a,d). The crack order parameter ¢. for the SCOP model (b.e) and ¢. for the MCOP model (c, f), after the
crack propagated along the infinitely tough interface. In addition, the solid boundaries of the interface and the cross-section of Fig. 10 are
shown.
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Fig. 10. Cross-section with the underlying solid interface, along the binary interface of the SCOP and MCOP model, shown in Fig. 9, for
a sharp (a) and diffuse interface (b).

e Due to the interpolation of the individual critical energy release rates G¢ and the infinitely tough upper region,
no crack can occur there or in the interface region. This constrains the crack propagation in such a way that
the crack is deflected before it reaches the solid interface.

e This interpolation also causes problems as to how the crack grows along the interface. Because the order
parameter in the interface must be zero, this leads to a certain distance of the crack from the interface.

e For the diffuse interface, the high gradients of ¢. towards the interface combined with the nonconforming mesh
cause numerical issues, leading to numerical artifacts, as shown in the magnification of Fig. 9b. Regarding the
sharp interface, which requires a conforming mesh, these artifacts are not present.

In contrast, the MCOP model exhibits fewer of these difficulties: For the diffuse interface, the crack grows straight
up to the interface, where it performs distinct deflection. The deflection is less pronounced for the sharp interface
due to the loss of the driving force immediately beyond the interface. However, for both the diffuse and sharp
interfaces, the crack continues directly at the edge of the interface, and the crack exhibits the desired analytical
profile of the diffuse interface, as illustrated in Fig. 10.

For a quantitative comparison of the models, the approach of Henry [46] and the analytical analysis of Amestoy
and Leblond [4] are used and briefly introduced, in the following. The stress intensity factors for the crack modes I
and II of the straight crack, i.e., before the deflection of the crack at the interface, result from

Kl = AO’()\/E, KH =0. (35)
In contrast, the stress intensity factors can be described by
Ki=f®)Ko,  Ku=_g®)Ku, (36)

directly after the kink of the crack path, where f(6) and g(0) are given by Amestoy and Leblond [4]. Ky is the
stress intensity factor right before the kink of the mode I crack. The energy release rates after the kink G result
from
. K} + K2
P T (37)
E/

while the ratio of G and the energy release rates before the kink G can be expressed using the analytical solution

= f(0)* + g(0)*, (38)

e
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Fig. 11. Exemplary visualization of the evaluation of the crack propagation (a) and comparison with an analytical solution for the SCOP
and MCOP model (b), for a crack propagating along an infinitely tough interface, with a different angle 6. Various solid length parameters
€s as well as a sharp interface (SI) are examined.

with E’ = E/(1 — v?). With Eq. (35), this ratio can also be given by

G &\?
Go (—) : ©9

using the applied stress at the interface after the kink &, and a reference stress oy, representing the stress of a
straight crack with the same crack length in the y-direction. In Fig. 11a, an exemplary illustration of the evaluation
procedure is given. When the crack hits the interface, the critical stress for propagation increases, which can be
observed by a peak in the graph. By determining the maximum value of this peak for which a, > ao holds,
and comparing it with the reference stress ¢ of a simulation without a solid interface but with the same crack
length in the y-direction a,, a comparison with the analytical solution is possible. In Fig. 11b, this procedure was
conducted for both models, several angles, sharp and diffuse interfaces. For small angles, both approaches show a
fairly good agreement with the analytical solution. For higher angles, however, the SCOP model strongly differs
from the solution, while the MCOP model still agrees with the analytical solution from the LEFM. Note that a
variation of the width of the solid interface was also conducted, where the sharp interface can be considered as a
limiting case. Neither increasing nor decreasing of the interface width has any significant effect on the results. For
a mesh convergence study of this setup the reader is referred to Appendix B.

In conclusion, regarding the SCOP model, neither the crack grows to the interface, nor the model is able to
reproduce the stress increase at which crack propagation occurs along the inclined interface. In contrast, the MCOP
model propagates to the interface, develops more significant deflection, and predicts the increase in stress according
to theory. Regarding the comparison with sharp solid interfaces, no significant differences could be found. This
limits the novel MCOP model not only to the application at diffuse interfaces, but also allows for the application to
sharp interfaces. Concerning the diffuse boundary approach, both SCOP and MCOP avoid the need for conforming
meshes. However, the MCOP model offers the possibility to extend the homogenization scheme, e.g., by considering
jump conditions [13,73].
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Table 2
Material properties (a) and interface width parameters (b) for simulating the fracture of FRP volume elements.
Material Elasticity Fracture

Parameter Value

E v Reference G

Is 1um
Thermoset 3.45GPa 0.38 [74] 100.0J m=2 € 1.25um
Glass fiber 73.0GPa 0.22 [75] 200.0J m~2 ©

(a)

4.3. Application to FRPs

In the previous numerical studies, the same elastic material behavior has been assumed for both regions. But
realistic systems with a high contrast in crack resistance will most likely also have a high contrast in their elastic
parameters. In this section, a fiber-reinforced polymer (FRP) is chosen to schematically demonstrate the ability of
the novel MCOP model to illustrate crack propagation behavior in the context of a material with heterogeneous
elastic properties. A quantitative analysis of the results is omitted, as this would most likely require an extension
of the model, e.g., a state-of-the-art tension—compression splitting, or accounting for interfacial crack propagation,
which is beyond the scope of this work.

The matrix consists of a UPPH resin system [76], reinforced by glass fibers. The material parameters for both
materials are given in Table 2a, while the interfacial widths used are shown in Table 2b. FRPs exhibit a complex
fracture behavior: Either the matrix may fail, the fibers may break, or the material may fail due to the debonding
of the interface. To investigate crack propagation in such a material, volume elements with a certain fiber volume
content, orientation, and periodicity are considered. Boundary conditions, such as normal Neumann or Dirichlet
types, do not account for the periodicity of the domain. Hence a periodic type is chosen: In addition to the periodic
order parameters and displacement fields, a superimposed periodic displacement boundary condition [77] is applied
in such a way that the macroscopic strain of the volume element follows by

g =c(t)e, @ e,, 40)

where the normal strain in the x-direction, €(¢), will be increased linearly with time, until the volume element
exhibits a complete failure.

Unidirectional 2D volume elements. First, unidirectional fiber reinforced volume elements are be investigated. This
makes it possible to reduce the system to a 2D system, so as to reduce the computational effort. The square volume
elements with a side length of 100 um contains fibers with a radius of 4 um. For different fiber volume fractions vy,
various realizations will be considered in the following. In Fig. 12, the effective crack ¢. and the contour lines
of the fibers are presented in a fully broken state. All realizations show an overall crack direction, perpendicular
to the applied load. Thus, the desired and dominant crack opening mode I is reproduced, and the crack paths
tend to become more complex, when using a higher fiber volume fraction, as the fibers become an obstacle for
the crack, which results in an elongation and contortion of the crack path. This is primarily caused by the lower
crack resistance of the matrix. Thus, the crack also often propagates through matrix-dominated regions, but also
between fibers caused by stress concentration. Since the MCOP model does not account for the failure mechanism
of interfacial debonding, this failure mechanism cannot be observed when the crack propagates in fiber dominated
regions. Due to the periodic boundaries, the complete failure of the volume element forces the crack tips to merge.
After the merge, partly ‘dead ends’ can thus be observed in some realizations presented in this work.

Isotropic 3D volume element. In the case of a 3D volume element, the fiber volume content vy = 25% is chosen
with an isotropic orientation distribution. The latter implies that there is no preferential direction in the fiber
distribution. As before, the volume element has a side length of 100 um, consisting of fibers with a radius of 4 um
and a length of 80 um. The volume element was generated using the approach of Schneider et al. [78] and is shown
in Fig. 13(a). As in the 2D case, a macroscopic strain is applied in one direction, in addition to the periodicity, and
is increased linearly over time. The failed domain with the red crack surface is shown in Fig. 13(b). As for the 2D
simulations the crack surface is mainly perpendicular to the load direction and occurs solely in the matrix, but still
shows a quite complex crack path, due to the fiber distribution and the stress concentration that arise from it.
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Fig. 12. Different realizations of randomly generated periodic 2D volume elements with unidirectional fibers for varying fiber volume
fractions vr. Additionally, the effective crack ¢, after uniaxial strain and failure is shown.

5. Conclusion

In this work, two different phase-field models for crack propagation in heterogeneous systems were introduced
and compared:

e A SCOP model, based on established approaches, which uses a single crack order parameter to account for
damage.
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(b)

Fig. 13. A randomly generated periodic 3D volume element with isotropic fiber distribution (a) and the fractured volume element after
applying a uniaxial strain, highlighted by a red crack surface (b).

e A novel MCOP model, that introduces multiple order parameters in order to distribute the effective damage to
the individual regions, modeled by its own set of order parameters. This results in multiple evolution equations,
each of which has a constant crack surface energy.

It was shown that the SCOP model is not able to reproduce the surface energy of the sharp interface for an interfacial
crack, especially when the same length parameters are chosen for the solid and crack problem. In comparison, the
novel MCOP formulation avoids any errors in that case. Furthermore, the model demonstrated the same kinetics
and crack profiles during the propagation though an artificial interface, which confirms that multiple crack order
parameters can generate a continuously effective crack.

An extension to an infinitely tough interface indicated further problems with the SCOP model, as the crack is
deflected from the interface before it hits the interface itself, and maintains a certain distance from it. In contrast, the
novel MCOP model demonstrates a more pronounced kink of the crack path at the interface and grows directly along
the interface, for both sharp and diffuse interfaces. A quantitative comparison between the models for different angles
of the interface and an analytical solution also showed a huge improvement in the modeling of crack propagation
in heterogeneous materials: In particular, for high angles of the interface the SCOP model cannot replicate the
analytical solution, where the MCOP model still shows very good agreement with it.

The application of the novel model to FRP for unidirectional fibers in 2D and the extension to a 3D domain
with isotropic fiber orientation distribution shows that the ability is able to depict crack evolution in such a complex
system, including crack nucleation and merging.

Notwithstanding the fact that the crack phase-field model avoids established extensions, such as a tension—
compression splitting or the removal of the interface parameter dependence, the many remaining advantages of
using multiple crack order parameters could be demonstrated. In future work, a tension—compression split, for
example based on the work of Storm et al. [51], combined with a more advanced homogenization scheme based on
the work of Schneider et al. [36], could further improve the model. In addition, a combination with a solid-solid
phasefield transition model and plasticity could allow the study of other material systems, e.g., crack evolution
during martensitic phase transformation [79]. The inclusion of an interfacial crack resistance could also allow for
a more sophisticated simulation of FRP failure, by enabling realistic fiber debonding.
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Fig. A.14. Behavior of the staggered scheme for the artificial sloped interface: (a) Cumulative iterations during the crack growth for the
SCOP and MCOP models. (b) Amount of inner iterations for an exemplary discrete crack propagation step.
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Appendix A. Staggered iterations study

For a numerical investigation of the number of staggered iterations during a crack propagation simulation, the
setup of an artificial sloped interface, cf. Section 4.2, is chosen. For this purpose, the number of iterations is depicted
in Fig. A.14. The cumulative iterations over the crack growth are shown in Fig. A.14a. For this purpose, all inner
staggered iterations are summed up until a discrete crack propagation occurs. Thereby, the SCOP and MCOP models
show similar behavior. The number of iterations is approximately equal. Only near the solid interface the MCOP
requires more iterations. This is most likely due to the implicit transition of the crack from one order parameter to the
other. The overall trend towards fewer iterations, like the change in slope, is likely due to the way the stress boundary
condition is imposed. In addition, Fig. A.14b plots the number of staggered iterations against temporal iterations
for a discrete crack propagation step. Also here, SCOP and MCOP show the similar behavior: After a discrete
crack propagation, the first iterations consist of an increased number of staggered iterations, while subsequently,
the iterations are lower, but increase slightly again to the next discrete crack propagation.

Appendix B. Mesh convergence study

For an investigation of mesh convergence for the artificial sloped interface example (cf. Section 4.2), the SCOP
model and the infinitely hard upper region are chosen. As in this case the highest gradients occur in the solution
fields and can therefore be assumed to be the most challenging problem to discretize. Fig. B.15 shows the results
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Fig. B.15. Mesh convergence study of the SCOP model for the artificial sloped interface: The mesh sizes at the crack tip Ax are varied.
In addition, the background was also refined and the adaptive mesh refinement parameters were chosen more cautiously (}).

of the SCOP model of Section 4.2. In addition, the mesh size Ax at the crack tip is varied, where Axy is the size
in of the previous results. Furthermore, the underlying coarse mesh is significantly refined, and the adaptive mesh
refinement parameters are changed to increase the area where Ax applies, denoted by 1 in Fig. B.15. Thereby,
none of the results yields large variance, therefore the discretization chosen in this work can be assumed to be
representative.
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