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CHAPTER 1

Introduction

Many phenomena occurring in physical and engineering sciences can be modeled by ordinary or
partial differential equations. For instance, the traveling of sound waves through media can be
described by a partial differential equation, the acoustic wave equation. The derivation of such
equations from a given model and their study is a task which occupies engineers, physicists, and
mathematicians for centuries. However, until today, exact solutions of such equations are only
known for very few, often simple and non-realistic, cases. Nowadays, the tremendous increase
of computing power enables one to simulate realistic problems with sufficient accuracy in a
reasonable time. Nevertheless, to understand many phenomena occurring in nature even better,
the size of such problems has to be increased even more and, hence, efficient numerical methods
for simulating such problems are still inevitable.

In this thesis we focus on the efficient time integration of a specific class of ordinary differential
equations, namely semilinear second-order differential equations in R™ of the form

q(t) = —Lq(t) + g(t,a(®)),  a(0) =qo, 4(0) = o, (L.1)

with initial values qg, qg. For the matrix L € R™*™ we assume that it is symmetric and positive

semidefinite, and g is a sufficiently smooth function. A particular class of problems leading to
such an equation (possibly after a transformation of variables) are spatially discretized wave-
type equations such as the acoustic wave equation. Other fields of application in which such
equations arises, are, for instance, Hamiltonian equations of motions occurring in astronomy or
in molecular dynamics.

The most popular method for approximating the solution of (1.1) is the famous leapfrog
scheme, which is also known — depending on its precise formulation and the field of application
— under various other names, e.g., Stérmer scheme or Verlet scheme. Its widespread use relies
on its favorable properties: explicit, second-order, easy to implement. In addition, it is very
efficient, because it requires only one evaluation of g and one matrix-vector multiplication with
L per time step. Moreover, it features nice geometric properties such as symplecticity and
symmetry (time-reversibility); cf. [HLWO03] or the monograph [HLWO06] for these properties and
many more details.

The price we have to pay for the explicitness of the leapfrog scheme is a step-size restriction
required for stability. To be more precise, for g = 0 we need step sizes satisfying at least
72||L|| < 4 to obtain stable approximations. Although this step-size restriction can be severe,
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the leapfrog scheme is in general — without further knowledge of the problem — probably the
most efficient scheme for equations of the form (1.1).

However, there are situations in which the step-size restriction causes a significant loss of

efficiency. In this thesis we pay special attention to two such situations.

1. The linear part Lq induces the main stiffness of (1.1) but is cheap to compute compared
to the expensive evaluation of g, which is a “nice” function with small Lipschitz constant.
Here, the linear part causes a severe step-size restriction in the leapfrog scheme which in
turn requires a large number of expensive evaluations of g.

2. The second situation handles cases in which only a few components of the solution of (1.1)
are responsible of the severe stiffness. More precisely, we are interested in cases, where this
stiffness is induced by a small principle submatrix of L. Such situations occur, for instance,
for spatially discretized acoustic wave equations if the triangulation of the domain contains
only a few very small elements, or if the material parameter is only in a small part of the
domain large compared to the remaining part.

For the first situation so-called multiple time-stepping schemes, also known as impulse methods,
were formulated [GHW 91, TBM92] (for the more general case that —Lq is replaced by a
function f(q)), which are in general explicit schemes. They share the property that the stiff
part is evaluated with a smaller step size and thus more often than the non-stiff part. In [BS93]
it is shown that these scheme are prone to numerical resonances and instabilities at certain step
sizes; see also [GSS99]. In [GSS99] they further suggest a modification of the original method,
the so-called mollified impulse method; see also [HLWO06, Section XIII.1.4]. These schemes are
very popular in molecular dynamics and many variants have been proposed. However, most of
them are designed and motivated for particular applications such as multiple time scales in
molecular dynamics; cf. for example, the monographs [HLW06, Chapters VIIL.4, XIII.1], [LM15,
Chapter 4], and [LR04, Chapter 10] and the references therein. We emphasize that they are
structurally very similar to splitting and composition schemes and some of them can be even
interpreted as splitting/composition schemes; see, e.g., [BS93] or [HLWO06, Algorithm VIII.4.1].
Up to our best knowledge no rigorous stability and error analysis of these schemes exists in the
case of (1.1).

Another possibility to numerically integrate such equations are trigonometric integrators,
which are especially designed for the class of equations (1.1). These integrators rely on the
variation-of-constants formula, where the stiff linear part is integrated exactly and only the
integral term containing the semilinearity term is approximated; see for instance [HLW0G6,
Chapter XIII] and references therein. For these integrators rigorous stability and error analyses
exist; see again [HLWO06, Chapter XIII]. More recent results for trigonometric integrators can
be found, for instance, in [BGGT18] and, in the context of partial differential equations, in
[Gaul5, BDH21]. A main advantage of these integrators is that the rigorous stability and error
analysis provided so far in the literature also covers the case of highly oscillatory solutions
(or of low regularity in the context of partial differential equations). However, for an efficient
implementation of such schemes one has to (approximately) compute products of matrix
functions with vectors which is in general an elaborate task and where usually special structures
of the underlying problem have to be exploited. In contrast to this, we (mainly) focus on
explicit schemes which are much more easy to implement.

For the second situation multirate schemes were formulated, first proposed in [Ric60] (who
called it split Runge—Kutta schemes). In these schemes, the stiff part is numerically integrated
with a smaller step size compared to the non-stiff part or even with a completely different scheme



including implicit ones. For first-order differential equations there is a vast amount of papers
dealing with such a situation; see, e.g., [Hof76, And79, GW84, SA89, GR93, ELI7, Kva00,
GKRO1, SHV07, SM10] or, more recently, [CS13, GS16, SRS19, RLS"21]. These schemes rely
on different time integrators, for instance, explicit as well as implicit Runge-Kutta or multistep
methods, and the different parts of the equations are often coupled via inter- or extrapolation. A
rigorous stability analysis in the stiff case is missing for almost all proposed schemes. Of special
interest for our work are the multirate schemes constructed recently in [AGS21] which are based
on Runge-Kutta—Chebyshev schemes [HS80, Ver82, VHS90], since Runge-Kutta—Chebyshev
methods can be seen as the first-order counterpart (for equations of parabolic type) to the
schemes we consider here. However, we are not aware of a multirate scheme for ordinary
differential equations exploiting directly the second-order structure of the underlying equation.

Aims and main results

The main goals of this thesis are the construction and analysis of two classes of (mainly explicit)
two-step schemes of second-order for second-order differential equations of the form (1.1). They
allow for a more efficient implementation compared to the leapfrog scheme in the specific cases
described above. We do not aim for higher order, since in applications second-order convergence
is often sufficient to obtain reasonable results and in many cases the step-size restriction of the
leapfrog scheme is the limiting factor. The initial motivation of constructing and analyzing
these schemes goes back to the aim of a deeper understanding of the local time-stepping schemes
proposed in [DGO09], for which we discovered that there is a close relation to the methods
considered in this thesis.

The first class of schemes, the leapfrog-Chebyshev (LFC) schemes, utilizes the fact that an
evaluation of the semilinearity or inhomogeneity g is at least as costly as a matrix-vector
multiplication with L, whereas the stiffness is induced only by the matrix L. In order to
analyze these schemes, we introduce a rather general class of two-step methods, which comprises
not only explicit and implicit time integration schemes but also trigonometric integrators. In
comparison to [CHS20] we consider a slightly larger and modified general class of schemes which
allows for better stability bounds. For this general class of schemes we provide a comprehensive
stability and error analysis. The key tool for the analysis is a representation formula of the
numerical approximations which we prove via two different techniques. In [CHS20] this is
shown via generating functions, the other new proof relies on an one-step formulation of our
general class of schemes. This formula additionally enables us to analyze the sensitive influence
of the starting value to the overall stability which was not considered so far in the literature.
Moreover, for the LFC schemes we are able to state explicit values of all constants occurring
in the stability and error bounds. A summary of these results or variants thereof are already
published in [CHS20].

For a modification of #-schemes which also belongs to the general class, we further provide
improved stability bounds compared to the general ones. In the linear case, the original
O-schemes, see, e.g., [Karl2, Section 3.2] for a derivation, are analyzed, for instance, in [Karll].
Just recently, an error analysis of modified #-schemes for linear problems was given in [HHW21].
In [HL21] a so-called IMEX (implicit-explicit) scheme for wave equations with damping and
forcing terms is considered and rigorous error bounds are provided. Without damping and for
0= % both schemes are (almost) identical. Our improved stability results coincide with the one
in [HHW21, HL21] if one restricts to the same situation.
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A related class of two-step schemes is analyzed in [CI17] for the homogeneous case g = 0.
Although the authors prove an error bound (via an extension of standard energy techniques)
they leave many questions open, for instance, they do not specify a starting value for their
general class.

The construction of the LFC schemes is motivated by [GJ08, JR10]. For g = 0 they
proposed a special case (the unstabilized variant) of the LFC scheme, again without specifying
a starting value. Moreover, the same unstabilized LFC scheme occurs as a special case of the
local time-stepping scheme in [DG09]. Based on the stability analysis of our general class of
two-step methods we could show that this unstabilized variant is prone to instabilities. To
overcome this instabilities we introduce a stabilization parameter in the LFC schemes inspired by
damped/stabilized Runge-Kutta—Chebyshev (RKC) methods; see, e.g., [HS80, Ver82, VHSIO]
or [HV03, Chapter V].

The multirate leapfrog-type two-step schemes are designed for situations where the main
stiffness of (1.1) is induced only by a (very) small part of the matrix L. To overcome the
crippling effect of this small part, we use a clever combination of the leapfrog scheme and
the general class of two-step schemes presented before with particular interest on the LFC
schemes. Based on the results for the general class, especially the representation formula, we
are able to provide error bounds preserving the second-order convergence of the leapfrog scheme.
Moreover, for special cases of the general class of two-step schemes, for instance, the stabilized
LFC schemes, the step-size restriction of the multirate scheme is independent of the stiff part
and approximately as large as for the leapfrog scheme applied to the non-stiff part. A preprint
containing most of these results is submitted for publication [CH21].

The construction of these multirate schemes is based on the local time-stepping schemes in
[DGO9] which represents a special case of our multirate scheme. More precisely, if one equips
the multirate scheme with the unstabilized LFC scheme, the multirate scheme and the local
time-stepping scheme in [DG09] coincide for g = 0. Moreover, our multirate scheme is also
influenced by the locally implicit schemes proposed in [Verl1] and analyzed in [HS16].

In [GMS18] the authors provide the first stability and error bound for their local time-stepping
scheme (in [DGO09] this is completely missing). Unfortunately, their analysis relies on a step-size
restriction which is the same as for the standard leapfrog scheme. Just recently, in [GMS21]
the authors adapted their originally proposed local time-stepping scheme by integrating the
stabilization introduced in [CHS20] for the LFC schemes. For this scheme they provide a
rigorous stability and error analysis in the case of g = 0. In contrast to their results, our
theory applies to general semilinear problems (1.1), includes positive semidefinite matrices L,
and requires a weaker step-size restriction as well as less regularity in time. Furthermore, our
analysis holds for a whole class of multirate schemes.

Outline

The thesis is structured as follows. In Chapter 2 we first present the framework we work in and
give an overview about analytic properties of the solutions of (2.2). Furthermore, we present
two prominent problems admitting differential equations of the form (2.2). In addition, we
recall the leapfrog scheme and its most important properties.

In Chapter 3 we introduce a general class of two-step schemes which comprises among
others the leapfrog scheme as well as the LFC schemes. For this general class we provide a
comprehensive stability and error analysis. Moreover, we show the influence of the starting



value to the stability of these schemes. Concluding, we show that the general results can be
improved in the special case of modified #-scheme.

Chapter 4 is devoted to LFC schemes. We show that these schemes fit into the framework
of the general class presented before and state explicit values for all occurring constants. In
addition, we show a close relation between the leapfrog scheme and a special case of the LFC
schemes. We further present an efficient implementation of the LFC schemes and discuss their
efficiency in comparison to the leapfrog scheme as well as to the modified #-schemes. We
conclude with some numerical examples confirming our theoretical results.

The multirate leapfrog-type two-steps schemes are subject of Chapter 5. After a short
motivation on these schemes, we present their construction and show some basic (geometric)
properties. Afterwards we analyze their stability behavior and prove error bounds. Moreover,
for an special case based on the modified #-schemes we show that a less strict step-size restriction
is required to obtain stability compared to the general case. Subsequently, we consider the
efficient implementation of two special cases, based on the LFC schemes and the #-schemes,
and compare their efficiency to the leapfrog scheme. Finally, we validate the theoretical results
with numerical examples.

In Appendix A we collect postponed calculations concerning the underlying polynomials of
the LFC schemes. Appendix B contains auxiliary results which are used frequently throughout
this thesis at various passages.






CHAPTER 2

The leapfrog scheme for
semilinear second-order differential equations

This chapter lays the foundations of the thesis. We first recall the general class of differential
equations we work on and state some important analytic properties of their solutions. Afterwards
we present in Section 2.2 two important examples fitting into this setting. Finally, we review the
famous leapfrog scheme in Section 2.3, where we focus on geometric properties and numerical
stability.

Notation In the following (-,-) always denotes the standard Euclidean inner product in R™,
||I-|l the corresponding Euclidean norm as well as the induced matrix norm (spectral norm).
For a symmetric and positive (semi)definite matrix A € R"™*™ we further abbreviate with
-4 = () o = (-, A-) the (semi)norm induced by A and the corresponding bilinear form and
inner product, respectively.

Moreover, for a function U € C?(R™,R), q +— U(q), we denote by VU(q) the gradient of
U at q and by V2U(q) its Hessian matrix. For functions H € C'(R™ x R™,R) we denote
by VqH (p,q) the (column) vector containing the partial derivatives of H with respect to
a=(q,... va)Tv ie.,

qu(pa q) = (8(11H(p7 q)a cecy aqu(p7 q)>T7

and analogously for p.

2.1. Semilinear second-order differential equations

Recall that throughout this thesis we focus on the following general class of semilinear second-
order differential equations in R™

q(t) = —La(t) +g(t,a(t),  a(0)=ao, &(0) = 4o, (2.1)

with initial values qgo,qp € R™ and t > 0. We assume that the matrix L € R”™*™ is symmetric
and positive semidefinite, and g: [0,00) x R™ — R™ is a sufficiently smooth function.
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We start by showing that this general class also comprises the even more general class of
equations

M(t) = —Lq(t) + Mg(t,q(t)), q(0) =qo, q(0) = do, (2.2)

where the mass matriz M € RM*™

Lemma 2.1. Let M = CpmCi; be the Cholesky decomposition of M and define § = Ci;q.
Then the second-order differential equation (2.2) is equivalent to

is assumed to be symmetric and positive definite.

at) = -La() +g(t.4(1),  4(0) = C{ao, 4(0) = Clrdo, (2:3)
where L = CyiLCyf and g(-,§) = Cr (-, Cri 4)-
Proof. Using the definition of q and multiplying (2.2) with CR/II from left yields (2.3). O

Obviously, L inherits the symmetry and positive semi-definiteness from L. Consequently, it
is sufficient to consider only differential equations of the form (2.1) instead of (2.2). The main
results in this and the following chapters hold true for the more general situation by replacing
the Euclidean norm ||-|| with ||-||nm everywhere it appears. Further, all time integration schemes,
which are presented in the following, can be adapted to the general equation (2.2) without
explicitly making use of the Cholesky factors Cpg. We comment on changes emerging in the
time integration schemes.

Remark 2.2. Another possibility to handle the mass matrix in (2.2) is to consider the equivalent
problem

q(t) = —Lq(t) +g(t,a(t),  a0) =qo, &(0) = o,
with I = M~'L. Although I is in general not a symmetric matrix anymore, it is symmetric
with respect to the inner product (-, )M By using this inner product and its induced vector
and matrix norms the analysis could be performed in a similar way as it is done in the following
but with much more technical effort. o

Next, we recall some analytic properties of the problem (2.1) and its solutions, which can
be found in many monographs about ordinary differential equations; see, e.g., [PW10, Tes12].
Since the results are mostly stated for first-order differential equations, we rewrite (2.1) in such
a form by defining p = . This then yields

q(t) = p(t), q(0) = qo, (2.4a)
p(t) = —Laq(t) + g(t,q(t)),  p(0) = do. (2.4b)

Note that the transformation for q in Lemma 2.1 for the general problem (2.2) does not yield
any information about the transformation for p. Depending on the considered problem, different
transformations for p have to be used; see Remark 2.6 and Section 2.2 for two important cases.

For differential equations of the form (2.4) it is well-known that a solution exists if the right
side and, thus, the semilinearity g is continuous. For the existence of a unique solution the
following assumption is sufficient.

Assumption 2.3. The function g: [0,00) x R™ — R™ 4s continuous, and locally Lipschitz
continuous in the second argument (uniformly with respect to t), i.e., for every q € R™ and
T > 0 there exist p = p(q,T) >0 and Lg = Lg(p) > 0 such that

gt ) — &t q)ll < Lglla —qll (2.5)

for allt €10,T] and q,q € R™ with |[q —ql|,[|d — al| < p.
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We remark that we could also allow for a function g: [0,t4) x G — R™, which lives in an
open and connected subset G C R™ up to a finite time ¢, > 0 instead of the whole space.
The subsequent results and analysis could be carried out in the same way but with additional
technical effort. Clearly, in this case the initial values qg, 4o have to be chosen in this subset as
well.

Theorem 2.4. Let Assumption 2.3 hold. Then the differential equation (2.1) has a unique
solution q: [0,t.) — R™ with t,. > 0, where either t, = oo or lim;_, ||q(t)]] = oco.

The statements of the theorem follow by applying the theorem of Picard-Lindel6f to (2.4)
and using the definition of the maximal existence interval; see, e.g., [PW10, Tes12]. If g is even
globally Lipschitz continuous, the solution always exists for all times ¢ > 0.

Further, via the wvariation-of-constants formula, we can express the solution of (2.1) for
t €[0,t) as

q(t) = cos(tA)qp + tsinc(tA)qo + /Ot(t — s)sinc((t — s)A) g(s,q(s)) ds, (2.6a)

or in the case of a positive definite L as

t
q(t) = cos(tA)qg + AL sin(tA)go + / A~ tsin((t — s)A) g(s,q(s)) ds, (2.6b)
0
where A = L2 and
sinc: R -+ R, sinc(z) = { sm(f)/z, i f 8’ (2.7)

In the next chapter we derive a discrete analogue to this formula for the general time integration
scheme we consider there.

Remark 2.5. In theory we could restrict ourselves to L positive definite, since we can insert
a zero term in the differential equation (2.1) such that we always obtain a positive definite
matrix. More precisely, we can rewrite problem (2.1) as

q(t) = -La(t) + &(t,q(t)),  q(0)=qo, §(0)=dp,

with g(t,q) = g(t,q) + q and L = L + I. Obviously, L is a positive definite matrix with
IL7Y| > 1, even if L is positive semidefinite but not positive definite. Moreover, if g is locally
Lipschitz continuous, so is g (with possibly a slightly larger Lipschitz constant). However, if g
only depends on time t, this reformulation would destroy the structure of the linear problem
because of the dependency of g on q. Hence, we allow L to be positive semidefinite. o

We now consider two special cases, which rely on different properties for g.

Hamiltonian problems

Let the function g depend only on the solution q, i.e., g(¢,q(t)) = g(q(t)) for all ¢ > 0, and
assume there exists a function U: R”™ — R such that

VU(q) = —g(q). (2.8)
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Then, problem (2.1) or, equivalently, (2.4) can be written as a Hamiltonian problem

q=VpH(p,q), q(0) = qo,

p=-VoH(p,a), P(0)=qo, (2:92)

with Hamiltonian H: R™ x R™ — R given by

(p,q) = H(p,q) = 5(p,p) + 3(a,La) + U(q); (2.9b)

see, e.g., [HLWO06, Section VI.1] for a short introduction into the topic or [LR04, MO17] for
further insights.

It is well known that the solution (p,q) of (2.9) preserves the Hamiltonian, i.e., we have
H(p(t),a(t)) = H(do,qo) for t > 0. In particular, the solution exists for all times ¢ > 0. The
conservation of the Hamiltonian can easily be seen by differentiating the Hamiltonian with
respect to ¢t and exploiting (2.9a). In our special case this can also be shown with the differential
equation (2.1) and p = q.

Another important property of Hamiltonian systems is the symplecticity of its flow if H is
twice continuously differentiable. Recall that the flow ¢; of a differential equation of the form
(2.4) is defined in such a way that ¢.(dqo, qo0) = (p(¢),q(t)) for all t > 0 if (p(0),q(0)) = (o, o).
The symplecticity of this flow is defined via

. T . 0 I
where Don(é )
. q0, q
@y (&0, qo) = ﬁ

denotes the Jacobian of the flow of Hamiltonian’s equations (2.9a). A proof of this result can
be found, e.g., in [HLWO06, Theorem VI.2.4]. For m = 1 symplecticity can be interpreted as
the area preservation of the flow ¢y, i.e., the area of sets of initial values in the (p, q)-plane is
preserved over time; see [HLWO06, Section VI.2] and [HLWO03], where this is nicely illustrated.
For more information to symplecticity in general we refer to, e.g., [LRO4].

Remark 2.6 (General mass matrix M). For problems (2.2) the Hamiltonian to (2.9a) is given
by
H(p,q) = 5(p, M 'p) + ;(a,La) + U(a), (2.11)

where VU (q) = —Mg(q). Thus, we have ¢ = M~!p and, in particular, p(0) = M¢g. Moreover,
to transform it into a system with M = I we require additionally to the definitions in Lemma 2.1
that p = CK/Ilp. o

Linear, inhomogeneous problems

We consider the case that g only depends on time ¢, i.e., g(t,q(t)) = g(t) for all ¢ > 0. Problem
(2.1) then reads
q(t) = —Lq(t) +g@),  a(0) =qo, 4(0) = do. (2.12)
Moreover, the solution of (2.12) exists for all times ¢ > 0.
Since stability is a crucial point of the time integration schemes, which we consider in the
next chapters, we state some stability bounds for the exact solution of (2.12). For bounds in
the standard norm we require the following definition.

10
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Definition 2.7. For a symmetric, positive definite matriz L we denote
Ciny = [|[LTY2. (2.13)
If L is singular, we formally set ciny = 0.

Although we mainly focus on bounds for q in the Euclidean norm ||-|| (or in ||-||m), we
also consider the so-called energy norm, which is defined for once differentiable functions
q: [0,7] — R™ by

2 NP 2
lla@II” = la®OI” + la®l, ¢ <[0,T]. (2.14)
Note that, if L is positive semidefinite with at least one zero eigenvalue, the energy norm is not
a true norm but only a seminorm, since |||q(¢)||| = 0 for every constant functions consisting of
the corresponding eigenvectors, i.e., which lie in the kernel of L.

Lemma 2.8. The solution of the linear problem (2.12) satisfies for allt >0

t
la@)]l < llqoll + min{t, cinv }|doll + min{t,Cinv}/O Ig(s)[l ds, (2.15a)

lla@®Ill < lal0)lil + /OtHg(S)H ds. (2.15b)

Proof. The first bound is a direct consequence of formulae (2.6). To prove the second bound
we differentiate the energy norm with respect to ¢. This yields on the one hand

1d . .. . .
5 A = (@), &) + (@), La®) = (a@).&®) < lla®ll g,
where we used (2.12), Cauchy-Schwarz inequality, and the definition (2.14) of [||-|||. On the
other hand we also have
5 Sl = lla®ll S llal
24 — WA gy AR
where we assumed without loss of generality that |||q(¢)]|| > 0 for all £ > 0. Combining both
leads to the desired bound. O

From (2.15a) we observe that, if L is singular, the minimum is always attained for ¢t > 0,
since ciny = 00. Hence, for g = 0 the bound grows linearly in time ¢ > 0, whereas for a positive
definite matrix it stays uniformly bounded.

For g = 0 we additionally have that the energy norm is preserved, i.e.,

lla@®ll = lla@)]]  forall ¢ >0, (2.16)

which follows with almost the same arguments as the bound for (2.15b). Alternatively, one can
show this result by using that |||q(t)[|* = 2H(q(t),q(t)) + ¢ with a fixed constant ¢ € R.

2.2. Examples for semilinear second-order differential equations

Next, we present two important problems admitting differential equations of the form (2.2),
which we use later for our numerical simulations.

11
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Figure 2.1.: Illustration of the chain of mass points (mp) from the FPUT S-problem.

2.2.1. A modified Fermi—Pasta—Ulam—Tsingou problem

We start with a modification of the famous Fermi-Pasta—Ulam—Tsingou (FPUT) S-problem
[FPUT55]. The problem describes the motion of a chain consisting in total of m + 2 mass points
which are connected via nonlinear springs. The mass points at the end of the chain are fixed.
An illustration of this model is given in Figure 2.1. In contrast to the original problem, we
consider a slightly more general setting: the material constants of the springs and the masses
of the points can differ for each spring and mass point, respectively.

In the following, ¢; denotes the displacement of the ith mass point from its equilibrium,
1=0,...,m+ 1. Since the endpoints are fixed, we set gy = gm+1 = 0. Further, we denote with
pi > 0 the mass of the ith point and with k;, 5 > 0 the spring constants of the ith spring
related to linear and nonlinear material laws, respectively.

Newton’s second law, Hooke’s law, and a nonlinear (cubic) extension thereof lead for the ith
(inner) mass point to the differential equation

pidi = kiv1(qiv1 — @) — ki(@ — @i—1) + Bi1 (61 — @)° = B (i — qi-1)®, i=1,...,m.

By setting q = (q1,...,qm)? we obtain a system of ordinary differential equations of the form
(2.2) with a diagonal mass matrix M = diag (1, ..., um) € R™*™, a tridiagonal matrix

ko —ks O - 0
—ky ko3 —k3 :
L= 0 —ks ksga - 0 v ki =kt ki, i=1,.00,m,
S
0 0 _km km m+1

and g = (g1,...,9m)" given by
Higi :giy gl( ) 51+1(CJZ+1 ) Bz( l_qi—1)37 1= 17"‘7m'
We point out that for the nonlinear term we have to artificially insert the mass matrix,
because it does not appear naturally in the formulation. Further, the Hamiltonian, which

describes the total energy of the system, is given by (2.11) with

1™
1 Z i+1 (Gi+1 — Qz) ) (2.17)
=0

where VqU(q) = —Mg(q) = —g(q); cf. Remark 2.6.

12
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2.2.2. Spatially discretized acoustic wave equation

As second problem, we consider space discretizations of partial differential equations which
admit differential equations of the form (2.2). Here, we focus on the semilinear acoustic wave
equation in a bounded domain Q C R? d = 1,2,3. Equipped with homogeneous Dirichlet
boundary conditions and initial values, the problem reads

G(t,z) =V - (c(x)Vq(t,z)) + g(t,x,q(t, x)), te[0,T],z € Q,
q(t,x) =0, te[0,T],x € 09, (2.18)
Q(Owr) = QO(‘T)v Q(va) = QO(x)v T €,

where the functions ¢, o, go: 2 — R and g: [0,7] x @ x R — R are given. This equation models,
for instance, the traveling of sound waves through the domain 2. In this case, the function
q: [0,7] x 2 — R describes the pressure of these sound waves and the function ¢ the speed of
sound of the underlying material in the domain.

To discretize this partial differential equation in space, we use a discontinuous Galerkin finite
element method (dAG-FEM); see, e.g., the monographs [DPE12, HW08]. More precisely, we
employ for the discretization of the differential operators a symmetric interior penalty dG-FEM,
which was originally proposed in [Arn82] for ¢ = 1. Since we consider for the numerical example
in Chapter 5 also piecewise constant functions ¢, we employ the variant proposed in [GSS06].
Another variant for ¢ piecewise constant is derived in [Dry03]; see also [DPE12, Chapter 4].

By interpolating the semilinearity g or, in the case of an inhomogeneity, projecting it the
space discretization of (2.18) results in the differential equation (2.2) with symmetric positive
definite matrices M and L. The boundary condition in (2.18) is (weakly) enforced through L.
Since in the dG-FEM each degree of freedom (dof) only belongs to one element of the used
mesh, the mass matrix M is block diagonal, where the size of each block is equal to the number
of dofs in the corresponding mesh element. Thus, solving with M can be done at low cost if
there are not too many dofs in the mesh elements.

We point out that other space discretization methods, such as continuous finite element
methods or finite difference methods, could be used as well. In particular, these methods lead
in most cases also to (2.2) with symmetric, positive definite matrices L and M.

We conclude this example with some comments about the well-posedness of the continuous
as well as the discretized problem and analytic properties of their solutions. By interpreting the
partial differential equation (2.18) as an evolution equation one can show via semigroup theory
[Paz83, Sho97] that under suitable assumptions on the initial values ¢, ¢, the functions ¢ and g,
as well as the domain 2 the problem is well-posed and the unique solution ¢ exists for at least a
finite time 7" > 0. For precise assumptions on the data we refer to, e.g., [BDH21, Example 3.1].

For the discretized problem the existence of a unique solution via the Picard-Lindeldf theorem
as stated in the previous section has to be taken with care. The reason for this is that ¢,
given in (2.4) tends to 0 if h — 0 because of ||[M'L|| ~ h=2, where h denotes the maximum
diameter of all mesh elements. This can be fixed by proceeding as for the well-posedness of the
continuous problem.

A further difficulty occurs in Assumption 2.3 on the Lipschitz continuity of g. For almost all
functions ¢ of the continuous problem, the discretized versions g only yield Lipschitz constants
Lg which behave as h~1; see, e.g., again [BDH21, Example 3.1 and Table 1]. Hence, to allow
for a larger class of functions g in this example, we assume a further, yet weaker Lipschitz
condition on g instead of Assumption 2.3. For this, we require without loss of generality that L
is positive definite; cf. Remark 2.5.

13
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Assumption 2.9. The function g: [0,00) x R™ — R™ 4s continuous, and locally Lipschitz
continuous in the second argument (uqz’formAly with respect to t), i.e., for every q € R™ and
T > 0 there exist p= p(q,T) >0 and Lg = Lg(p) > 0 such that

lg(t,a) — g(t, @)l < Lglld—dl (2.19)

for allt €[0,T] and 4. € R™ with ||g - qll, | — all < 5.

2.3. Leapfrog scheme

We conclude this chapter by recalling the leapfrog scheme and some of its most important
properties; see, e.g., [HLWO03] or [HLWO06]. As mentioned in the introduction, the leapfrog
scheme is an explicit time integration scheme and probably the by far most widely used method
to solve differential equations of type (2.1) numerically, or, more generally, differential equations
of the form q(t) = f(t,q(t)) with a (sufficiently smooth) function f: [0,00) x R™ — R™.
Depending on the application (molecular dynamics, spatially discretized partial differential
equations, etc.) and the precisely used formulation the scheme is also known as Verlet method,
Stormer method, or combinations of it (Stérmer—Verlet). In [HLWO03, Subsection 1.3] this is
explained nicely together with a brief overview about the historical development of the scheme.

In the following we denote by 7 > 0 the step size in time and by q, the approximations to
the exact solution q of (2.1) at time ¢, = n7, in short q,, =~ q(t,,). Moreover, we abbreviate

8gn = g(tm qn)‘

2.3.1. Derivation and equivalent formulations

There exist several ways to derive the leapfrog scheme in one of its various variants; see,
e.g., [HLWO03]. Probably the easiest possibility is to replace the second derivative of q by a
central second-order difference quotient. Applied to the semilinear problem (2.1) this yields the
two-step formulation of the leapfrog scheme

An+l — 29n + Qp—1 = 7'2(—an +gn), n=12.... (2.20a)

The scheme is usually completed with the second-order Taylor approximation to q(7) as starting
value
a1 = qo + 7o + 37°(—Lao + o). (2.20b)

In applications often an equivalent one-step formulation for the first-order system (2.4) is used
instead of the above two-step scheme, especially if one is interested in approximations of the
derivative p = q. Moreover, many theoretical aspects are, at least initially, formulated only for
one-step schemes, e.g., symplecticity. By defining the approximations p,, /2 = %(qnﬂ —qn) &
4(tp+1/2) the two-step scheme (2.20a) can be reformulated in a first step as a scheme on a
staggered time grid

Pni1/2 = Pn—1/2 + 7(=Lan + gn),

n=12....
qn+1 = qn + Tpn+1/2v

The name leapfrog scheme originates from this formulation since the approximations q,, and
Pn+1/2 “leapfrog” over each other along the staggered grid.

14
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If we additionally define the average p,, = %(pnﬂ /2t Pn-1 /2) for n > 1, we get the following
equivalent one-step formulation of the scheme (2.20)

Pnii1/2 = Pn+ 57(—Lan + &), (2.21a)
dn+1 = qn + TPn+1/2> n=0,1,..., (221b)
Pnt+1 = Pnt1/2 T 37(=Ldn+1 + 8nt1), (2.21c¢)

where we set pg = qo. Note that the scheme naturally incorporates the starting value (2.20b),
which is probably the main reason to choose it in this way.

The computation of the one-step scheme (2.21) requires as main cost — as for the two-step
scheme (2.20a) — only one matrix-vector multiplication with L and one evaluation of g per time
step except of the first one. This can be achieved by either reusing the computations from the
previous time step, taking the variant on the staggered grid, or employing p, 11/2 = 2Pn—Pn_1/2-

Remark 2.10 (General mass matrix M). If we apply the leapfrog scheme (2.20) to the general
problem (2.2), it is obviously not fully explicit anymore, since one has to solve a linear system
with the mass matrix M in each step. This is in many situations, however, not a true restriction.
On the one hand, M is often simple to invert because it is diagonal or block diagonal. On
the other hand, the condition number of the mass matrix is mostly small such that iterative
methods, e.g., Krylov methods, already yield very good results after a few iterations. For the
examples considered in the previous section, for instance, we have that M is diagonal and block
diagonal, respectively. o

2.3.2. Properties

We first show the symmetry and symplecticity of the leapfrog scheme before we turn towards
stability. We refer again to [HLWO03] for more insight into geometric properties of the leapfrog
scheme and to [HLWO06] for geometric properties in general.

We start with the symmetry, which is defined for one-step methods as follows.

Definition 2.11. A numerical one-step method applied to (2.4) is called symmetric if the
numerical flow ®;: (Pp, An) — (Pri1, Ani1) satisfies ;= d-L,

In other words, symmetry means that by applying the scheme with the negative step size —7
to the last approximation one gets back the previous ones. For this reason, symmetry is also
called time-reversibility. For the two-step variant of the leapfrog scheme we can employ the
definition of symmetry for linear multistep methods for second-order differential equations; see,
e.g., [HNW93, Section III.10]. For later use we generalize this definition to multistep methods
for second-order differential equations q(t) = f(t,q(t)) of the form

k k
Z OiQn+i = 7—2 ZBZ(T2A)f(tTL+Z? qn+l) n= 07 17 ) (222)
=0 =0

where the coefficients 8;: G — R, z — (;(2), are sufficiently smooth on G C R such that
B;(T?A) is well defined for A € R™*™, j =0,...,k; cf. Section B.3 for a definition of matrix
functions.

Definition 2.12. The multistep method (2.22) is called symmetric, if

aj = ag—j, Bj(2) = Br—j(2) forall z € G, i=0,1,... k. (2.23)

15
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For a two-step method, i.e., k = 2, this means that ay = ag and [By(-) = B2(-). Hence,
similarly as for one-step methods the definition says that an exchange of (gn+1,tn+1) with
(dn—1,tn—1) and 7 with —7 yields again the same method.

Lemma 2.13. The two-step variant (2.20a) and the one-step variant (2.21) of the leapfrog
scheme are symmetric.

Proof. The proof for the two-step scheme immediately follows from Definition 2.12 (with k = 2).
For the symmetry of the one-step scheme we refer to, e.g., [HLW06, Theorem V.2.5]. O

For symplecticity we first recall the definition; see, e.g., [HLWO06, Definition VI.3.1]. As
symplecticity is a property of Hamiltonian problems, it is initially only defined for one-step
methods. Moreover, the two-step variant of the leapfrog scheme does not directly admit an
approximation for p,,.

Definition 2.14. A numerical one-step method is called symplectic, if, whenever the method
is applied to a sufficiently smooth Hamiltonian system (2.9), the numerical flow @-: (Pn,qn) —
(Pn+1,An+1) @s symplectic, i.e., the Jacobian

8¢t(pn7 qn)

@/ nyUn) =
T(p q ) 5(pn,qn)

of the numerical flow satisfies for all step sizes T and (pn,qn) € R™ x R™

gﬁ;(pm qn)T J ¢;(pn7 Qn> =J, (2'24)
where the matriz J € R*™*2™ s defined as in (2.10).

For a symplectic one-step method it is well-known that it provides approximations which are
the exact solution of a perturbed Hamiltonian problem. Thus, they preserve the (perturbed)
Hamiltonian for arbitrary long times if we make some additional assumptions; see, e.g., [HLWO0G,
Theorem IX.3.1, Theorem IX.8.1]. For more details to Hamiltonian problems and symplectic
schemes we refer to [HLWO06, Chapter VI, IX] and for the special case of the leapfrog scheme
also to [HLWO03, Section 5.

Lemma 2.15. The leapfrog scheme (2.21) is symplectic.

Proof. We refer to [HLWO03] containing five different proofs of the symplecticity of the leapfrog
scheme. The first proof goes back to [DV56], see also [SC20]. O

Besides the nice geometric properties it is desirable for a numerical scheme to exhibit a
similar stability behavior as the exact solution. In particular, for linear problems (2.12) with
g = 0 we would like to have approximations which are bounded or grow at most linearly in time;
cf. (2.15) and (2.16). To investigate the stability behavior of the leapfrog scheme we consider,
similarly as for first-order equations, a scalar linear test problem

q(t) = —w?q(t),  q(0) =qo, ¢(0) = qo, (2.25)

with w > 0. From (2.15a) we then know |q(t)| < |qo| + min{t,w™'}|do| for t > 0. Note that
this problem describes the motion of an (undamped) harmonic oscillator. Alternatively, it can
also be interpreted as special case of the modified FPUT B-problem in Section 2.2.1 by setting
m=1, u =1, BTIBQKZO, andw2:k172:k‘1—|—k2.
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Lemma 2.16. Let ¥ € (0,1]. If Tw < 299, the leapfrog scheme (2.20) applied to the linear test
equation (2.25) satisfies

|@n] < lgo] + min{ta,w ™" (1 = 9%)7?}|qol.
For tw > 2, we have g, ~ c&" for n — oo with |£] > 1 and in general ¢ # 0.

Obviously, for ¥ < 1 the leapfrog scheme shows a very similar stability behavior as the exact
solution. For ¥ = 1 and ¢g # 0 the numerical solution grows linearly in time, which, for w # 0,
is already different from the behavior of the exact solution. In the next chapter we show a
possibility how one can avoid the factor (1 —¥2)~1/2 for linear problems; see Section 3.5.2.

Proof. Let 7 > 0. The two-step recursion (2.20a) of the leapfrog scheme applied to (2.25) leads
to the linear recurrence relation
_ .22
Gn+l — 2qn + Gn-1 = —T W qn.
The roots of the corresponding characteristic polynomial are given by
1/2

G=1-3C+3(CE-9) " (=

We now distinguish four cases.
(i) Let ¢ > 2. This yields £+ € R, where &4 € (—1,1) and £~ < —1. Moreover,

Qn:CJrf_T_‘FCffﬁ, n=0,1,...,

with c1 € R depending on gy and ¢y by employing the starting value (2.20b). Thus, in general
Gn grows exponentially in n.

(ii) Let ¢ =2, i.e., ¥ = 1. We then have {4 = —1, which implies g, = ¢4 (—1)" + ¢_n(—1)"
with ¢4+ € R. With the starting value (2.20b) we obtain

gn = qo(—=1)" — gon(-1)", n=0,1,...,

leading to |gn| < [qo| + tnldol-
(iii) Let ¥ € (0,1) and 0 < ¢ < 2¢. Thus, we have {1+ € C with |£4+| = 1, which yields

qn:éﬁ-gﬁ—i_é—gﬁ? n:0717"'7
with ¢4 € C. Employing the starting value (2.20b) leads to

£y — &8
&g —&

(note that {7 +£" € R and £} — £ € iR for all n € N). Since [{4 — &—| > 27w(1 — 92)1/2 | we
obtain on the one hand |g,| < |qo] + w11 — 9?)71/2|gg|. On the other hand we have

Gn = (£++£n)+7q n=20,1,...,

&% —¢" ek
‘f — |—Z’§+H§ ‘—n7

which yields |gn| < |qo| + tn[do]-
(iv) For ( =0, i.e., w =0, we have £+ = 1, which yields the same bound as in part (ii). [
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Finally, we note that one can easily check that the leapfrog scheme is of classical order
two, for instance, by checking the order conditions for linear multistep methods for second-
order ordinary differential equations; see, e.g., [HNW93, Theorem II1.10.3]. In the context of
(spatially discretized) partial differential equations it is shown for various equations and space
discretizations that the second-order convergence still holds; see, for instance, [CDW96, Jol03,
GS09, BV09]. Moreover, the error analysis of a general class of two-step schemes in the next
chapter covers the case of the leapfrog scheme.

Remark 2.17. Throughout this thesis we focus — for several reasons — on fixed step sizes
7 > 0 for all time steps. The most important reason is that variable step sizes destroy the
favorable stability behavior and the symplecticity of the leapfrog scheme in general; see [Ske93]
and [HLWO06, Chapter VIII], respectively. The latter reference contains an overview of the
problematic nature of adaptivity for symplectic schemes and presents some workarounds to
retain symplecticity with adaptive step sizes. Moreover, our stability proofs in the following
chapters heavily rely on the fact that the step size is constant for all time steps. o
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CHAPTER 3

A general class of two-step schemes

In this chapter we introduce and analyze a class of two-step schemes for the numerical time
integration of semilinear second-order differential equations (2.1) considered in the last chapter.
The aim of constructing and analyzing these schemes is to obtain time integration methods
which are stable for larger step sizes than the leapfrog scheme while retaining symmetry,
symplecticity, and second-order convergence. We are mainly interested in explicit schemes,
although the general scheme also includes implicit ones and even a trigonometric integrator.

The situation we have in mind for applying the schemes are cases where the linear part of the
differential equation (2.1) is responsible for the stiffness of the differential equation. In contrast,
the semilinearity g is a “nice” function with small Lipschitz constant but expensive to evaluate.
More precisely, we are interested in situations in which the evaluation of g is approximately as
costly as or more costly than the computation of the matrix-vector product Lq. Instead of a
semilinearity one can imagine also an inhomogeneity which is expensive to compute compared
to the linear part. The efficiency of a specific case of this general scheme in such situations is
shown in the next chapter.

In the following, we first introduce the general two-step scheme and state some general
properties of it. Afterwards we derive a representation formula for the numerical solution in
Section 3.2 which is the basic analytic tool for our stability and error analysis in Sections 3.3
to 3.5. We conclude this chapter with a specific case of the general two-step scheme for which
we show some improved stability bounds.

The results in this chapter contain variants and extensions of results published in [CHS20]. In
comparison to this paper we consider and analyze a slightly different — and more general — class
of two-step schemes. Moreover, by a refined analysis we improve some of the bounds stated
there. In particular, Sections 3.2.2, 3.5.2, and 3.6 are not published so far in any variation.

Remark 3.1 (History of generating functions). As fundamental tool for deriving the represen-
tation formula of the numerical approximations we make use of the technique of generating
functions. As (ordinary) generating function one denotes the formal power series Y o2 a,(",
¢ € C, of a given sequence (an)nen,- This technique was first introduced by Abraham de
Moivre (1667-1754) in The Doctrine of Chances: Or, a Method of Calculating the Probabilities
of Events in Play (1718) to solve linear recurrence relations [Sch05]. Later, Leonhard Euler
(1707-1783) extended this technique in several papers and to several problems. Pierre-Simon
Laplace (1749-1827) further developed it in Théorie analytique des Probabilités (1812). He
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Chapter 3. A general class of two-step schemes

was the first who called the formal power series generating function [Sti05]. In the context of
numerical methods for differential equations, early uses are, for instance, the computation of
the coefficients of specific linear multistep methods; see, e.g., [Hen62]. In [Lub83] the approach
is used to state a representation formula for the approximations obtained by linear multistep
methods applied to Volterra equations of second kind. o

3.1. Generalizations of the leapfrog scheme

We start with the construction of a general class of two-step schemes. To achieve our goal of
ensuring stability for larger step sizes than the leapfrog scheme, we modify the right-hand side
of the leapfrog scheme by inserting a suitable matrix function W(72L); see Section B.3 for the
definition of such functions. This modification is motivated by the so-called modified equation
approach; see, e.g., [SB87, GJ08, JR10]. Similar approaches are used for enlarging the stability
region of explicit Runge-Kutta methods by adjusting the polynomial stability function; see,
e.g., [HV03, Chapter V]. For larger generality we restrict ourselves not only to polynomials but
to a larger class of functions.

Assumption 3.2. ¥: [0,00) — R is sufficiently smooth and satisfies U(0) = 1.

As we will see later, the condition ¥(0) = 1 is necessary to obtain at least second-order
consistency. In principle, we could restrict ourselves to analytic functions, because all functions
we consider are of this type, but, since our analysis does not require this, we allow for more
general functions.

Since the semilinearity (or inhomogeneity) g is assumed to be expensive to compute, we
retain the single explicit evaluation of g per time step as in the leapfrog scheme. Together, this
yields the general two-step scheme

Qi1 — 20y + qn1 = 729(7°L) (~La, + gn), n=12..., (3.1a)
which we equip with the starting value
a1 = qo + 79(r°L)qo + 372 (7*L) (—Lqo + go). (3.1b)

Clearly, for ¥ = 1 the general scheme (3.1) reduces to the leapfrog method (2.20). The
additional factor of ¥ in front of g in the starting value yields better stability bounds, as we
will see in the next sections. In general, the choice of the starting value is a delicate matter,
rather in terms of stability than of convergence order; see Section 3.5.1. In particular, we see
that in specific situations other options may perform better.

For a simpler notation in the following we introduce another function related to ¥ instead
of the function ¥ itself. In addition, it turns out that it is more convenient to work with this
related function in the subsequent stability and error analysis.

Definition 3.3. For U: [0,00) — R we define the function ¥: [0,00) — R by
U(z) = 2V(2) for z > 0. (3.2)

Since we mainly aim for explicit schemes, we are particularly interested in polynomials for ¥
and thus W. More precisely, we are interested in a specific class of polynomials for ¥, which is
based on the Chebyshev polynomial of the first kind 7},; see Section B.2 for a definition and
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3.1. Generalizations of the leapfrog scheme

some properties of these polynomials. These polynomials, which we focus on in this thesis, are
given by

2 z T (v)
7050 a) =20y (33

P

where we call v > 1 stabilization parameter. In the next chapter we show that the polynomials
(3.3) satisfy Assumption 3.2 as well as all other assumptions made in this chapter and state
explicit values for all occurring constants. Further, we demonstrate the efficiency of these
schemes in the above mentioned situation. We call the combination of the two-step scheme
(3.1a) with the polynomials (3.3) leapfrog-Chebyshev (LFC) schemes for obvious reasons, and
accordingly the polynomials (3.3) leapfrog-Chebyshev polynomials.

Other important functions for ¥ are, for instance, the rational functions

U(z) = Bz) =2

~ z

U(z) = Uy(z) = 2Wy(2) 0>0

- 4
146z’ - (34)

which are motivated by 6-schemes; see Section 3.6 at the end of this chapter. Clearly, Uy
satisfies Assumption 3.2 for every 8 > 0. We emphasize that for 8 > 0 the resulting scheme
(3.1) is implicit, and for 6 = 0 it reduces to the leapfrog scheme (2.20).

It is worth mentioning that the general two-step scheme (3.1a) also comprises the trigonometric
integrator introduced by Gautschi [Gau61, HLWO06, Section XIII.1], given by

. 2
Qni1 — 200s(7L1/2)qn + Qo1 =T smc(%TLl/Q) gn. (3.5)
This can be seen by defining
U(2) = Uiig(z) = 2 — 2 cos(21/?), (3.6)

from which we obtain ¥(z) = sinc(%zlﬂ)2 because of (B.2b) (note that sinc(0) = 1). However,
since we are mainly interested in explicit schemes, the subsequent (error) analysis is especially
designed for polynomials as ¥ and does not employ the additional prerequisites which hold for
trigonometric integrators. In addition, the term containing ¢ in the starting value q; does not
correspond to the one for trigonometric integrators.

Remark 3.4 (General mass matrix M). As stated at the beginning of Section 2.1, we can
extend the schemes to the general differential equation (2.2). For these cases we simply have to
replace L by M~ 'L in the schemes (3.1) in accordance with Remark 2.2. We emphasize that
for the actual implementation of these schemes the inverse of M does not have to be calculated
explicitly; see Section 3.6.3 and Section 4.4, in which implementations of (3.1) for ¥ = ¥y and
¥ = B, are given. o

Finally, we note that instead of modifying the whole right-hand side of the leapfrog scheme
we could also only modify the linear part, yielding the variant

Ani1 — 2Qn + An-1 = —¥(7°L)q, + 72gn, n=12,..., (3.7)

of the above stated two-step scheme. Obviously, for g = 0 the two-step schemes (3.1a) and (3.7)
coincide. This variant of the scheme corresponds to the one proposed and analyzed in [CHS20].
In contrast to the paper, we focus on the scheme (3.1a) in this thesis, since one obtains better
error bounds. Moreover, numerical experiments indicate a better stability behavior; see the
second numerical experiment in Section 4.5.3.
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Chapter 3. A general class of two-step schemes

3.1.1. One-step formulations and geometric properties

Before we start with the stability and error analysis of this class of schemes, we have a closer look
at one-step formulations of the two-step scheme (3.1a). Additionally, we investigate geometric
properties of this scheme.

Lemma 3.5. Let pg = qo. If W(7%L) is nonsingular, then the scheme (3.1) is equivalent to
the one-step scheme

Pn+1/2 = Pn + %T(_an + gn>7 (38&)
dn+1 = Qn + T(I}(TQL)pn—I—l/Qa (3.8b)
Pnt+1 = Pn+1/2 T %T(—L%H + 8nt1), (3.8¢)

for all n € Ny.

Proof. We proceed in the same way as for the derivation of the one-step scheme (2.21) of the
leapfrog method. In particular, defining

Pnii1/2 = %@(TQL)_I(anrl —qn) and Pnt1 = %(Pn+3/2 + pn+1/2)
for n > 0 yields the claim. O

Obviously, the scheme (3.1) can be deduced from the one-step scheme (3.8) regardless of
whether W(72L) is singular or not. However, the reverse implication is in general only true if
U(72L) is nonsingular. Otherwise, we could add every vector lying in the kernel of ¥(72L) to
Pnt1/2 O Pn, Without changing the approximations qy,. Clearly, the nonsingularity only occurs
if ¥(z) = 0 for some z > 0 and, thus, depends on the step size.

We further emphasize that for starting values qi, which are different from (3.1b), we can
still consider (3.8) for n > 1 as the one-step scheme belonging to the two-step scheme (3.1a),
provided we have an approximation for p;. Nevertheless, there exist also different one-step
formulations. For instance, together with the modified starting value

q1 = qo + 7do + 37°¥(7°L) (~Lqo + o),

the two-step scheme (3.1a) yields — by proceeding as for the leapfrog scheme in Section 2.3.1 —
the equivalent one-step scheme

I3n+1/2 = ﬁn + %T(I}(TQL)(_an + gn)7 (39&)
dn+1 = dn + Tf)n+1/2, n=0,1,2,..., (3.9b)
Prt1 = Pns1y2 + 57V(T°L) (~Lant1 + gni1), (3.9¢)

if we set pg = qo. Obviously, we have the relation p,, = \TI(T?L)pn and the same holds for the
half-step approximations.

We now turn towards the geometric properties symmetry and symplecticity. We start with
the symmetry of the two-step scheme.

Lemma 3.6. The two-step scheme (3.1a) is symmetric.

Proof. The claim directly follows from Definition 2.12. O
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3.1. Generalizations of the leapfrog scheme

Next, we investigate the symmetry and (non-)symplecticity of the one-step method (3.8)
and its variant (3.9). Recall that we have defined symplecticity only for one-step methods; cf.
Section 2.3.2 for the leapfrog scheme. Moreover, to analyze symplectic schemes we require that
(2.1) admits a Hamiltonian structure. Thus, we assume that g(-,q) = g(q) and g satisfies (2.8).

Lemma 3.7. The one-step scheme (3.8) is symmetric and symplectic.

Proof. We consider the perturbed second-order differential equation
d=9("L)(-La+g(@) a(0)=qo, &(0)=T(r°L)do,

for a fixed, but arbitrary 7 > 0. Since ¥(7%L) is symmetric, it can be written as a Hamiltonian
problem (2.9a) with Hamiltonian

H(p,q) = 3(p, ¥(7’L)p) + 3(q,Lq) + U(q).

Moreover, application of the leapfrog scheme (2.21) to this modified Hamiltonian problem (with
step size 7 as in the Hamiltonian) is equivalent to the scheme (3.8). Hence, it inherits the
symmetry and symplecticity of the leapfrog method. ]

Alternatively, one can prove the symplecticity of the one-step scheme (3.8) by directly
verifying condition (2.24) in Definition 2.14. In contrast to the one-step scheme (3.8), we show
in the next lemma that the variant (3.9) is in general not symplectic. Nevertheless, we expect
that the variant (3.9) shows a similar long-time behavior as the one-step method (3.8) due to
the relation p,, = ¥(72L)py.

Lemma 3.8. The one-step scheme (3.9) is symmetric but not symplectic in general.

Proof. The symmetry follows with the same arguments as in the proof of (3.7).

In order to show that the one-step scheme (3.9) is not symplectic, we calculate the left-hand
side of condition (2.24). To shorten the notation we define the function ¢/: R™ — R in such a
way that

VU(q) = Lq + VU(q) = Lq — g(q).
Using this notation in the one-step scheme (3.9) yields by inserting (3.9a) into (3.9b) and (3.9¢)
dn+1 = dn + Tﬁn - %Tzi’vun and IA)'rH—l = ﬁn — %T\il<vun+1 + Vun)7

where we abbreviate U, = U(q,) and ¥ = U(72L). From this we obtain that the Jacobian of
the numerical flow @,: (Pn,qn) — (Pn+1,qn+1) is given by

=~ = aAH a’\’rL
I 3r VU (B ) = I —37evaU, & (B ) = TE
0 I \Pn,dn) = s I- 129V s +\Pn,qn) = Odny1  Odni1 |
2 n Opn  Odn
which is equivalent to

@ (Pn, dn) = (I — T OVU O =y (VAU + VU — 572v2un+1¢1v2un)> |

71 I-129VvUY,
By a simple calculation one then sees that (2.24) is satisfied (note that the Hessian VU, is

a symmetric matrix) if and only if ¥(72L) and V2U(q) commute. Thus, the one-step scheme
(3.9) is in general not symplectic. O
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Chapter 3. A general class of two-step schemes

o
Figure 3.1.: Illustration of Definition 3.9 for the polynomial Py with v = 1.03 (left) given in
(3.3) and Wy with 6 = 0.2375 (right) in (3.4).
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3.1.2. Properties and assumptions on ¥

We now state assumptions and definitions on the function ¥, which are necessary for the
subsequent stability and error analysis not only in this chapter but also in Chapter 5. Because it
is more convenient to work with the function ¥ instead of ¥, most of the subsequent definitions
rely on W. We point out that for ¥ sufficiently smooth the condition U(0) = 1 in Assumption 3.2
is equivalent to the consistency conditions

v(0)=0, () =1 (3.10)

We start with two definitions bounding ¥ from above and below. These definitions are used
later on to define step-size restrictions required for stability of the scheme (3.1).

Definition 3.9. Let W satisfy Assumption 3.2.
(a) We define By > 0 as the mazimum value such that

0<U(z) <4 for all z € [0, 53], (3.11)

and By = oo if (3.11) holds for all z > 0.
(b) For given mi,m1,ma € (0,1) with m1 <1 —my we define By = B@(ml,ml,mg) >0 as
the mazimum value such that

min{4m, moz} < ¥(z) < 4(1 —my) for all z € [0, B%], (3.12)
and By = oo if (3.12) holds for all z > 0.

The consistency conditions (3.10) guarantee the existence of Sy, By > 0 for every m1, my, Mo
because W(z) = z + O(z?) for small z. Obviously, the definitions imply that By < Sy, where
equality only occurs for Sy = By = co. More precisely, the ratio between By and Sy strongly
depends on the function ¥ and the choice of mq, m1, and me. In Figure 3.1, the definitions are
illustrated for two different functions W.

In the next section we see that it is desirable to have Sy =~ By. This can be achieved by
choosing ¥ and the constants my, mi, and mqy appropriately. For the LFC polynomials (3.3)
we give explicit values for these constants in the next chapter.

Remark 3.10. In the case of a finite By, the lower bound in (3.12) implies

U(z) > maz for all z € [0, B%] (3.13)
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3.1. Generalizations of the leapfrog scheme

with mg = min{ma, 4m;/5%} > 0. In principle, if By < oo, we could perform the following
stability and error analysis also with (3.13) with mg € (0,1). In fact, in [CHS20] all calculations
are done with this condition instead of the condition for the lower bound in (3.12). However,
since my tends to zero for By — 0o, this approach is unsuitable for By = oo. For the polynomials
(3.3) another drawback of condition (3.13) is pointed out in Remark 4.10. o

Ezample 3.11 (LF). For the leapfrog scheme (2.20) we have ¥(z) = z. Obviously, the lower
bound in (3.12) holds for every mi,ms € (0,1). We even could choose m; = my = 1 and
mg = 1 to satisfy the first bound in (3.12) and (3.13), respectively. For the upper bound in
(3.12) let my = 1 — 992 for some ¥ € (0,1). This choice then yields f?p = 49% < 4 = .. o

Further, for our (error) analysis we need bounds of the form |¥(z) —1| < ¢z for z € [0, 33]NR
and a constant ¢ > 0. For this, we first define another function based on W.

Definition 3.12. Let ¥ satisfy Assumption 3.2. We define Y: [0,00) — R as the continuous
extension of

\Tl(z) -1 _ U(z) —z

T:(0,00) = R, Y(z) = —— >

(3.14)

~

It is easy to see that T is again a smooth function, where Y(0) = ¥’(0) = 2¥”(0). Moreover,
if ¥ is a polynomial of degree p > 1, then T and ¥ are polynomials of degree p — 1 and p + 1,
respectively, due to Assumption 3.2.

Definition 3.13. Let U satisfy Assumption 3.2. We define ms > 0 as the smallest constant
such that
1T(2)] < img for all z € [0, 2] NR. (3.15)

The factor 1 is only for convenience and is motivated by the fact that Y(0) = 2¥”(0). The
existence of mg follows again from Assumption 3.2 and the definition of fBy.

Additionally to the estimate (3.15) for Y the subsequent error analysis of the two-step
scheme (3.1a) requires another estimate involving the function Y. To state this estimate we
first point out that from the lower bound in (3.12) we obtain

U(z) > min{my, 4m;/2} > 0 for all z € [0, %] NR. (3.16)
Thus, 1/¥(z) exists for all z € [0, 3%] N R and the following bound holds.

Lemma 3.14. Let U satisfy Assumption 3.2. There exists a constant ms > 0 such that

~

U (2)717(2)| < s for all z € [0, B%] NR. (3.17)
Proof. Definition (3.14) of T and Definition 3.3 for ¥ yield for z > 0

B(2) 1T (2) = % - \PL)

Thus, for every ¢ > 0 we have that |¥(2)~'Y(z)| is bounded for all z € (e, %] N R, since
W(z) > § for z € (¢, %] NR and some § > 0. Using ¥(0)~1T(0) = 1¥”(0) and the continuity
of the functions completes the proof. O

Ezample 3.15 (LF continued). For the leapfrog scheme (2.20) we have T = 0 and, thus, ms = 0.
Moreover, Lemma 3.14 holds for every ms > 0. o
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Finally, to simplify the presentation we assume that additionally to (3.10) we have the
following condition for the function ¥ or, equivalently, for .

Assumption 3.16. The function ¥ satisfies
U(z) <z for all z € [0, 83] NR. (3.18)

We emphasize that (3.18) is fulfilled for the functions B, and ¥y defined in (3.3) and (3.4),
respectively; see Lemma 4.3 and Lemma 3.61. Clearly, from the assumption we immediately
obtain with Definitions 3.3, 3.12, and 3.13 for ¥ and Y, respectively, that

0<U(z) <1, —imy<T(z)<0 forallze[0,85] NR. (3.19)

We further note that this assumption could theoretically be dropped, since Assumption 3.2
and Definition 3.9 yield the existence of a constant ¢, > 1 such that ¥(z) < ¢,z for all
z € [0, 6\%} N R. The stability and error bounds in the following would still be valid, however,
with possibly additional or larger constants.

In the remaining part of this chapter let Assumptions 3.2 and 3.16 hold without mentioning
it explicitly everywhere. Moreover, we abbreviate

¥ =U(r’L), ¥=U(r’L), Y =7T(’L),

and so forth.

3.2. Representation formulae for numerical approximations

For analyzing the stability of the two-step scheme (3.1a), we derive a formula for the numerical
approximations q, in dependence of the starting values qg, qi, and the right-hand side
g1,...,8n—1. Exploiting the starting value (3.1b) then enables us to write q, in terms of the
data qo, 4o, and g, if g only depends on time.

Before we start with the derivation of such a representation formula we first introduce a
discrete analogue to the energy norm (2.14), since the two-step scheme (3.1a) does not directly
permit an approximation to . By using the centered difference quotient we define

1
. 5-(An+1 —dn-1), n=>1,

With this definition at hand we define the discrete energy norm via

llanll? = 10ranll* + llanllz. (3.20b)

Like its continuous version, the discrete energy norm is in general only a seminorm, as long as L is
not positive definite. It is worth mentioning that 9,q,, is closely related to the approximation p,
of the one-step scheme (3.8) by

1 -~
aan = E(qn-‘rl - qn—l) = ‘I’pnv (321)

which follows from (3.8b) and p,,11/2 + Pn—1/2 = 2Pn-
Further, for the derivation of the representation formula a restriction for the step size 7 is
required such that all terms are well-defined.
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Definition 3.17. For By defined in Definition 3.9(a) we define 7ssg > 0 via

ésm = {fjp/HL” Y <00 (3.22)

if By = oo.

Clearly, if Sy = oo the condition 7 < 7ggR is not a restriction at all. The necessity of the
condition 7 < 7ggr for ensuring stability of the scheme (3.1a) for linear problems (2.12) has
already been shown in [GJ08, JR10] for polynomials ¥ and in [CI17] for rational functions W.
In the first two papers the stability is proven via the characteristic equation of linear difference
equations and the root criterion. In fact, if we apply (3.1) to the test equation (2.25), it can be
shown similarly to Lemma 2.16 that the step-size restriction 7 < 7ggr is necessary for stability.
In [CI17] modified energy techniques are used to prove stability in the standard norm ||-||.

3.2.1. Proof via generating functions

With the step-size restriction 7 < 7gsr at hand we now derive a representation formula of the
scheme (3.1). We start with the two-step scheme (3.1a); cf. [CHS20, Theorem 3.3].

Theorem 3.18. Let 7 < 1gsr. For the approzimations of the two-step scheme (3.1a) we have

sin(k®)

k 2
g (FENo), (3.23a)

n—1
an = cos(n®)qp + Sy (q1 — cos ® qq) + 77 Z S, Vg, 8=
=1

where ® € R™*™ s a symmetric matriz with spectrum in [0, 7] which is uniquely defined by
cos®=1— 1" and satisfies sin® = (¥(I— i‘I’))lﬂ. (3.23b)

It is worth mentioning that with the definition of ® we can rewrite the two-step scheme (3.1a)
in a way similar to a trigonometric integrator

Qni1 — 2cos D qp + Q1 = 7°0g, = 7'2(%7'L1/2)_2 sin(%(ﬁ)zgn. (3.24)
The second identity obviously only holds for L positive definite, where we used ¥ = 4sin(%<I>)2,
following from (B.2b). In fact, for the special case of ¥ = Wy, defined in (3.6) we actually
have with (B.2b)

cos® =1— %(21 -2 COS(TLl/Q)) = cos(TLl/Q) and sin(%¢)2 = sin(%TLl/z)z,

which yields Gautschi’s trigonometric integrator (3.5).

Remark 3.19. In [HLWO06, Section XIII.8| a similar notation is used to analyze geometric
properties of the leapfrog method (2.20) applied to Hamiltonian problems. By considering the
leapfrog scheme as a perturbed trigonometric integrator, the authors transfer their previously
obtained results for trigonometric integrators to the leapfrog scheme. o

Proof of Theorem 3.18. In order to prove this result we apply the generating functions technique;
see Remark 3.1. Hence, we multiply the recursion (3.1a) by ¢("*!, ¢ € C, and sum over n > 1

(o) o0 o
D (@ni1 =200 + quo1)"T =8 Y g T D gL
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Defining the formal power series (generating functions)

a@)=> au¢™ and  g({) = gnl"
n=0 n=0

yields

(1—=2¢+¢*) a(¢) — Car —ao +2¢qo = —(¥ q(¢) + (¥ qp + 7T (g(¢) — go)-

This is equivalent to

o(Q)a(¢) = ao + ¢ar — ¢(2I — ¥)qo + 7> ¥ (g(¢) — &o) (3.25a)
with
0(¢) =PI —((2T - ¥) + L. (3.25b)

Using the symmetry of ¥ and the step-size restriction 7 < 7gsg we have by (3.11) that the
matrix-valued roots (. of g are given by

Co—T— bW (- 1w,

Moreover, since the spectrum of T — %\Il is contained in [—1, 1] due to 7 < 7ggR, there exists a
uniquely defined symmetric matrix ® € R™*" satisfying (3.23b) whose spectrum is a subset of
[0,7]. From this we obtain with sinz = (1 — (cosx)?)Y/? for z € [0, 7] that

. 1/2 1/2
sin® = (I— (1- 10))"? = (w1 - 1w)"?,
which shows (3.23b). Together this leads to
¢y =cos®+isin® =e?,

and ¢, = ¢Z'
By exploiting these relations we have

Q) =(T-CHCI-¢ )= (¢ —D)(¢¢y —T) = T —Ce )T —Ce®).

In particular, g is nonsingular for every |(| < 1, ( € C. Employing the Neumann series for
|¢| < 1 and the Cauchy product yields

Q(C)fl — (i ein@gn) <i ein@gn) — i zn:(efi(nff)&ﬁcnff) (é[@g@)
n=0 n=0

n=0 /=0
oo ) n ' oo
— Z efmi’gn 2621@ — Z Sn+1<n’
n=0 =0 n=0

where the last equality follows from

oin® Zn: 20e _ —ine L= 2t)® i D® _ it D® gin((n +1)P)

I—ei2® e—i® _ oi® a sin @

= Sn-‘rl-
=0
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Hence, by using the formula for o=1(¢) in (3.25) we obtain again with the Cauchy product

a(Q) = " Snri(ao¢" +ar ¢ — (21— ®)ao " + T (g(C) — g0) ")

—0
nOO o0 n R

=Y Sni1 (% ¢" + (a1 —2cos @ qq) CnH) +> <72 > 5n+1e‘1’ge> ¢mH
n=0 n=0 /=1

From this we deduce by comparing the coefficients of ("
n—1 N
an = Sn1q0 + Snlar — 2cos @ qq) +7° Y S, g
/=1

The angle sum identity (B.la) applied to sin((n + 1)®) yields 8,11 = cos(n®) + S,, cos ®,
which completes the proof. O

So far, the starting value (3.1b) is not incorporated in the representation formula (3.23a). In
order to state such a formula we define & ,,, £ =0,...,n, via

1
1oy
{2’ € {0,n}, n>1. (3.26)

=0 and n=
S00 e, 1, te{l,....n—-1}, =

which we also use later on.

Corollary 3.20. Let 7 < 1gsr. For the approzimations of the scheme (3.1) we have

n—1
an = cos(n®)qp + 78, P + 72 Z € Sn_1Pgy. (3.27)
=0
Proof. Inserting (3.1b) in (3.23a) and using (3.23b) yields the result. O

For the stability and error analysis we further need a representation formula for the quantity
0-qy, arising in the discrete energy norm (3.20b). The formula can be concluded by exploiting
the previous results.

Corollary 3.21. Let 7 < 1gsr. For the approximations q, of the two-step scheme (3.1a) we
have forn > 1
n o~
7 0rqy = — sin @ sin(n®)qo + cos(n®)(q; — cos ® qq) + 72 Z Eoncos((n—0)®)Wgp, (3.28)
(=1
and for the approximations of the full scheme (3.1)
n
7 0rqpn = — sin @ sin(n®)qg + 7 cos(n®) Lo + 72 Z Eoncos((n —0)P)Wgy, (3.29)
=0
where 0-qQy, is defined in (3.20a) and the coefficients £, 0 < £ < n, in (3.26).

Proof. The formulae follows from the definition of d;q,, Theorem 3.18, Corollary 3.20, and the
sum-to-product formulae for sine (B.4a) and cosine (B.4c). O
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Chapter 3. A general class of two-step schemes

3.2.2. Alternative proof via one-step formulation

We next show an alternative proof of Corollary 3.20, which is based on the one-step formulation
(3.8) of the scheme (3.1). In contrast to the proof of Theorem 3.18, we do not use the technique
of generating functions, but instead employ a block representation of the one-step scheme. As
a byproduct we also obtain a representation formula for p,,.

In the proof we make use of the relations

sin(1@) = 2w1/2 cos(1®) = (1-1w)'/? (3.30)
which follow from (3.23b) and the half-angle formulae (B.3), since the spectrum of @ is in [0, 7].

Alternative proof of Corollary 3.20. We first rewrite the one-step formulation (3.8) such that
the approximations p,, /o at half steps are eliminated; cf., for example, [Verll, HS16, HL21],
where the same approach is used. Subtraction and addition of (3.8a) and (3.8c) yields

Pn+y1/2 = %(pn + pn-i—l) + %T(an-‘rl - an — 8nt1 + gn)y
Pn+1 =Pn + %T(_an—l—l —Lqg, + gn+1 + gn)-

By inserting the first equation into (3.8b) we then obtain in a block notation

L
3 \Il(g — 8 +1)
R -R 1 (27% 8™ 8n 3.31
U1 = P tin o+ 57 ( gnt+gnr1 )’ (3:312)
where we abbreviate
_an (1-1w 19
u, = <pn> , Ry = <$57L : . (3.31b)

By exploiting the structure of R4 we can rewrite (3.31a) as

Rt = Rom (R 1 RE). = ()

Further, the inverse of R_ can be computed explicitly for every 7 > 0, which gives

-1 1 %T\/I} R B —%\Il W
R _<—;TL 1-ly) M R=ERRe={_pa1e) 1-19)

Altogether, this yields for (3.31)
u,11 = Ru, + %T('an + fn_l,_l),

from which we obtain the discrete variation-of-constants formula

n—1 n
u, = R™ip+ 57 Y R"HRE + 1) = R™ap+7>_ &R (3.32)
£=0 £=0

with &, defined in (3.26). Hence, we have derived a formula for the numerical solution u,, of
the scheme (3.8) depending on the initial values qg, qo, and go, g1, .-, &n—1-
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We note that up to this point we have not exploited the step-size restriction 7 < 7qgg. By
using this together with (3.23b) and (3.30) we are able to write R as

cos 8 ¥
R = 1 2 )
—7L S cos(5®)° cos®

since §; = I. With an induction argument one then obtains together with (3.30), the angle
sum identities (B.1), and the double-angle formula (B.2a)

R — cos(n®) 78, ¥
B —’TLS”COS(%@)2 cos(n®)/

Inserting this into (3.32) yields for the first block row the representation formula (3.27) for qj,
(note that f; is 0 in the first block component). O

By considering the second block row in (3.32) we obtain for the quantity p,, from the one-step
scheme (3.8)

n
Pn=—78, cos(%(I))2 Lqo + cos(n®)qo + 7 Z Eoncos((n — 0)@)gy.
=0

We point out that, if we multiply this equation by 7®¥, we again obtain formula (3.29) for
0-qy by using (3.30) and (B.2a). This is in accordance with (3.21), where we have shown
‘/I}pn = 0:qpn.

We further emphasize that from the block formula (3.31) one also easily observes the symmetry
of the one-step scheme (3.8) because an exchange of (W,y1,tp+1) with (u,,t,) and 7 with
—7 leads again to the same formula; see Lemma 3.7 for another proof. The symmetry of the

one-step scheme (3.9) can be shown analogously by deriving a a similar block formula.

3.3. Stability and long-time behavior

After we have derived representation formulae for the numerical approximation q, as well as
for some related quantities, we are now able to analyze under which assumptions the scheme
(3.1a) yields stable approximations to the solution of (2.1).

We restrict ourselves to linear problems in this section. The reason for this restriction is on
the one hand that we can state stability bounds in the semilinear case for locally Lipschitz
continuous functions g only together with the error analysis. On the other hand, even for
globally Lipschitz continuous functions we gain no new insight into the stability behavior of
these schemes.

3.3.1. Stability for linear problems

We start by considering the stability behavior of the scheme (3.1) if it is applied to linear
differential equations of the form (2.12). To do so, we first show some bounds for norms of
matrix functions occurring in the representation formulae and, hence, in the stability and error
analysis. For some of these bounds we require a stronger step-size restriction than the one
given through Definition 3.17.
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Chapter 3. A general class of two-step schemes

Definition 3.22. For By defined in Definition 3.9(b) we define Tsgg > 0 via

. _ﬁ@wn#%<w, (3.33)

SSR — P
if By = o0.

As for the definition of 7ggg we have that, if By = oo, the condition 7 < Tygg is not a
restriction at all and we could theoretically omit it. By exploiting this step-size restriction
as well as the one stemming from (3.22) we are able to state bounds for the matrix functions
occurring in the representation formulae (3.27) for q, and (3.29) for 9,q,. Clearly, for s € R
and q € R™ we have |[cos(s®)q|| < |q|| and ||sin(s®)q|| < ||q|| for 7 < T9sr. Moreover, we
have the following bounds involving sin ®.

Lemma 3.23. (a) Let 7 < 17ssg. Then we have for all @ € R™ and n € N

|Snall < nllq (3.34a)
as well as
Jsin @ q| < 7llqll. (3.34b)

(b) Let 7 < 7ssr. Then we have for allq € R™ and n € N
- ~1/2
™| 8a¥ally, < mial (3.35)

where my is defined in (3.12).
(¢) Let 7 < 7ssp and L be positive definite. Then we have for all q € R™ and n € N

780 ®a|| < m; ¥ lallir < cinemy all, (3.36a)
7[Snall < csewllall; (3.36b)

with csp, = ml_l/2 max{%v'ﬁ@l_lﬂ, cinvm;1/2}7 where ciny and my, ma are given in (2.13)
and (3.12), respectively. Moreover, ¥ and sin ® are nonsingular for T > 0.

We note that the dependency of the constant cg, on the step size 7 is not a problem at all,
because for good approximations q, &~ q(t,) one usually chooses step sizes 7 < 1. Hence, with
such an additional assumption we simply could get rid of the factor 7.

Proof. Since the matrices L and ® are symmetric and simultaneously unitarily diagonalizable,
it is sufficient to show the bounds for the eigenvalues z € [0, 53] N R and ¢ € [0, 7] of 72L and
®. respectively, belonging to the same eigenvector.

(a) The bound (3.34a) follows from the fact that for n € Ny we have

n—1

eln? — eind < Z’ei(”—l_@‘z’e_iw’ =n,
=0

eld — =10

sin(ne) ‘ _

sin ¢

where equality holds for ¢ € {0, 7} or, equivalently, for z € [0, 3%] with ¥(z) € {0,4}. For the
second bound (3.34b) we use the definition (3.23b) for sin ®, (3.11), and (3.19) to obtain

sin(¢) = W(z)V2(1 - 1w (z))/2 < W(z)1/2:1/2 < 212,

32



3.3. Stability and long-time behavior

(b) Because of the stronger step-size restriction we now have z € [0, 53] N R and ¢ € [0, 7).
The first inequality (3.35) follows from

sin(ng)

sin(n¢) - 1/2
sin ¢ (=)

cos(%qﬁ)

where we used (3.30), (B.2a) in the first step and then (3.19), again (3.30), and (3.12).

(c) For the inequalities (3.36) we note that z > T2Ci_n2v due to the positive definiteness of L.
Thus, for 7 > 0 this yields ¥(z) > 0 and sin(¢) > 0 because of ¢ > 0. In particular, we have
that ¥(72L) and sin ® are nonsingular. Employing the same equations as before yields

U(z)z/? < Jeos(3) 7 = [(1 = 3w(2))" V2| < m; V2,

7lsin(@) 1 W(2)] = 7| (1 = §W(2)) V272U | <oy VTR <y Py
and
rlsin(g) 7! = 7| (1 = JW(2)T20(2) 2| < VP 0() T2 < e,

which finishes the proof. O

From the proof we see that by utilizing (3.13) in the case of By < co we could theoretically
replace the bound in (3.36b) with ¢y, = ciny(m1ma)~1/?; see [CHS20]. However, as mentioned
in Remark 3.10 we avoid the usage of mso. For the same reasons we do not make use of the

bound (for By < oo)
| sin(@)"ally, < my Y max{Byiny 2w, all, (3.37)

which can be shown in a similar way as (3.36b).

Remark 3.24. The constant cgp, in the estimate (3.36b) can be improved if one exploits that
the function ¥ cannot simultaneously be near four and zero. Together with

:p—%xQ Zmin{xl—ix%,xz—%mg} for0<a <z < a9 <4,

this leads then to a smaller constant. We omit the details for the sake of readability. o

Remark 3.25. The bound for S, in (3.34a) is sharp even for positive definite L if ¥(z) € {0,4}
for some z € (3\21,, ﬁ?p) This can be seen from the proof of the estimate if one chooses q as an
eigenvector of 72L corresponding to an eigenvalue z such that W(z) € {0,4}. A close inspection
of the second and third part of the proof shows that for the bound (3.36a) the additional factor
W ensures that only those z are problematic where W(z) = 4. We refer to Section 3.5 for more
insight into this behavior. o

Ezample 3.26 (LF continued). With my, m; and ms chosen as in Example 3.11 we obtain for the
leapfrog scheme (2.20) that 72||L|| < 492 < 4,9 € (0,1), which is in accordance with Lemma 2.16.
Moreover, the bounds in Lemma 3.23 hold with m; = 1 — 92 and ¢y, = ciny(1 —92)" V2. o

We are now in a position to study the stability in the standard norm and the discrete energy
norm. We start with the first one.

Theorem 3.27. The approximations qy obtained by the general scheme (3.1) applied to (2.12)
satisfy forn >0 and

(a) 7 < Tssr

n—1

lanll < llaoll + tallaoll + tar D gl (3.38a)
=0
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Chapter 3. A general class of two-step schemes
(b) 7 < 7ssr

n—1
. —1/2 . . —-1/2
lanll < llaoll + min{tn, cinymy /}|do]| + min{tn, cimm; V23 gl (3.38D)
=0

where Tssr and Tssr are defined in Definitions 3.17 and 3.22, respectively.

From the first stability estimate (3.38a) in the theorem we see that under the weaker step-size
restriction 7 < 7gsr the approximations q, can only be bounded with constants growing linearly
in time, even in the case of a positive definite matrix L. This is in contrast to the behavior of
the exact solution; cf. (2.15a).

The situation changes if we employ the stronger step-size restriction 7 < 7ggg (recall that
we formally set c¢iyy = 0o for L singular). For a positive definite L we then obtain uniformly
bounded approximations in the homogeneous case. This perfectly corresponds to the behavior of
the exact solution. Note that the stronger step-size restriction is even advantageous for positive
semidefinite L, since only eigenvector(s) of L belonging to zero eigenvalue(s) are responsible for
the factor t,.

Proof of Theorem 3.27. Let 7 < 17gsr. From Corollary 3.20 we have by taking norms and the
triangle inequality

n—1

lanll < llcos(n@)qol| + 71| S, To|l + 72 > _||Sn—rPeul,
=0
which implies the first part with (3.34a), (3.19), and n7 = t,,.
For the second part, we obtain the bounds with ¢,, as before because of Tssgr < 7gsr. If L is
positive definite, we can employ (3.36a) to obtain the bound with cinvmflﬂ. O
We now turn towards stability estimates in the discrete energy norm (3.20b), where we
consider the single terms ||0-q,|| and ||q,||L separately.

Theorem 3.28. The approximations qy obtained by the general scheme (3.1) applied to (2.12)
satisfy forn > 0 and

(a) 7 < 73R
n
10-qnll < llaoll + lldoll + 7 _llgell; (3.39)
=0
n—1
lanlL < llaollt + tnlléoll + ta7 Y llgelL, (3.39b)
£=0
(b) 7 < Tssr
n—1
~1/2, . —~1/2
lanllz < laoll +my (Il +mi " Y llgel- (3.39¢)
=0

where Tssr and Tssr are defined in Definitions 3.17 and 3.22, respectively.

We observe that ||0-qy| can be bounded uniformly in time for g = 0 with the weaker
step-size restriction 7 < 7ggr. In contrast to this, we get for ||q,||L in general only a bound
with grows linearly in time in the homogeneous case. Additionally, we have to measure ¢y and
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3.3. Stability and long-time behavior

the inhomogeneity g in a “stronger” norm compared to the stability bound (2.15b) of the exact
solution. Hence, only the part ||gy|/1. of the discrete energy norm |||qy|||. is responsible for the
bad stability behavior under the weaker step-size restriction 7 < 7ggR.

As before, if we use the stronger step-size restriction 7 < Tsgr, we also get for ||q, || a bound
with constants uniformly bounded in time. A combination of (3.39a) and (3.39¢) then yields
for the discrete energy norm

n
1/2 —1/2, » —1/2
Nl = (10-anll? + llanl2)"? < 2”2(quouL+m1 2ol +my TZngH)’
=0

since m1 < 1.

Proof of Theorem 3.28. Let 7 < 7gsr. Taking norms in (3.27) and (3.29) yields

n—1
lanllL < [lqollL + THSN(I}QOHL +7° Z H‘Sn*@‘i’g@HL’
=0

n
10-an|| < 77 |sin @qo|| + [|®do]| + 7 || Tegell.
=0
The second inequality leads to the bound (3.39a) by using (3.34b) and (3.19).
For the first inequality we employ on the one hand the bound for §,, in (3.34a) and again
(3.19), which then yields (3.39b). On the other hand, we obtain for 7 < 7ggg with (3.35) the
bound (3.39¢). O

In Section 3.5 we show two possibilities how one can achieve uniform bounds for homogeneous
problems even under the weaker step-size restriction 7 < 7gggr. One option consists in modifying
the starting value, the other option is to look at averaged approximations instead of q,,.

3.3.2. Preservation of a discrete energy

Next, we prove that the scheme (3.1) applied to the linear problem (2.12) with g = 0 nearly
preserves the discrete energy norm |||-|||,. defined in (3.20b). To do so, we show existence of a
conserved quantity of the scheme (3.1), which is a second-order perturbation of the square of
the discrete energy norm. In combination, this reflects the energy conserving behavior of the
exact solution of the linear, homogeneous problem as stated in (2.16).

Definition 3.29. For the approximations qy obtained by the scheme (3.1) we define for n >0
T2 Man = 72(0-an* + (e, an) — 3] Tanl?, (3.40)
where 0-qy is defined in (3.20a).

We note that there exist other quantities for the two-step scheme (3.1a) which are conserved
for g = 0; cf. [CHS20] for a variant on half steps. For the quantity (3.40) we now prove that
it is nonnegative under the step-size restriction 7 < 7ggg. In addition, we show that the
approximations of the scheme (3.1a) conserve the quantity for all n € Ny in the homogeneous
case.

Lemma 3.30. Let 7 < 7ssr. The approximations obtained by (3.1) satisfy

Mgn >0 foralln=0,1,... . (3.41)
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Chapter 3. A general class of two-step schemes

Proof. Rewriting of Mg, yields for all n > 0
T2Mq7n = 7'2||3an\|2 + (Tq,, I - i‘I’)Qn)

Since the eigenvalues of ¥ are contained in [0, 4] due to Definition 3.17 of Tggr, we obtain the
nonnegativity of the second term. ]

Lemma 3.31. Let g = 0. The approzimations obtained by (3.1) satisfy
Mgn = Mqpo foralln=0,1,... . (3.42)

Proof. We begin with Mg 41 = Mg, for n > 1. For this, we first observe that the sum and
difference of two consecutive steps of the two-step scheme (3.1a) for g = 0 are given by

dn+2 —dn+1 —dn + Qn-1 = _‘I’(qwrl + Qn)a
Ant2 — 3dnt1 +3dn — dn-1 = —¥(Qnt1 — dn)-

Using this, we obtain

*l10ranl®

72"87'(171—1—1”2 —77||0-qn

= 1 ((dnt2 — dn) = (An+1 — An—1); (An+2 — An) + (An+1 — An-1))
(=¥ (dn+1 + 9n), 4dnt+1 — 4dn — ¥ (dnt1 — dn))

1
1
1
1
(=¥ dnt1, Ant1) + (Tdn, an) + 1 ¥ani1] — 5 ¥an].
Rearranging this formula yields with Definition 3.29 Mg 41 = Mgq,, for n > 1.

For proving Mg 1 = Mgq,0 we can proceed in a similar way. Here, in contrast to the previous
calculations, we take the sum and difference between the first step of the two-step scheme (3.1a)
and twice of the starting value (3.1b). O

As consequence of these two lemmas we obtain that Mg, is conserved and nonnegative for
all n € N under the weaker step-size restriction 7 < 7ggr. In contrast to this, we have shown
in Theorems 3.27 and 3.28 that ||q,|| and ||qy|r. grow linearly in time for g # 0 under the
weaker step-size restriction; see also Remark 3.25. Hence, conservation of Mg, and correct
long-time behavior of the numerical solution are not directly correlated for 7 < 7qgRr.

A close inspection of the previous two proofs also shows that independent of the choice of
the starting value q; we get Mg, = Mgq,1 and the nonnegativity of Mg, for n > 1. Hence,
a modification of the starting value has only influence on the conserved quantity for n = 0.
Moreover, by an adaption of Mg in (3.40) to another “sensible” starting value we could prove
similar results as for (3.1b); see Section 3.5.1 and in particular Remark 3.50.

The next theorem shows that the approximations of the scheme (3.1) do not have a drift
in the discrete energy for arbitrarily long simulation times. With the above comment it is
not surprising that we need the stronger step-size restriction 7 < Tggg to show this result.
Otherwise we would get again a linear drift in time.

Theorem 3.32. Let 7 < 7gsr and g = 0. The approzimations obtained by (3.1) satisfy
llanll? = Mao| < €72 foralin=0,1,2,...,

with a constant C = C(||Lqo||, |doll1.) which is independent of L, T, n, and t,.
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Proof. Let 7 < tggr. From Lemma 3.31 and the definitions (3.20b) of |||-|||. as well as (3.40) of
Mgq,n we obtain

llanlllZ = Mao = llanll? = Mgqn = 772((7°L = ®)qn, an) + 17 2| ¥qn||?
= _7—2 (Tan, LQn) + %T2H\T’LQ71H27

where we made use of Definitions 3.3 and 3.12 in the last equality. With T < 0 by (3.19) and
Definition 3.13 we can bound this by

0< ”|QTL|||3 — Mg < 7‘2(%m3 + %)HanHQ

Further, multiplying the representation formula (3.27) with L and taking norms yields with
(3.35) under the step-size restriction 7 < 7Tggg as in the proof of Theorem 3.28

ILan|| < [Laoll + mi/?[léollx.,

which concludes the proof. O

3.3.3. Stability for an extended linear problem

We conclude this section about stability by showing that for semilinear problems the stronger
step-size restriction 7 < 7Tggg is indispensable in general. To do so, we consider a special linear
case of (2.1). More precisely, we set g(t,q) = —Gq + f(¢) for all ¢t > 0, where G € R™*™ is a
symmetric and positive semidefinite matrix. The differential equation (2.1) then reduces to the
linear system

q(t) = —(L+G)q(t) +1£(t),  q(0)=qo,  4(0) = Qo (3.43)

Clearly, the exact solution of (3.43) satisfies the stability bounds (2.15) if we replace L with
L+ G and g with f.

Theorem 3.33. Let L and G commute and let the step-size restrictions
I <BY,  TIGI <49?, 9% e (0,m), (3.44)

be satisfied. Then the approzimations q, obtained by the general scheme (3.1) applied to (3.43)
satisfy forn >0

n—1
ldnll < llaoll + min{t,, csn g Hidoll + min{tn, csn.a} 7 Y [I£(t)|| (3.45)
=0

. —1/2 _—1/2 _—1/2 -
with csh,g = My 19/ max{%Tml / ) CinyMe / }, where my g = my — 9% and ciny and my, mq,

e are given in (2.13) and (3.12), respectively.

The theorem states that we do not only require the stronger step-size restriction 7 < 7gsr
for obtaining bounded approximations q, in the case of f = 0 but also a second step-size
restriction involving ||G||. However, even for small m; > 0 the second condition in the step-size
restriction (3.44) is often less restrictive for the step size 7 than the first one (recall that we
are interested in functions g with small to moderate Lipschitz constant, i.e., |G| < ||L||). We
further point out that in [CHS20] a similar theorem is proven for the two-step scheme (3.7)
where the assumption on the comutativity of L and G is not required.
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Proof. We first show that with the step-size restriction (3.44) the matrix ¥g = 720 (7°L)(L+G)
is symmetric, positive semidefinite, and the largest eigenvalue bounded by 4. The symmetry of
W follows from the commutativity of L and G. By using again the commutativity together
with the first step-size restriction in (3.44) and (3.12) we further obtain for all q € R™

(®cq,q) = (¥q,q) + 7°(¥Gq,q) > (¥q,q) > min{dm;, merc; Hql* > 0. (3.46)

Moreover, we have with (3.2), (3.44), (3.12), and (3.19)

(Tca,q) = (¥q,q) + 7*(¥Gq,q)

< (41— my) + 72|G]) lal® < 4(1 — my9)llq]?. (3.47)

Hence, under the step-size restriction (3.44) the eigenvalues of ¥g are contained in [0, 4].
We can now proceed as before by showing stability via a representation formula. In particular,
we obtain

sin(n®g)

((n—£)®g)
qn = cos(n®g)qo + 7 . =

sin
‘I/ 2
qo+ T Kz:o gﬁ n sin ®g

Uf(ty), (3.48)

where &, is given in (3.26) and ®g with spectrum in [0, 7] is defined by cos g =1 — %\IIG.
Note that, if L is positive definite, we obtain with (3.46) and (3.47) similarly to the proof of
the bound (3.36b) that

7| (sin @ ) "al| < csvcllall,

Taking the norm in (3.48) concludes the proof. O

Remark 3.34. From (3.47) we see that under the weaker step-size restriction 7 < 7ggg with
Tssr given in (3.22) the eigenvalues of 72Wq are contained in [0,4] in general only if G = 0,
since (¥q,q) < 4/ q||* because of (3.11). Hence, in general the weaker step-size restriction
7 < 793R is not sufficient to guarantee stability for the scheme (3.1) in the semilinear case; see
also the second numerical example in Section 4.5.3. o

3.4. Error analysis

In the previous section we established the stability of the general scheme (3.1) for linear
problems. The aim of this section is to provide the error analysis not only for linear but also
for semilinear problems. We show convergence results for linear problems in both the standard
norm ||-|| and the discrete energy norm ||-|||. as well as convergence results in the standard
norm for semilinear problems.
In the following, let always T € (0, t.) with ¢, defined in Theorem 2.4. For ¢,, < T we denote
by
€, = dn — qn, an = Q(tn)a (3-49)
the error between the exact solution q of (2.1) at time ¢, and the numerical approximation qy,

of the general scheme (3.1). Further, for q € C*(]0,T]), k € N, we abbreviate bounds on the
kth derivative of q by

B = maxflaP(s)l. k=12 (3.50)
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and by

(£1)H(1 - 0)"
0 ’

1
5(2 = Tk/ ng_f_l)(a) a® (t, £ 70) do, mﬁf) (o) =
0

n,

(3.51)

the remainder terms of the (k — 1)st-order Taylor expansion of q,+1 at t,.

Lemma 3.35. For q € C*([0,T]) and t,41 < T the remainder terms (3.51) are bounded by

(F) | « kL (k) () || « k1 (k)
102 <7, max a® @)l I8l <7, max (la®(s)]) (3.52)

Proof. The bound for 4, 4 follows from

1
160, < 7% max 1||q(k)(s)||/0 159(0)| do.

tn<s<tnyt

For 5;’? the proof is done analogously. O

3.4.1. Representation formula for errors

As for the stability analysis we start with the derivation of a representation formula for the
errors. With this representation at hand we are able to prove the error bounds for linear
and semilinear problems. To derive such a representation formula we have to prove an error
recursion.

Lemma 3.36. Let q € C4([0,T]) be the exact solution of (2.1). The error e, of the two-step
scheme (3.1a) satisfies for n > 1 the recursion

eni1—2e, +e, 1 =7°¥(-Le, +r,) +d,, (3.53a)
where the defect d,, is given by

do= A, + 860, Ap=—TYL(Gus1 — 2Gn + 1), 00 =060 —6l),  (3.53b)

n,

and
rn, = g(tn, dn) — &(tn, dn)- (3.53¢)

Obviously, we have r,, = 0 for linear problems. For the leapfrog scheme we have T = 0, hence,
only the second term in d,, remains.

Proof. As usually, we first insert the exact solution q,, into the scheme (3.1a). This yields
Eanrl - 26111 + (Ajnfl = 72{1}(_116171 + g(tna Ein)) + dn (3'54)

with a defect d,,. Subtracting (3.1a) from this relation leads to (3.53a) with r,, given in (3.53c).
In order to determine d,,, we first observe that Taylor expansion of the exact solution Q41
at t, yields

Gnr1 — 260 + o1 = T2(E) + 00 + 00 = 724(t,) + 6. (3.55)

Equating (3.54) and (3.55) then leads together with (2.1) to
dp = 7 (1= )éi(tn) + 8 = (1= ¥)(Gns1 — 2Gn + Gn-1) + TS, (3.56)
where we used in the second step again (3.55). Applying (3.14) completes the proof. O
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Remark 3.37. The first equality in (3.56) yields with (3.14) the more obvious form of the defect
d, = —TYL(t,) + 6. (3.57)
However, we will see that for an error bound in the discrete energy norm the form (3.53b) of

the defect is beneficial. o

Using the error recursion (3.53a) we now derive a representation formula for the error.
Additionally, we state a formula for differences of errors 9,e,, which are defined as 0.q,, for qu;
see (3.20a). To show these formulae we proceed as in Theorem 3.18 and Corollary 3.21.

Lemma 3.38. Let 7 < 1ssr and let g € C*([0,T)) be the exact solution of (2.1). The error
en, n > 1, of the two-step scheme (3.1a) satisfies

n—1
e, =38,e + Z Sn_o(7*¥r, +dy) (3.58)
(=1
with dg,re given in (3.53b) and (3.53c).
Moreover, the differences Ore,, satisfy
n P
7 Ore, = cos(n®)er + Y &y cos((n —£)P) (72®r, + dy). (3.59)
(=1

Proof. From the error recursion in Lemma 3.36 we obtain analogously to the proof of Theo-
rem 3.18 for 7 < TggRr

n—1

e, = cos(n®)eg + Sy (e1 — cos P eg) + Z Sn_o(T?Wry + dy).
/=1

This yields (3.58), since eg = 0 due to q(0) = qo. The formula (3.59) for 0-e,, follows as in
Corollary 3.21. O

Next, we turn our attention to the error e; of the starting value (3.1b). For this, we have
similarly to Lemma 3.36 the following.

Lemma 3.39. Let q € C3([0,T]) be the exact solution of (2.1). The error ey of the starting
value (3.1b) satisfies

er=do= A+ P8,  Ag.=—7YL(d@ — o), (3.60)

with 5(()?3_ defined in (3.51).

Proof. Inserting the exact solution into the formula for the starting value (3.1b) yields the
defect

~ ~ = =~ - - PN . =~ (3
do=a; — o — 7¥4(0) — 17*¥(—Lqo + g(0,d0)) = I—¥)(q1 — qo) + ‘1’56717
where we used in the last step again the differential equation (2.1) and Taylor expansion of q;

at 0. Using (3.14) shows (3.60) for dg. Further, since the initial values coincide with the exact
values of the solution, we have e; = dy. O
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Clearly, for other starting values q; satisfying ||q; — qi|| < C73 we obtain different defects.
We again refer to Section 3.5.1 for more insight into the influence of q;. Further, as for the
defect d,,, n > 1, for the two-step scheme (3.1a) the defect dy can be rewritten as

do = —7°YL(do + 57§(0)) + 5((51 (3.61)

such that there is no factor ¥ in front of 6(()?1; cf. Remark 3.37.

We are now in a position to state error bounds for the scheme (3.1).

3.4.2. Error analysis for linear problems

In the following we show two error bounds for the standard norm ||-|| as well as one for the
discrete energy norm |||-||| .. As for the stability analysis we distinguish between the two step-size
restrictions 7 < 7gsr and 7 < TgsR.

Recall that for linear problems (2.12) we have r,, = 0 in the error recursion (3.53a). Moreover,
the exact solution of (2.12) exists for all times ¢ > 0; see Section 2.1.

We start with the standard norm and the weaker step-size restriction.

Theorem 3.40. Let Assumptions 3.2 and 3.16 hold. Further, assume that the solution q of
(2.12) satisfies q € C*([0,T]). Then, for T < 1ssr and t, < T we have for the approzimations
qn of the scheme (3.1)

la(tn) = qull < T(C1 + $CrT) 2 (3.62a)
with
_1 . 1 (3 _ 1 .. 1 (4)
C1 = yms wax [La(s)| + 5B, Cr=gms max ILd(s)] + 5By, (3.62b)

where BS’), Bgfl) are given by (3.50) and mg in (3.15).

A similar result has already been proven in [CI17] for the exact starting value q; = q(7). In
this paper the authors consider a (modified) version of (3.1a), where W is either a polynomial
or a rational function, e.g., the functions (3.3) or (3.4). In contrast to our work they prove
their results with an extension of standard energy techniques.

Proof. From Lemma 3.38 we obtain with r,, = 0, (3.53b), and (3.60)

n—1
+ 180 %8|+ 3 (ISn—rAdll + S0 T6])). (3.63)
/=1

len]] < [|8nAo.x

We bound the terms separately. The remainder terms of Taylor’s theorem are bounded with
(3.52) by
4 4 3
I8 < m'BY . 1186 < §r°BY. (3.64)

For the defects Ay given in (3.53b) we first observe that by Taylor expansion we obtain again
with (3.52)

~ ~ ~ 2 2 o
IL (@1 — 260 + @) | < L8 + Lo | < 72 max [|Lé(s)]|- (3.65)
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and similar for Ay, given in (3.60). Hence, we get with Definition 3.13

< 1 4 . < 1 3 . . X
1801 < st o LG, 0 < bongr® o L)l (3.66)

Collecting and inserting these bounds in (3.63) yields with (3.34a) and (3.19)

n—1

2(1 . 1p6) _ (L g 1pW
leall < tn 7 (§ms max [La(s)] +§BE) + Y (n = (3ms e ILa(s)]| + By,
which completes the proof by using Z?;ll (n—4¢) < %nQ. O

A close inspection of the proof shows that for the starting value q; we only need the estimate
lei]| < C173. Hence, for other starting values satisfying the same bound with a different
constant C; we would obtain similar results; see also Section 3.5.1.

We now turn towards an error bound under the stronger step-size restriction 7 < Tgggr.

Theorem 3.41. Let the assumptions of Theorem 3.40 be satisfied. Then, for T < Tgsr and
tn, < T we have for the approxzimations q, of the scheme (3.1)

la(ts) = aull < min{T, cinmy '} (C1 + CrT) 7> (3.67a)
with

A . 1 (3 Ao ” 1 p4)
C1 =ms3 0r£§%<71|Lq(s)|| + 6B§ ), Cr =m3 Orélsag(THLq(s)H + 5By (3.67Db)

where B, Béfl) are given by (3.50) and mg in (3.17).

We observe that, in contrast to the error bound in Theorem 3.40, the error bound (3.67) only

grows linearly in time if L is positive definite, since the minimum is bounded by cinvmfl/ ? for
T large enough.

Proof. In contrast to the previous proof we now have that U is nonsingular because of T < Tgsr
and (3.16). Thus, we rewrite (3.63) as

n—1
PN =~ 3 PN =~ 4
leall < 180 ® T Ag ]| + 1S, TSI + 3 (18008 T A + (|80 B3, ).
/=1

With Lemma 3.14 and (3.65) we then have on the one hand

% A = 7% YL (@1 — 2 + )| < 7 may [Li(s)] (3.680)
as well as
1% A = ¥ YL (G — )| < i max [La(s)]. (3.68D)

On the other hand we get due to 7 < 7Tgsr, (3.34a), (3.19), and (3.36a)
= . ~1/2
T[Sn¥all < min{ty, cinvmy “Hal-

Combining these yields together with (3.64) the bound (3.67). O
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We note that the estimates of the defects A, and A, could also have been done as in the
proof of Theorem 3.40 by employing (3.66) instead of (3.68). Clearly, we then have to replace
the bound (3.36a) by (3.36b). However, for the error bound in the discrete energy norm |||-||| .
under the stronger step-size restriction 7 < Tgsr, which we show next, the approach as used in
the proof is favorable.

Theorem 3.42. Let the assumptions of Theorem 3.40 be satisfied. Then, for T < Tsgr and
tny1 < T we have for the approximations q, of the scheme (3.1)

lla(tn) — anlll. < (1 4+ myHY2(max{Cy, C1} + max{Cr, Cr} T)7> (3.69)

with C1,Cp and C~'1, C~’T given as in Theorems 3.40 and 3.41, respectively.

As for the error bound in the standard norm under the stronger step-size restriction we
obtain in the discrete energy norm bounds which grow only linearly in time. Moreover, the
bounds for the defects are (almost) the same as before.

Proof. We consider the two terms in the discrete energy norm separately. For the difference of
errors, equation (3.59) in Lemma 3.38 (with ry = 0) yields with (3.19)

n n—1

3 4

l0renll < Lerll+ - Hlldell < Aol + 18671+ - (IAdl+118,71) < (C1 + Crta)7
=1 =1

by estimating the defects as in the proof of Theorem 3.40.
The second term can be estimated similarly as ||e,|| in the proof of Theorem 3.41. Using
(3.58) we have with (3.35), (3.64), and (3.68)

n—1
leallr, < 182 % & Ao+ 8,06 I + D (180T T A, + (1S, 6|1,
/=1

n—1
—-1/2 = 3 = 4
<L Ao+ 166+ X (1971 + 1671 )
/=1
< mfl/Q (5’1 + CN'Ttn)T2.
Combining both estimates completes the proof. O

A crucial point in the proof of the bound for ||e, ||, is that we employ the estimate (3.35) for
every term. If we estimated A, and Ay, with (3.66), we would have to use (3.34a) to get the
bound 7||8,ql|r. < tn|lq||L, since we do not have a bound of the form ||S,q|lL < ¢||q| with a
constant ¢ > 0 which is independent of By; see estimate (3.37). This, however, would lead to
worse error constants (quadratic instead of linear growth in time) and additional factors L in
front of derivatives of the exact solution. The same problem would occur if we used the variant
of the defects in (3.57) and (3.61); cf. Remark 3.37.

For the weaker step-size restriction 7 < 7qgr it would be possible to derive an error bound,
but it suffers from the same problems as described before. From the proof we see that, similarly
to the stability results in Theorem 3.28, only ||e, || is responsible for the bad behavior. In
fact, the first term ||0;e,|| can bounded with the same constants under the weaker step-size
restriction.

43



Chapter 3. A general class of two-step schemes

Remark 3.43. If we assume g € C2([0,T]), we can even avoid the terms ||L§(s)|| and ||Lg(s)]|
occurring in (3.62b) as well as in (3.67b) due to the terms A,, and Ag ., respectively. This can
be seen if instead of the estimate (3.65) for A, we use the following estimate by employing the
differential equation (2.12)

IL(@er1 — 200 + Q1) | < (|G (Fer1) — 26 (t) + Gte-1) | + g (Eer1) — 2&(te) + g(te-1)l

< 2 (4) o

< 7*(By + max [E(s)])).

and similarly for Ag .. In Chapter 5 we show another approach to avoid (at least) the term
|ILd(s)| if we measure the error in the standard norm. o

3.4.3. Error analysis for semilinear problems

After this extensive error analysis for linear problems we turn towards error bounds in the
standard norm ||-|| for the scheme (3.1) applied to semilinear problems (2.1). Recall that we
have two conditions on the Lipschitz continuity of g, which differ in the considered norms, see
Assumptions 2.3 and 2.9.

We start with the first one.

Theorem 3.44. Let Assumptions 3.2 and 3.16 as well as Assumption 2.3 on g hold. Further,
assume that for T € (0,t.) the solution q of (2.1) satisfies q € C*([0,T]). Then, there erists a
T« > 0 such that for 7 < min{7,,7ssr} and t, < T we have for the approximations q, of the
scheme (3.1)

/
la(t) = anll < T(Cr + SCrT)ef T 72, (3.70)
where the constants Cy, Cr are defined as in (3.62b). Moreover, the Lipschitz constant Lg only

depends on T, the exact solution q, and g.

We emphasize that in numerical experiments the additional step-size restriction 7 < 7,
coming from the local Lipschitz continuity is usually not visible, since the step-size restriction
7 < 793R is often much more restrictive. For (globally) Lipschitz continuous functions g the
theorem even holds without this additional restriction; see [CHS20], where a similar result for
Lipschitz continuous g is shown.

Proof. First, we observe that Assumption 2.3 yields the existence of a radius p > 0 depending

only on T" and {q(¢) | t € [0, T]} such that for all ¢ € [0, 7] and q € R™ satistying ||q(¢t)—q|| < p
for some t € [0, 7] it holds

gt a(t)) — et a)ll < Lella(t) -4l

where Lg = Lg(p) > 0 only depends on p and, thus, on T and the exact solution of (2.1). In
particular, there exists 7. > 0 such that

/
T(C1+ %C’TT)e[;é T2 <p for all 7 < 7.

(i) Let 7 < min{7s, 7ssr }. As we show in the second part of the proof, we then have ||e,| < p
for all n € N with ¢,, <T. Thus, we can apply the above Lipschitz condition.
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3.4. Error analysis

From (3.58) we obtain with (3.34a) and (3.19)

n—1

lenll < (Citn + 5Crt7) 7 + 72 3 (n— O)|re]],
(=1

where the defects are estimated as in the proof of Theorem 3.40. Using the definition of r, in
(3.53c) together with the Lipschitz continuity yields ||r,| < Lg|ley||. Hence, an application of
the Gronwall Lemma B.19 shows the error bound (3.70).

(ii) It remains to show that ||e,|| < p for all n € N with ¢, <T'. To do so, we define

my = max{M}, M={meNy|t, <T and |eg]| <p forall k=0,...,m}.

We obviously have m, > 0 because of 0 € M. Suppose t,,,+1 < T. Then we can apply the first
part, since we only need the local Lipschitz continuity up to t,,, due to the explicit treatment
of the function g in the scheme. Thus, we get by definition of 7, for 7 < min{,, 7ssr }

1/2
Hem*'i‘lH S T(Cl + %CTT>e£g T7-2 S p

This is in contradiction to the definition of m,, since we supposed t,,,+1 < 7T. Hence, we have
shown ||e,|| < p for all n € N with ¢, < T, which finishes the proof. O

For the stronger step-size restriction we can show a similar result by replacing the estimates
for the defects with those of Theorem 3.41. We skip the details, since we receive — because of
the semilinearity — exponential growth in time anyway.

For the weaker assumption on the local Lipschitz continuity (Assumption 2.9) we require —
in contrast to the previous error bound — the stronger step-size restriction 7 < Tggr to prove
convergence of the scheme (3.1). Additionally, L has to be positive definite; see Section 2.2.2.
As mentioned in Remark 2.5 this poses no restriction for semilinear problems (2.1)

Theorem 3.45. Let L be positive definite and let Assumption 3.2, 3.16, as well as Assump-
tion 2.9 on g hold. Further, assume that for T € (0,t.) the solution q of (2.1) satisfies
q € C4([0,T)). Then, there exists a T« > 0 such that for 7 < min{r,, Tssr} and t, < T we have
for the approzimations q, of the scheme (3.1)

1A = -1/25

la(t) = anll < cimmy /2(Cr+ CrT)em™ 5T 72, (3.71)
where the constants Cy, Cr are defined as in (3.67b). Moreover, the Lipschitz constant Eg only
depends on T, the exact solution q, and g.

Proof. We only show the estimate for the error, since the remaining part follows as in the
previous proof. Again from (3.58) we get with (3.36a) and (3.19)

n—1
-1/2( ~ ~ —1/2
leall < cinemy 2 (Cr+ CrT) 72+ 737 my 2wl
(=1

where the defects are estimated as in the proof of Theorem 3.41. Further, from the local Lipschitz
continuity in Assumption 2.9 we have ||ry||-1 < Lglle,| if we assume that ||q, — qn| < p for
all n € N. Together with the Gronwall Lemma B.18 this yields the error bound (3.71). O
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A close inspection of the proof shows why the use of the weaker step-size restriction 7 < 7gsg
would fail in this situation. In order to apply the Lipschitz estimate (2.9) we have to bound

7| Sn_e®r|| < C |relg1 t=1,...,n—1,

with a constant C' > 0 which is independent of 7, n and L. For the stronger step-size restriction
this is possible with C' = ml_l/ % as shown in the proof. However, for 7 < 7ggg such a constant
does not exist for general 7 and L, as one can see by choosing r; as an eigenvector of 72L
corresponding to an eigenvalue z such that W(z) € {0, 4}; see also Lemma 3.23 and Remark 3.25.

3.5. Modifications for improved stability results for linear problems

In the previous two sections we have seen that in general the weaker step-size restriction 7 < 7qgr
leads to worse constants in the stability and error analysis if the analysis is possible at all. The
reason for this undesired behavior is the existence of points z € (0, 33] with ¥(z) € {0,4}. With
the stronger step-size restriction 7 < 7sgr, which guarantees ¥(z) € (¢,4 —¢) for z € [5, B%] NR
and some €, > 0, we were able to resolve this problem.

In the following we present two ways to regain the favorable stability behavior of the two-step
scheme (3.1a) under the weaker step-size restriction 7 < 7ggg. The first option consists in a
modification of the starting value q; given in (3.1b). However, this option can be favorably
utilized only for g = 0. As a second option we consider averaged approximations instead of qy,.
This ansatz will be shown to be beneficial for general linear problems (2.12).

3.5.1. Influence of starting value

We start with the influence of the starting value q; on the stability of the two-step scheme (3.1a).
For this we assume g = 0 and By < oco. The first assumption is motivated by the fact that
we cannot change the influence of g in the two-step scheme (3.1a) with a modification of the
starting value. The second assumption is for the sake of presentation and satisfied, for example,
if ¥ is a polynomial, e.g., the LFC polynomial (3.3).

If in addition L is positive definite, we know from Section 2.1 that the exact solution of (2.12)

with g = 0 is uniformly bounded in |[|-|| as well as in |||-|||. For the two-step scheme (3.1a) with
starting value (3.1b) we have seen in Section 3.3 that uniform boundedness of the numerical
solution q, in ||-|| and |||-]|| is only possible for 7 < 7gsR.

In order to analyze, if for different starting values uniform bounds are possible under the
weaker step-size restriction 7 < 7qgr, we consider the general variant

Qi =qo+ Ta(TQL)q() — %TQb(TQL)LqO + 736, (3.72)

with sufficiently smooth functions a, b: [0, 33] — R satisfying a(0) = b(0) = 1 and a bounded
perturbation 8y € R™ with ||do|| < Cs. As for ¥, the conditions on a and b are necessary for
second-order consistency.
Example 3.46. The general starting value comprises among others
(i) the starting value (3.1b) with a = b= ¥ and §y = 0,
(ii) the starting value (2.20b) for the leapfrog scheme (second-order Taylor polynomial) with
a=b=1and dy =0, and
(iii) the exact starting value q; = q(7) with again a = b =1 and 73§y = 5(()‘?’1.
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As a first step we include (3.72) into the representation formula (3.23a) for the two-step
scheme (3.1a), similarly to what we have done for (3.1b).

Lemma 3.47. Let 7 < 1sgg and g = 0. For the approzimations of the two-step scheme (3.1a)
with the general starting value (3.72) we have

qn = (cos(n‘I’) + 8, (I 37°b(7*L)L — cos @))qg + 78na(T?L)qo + 738,00 (3.73)

where ® and S, are given as in Theorem 3.18.

Proof. The formula (3.73) follows from (3.23a) by inserting the general starting value (3.72). O

The problematic terms in (3.73) are those with a factor 8, because for 7 < 7gsg we only
have [|S,| < n; see Lemma 3.23. Thus, to get rid of this undesired linear growth, we have to
show that for specific choices of the functions a and b as well as of the perturbation §, these
terms are uniformly bounded in time.

For the term 738,,8¢ the simplest and most efficient choice is g = 0. For the term containing
qo we recall that I — 2% = cos ®. Thus, the choice b(72L) = ¥ leads to

(I—37%b(7*L)L — cos ®) = 0
because of (3.2); see also Theorem 3.18 and Corollary 3.20.
It remains to bound 78,a(72L)¢o. For this, we recall that for 7 < 7ggr we have

sin(n®)

. . o 1 1/2,
D with sin® = (¥(I— %))

S, =
cf. (3.23). Hence, the function a should be chosen in such a way that possible zero eigenvalues of
sin @, which stem from those eigenvalues z € (0, 53] of 7L with ¥(z) € {0, 4}, are compensated.
Note that for z = 0 we have ¥(z) = 0, which is required to obtain second-order convergence;
see Sections 3.1.2 and 3.4. Hence, we restrict ourselves to positive definite matrices L in the
following considerations.

To eliminate the effect caused by the undesired zero eigenvalues of sin ® we observe that, if
W(2) € {0,4} for some z € (0,32), ¥ has a local extremum point in z because of Definition 3.9(a)
of B3, i.e., ¥'(2) = 0. Hence, we expect that the choice a = ¥’ compensates these zero
eigenvalues of sin ®. The details are given in Lemma 3.48 below. Note that ¥/(0) = 1 due to
the consistency conditions (3.10).

We emphasize that there exist other choices for ¢ which compensate the zero eigenvalues of
sin ®. One of these choices is a(7?L) = ¥ (I — $¥) = (72L) ! sin(®)?, which yields

78,a(r°L) = 7(7°L) " sin(n®) sin(®) = L~ /2sin(n®)&/2(1 — 1@)"/?,

Since this option implicitly occurs in the next subsection, we focus here on a = ¥'.
Combining these considerations leads to the following choice for the starting value

a1 = qo + 7V (7°L)do — 272U (7°L)Lao = qo + 7¥'§o — 3 ¥qo. (3.74)

Moreover, we have the following estimates for the matrix function S, ¥’.
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Lemma 3.48. Let By < oo and 7 < ¥7ssr for an arbitrary 9 € (0,1). Then we have for all
qeR” andn €N

7|[Sn¥'qll, < C*(@, ¥)]all, (3.75a)
and, if L is positive definite,
78, a] < o CF(0, 9)][ql (3.75D)

where the constant C* (9, ¥) only depends on ¥ and V¥ but not on L or 7.

Proof. The main work in this proof consist of showing that the function I': [0,9%83] — R,
defined by

2 (¥'(2))
V()1 - 39(2)

I'(z) = (3.76)

is well-defined, continuous, and bounded by a constant which only depends on ¥ and W. Using
this we then obtain together with the definition (3.23b) of sin ® that

7L 82 (¥')? = sin(n®)’T(7°L).

Taking the square root yields (3.75), where for the second estimate we additionally use (2.13).

As already indicated in the preliminary considerations we have that if z, € (0, ,6’\%) satisfies
U(z.) € {0,4}, then ¥ has a local extremum point at z, due to the definition of Sy and, thus,
U’(z.) = 0. L’Hopital’s rule applied to I' then yields

AWE* gy, V) +207()
=nU()(1-0(z) =on 1-1u(z)

= i2z*\11"(z*),

depending on whether ¥(z,) =0 (+) or ¥(z,) =4 (—). Note that this expression is always
positive, since for ¥(z,) = 4 we have a local extremum, meaning that ¥”(z,) < 0, and vice
versa for W(z,) = 0. Hence, I is well-defined and continuous in (0, 33).

Further, we have that I'(0) = 1 because of Assumption 3.2 and the consistency condi-
tions (3.10). For z = 2 we have (unfortunately) lim, g2 ['(2) = oo, since ¥(63%) € {0,4} due
to the definition of By and B\% < 00. Altogether, we get that I" is continuous on [0, 1925\%] for
every ¥ € (0,1). In particular, there exists a constant C = C(, ¥) such that |I'(72L)|| < C
for 7 < ¥71ggr. This finishes the proof. O

With these estimates we are in a position to state the stability of the scheme (3.1a) combined
with the starting value (3.74).

Theorem 3.49. Let By < oo, 7 < U71gsr for some ¢ € (0,1), and g = 0. Then the ap-
prozimations obtained by (3.1a) with the special starting value (3.74) satisfy forn =0,1,...,

latall < llaol| + min{W)ctn, ciny C*(9, )} |0l (3.77)
el < 272 (flaollx, + mas{ W), C*(3, 9)}|doll), (3.77b)

where W, . = max_c(o g2 |/ (2)|. For T = 1ssr the bound (3.77a) holds with V! . t, instead
of the minimum.
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We observe that, in contrast to Theorems 3.27 and 3.28, we already obtain under the step-size
restriction 7 < ¥7ggr, ¥ € (0, 1), uniform bounds of qy, in the standard norm ||-|| for positive
definite L and in the discrete energy norm |||-|||. for positive semidefinite L. However, the
bounds deteriorate as T — TgsR, since C* (9, ¥) — oo for ¥ — 1, which can be seen from the
proof of Lemma 3.48.

As we have indicated in our preliminary considerations, almost all other choices for the
starting value, even the exact solution, fail in giving such uniformly bounded approximations for
certain step sizes. This can be easily shown with the aid of Lemma 3.47 (see also Example 3.46)
and it is confirmed by some numerical experiments in Section 4.5 for the LFC polynomials
(3.3). For these polynomials explicit values of ¥/ and C*(¢, ¥) are stated in Theorem 4.7
and Conjecture 4.8, respectively.

Proof of Theorem 3.49. Inserting (3.74) in (3.23a) and using (3.23b) yields for 7 < 79sr
qn = cos(n®)qo + 78, ¥'qp. (3.78)

The first bound in (3.77a) involving ¢,, follows from (3.34a). If additionally 7 < ¥7ggg and L is
positive definite, we apply (3.75b) to get the uniform bound in (3.77a).

For the estimate in the discrete energy norm we observe that analogously to the proof of
Corollary 3.21 and Theorem 3.28 we have for 7 < 7gsr

10-anl < llaollL + [1¥'Goll < [laollr + Wil ol

Further, for 7 < f¥7gsr we have with (3.75a) that ||qy||L < ||qo|lL+C* (¥, ¥)||qo||. A combination
of both then yields the bound (3.77b). O

Remark 3.50. If we use the special starting value (3.74) instead of (3.1b) and replace the
discrete quantity Mg o in Definition 3.29 by

T2 Mao — 72 ¥'d0* + (®ao, qo) — [ ¥aol”,
one can show that Theorem 3.32 also holds uniformly in time for 7 < ¥7ggg and 9 € (0,1). ©

Unfortunately, we are not able to transfer this good stability behavior of the two-step scheme
(3.1a) with the special starting value (3.74) to the error analysis. Proceeding as usual one
encounters the problem that the defects d,, in Lemma 3.36 of the two-step scheme (3.1a) do
not permit a factor ¥’. Hence, the above bounds cannot be applied.

Nevertheless, we are still able to show bounds as in Theorems 3.40 and 3.42. In particular,
we can directly apply these theorems if we can show that the special starting value (3.74) yields
le1]| < C73 with a constant C independent of 7, n and ||L||. To do so, we require a similar
definition for ¥’ as Definition 3.13 for W.

Definition 3.51. We define m3 > 0 as the smallest constant such that
|W'(2) — 1| <mjz,  forall z €0, 53] (3.79)

Again, the existence of mj is guaranteed by the consistency conditions (3.10) and by (3.11)
due to Sy < co. With this we can show a bound for e; = q(7) — q1, where we use the notation
of the previous section.

49



Chapter 3. A general class of two-step schemes

Lemma 3.52. Let q € C*([0,T]) be the solution of (2.12) with g = 0. The specific starting
value q1 given in (3.74) satisfies

la(r) —ai| < Ci7?, Gy = LrmsB{Y + mBY + 1BO). (3.80)

where Bég), B((]4), BY) are given by (3.50) and mz, mj in (3.15) and (3.79), respectively.

Proof. Inserting the exact solution into the starting value (3.74) and Taylor expansion yields
for the emerging defect

e = a() =q1—qo — T‘I’/('l(()) + %‘I’ao = %(\I’ — TZL)QO + T(I — \I")q(O) + 58?) . (3.81)
Thus, we obtain with (3.14), (3.15), (3.79), and (3.52)

lerl = lIdo]| < §msr![LGo | + m57? [La(0)] + §7° max [lq® (s)]].

Employing § = —Lq and (3.50) completes the proof. O

We conclude this section by showing in a refined analysis that under additional assumptions
the scheme (3.1a) with special starting value (3.74) converges with order four for homogeneous
problems. For this, we require the following additional definition.

Definition 3.53. Let m4 = —U"(0). Then we define myg, mj > 0 as the smallest constants
such that

|U(2) — 2z 4+ $mb2?| < mu2®,  |W/(2) — 1+ mhz| < 3mj2? forall z€[0,63]. (3.82)

Note that we have m4 > 0 or, equivalently, ¥”(0) < 0 because of (3.18) and the consistency
conditions (3.10). The factor 3 in the second estimate is motivated by the derivative of 3. We
see in the next chapter that the LFC polynomials (3.3) satisfy these bounds with my4 = mj.

Theorem 3.54. Let Sy < oo and let Assumptions 3.2 and 3.16 hold. Further, assume that the
solution q of (2.12) with g = 0 satisfies q € C%([0,T]). Then, for 7 < 7ssr and t, < T we
have for the approzimations q, of the two-step scheme (3.1a) with special starting value (3.74)

la(tn) — anll < T(M3Co7? + Cat?), (3.83a)

where Mz = 57|1 — 6mj]| and
Co = 4B +7B{" +TBY,  Cx = 3mi+1x5) BO +Lrmu B + 17 (ms+55)BY. (3.83b)

The theorem shows that the two-step scheme (3.1a) with special starting value (3.74) applied
to a linear problem with g = 0 is in general of order two unless we have M3 = 0, i.e., m} = %.
In this case we obtain a fourth-order scheme. For the leapfrog scheme we have M3 = i because
of m4 = 0. Hence, for functions ¥ with mf% € (0, %) we get that the constant Mg is smaller than
for the leapfrog scheme, which in general leads to smaller errors for sufficiently smooth functions.
This is confirmed by the numerical examples in the next chapter for the LFC polynomials (3.3).

Ezample 3.55. For g =0 and ¥(z) = z — 2% the general two-step scheme (3.1a) comprises
the modified (equation) leapfrog method, which is of order four [SB87]. This is confirmed by
the above theorem because we have mj = % and my = m} = 0. o
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3.5. Modifications for improved stability results for linear problems

Proof of Theorem 3.54. The main task consists in deriving the defects and the corresponding
bounds in the refined framework. We first observe that Definition 3.53 allows us to define
functions ©,0*: [0, 32] — R satisfying

_ U(z) — 2+ smp?

O(z) = 3 , |9(2)] < my, (3.84a)
U (z) — 1+ m!
0*(2) = (2) = oy |0%(2)| < 3m}. (3.84b)

With these functions, we write the defect in (3.54) for the two-step scheme (3.1a) again with
Taylor expansion and § = —Lq as

dn = (@ns1 — 20 + A1) + T20LG, = (¥ — 2°L+ 57'12)G, + 69, — 610

= L (1 — 6m})L2G, + 790(r2L)L3G, + 6, — 6\

n,—
and the error e; = do in (3.81) as
—dy= %(\1: — 7L+ 572G — 7(¥ — 1T+ $r7L)4(0) + 62,
= 57 (1 — 6mf)L2qo + 2790 (7*L)L*qq

— §r3(1 = 6m}) La(0) — 70 (rPL)L4(0) + 617,

where Jq(fgr, 5(6)+, and 6% are defined in (3.51). Applying (3.84), (3.52), and (3.50) then yields

n, n,

4
Idnl < 2M37 B + (ma + 555)7°BL”)

n+1
and
ler]l < MBS + LmarS B + abyrBY) + (3mf + &) 7° BO).
The representation formula (3.58) for the error e,, (with r; = 0 for all £ due to g = 0) together
with (3.34a) completes the proof. O

As before a similar result as in Theorem 3.54 holds for the discrete energy norm under
the stronger step-size restriction 7 < 7Tggr. Further, other starting values for q; yielding a
fourth-order approximation, e.g., a fourth-order Taylor approximation, could be used as well to
obtain an overall fourth-order scheme.

Remark 3.56. The above error analysis for linear, homogeneous problems can easily be gen-
eralized to schemes of higher (even) order if the function ¥ satisfies additional consistency
conditions. In [GJO08, JR10] such higher-order schemes were constructed without doing a
rigorous stability and error analysis and specifying a starting value q;. o

3.5.2. Averaged approximations

The advantage of the special starting value can be favorably employed only for g = 0. In the
following we show how to achieve improved stability results for the scheme (3.1) for general
linear problems (2.12).

Motivated by the stability and error results for 0,q, in Theorem 3.28 and 0.e,, in Theo-
rem 3.42, respectively, we consider an averaged quantity q’ instead of q, as the approximation
to q(t,). More precisely, we define for n > 1

qn = Z(qn—o—l + QQn + CIn—l) ~ q(tn)- (385)

For this quantity we obtain the following representation formula.
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Chapter 3. A general class of two-step schemes

Corollary 3.57. Let 7 < 7gsgr and n > 1. For the approzimations q, of the general scheme
(3.1) we have
qs = cos(n®) cos(%@)2qo + 78, cos(%@)Q\quo
n—1 _ _ (3.86)
+ 72 Z EonSn—t COS(%‘I))Z‘I’gg +120g,.
=0

W=

where the coefficients & ,,, 0 < € < n, are defined as in (3.26).

Proof. From the two-step scheme (3.1a) we obtain by adding 4q,, and dividing by 4
~ 2 ~
a = ([ §V)an + 377U (r°L)g, = cos(3@) qn + ;7°U(r°L)gn, (3.87)

where we used that I — J¥ = (:os(%q))2 because of (3.30). Application of Corollary 3.20 then
yields the result.

Alternatively, one could proceed similarly to the proof of Corollary 3.21 by applying the sum-
to-product formulae for sine (B.4a) and cosine (B.4b) to the formula (3.27) in Corollary 3.20. O

In contrast to the approximations q,,, we obtain for q2 besides the additional term with g,
everywhere the factor cos(%(IZ')Q. As we will see in a moment, this ensures together with ¥
the favorable stability behavior, since it cancels out all possible zeros of sin ® in §,, which are
stemming from the function V.

To state bounds on g2 we first show estimates for the matrix functions occurring in (3.86).

Lemma 3.58. Let 7 < 1gsr. Then we have for allq € R™ and n € N
7|85 cos(%‘I))Z\quH < min{ty, cinv }qlls (3.88a)
7||Sn cos(%'I))2\quHL < |lall- (3.88Db)
Proof. From the definition of sin(3®) in (3.30) we obtain together with (B.2a)
78, cos(%¢)2\flL1/2 =8, sin® cos(3®)¥'/? = sin(n®) cos(1 &) ¥1/2.

Together with (3.19) this yields the second estimate (3.88b). For the first estimate we multiply
by L~1/2 if L is positive definite to get the bound with ¢iny. Otherwise, we have again with
(3.19) the bound with ¢,. O

Theorem 3.59. Let 7 < 179sgr and n > 1. The approximations q, obtained by the general
scheme (3.1) applied to the linear differential equation (2.12) satisfy for

n
la |l < llqoll + min{tn, cinv}|doll + min{tn, cin} 7 > _llgell, (3.89)
(=0
n
a3l < llaollz + llaoll +7 > ligell- (3.90)
=0

Proof. The proof directly follows from Corollary 3.57, Lemma 3.58, and from the estimates
17 1P|l < gTmin{ty, cinv}lgall  and 37 Pealln < 57llgnl
1 nil =~ 3 ny Cinv n 1 nl|lL = 37||8n

because of 7 < t,, and (3.11). O
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If we combine (3.90) with (3.39a) we have for the discrete energy norm (with ||q,||L replaced
by lla3 L)

1/2 . n
(il + llo-anl®) ™ < 22 (flaolln + laoll + 7 > lleell)-
=0

Thus, if L is positive definite, we have for both the standard as well as the discrete energy
norm uniformly bounded constants similarly to the behavior of the exact solution; see (2.15a)
and (2.15b). For the standard norm the averaged approximations even have exactly the same
stability bound as the exact solution.

Remark 3.60. From (3.87) we observe that instead of the averaged quantity q2 we could also
consider the “filtered” quantity cos(%‘i’)Qqn. In fact, for g = 0 they are identical. Hence, the
averaged quantity g2 acts as a filter which removes possible (linear) instabilities occurring
for certain step sizes. For 0.q,, defined in (3.20a) we have already used a similar effect, since
it can be viewed as the filtered quantity (with filter ¥) of p,, stemming from the one-step
scheme (3.8); see (3.21). o

As for the special starting value (3.74) in the last subsection we are not able to transfer this
improved stability behavior to the error analysis. More precisely, similarly to g% we have for
the averaged error e, with Lemma 3.38

n—1
et =38, cos(%‘I’)2e1 + Z S,_¢ COS(%‘I’)2(7‘2‘/I\’I‘K +dy) + i7'2 (\Tlrn +d,).
/=1

Since the term Ay in d; defined in (3.53b) admits for 7 < 7ygr no additional factor ¥ we
cannot profit from Lemma 3.58, since not all possible zeros of sin ® cancel out. As before, this
is mainly problematic for the error analysis in the discrete energy norm. Since the analysis is
completely analogous to the one in Section 3.4, we skip the details.

3.6. Modified /-schemes

We conclude this chapter by considering the scheme (3.1) with ¥ = Wy given by the rational
functions (3.4). For this functions we state explicit values for some of the constants given in
Section 3.1.2. Moreover, we show that the stability bounds in Section 3.3, and thus the error
bounds, can be improved due to the special structure of Wy.

As mentioned in Section 3.1 the choice of these functions is motivated by the so-called
O-schemes, which are symmetric two-step methods of second order; see, e.g., [HNW93, Theo-
rems I11.10.3 and II1.10.5] for conditions to derive these schemes. Applied to (2.1) the §-schemes
read

Ant1 — 20n + Qp—1 = —7° (ean+1 + (1 -20)Lq, + ¢9an71> (391)
+ 72 (anﬂ + (1 —20)g, + an_l).

Obviously, this two-step scheme and (3.1a) differ for # > 0. In particular, we have to solve a
possibly nonlinear system in each time step. We point out that for § = 0 the scheme (3.91)
reduces to the leapfrog scheme (2.20a) and for 6 = i the scheme equipped with a suitable
starting value is equivalent to the Crank—Nicolson scheme if applied to (2.4).
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Chapter 3. A general class of two-step schemes

However, if we apply (3.91) to the linear problem (2.12) with g = 0 we obtain
(I+ 7'29L)(qn+1 —2qn + Qn_1) = —7°Lqy, n=12....

Multiplying with (I 4+ 720L)~! then yields the matrix function Wg(72L) with Uy given in (3.4).

For an inhomogeneity g the modified 0-scheme (3.1a), (3.4) (with a second-order Taylor
approximation (2.20b) as starting value) was recently analyzed in [HHW21] for ¢ € [0, 3] in
the setting of a full discretization in space and time for the linear acoustic wave equation. For
the space discretization several variants of dG-FEM are used. The original #-scheme (3.91) is
analyzed for 6 € [0, %] and a linear acoustic wave equation with a dG-FEM approximation in
space in [Karll]. The starting value, which is introduced in [Karll, equation (2.9)], coincides
with the one proposed in (3.1b).

We further note that for > 0 the modified #-scheme can be interpreted as an IMEX scheme
(implicit-explicit scheme), since the linear part is updated implicitly and the semilinearity
explicitly. In particular, for 6 = % it can be viewed as a special version of the IMEX scheme
considered in [HL21].

3.6.1. Explicit values for constants

We start by stating explicit values for the constants Sy, ms, m3 defined in Section 3.1.2 and
showing that Assumption 3.16 holds. For the constants my, mq, me as well as Sg¢ we do not
give explicit values, since we can prove the stability bounds only with Sy.

Lemma 3.61. For the rational function Uy defined in (3.4) we have

4 1
1—-40° 9 077)7
m%:ﬁz:{““’ o1
’ 4

(3.92)

vV m

with By given in Definition 3.9.

Proof. Since for all # > 0 the function is monotonically increasing for z > 0 and ¥y(0) = 0, we
directly obtain the result by solving Wy(z) < 4 for z > 0. O

With Definition 3.17 we have that for § < % a step-size restriction is necessary to obtain
stability for the scheme (3.1), although the scheme is implicit for § # 0. Since such schemes are
generally useless in terms of efficiency, we focus on 6 > i in the following. Nevertheless, the
analysis can be extended to the case 6 < % with some technical effort.

We further note that Wg(z) = (1 +6z)~! > 0 for all z > 0. Hence, Uy(z)~ " exists for every
z > 0. In particular, this allows us to take the inverse of ¥ for every 7 > 0.

Lemma 3.62. For the rational function Wy defined in (3.4) the constants given in Defini-
tion 3.13 and Lemma 3.14 hold for all z > 0 and are given by

ms = —\I/g(()) = 29, ﬁlg = 0. (3.93)
Moreover, Assumption 3.16 is satisfied for all z > 0.

Proof. The values for mg and mg immediately follow from

Tg(z) — 1 1 S
(2) s 91 e and (2)Y(2) 0
Further, Assumption 3.16 obviously holds, since 1 4+ 6z > 1 for all z > 0. O
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From this lemma we especially see that the functions T and U—!Y are bounded by the same
constant. Additionally, it is worth to mention that the function ¥~ is in this special case
only a constant.

3.6.2. Improved stability results

Next, we show how the stability estimates from Section 3.3 can be improved for this special
function. Recall that we focus on the case 6 > % because it yields unconditionally stable
schemes if applied to linear problems (2.12).

Lemma 3.63. Let 6 > i. Then we have for allq € R™ andn € N
7(|Sn®oaly, < llall, (3.94a)
and, if additionally L s positive definite,
7|82 ®oql| < cinvllall- (3.94b)

Proof. As in the proof of Lemma 3.23 it suffices to show the estimates for the eigenvalues of
72L, from which we adopt the notation. Since § > 7 we have that Wy(z) € (0,4) for z > 0.
Hence, the function Ry: [0,00) — R, given by

Ty(2)
R zZ) = )
@ (Tp(2)(1 — 2Wy(2)))

is well defined and continuous. From the formula of sin ® in (3.23b) we further have

TLY2 8, Uy(72L) = sin(n®) Ry(7°L).
Thus, we have to show that |Ry(z)| <1 for all z > 0. From
1—30y(2) = (1 +02) (1 + 02— 12) = Ty(2) (1 + 02 — 12)

z)=(1+(0— %)z)fl/Q. Hence, we obviously have |Rg(z)| < 1 for all z > 0 (note

we obtain Ry(z)
we even have Ry(z) = 1), which finishes the proof. O

that for 6 =

=~

In contrast to Lemma 3.23 we see that uniform bounds for S, ¥, exists although ¥y(z) — 4
for z > 0 if = %. Further, note that the bounds are independent of the choice of 6 > %.

We restrict ourselves in the following to the linear case and results in the standard norm ||-|.
Similar results can be shown for the discrete energy norm |||-[||.. Moreover, as in Section 3.4.3
we can extend the error results to semilinear problems (2.1).

Theorem 3.64. Let 6 > % and n > 0. The approximations qy, obtained by the modified
0-scheme (3.1), (3.4) applied to the linear problem (2.12) satisfy

n—1

el < llaoll + min{ts, cine}Hldoll + min{tn, cine} 7Y llgell (3.95)
=0

Proof. The estimate with ¢,y is a direct consequence of the representation formula (3.27) and
the previous lemma. The bound with ¢,, can be done as in Theorem 3.27. O
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Chapter 3. A general class of two-step schemes

For the proof of the error estimates we again exploit that \1’9(2) > 0 for z > 0, yielding
together with the improved stability bounds the following.

Theorem 3.65. Let @ > 1 and T € (0,t.). Further, assume that the solution q of (2.12)
satisfies q € C*([0,T]). Then, for t, < T we have for the approximations q, of the modified
0-scheme (3.1), (3.4)

la(tn) = qull < min{T, cin} (Cro + CrT) 7> (3.96a)

where

N . 4
Cup =0 max [La(s)]| + §BY.  Org =0 max [Léi(s) | + 55 (3.96D)

Proof. The proof is done as in Theorem 3.41, except that we use the bounds from Lemma 3.63
instead of the ones from Lemma 3.23. O

3.6.3. Implementation

To conclude this chapter we shortly turn towards the implementation of the modified 6-
scheme (3.1), (3.4). Because of its practical relevance we state the implementation for the
general semilinear differential equation (2.2) with a general mass matrix M; see Remark 3.4 for
changes in the scheme (3.1). Multiplying the resulting two-step scheme with M + 720L then
yields

(M + 7'20:[4) (anrl —2qn + an1) = 7-2(_an + Mgn)a n=0,1,....

The implementation of this two-step scheme is straightforward, for the sake of completeness
we still state it in Algorithm 3.1. Clearly, for # > 0 we have to solve a linear system with the
matrix M + 720L in each time step, which renders the scheme considerably more costly in
general. Nevertheless, since we have for 6 > % no restriction to the step size at all, the scheme
can be beneficial over the leapfrog scheme in some situations. For the starting value (3.1b) a
similar algorithm can be derived.

Algorithm 3.1.: Computation of nth time step of the modified #-scheme (3.1a), (3.4) applied to
semilinear problems (2.2).

Evaluate g, = g(tn,qn)
v= —Lq, + Mg,

Solve (M + 720L)v=v
An+1 = 2qn —Qp-1-+ 7—2‘7

In the next chapter we compare the efficiency of the modified #-scheme (3.1a), (3.4) with the
two-step version (2.20a) of the leapfrog scheme and the LFC schemes (3.1a), (3.3).
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CHAPTER 4

Leapfrog-Chebyshev schemes

After the abstract stability and error analysis for general functions V¥ in the last chapter we now
focus on the two-step scheme (3.1a) equipped with the leapfrog-Chebyshev polynomials (3.3).
In particular, we show that these functions fit into the framework of the last chapter, and
discuss the efficiency of these schemes. Recall that we are interested in the situation that
the stiffness of the differential equation (2.1) is induced by the matrix L and g is a function
with a rather small Lipschitz constant but costly to evaluate in comparison to a matrix-vector
multiplication with L.
For convenience we concisely rewrite the leapfrog-Chebyshev (LFC) schemes

An+1 — 2qn +dn-1 = TZE)(T2L)(_an + gn)7 n= ]-a 27 (AR (41&)
where
= 2 z T (v)
V(2)=DB(z)=b5(z)z=2——T)(v-——), a, =2L"—= v>1. (4.1b)
= mw 25 =)

Recall that 7}, denotes the pth Chebyshev polynomial of first kind so that B, is a polynomial of
degree p > 1; see Section B.2 in the appendix. To complete the scheme we equip (4.1a) with
the starting value

a1 = qo + 7B)(r*L)&o + 17 B, (7*L) (—Lap + go), (4.1c)

which is an extension of (3.74) to g # 0. Nevertheless, as we have seen in Section 3.5.1 there is
no “optimal” choice for the starting value in general. We thus could have also equipped the
LFC scheme with the starting value (3.1b), yielding

a1 = qo + 7B (T*L)do + 372 B(72L) (~Lao + go)- (4.2)

Further, regarding the stabilization parameter v, we pay special attention to the choice

2

v=upy =1+ 2’7—]92 (4.3)

with yet another stabilization parameter n > 0. This choice is motivated by stabilized /damped
Runge-Kutta—Chebyshev methods; see, e.g., [VHS90, HV03].
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Chapter 4. Leapfrog-Chebyshev schemes

In Section 4.1 we start with a short overview about the origin of the LFC polynomials
and a motivation of their construction. In addition we show that Assumption 3.2 is satisfied.
Afterwards in Section 4.2, we state explicit values for all constants arising for ¥ in Sections 3.1.2
and 3.5.1. Moreover, we show the advantages of the special stabilization parameter v}, ,. In
Section 4.3 we point out a close relation between the unstabilized LFC schemes, i.e., with
v = 1, and the leapfrog method (2.20) for linear, homogeneous problems. We continue with the
implementation of the LFC schemes and show the efficiency in the situation described above
compared to the leapfrog scheme (2.20) and the modified #-schemes considered in Section 3.6.
Finally, we confirm our theoretical findings with some numerical examples in Section 4.5.

Most of the results in this chapter are published either in [CHS20] or [CH21]. The constants
involving v in Section 4.2.1 where mainly shown by the authors of [HS18] with exception of
Theorem 4.11. In addition, Lemma 4.12 contains considerably improved bounds compared to
the one in [CH21, Corollary 5.2].

4.1. Motivation and some first observations

We begin with a short motivation about the construction of the LFC scheme (4.1a),(4.1Db).
For linear problems (2.12) with g = 0 the unstabilized scheme has been constructed (without
specifying q1) in [GJO8, JR10]. To see this, we point out that for v = 1 we have a;, = 2p? due
to 7,(1) = 1 and T)(1) = p?; see (B.15). Hence, we obtain

z
B2) = Pou() =2 =21 (1 = 5 ) (4.4)
in accordance with [GJ08, JR10]. In these papers it is further shown that the unstabilized

polynomials (4.1b) are optimal in the following sense (note that P, , satisfies (3.10) for every
peN).

Lemma 4.1. For all polynomials Q # P, . of degree p € N satisfying (3.10), i.e., Q(0) =0
and Q'(0) = 1, we have
Bq < Bp,. = 2p,

where g, Bp,, are given as in Definition 3.9(a).

The lemma states that among all polynomials of a fixed degree p € N satisfying the consistency
conditions (3.10), the polynomials (4.1b) with » = 1 admit the maximum value for Sy in
Definition 3.9(a). Thus, by Definition 3.17 the step-size restriction 7 < 75sg = 2p/||L||*/? is the
weakest one we can achieve with polynomials of degree p € N fulfilling (3.10). This result is not
surprising at all if one brings to mind the “optimality properties” of Chebyshev polynomials; cf.
Lemma B.7 for a similar result.

Proof. The proof closely follows the lines of the proof of Lemma B.7; see also [HV03, Theo-
rem 1.1] for a related proof for Runge-Kutta-Chebyshev methods. The value Sp, = 2p is a
direct consequence of Lemma B.4(a) and Lemma B.5; see also Theorem 4.4 below. Ul

Remark 4.2. The optimality of these polynomials in terms of Sy has implicitly already been
shown in [JN81, Theorem 5.1]. By using this theorem we obtain for the test equation

y =iy, AER,
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4.1. Motivation and some first observations

with p = 7i\ and k € N, that
Yna1 + (—1)kyn,1 = Kp(W)Yn, krlp) = Qikﬂ(—i%), n=12....

Considering only even k = 2p, p € N, yields by using the identity (B.13) (with k& = 2)

TA 2\2
i1+ 001 =20 B Jun = 25 (1= 5 Jums m=12,0
where in the second step we additionally used that Chebyshev polynomials are even or odd
according to the parity of p; see Lemma B.2. Hence, for v = 1 this coincides with the scheme
(4.1a), (4.1b) applied to the second-order test equation

y” = _)\2y7 A € R7

which is obtained from the first-order test equation by differentiating. o

As we have shown in the last chapter, for a correct long-time behavior it is in general favorable
to use the stronger step-size restriction 7 < 7ggg, which forbids the polynomials to be equal or
too close to 0 or 4 except for z = 0; see Definitions 3.22 and 3.9(b). In Theorem 4.9 below we
show that for v = 1 this yields B?I, < 4p?, or, equivalently, Tssg < Tssr, since B, (z) € {0,4}
for p values of z € (0,4p?]; see also Figure 4.2. Clearly, without having to go into details, this
renders the scheme considerably less efficient.

As a remedy to this problem, we introduce a stabilization parameter v > 1, which is
motivated by damped/stabilized Runge-Kutta—Chebyshev (RKC) methods; see, e.g., [HS80,
Ver82, VHS90] or [HV03, Chapter V]. Unstabilized/undamped RKC methods are explicit
s-stage Runge-Kutta methods which have the largest stability interval along the negative real
axis among all explicit s-stage Runge-Kutta methods. The construction relies on adjusting the
stability polynomials, which again involves scaled and shifted Chebyshev polynomials. Similarly
as for v = 1 the unstabilized /undamped RKC methods suffer from instabilities at some discrete
points, which led to the construction of damped/stabilized variants.

We point out that the scheme (4.1) can be viewed as a multiple time-stepping scheme, i.e., as
a time integration scheme, where one part of the differential equation is numerically integrated
with smaller step sizes than the other. More precisely, each time step requires p matrix-vector
multiplications with L (B, is a polynomial of degree p), and only one evaluation of g. Hence,
the linear part inducing the stiffness is evaluated p times more often than the “nice” nonlinear
part. In Section 4.3 we will see that our scheme is for v = 1 indeed closely related to a multiple
time-stepping scheme.

We conclude this section with some basic properties of LFC schemes. For p = 1 the general
scheme (4.1) reduces to the leapfrog scheme (2.20), since a; = 2 due to 7j(z) = x and, thus,

2

Pl(z) =2— Tl(I/)

Tl(u—ail)=2—2(1—g):z. (4.5)

In particular, P; is independent of v. Obviously, in this case both starting values (4.1c¢) and
(4.2) coincide with the Taylor starting value (2.20b) of the leapfrog scheme.
Last, we show that Assumption 3.2 holds.

Lemma 4.3. The LFC polynomials (4.1b) satisfy Assumption 3.2 for every p € N and v > 1.
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Chapter 4. Leapfrog-Chebyshev schemes

Proof. Condition ¥(0) = 1 in Assumption 3.2 is equivalent to the consistency conditions (3.10).
Since the derivative of B, is given with the definition of «, in (4.1b) by

, 2 , z 1 , z
RO e s a) g sl o) o

the consistency conditions are fulfilled. O

4.2. Constants

In this section we state explicit values for all constants arising in Sections 3.1.2 and 3.5.1
in case of LFC polynomials (4.1b) for ¥. Moreover, we show that these polynomials satisfy
Assumption 3.16. Afterwards we have a closer look at the dependency of these values on v and
the polynomial degree p. Concluding, we present the advantages of the specific choice v = v,
defined in (4.3). In particular, we state values for some of the constants, which only depend on
7 but are independent of the polynomial degree p.

4.2.1. Values in dependence of the stabilization parameter v

We first focus on constants depending on [y before we turn towards constants involving
Bw. Recall that the values for Sy and By determine the step-size restrictions 7 < 7ggg and
T < TgsR, respectively, which are required to obtain (in some sense) stability of the schemes;
see Definitions 3.17 and 3.22 in the previous chapter.

Constants involving [y

We start by stating an explicit value for Sy.

Theorem 4.4. For p € N and v > 1 the polynomials B, defined in (4.1b) satisfy By = Bpu,
where

2, =20,V (4.7)

and By is defined in Definition 3.9(a).

From the theorem we directly obtain that for v = 1 we have ﬂ;l = 4p?, since ap = 2p? due to
(B.15). Moreover, we have ,ng < 6271 = 4p? for every v > 1 in accordance with Lemma 4.1,
because 3, is strictly monotonically decreasing in v; see Lemma A.4.

In order to prove this and the next theorems we frequently make use of the following change
of variables

z
r=v—— € |-V = z=a,(v—1) €0, zy]. (4.8)
ap :
Observe that z = iu and z = 0 corresponds to x = —v and x = v, respectively.

Proof. We have to show that the inequalities (3.11) hold true for all z € [0, 12,7,/] and that ﬂfw

is the largest value such that these inequalities hold. Lemmas B.2 to B.5 yield that Chebyshev
polynomials 7}, satisfy for v > 1

“T(v) < Be) <) fora € [-1,0].
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4.2. Constants

From this we obtain by subtracting 7,(v) > 1 and multiplying with —2/T,(v) that

2

0<2-
B(v)

Ty(z) <4  forx € [—v,v,

which shows with the transformation (4.8) that (3.11) is at least satisfied for all z € [0, 37 ].
The optimality of BZQW follows in the case of p odd from Pp(ﬁiy) = 4 and the strictly monotonic
growth of 7, for + < —1; see Lemma B.5. For p even we have that B,( g,l,) = 0 and 7}, is strictly

monotonically decreasing for z < —1. O

With this result we are in a position to state explicit values for all (error) constants defined in
Sections 3.1.2 and 3.5.1 depending on Sy = 3,,. Additionally, we show that Assumption 3.16
holds for the LFC polynomials (4.1b).

Theorem 4.5. Let p € N and v > 1. For the polynomials B, defined in (4.1b) the constants in
Definitions 3.13, 3.51, and 3.53 are given by

T”(l/)
ms3 = ’I’)’Lg = m3 g’ = —]Dp!,(()) = o pT’(y) (49&)
pp
and
T///(V)
PP

Moreover, Assumption 3.16 is satisfied for all z € [0,,6’3’1,].

We point out that this theorem is the main reason why we have included the factors %
in Definition 3.13 and 3 in Definition 3.53; see also Definition 3.51. Further, because of
T =T)" =0 for p=1 and every v > 1 we have m3z = m3 = mj = mg = mj = 0 in accordance

with the corresponding definitions; cf. Example 3.15. For p = 2 we still get my = m} = 0.

Proof. The values for the constants are proven separately. Throughout the proof we use several
times that
Z;(k)(ac) < ﬂ;,(k)(mﬂ < I;(k)(v) for x € [-v,v], k € N. (4.10)

This can be deduced from (B.15) (Markov brothers’ inequality) together with Lemmas B.2
and B.5 due to v > 1.

(i) We first prove (3.18) in Assumption 3.16. Choosing k = 1 in (4.10) yields 7, (x) < T, (v)
for z € [~v,v]. Thus, with (4.6) and the transformation (4.8) we obtain B)(z) < 1 for all
z €[0,42,]. Integrating from 0 to z € [0, 32 ] leads to B,(z) — B,(0) < z, which shows (3.18)
because of B,(0) = 0.

(ii) By Definition 3.53 we have mj = —U"(2) = —E)(0). From (4.6) we obtain

PI(2) = %é(y) T/ (), (4.11)

which yields the formula for B(0) in (4.9a).
(iii) Next, we show that the bounds (3.15) and (3.79) in Definitions 3.13 and 3.51, respectively,
hold with m3 = mj = —B(0). This means that we have to prove

B(z)— 2| < LB/O)]22 and [Bl(z) -1 <|BO)]z forzel0,8,)  (4.12)
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Chapter 4. Leapfrog-Chebyshev schemes

To do so, we integrate (4.10) for k = 2 twice from = € [—v, V] to v. Integrating once leads to
T (v) = T)(x) <T'(v)(v — x). (4.13)

Dividing this inequality by —7;(v) yields with (4.6), (4.8), and the definition of oy, in (4.1b)

1 W) T (v)

Pl(z) = T/(zr) > 1 (v—z)=1--2L z=1+ P/ (0)z
V)= gy () W T) v
Integrating (4.13) a second time yields
/ L'w) 2
)+ B(@) < T —2) + 2w — 22,

2

from which we obtain similarly as before by multiplication with —2/T},(v)

2 '_Z;,//(V) o 1;”(”) _ 11
B(z)=2- I;(V)j;(@ > ap(v—1a) — ) (v—a)?=2z— WZQ =z+ %Pp (0)22.

Together with
B(z)—2<0 and P(z)—1<0

for z € [0, 82 ], which follows from part (i) of this proof, this shows (4.12).

(iv) It remains to show that the bounds (3.82) in Definition 3.53 hold with m4 = m} as
given in (4.9b), i.e.,

|B(2) — 2 = 5B(0)2°| <

2 B"(0)2%  [B(2) —1-B(0)z| <

p

=

for all z € [0, 32,]. The value for P/”(0) can be computed by differentiating (4.11) once more.

We proceed similarly to part (iii). Choosing k = 3 in (4.10) and integrating twice and three
times from x € [—v,v] to v yields

! / /! 7;)”/(]/) 2
)+ ) < T —2) + 22 (- a)
and
L) - B < T —2) - 200 a2 1 W,y

Rearranging both inequalities as before leads to

Pl(z) <1 11;:/((:)) (v—2x)+ Z;}’EZ; (v—z)=1+ P'(0)z + %Ppﬂ/(O)z2
and
B(z) < ap(v—1z) — %((:)) (v—a)*+ ?EEQ (v—2a)> =2+ 1P"(0)z* + :B(0)2°

This completes the proof, since we have from part (iii) that B(z) — z — $P/(0)z? > 0 and

2
P/(z) =1 —B'(0)z > 0 for all z € [0, 5, ,]. O
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Figure 4.1.: Illustration of Conjecture 4.8. The function I': (0,1) — R, ¥ > I‘(ﬁg’l,f/ﬁ), with
" defined in (3.76) is plotted for the LFC polynomials (4.1b) with p = 4 (left) and p =5
(right) and stabilization parameters » = 1, v = 1.001, v = 1.01, » = 1.05, v = 1.1. The
black dashed line represents (1 — 9?)~1.

Remark 4.6. As stated in Theorem 3.54, the scheme (4.1) with special starting value (4.1c)
applied to a linear homogeneous problem (2.12) is of order four if and only if M3 = 0, i.e.,
mhy = %. As we will see in Section 4.2.2, this is always possible for the LFC polynomials (4.1b)
for p > 2 by adjusting v = v,,. For instance, for p = 2,...,5 the choices

vae = 16 ~ 1.224745, vae = (L + 1v5)* = 1.029086,
vge ~ 1.008261, Vs, ~ 1003233,

fulfill mf = %. Note that in the case of p = 2 and v, = %\/6, we retrieve Py(2) = z — 1—1222 with
3% = 12, yielding the modified (equation) leapfrog method; see Example 3.55. o

Next, we turn towards the constants C* and W/ . in Lemma 3.48 and Theorem 3.49 in
Section 3.5.1, respectively, stemming from the special starting value (4.1c). We start with the

latter one.
Theorem 4.7. For the polynomials B, defined in (4.1b) we have

! = max |P/(2)|=1
s = s [(2)

for everype N and v > 1.

Proof. Using again (4.10) with k = 1 leads to |T;(z)| < T, (v) for z € [~v,v]. Together with

(4.6) and (4.8) this shows the claim. O

Unfortunately, for the constant C* we are not able to prove sharp bounds for v > 1 and
p € N. Instead we state the following conjecture.

Conjecture 4.8. Let ¥ € (0,1). Lemma 3.48 holds for the polynomials B, defined in (4.1b)
for every p € N and v > 1 with C*(9, B,) = (1 — 9?)~1/2.

Below we show a proof for the special case v = 1. However, we believe that this result also

holds for all v > 1, indicated in Figure 4.1. Recall that we have to show that the function I
defined in (3.76) satisfies |T'(2)| < C*(9, B,)? = (1 —9¥?)~! for all 2 € [0, 512,7”792].
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Chapter 4. Leapfrog-Chebyshev schemes

Proof for v =1. Let ¥ € (0,1). Since o, = 2p? and ng = 4p? due to v = 1, we get from the
transformation (4.8) that z = 2p?(1 — z) and = € [1 — 2092, 1] C (—1,1]. Thus, we can write
x = cos for some 1 € [0, 7).

By using the LFC polynomials (4.1b) in the definition (3.76) of I" we obtain with (4.6) and
(B.21)
2(1 — 2) T/ (z)? 2

Mo = @0+ G@) 1tz

1
where in the first step we additionally used that 7,(1) = 1 and T;(1) = p?; see Lemma B.4 and
(B.15). Hence, resubstituting z for = leads with z < 4p?9¥? to

0<T(z)=—2 =1 1
= T e T =4 S 102

which completes the proof. O

Constants involving Sy

In the next two theorems we focus on constants involving By defined in Definition 3.9(b). Since
the LFC polynomials (4.1b) for p = 1 yield the leapfrog scheme and, thus, the constants are
already given in the previous chapter, we only consider the LFC polynomials B, with p > 2.
We start by stating specific choices for my, My, ms to obtain an explicit expression for By.

Theorem 4.9. Let p > 2. For the polynomial B, deﬁned in (4.1b), Deﬁm’tion 3.9(b) holds
(a) forv =1 and every my, my,ms > 0 with B\I, <2p*(1 —cosZ ) < 7
(b) forv>1 and

4my T(v) —

1 1
= m p, = — 1 —_ m ~p’ = g 4_14
my =m; =my 2( ), Mo = M -1~ T ), (4.14a)

with
By = B2, = ap(v+1). (4.14b)

The lemma states that for v = 1 we always have B?p < 72 regardless of the choice of mq, My,
ma, and the polynomial degree p. Hence, in this case the stronger step-size restriction condition
7 < 7ggr = Bu/||L||'/? is much more restrictive than the weaker one 7 < 7ggr = By /||L||*/?
and independent of the polynomial degree, whereas Sy = 3,1 = 2p grows linearly in p. In
contrast to this, for v > 1 we can choose the constants for mi, mi, ms in such a way that
we receive a value By = Bp,,, which is only slightly smaller than ,,. More precisely, we have
AIQW = op(v +1) < 2apv = B2, for all v > 1 (note that lim,_,; m{"” = 0 and lim,_,; mg = 1).
An illustration of this behavior is given in Figure 4.2.

Proof.  (a) Let v = 1. As mentioned before, we obtain o, = 2p? and Bg,u = 4p?. Since
p > 2, we can use that for z € (—1,1) the local extrema of 7, are given by xj = cos(kZ),

P
k=1,...,p—1; see Lemma B.4. This yields due to v =1
By(z) =225 (1~ o 2) € {0,4}  for z = 2p*(1 — a3) € (0,82,),
k=1,...,p—1. Since z is the smallest extremum point in z € (0, 33,) we have that B\%’V <z

because of B,(z1) = 4 and m; > 0 in Definition 3.9(b). The estimate z; < 72 follows from

cos(¢) >1— %CQ, ¢ € (0, %71']
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(c¢) B for v =1.01 > 1. (d) Ps for v =1.01 > 1.

Figure 4.2.: Illustration of Theorem 4.9 for the LFC polynomials for p = 4,5 and v = 1
(Figures 4.2a and 4.2b) and v = 1.01 (Figures 4.2c and 4.2d). The values of m1, m1, and
me in Figures 4.2c and 4.2d are those of (4.14a). Additional to these constants the line
moz given in (4.15) is plotted.

(b) Let v > 1. We have to prove that the lower and upper bounds in (3.12) hold true for all
z €0, 312,,1,] with constants (4.14a). Note that from the variable transformation (4.8) we have
that z € [0, Bfw] is equivalent to « € [—1,v|. Additionally, we have for o), = a,(v — 1) that
z = 0p, is equivalent to x = 1.

Since we have T(z) > —1 for « € [—1,v] (see Lemmas B.4 and B.5), we get

< —
O I(z) <2+ 0 = 4(1 ml) for z € [0, py,,],

B(z) =2

which is the desired bound with m; given in (4.14a).

To show the lower bounds in (3.12), we distinguish the cases of z € [0,0,,,] and z € [0y, B2 ].
For z € [op1, BIQW] we can show the bound with m; similarly as for m;. Using that T,(z) <1
for z € [—1,1] yields

2 2

B(z) =2 - mﬂ»(@ >2- T0)

= 4my for z € [op.0, BIZW].

For z € [0, 0p,,] we have that the polynomials B, are concave, which can be seen from (4.11)
because for x € [1,v] we have that 7)'(z) > 0; see Lemma B.5. Thus, we have with £,(0) =0
that

z 1 2 4my ~
B(z) > B (o :(Q—T 1)z: Z=Mmaz for z € |0, 0p 4],
p( ) O p( Pﬂ/) O 7;7(”) p( ) O 2 [ va]
which finishes the proof. O
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Chapter 4. Leapfrog-Chebyshev schemes

Remark 4.10. (i) The previous lemma directly implies a value mb"” for the constant ms given
in Remark 3.10, since we obtain with (3.13)

. 4m11;’y _ . 4m1’y 4m1’y 4m1’y P,V
By (2) 2 ming —"—,ma p2z = miny ———, p= = =my 2. (4.15)
B pv ap(v —1) P

Obviously, we have mb” > mb" in this case; see also Figures 4.2c and 4.2d. Further, as my"”
depends on Bp,,,, the constant deteriorates if one increases the polynomial degree p. A different
proof of this estimate can be found in [CHS20, Theorem 5.2].

(ii) It is possible to slightly increase the stability bound 3%’1, given in (4.14b) for v > 1 (up
to ;V). However, we have to degrade either m; or m; depending on whether the polynomial
degree p is odd or even; cf. Figures 4.2c and 4.2d. More precisely, to obtain B}Q),V = ap(k +v)
with k € [1,v) one has to replace the constants in (4.14a) with

1 T,(k) 1 Ip(r)
m =5l zum> or =5 zam)

depending on the parity of p. A more detailed proof for m; (and mqy instead of mqo, my) is

given in [HS18, Lemma 5.4]. o
It remains tho show an explicit value for m3 in Lemma 3.14.

Theorem 4.11. Let p > 2 and v > 1. The polynomials B, defined in (4.1b) satisfy the

inequality (3.17) in Lemma 3.14 for z € [0’312),1/] with

Tp(v)

(v) -1’

’ffb3 = ﬁ’Lg’V = 1p,l/ = 1
4my 271,

where By, and my” are defined as in (4.14).

Proof. To simplify the notation in the following we define the continuous function

¥ 22 ~ = 1 Pfg(f);z z2>0
T:100,6:,] = R, T(z)=V(z) Y(z) = p(2)z 7 ’ 4.16
0.53.] @ = T = T (4.16)

Moreover, as in the last proof we abbreviate ¢,, = a,(v — 1). We first observe that T(z) < 0

for z € [073127,1,], since ¥(z) > 0 and Y(z) <0 for z € [0, AZQW] by (3.19) due to Assumption 3.16.

Thus, we have to bound T from below by —ms for all z € [0, B;Q),u]~
For z € [ap,,,,ﬁfw} we have

T(z) = >

~ 1 1 1 S 1
: BET BE T am”

where the last inequality follows as for m; in the previous proof. For z € [0, 0] we employ
that T is monotonically decreasing; see Lemma A.3 below. This leads to

T(z) > Y(op,) > — LI _(2 _ 2 1;,(1))_1 _

~ Blopw) Tp(v) Amf

which concludes the proof. O
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Figure 4.3.: Dependence of 32, /p?, m}" “in (4.14) and m5"” in (4.9a) on v for p = 2,3,4,5
(dash-dotted, dotted, dashed, sohd). The black dashed horizontal line in the plot for m%"
represents the value %.

4.2.2. Qualitative behavior and a special choice of v

After the derivation of the explicit values 3, By, my", mh”, my"”, and m5"”, we investigate

their dependency on the stabilization parameter v and the polynomial degree p € N. Moreover,
we analyze the influence of the special choice of v, defined in (4.3). For a more concise
presentation all of the subsequent calculations are postponed to Sections A.1 and A.2.

In Figure 4.3 the constants 3, (scaled by p?), m{"”, mh" given in Theorem 4.9, and m%"
given in Theorem 4.5 are plotted against the stabihzatlon parameter v > 1 for p = 2,3,4,5.
We observe that the stability constant m}" improves, whereas m5" and 312),1/ degrade with
increasing v. In fact, in Lemmas A.4 and A.5 we show that these constants are monotone
in v for every p € N. For 3, , a similar behavior as for ﬁp,y can be observed (and proven in
Lemma A.4), since they only differ marginally; see (4.7) and (4.14b). In the limit cases, i.e.,
for v — 1 and v — o0, respectively, these constants take the following values

lim 52, = 4p? lim 32, =4 lim 52 = 4p? lim 5% =
lim 5y, =4p”,  lim f,, = 4p, lim 5, =4p7,  lim 5, ;
lim m{"” =0, lim m}" = %, lim mb” =1, lim mb” =1
v—1 v—00 v—1 V—00 p

(recall that T)(1) = p®). We notice that, in accordance with the first plot in Figure 4.3, the
values for BWM and also for 3, ,, drastically decay for growing v, which renders the LFC scheme
(4.1) considerably less efficient due to stronger step-size restrictions; see Section 4.4.2. More
precisely, we obtain 2p < B\;V < ng < 4p? because of the monotonicity and the definition of
Bp,u and /Bp,zw

Further, we see in Figure 4.3 that the error constant m%" given in (4.9a) grows with
increasing v. We believe that this constant is also monotone in v but unfortunately we could
not prove it. For m5" we have the limits

21 —1
lim mb"” = 4 , lim mb" = L, (4.17)
v—1 6p2 v—00 2p

where we used (B.15) for the values for Cl;,(k)(l), k =1,2. From this we obtain for p > 2 that

< lim mg’ < %
V=00

1 pl 1
s Smy <g and

=
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Chapter 4. Leapfrog-Chebyshev schemes

Since m%" continuously depends on v, we thus have
11 :
(5. 2] € {m5” |v =1}

for every p > 2. Hence, because of the continuity of m5” in v for every p > 2 there exists
a v = Vp such that my = %, yielding a fourth-order scheme for g = 0; see Remark 4.6
and Theorem 3.54. Note that v, tends to 1 for p — oo, since lim, oo my" = % for v = 1.
Moreover, we see in the plot of m5" that the constant is smaller than % for a relatively large
set of v > 1 (depending on p). Thus, as mentioned in the comments after Theorem 3.54, the
LFC scheme has in these cases a smaller error constant than the leapfrog scheme for linear
problems (2.12) with g = 0.
For m}" one observes a similar behavior as for m5"”. In particular, the constant also seems
to be monotonically increasing in v. The limits are given by
e (PP - D(*—4) e (= 1D(p—2)
e T e T

71/17*

where we again recall (B.15) for the values of Q}(k)(l), k =1,2,3. However, since this values
are only of interest for v = v, and limj,_ Vp« = 1, we approximately have m4’y"’* ~ mb! for P

large.

We now turn towards the special choice v = v, defined in (4.3) which is motivated
by stabilized /damped Runge-Kutta—Chebyshev methods; see, e.g., [VHS90, HV03]. From
Figure 4.3 we observe that for a fixed v > 1 the constants strongly depend on the polynomial
degree p of the underlying Chebyshev polynomial. However, since we want to have stability
and error constants which do not (strongly) depend on the chosen LFC polynomial, we want
to get rid of this dependency on p. For Runge-Kutta—Chebyshev methods a similar problem
occurs, which is resolved by using the same scaling of the stabilization parameter (with 1?/2
replaced by a single constant). In fact, the next lemma shows that the special choice v = v,
remedies this dependency on p for the (stability) constants Bp,y, mb"”, m5" (and thus also 3,,,)
in a satisfactory manner.

Lemma 4.12. Letp € N and n > 0. For v =v,,, defined in (4.3) we have

Bru o L+ gm*)'? Ui - -
425 = +41772 M2 44292 mh” > (1+ 3i°) 7, (4.18)
2

with By, myY, and my" defined in (4.14).

A proof of this lemma is contained in Lemma A.7. Here, we only state estimates from below
for these constants, since the analysis in the previous chapter and also in the next one only
requires estimates from above of 1/m}"” and 1/mb”. Note that the bounds hold for all n > 0
and p € N. Further, since m5" = (4m}")~!, we directly obtain

_ 2+ n?
mp7y < .
3 = 2,,72
In Figure 4.4 the constants for this special choice for v are plotted. We observe that in

contrast to Figure 4.3 the values for 3,,, m}", and mb" are much closer to each other for
different polynomial degrees if 7 is not too large. Moreover, the uniform bounds in p given
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my" o mb L
n n n
0 0 : 0 ;
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
Figure 4.4.: Dependence of 32, mi = iy, g in (4.14) and mq in (4.15) on v, =1+ % for

the LFC polynomials (4.1b) with p = 2,3,4,5 (dash-dotted, dotted, dashed, solid). The
black dashed lines represents the lower bounds given in Lemma 4.12, the black dotted line
the conjectured one in (A.15).

in (4.18) seem to be quite good approximations at least for small values for 7. For the error
constant m4"” the special choice v, yields no benefit compared to a general v, which is not
surprising because of (4.17). We refer to Section A.2 for more information about the dependency
of these constants on v, and p.

Remark 4.13. The same bound for m{"” in (4.18) is proven in [GMS21, Lemma A.4]. In this
lemma the authors also state a bound for m%"”, which is unfortunately wrong since it relies on
the erroneous estimate (A.2) in [GMS21, Lemma A.1]. This can be seen from the estimates (A.3)
and (A.7) in [GMS21], which contradict each other (only (A.3) is true). For the same reason
the bound they state for m5" does not hold true. o

4.3. Equivalence to the leapfrog scheme in specific cases

In this section we focus on the LFC scheme (4.1) with the unstabilized polynomials (4.1b), i.e.,
v =1, applied to linear problems (2.12) with g = 0. For this, we have the following remarkable
result.

Theorem 4.14. Let g =0. For k,m € N we denote by
(a) qi the solution of the LFC scheme (4.1) with starting value (4.1c), v =1, and polynomial
degree p € N after k time steps with step size T and by
(b) dg« the solution of the leapfrog scheme (2.20) after k time steps with step size Ts.
If 1 < 1ssr = 2p/||L||Y/? and 7. = 7/p, we have

qn:qpn,*v n:1727"' .

The theorem states that the leapfrog scheme (2.20) applied to linear homogeneous problems
yields the same approximations as the unstabilized LFC schemes with the special starting
value (4.1c) if the step sizes are chosen correctly. We point out that the equivalence only holds
for v = 1 and it fails to be true if we choose other starting values for the leapfrog or the LFC
scheme.

Proof. The proof relies on the representation formula of the numerical solution in Theorem 3.18
by inserting the special starting value (4.1c); cf. (3.78).
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We first recall that for p = 1 the scheme (4.1a), (4.1¢) comprises the leapfrog method (2.20),
since P;(z) = 2. Moreover, the step-size restriction 72 < 1&gy = 4p?/||L|| for the unstabilized
LFC scheme implies the weaker step-size restriction of the leapfrog scheme 72 = 72/p? < 4/||L||;
see Examples 3.11 and 3.26 or Lemma 2.16. Hence, (3.78) holds for the leapfrog scheme. In
particular, we have due to P{ =1

sin(k®,) .
Qi = cos(k®,)qo + ngqo
sin ®,

with a matrix ®, with spectrum in [0, 7] satisfying cos ®, =T — %TEL.
From (3.23b) and definition (4.1b) of B,(7?L) for v = 1 we get with (B.10)

cos(®) =1—LB,(r°L) = I;(I — 2}'%7'2L) = COS(p arccos(I — %TEL)) = cos(p®).

From this, we obtain for n € Ny

sin(n®)  sin(np®y)
sin®  sin(p®,) ’

cos(n®) = cos(npP,),

by using induction arguments together with the formulae (B.5). Furthermore, we get from (4.6)

and (B.l?)
1 1
/ 2I T/ 1 2I T/
F;?( ) p/(l) p (I 2p? ) p2 P

Inserting these identities in (3.78) for the LFC scheme yields
sin(n®)

an = cos(n®)ug + 7 Sn(®)

sin(p®,)
D)= —"+-.
(cos ) psin P,

T sin(np®y)
p sin(P,)

‘Pp!(TQL)qo = cos(np<I>*)u0 + q0 = Qnp,*,

which completes the proof. O
As a direct consequence of this theorem we obtain
dp,« = d1 = qo + TPp/(TQL>(.10 - %TQPI)(TQL)(IO’

if v =1 and g = 0. This shows that our approach is indeed very similar to impulse methods
(multiple time-stepping schemes), if the stiff linear part § = —Lq in the “oscillation step” is
solved by p time steps with the leapfrog scheme; see, e.g., [HLW06, Equation (XIII.1.14)] or
[GSS99).

4.4. Implementation and efficiency

This section is devoted to the efficient implementation of the LFC schemes (4.1). Further,
we heuristically compare the computational effort of these schemes to the leapfrog scheme
(2.20) and the modified #-schemes discussed in Section 3.6. Because of its practical relevance
we consider the implementation and efficiency for the application of the LFC schemes to the
semilinear differential equation (2.2) with a general mass matrix M; see Remarks 2.2 and 3.4.

In the following we focus on the implementation and efficiency of the two-step scheme (4.1)
but similar considerations hold for the corresponding one-step schemes (3.8) and (3.9). In
particular, the (main) computational costs coincide since we can reuse the computations in the
last step of the one-step schemes in the first step of the next time step; cf. the discussion for
the leapfrog scheme before Remark 2.10.
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4.4.1. Implementation

The implementation of one time step of the two-step LFC scheme (4.1a) applied to the semilinear
problem (2.2) is stated in Algorithm 4.1. We treat the case p = 1 separately, since in this case
the scheme reduces to the leapfrog scheme (2.20a) for every v > 1; see (4.5). Obviously, for
p > 2 the main challenge consists in the computation of the expression E,(TZL)q.

We point out that the algorithm slightly changes if the matrix-vector product g; = Mg, is
given explicitly, which is the case, for instance, in the modified FPUT problem in Section 2.2.1
but also possible in the spatially discretized wave equation in Section 2.2.2 if g depends only
on time. In such situations one can replace the second and third line with v = —Lq, + g, and
the solving of MV = ¥, respectively.

Algorithm 4.1.: Computation of nth time step of two-step LFC scheme (4.1a) applied to
semilinear problems (2.2).

1: Evaluate g, = g(tn,dn)

2: Solve Mv = —Lq,

3 V=vV+gy

4: if p =1 then

5: V=V

6: else

7. Compute v= B,(72M~'L)¥ by Algorithm 4.2 below
8: end if

9" Qnt+1 = 2Qn — Qn-1 + v

For the computation of ﬁp(TQM_lLW one could naively use Horner’s method. However, since
the LFC polynomials B, are based on the Chebyshev polynomials 7}, evaluated on [—v, v, it is
beneficial in terms of stability to employ the linear three-term recurrence relation (B.9) of the
Chebyshev polynomials. In addition, for Horner’s method we would have to explicitly compute
the coefficients in the monomial basis, which vary for different p and v; cf. Lemma A.9.

We first derive a three-term recurrence relation for F,, which allows us to deduce a recurrence
relation for ]?;).

Lemma 4.15. Let p € N, k € Ng. The polynomials Py ,: R — R, defined by

z

Pry(z) =2— zyju)T’“(" - Ep), (4.19)

satisfy the linear recurrence relation

2
Pop(z) =0, P ,(z) = Ez,
p

T(w) Plp(2) = 2B 1) Pi1p(2) + — T (0) 2 (2 = Pio1p(2)) — To2(0) P (2),

for k> 2.

Proof. The statements for K = 0 and & = 1 are trivially satisfied because of 7y = 1 and
Ti(x) = x, respectively; see Definition B.1.
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Let k > 2. First, we observe that (4.19) can be rewritten as
2 (2) = Tu(v) (2 — Peyl2). (4.20)

where we again make use of the variable transformation (4.8) for a clearer presentation. We
further deduce from (4.19) and the recurrence relation of Chebyshev polynomials (B.9)

T Pap(2) = 2Th(v) — 2Th(x) = 2R(v) — 4Ty 1(2) + 2Ty ().
Inserting (4.20) in this formula yields again with (4.8)

(2= Pr1p(2)) + T2 (v) (2 = Pr2p(2))
(2 Prp(2)) + 2T ()2 (2 Proyy(2)

which finishes the proof, since we have 27} (v) — 4vTj;_1 (v) + 2T};—2(v) = 0 by the Chebyshev re-
currence relation (B.9). O

By definition we have F, = P, for all p € N. Thus, the recurrence relation for the polynomials
(4.19) can be used for the implementation of the alternative two-step scheme (3.7) if equipped
with the LFC polynomials; see [CHS20, Section 6.1]. Another application are linear problems
(2.12) with g = 0, since in this case (4.1a) reduces to

Ant1 — 20n + Qo1 = —72B(r’L)La, = —B(t*L)q,, n=1,2,....

We further draw attention to the fact that for all p,k € N we have Py ,(2) = cz + 2°Q(2)
with a constant ¢ = ¢(k,p) > 0 and a polynomial @ of degree k — 2 (Q =0 for k = 1), which is
a direct consequence of the definition of the recurrence relation. Hence, we obtain the following.

Corollary 4.16. Let p € N, k € Ng. The polynomials ﬁk,p: R — R, given by ]Sk’p(z) = Pk%(z),
satisfy the linear recurrence relation

. ~ 2
Pop(z) =0, Pry(z) = P
p

T() Pep(z) = T () Pic1p(2) + T s (02— 2Prc15(2)) — Tio0) P p(2),

for k> 2.

Similarly as before the corollary yields that 131, = ﬁp,p for every p € N. Hence, we have
a three-term recurrence relation yielding the polynomials ]A% which allows us to compute
v= ]%(TQM_lL)\N/ in Algorithm 4.1 in a stable and efficient way. Algorithm 4.2 presents the
details of the computation. Note that w, = ﬁk7p(T2M_1L)F\7. Further, we emphasize that for a
fixed v > 1, the parameters Ty(v),...,T,(v) have to be computed only once by means of the
Chebyshev recurrence relation (B.9). For the same reason we compute a;, only once, where we

additionally employ (B.20) together with the recurrence relation (B.18) to obtain T;(v).
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Algorithm 4.2.: Computation of ]?;)(72M_1L)'\7 in Algorithm 4.1 for LFC polynomials (4.1b).

Wy = 0, W = ﬁv
cfork=2,...,pdo
Solve Mw_1 = Lwg_1
T T ~ ~ T
Wi = 2v 1376(1151)/) We_1 + alp %C(llfl)j) (QV— ’7’2Wk_1) — %jlfl)j) W9
end for

V=W,

EARE AN el o > e

The implementation of the starting values (4.1c) as well as (4.2) is done in a similar way
as for the the two-step scheme (4.1a) in Algorithm 4.1. Clearly, if we use the special starting
value (4.1c), we additionally need to compute ) (T2M~'L)qo once. As for U we do this via a
three-term recurrence relation.

Lemma 4.17. Let p € N, k € N, and U, be the pth Chebyshev polynomial of the second kind,
defined in Definition B.10. The polynomials PI:,p: R — R, defined by

1 z
Pr - . _
v p(2) Ur 1 () Uk—1 (V ap),

satisfy the linear recurrence relation

1 z Z
Pi(2)=1,  P5(2) = 52@ -=)=1-=,

* * 2 * *
kal(V)Pk,p(z) = QVka2(V)Pk71,p(Z) - ;Uk*Q(V)ZPkfl,p(z) - Uk*?’(V)Pka,p(Z)?

for k> 3.

Proof. The recurrence relation immediately follows from the Chebyshev recurrence relation
(B.18) for U,,. O

With this lemma we obtain a three-term recurrence relation for Pp’ because we have with
(4.6) and (B.20) that

F(z) = Ul(y)Upl(y - aip) = P (2).

p—1

For the computation of P/(7*M™'L){o one then proceeds similarly as for B(r>M~'L)¥ in
Algorithm 4.2. As before, the values for Ui (v), k =0,1,...,p—1, and o, have to be computed
only once beforehand.

4.4.2. Costs and efficiency

For the comparison of the efficiency of the leapfrog scheme (2.20), the LFC scheme (4.1), and
the modified #-schemes, where (3.1) is equipped with (3.4), we focus on the two-step schemes.
The costs of the starting value are neglectable because they have to be computed only once.
Recall that we assume that the evaluation of g is approximately as expensive as or more
expensive than one matrix-vector multiplication with L.
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Table 4.1.: Comparison of main costs per time step of leapfrog scheme, LFC scheme (with
polynomial of degree p), and modified §-scheme in terms of matrix-vector multiplications
(MVM), solutions of linear systems, and evaluations of g, if implemented as in Algorithms 4.1
and 3.1.

leapfrog scheme (2.20a) ‘ LFC scheme (4.1a) ‘ modified #-scheme (3.1a), (3.4)
1 evaluation of g 1 evaluation of g 1 evaluation of g
1 MVM with L p MVMs with L 1 MVM with L and M

1 linear system with M | p linear systems with M | 1 linear system with M + 726L

Remark 4.18 (Efficiency versus accuracy). We mainly consider efficiency as the ratio between
the maximum step size, for which the schemes are stable, and the related cost, although the
size of T is also related to the accuracy of the approximations. This is motivated by the fact
that in applications errors obtained from the maximum step size for which the leapfrog scheme
is stable are often smaller than required. In particular, for differential equations stemming from
the space discretization of a partial differential equation the error of the space discretization is
often larger than the error of the numerical time integration scheme; see the numerical examples
at the end of this chapter. o

We start by looking at the main computational effort, stemming from matrix-vector mul-
tiplications, solving of linear systems, and evaluations of g. In Table 4.1 the main costs per
time step of the LFC scheme is compared to the costs of one time step of the leapfrog scheme
and the modified 6-schemes. We see that for all three schemes the function g is evaluated only
once in accordance with the construction of the schemes, whereas the number of matrix-vector
multiplication with L and the linear systems which has to be solved differ for the schemes.
We point out that, if the matrix-vector product g} = Mg, is given explicitly, the main costs
stay the same for the leapfrog and the LFC scheme; see the comments above Algorithm 4.1.
For the modified #-scheme, however, one saves the multiplication with M in the first step in
Algorithm 3.1.

For a fair comparison of the costs we next consider the maximum step sizes which yield stable
schemes. For the modified 8-schemes we restrict ourselves to the reasonable choices 6 > i
yielding unconditionally stable schemes; cf. Section 3.6. For LFC schemes we consider the
stronger step-size restriction 7 < Tggr with 7Tsgr defined in (3.33). Using Lemma 4.12 for the
special choice of v = v,,,, given in(4.3) with n > 0 then yields the following sufficient step-size

restriction
,_CHpt (L )
T S 5 Cn == 712 < 1.
1Ll 1+ 37

Clearly, for n > 0 small we have C,, ~ 1. Hence, since we require 72 < 4/||L|| for the leapfrog
scheme to gain stability, the LFC scheme (4.1) allows an approximately p times larger time
step than the leapfrog scheme (2.20).

We now combine these considerations to show the benefits of the LFC scheme. For this,
we first compare the overall cost of the LFC scheme to the leapfrog scheme. We neglect the
computational cost of solving with M for simplicity. Moreover, as noted in Remark 2.10, linear
systems with M are often cheap to solve.

Let o = Cg/Cr, be the ratio of the cost of one evaluation of g to the cost of one matrix-vector
multiplication with L. The main effort of the leapfrog and the LFC scheme per time step is
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Figure 4.5.: Relative theoretical speedup Spr 1rc defined in (4.21) of LFC scheme (4.1) compared
to the leapfrog scheme (2.20) for polynomial degrees p = 2,3,4,6. With ¢ we denote the
ratio of the cost of one evaluation of g to the cost of one matrix-vector multiplication with
L (n=0.5).

then given by
Cir =Cr, + Cg = (1 + Q)CL and Crrc = pCy, + Cg = (p + Q)CL,

respectively, where p is the polynomial degree of the used LFC polynomial. Since for the LFC
scheme we can choose a step size which is (at least) C, p larger than the one of the leapfrog
scheme, the LFC scheme requires only N/(C), p) time steps to reach a certain simulation time 7'
if the leapfrog scheme requires minimum N time steps. Thus, we get the following relative
speedup of the LFC scheme compared to the leapfrog scheme

NCr _ (C'np)CLF:C 1+o
Cyp) CLrc Crrc "1+ o/p’

(4.21)

SLF,LFC = N/

Note that Sy r 1rc > 1 means that the LFC scheme is less costly than the leapfrog scheme.

In Figure 4.5 the relative speedup St 1rc is plotted against o for p = 2,3,4,6 and n = 0.5,
yielding C;, ~ 0.9572. We observe that already for ¢ ~ % one gains efficiency compared to
the leapfrog scheme. Moreover, an increase of the polynomial degree p leads to a further
improvement of the efficiency. Clearly, the larger 7 is chosen, the smaller Bg,l,, and, hence, the

greater o has to be.

Remark 4.19 (Choice of n). For a general function g # 0 we suggest 7 = 0.5 as initial guess
for the stabilization parameter. This value yields a good trade-off between improved stability
behavior and a step-size restriction which is only slightly smaller than the “optimal” one
2||IL|| < 612)71 = 4p?. More precisely, the maximum step size, for which the scheme is stable, is
only ~ 4.43% smaller than £,1/|/L||'/2. Moreover, the value is large enough to compensate
small to moderate instabilities occurring from the semilinearity; see Section 3.3.3 and especially
Remark 3.34. o

For g = 0 there seems to be no benefit (or even a small disadvantage) of the LFC scheme
(4.1), since the p times larger step size is fully compensated by p times more matrix-vector
multiplications with L. In particular, for ¥ = 1 we have shown in Section 4.3 that the schemes
are then equivalent. Nevertheless, we will see in the numerical examples in the next section
that the LFC scheme with v > 1 can pay off in such a case because of smaller error constants;
cf. Remark 4.6 and Theorem 3.54 with the subsequent comments.
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Last, we point out that there is a breakeven point in which evaluating ﬁ)p(TzM_lL)\NI becomes
more expensive than solving a linear system with M + 720L and possibly computing a matrix-
vector multiplication with M. Hence, in such cases it is beneficial to use the modified #-schemes
with 6 > i instead of the LFC scheme. However, as mentioned before, one has to take into
account that with increasing step sizes the error of the approximations to the exact solution
deteriorates and, thus, a too large step size does not pay off; cf. Remark 4.18.

4.5. Numerical examples

Concluding, we illustrate the theoretical findings on LFC schemes shown in this and the
last chapter by some numerical examples. The first example and the ones for the acoustic
wave equations are (slight) modifications and extensions from the ones in [CHS20, Section 7.1
and 7.2.1]. The codes for reproducing the numerical results are available on https://doi.org/
10.5445/IR/1000147744.

4.5.1. Influence of starting value

In this first example we demonstrate the influence of the starting value on the stability behavior
of the LFC scheme, or, more general, of the two-step scheme (3.1a). To show this, we consider
the test problem (2.25) for w > 0, i.e., the harmonic oscillator. Recall that the solution ¢ is
bounded uniformly in time; cf. (2.15) and (2.16) with cjyy = w™!.

We now apply the two-step LFC scheme (4.1a), (4.1b) to this equation with four different
starting values, namely

(i) the special one (4.1c) motivated in Section 3.5.1,

(ii) the starting value (4.2) proposed for the general two-step scheme (3.1),

(iii) the second-order Taylor approximation (2.20b) used in the leapfrog scheme (2.20),

(iv) and the exact starting value ¢; = ¢(7).

We use the LFC polynomial of degree p = 5 with stabilization parameter 7 = 0 (unstabilized
case) and n = 0.5 (stabilized case). For the harmonic oscillator we choose the initial values
go = 1 and ¢y = 1 and the frequency w = 1.

In Figure 4.6 the absolute value of ¢, is plotted for all variants against a range of step sizes
T > 0 satisfying 7 < 7gsr defined in (3.22) i.e., we consider 0 < 72w? = 72 < 652,,,,. Note that
for n = 0 we have v = v,,, = 1 and, thus, ng = 100.

In Figures 4.6a, 4.6¢c, 4.6e, and 4.6g the unstabilized LFC scheme is applied to the harmonic
oscillator. We clearly see that in Figure 4.6a the approximations computed with the special
starting value (4.1c) stay bounded uniformly in time if we stay away from 5%,1- In contrast
to this we observe in Figure 4.6¢ that for the starting value (4.2) resonances appear at points
z = 72w?, where Ps(z) = 4. Even worse, for the exact and the Taylor starting value the solution
grows linearly in time at points z = 72w?, where P5(z) = 4 or P5(z) = 0. This perfectly fits to
our analysis in Section 3.5.1, where we have shown that for general starting values one cannot
achieve uniform bounds under the weaker step-size restriction.

In contrary, we see in Figures 4.6b, 4.6d, 4.6f, and 4.6h that for the stabilized LFC scheme
all starting values yield uniformly bounded approximations if 72w? < ﬁg},jm. Nevertheless,
the special starting value (4.1c), the starting value (4.2), as well as the exact starting value
yield quantitatively better results than the Taylor starting value. This confirms our results in
Section 3.3 for the stronger step-size restriction 7 < 7ggg defined in (3.33). We further see that
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4.5. Numerical examples
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(g) ¢1 via (2.20b) for n = 0. (h) g1 via (2.20b) for n = 0.5.

Figure 4.6.: Maxima of absolute values of the approximations ¢,, n = 1,..., N, of the LFC
scheme (4.1a), (4.1b) plotted against a range of step sizes for different starting values and
stabilization parameter nn = 0 (Figures 4.6a, 4.6¢, 4.6e, and 4.6g) and n = 0.5 (Figures 4.6b,
4.6d, 4.6f, and 4.6h). The dashed vertical and dash-dotted lines represent points 72w? with
P5(7%w?) = 4 and Ps(72w?) = 0, respectively. The dotted lines in Figures 4.6b, 4.6d, 4.6f,
and 4.6h represent the point 72w? = 552’%7”.
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for n = 0.5 the maximum step size we can choose to obtain approximations growing at least
linearly in time is slightly smaller than the one for n = 0 in agreement with our results.

4.5.2. Modified Fermi—Pasta—Ulam-Tsingou problem

Next, we consider two numerical examples for the modification of the FPUT fS-problem
introduced in Section 2.2.1. For both examples we use m = 200 with p; = 1 and k; = 992 for
all i =1,...,m, whereas the values for 5 differ. For the starting values qo = (go.1,- - -, q07m)T

and §o = (4o1,- - -, dom)” we use
do; =05 —and  go;=(-1)""' foralli=1,...,m.

Note that the choice pu; = 1 for all ¢ results in M = 1,,.

Linear case

With the first example we show that the LFC scheme converges with order four in case of
g = 0 and v = v, given in Remark 4.6. Thus, we set 37 = 0 for all 7 in the modified FPUT
B-problem. The problem then reduces to a system of coupled harmonic oscillators.

For the time integration we use the leapfrog scheme (2.20) and the LFC scheme (4.1) with
polynomial degree p = 3 and p = 4 and five different values for the stabilization parameter v
(either via v, in (4.3) or via 1,,). For determining the errors we use as reference solution the
numerical solution obtained by the leapfrog scheme with step size 7 = 107°.

In Figure 4.7 we plot the maximum error over all time steps up to the ending time 7' = 1.2.
We clearly observe that the error is in general of order two unless we use the special choice
V = Upx, which yields order four in agreement with Theorem 3.54 and Remark 4.6. In addition,
the error constants for the LFC schemes are smaller compared to the one of the leapfrog scheme
because the choices for n yield m5” < %; cf. Theorem 3.54 and the subsequent paragraph.
The good behavior of the error for p = 4 and n = 0.5 is due to the fact that vy, ~ v4. We
further observe that the errors for the leapfrog scheme and the LFC scheme for = 0 are only
translated by a factor p confirming Theorem 4.14, which states that for g =0 and n = 0 the
leapfrog and the LFC scheme are equivalent. Moreover, we see that the maximum step size for
which the LFC scheme is stable is approximately p times larger than the one for the leapfrog
scheme in accordance with our theory.

Semilinear case

In the second example we are interested in the behavior of the Hamiltonian (2.11) with U given
in (2.17) over time. To incorporate the nonlinear effects, we choose a rather large value for all
nonlinear spring constants, namely 57 =20 forallz =1,...,m.

In Figure 4.8 the relative error of the Hamiltonian (2.11),(2.17)

errH(n) _ ’,H<pn7 qn) - H(po, CIO)| (4‘22)

H(po, qo)

is plotted over time until 7' = 100 for two different step sizes. As time integration schemes
we employ the leapfrog scheme (2.20) and (variants of) the LFC schemes (4.1). Since the
computation of the Hamiltonian requires approximations p,, to p(t,), we use the one-step
formulation (2.21) of the leapfrog scheme and the one-step formulations (3.8), (4.1b) of the LFC
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Figure 4.7.: Error for the numerical solution of a linear FPUT f-problem (5] = 0) in Section 2.2.1
computed with the LFC scheme (4.1) up to 7' = 1.2. As stabilization parameter we use
vV = Upy with 1) = 0.0, 7 =03, 7=0.5, n =1, and v = v, (cf. Remark 4.6). The blue
line represents the leapfrog (LF') scheme. The dashed black lines indicate order two, the
dash-dotted order four. The vertical dotted lines correspond to integer multiples (1, 2, 3,
4) of the maximum step size for which the leapfrog scheme (2.20) is stable.
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Figure 4.8.: Relative error in Hamiltonian for the numerical solution of the FPUT S-problem
(87 = 20) computed with one-step formulations of the leapfrog scheme (blue, dotted),
the LFC scheme (3.8), (4.1b), and its variant (3.9), (4.1b) (LFC-V) for two different step
sizes 7. For the LFC polynomial F, we use polynomial degree p = 4 and different values for
the stabilization parameter (1) = 0.0 (solid), n = 0.5 (dashed), n = 2.0 (densely dashed)).
The relative error of the Hamiltonian is only plotted at times t = 0.2k, k = 1,..., 500, for
the sake of clarity.
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Chapter 4. Leapfrog-Chebyshev schemes

scheme (4.1a), (4.1b) with starting value (4.2) as well as its variant (3.9), (4.1b) (abbreviated
with LFC-V). For the LFC polynomial B, we use p = 4 and different values for the stabilization
parameter 7. Recall that in Section 3.1.1 we have shown that the one-step formulation (3.8) is
symplectic in contrast to its variant (3.9).

In Figures 4.8a and 4.8b we observe that for the small step size 7 = 0.005 the relative error
does not have a drift in time for all schemes including the non-symplectic LFC-V scheme. The
error for the LFC scheme is smaller than the one for the leapfrog scheme and improves for
increasing 7, whereas the error for the variant is slightly larger than for the leapfrog scheme
independent of the choice of 7.

For the larger step size 7 = 0.02 in Figures 4.8a and 4.8b the situation changes. Since
the step-size restriction is violated, the leapfrog scheme is not stable anymore; cf. Figure 4.7.
Further, the LFC scheme and the variant are unstable for 1 = 0 because for one eigenvalue \ of
L we have that 72\ is near the first maximum point z; &~ 9.3726 of P, where Pjy(2;) = 4. This
confirms the results in Section 3.3.3 stating that stabilization is not only required to prohibit
linear growth in time of the numerical approximations but also (exponential) instabilities due
to the semilinearity. In agreement with our theory, a sufficient increase of the stabilization
parameter prevents this instability. In these cases the LFC scheme and its variant nearly
preserve the Hamiltonian for long times without having a visible drift. Moreover, as for the
smaller step size the error of the LFC scheme decreases for increasing n and is slightly smaller
than the one of its variant.

4.5.3. Spatially discretized acoustic wave equation

Finally, we show two examples for the LFC schemes applied to (2.2) stemming from a space
discretization of the acoustic wave equation (2.18) as described in Section 2.2.2. For both
examples we consider the domain € = [0, 1]? and material parameter ¢ = 1. The initial values
and the semilinearity g are chosen in such a way that the exact solution of (2.18) is given by

q(t,z) = sin(mwzy) sin(mm)(cos(tw) + sin(tw)), x = (x1,20)T €Q, >0, (4.23)

with w = (272 + 5)1/ ? where the parameter 6 > 0 differs in these examples. This implies
g(t,z,q(t,z)) = =dq(t,x), xe,t>0. (4.24)

In particular, we have g = 0 for § = 0.

As mentioned in Section 2.2.2; we discretize (2.18) in space with a symmetric interior penalty
dG-FEM [Arn82, GSS06]. For both examples we use piecewise polynomials of degree 2 and the
same (unstructured) triangulation of Q consisting of 432 triangles with minimum and maximum
diameter hpyin =~ 0.0552 and hpax &~ 0.1059, respectively. Recall that the dG-FEM leads to
(2.2) with a block-diagonal mass matrix M, which can be inverted at low costs.

Although we have not analyzed the error of the full discretization in space and time of (2.18),
we include the error from the space discretization in the subsequent error plots for a more
representative illustration. More precisely, we consider the error

€hn = qh(tn) —qn (425)

between the L?(Q)-orthogonal projection qy(t,) of the exact solution onto the discontinuous
Galerkin space and the approximation q, of the leapfrog or LFC scheme. We emphasize that
we measure the error in the weighted norm ||-|[p because of M # I; cf. Remark 2.2 and the
precedent paragraph as well as Remark 3.4.

80



4.5. Numerical examples

H
2
w

M

maxy,|lep,n

—_
2
W~

(a) p=4. (b) p = 5.

Figure 4.9.: Error for the numerical solution of the (spatially discretized) wave equation (2.18)
with ¢ = 0 (and exact solution (4.23)) plotted against the step size for LFC schemes (4.1)
with polynomial degree p =4 and p = 5. For the stabilization parameter we use v = v,
with 7 — 0, n = 0.25, 7 — 0.5, ) — 0.75, 7 = 1, and v = vp,. The blue line represents
the leapfrog scheme. The dashed black line indicates order two. The vertical dotted lines
correspond to integer multiples (1, 2, 3, 4, 5) of the maximum step size for which the
leapfrog scheme (2.20) is stable.

The case 6 =0

In the case of § = 0 we have g = 0 in (2.18) and, hence, also g = 0. As before, we use the
leapfrog scheme (2.20) and the LFC scheme (4.1), but this time with polynomial degree p = 4
and p = 5 and six different values for the stabilization parameter v (either via v, , in (4.3) or
via Vpy).

In Figure 4.9a, we plot the maximum error ||ey, ,,||m over all time steps up to the ending time
T = 4.6. As for the example of the modified FPUT problem with 8 = 0, we observe that the
LFC method allows us to choose an approximately p times larger step size compared to the
leapfrog method; see the dotted lines marking integer multiples of the maximum step size for
which the leapfrog scheme is stable. Further, in agreement with the results in Section 4.2.2 an
increase of the stabilization parameter 7 (or v) slightly reduces the maximum step size, since
B\py,, decreases. Moreover, one can clearly see the influence of the stabilization parameter v
on the error constant. The closer v, approaches the value v, the better the error constant
becomes. This again confirms the theoretical result in Theorem 3.54 and Remark 4.6. In
contrast to the previous example the fourth-order convergence is not visible since the time
discretization error is already dominated by the space discretization error.

The case § > 0

In this last example we look at the behavior of the numerical approximations in the case of an
increasing value of 6 > 0, i.e., we have g #Z 0. The spatially discretized problem (2.2), (4.24)
then serves as a simple model showing the influence of the semilinearity to the stability of the
LFC schemes. In particular, it fits into the setting of Section 3.3.3. In Figure 4.10 we plot the
maximum error ||ep, ,|[m over all time steps up to the ending time 7" = 5 for different values of
d > 0. As time integration schemes we employ besides the leapfrog scheme (2.20) and the LFC
scheme (4.1) also the variant (3.7), (4.1b) (abbreviated with LFC-G). As starting value for
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Figure 4.10.: Errors for the numerical solution of the (spatially discretized) wave equation
(2.18) with ¢ defined in (4.24) (and exact solution (4.23)) plotted against the step size for
different values of §. For the time integration we employ the leapfrog scheme (2.20), the
LFC scheme (4.1) and the variant (3.7), (4.1b) (LFC-G) with a modified starting value.
We use the LFC polynomial of degree p = 4 with stabilization parameters v = v, , with
n—=10,n=0.02,7=0.04,n— 006,701, and v = v,. The blue line represents the
leapfrog scheme. The dashed black line indicates order two. The vertical dotted lines
correspond to integer multiples (1, 2, 3, 4) of the maximum step size for which the leapfrog
scheme (2.20) is stable.
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this variant we modify (4.1c) in the same way as the two-step method. Note that this variant
is analyzed in [CHS20]. For the LFC polynomial we use p = 4 and different values for the
stabilization parameter v.

In agreement with the results in Section 3.3.3 we observe that without (enough) stabilization
the LFC scheme and also its variant cannot achieve an approximately p times larger step size
than the leapfrog scheme. Moreover, we see that the larger ¢ is, the greater the stabilization
parameter v (or n) has to be chosen to gain an optimal step-size restriction. Nevertheless,
this is already achieved for rather small values for v and 1. We can further clearly observe
the second-order convergence of all schemes in accordance with our theory. In contrast to the
previous example with g = 0 the influence of the stabilization parameter v to the error constant
is almost neglectable, even for the choice v = v,.

By a comparison of the LFC scheme (4.1) and its variant LFC-G we see that the LFC scheme
yields not only slightly smaller errors than the LFC-G scheme but also has a better stability
behavior. More precisely, for the same stabilization parameter the stability behavior of the
LFC scheme is at least as good as of its variant, if not better. This better behavior can be
explained by the fact that due to (3.12) and (3.18) we have

B(z) <min{1,4(1 —my)/z} <1 for all z € [O,B\;V],

leading to IADP(Z) < 1 for z > 4 (recall that lim,_; Bg,l, = 4p?).
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CHAPTER 5

Multirate leapfrog-type two-step schemes

This last chapter is devoted to the construction of multirate schemes for differential equations
of the form (2.1). Recall that multirate schemes are designed for situations where only a (very)
small part of the differential equation is responsible of the severe stiffness of (2.1). To overcome
this problem, multirate schemes either employ in the stiff part the same time integration scheme
as in the non-stiff part but with smaller step size, or use even a completely different scheme
in the stiff part including implicit ones. The multirate scheme we consider in this chapter are
based on the leapfrog scheme (as integrator for the non-stiff part) and the general class of
schemes considered in Chapter 3 (for the small stiff part). Again, we mainly focus on the LFC
schemes and the modified #-schemes.

We start with a short motivation in Section 5.1. In Section 5.2 we present general multirate
schemes, where we make use of the function ¥ introduced in Chapter 3. In addition, we also
show some basic (geometric) properties of these schemes. Afterwards we analyze the stability
and errors of the general schemes. In contrast to Chapter 3, we show here results only in the
standard norm ||-||. In Section 5.5 we show that for the special case of the rational function
Uy (O-function) defined in (3.4) the stability bounds can be improved and a weaker step-size
restriction is required. Section 5.6 contains the implementation for the special case of ¥ being
an LFC polynomial (4.1b) or a f-function (3.4). Moreover, we show the beneficial efficiency of
these schemes compared to the standard leapfrog scheme for a large class of applications. We
conclude this chapter by some numerical examples confirming our theoretical findings.

Most of the following results are published in [CH21]. Besides some small additional results,
the improved results for the special case of #-functions in Section 5.5 have been not published so
far. We further point out that in [GMS21] the special case of the leapfrog scheme combined with
the LFC schemes is analyzed for g = 0. In contrast to their work our results hold for general
semilinear problems (2.2), need less regularity in time, can be applied also to semidefinite
matrices L, and require a weaker step-size restriction.

5.1. Motivation

The situation that only a small principle submatrix of L is responsible for the main stiffness of
differential equations of the form (2.1) is a problem which often occurs in applications, especially
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Figure 5.1.: Locally refined mesh based on a geometric constraint (picture taken from [Stul7,
Figure 5.2]).

for spatially discretized wave-type equations such as the acoustic wave equation (2.18) presented
in Section 2.2.2. For these the origin of such situations can be traced back to two reasons.

The first one are locally refined meshes; see Figure 5.1 for an example. Such meshes consist
mostly of coarse elements but also contain a few (very) fine elements. They are required, for
instance, to resolve small geometric features in the underlying domain such as narrow gaps.
Using an appropriate space discretization method for such meshes, for instance, (discontinuous
Galerkin) finite element methods, then leads to differential equations (2.1) (possibly after
retransformation) where only a small part of L causes the severe stiffness.

The other case where such situation can arise are heterogeneous media with material parame-
ters of different magnitude, for instance, if the parameter ¢ in the acoustic wave equation (2.18)
is only large in a small part of the domain compared to the remaining part of the domain. In
such cases the ratio of the material parameter between both parts of the domains transfers to
to the matrix L. Hence, if the material parameter is only large in a small part of the domain,
again only a small submatrix of L induces the main stiffness.

5.2. Construction and basic properties

As in Chapter 3, we first show the construction of general multirate schemes for the problem
(2.1) with M = I and comment afterwards on changes for general M. Motivated by the
examples presented in the last section, we assume the following structure for the symmetric
and positive semidefinite matrix L.

Assumption 5.1. Possibly after permutation let L be partitioned as

T
L:(IS< I;) (5.1)

where the norms of the “nonstiff” and “stiff” submatrices N € R(m=s)x(m=s) 44 § € R5*s,
respectively, satisfy ||S|| = 7| N|| with r > 1 and m > s. For the coupling matriz K € R(m—)xs
it holds |K|| = k|N|| with 0 < k < /2.

We point out that the exact form (5.1) of L is only for the sake of presentation. In applications
it is sufficient to know the corresponding entries of the stiff and nonstiff (or not that stiff) part
of the differential equation. With these assumptions on L the stiffness of (2.1) is induced by
the submatrix S which is of much smaller size than N. Moreover, the symmetry and positive
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semidefiniteness of L is inherited from S and N. The assumption 2 < r originates from the
fact that the positive semidefiniteness implies k% < r and that the coupling of S and N should
not be too strong.

In order to split the differential equation (2.1) into a stiff and a nonstiff part, we further
define a restriction matriz to the stiff part of the differential equation

R— (10 8) € R™M, (5.2)

For a clearer presentation we write here and in the following 1,,, I, and I,,_s for identity
matrices of size m, s, and m — s, respectively. With the restriction matrix we have

S 0 = S 0
LR = (K 0> and S=RLR = (0 0) : (5.3)

Note that all eigenvalues of the matrix LR are real and nonnegative due to the symmetry
and positive semidefiniteness of L. More precisely, the eigenvalues of LR are those of S and
(additionally) zero with multiplicity m — s.

5.2.1. Two-step formulation

With these definitions at hand, we are able to construct the multirate schemes. For this, we
recall the general two-step schemes (3.1a) in Chapter 3. In the previous two chapters we showed
for these schemes that with appropriate choices of W, for instance, the LFC polynomials (4.1b),
the maximum step size for which the schemes are stable can be significantly enlarged.

We now transfer this idea to the multirate case. Since we would like to retain the computational
cheap leapfrog scheme for the large nonstiff part of the differential equation (2.1), we multiply
the right-hand side of the leapfrog scheme (2.20) by the matrix function ¥(7?LR.), where ¥ is
given as in Assumption 3.2. Thus, we propose the scheme

Anil — 29n +Qn_1 = 7’2\/1\/(7‘2LR)(—an +8n), n=12,..., (5.4a)
a1 = qo + 7do + 37U (r°LR)(—Lqp + go). (5.4b)

For ¥ =1 or R = 0 we obtain by Assumption 3.2 that the scheme reduces to the leapfrog
scheme (2.20). Further, the matrix functions W(72LR)) are well-defined for all 7 > 0 because of
(5.3) and the definition of ¥ in Assumption 3.2; cf. the Definition B.13 for matrix functions.
The insertion of the matrix function ¥(7?LR) is motivated by the following observation, which
is essential for our analysis.

Lemma 5.2. The matriz ¥(7?LR)L is symmetric.
Proof. With Lemmas B.14(a), B.16, and the symmetry of L, R we obtain
(T(2LR)L)" = LT%(-2LR)” = LU(7>RL) = ¥(*LR)L,
which shows the symmetry. O

In contrary, if we had inserted the symmetric matrix function ¥(72RLR)) instead of ¥(7?RL),
the resulting matrix \TJ(TQRLR)L would be not symmetric in general.
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Similarly to the variant (3.7) of the two-step scheme (3.1a), we also could consider the
following variant to (5.4)

An+l — 2qn + Qn-1 = —72@(T2LR)an + 72gn, n=12,..., (5.5a)
ai = qo + 740 — 372 ¥ (7°LR)Lqo + 57°go, (5.5b)

where ‘TI(TZLR) is only applied to the matrix L but not to g. The analysis of this scheme
can be done analogously as below with similar assumptions. However, the additional factor
\Tl(TzLR) in front of g leads to an improved stability constant, especially for the special case
of f-functions (3.4) for ¥ in Section 5.5. Hence, we focus on the scheme (5.4) instead of its
variant (5.5) in the following.

Remark 5.3 (General mass matrix M). In Lemma 2.1 we have shown that the general differential
equation (2.2) can be reformulated to the form (2.1) by using the transformation g = Ci;q
where Cpp denotes the Cholesky factor of M. Hence, we can apply the multirate scheme (5.4)
to the recast equation (2.3) leading to

(Aln+1 - 2€ln + anfl = 72@(T2iR) (_f‘an + g(tm an))7 n= ]-a 2,...,

and similarly for the starting value. Transforming these back to the original variables then
yields the multirate scheme for the general problem (2.2)

M(dni1 — 2qn + qn-1) = 79 (7’LCy{ RCy ) (—Lq, + Mg,,), n=12,..., (5.6a)
Maq; = Mqg + 7™M4o + 172U (7°LCy{ RCyf)(~Lao + Mgp).  (5.6b)

Owing to the lower triangular structure of the Cholesky factor Cn; we have

Pl (Mg! 0 (Mg ME
Cu RCM—< 0 0 for M= My My’ (5.7)

which is particularly beneficial for the implementation; see Section 5.6.1.
As noted in Remark 2.2 and the comments above, the subsequent results also hold in this
more general situation by replacing the standard norm ||-|| with ||-||3y = (-, M-). o

Last, we point out that for g = 0 the multirate scheme (5.4a) (without the starting value)
equipped with the leapfrog-Chebyshev polynomials (4.1b) indeed coincides with the stabilized
local time-stepping scheme proposed in [GMS21] and, for v = 1, with the one in [DG09]. The
equivalence of these schemes for g = 0 is shown in [GMS21]. Moreover, the multirate scheme is
also closely related to the locally implicit scheme proposed and analyzed in [Verll] and [HS16],
respectively, if we use the #-function with 6 = i for W,

5.2.2. One-step formulations and geometric properties

Before we start with the stability and error analysis of the general multirate scheme (5.4), we
first present an equivalent one-step formulation of this scheme and the variant (5.5). Further,
we investigate the symmetry and the (non-)symplecticity of these schemes.

For the derivation of the equivalent one-step formulation of (5.4) we proceed as in the
derivation of the leapfrog scheme (2.21) in Section 2.3.1. Defining p,, 112 = %(anrl —qp) and
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Pn+1 = %(Pn+3 /2 + Pn+1/2) for n > 0 yields the equivalent scheme

Pn+1/2 = Pn + %T‘T’(TQLR)(—L% + 8n), (5.8a)
dn+1 = qpn + TPn+1/2; n=20,1,2,..., (58b)
Pnt1 = Pnt1/2 + %T‘I’(T2LR)(_LQn+1 + 8n+1), (5.8¢)

if we set po = qo. As before, p,, can be interpreted as an approximation to §(t,) = p(t,) in
the first-order system (2.4).
With the same arguments we obtain for the variant (5.5) the equivalent one-step scheme

ﬁn+1/2 = f)n - %T(I\I(TQLR)an + %Tgna (59&)
dn+1 = dn + Tﬁn+1/2, n=0,1,2,..., (59b)
Prt1 = Pns1j2 — 37V (T LR)LAn 11 + 578011, (5.9¢)

where we again set pg = qo-

Next, we turn towards geometric properties of these schemes. For the two-step schemes the
symmetry is a direct consequence of Definition 2.12.

Lemma 5.4. The two-step schemes (5.4a) and (5.5a) are symmetric.

To investigate the symplecticity of the one-step method (5.8) and its variant (5.9), the
semilinear problem (2.1) has to be of Hamiltonian structure; see Definition 2.14. Thus, let
g(-,q) = g(q) and g additionally satisfy (2.8) in the remaining part of this section.

Lemma 5.5. The scheme (5.8) is symmetric but not symplectic in general.

Proof. If we proceed as in the proof of Lemma 3.7, we see that the scheme (5.8) is equivalent
to the leapfrog scheme (2.21) applied to the modified equation

4= -9(r’LR)Lq + ¥(r’LR)g(qa),  aq(0) =qo, 4(0) = do,

Hence, it inherits the symmetry of the one-step formulation of the leapfrog method. However,
there exists no function V: R — R such that VV(q) = —¥(72LR)g(q) because ¥(7°LR)
is not symmetric in general. Thus, the problem is not Hamiltonian and we cannot conclude
the symplecticity. Checking the symplecticity condition (2.24) by calculating the Jacobian of
the numerical flow as in the proof of Lemma 3.8 shows that the scheme (5.8) is indeed not
symplectic in general. O

After this negative result for the symplecticity of the one-step formulation of the multirate
scheme (5.4), we conclude this section by showing that the variant (5.9) is symplectic.

Lemma 5.6. The scheme (5.9) is symmetric and symplectic.

Proof. Proceeding again as in the proof of Lemma 3.7 shows that the scheme (5.9) is equivalent
to the leapfrog scheme (2.21) applied to the modified equation

q=-U(r’LR)Lg +g(q), q(0) =qo, @(0)=do. (5.10)

Moreover, we can rewrite (5.10) as Hamiltonian problem (2.9a) with Hamiltonian

H(p,q) = 5(p,p) + 5(a, ¥(r’LR)Lq) + U(q),

since ¥(72LR)L is symmetric; see Lemma 5.2. Hence, the one-step scheme (5.9) inherits the
symmetry and symplecticity of the leapfrog method. O
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Since both schemes are very similar, we expect that the scheme (5.8) at least approximately
conserves the favorable properties of symplectic schemes. In fact, we will see in the numerical
example in Section 5.7.2 that it still nearly preserves the Hamiltonian over a long time.

5.3. Stability analysis

In this section we show stability of the scheme (5.4) under the general conditions for the function
U defined in Section 3.1.2. To do so, we first present some preliminary considerations and
investigate the matrices ¥(72LR)L as well as U(72LR.) more closely. For similar reasons as in
Section 3.3 we state stability results only for linear problems (2.12).

In the following let Assumptions 3.2, 3.16, and 5.1 hold without mentioning it explicitly
everywhere. Moreover, we abbreviate

Ly, = U(r*LR)L. (5.11)

5.3.1. Preliminary considerations

A main challenge in the subsequent stability and error analysis is that the bounds from ¥ in
Section 3.1.2 cannot be directly transferred to Ly , since the matrices L and Ly » in general
do not share the same eigenvectors anymore due to the restriction matrix R. Moreover, the
matrix LR (and also RL) are non-symmetric and thus not necessarily unitarily diagonalizable.
However, as shown in Lemma 5.2, the matrix Ly » is symmetric.

A further crucial observation towards the stability analysis is that we can rewrite the two-step
scheme (5.4a) in a “leapfrog like” manner. More precisely, defining g, = ¥(72LR)g, yields
with the definition of Ly , for (5.4a)

qn+1 _2qn+qn—1 = T2(_L\IJ,an+gTL)7 n= 1727"‘7

which has the same structure as the two-step leapfrog scheme (2.20a). Recall that for stability
of the leapfrog scheme we require besides of the symmetry of L that the spectrum of 72L is a
subset of [0, 4]; cf. Example 3.11 and Definition 3.17 together with Theorem 3.27 in Chapter 3.
The symmetry of Ly » we have already shown. Hence, for stability we have to prove that the
eigenvalues of 72Ly , are in [0,4] (under a step-size restriction). Moreover, the subsequent
stability analysis relies on the same tools as for the general two-step schemes in Chapter 3.

For a closer investigation of Ly » we first state some elementary results which are essential
for the subsequent stability analysis. We again point out that all eigenvalues of the matrix LR
and, thus, also RL as well as S are real and nonnegative due to the symmetry and positive
definiteness of L. In particular, all occurring matrix functions to ¥, ¥, and T are well defined.

Next, we present two alternative representations for Ly » which turn out to be useful.

Lemma 5.7. Let f: [0,00) — R be a sufficiently smooth function. Then we have
72 f(7’LR) LR = LR f(7?S)R, (5.12)
where S is defined in (5.3).
Proof. With R = R? we obtain from Lemma B.16 (with A = 72LR and B = R)
2f(r*LR) LR = 72 f(7’LR?) LR? = 7’LR f(r’RLR) R = 7’LR f(7?S)R,

which shows the claim. O

90
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This lemma allows us to determine a block structure of Ly , which is based on the partition
of L in Assumption 5.1.

Lemma 5.8. For Ly . defined in (5.11) with L given as in (5.1) we have
2 B U(728) 20 (r2S)K”
T her = <T2K\TJ(TQS) 72N + HKY(r28)KT | (5.13)
Proof. From Definition 3.12 and Lemma B.15 we get with relation (5.12) and Lemma B.14(c)
U(r’LR) = I, + 7Y (7’LR) LR = I, + 7’LR Y (72S)R

1 o (S 0\ (Y(28) 0) _ [ U(r*S) 0 (5.14)
=lnp+7 K 0 0 o) = \2KY(2S) 1,..,)°

Using (5.11), (3.2), and again (3.14) completes the proof. O

The lemma implies that matrix functions only have to be evaluated on the symmetric,
positive semidefinite submatrix S, which is important for an efficient implementation; see
Section 5.6. Hence, for estimates of the single blocks we can simply use the scalar estimates
on the eigenvalues of S. For the LFC polynomials (4.1b) a different proof of (5.13) is given in
[GMS21].

For a second alternative representation of Ly , we recall that the generalized Schur complement
of S in L is given by Ag = N — KSTK”, where ST denotes the Moore-Penrose inverse of S.
Since L is positive semidefinite, so is Ag; see [AIb69] or [HZ05, Theorem 1.20]. Moreover, L
admits a block decomposition of the form

L=CsCl, Cs= ( st . 01> , (5.15)
KSTSz Ag
because of KSTS = K; see again [A1b69] or [HZ05, Theorem 1.19].
Lemma 5.9. We have Ly, = CsU(72S)CY with S defined in (5.3) and Cs in (5.15).
Proof. Inserting the decomposition (5.15) into Ly ; yields together with Lemma B.16
Ly, = U(r?CsCTR)CsCY = Cs¥(r?C{RCs)CS.

A simple computation shows that C:SFRCS = S which concludes the proof. O

5.3.2. Bounds for matrices and matrix functions

After these preliminary considerations we turn towards bounds for TQL\IJ’T and also \TJ(TzLR).
Recall that for stability of the scheme (5.4) we have to show that the spectrum of 72Ly  is a
subset of [0,4]. To achieve this, we require step-size restriction(s).

Definition 5.10. For a fized ¥ € (0,1] we define ssr(¥) > 0 via

. 32 47192 2
912 — {\p } _ , 5.16
Tssr (¥)” = min IS TN Y 1+ (11 dr2m D)1 (5.16a)
and
Tssr = Tssr(1), (5.16b)

where By, my are defined in Definition 3.9(b) and S, N, k in Assumption 5.1.
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From this definition we get the step-size restriction 7 < 7gsg (¢), ¥ € (0, 1], or equivalently

2|8 < BY, (5.17a)
7?||NJ|| < 499°. (5.17b)

Obviously, 7ssr(?¥) depends on the norms of the submatrices S, N, and K (via k) but is
independent of the norm of L. Hence, the step-size restrictions are only influenced by the
submatrices and the function ¥. We further point out that for x = 0, which implies K = 0,
we have v = 1. Thus, (5.17b) corresponds in this case to the (standard) step-size restriction
for the leapfrog scheme applied to (2.1) with S = K = 0; cf. Lemma 2.16 and Example 3.26.
For general k > 0 we have, however, v < 1. In particular, the step-size restriction (5.17b)
becomes stronger with increasing . For instance, if k = 1, we have for m; < % that v < %
Consequently, for £ > 0 (5.17b) is stronger than the (standard) step-size restriction of the
leapfrog scheme applied to (2.1) with S = K = 0.

In Section 5.7 we will present a simple example which demonstrates the dependency of v on
k. Nevertheless, in the more realistic numerical experiments the step-size restriction (5.17b)
turns out to be rather pessimistic; cf. again Section 5.7 and also the discussion in Section 5.6.2.

Lemma 5.11. Let ¥ € (0,1] and 7 < 1ssr(¥). Then we have for all q € R™
0<7*(Ly,q,q) <4(1—mi(1 —9%))|ql* (5.18)
In particular, we have 72||Ly .|| < 4(1 —my(1 —9?)) < 4.

Because of the symmetry of Lg . the lemma implies that under the step-size restriction
7 < 7Tssr the spectrum of 72Ly , is contained in [0,4]. In [GMS21] similar estimates are shown
for the special case of k = 1 and the LFC polynomials (4.1b). However, they require a stronger
step-size restriction than (5.17) to show their estimates.

Proof. (i) We first show the upper bound in equation (5.18). To do so, we split

q= <2§> eR™ with qg¢ € R®, qnv € R™™%, (5.19)

into two subvectors in accordance with Assumption 5.1. From the block formula of Ly ; in
Lemma 5.8 we then obtain

?(Ly ,q,q) = (¥(72S)qs,as) + 72 (¥(r*S)K  qn, qs)

o (5.20)
+ 72 (K\IJ(TQS)qS, an) + 7'2((N + TQKT(T2S)KT)qN, an).

We investigate the single terms on the right side separately. The first term can be estimated

by
(¥(7°S)as, as) < 4(1 —m)llas|?,

since the upper bound in (3.12) holds due to the step-size restriction (5.17a) (recall that S is
symmetric and positive semidefinite).

For the second and third term in (5.20) we exploit that ||¥(72S)|| < 1 under the step-size
restriction (5.17a) because of (3.19). This yields together with the Cauchy-Schwarz inequality,
a scaled Young’s inequality and Assumption 5.1

7*(U(r*8)K an, as) < *|K|llanlllasl < 37N (vellax]* + 72 las|?)
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with a parameter v, > 0 yet to be determined.
For the last term in (5.20) we get again with (3.19) and (5.17a)

*(Nay,qn) + 74 (T(*S)K"an, K" qn) < 7*(Naw, an) < 7°[|N||[lay|.
Collecting and inserting these estimates into (5.20) yields
7 (Lyrq,q) < (41 = m1) + 726y IN]llasll? + 7(1 + sy [N e |

For k = 0 the result follows immediately with the step-size restriction (5.17b), since v =1
and max{1 —mq,9%} < 1 —my + m19? due to m; € (0,1) and ¥ € (0,1]. If K > 0, we set
Y« = kmy 'y with  defined in (5.16a). This leads with (5.17b) and 1 + s?m{'y =7~ ! to
< 4(1 = ma +md?) as|® + (1 + w*my ') dy0% an]?
< A(1 = my +md?)|las||* + 49°(|q]|*
<41 —my+m?)[alf?,

7-2 (L\I/,Tqa q)

where we used in the last estimate again 92 < 1 —my +m9? and ||qs||® + [lax||* = ||al|®.
(ii) To show the lower bound in (5.18) we exploit the block decomposition (5.15) or, more
precisely, Lemma 5.9. With this, ||S|| = [|S||, (3.16), and the step-size restriction (5.17a) we
obtain
(Ly-q,q) = (¥(r2S)CLq,CLq) > 0 for all g € R™,

which finishes the proof. O

From the proof we see that the upper bound in (3.12) is essential to obtain 72| Ly .|| < 4.
In contrast to this, the lower bound in (5.18) would still hold if W(z) > 0 for all z € [0, 52%]
instead of the lower bound in (3.12). As in Chapter 3 we need this stricter condition on the
lower bound of ¥ in (3.12) to obtain a positive definite Ly ; in case of a positive definite L; see
Lemma 5.14 below.

Remark 5.12. With Lemma 5.9, ||S|| = ||S||, the step-size restriction (5.17a), (3.19), and (5.15)
we have N
7*(Ly,rq,q) = 7*(¥(r?S)C§q, C§a) < 7*(C§aq, CSq) = 7°(Lg, q).

Hence, if additionally to (5.17a) the standard step-size restriction 72||L|| < 4 of the leapfrog
scheme (2.20) — see Lemma 2.16 and Example 3.11 — holds, the spectrum of 72Ly , is contained
in [0,4]. Further, for 32, > 4 the step-size restriction (5.17a) is weaker than 72||L|| < 4 because
of [|S|| < ||L||. Thus, if ¥ satisfies (3.18) with 5% > 4, the scheme (5.4) is stable for at least all
step sizes for which the leapfrog scheme is. In particular, 8\21/ > 4 is fulfilled for all functions ¥
of interest, e.g., LFC polynomials for p > 2 and #-functions for 6 > %. o

We now turn towards properties of ¥(72LR.). We show that the matrix function is nonsingular
under the step-size restriction (5.17), which we need at several points in our analysis. Moreover,
we show a bound for |¥(72LR)||, since we cannot directly employ (3.19) because of the
non-symmetry of LR.

Lemma 5.13. Let 9 € (0,1] and 7 < 15sr(9). Then the inverse of W(r?LR) exists and we
have for all q € R™

|U(F*LR)q|| < éyllall, Gy =1+ 2maryd* (5.21)
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Proof. From the block formula (5.14) we discern that the inverse of \T’(TQLR) exists if and only
if U(728) is nonsingular. Using (3.16) together with the step-size restriction (5.17a) yields that
all eigenvalues of ¥ (728) are positive, hence, the inverse exists.

To estimate ||¥(72LR)|| we again use (5.14), the Cauchy-Schwarz inequality, (3.15) and
(3.19) together with the step-size restriction (5.17a), and Young’s inequality to obtain

[T (2LR)q|” = |T(r2S)qs|” + |72 KY(72S)qs|]” + 2(r2K Y (r2S)qs, an) + |lan |2
< lasl” + p*las|* + 2pllasllan | + [lax|?
< (1+p+p)asll’ + 1+ p)llan|?
< (1+p)*[ql?

for all g € R™, where we abbreviate p = 2m37?||K|. Employing | K|| = x||N|| from Assump-
tion 5.1 and the second step-size restriction (5.17b) completes the proof. O

Next, we show the positive definiteness of Ly , for a positive definite L. To prove this we
employ that U(72LR) is nonsingular.

Lemma 5.14. Let 7 < 7gsr and L be positive definite. Then the inverse of Ly ; exists and we
have for all q € R™

-1
(Lw,ra,q) = (G + 7m3) " llal|. (5.22)
Moreover, we have ||L$17|| <2+ Tms.
As remarked after Lemma 3.23, the dependency on the step size T is not a problem at all

since one is usually only interested in step sizes 7 < 1. For relevant applications we have 7 < 1
due to the step-size restriction (5.17b) anyway.

Proof. The existence of the inverse of Ly , directly follows from the nonsingularity of L due to
the positive definiteness and the nonsingularity of ¥(72LR) shown in the previous lemma.
With the definition of Y in (3.14) and relation (5.12) we obtain

Lyl =L 'O(PLR) ! = L7+ L7 ((2LR) 7 - 1,,)
=L ' —L7"U(’LR) "' T(-’LR) LR
=L' —2RU(2S) T (2SR

Hence, we get with (2.13), ||S|| = [|S||, and (3.17) under the step-size restriction (5.17a)

(Lyla,q) = (L' q) + (- 1(r*8) T(r*S)Rq, Rq)
< et llal® + 7ms||Rall® < (¢ + m2ms)|lal|?,

which yields (5.22) by replacing q with L,I,/iq O
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5.3.3. Stability for linear schemes

With these preliminary results we are able to show stability of the scheme (5.4). To do so,
we first derive a representation formula of the numerical solution of the scheme (5.4) as in
Section 3.2 for the general class of two-step schemes (3.1).

Theorem 5.15. Let 7 < 7gsr. For the approximations of the scheme (5.4) we have

n—1 .
. = sin(k®
qn = cos(n®,)qo + 785 4o + 72 Z &m Sn_g,*\I/(TQLR) g, Skx= .(7*), (5.23a)
o sin P,
where §p.n, £ =0,...,n—1, is defined as in (3.26) and ®, € R™*™ is a symmetric matric with
spectrum in [0, 7] which is uniquely defined by
cos®, = I, — 172L d sati in®, = 7(L _ 1p2 1/2
=1, — 57°Ly ~ and satisfies sin®, = 7(Ly (L, — ;7 Ly;)) " (5.23b)

Proof. The proof follows the same lines as the proof of Theorem 3.18 by replacing ¥ with
Ly » and ¥ with ¥(72LR)), since Ly ; is a symmetric matrix whose spectrum is a subset of
[0, 4] under the step-size restrictions (5.17) through Lemma 5.11. Thus, we get for the two-step
scheme (5.4a)

n—1

dn, = cos(n®,)qo + Sy (q1 — cos P, qp) + 72 Z Sn,g’*@(TQLR) g (5.24)
=1

with cos ®,, sin ®,, and Sy, , defined as in (5.23). Inserting the definition of the starting value
(5.4b) leads with cos ®, =1, — %TQL\I;J to (5.23a). O

Next, we provide bounds for the occurring (trigonometric) matrix functions in (5.23a). As
in Section 3.3 for the general two-step schemes, we have for 7 < 7ggg given in (5.16b) that
lcos(s®)ql| < ||q|| and ||sin(s®)q]| < ||q|| for all s € R and q € R™.

Lemma 5.16. (a) Let 7 < 17ssg. Then we have for all @ € R™ and n € N
[Snall < nllal- (5.25a)

(b) Let ¢ € (0,1), 7 < 1ssr (), and L be positive definite. Then sin ®, is nonsingular for
7> 0 and we have for all g € R™

7

Tl(sin @) all < G (D)l with ¢4 (9) = (m1(1 —?)

(5.25b)

For ¥ =1 or L positive semidefinite we formally set 6;1(19) = 00.

Proof. We proceed similarly to the proof of Lemma 3.23 because of the symmetry of Ly ;. In
particular, it is sufficient to show the bounds for the eigenvalues Ay - € [0,4] and ¢, € [0, 7] of
TZL\I/,T and ®,, respectively, belonging to the same eigenvector.

(a) The estimate follows as in part (a) of the proof of Lemma 3.23.
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(b) Let ¢ € (0,1). From (5.22) and (5.18) we obtain that
7 (G + 703) < har <AL= ma(1-9%)).
Hence, we get with (5.23b)
. _ \—1/2
sin gl = [ AV (1= TAa) V2] = (e + 70) P (ma (1 - 0%)) 2,
which shows the nonsingularity of sin ®, for 7 > 0. Taking the inverse completes the proof. [

We emphasize that the constant in the bound for ||(sin ®,)~!|| can be improved in the same
way as the bound for ||(sin ®)~!|| in (3.36b) if one employs the ideas mentioned in Remark 3.24.
Additionally to these bounds we also use the following bound

Lemma 5.17. Let 9 € (0,1) and 7 < 75sr(¥). If additionally L is positive definite, we have
for all g € R™

7[|(sin ®,) ' F(’LR)q|| < (mi(1—9%) a1 < a(9)]al (5.26)

with 0;2(19) = Cinv (m1(1 - 192))_1/2'

For ¥ =1 or L positive semidefinite we formally set c,(¥) = oo.

Proof. With (5.23b) and the upper bound in (5.18) we get in the same way as in the previous
proof

7 |(sin®,) T (r’LR)q|| < (m1(1 - 9%))"?|Ly/* T (+*LR)ql|.

However, to estimate this further we cannot proceed as before by going back to the eigenvalues
because ¥(7?LR) and Ly ; are not simultaneously diagonalizable in general. Nevertheless, we
have with the symmetry of Ly -, decomposition (5.15) for L, and (B.23)

|Ly*#(LR)q|” = (¥(r’LR)q, Ly, ¥(~°LR)q) = (¥(~’LR)q,L'q)
= (Cg'¥(r*CsCER)q, Cg'q)
= (¥(r*C§RCs)Cs'q,Cg'q)
< (Cs'a,Cs'a) = [l
where we used CZRCg = S and (3.19) together with the step-size restriction (5.17a) for the

inequality. Combining both estimates yields the first inequality in (5.26). The second one
simply follows from (2.13). O

With these lemmas we are able to state a stability result in the standard norm. As mentioned
at the beginning of this section, we only show a stability result for the scheme (5.4) applied to
the linear problem (2.12).

Theorem 5.18. Let Assumptions 3.2, 3.16, and 5.1 hold. Further, let T < 1gsr(¥) for a fized
¥ € (0,1]. Then the approximation q, of the scheme (5.4) applied to the linear problem (2.12)
satisfy forn=0,1,2,...

lanll < llaoll + min{tn, ¢y (9)}Hdol| + min{tncy, (W)} D llgell- (5.27)
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If L is singular, we have that the minima are attained for ¢,, and ¢, Cy, since 6;1(19) = oo and
¢5 () = oo, which is in accordance with (2.15a) for the exact solution. The same holds true
for ¥ = 1, which yields in contrast to (2.15a) for L positive definite constants which are not
bounded uniformly in time.

Proof. From the representation formula (5.23a) we obtain with Lemmas 5.16 and 5.17

n—1
lanl < llcos(n®y)lllaoll + 7|Sn«llllGoll + 72 > 1Sn—ex T (T*LR) | [l

/=0
n—1
< llaoll + min{tn, 1 () }H ol + 7 Y min{r(n — £)ey, 2 ()} |lgel-
/=0
Employing 7(n — ¢) < t,, completes the proof O

5.4. Error analysis

After investigating the stability of the multirate scheme (5.4) in the last section, we next provide
its error analysis. More precisely, we show that the multirate scheme converges with order two
in the standard norm ||-|| for linear (2.12) as well as for semilinear problems (2.1). To do so,
we mainly proceed in the same steps as for the error analysis of the general class of two-step
schemes (3.1) in Section 3.4.

We shortly recall the notation from Section 3.4, which we adopt here. The error of the
scheme (5.4) at time t,, is denoted by

€, = (~3ln — Qn, (Nln = q(tn) (5-28)
and bounds on derivatives of q by
(k) — (k) -
BY = max [a®@), k=12 (5.29)

Moreover, for q € C*([0,T)]), k € N, we write
(:l:l)“'l(l _ U)E
14 ’

for the remainder terms of the (k— 1)st-order Taylor expansion of q,+1 at t,, which are bounded
in Lemma 3.35.

1
6" = Tk/ £ (0) q® (t, £ 7o) do, k(o) = (5.30)
0

5.4.1. Representation formula for errors

We start with deriving error recursions for (5.4). From these we then deduce the representation
formula.

Lemma 5.19. Let q € C4([0,T]) be the exact solution of (2.1). The error e, of the two-step
scheme (5.4a) satisfies for n > 1 the recursion

eni1 —2e, +e, 1 = 7°U(T°LR)(~Le, + 1) + d,, (5.31a)
where
d,=A,+6%, A, =—"T(’LR)LR(t,), (5.31b)

and 5514), ry, are defined as in Lemma 3.36.
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Proof. As in the proof of Lemma 3.36 we insert the exact solution q,, into the scheme (5.4a) to
obtain
61n+1 - 2(~ln + anfl = T2¢’(T2LR) (_Lan + g(tru Ein)) + dn (532)
with a defect d,,. This shows (5.31a) by subtracting the two-step scheme (5.4a) from (5.32).
For the defect we have
d, = 724(t,) + 6 — U (TP LR){(t,) = 72 (L, — U(r°LR)){(t,) + 65V,

where we employed (3.55) and the differential equation (2.1). Using the definition (3.14) of T
completes the proof. O

We point out that we are able to write the defect as
d, = An. + U(F’LR)6Y,  An.=—7T(P’LR)LR(Gns1 — 260 + Gn1),  (5.33)

similarly to the defect in Section 3.4; see Lemma 3.36. The subsequent error analysis could also
be done with this representation of the defect leading to the same convergence order under the
same assumptions.

In a next step towards a representation formula for e,, we investigate the error of the starting
value (5.4b).

Lemma 5.20. Let q € C3([0,T]) be the exact solution of (2.1). The error e, of the starting
value (5.4b) satisfies

e =100 +6, (5.34)
with Ag given in (5.31b) and 85, in (5.30).
Proof. We proceed as before. Inserting the exact solution into (5.4b) yields

a1 = Go +74(0) + 377U (*LR) (~Ldo + &(0, o)) + do

with a defect dg. Since the initial values coincide with the exact values of the solution, we have
e; = dp. Further, (2.1) and Taylor expansion of q; leads to

do = 37%G(0) + 65, — 372U (FPLR)§(0) = 4r%(L, — U(r°LR))G(0) + 652,
which shows (5.34) by using again (3.14). O
With these two lemmas we are able to derive a representation formula for the error e,.

Lemma 5.21. Let 7 < 1ssr and let g € C*([0,T)) be the exact solution of (2.1). The error
en, n € Ny, of the scheme (5.4) satisfies

n—1 n—1
en =3 Surx(V(PLR)r, + 8,7 ) + 8,060 + > SnruBs+ 5801 A0 (5.35)
=1 =1

with Ay given in (5.31b).

Proof. As in equation (5.24) in the proof of Theorem 5.15 for the two-step scheme (5.4a) one
has that the recursion (5.31a) satisfies

n—1
e, = cos(n®,)eg + S, «(e1 — cos P, eg) + Z Sn_ix (\T/(TQLR) ry + dg)
(=1
for n > 0. Employing ey = 0 together with the defect (5.34) for e; and the definition of d,, in
(5.31b) completes the proof. O
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5.4.2. Error bounds

In the following we first state the error bound for linear problems (2.12). Afterwards we turn
towards error bounds for semilinear problems (2.1).

Before we state these bounds, there is one detail we have to be conscious about. For this, we
observe that from the representation formula (5.35) we get for 7 < 7gsg with (5.25a)

n—1 n—1
leall < 3" (n =065 +nl|8S] + S (n — O] Ac] + sn|Ao],
=1 /=1

where we neglected the terms ry for simplicity. Since we have HJEA‘)H < Ct* and H&ég)” <Cr3
because of Lemma 3.35, the scheme would be of second order if ||Ay|| < Ct* for A, defined
in (5.31b). And in fact, having a closer look at A, leads to ||A,|| < 7tey |[LR (t,)]|, since
similarly to the proof of Lemma 5.13 one can show ||Y(72LR)|| < cy. However, if L is a
discretized differential operator such as the Laplacian in Section 2.2.2, we want the bounds to
depend only on derivatives of q or Lq to avoid a loss of consistency; cf. , e.g., [HS16, Lemma
2.8], where the problematic nature of the term |[LRG(¢,)| is shown for a discretized first-order
differential operator.

A remedy to this problem is given in the subsequent lemma. The main idea consists in
combining the defects A, of three successive time steps. We point out that a similar trick is
used in the error analysis of one-step methods for (spatially discretized) partial differential
equations; see, e.g., [BCT82] or [HV03, Lemma I1.2.3]. In the context of locally implicit schemes
this approach was also employed in [HS16, Verl1] for Maxwell’s equation.

Lemma 5.22. Let 7 < 1gsg. Then we have for Ay given in (5.31b)

n—1 n—1
/=1 /=1 .
— A, + Sn,*(Al — Ay) + cos(n®,)Ag
with
A, =TRU(r*S) (SR (tn). (5.37)

Proof. Let £ € {0,1,...,n— 1}. Under the step-size restriction (5.17a) we have for A, given in
(5.31b) with Lemma 5.13, (5.12), and definition (5.11) for Ly ,

Ay = - U (72LR) U(72LR) T (7’LR) LR §(t,)
= ' U(LR)LR U (728) T(r2S)R §(ty)
= —7-2L\P,7—A£.

This yields for the term containing Ag with (5.23b)
180380 = 8y i’ Ly s Ag = Sy s cos(B) Ay — S Ag. (5.38)
Further, we obtain together with (5.23b) and the trigonometric identity (B.5a)

Snt:81 =8, 052 (cos(B,) — L) Ay = (Spvi15 — 28n—t5 + Sn_t-1.) Ay,
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which implies with Sg, =0 and 81, =1,

n—1 n—2 n—1 n
Z Snfﬁ,*AZ = Z Snfé,*AZJrl -2 Z Snfﬁ,*AZ + Z Sn,g’*Ag,1
/=1 =0 /=1 =2
n—1
= Z Sntx(Dip1 — 280+ Ap1) — Ay + 8n A1 — Spm1 Ao
/=1

Combining this equation with (5.38) and applying the angle addition formula for sine (B.1a) to
Syn—1, then yields (5.36). O

With this lemma we are now in the position to prove our error results. As for the error
analysis of the general two-step scheme (3.1) in Section 3.4 we start with the linear case, i.e.,
we consider the application of the scheme (5.4) to the linear differential equation (2.12).

Theorem 5.23. Let Assumptions 3.2, 3.16, and 5.1 hold and let 9 € (0,1]. Further, assume
that the solution q of (2.12) satisfies q € C*([0,T]). Then, for 7 < 1ssr(V) and t, < T we
have for the approximations q, of the scheme (5.4)

la(tn) = anll < (min{T, ¢, () }COT + Cx) + Cu) 72 (5.39)
with ,
Co= (5 +m)BY, Ca=(}+ma)BY, Cu=s([d0)]| + [ata)ll),
where BS’), Béfl) are given by (5.29) and mg in (3.17).

We emphasize that the error bound only depends on the function ¥ and the exact solution q
and its derivatives but is independent of L. Further, for ¢ = 1 or L singular, the error bound
grows quadratically in time, since ¢ () = oo in this case. Contrarily, we have for positive
definite L and ¥ € (0, 1) that the error bound grows only linearly in time.

Proof. We first employ Lemma 5.22 to rewrite the representation formula (5.35) as

n—1
€, = Z Sn_g’* (@(TQLR) ry -+ 5§4)> + Sn,*(s(()?i
=1

n—1 (540)
+ Z Sn_&* (Ag.H — QAg + Ag_l) — An + Sn,*(Al — Ao) + COS(TZ(I)*)AQ .
/=1
Since ry = 0 by (3.53c¢) and the assumption on g, we have with Lemma 5.16
n—1
. 4 3
el < minftn, 2, (@)1 X 21657+ L1661 )
=1
n—1 B B B _ B _ _
s minfin, 5 O} (X HBers — 280+ Aot + L&A1 - Bal) + 1Bl + 1A, .
=1

Hence, it remains to bound~the defects.
(i) The defects Ag and A,, defined in (5.37) are bounded by

1ol + 1An]| < s (|G(0)I] + llG(ta)1)-

because of (3.17) and the step-size restriction (5.17a).
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(ii) For the central difference quotient of A, we again employ (3.17) and (5.17a) together
with Taylor expansion to obtain

n—1 n—1
D A =280+ Ap || < |G (terr) — 26(te) + §(te—1) ||
/=1 /=1

n—1
< 3m max @ (¢
<X, s a0

< 72ms t, BW.
(iii) With the same arguments as in the previous part we get
LA — Ao|| < mis| Ay — Aol < 723 B,
(iv) Finally, for the remainder terms 5@4) and 5&2 of the Taylor expansion we have with
(3.52) as in Section 3.4

ISET) @) (3

ST L8V + Lo )| < Tt 5 BY + 7218y

=1

Collecting and inserting the estimates into the above estimate completes the proof. ]

As in Section 3.4 we are able to transfer the result to the semilinear case. We again
distinguish between the two Lipschitz conditions (2.5) and (2.19) given in Assumptions 2.3
and 2.9, respectively.

Theorem 5.24. Let 9 € (0, 1] and let Assumptions 3.2, 3.16, 5.1, as well as Assumption 2.3
on g hold. Further, assume that for T € (0,t,) the solution q of (2.1) satisfies q € C*([0,T]).
Then, there exists a T > 0 such that for 7 < min{7.,7ssr(9)} and t, < T we have for the
approximations qy of the scheme (5.4)

la(tn) = aull < (min{T, ¢ (9)}(CoT + Cy) + Cy)elf=o) 772, (5.41)
with Cy, Cy, and Cy defined as in Theorem 5.23.

Proof. As the proof closely follows the lines of the proof of Theorem 3.44, we only show the
estimate for the error. From (5.40) we obtain with Lemmas 5.13 and 5.16 and the Lipschitz
condition (2.5) of g

n—1
lenll < Lgm ) (n — O)culec]| + (min{T, 1 () HCT + Cx) + Ca) 72,
/=1

where the defects are bounded as in the previous proof. Thus, an application of the Gronwall
Lemma B.19 completes the proof. O

For the weaker assumption on the local Lipschitz continuity (Assumption 2.9) we require
that L is positive definite; see Section 2.2.2. Moreover, we need 9 < 1 to prove our error result.
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Theorem 5.25. Let ¢ € (0,1), L be positive definite, and let Assumptions 3.2, 3.16, 5.1, as
well as Assumption 2.9 on g hold. Further, assume that for T € (0,t.) the solution q of (2.1)
satisfies q € C*([0,T)). Then, there evists a 7 > 0 such that for T < min{r., 7ssr(9)} and
tn, < T we have for the approzimations q, of the scheme (5.4)

la(tn) — anl| < (Min{T, ¢, (9)}(CoT + Cy) + Ca)em =N Lelr2 (5 49)

with Cy, Cy, and Cy defined as in Theorem 5.23.

Proof. As before, we only show the error bound. Again from (5.40) we have with Lemmas 5.16
and 5.17 and the Lipschitz condition (2.19) of g

n—1
lenll < Za(ma(1 = 9%)""*7> 3 llerl] + (51 (9)(GoT + o) + Ca) 7.
/=1
Together with the Gronwall Lemma B.18 this yields the error bound (5.42). O

5.5. Improved results for 6-functions

In this section we show that the stability constants and also the error bounds obtained so far
are suboptimal for f-functions (3.4). A similar observation we have already made in Section 3.6
where it was shown that the constants for the general two-step scheme (3.1) can be improved
if equipped with the 6-functions. Moreover, we see that for this functions we can allow for a
weaker step-size restriction than (5.17) to achieve stability.

As in Section 3.6 we restrict ourselves to the case 8 > % which refers to unconditional stable
schemes due to Sy = [y = oo; see (3.92). Nevertheless, the following results can easily be
extended to 0 € [0, 1).

We start with an assumption on the step size, which is sufficient to show stability of the
multirate scheme (5.4a) if combined with the §-functions (3.4).

Assumption 5.26. Let 0 > %. The step size T > 0 satisfies
7?IN| < 49? (5.43)
for a fized but arbitrary ¥ € (0,1].

In comparison to the step-size restrictions (5.17), it is obvious that there is no step-size
restriction for the matrix S, since this part is treated implicitly. More astonishing is the fact
that we do not have the factor - in the step-size restriction for N compared to (5.17b). Thus,
the strength of the coupling between S and IN does not enter the stability analysis.

We first show that under this weaker step-size restriction the largest eigenvalue of T2L\1/077— is
indeed bounded by 4; cf. Lemma 5.11 for the general case.

Lemma 5.27. Let Assumption 5.26 on the step size T hold. Then we have for all q € R™
0 < 7%(Ly, ,q,q) < max{%,402}Hq||2. (5.44)

In particular, we have 72||Ly, .|| < max{%,4192} < 4.
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Proof. The lower bound follows as in the proof of Lemma 5.11, because we only require that
Wy(z) >0 for all z > 0.

For the upper bound a crucial observation is that the functions Wy, Uy, and Y satisfy the
relations

- 1 0z—(1+62) 1
T(z) =VYy(z) —————— = -0V g ——=— 2 = -y 5.45
(2) = Wy(2) . 0(2), 0(2) =5 301+ 02) gVo(2), (5.45)

which are implied by the corresponding definitions (3.4), (3.2), and (3.14). Using these relations
we are able to rewrite Ly, ; by using the block formula (5.13) as

il 0 ), (Wo(rS) — 5L 20y (T28)K”
0 732N TQK\TJQ(T2S) T4KT(T2S)KT

1 Ly, (2 2P (2 T
_ (aIs 0 ) B <_792x1/9(7 S) T20y(7?8)K ) _B,_B,

2
T qugﬂ- =

0 7N KUy (728) 140K Ty(m28)KT

Obviously, B; and By are symmetric. Moreover, having a closer look at Bs reveals that it
admits a block LDL decomposition

B[ L 0 L0p(r28) 0\ (I, —720KT
27\ —120K 1, 0 o)\o L., )

Hence, since Wy(z) > 0 for all z > 0, we have with Sylvester’s law of inertia that By is positive
semidefinite. Adopting the notation (5.19) for a vector q € R then leads to

7*(Ly,rq.q) = (Bia,q) — (Bz2q,q) < gllas|* + 7*|N|[[lan|* < max{g, 7*|N|}|al?,

where in the last step we used that |qs|?> + |ax|* = ||q||*>. The step-size restriction (5.43)
completes the proof. ]

Clearly, for general functions ¥ the proof cannot be applied, since the relations (5.45) do
not hold in general. Further, an estimate of the smallest eigenvalue of TQL\IJ%T in the case of L
positive definite can be done as in Lemma 5.14 due to Lemma 3.62 and Wy(z) > 0 for all z > 0.
More precisely, we have with (3.93) and (5.22) that

1Ly, .| < Gy + 726 (5.46)

Next, we show improved bounds in Lemmas 5.16 and 5.17 by employing the previous results
for f-functions. We focus on L positive definite because otherwise the bound (5.25a) is the best
we can achieve for ||S, .||.

Lemma 5.28. Let 9 < 1, L be positive definite, and let Assumption 5.26 on the step size T
hold. Then sin ®, is nonsingular for T > 0. Moreover, we have the following.
(a) If 0 > %, we have for all q € R™

inv

5.47
1 — max{4;,9?} (5.47)

. _ . . . 2.+ 720 1/2
7(sin @) tall < &0, 9)all  with &4(0,9) = ( )

Ford=1,0= %, or L singular we formally set ¢5,(0,9) = oc.
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(b) We have for all q € R™
7 [|(sin @) "' Tp(r’LR)q]| < (1 - 9*) 7|l < &)l (5.48)

with ¢%5(V¥) = ciny(1 — 9?2)~1/2,
For ¥ =1 or L singular we formally set ¢ (1) = oo.

We emphasize that, although sin ®, is nonsingular for ¥ < 1 and L positive definite, we
cannot give a uniform bound for ||(sin ®,)~!|| in the case of § = 1; see the proof below for more
details. In contrast to this, the bound in (5.48) holds for 6 > Z% with constants independent
of 0§, similarly to the bounds in Lemma 3.63 for the modified #-schemes. Moreover, they are
optimal in the sense that the estimates would be the same if we had set R = 0, i.e., we had the
standard leapfrog scheme; cf. (3.36a) and Example 3.11.

For the proof of this lemma we need yet another block decomposition of L. Similarly to

(5.15) one can show that L admits the block decomposition

(5.49)

1
L — CnCL Cn — | AR KTN+N3
N 0 N ’

where An =S — KTINTK. As before we have that An is symmetric and positive semidefinite
and KTNTN = K7; see again [A1b69] or [HZ05, Theorems 1.19 and 1.20].

Proof of Lemma 5.28. From the definition of sin ®, in (5.23b) we have that sin ®, is nonsingular
if and only if Ly,  and I,,, — %TQL%’T are nonsingular. For Ly, , this is shown in Lemma 5.14.
For I, — %7'2:[1\1;9,7 we obtain from (5.44) that it is nonsingular if 6 > %. With the relations in
(5.45) one can further show that the matrix I, — %TQL%,T is positive definite by proceeding
similarly as in the proof of Lemma 5.27. However, the smallest eigenvalue tends to zero if the
largest eigenvalue of S tends to co. Thus, a uniform lower bound does not exist for 8 = % in
accordance with Lemma 5.27.

(a) The bound follows as in the proof of Lemma 5.16 by replacing the lower and upper
bound for the smallest and largest eigenvalue of 72Ly, , with the one from (5.46) and (5.44),
respectively.

(b) With the definition of sin ®, in (5.23b), the symmetry of Ly, ,, and Wg(2)™! =1+ 0z
we obtain

72||(sin ®,) "1 Fp(*LR)q*

(L — §7°Lw, )" Up(T°LR)q, Ly,  ¥p(7°LR)q)
(L, + 07°LR — 17°L)'q, L 'q)
(L, + 9m°CLRCN — i72C§CN)71C;}1q, C&lq),
4

where we used the decomposition (5.49) in the last step. A simple calculation shows

I 0

o 2T 1. 2AT —
B = Im —+ 97- CNRCN 4T CNCN (O Im—s _ i,,_QN

> + (0 — H)r*CLRCn.

Hence, with the step-size restriction (5.43) and 6 > % we have that (]~3q, q) > (1- 92)|lal|?.
Altogether this leads to
. _1a 2 1 _ _
72 ||(sin ®,) "' We(7’LR)q|” < (1 —9*)7(Cy'q, Cx'a) = (1 —9%) " |allf 1,

which is the first estimate in (5.48). The second one follows from (2.13). O
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From these two lemmas we then can derive stability and error bounds analogously to the
general case in Sections 5.3 and 5.4. In particular, the stability and error results in Theorems 5.18,
5.23, and 5.24 hold as before with the weaker step-size restriction (5.43) instead of (5.17) and
cs1(9), 5o (V) replaced withéf;(0,7), ¢ o(V), respectively. For the error bound of the semilinear
problem (2.1) with the weaker Lipschitz condition from Assumption 2.9 we obtain the following
improved result compared to Theorem 5.25.

Corollary 5.29. Let 9 € (0,1), L be positive definite, and let Assumptions 3.2, 3.16, 5.1, as
well as Assumption 2.9 on g hold. Further, assume that for T € (0,t,) the solution q of (2.1)
satisfies q € C*([0,T]). Then, there exists a T, > 0 such that for T < min{r,, 29/|N||*/2} and
tn, < T we have for the approxzimations q, of the scheme (5.4) equipped with 6-functions (3.4)

la(ta) = @l < (min{T, & 4(6,0)H(COT + C) + Ca)eI =" PET72 - (5.50)
with Cy, Cy, and Cy defined as in Theorem 5.23.

Proof. The proof follows as in Theorem 5.25 by replacing the bounds from Lemmas 5.16 and 5.17
with the ones in Lemma 5.28, which hold under the weaker step-size restriction 72 < 492/||NJ|;
cf. Assumption 5.26. O

Last, we point out that for 8 = % we always have min{7’,¢{,(0,9)} = T in contrast to ¢ > %
because of the definition of &5 (6,7) in (5.47) above. Thus, we get an additional factor 7' in the
stability and error bounds. However, we are convinced that this factor 17" can be replaced with
a constant by a modification of the starting value and a more involved error analysis; cf. the
results for the closely related locally implicit scheme in [HS16], where the error bound grows
only linearly in time. From Lemma 5.28 we see that this would be the case if we had the factor
Ty (7?LR) everywhere where the matrix (sin ®,)~! appears, since the bound (5.48) admits a
uniform constant also for 6 = %.

5.6. Implementation and efficiency for two specific functions

The aim of this section is to present efficient implementations of the multirate scheme (5.4)
equipped with the LFC polynomials (4.1b) (sLFC scheme) and with the #-functions (3.4)
(split-0-scheme). Moreover, we show that in the situation of Assumption 5.1 described at the
beginning of this chapter these multirate schemes are beneficial in terms of computational effort
compared to the standard leapfrog scheme (2.20).

Recall that we have shown in the last chapter that the LFC polynomials satisfy Assump-
tions 3.2 and 3.16. Further, values for all occurring constants are stated in Sections 4.2 and 4.2.2.
In particular, values for the constants By and my are given in Theorem 4.9 and for the special
choice v = v}, defined in (4.3) in Lemma 4.12. For the #-functions we use the improved results
from the last section. Further results for these functions are shown in Section 3.6, e.g., that
they satisfy Assumptions 3.2 and 3.16.

5.6.1. Implementation

For the sake of readability we focus on the implementation of the two-step schemes, since for
the implementation of the corresponding one-step formulations similar strategies can be applied.
In particular, the dominating parts of the computational costs coincide for both the two-step
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and the one-step variants. For similar reasons we also omit the implementation of the starting
value (5.4b). Moreover, as before we present the implementation of the multirate schemes for
the more general problem (2.2) with a general mass matrix M; see Remark 5.3 for changes in
the general scheme. Hence, we consider the two-step scheme (5.6a) instead of (5.4).

We point out that for both schemes the efficient implementation is based on a block represen-
tation of the matrix ¥(72LCy{ RCyj) occurring in (5.6a); cf. the block representation (5.14)
for \TI(TQLR) if M = 1,;,. For a more concise presentation of the subsequent algorithms, we use
the notation in (5.19), i.e., for v€ R™ we denote by vs € R® and viy € R™™* the subvectors of
v belonging to the stiff and the nonstiff part of the differential equation.

Implementation of the sLFC scheme

We start with the implementation of the sLFC scheme, i.e., we consider the two-step scheme
(5.6a) equipped with the LFC polynomials (4.1b). For this, we first have a closer look at the
matrix function W(r2LCy{ RCyj). Proceeding similarly to the calculation of ¥(72LR) in
(5.14) yields with M defined in (5.7)

-1 2 -1
U(r’LCyf RCy) = L, + 72 (SMS O) <T(T SMs7) 0)

KMg' 0 0 0
o1 . (5.51)
K 0 0 0/’

where we adopted the notation from Remark 5.3. Employing this block structure for the LFC
polynomials F, yields Algorithm 5.1, which contains the computation of one time step of the
two-step sLFC scheme. We state the algorithm only for p > 2, since for p = 1 the scheme
reduces to the leapfrog scheme; see (4.5).

Algorithm 5.1.: Computation of nth time step of two-step sLFC scheme (5.6a) with LFC
polynomials (4.1b) for p > 2 (indices of vectors as in (5.19)).

Evaluate g, = g(tn, dn)

v=—Lqg, + Mg,

Solve MS\VIS = Vg

Compute Vg = T(72Mg'S)Vs by Algorithm 5.2 below
Vg = Vg + TQS?IS

VN = VN + T2K\~75

Solve MV = v

An+1 = 24 — Qp—1 + Ry

For the computation of Y (72S)Vs the same observations hold as for 2,(72M*1L)i7 in Algo-
rithm 4.1; see the comments below this algorithm. In particular, the computation via a linear
three-term recurrence relation is advantageous in terms of stability over a computation via
Horner’s method.

Lemma 5.30. Let p € N, k € N. The polynomials Y} ,,: R — R, defined by

1 2 z o
T, (2) = = (2— -2 T(v- 2) - %
k,p(z) 22( ];Q(V) k(y ap) a, Z)7
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satisfy the linear recurrence relation

M) =0 Tople) =~
Tit1 (V) Yey1,p(2) = 20T (V) Ti p(2) — 21;;(”(316 T p(z)> = D1 () Yh—1,p(2),

for k> 2.
Proof. 1t is sufficient to show a recurrence relation for
Ry p(2) = zZTk’p(z)

because the recurrence relation for Y, simply follows by division of 22, For k=1and k =2
the statements are easily verified by direct calculations.
For k > 2 we obtain by using Lemma 4.15

e}
Ty 1 (V) Riy1,p(2) = Th1 (V) Prg1p(2) — Tey1(v) ZH z
P

B z 4 Q41
= 2(1/ — OTP)E(V)Pk’p(Z) — 1 (V) Py—1p(2) + a—pﬂ(u)z — Tiy1(v) o z.

For the last term on the right-hand side we take the derivative of the Chebyshev recurrence
relation (B.9)
Ty (v) = 20T (v) + 2T (v) — T, (v)

in order to get

2T} 2
)2 = Hen )2 o) )+ 2R0)
P Qp @p
_ 4
= —ZVT]C(U)%Z +T—1(v) -1, —Ti(v)z.
Qp p Qp

Inserting this into the above equation yields

z (e7% Ap—1
Bt () Rit1p(2) = 2(v = )R Prp(z) = 200 02 = Tt (0)(Pio(2) = = 2)
z [0
=2(v = )G (v) Rip(2) — 20 (v) 522 = Ty (V) R (2),
ap ap
which completes the proof. O

The fact that Y}, are polynomials can be seen from the recurrence relation because only
constant terms and terms multiplied with z occur in the recurrence relation. More precisely,
T}, are polynomials of degree k — 1. We further point out that because of the definition of the
LFC polynomials (4.1b) and Definition 3.12 of T we have

T, p(2) = Pp(?;z =T(2) for all p € N.
Hence, we have derived a linear three-term recurrence relation for T if ¥ = B,.

In Algorithm 5.2 we present the details for the computation of T(TQS)\V’S via the above
recurrence relation, where wy, = Y, ,(72Mg'S)Vs. As for the computation of B,(7?M™'L)V in
Algorithm 4.2 the values of the parameters Ty(v), ..., T,(v), and «, for a fixed v > 1 have to
be computed only once by means of the Chebyshev recurrence relations (B.9) and (B.18).
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Algorithm 5.2.: Computation of T(TQM?S)\VIS in Algorithm 5.1 for LFC polynomials (4.1b).

. — —__ 4 5
1wy =0, wp = a%T2(V)Vg
2: for k=3,...,pdo
3:  Solve MSVVk(_)l = Sw_1 o o
- Ti—1(v 2 Tp_q1(v v 2~ Ti_o(v
b W= ST Wt — 5T (o VS H T Wke1) — Ty W
5: end for
6: Vg = Wy

We conclude this section about the implementation of the sLFC scheme by a closer investi-
gation of the matrix-vector product g’ = Mg, in the first step of Algorithm 5.1. Compared
to Algorithm 4.1 we have an additional matrix-vector multiplication with M in Algorithm 5.2
which we want to eliminate (although it is often cheap in applications). Clearly, this is not a
problem at all if g is given explicitly, cf. the comments above Algorithm 4.1.

Nevertheless, we still can save the matrix-vector multiplication of M with g, if the mass
matrix M defined as in (5.7) is block diagonal with blocks corresponding to those of L given
in (5.1), i.e., Mg = 0. This implies that the mass matrix M and the restriction matrix R
commute and the two-step scheme (5.6a) can be written as

(An+1 — 2Gn + an-1) = 7*¥(7*M'LR)(-M 'Ly + gn),
where ) ) ,

U(r* M 'LR) = L, + 7° (1\“//[[;118{ 8) <T(T IB/IS S) 8) .
Algorithm 5.3 states the details for ¥ = ]3;,.

Algorithm 5.3.: Computation of nth time step of two-step sLFC scheme (5.6a) with LFC
polynomials (4.1b) for p > 2 if Mg = 0 defined in (5.7) (indices of vectors as in (5.19)).

Evaluate g, = g(tn,qn)

vi = —Lqn, v» = g,

Solve MgV 5 = Vi g

Vs =Vi5+ Vs

Compute vg = T(TzMEIS)\V/S; by Algorithm 5.2
Solve M gvg = Svg

Vs = Vg + 7’2\75

Solve M yvg = 72Kvg + Vi N

VN =WwN + Vg

An+1 = 24p — dp—1 + v

H
14

Implementation of the split-0-scheme

Next, we present an efficient implementation of the split-f-scheme, i.e., we consider the two-step
scheme (5.6a) equipped with the rational functions (3.4). To state an algorithm, we first observe
that for U = Wy the two-step scheme (5.6a) with M given as in (5.7) is equivalent to

Uy(r°LCyf RCy) "M (qnt1 — 2dn + dn-1) = 72(~Laq, + Mg,), (5.52)

108



5.6. Implementation and efficiency for two specific functions

where

~ _ i S 0\ /Mz' 0 Mg +672S 0 M0
To(r*LCy ROy) ™ =T 677 (K o)( 0 o>:< ok 1) 0 1.

because of ‘Tigl(z) = 1+ 0z. The details of the implementation are given in Algorithm 5.4. We
observe that, if the computation of the solution of the linear system with M is cheap, we only
have to solve a small linear system of size s < m in contrast to the modified #-schemes, where
a system of size m has to be solved; cf. Algorithm 3.1.

Algorithm 5.4.: Computation of nth time step of two-step split-6-scheme (5.6a), (3.4) (indices
of vectors as in (5.19)).

Evaluate g, = g(tn,qn)

v = —Lq, + Mg,

Solve (Mg + 07%S)vs = vg
VN = VN — 9T2Kf\75

Vs = Mgvs

Solve MV = v

An+1 = 24y — gp41 + v

Similarly as before, we can save some computational costs if we assume that Mg = 0 in (5.7).
We then have in (5.52)
< Ty 11— Mg+ 6728 0
2 T Iy—1ng — S
Vy(7°LCy; RCy;) M = < 02K MN) .

The details are stated in Algorithm 5.5. In comparison to Algorithm 5.4 we save with this
implementation a matrix-vector multiplication with Mg. In addition, we have to solve only
with My instead of M.

Algorithm 5.5.: Computation of nth time step of two-step split-0-scheme (5.6a), (3.4) if Mg =0
defined in (5.7) (indices of vectors as in (5.19)).

Evaluate g, = g(tn,qn)

v = —Lq, + Mg,

Solve (Mg + 07%S)vs = vg
VN = vy — 072Kvg

Solve MNQN = ivIN

dn+1 = 2dn — Qp+1 + %

5.6.2. Costs and efficiency

We now compare the efficiency of the standard leapfrog scheme (2.20) with the sSLFC scheme
and the split-6-scheme. As in Section 4.4.2 about the costs and efficiency of the LFC scheme,
we here focus only on the comparison between the maximum step sizes, for which the schemes
are stable, and the required computational cost, neglecting the influence of the step size to the
accuracy of the approximations; cf. Remark 4.18.

As in the last chapter we first look at the main effort of these schemes per time step in terms
of matrix-vector multiplications, evaluations of g, and solving of linear systems. Since we always
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Chapter 5. Multirate leapfrog-type two-step schemes

Table 5.1.: Comparison of main costs per time step of leapfrog scheme, sLFC scheme (with poly-
nomial of degree p), and split-6-scheme in terms of matrix-vector multiplications (MVM),
solutions of linear systems, and evaluations of g, if implemented as in Algorithms 4.1, 5.3,
and 5.5 for the case Mg = 0.

leapfrog scheme (2.20a) | sLFC scheme (5.4a), (4.1b) split-6-scheme (5.4a), (3.4)
1 evaluation of g 1 evaluation of g 1 evaluation of g
1 MVM with L 1 MVM with L 1 MVM with L and M
p—1MVMs with S 1 linear system with Mg + 6728
p linear systems with Mg
1 MVM with K 1 MVM with K
1 linear system with M | 1 linear system with My 1 linear system with My

have Mg = 0 in our applications, we state the effort only for the corresponding algorithms. In
Table 5.1 these costs are given if implemented as in Algorithms 4.1, 5.3, and 5.5. We observe
that for the sLFC scheme and for the split-6-scheme the additional costs compared to the
leapfrog scheme are comparatively cheap — possibly with the exception of the multiplication
with M — because of s < m. For Algorithms 5.1 and 5.4 with general Mg the computational
effort is only slightly larger, if multiplications and linear systems with M are cheap.

In order to obtain the total cost, we now relate the effort per time step to the maximum step
sizes for which the schemes are stable. We neglect the influence of the starting value, since it
has to be computed only once. Moreover, the ratio of the effort of the starting values for the
different schemes is similar as for the two-step schemes. To simplify the presentation we omit
the mass matrices in the following and set ¥ = 1.

We shortly recall Assumption 5.1, where we postulated that the matrix S is small compared
to the whole matrix L but determines the norm of the matrix L, whereas the matrices N is
of moderate norm but of large size. For the coupling matrix K we assumed a rather weak
coupling k < /2 where one typically has k ~ 1 or even & < 1.

With Assumption 5.1 the step-size restriction for the leapfrog scheme is given by

PP 4 4 4
= TSSR,LF — ~ = :
TS N

To state the step-size restriction of the sLFC scheme we recall (5.16a) under Assumption 5.1

722 722
2 2 : 6\11 47 } 1 . {B\p } 2
74 < T = mln{ , = min{ —, 47 ¢, = — . 5.93
SRS INGS T N T T T e e O
Lemma 5.31. Let p € N, n > 0, and let Assumption 5.1 be satisfied. For the LFC polynomials

B, defined in (4.1b) with the special choice of v = vy, given in (4.3) the step-size restriction
(5.53) s satisfied for Tssr = TsSR sLFC, Where

(B
23 < s e |N| = min{ 222, 4y} < e

with

Ap? (14 1p2)1/2 1/2y —1
Ly = min{f( i) ,472"{}, P = 2(1 + (1 + 8k 2:;72) ) ,
b
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T T T T T T T T T T T

o

Figure 5.2.: Theoretical lower and upper bounds of TSQSR,SLFCHNH plotted against the coupling
parameter x for p?> = r. The values n* are determined such that LP. is maximal in
dependency of k.

and
1

2 _
urr :min{@;,élfy(’}}, VG :2(1+(1—|—8/€2)1/2) .
Proof. By definition we have 7ssr = 7Tssrsirc. The upper bound follows from the fact that
A?W < 4p? and my” < %; see Lemma A.7. For the lower bound we employ Lemma 4.12; see
also Lemma A.7. O

The lemma implies that, if we choose the polynomial degree p € N of the LFC polynomial
such that p? ~ r, the step-size restriction 7 < TssrsLFC of the sSLFC scheme only depends on
7, the submatrix IN, and the factor x, but is independent of S (and the polynomial degree
p). In Figure 5.2 the bounds £5% and UL for T§SR,SLFCHNH are plotted against the coupling
parameter x for p? = r, where n = n*(k) is chosen such that Ef]fjﬁ is maximal. As indicated in
the comments after Definition 5.10 we get for x = 0 the same step-size restriction as for the
leapfrog scheme applied to the nonstiff problem (2.1) with S = K = 0. Clearly, as shown for
the LFC scheme (4.1), the stabilization parameter should in general be chosen greater zero
to avoid (linear) instabilities; cf. Chapters 3 and 4. We further observe in accordance with
the definition (5.16a) of Tgggr that with increasing x the optimal value for 7 increases and the
step-size restriction becomes stronger. In Section 5.7.1 we confirm this dependency on k by a
simple numerical experiment.

We emphasize that in our applications we often observe a weaker step-size restriction than
predicted by our theory. Besides the fact that s is often smaller than 1, taking only the value x to
model the coupling between “stiff” and “nonstiff” components turns out to be rather pessimistic.
Depending on the exact structure of the coupling matrix K, one can observe numerically a larger
value for 7ssr sprc if the stabilization parameter 7 is chosen appropriately; see Remark 5.32
below for appropriate choices as well as the numerical experiments in Sections 5.7.2 and 5.7.3.

Remark 5.32 (Choice of ). Our numerical experiments indicate that the choice n € [0.4, 1] is
sufficient for k < 1. For smaller values of n instabilities can occur for certain step sizes; cf. the
numerical examples in Sections 5.7.1 and 5.7.3. If 5 is chosen too large, the value for B\p,,,m
deteriorates rapidly; see Lemma 4.12 and also Figures 4.3 and 4.4. Additionally, for semilinear
problems one requires 7 sufficiently large to compensate small to moderate instabilities occurring
from g; cf. Section 3.3.3. As initial guess we thus suggest to use n = 0.5 as for the LFC schemes;
see Remark 4.19. o
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Chapter 5. Multirate leapfrog-type two-step schemes

The step-size restriction of the split-8-scheme for 8 > i is stated in (5.43). Hence, if 6 > i,

we can allow for a r!/2

times larger step size than the standard leapfrog scheme. Thus, if
is large enough, the (small) additional effort per time step is fully compensated by the larger
step sizes we can allow for leading to a more efficient scheme. Clearly, the improvement in
the efficiency compared to the leapfrog scheme strongly depends on the size s of the “stiff”
submatrix S and the factor 7.

We conclude this section with the observation that the larger the ratio » between the norms
of S and N, the larger the polynomial degree p can be chosen in the sLFC scheme. Hence,
the computational effort increases for the sLFC scheme, whereas it stays constant for the
split-0-scheme. Thus, there is a threshold which determines the minimum value of r where the

split-A-scheme becomes more efficient than the sLFC scheme.

5.7. Analytical and numerical examples

We conclude this chapter with some examples confirming our theoretical findings. The first
example is of theoretical nature in which we verify the necessity of the upper bound in (3.12) in
Definition 3.9(b) for the function ¥ to obtain stability of the multirate scheme (5.4). Afterwards
we turn towards numerical experiments in Sections 5.7.2 and 5.7.3 by considering again specific
situations of the more realistic examples from Section 2.2.

The examples in Sections 5.7.1 and 5.7.2 as well as the second one in Section 5.7.3 are
modifications and extensions of the ones in [CH21, Section 6]. The codes for reproducing the
numerical results are available on https://doi.org/10.5445/IR/1000147744.

5.7.1. A two-dimensional problem

With this analytical example we show that it is in general not sufficient for stability of the
scheme that the function ¥ satisfies the upper bound in (3.11). Moreover, we show that in
general the step-size restriction (5.17) indeed depends on the coupling parameter s defined in
Assumption 5.1. To verify these statements, we consider the simple two-dimensional linear
problem

k 1

4(t) = —Lq(t), L—(T ”), (5.54)

with 7 > 1 and |k| < /2. The assumption on s guarantees the positive semidefiniteness of L.

Obviously, this problem fits into the setting of Assumption 5.1 if we set S =r, N =1, and
K =« in (5.1). From Lemma 5.8 we then obtain for 72Ly , with the Definitions 3.3 and 3.12
of U and T

_ U (72r) 20 (r2r)k [ U(rr) U(72r)
TQL\I”T - <T2\TJ(72T)R 21 4+ T4T(T2T>/€2> - <\I/(7'2r)p 2(1 — kp) + \5(7'27“)&) » (5:55)

where p = wr~ € [0, 1/2].
Recall that for stability we need as minimum requirement that the spectrum of TQL\;.,T is
contained in [0,4]. The eigenvalues of 2Ly , are given by

Ar = Ae(T’Ly,) = %\I’(TZT‘)(l +p?) + %7'2(1 — Kp)

+ %(‘11(727“)2(1 + p2)2 — 2\11(727")72(1 — p2)(1 — Kp) + (1 — /ip)2> 1/2.
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5.7. Analytical and numerical examples

—— =00 —n=02 —n=05 —n=08 —n=1.0

)‘Jr (TQLP3 ,T)

Figure 5.3.: Larger eigenvalue Ay of (5.55) with r = 9, k = 1.5 (left) and x = 2.5 (right),
and ¥ = B, (leapfrog-Chebyshev polynomials) plotted over step sizes 72. For B, we use
polynomial degree p = r1/2 = 3 and stabilization parameters n=20,n=0.2 n=0.5
1 = 0.8, and 7 = 1. The dash-dotted lines indicate, where the polynomials 72 — P3(72r)
leave the interval [0, 4], the black dotted line indicates the maximum step size, for which
the leapfrog scheme applied to (5.54) is stable.

Using 1 — p? < 1 + p? yields for the larger eigenvalue A
M 2 g U(Tr)(L+ p?) + 572 (1 = kp) + 5| U (T2r) (1 + p%) — 72(1 — Kp)|.

Hence, we have

1+ p?
1—kp

Ay > U(7%r) (1 4 p?) if 72 < U(r?r) (5.56)

From the estimate of Ay we see that the weaker step-size restriction 72 < min{g3% /r,4} is in
general not sufficient to guarantee Ay < 4, since from the definition Definition 3.9(a) of Sy we
only have W(z) < 4 for all z € [0, 32]. Hence, condition (3.12) with m; > 0 is indeed necessary
to ensure A\ < 4. Note that the restriction on 7 in (5.56) is only required to distinguish which
term in the absolute value is larger. In particular, this is satisfied for ¥(72r) near 4, since
72 < 4 even under the weaker step-size restriction.

We further observe that for a fixed r the parameter p = xr~! increases with increasing k.
Thus, if we also fix the step size 7, we see that the stronger the coupling, the greater Ay can
become because of the estimate (5.56).

In Figure 5.3 these theoretical results are illustrated for the LFC polynomials (4.1b) by
plotting the larger eigenvalue Ay of (5.55) for different stabilization parameters n > 0. We
choose r =9, and, hence, p = 3 as polynomial degree for the leapfrog-Chebyshev polynomial; cf.
Lemma 5.31 and the comments below. For the coupling parameter x we use two rather larger
values for a better visualization of its influence.

One observes that the eigenvalues Ay with the unstabilized polynomial P; are clearly larger
than 4 if the polynomial is equal or too close to 4. With a sufficiently large stabilization, i.e.,
n > 0 large enough, the eigenvalues are bounded away from 4. The price to pay is a (slightly)
smaller value for By, yielding a (slightly) stronger step-size restriction. Moreover, we see that
for the larger value of x we need larger values of 7 to guarantee that A, < 4 for all 72 < 3%1, /T.
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5.7.2. Modified Fermi—Pasta—Ulam-Tsingou problem

As second example we consider the modification of the FPUT S-problem introduced in Sec-
tion 2.2.1. Here, we choose a chain of m + 2 = 82 mass points, where we again set p; = 1 for
all i =1,...,m, leading to M = 1,,,. We further set

ki =108%, i=1,2,3,4, and  k; =252, i=5,...,m+1,

as well as 3 = 3 for all springs. The starting values are given by qo = (qo1,---,q0m)’ and
do = (do,1,---»dom)” with
Jp— 17 Z:67 and s 057 ’L:67
QO/L - O’ else7 qO,Z - 0’ else‘

With the above choice of the spring constants k; we set S = (Li,j);{j:l and accordingly N, K
in (5.1). For these matrices we have ||S|| ~ 41231.51, |N|| ~ 2498.96, and ||K|| = 625. Note
that ||S|| ~ ||L|| ~ 41232.04. In particular, we obtain r ~ 16.50 and x ~ 0.25 for the constants
in Assumption 5.1.

In Figure 5.4 we apply the leapfrog scheme (2.20) as well as the multirate scheme (5.4) to this
FPUT f-problem with final time 7' = 1.2. We use the sLFC scheme (5.4), (4.1b) with n = 0.5
and p = 3,4, 5, as well the split-0-scheme (5.4), (3.4) to the FPUT g-problem. The reference
solution for calculating errors is computed with the leapfrog scheme with step size 7 = 1075,
In the error plot on the left we observe that with the sSLFC scheme the maximum step size for
which the scheme is stable is approximately p times larger than for the leapfrog scheme until
p = 4. A further increase of the polynomial degree has almost no positive effect on the step
size, since then the step-size restriction (5.17b) is the restricting one because of /2 ~ 4.06; cf.
Section 5.6.2. Similarly, we see on the right plot that the split-f-scheme allows for step sizes
which are approximately a factor r'/2 larger than the leapfrog scheme in accordance with our
theoretical findings in Sections 5.5 and 5.6.2. Moreover, there is no visible difference in the
error for these two choices of 6.

In Figure 5.5 we plot the relative error erry(n) of the Hamiltonian (2.11) with U given in
(2.17), for the FPUT p-problem with the same data as above over time until 7" = 100 for two
different step sizes. The relative error erry(n) is computed as in (4.22). Here, we apply the
one-step formulations of the leapfrog scheme, the sLFC scheme (5.4), (4.1b), and its variant
(5.5), (4.1b) with p = 4 and n = 0.5. Recall that in Section 5.2.2 we have shown that the
one-step formulation of the multirate scheme (5.4) is not symplectic, in contrast to the one-step
scheme belonging to (5.5). We observe in Figure 5.5a that the relative error of all three schemes
is of the same magnitude over time. In particular, although not symplectic, the one-step scheme
to the multirate scheme (5.4) nearly preserves the Hamiltonian for long times without having a
visible drift. For the larger step size in Figure 5.5b we observe that the relative error of the two
multirate schemes is larger compared to the ones for the smaller step size. This would also be
the case for the leapfrog scheme, however, the step size already violates the step-size restriction
of the leapfrog scheme; cf. Figure 5.4.

5.7.3. Spatially discretized acoustic wave equation

We conclude the numerical examples by considering the spatially discretized wave equation
introduced in Section 2.2.2. Here, we focus on two examples for the linear, inhomogeneous
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(a) Errors for sSLFC schemes with n = 0.5. (b) Errors for split-f-schemes.

Figure 5.4.: Error for the numerical solution of the FPUT S-problem in Section 2.2.1 computed
with the multirate scheme (5.4) up to 7' = 1.2. In the left plot we use ¥ = B, defined
in (4.1b) with polynomial degree p = 3, p = 4, p = 5 and stabilization parameter n = 0.5.
The blue line represents the leapfrog scheme. In the right plot we equip the scheme (5.4)
with the #-functions ¥y defined in (3.4) with = 0.25 and ¢ = 0.3. The dashed lines
indicate order two, the dash-dotted and dotted lines correspond to the maximum step sizes
for which the leapfrog scheme (2.20) applied to the stiff system (2.1) and to the nonstiff
problem (2.1) with S = K = 0, respectively, is stable.
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(a) 7 = 0.005. (b) 7 =0.01.

Figure 5.5.: Relative error in Hamiltonian for the numerical solution of the FPUT S-problem
computed with one-step formulations of the leapfrog scheme (blue, dash-dotted), the sLFC
scheme (5.4), (4.1b) (green, solid), and its variant SLFC-V (5.5), (4.1b) (red, dashed) for
two different step sizes 7. For the LFC polynomial B, we use polynomial degree p = 4
and n = 0.5. The relative error of the Hamiltonian is only plotted at times t = 0.2k,
k=1,...,500, for the sake of clarity.
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Figure 5.6.: Locally refined triangulation of = [—1,1]2.

problem (2.18), i.e., we have g(t, z, q(t,x)) = g(t,x) for all ¢ > 0 and = € Q. In the first example
a locally refined mesh is used and in the second one a heterogeneous material is considered.

Recall that we employ for the space discretization a (symmetric interior penalty) dG-FEM; see
Section 2.2.2. We thus obtain the general problem (2.2) with a block-diagonal mass matrix M,
where each block belongs to a single mesh element. Hence, we are in the setting of Remark 5.3
and the error is measured in the weighted norm ||-||n. As in the examples in Section 4.5.3 we
compute the error via (4.25) for a more representative illustration, because it contains not only
errors of the time integration but also errors from the space discretization.

Locally refined mesh

For the first example we consider the problem (2.18) on the domain Q = [~1,1]? with material
parameter ¢ = 1. As exact solution of (2.18) we use (4.23) with § = 2000, from which the
initial values and the inhomogeneity g are derived. For the dG-FEM we employ polynomials
of degree four. Together with the large value of § this ensures that the errors from the space
discretization are dominated by errors of the time integration for large step sizes.

The triangulation of this simple domain is constructed in such a way that it contains a locally
refined part; see the yellow area in Figure 5.6. Since |M™'L]|| ~ hApin, where hpi, denotes the
minimum diameter of all mesh elements, the main stiffness of the differential equation is induced
from those degrees of freedom (dofs) belonging to the yellow mesh elements. However, also the
adjacent mesh elements sharing an edge with yellow elements (the green ones in Figure 5.6) have
to be taken into the stiff part, because the coupling between mesh elements in the dG-FEM is
done via fluz terms; see [DPE12] and [HWO08] for more insight into the dG-FEM. Hence, after
a possible reordering, S corresponds to the part of L with the dofs belonging to the dotted
area in Figure 5.6. A numerical computation of the largest eigenvalues yields r =~ 16.32 and
K = 0.513 in Assumption 5.1.

In Figure 5.7 we apply the leapfrog scheme (2.20), sSLFC scheme (5.4), (4.1b) and the split-6-
scheme (5.4), (3.4) to this problem up to 7' = 5. Because of /2 ~ 4 we use the parameters
p = 3,4,5 with n = 0.5 and additionally p = 4 with n = 0,1 for the sLFC scheme. For the
split-0-scheme we take the values § = 0.25 and 6 = 0.3.

We observe that all schemes show second-order convergence until the error of the space
discretization is visible. Moreover, the errors for the leapfrog, sLFC, and split-0-schemes are
almost identical if the methods are stable. In accordance with Section 5.6.2, we further see
that for the SLFC scheme (with sufficient stabilization) the polynomial degree p = 4 ~ rl/2 is
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(a) Errors for sLFC schemes. (b) Errors for split-0-schemes.

Figure 5.7.: Error for the numerical solution of the (spatially discretized) wave equation (2.18)
with exact solution (4.23) (§ = 2000) plotted against the step size for multirate leapfrog-
type schemes (5.4) up to T' = 5. In the left plot we use ¥ = B, defined in (4.1b)with
values (p,n) = (3,0.5), (4,0) (4,0.5), (4,1), and (5.0.5). In the right plot we use ¥ = Wy
defined in (3.4) with ¢ = 0.25 and 0 = 0.3. The blue lines represents the leapfrog scheme.
The dashed line indicates order two, the dash-dotted and dotted lines correspond to the
maximum step sizes for which the leapfrog scheme (2.20) applied to the stiff system (2.2)
and to the nonstiff problem (2.2) with S = K = 0, respectively, is stable.

optimal in terms of efficiency since a further increase of p barely enlarges the maximum step
size, where the scheme is stable. For p = 4 we additionally observe that without (n = 0) or too
much stabilization (7 = 1) the largest step size for which the scheme is stable is significantly
smaller than for n = 0.5. In contrast, the split-f-schemes have (almost) the same step-size
restrictions as the leapfrog scheme if applied to the nonstiff problem (2.2) with S = K = 0,
confirming the theoretical results from Section 5.5.

Heterogeneous medium

In contrast to the previous examples, we consider this time the wave equation (2.18) on a
domain with heterogeneous material, i.e., the material parameter ¢ in (2.18) differs in value on
the domain. More precisely, we set

| 85, x€]0,0.25] x [0,1],
= { 0.78, =z €[0.25,1] x [0,1]. (5.57a)

For the initial data and the inhomogeneity we choose the smooth functions
qo(z) = h(2;2,0.25,(38)), do(z) =0, g(t,z) = h(z;1,0.1,(8%)) cos(t), (5.57b)

where )
aexp(—(1—lle —ao2/r8) "),z — ol < ro,
0, otherwise.

h(z;a,ro, z0) = {

For the space discretization we use a mesh which matches the discontinuity of the material
parameter c, i.e., the boundary of the subdomains for the different values of ¢ are on edges of
the mesh; cf. Figure 5.8a. For the dG-FEM we employ polynomials of degree two.
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Figure 5.8.: Mesh used for space discretization and error of the numerical solution of the
(spatially discretized) wave equation (2.18), (5.57) computed with the sSLFC scheme and
the leapfrog scheme. For the polynomial F, in the sLFC scheme we use as polynomial
degrees p and stabilization parameters n the values (p,7) = (2,0.5), (3,0.0), (3,0.5), and
(4,0.5). The blue lines represents the leapfrog scheme. The dash-dotted and dotted lines
correspond to the maximum step sizes for which the leapfrog scheme (2.20) applied to the
stiff system (2.2) and to the nonstiff problem (2.2) with S = K = 0, respectively, is stable.

Similar to the previous example, the stiffness of the differential equation is induced by those
dofs belonging to the mesh elements, where c is large (yellow mesh elements in Figure 5.8a),
and its adjacent elements, which share at least one edge (the green ones). Thus, after a possible
reordering, S again corresponds to the part of L with the dofs belonging to the dotted area in
Figure 5.8a. A numerical computation of the largest eigenvalues yields r =~ 9.093 and x ~ 0.269
in Assumption 5.1.

In Figure 5.8b we apply the leapfrog scheme (2.20) and the sLFC scheme (5.4), (4.1b) with
p=2,3,4,n=0.5as well as p =3, n = 0.1 to this equation. As final time we set T" = 2.7.
Since we do not know an exact solution to the above problem, a reference solution is computed
on a twice refined mesh with the leapfrog scheme with step size 7 = 5 - 107°. The errors are
measured on the refined mesh at the final time.

We observe that the errors for the leapfrog scheme and the sLFC schemes are again almost
identical if the methods are stable. Here, we cannot observe the second-order convergence in
time because of the large errors of the space discretization. Moreover, we see that for n = 0.5
an increase of the polynomial degree p from 2 to 3 results in significantly larger step sizes, for
which the sLFC scheme is stable, For p = 4 the gain is rather small in accordance with our
theory in Section 5.6.2 which states that p ~ /2 ~ 3 is optimal in terms of efficiency. In
addition, we once again see — in this example for p = 3 — that without stabilization (n = 0) the
maximum step size for which the sLFC scheme is stable is drastically reduced compared to the
stabilized variant.
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APPENDIX A

Further calculations and properties of
leapfrog-Chebyshev polynomials

In this appendix we present postponed but also further properties of the LFC polynomials (4.1b).
The postponed results from Chapter 4 are shown in Sections A.1 and A.2, where some of the
results are stated in a more general form than required. Section A.3 contains general formulae
for the expanded forms of the stabilized and unstabilized LFC polynomials. The results in this
appendix have been not published so far anywhere else, if not directly stated otherwise.

To prove the results in this appendix, we require some auxiliary results, which we show first.

Lemma A.1. Let the function h: [0,00) — R be convex and h(0) = 0. Then we have for all
y>0andp eN

ph(y) < h(py).
If h is concave instead of convex, the converse inequality holds true.

Proof. The inequalities are a direct consequence of the definition of convexity and concavity. [

With this lemma we immediately obtain that
psinhy < sinh(py) forallpe N,y >0 (A.la)

and
ptanhy > tanh(py) forallpe N,y >0 (A.1b)

because of the convexity of sinh and the concavity of tanh, respectively, for nonnegative numbers.
Moreover, we have the following.

Lemma A.2. The function h: [0,00) — R, defined by h(y) = %, s convex.

Proof. The derivatives of h are given by

1+ 2 sinh(y)? 4 sinh(y)3
W(y) = —3—— d Wy = -
) cosh(y)4/3 o v 9 cosh(y)7/3
Since h”(y) > 0 for y > 0, h is convex. O
Combining both lemmas yields
inh inh
Sy o (py) forallpe N,y > 0. (A.2)

pcosh(y)1/3 ~ cosh(py)1/3
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Appendix. Further calculations and properties of leapfrog-Chebyshev polynomials

A.1. Calculations for general v

We start by presenting further properties of the LFC polynomials (4.1b) in the case of the
general stabilization parameter v. We first prove the monotonicity of T defined in (4.16)
in a fixed interval which is required in the proof of Theorem 4.11. After that we show the
monotonicity of the constants 3, Bp., mi”, and my"” in v > 1. To prove these results we

make frequently use of the transformation
@ =arcoshv >0, v >1 — v=coshp>1, ¢ >0. (A.3)
We start with the auxiliary lemma for the proof of Theorem 4.11.

Lemma A.3. Letp > 2 andv > 1. The rational functions T defined in (4.16) are monotonically
decreasing for z € [0,0p,], where o, = ap(v —1).

Proof. We show the monotonicity by proving that Y'(z) < 0 for z € (0,0,,,). Because of the
continuity of the function it is then monotone also on the closed interval [0, oy, ,].
For z > 0 we have with the definition of B,, o, in (4.1b) and transformation (4.8)

L)L) 1
a2 (T(v) — Bx))*  apv—a)*

B

_ Bl 1
B 22

T'(2) = (U(2)"'1(2))

(A.4)

Since v > 1 and z € (1,v) for z € (0,0p,), we can employ the transformations (A.3) (yielding
¢ > 0) and = = cosh® with ¢ € (0,¢). Inserting this into (A.4) yields with (B.11), (B.12),
and (B.7), (B.8)

TR sinh(pyp) sinh(py)) 1
T()=5(p z )
a; | sinh ¢ sinh ¢ (cosh(pp) — cosh(py)) (cosh ¢ — cosh )
B 1 ,sinh(pa)? — sinh(pb)? B sinh(a)? — sinh(b)?
~ aZsinhpsinhp 4sinh(pa)? sinh(pb)?  4sinh(a)? sinh(b)?

B 1 p? 1 < p? 1 >
~ 4aZsinh psinh ) \ sinh(pb)?  sinh(b)? sinh(pa)?  sinh(a)?/ )’

where we abbreviate a = %(Lp + 1) and b= %((p — ).

Since ¢ € (0,¢), we have a € (£, ¢) and b € (0, £), hence b < a. Moreover, showing T'(2) <0
for z € (0,0p,) is equivalent to proving that the function

p? 1

fo(y): (0,00) = R, fyy) = sinh?(py)  sinh?(y)’

l—p2

is monotonically increasing (note that lim, o f,(y) = ~—35). Taking the derivative of f, yields
together with (A.2)
() = coshy o s coshipy) 5 coshpy) ) 5 coshlpy) _
p sinh(y)3 sinh(py)? — " sinh(py)3 sinh(py)? '
Thus, f, is monotonically increasing, which concludes the proof. O
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Next, we show that the stability constants 8, ., Bp., my"”, and my" given in (4.7) and (4.14)
are monotone functions in v > 1 (independent of the polynomial degree).

Lemma A.4. Let p € N and v > 1. Then B, defined in (4.7) and By, defined in (4.14b) are
monotonically decreasing in v.

Proof. Using the transformation (A.3) we obtain with the definition of ¢, in (4.1b) and the
formula (B.11), (B.12) for 7, and its derivative that

. T(v) sinh(py) tanh(py)  tanh(pyp)
2 P — +1)= + A
=2 +1)=2 hp+1 2 .

pv T, (v (v+1) P Sinh ¢ cosh(py) (cos ) =2 ( tanh ¢ sinh ¢ )  (A5)

~—

and, similarly,

2 — 47;/(1/) U= 4p ta‘nh(p()p) )
by T,(v) tanh ¢

To show that v — E;,, and v — 612,’,, are monotonically decreasing for v > 1, we prove that
both of the functions f, f: [0,00) — R, defined by

_ tanh(py) = tanh(pyp)
f()—m7 f( = sinho (A.6)

are monotonically decreasing. Differentiating the first function yields

(o) = psinh ¢ cosh ¢ — sinh(pp) cosh(pyp)
tanh ()2 cosh(y)? cosh(pp)?

Using (A.la) leads with the monotonicity of cosh then to f'() < 0 for all ¢ > 0, showing the
monotonicity of f. Analogously one can show that f is monotonically decreasing. O

Lemma A.5. Let p € N and v > 1. Then m{"” and mb"”, given in (4.14a), are monotonically
increasing and decreasing, respectively, in v.

Proof. The monotonicity of m}" directly follows from the monotonicity of 7, for z > 1; see
Lemma B.5. For my"” we have again with (A.3), (B.11), (B.12), and the identity (B.6)

Y = T,(v)—1  (cosh(pp) —1)sinhe  sinh(ipp)?sinhe  tanh(ipy)

= L () (v —1) ~ psinh(pp)(coshp — 1) psinh(pyp) sinh(3)? - ptanh(lp)’ (A7)

This yields the monotonicity of m5", since we have shown in the previous proof that the
function f given in (A.6) is monotonically decreasing. O

A.2. Calculations for special choice of v

In this section we prove the bounds stated in Lemma 4.12 for the special choice of the
stabilization parameter v = v, given in (4.3). To do so, we require lower and upper bounds

on J]D(k)(up,n), k € Np, which we show first. A proof of the lower bound can also be found in
[GMS21, Lemma A.1].
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Appendix. Further calculations and properties of leapfrog-Chebyshev polynomials

Lemma A.6. Let pe N, >0, and v, = 1+ n?/(2p*). Then we have for k € Ng and x > 0

j;(k)(’/p,n) > j;(k)(l) + I;(kﬂ)(l)(’/pm —-1) (A.8)

and
Loy 2y T, oy & h(VZ A9
(2p2)k P (+@>—@p( +2—]92)_@cos( ). (A.9)

Proof. The first estimate follows from Taylor expansion and the monotonicity of the Chebyshev
polynomials for « > 1; see Lemma B.5.
For the second estimate we have on the one hand for x > 0

o
cosh(y/x) :]Z% (2j)!xj'
On the other hand, we obtain from Lemma B.9
x PLooplp+i-D 1 s aNi EGplp+i-1) 1 & ‘
7;9(1+ 272) :jz%?J (p—j)! (2]')!(2792> :]Zo i (p— ) (@) z’ :jz%ajl’]a

bip o _p+ji-1)!
(25)! p* (p—j)!
Since by, = 1 for all p € N and

a; = for j € Np, 7 < p.

o< bip _P+i=DIpT -+ p+j-De-j+) _ G-D*
Ty PP =5 pl+i-2) p? P

for 1 < j < p, we have that 0 < b;, <1 for all j <p, p € N. Hence, we obtain 0 < a; < @
for all 7 < p, which implies the second estimate.

The bounds in Lemma 4.12 are proven in the subsequent lemma. Besides the lower bounds
for B, m{"", and mb" the following lemma also contains upper bounds for the constants. The
lower bound for m{"” is also proven in [GMS21, Lemma A.4]; cf. Remark 4.13.

Lemma A.7. Letp € N and n > 0. Forv=uv,, =1+n%/(2p?) we have

(1+ in2)1/2 < 31297,, < tanhn

< < 1+ inH12 < A.10a
and
2
N pv _ lcoshnp—1 1,.2\=1/2 - ~pv
U ) St 1+4 <mb¥ <1 A.10b
4+2n2_m1 ~— 2 coshnp ’ (L+37) =My =5 ( )

with By, myY, and my" defined in (4.14).

Proof. (i) We start with the bounds for m%{". From (A.8) with & = 0 we obtain the estimate
Ty(vpn) > 1+ %772, which leads to the lower bound for m{"”. For the upper bound we employ
(A.9) with k = 0.
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A.2. Calculations for special choice of v

(ii) Next, we show the bounds for 3, ,. Inserting v = v, into the definition (4.14b) of 3,
yields with the transformation (A.3) similarly as in (A.5)

~ l’(l/) 2 t ]( ) 772 1/21
2 y4 / an 2
=2 + 1) =224 — | ———= =4p“(1+ — — tanh A1l
Pow =277y +1) p( 5 5) " ]j p?( 1 ;) , (), (AL

where we used in the last step that for v, > 1

21/2
sinh ¢ = sinh (arcosh(v,,,)) = V2, — 1)1/% = Q(l + 4%2) (A.12)

because of sinh(arcoshy) = (y? — 1)'/2 for y > 1.

Further, since
2arsinh(y) = arcosh(2y* + 1) forally >0 (A.13)

due to identity (B.6b), we obtain with the transformation (A.3)

arsinh (L)
py = parcosh(vp,) = 2p arsinh(%) = n—F (A.14)
2p

The function y — arsinh(y)/y is for y > 0 monotonically increasing due to the monotonicity and
concavity of arsinh for nonnegative numbers. Hence, we have by employing the monotonicity
of tanh, again (A.13), and (A.12) with p =1

arsinh (1 14 1p2)1/2
tanh(py) > tanh (771(2?7)> = tanh(arcosh(l + %772)) = 77(14?)2_
2 + 57
Using this in (A.11) then leads to
2.1/2(1 1,2\1/2 1+ 1,2 1/2
B, 2 a1 L) T s g )

which shows the lower bound for B\zjy.
For the upper bound we get from (A.14) with lim,_,oarsinh(y)/y = 1 that

tanh(py) < tanhn,

which yields

_ 2 \1/2tanh tanh
2 2 n anhn 2 1,.2y1/2tanhn
o < Ap (1+—4p2) , o S ar) T

It remains to show that for all n > 0

tanhn n

1,.2\1/2 . <
(1+4m7)7= <1 or, equivalently, tanhn < i iﬁ2)1/2.
Obviously, for n = 0 the second bound is true. Further, by differentiating the functions
fi:y— tanhy and fo: y — y(1 + in)*l/Q one easily concludes that 0 < fi(y) < fi(y) for
y > 0. Thus, the second bound holds for all n > 0.
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Appendix. Further calculations and properties of leapfrog-Chebyshev polynomials

(iii) Last, we turn towards the bounds for m5"”. The upper bound follows from (A.7) and
(A.1b). For the lower bound we first observe that with (A.13) and cosh(arsinhy) = (1 4 y2)'/2
we have

tanh(}p) = tanh(arsinh(41)) = £ (1 + 25) /%,

Moreover, similarly to the previous part of the proof we obtain

tanh(3pp) > tanh(arsinh(%n)) = %ﬁ(l + %772)71/2'

Hence, inserting these into formula (A.7) leads to

_ 2 2 \1/2 -1/2 2 \1/2 -1/2
Y = tanh(%pgp);(l + ) 2> (1 ) TP B > (1 )T
which is the stated lower bound for mb"”. O

Numerical observations suggest that the bounds for B\p,y /p? and mbh” in the previous lemma
can be (slightly) improved, since the constants seem to be monotonically decreasing in p for
every fixed n > 0; cf. Figure 4.4. Similar observations can be made for the constants m%" and
mf” if we use v = vp,. Employing the (conjectured) monotonicity then leads to the following
bounds.

Conjecture A.8. Letpe N, n >0, and v =v,,, = 1 +1n*/(2p?).
(a) Forn >0 we have
tanh 7 Bf),l, 1+ inQ tanh(%n)
S - 5 < T3 and — 2
n 4p 1+ 357

where By, and My are defined in (4.14).
(b) For n >0 we have

v cosh 7 (coshn — sinhn/n)
m

3= 2sinh(n)? (A-15)

with m5" defined in (4.9a).

Note that for n = 0 the singularity in the bound (A.15) is removable, since the function
1+ coshn — sinhn/n has a double root at n = 0. More precisely, we have
coshn (coshn —sinhn/n) 1

l _ -
70 2sinh(n)? 6’

which coincides with the limit of m3’1 for p — oo; see (4.17).

A.3. Expanded forms of the leapfrog-Chebyshev polynomials

Concluding, we state formulae for the expanded forms of the LFC polynomials (4.1b) for v > 1
and v = 1, respectively. In the general case v > 1 the following holds.

Lemma A.9. For every p € N and v > 1 the LFC polynomials B, defined in (4.1b) satisfy

p (_1)I<:+1 Tl}(k)(u) b p (_l)k-i-l Tl';(k)(lj) b

Bl(2)=> =2+

k—1 k—1
k=1 : 1;;’(’/)04;0 k=2 k! 129/(’/)0410

(A.16)

124



A.3. Expanded forms of the leapfrog-Chebyshev polynomials

Proof. Taylor expansion of 7, at v yields

z 1 2\F p k’+1 T(k)( )
Tl Z) =S L (_) — T k
p(V ap> kz::() k! P 2 ap i z:: oz}lf N
Inserting this into the definition (4.1b) of the LFC polynomials then shows (A.16). O

For the unstabilized case, i.e., for v = 1, the expanded form of the LFC polynomials F, can be
expressed in a more concise formula which is implicitly already shown in [GMS18, Appendix A]
(first equation on page 1019).

Lemma A.10. Let v = 1. For every p € N the LFC polynomials B, defined in (4.1b) satisfy

P 2 k—1)! E— 1)
= k;(_l)kﬂ (2K)! (]gpjk)!p%)_l e Z e 2/<?) (1(7p—+k)!p2’“)_1Zk' (A-17)

Proof. The claim directly follows from (A.16) together with (B.17) (note that 7)(1) = p? and
ap = 2p? for v = 1). Alternatively, one could employ (4.4) and (B.16) to obtain

B(:)=2- 251 55) =2 22 kpp; kk).l) (22)!<2Zp?)k’

which also shows (A.17). O

Using these lemmas we are able to explicitly write down the first LFC polynomials in the
monomial basis. For instance, for the general case v > 1 the first four LFC polynomials are
given by

202 — 1 ,
p=2: Py(z)=2z-— 67 %
3 2v (43 — 3v) 2 (413 — 3v)? ]
3(4v? —1)? 27(4v2 - 1)3

(602 —1)(8v* — 82 +1) 5, v(vr—82+1)2 5, (8482417 ,

=4: P, =2z — —
b 1(z) =2 64(203 — 1)2 T 128 — )3 T 65536(208 — )t
For v =1 these simplify to
p=1: Pi(2) =z,
— 9. _ 1.2
p=2: P(z)=2z— 157,
p=3: P3(z)=z-— 22722—|— 7%923,
p=4: Pyz)=z- 22+ @ZS — 765%3624
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APPENDIX B

Some basic and auxiliary results

In the following we present some basic, mainly known results which are used throughout this
thesis. After stating various trigonometric and hyperbolic identities in the first section, we
recall in Section B.2 the definition and some properties of the Chebyshev polynomials of the
first and second kind, which we need especially in Chapter 4. We continue with a few basic
properties of matrix functions which are required for the definition and the analysis of the
general class of schemes in Chapter 3 and especially for the multirate schemes in Chapter 5.
Concluding, we present in Section B.4 two discrete Gronwall-type lemmas, which are used in
the error analysis of the semilinear problems, and their continuous counterparts.

B.1. Trigonometric and hyperbolic identities

In the following let z,y € R unless explicitly stated otherwise. The (angle) addition formulae
for sine and cosine are given by

sin(z + y) = sin(z) cos(y) £ cos(z) sin(y), (B.1a)
cos(z + y) = cos(z) cos(y) F sin(z) sin(y). (B.1b)
A direct consequence of these addition formulae are the double-angle formulae
sin(2zx) = 2sin(x) cos(z), (B.2a)
cos(2x) = 1 — 2sin(z)? = 2cos(x)? — 1, (B.2b)
from which one concludes the half-angle formulae
1/2
sin(a) = (3(1 - cos@))) ", e 0,2q, (B.3a)
1/2
cos(3z) = (%(1 + COS(:L’))) / , x € [-m, 7. (B.3Db)
Further, from the addition formula (B.1) one deduces the sum-to-product formulae
sin(z) £sin(y) = 2 sin(%(m + y)> cos(%(a; F y)), (B.4a)
cos(z) + cos(y) = 2 cos(%(:p + y)) cos(%(aj - y)), (B.4b)
cos(x) — cos(y) = —2 sin(%(m + y)) sin(%(x - y)) (B.4c)
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Appendix. Some basic and auxiliary results

In particular, (B.4a),(B.4b) imply by replacing = with (n + 1) and y with (n — 1)y that

sin((n+ 1)z)
cos((n+1)z)

2sin(nx) cos(z) — sin((n — 1)z), neN, (B.5a)
2 cos(nx) cos(z) — cos((n — 1)z), n € N. (B.5b)

Similar formulae hold for the hyperbolic functions sinh and cosh. In particular, we have
sinh(2x) = 2sinh(z) cosh(z), (B.6a)
cosh(2x) = 2sinh(z)? + 1, (B.6b)

and the sum-to-product formula for cosh

cosh(z) — cosh(y) = QSinh(%(:): + y)) sinh(%(:): — y)) (B.7)

From these two one deduces the following formula involving only sinh

2 2
sinhzsinhy = sinh(%(:z: + y)) - Sinh(%(:n - y)) . (B.8)

B.2. Chebyshev polynomials of the first and second kind

Chebyshev polynomials are named after Pafnuty Lvovich Chebyshev who introduced this class
of polynomials in 1854 [Che54]. For further insight into Chebyshev polynomials we refer to the
monographs [FP68, Riv90, MHO03], in which all of the following results can be found.
Chebyshev polynomials of the first kind

We start with the Chebyshev polynomials of the first kind and state some of their properties.
There exist several equivalent definitions of these polynomials, among others via a linear
three-term recurrence relation, which we use here.

Definition B.1. The Chebyshev polynomials of the first kind I,: R — R are defined via the
linear three-term recurrence relation

Ti(@) = 20T5(@) ~ Ga(a),  peN, (B.9)
where T () = x and Ty(x) = 1.

In Figure B.1 the Chebyshev polynomials 7, p = 1,...,5, are plotted and listed in their
expanded form. From the definition one immediately obtains the following symmetry properties
by induction.

Lemma B.2. The Chebyshev polynomials I, p € No, are either even or odd according to the
parity of p.

Further basic properties of the polynomials can be seen more easily by another representation.
Lemma B.3. The Chebyshev polynomials T, p € Ny, satisfy T(cos 1)) = cos(py) for i € R.

Proof. The claim follows by induction together with the trigonometric identity (B.5b). O
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B.2. Chebyshev polynomials of the first and second kind

Ti(x) ==z

B(r) =222 -1

B(x) = 423 — 3x

Ti(z) = 8z* — 822 + 1
T3(z) = 162° — 2023 + 5z

Figure B.1.: Chebyshev polynomials 7, of the first kind for polynomial degree p =1,...,5.

The lemma states that for = € [—1, 1] the Chebyshev polynomials are given by
T,(z) = cos(parccos(z)). (B.10)

Often the Chebyshev polynomials of the first kind are defined via this formula. Similarly, one
obtains for > 1 that T,(x) = cosh(parcosh(x)) or, equivalently, with the transformation
x = cosh(p), ¢ >0,

Ty, (cosh ) = cosh(py). (B.11)

From these formulae we obtain for the derivatives of I,
sin(pt))
sin ¢
Note that the singularities are removable.

With these representations of 7}, one easily concludes many properties of the Chebyshev
polynomials.

sinh(py)
sinh ¢

T)(cosy)) =p for v e R and T)(cosh) = p for ¢ > 0. (B.12)

Lemma B.4. Let p € N.

(a) For x € [—1,1] we have Ty(z) € [—1,1]. Moreover, Ty(1) = 1.

(b) The roots of T, are contained in [—1,1] and given by z; = cos(%(i + %)), 1=0,...,p— 1.
(c) The (local) extrema of T, are contained in [—1,1] and given by x; = cos(%i), 1=1,...,p—1.

Proof. The statements are a direct consequence of the representation (B.10). O

Lemma B.5. The Chebyshev polynomials I, p € N, and its derivatives I;(k), k € Ny, are
monotonically increasing for x > 1 and, depending on the parity of p + k, either monotonically
increasing or decreasing for x < —1. For k < p — 1 the monotonicity is strict.

Proof. From part (b) in Lemma B.4 we get that T}, can be factorized in p linear factors. Since
all roots are contained in (—1, 1), this implies the result. ]

Lemma B.6. The Chebyshev polynomials 1), p € Ny, satisfy for all x € R
T () = Tp(Ti(x)) = Ti(Tp()). (B.13)

Proof. Tt suffices to show the result for x € [—1,1]. By using = cos v we have with Lemma B.3
and (B.10)

T, (T () = Tp(cos(ky)) = cos(parccos(cos(ky)))) = cos(pke)) = Tpi(x),
and analogously for T;. (T, (x)). O
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The great importance of Chebyshev polynomials in numerical analysis (interpolation, quadra-
ture, best approximations to name some) relies on their remarkable properties to be extremal
in some senses; see, for instance, [Riv90, Theorem 2.1] or [MHO03, Corollary 3.4B] for the
so-called minimaz property. The following lemma represents a variant of this. Note that we
have T)(1) = p? because of (B.12); see also (B.15) below.

Lemma B.7. For all polynomials P # T, of degree p € N with P(1) = 1 and P'(1) = p* we
have
P >1= T .

xg[lgful ()] mg[lgful p()]
Proof. Assume that there exists a polynomial P, # T;, of degree p € N with P,(1) = 1 and
P!(0) = p? satisfying max,e(—1,1]| P(z)| < 1. The polynomial d = P, — T, is then again of
degree p which has a double root at x = 1. Moreover, since 7}, alternates p times between %1
in [-1,1] , d has in each of the p — 1 intervals

k41 k
{cos(%w),cos(ﬁw)}, k=1,...,p—1,
at least one root. If one of these roots is at the boundary of such an interval (except of z = —1),

it is a double root, because otherwise the condition |Py(x)| < 1 would be violated. Hence,
counted with multiplicities there are p — 1 roots in [—1,1). Together with the double root at
x = 1 this yields that d has p + 1 roots. Thus, d = 0 which is in contradiction to P, #1,. [

The next theorem is stated, for instance, in [GM99, Theorem 2.1 and 2.2] and plays an
important role in approximation theory.

Theorem B.8 (Markov brothers’ inequality). Let P be a polynomial of degree p € N. Then
we have for k € Ny

P ()] < T® P B.14
xg[lffl]\ (x)l_xg[lfl’l]lp (x)\xg[lfful ()], (B.14)

where equality only holds for P = £T,. Moreover, it holds for all k € Ny

k—1 2 .9
T (2) = T® (1) = TT 2=L . B.15
[ ax 10 (@) =10 () ]l:[o 5Tl (B.15)

A proof of this theorem (in a slightly more general variant) is given in [Riv90, Theorem 2.24];
see also the original work [Mar90)] for the case k = 1, and the German translation of the original
work [MG16] for the general case k > 1.

Concluding we state another known explicit formula for the Chebyshev polynomials, which
is a direct consequence of the previous theorem and the Taylor series of T, at = = 1.

Lemma B.9. The Chebyshev polynomials I, satisfy for p € N

T(z) = g(_Q)k p (zzp+_kk—)!1)! (22)! (1— a). (B.16)
Proof. From (B.15) we obtain for k < p
k—1 . . k
Tt e+ —J) _plp+k—1)! 27!
W = ]UO 25+1  (p—k)! (k) (B.17)
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Thus, Taylor expansion of 7, at x = 1 yields

%k) x—l)’“:zp:(—l)kp(p+_k_!1)! Qk!(l—x)k,

??“)—A

which completes the proof. O

Chebyshev polynomials of the second kind

We now shortly present the Chebyshev polynomials of the second kind U,: R — R, p € Np.
Additionally, we consider some relations to 7j,.

The Chebyshev polynomials of the second kind are defined via the same three-term recurrence
relation as 7, but differ for U;.

Definition B.10. The Chebyshev polynomials of the second kind Up: R — R are defined via
the linear three-term recurrence relation

Upir () = 200y (2) — Upr(2), pEN, (B.18)
where Uy (x) = 2z and Up(z) = 1.

As for the Chebyshev polynomials of the first kind there exist also a trigonometric represen-
tation for U,. More precisely, for p € Ny we have

Up(cosyp) sinyp = sin((p + 1)) for all ¢ € R, (B.19)

which can be shown similarly as (B.10) by using (B.5a) instead of (B.5b). In particular, with
(B.12) this yields
T)(x) = pUp_1(x) forallz e R,p e N. (B.20)

Moreover, we have the following remarkable relation between 1, and Up; see, e.g., [Riv90,
equation (2.20)].

Lemma B.11. The Chebyshev polynomials 1), p € N, and Uy, p € Ny, satisfy for all x € R
T(x)? — (22 = V)Up_1(x)? =1 (Pell’s equation).

Proof. As before it is sufficient to show the equation for x € (—1,1). Using 2 = cos for
¥ € (0,7) yields with Lemma B.3 and (B.19)

sin(pi))
sin

which shows the claim. O

2
T@)? ~ (& = DUpos (@)? = cos(pu)? +sin(0)? (“5 P ) = cos(pn)? + sin(pu)? =

From this lemma we obtain together with (B.20)
(1= Ty(x)*) = (1 - 2*)T)(x)’ for all z € R,p € N, (B.21)

showing a relation between 7}, and its derivative.
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B.3. Basic properties of matrix functions

In this section we state some basic facts for matrix functions. For completeness we also recall
one of several possible definition of matrix functions. More information about matrix functions
can be found, e.g., in [Hig08], from which the following definitions and results are taken.

For the definition we first have to introduce some notation. We denote the Jordan normal
form of a matrix A € C™*™ by

Ay 1
J=X"TAX = diag(Jy,...,J), Je=J(\) = Ak e CmXME - (B.22)
where Y7 _,my =m and A\, k =1,...,p, are the (not necessarily distinct) eigenvalues of A.

With this, a matrix function can be defined as follows; cf. [Hig08, Definitions 1.1 and 1.2].

Definition B.12. Let A € C™*™. The scalar function f is said to be defined on the spectrum
of the matrix A if the values

f(J)(Ak;)v j:O,...,mk—l,k‘Zl,...,p,
exist.

Definition B.13. Let A € C™*™ and the scalar function f be defined on the spectrum of A.
If A has the Jordan normal form (B.22), we define

fA) = Xf(DHX =X diag(f(J1), ..., f(T)) X7,

where

FOW) 1 Ow) o G/ ()
fQIk) = FOw) : € CEXmk
f'(Ak)
f(Ak)

Clearly, if the matrix is diagonalizable, f(J) is a diagonal matrix, since all Jordan blocks Jy
are one-dimensional. Moreover, if f is real-valued and A € R™*™ a real matrix, then f(A) is
in general a real matrix only if the eigenvalues and the (generalized) eigenvectors are real. This
is, for instance, the case for real, symmetric matrices.

In the following we collect same basic results about matrix functions, which are used at some
point in this thesis.

Lemma B.14 ([Hig08, Theorem 1.13]). Let A € C™*™ and let the scalar functions f be
defined on the spectrum of A.

(a) We have f(A)T = f(AT).

(b) If B commutes with A, then B commutes with f(A).

(c) If A = diag(A11, A2, ..., Akg) is block diagonal (k < m), we have

f(A) = diag(f(An), f(AU), ey f(Akk;))
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Lemma B.15 ([Hig08, Theorem 1.15]). Let A € R™*™ and let the scalar functions f and g
be defined on the spectrum of A.

(a) If h(z) = f(x) 4+ g(z) for all = in the spectrum of A, we have h(A) = f(A) + g(A).

(b) If h(z) = f(x)g(x) for all x in the spectrum of A, we have h(A) = f(A)g(A).

Lemma B.16 ([Hig08, Corollary 1.34]). Let A,B € C™*™ and let the scalar function f be
defined on the spectrum of both AB and BA. Then we have

Af(BA) = f(AB)A  and Bf(AB) = f(BA)B. (B.23)

B.4. Gronwall-type lemmas

Last, we state discrete Gronwall-type lemmas (and their continuous counterparts), which are
required in the error analysis of the semilinear problems in this thesis. We start with the
following variant of the classical Gronwall-Bellmann inequality [Bel58].

Lemma B.17 (Gronwall-Bellmann inequality). Let T > 0 and k,&,v: [0,T] — R continuous
and nonnegative functions. If additionally k is monotonically increasing, then

e(t) < k(t) + /Otv(s)s(s) ds for allt € 10,7

implies
e(t) < k(t) exp (/Ot*y(s) ds) for allt € 10,T).

A proof of this lemma can be found, e.g., in [Qin16, Theorem 1.1.4], [Pac98, Theorem 1.3.1],
or the original work [Bel58]. A discrete, slightly more restrictive variant to this lemma is stated
next; see, e.g., [Qinl6, Theorem 2.1.2] or [Lee59].

Lemma B.18. Let 7,y > 0. Further, let {ky}n>0 be a nonnegative, monotonically increasing
sequence. If the nonnegative sequence {ey }tn>0 satisfies

n—1
5n§/€n+77253 forn >1,
(=1
then
en < Kpe'™ forn > 1.

The next lemma is shown in [CHS20, Lemma 3.8]. Since we are not aware of a proof of this
result so far in the literature, we present it here in detail. More general cases but with worse
estimates are, for instance, given in [Qinl6, Theorem 2.1.12 and Theorem 2.1.44], or in [DM84].

Lemma B.19. Let 7,k,v > 0. If the nonnegative sequence {e,}n>0 satisfies

n—1
en < K+ (97)? Z(n —l)eyg forn >0,
=0
then
en < ke1 forn > 0.
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We emphasize that with the discrete Gronwall Lemma B.18 we could also derive a bound
for e,,. Estimating 7(n — ¢) < e™(™=0 and applying Lemma B.18 to e~ ™"¢,, instead of &, yields
en < ke TD™ However, as for the estimates in [Qin16, Theorem 2.1.12 and Theorem 2.1.44]
we get a worse bound than with Lemma B.19.

Proof. For 7 = 0 or v = 0 the result follows immediately. Hence, we assume 7,7 > 0 in the
following. Let {pp }n>0 be defined by

n—1

pn=r+ (7)Y (n—)pe.
=0

By induction we obviously obtain €, < p, for all n > 0. Further, we obtain for n > 1

n n—1 n—2
i1 = 2pn + pn1 = (47)? <Z(n F1=Opr—2) (n=Opr+ ) (n—1- 5)[)@)
=0 =0 =0
n—2
= (yr1)? <(,0n +2pp-1) — 2pn—1+ Z(n +1—-40-2n—0)+n—1- Z)pg)
(=0
= (v7)*pn.

Thus, p, satisfies for n > 1 the linear recurrence relation

pr+1 = (24 (7)) p + p1 = 0.
Resolving this relation yields for n > 0

1/2
pn = cyn +con”, Nt = fr(y7), fe(x) =1+ 32 £ (4 + 2?) /

with ¢4 € R (note that we used here that 7,7 > 0).
In order to determine c4+ we observe that

Cy tc.=po=~K and cint +en-=p1 = (1+ (77')2)”-
A simple calculation shows that
1
e )
2 (4+(v7)?)

Since z(4 + 22)~1/2 < 1 for all x > 0, we have that c+ are both nonnegative.
Next, we bound 77 for n € N. By employing (4 +y)"/? <2+ iy for y > 0 we obtain on the
one hand for £ > 0

C+

0< fr(z) <1+ ia®+ 3224 32%) =1+z+32° + La° <e”
and on the other hand

f-(x) <1+ %xQ - %xQ =1 and f-(z) = f-(@)f () = 1 > 0.

f+(z) f+(z)

Thus, we have n} < e’ and 0 < 7" <1.
Altogether, this implies

pn =yt +en < cpe™ 4 el < kel

Using e, < p, for all n > 0 completes the proof. O
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The previous lemma can be easily extended to the case of a non-decreasing, positive sequence
{Kn}n>0 instead of a constant «.

Corollary B.20. Let 7,7 > 0. Further, let {kn}n>0 be a positive, monotonically increasing
sequence. If the nonnegative sequence {ey}n>0 satisfies

n—1
en < K + (77)? Z(n — ey forn >0,
/=0
then
en < Kpe'™ forn > 0.

Proof. 1f we define a,, = €,,/kn, n € N, we obtain for n > 0 with the monotonicity of {x, }n>0

n—1 n—1
K
an < 1+ (y7)? E (n— E)ag—z <14 (y7)? E (n—0)ay.
Kn
/=0 =0
An application of the previous lemma completes the proof. O

For the sake of completeness we also present the continuous counterpart to Lemma B.19.
As for the discrete case we are not aware of a proof of this theorem in the literature. A more
general case are the Volterra-type integral inequalities given by [NS87], which, however, yield
worse estimates for our special case; see also [Qin16, Theorem 1.2.39] or [Pac98, Theorem 1.4.2]
for a slightly more general variant.

Lemma B.21. Let k,7 > 0 and T > 0. If the nonnegative, continuous function €: [0,T] — R
satisfies

e(t) <k +72 /Ot(t —s)e(s)ds for allt € [0,T],

then
e(t) < we for all t € [0, 7).

Proof. We assume « > 0, since for v = 0 the statement follows immediately. Let § > 0. We
first observe that the function ¢: [0,7] — R which solves the integral equation

o(t) = ( + 6) + 2 /Ot(t —9pls)ds,  te[0,T]

is given by ¢(t) = %(/1 +0) (e + e ). This can be seen, for instance, by differentiating the
integral equation twice which then yields the initial value problem

PI(t) = e(t),  p0)=r, ¢(0)=0.
We further know for all ¢ € [0, T] that
P(0) =<0 2 5497 [ (1= 5) (ols) — () ds > 0
since ¢(0) —e(0) > 6 > 0. Hence, we obtain
e(t) <) =%(k+68)(e" +e ) < (k+ ).
Since § > 0 is arbitrary, we get the result by taking the limit § — 0. O

With the same procedure as in Corollary B.20 one can extend this lemma to the case of a
monotonically increasing, positive function x: [0,7] — R instead of a constant x. We omit the
details.
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