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Abstract

We study transverse magnetic (vector valued) wave-packets in the time dependent Kerr nonlinear
Maxwell’s equations at the interface of two inhomogeneous dielectrics with an instantaneous material
response. The resulting model is quasilinear. The problem is solved on each side of the interface and
the fields are coupled via natural interface conditions. The wave-packet is localized at the interface
and propagates in the tangential direction. For a slowly modulated envelope approximation the nonlinear
Schrodinger equation is formally derived as an amplitude equation for the envelope. We rigorously justify
the approximation in a Sobolev space norm on the corresponding asymptotically large time intervals. The
well-posedness result for the quasilinear Maxwell problem builds on the local theory of [R. Schnaubelt
und M. Spitz, Local wellposedness of quasilinear Maxwell equations with conservative interface condi-
tions, Commun. Math. Sci., accepted, 2022] and extends this to asymptotically large time intervals for
small data using an involved bootstrapping argument.

2020 MSC: 35Q61, 35C07, 35L50.
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1 Introduction

Propagation of electromagnetic wave-packets at interfaces is of interest for applications in modern and
future optical components. A typical example are surface plasmons (SPs) at the interface of a conductor and
a dielectric. From an engineering point of view their advantage is mainly in the higher level of localization
compared to wave-packets in bulk media. If the involved media feature a nonlinear material response, new
phenomena and thus new functionality of SPs are produced [17]. Also interfaces of two dielectrics, e.g.
photonic crystal waveguides [14, 19, 29], are interesting from the applied point of view.



We consider wave-packets at the interface of two generally inhomogeneous and Kerr nonlinear di-
electrics. The problem is modeled by time dependent quasilinear Maxwell’s equations in two spatial dimen-
sions (assuming homogeneity of the material in the third direction). We study spatio-temporal wave-packets
propagating in the direction tangential to the interface. They are broad in the propagation direction, have
a small amplitude and are slowly modulated in time. In particular, we analyze their approximation via a
slowly varying envelope. The equation governing the envelope dynamics is the one dimensional nonlinear
Schrodinger equation (NLS).

The NLS is well known to approximate the dynamics of wave-packets in dispersive problems with
a single carrier wave [15, 18]. The formal derivation of the NLS for spatio-temporal wave-packets in
quasilinear Maxwell’s equations exists for a number of scenarios ranging from pulses in optical fibers [1]
over photonic crystals [2] to surface plasmons, e.g. [21, 10]. Spatial (time harmonic) surface plasmon wave-
packets have been also formally approximated by the NLS (or more generally by the complex Ginzburg-
Landau equation), e.g. in [9, 22, 7], where one of the spatial variables plays the role of an evolution variable.

Formally derived asymptotic models for wave-packet envelopes can fail to produce a valid approxima-
tion of the original nonlinear problem, see e.g. [24, 25]. Hence, a rigorous justification analysis with an
error estimate must be performed. In the case of the semilinear wave equation with periodic coefficients
this justification was carried out in [5] for the one dimensional case and in [12] in d dimensions. The
time dependent Maxwell’s equations for nonlinear materials are quasilinear and the NLS approximation
has been justified only in the case of fields leading to a scalar equation. Examples are [20] and [26]. In [20]
wave-packets in 2D photonic crystal waveguides are described by a quasilinear wave equation. In [26] an
approximation via a complex Ginzburg-Landau equation is proved for the quasilinear wave equation in one
spatial dimension and with a time delayed material response (memory effect modeled by the coupling to an
ODE system).

We work with vector valued Maxwell’s equations for TM polarized fields and reduce the problem to
a system for the components F1, F5 and Hs. We restrict here to the instantaneous material response (as
relevant for dielectrics) and avoid time delayed terms (relevant for metals). To our knowledge there are no
directly applicable results on long time existence in full quasilinear Maxwell’s equations with time delay
on unbounded domains. For the instantaneous case we use local well-posedness results from [23]. The
working function space for each component is G3(R? x J) := m?:o CI(J,H?>77(R?)), where H*(R?)
consists of functions which are H® on each half-space defined by the interface and J is a time interval.
This high regularity is enforced by the quasilinear term. The two half-spaces are coupled by interface
conditions out of which only the continuity of F5 and Hs needs to be enforced in the time evolution. As
the approximation result needs to be proved on asymptotically large time intervals, we use a sophisticated
bootstrap argument to extend the local existence to such asymptotically long time scales for small data.
Here one estimates space-time differentiated solutions of the problem. If no normal derivatives occur, we
can apply higher-order energy inequalities. Otherwise, the boundary conditions are violated and we have
to use the equation itself and the divergence condition iteratively to bound the differentiated solutions in
Gronwall arguments, see Section 6.1.

Maxwell’s equations in the whole space in the absence of free currents read

0D =V xH,
HoOtH = -V x &, o
VD = gy,
V-H=0,

forz € R3and t > 0, where H = H (z,t) is the magnetic field, £ = € (x,t) is the electric field,
00 = 0o() is the volume charge density and L is the permeability of free space. We consider an electric
displacement field D = D(E) given by the instantaneous material law

D (x,t) = o€ (x,t) + P (x,1). (2)

Here € is the permittivity of free space and P = P(E) is the electric polarization modeling an ;-
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Figure 1: Schematic of a pulse propagating in the direction v = (0,1) T, i.e., along the interface.

dependent Kerr nonlinear material, i.e.,
P(x,t) =€ (x1 (z1) E (x,t) + x3 (1) (E (2, 1) - € (2,1)) E (2, 1)) 3)

with the linear and cubic susceptibilities x1,x3 : R — R. For simplicity, the susceptibilities are scalar
quantities, meaning that the material is isotropic.
In order to describe an interface, we allow x; and x5 to have a jump at ; = 0 and denote

Xi (z1), @1 <0, X3 (71), 21 <0,
X1 (71) = X3 (1) =
{Xf(m1)7 x1 >0, X;<$1)7 1 >0,

for ¥, x5 : Ry := {1 € R|£x; > 0} — R. We also define

e1:=eo(l+x1), e3:=€ox3 and € = eg (1+ Xf) , €= eoxi.

We investigate a two dimensional setting with all fields independent of x3, i.e.,
(D,87H,P) - (’1)7877-[,73) (‘Tla ant) :

Hence, the problem can be reduced to R2. From now on the variable x lies in R?. The two resulting half-
spaces are denoted by R? := {x € R? : #; < 0} and R% := {x € R? : ;1 > 0} and the interface is
I' := {& € R? : 1 = 0}. The aim of this paper is to describe the propagation of wave-packets localized
near the interface I" and propagating in the z»-direction, see Figure 1.

We introduce also the (time independent) surface charge density or : I' — R. Using Maxwell’s
equations in integral form, one can formally derive the jump conditions for solutions

[D1] (z,t) = or(x), [E] (x,t) =[] (x,t) =0, Ve el,t>0,

[Hi] (z,t) = [He] (x,t) = [H3] (x,t) =0, Vxel,t>0, @

in the absence of surface currents, see also Section I1.4.2.4 of [8]. Here for f : R — R continuous on @
and Rf_ and for each & € I" we define

[f1(x):= lim f(y)— lim f(y).

y—x,y€eRY y—x,yeR?

For or = 0 conditions (4) hold in trace sense for any £(-,t) € Heun(R?), D(-,t) € Haiv(R?) and
H(-,t) € H'(R?), see e.g. an appendix in [4].
We study specific solutions satisfying the reduction

5357'[157'[250. (5)

For the case that ef is constant, all eigenfunctions of the linear eigenvalue problem for time harmonic fields
(namely (15)) have to satisfy (5), see e.g. [4]. We study this reduced type of solutions also in the nonlinear
case with non-constant ef. Hence, we set

U:=(E,E,Hs)" (6)



and further define
U™ = Ulyers -

Throughout this paper we will always use f* to indicate the restriction of a function f : R® — R to R%

with n = 1,2. We also write Ug := (Uy, U, 0)T to denote the part of U corresponding to the electric
field. With (6) the first two equations in (1) reduce to a system of three instead of six scalar equations. Note
that the problem is indeed compatible with this reduction since the form of the nonlinearity implies that

Regarding the interface conditions, note that for time-independent surface charges we have
[D1](z,t) = or(x) for all t > 0 if [D1](x,0) = pr(x). This can be derived from the first compo-
nent of the first equation in (1). Indeed, we get 0;[D1](x,t) = O, [Hs](x,t) = 0 forall z € T and
t > 0. Also the divergence condition V - D = gy needs to be checked only at ¢ = 0 as follows from the
first equation in (1). For our specific solutions V - H = 0 is always satisfied, since the only non-trivial
component 3 is independent of 5. Therefore, the equations [D;] = or, V- D = gg, and V- H = 0 play
no role in our analysis. Only the fact that V - D equals a time independent quantity, sufficiently smooth in
each half space, is used in the bootstrapping argument in Section 6.

Let 7% > 0. From now on we study the initial value problem on the interval (0,7*) with initial data
U : R2 — R3. With the above reduction the Maxwell problem (1), (2), (3), and (4) becomes

= U + UL Ut +
e 0 0 1 2 1 —05,U;
0 & 0 |aU +ed | (v +us\us |+ ilegt L] =0 7
0 0 uo 0 0z, U5™ — 05, U7
on R x (0,7*) with
Ux(,00=U09*  on RZ, (8)
and the interface conditions
[U2] =[Us] =0 onT x[0,T7). 9)

System (7), (8), and (9) is the problem treated by our approximation result.
If, in addition, the sought solutions are to fit a prescribed volume charge density gy and a prescribed

surface charge density or, then the initial condition Ug) must be chosen such that the divergence condition
2 2
00, D1 (UDF) + 0,0, (UP) = 0, (U + G 010 + 037 )u{")
+ s, (e?EUQ(O)’i +eEUOF 4 U2<0)¢2)U2(0),i> (10)
=00 on Ri
and the interface condition

[[Dl (Ug))ﬂ = [[elUl(O) + €3 <U1(0)2 + U2(0)2) Ul(o)]] =por onl (11)

are satisfied.
We study wave-packets based on the carrier wave

m (zy)eltor2m0) (@, 1) € (RP\T) x [0, 00),

which solves the linear Maxwell equations corresponding to (7), i.e., with e3 = 0, and with gy = 0 and
or = 0. Here kg € R is a fixed wave-number and m (1) is a localized profile (an eigenfunction) of the
resulting eigenvalue problem in 1, and vy € R \ {0} is the corresponding eigenvalue, see Section 2 for
details. We use the classical formal asymptotic ansatz of a wave-packet

gans,l (.’1}, t)

Uans (@,1) = | Eans2 (@,1) | 1= A (e (2 — v1t) , %) m (a1) eFom27908) Lce (12)
Hans,S(mvt)



with the complex envelope A : R x [0,00) — C, a small parameter 0 < ¢ < 1, the group velocity v; € R
at the wave-number k( as defined in (20), and c.c. denoting the complex conjugate of the previous term.
The envelope travels with the velocity 11, depends slowly on the moving frame variable o — 1t and is
modulated in time on an even slower scale. If A(, 521&) is localized, then U ,,s describes a wave-packet
localized in both z; and x5 and propagating in the zo direction. As explained in Section 3, the ansatz
(after a suitable correction via higher-order terms) produces a small residual in the Maxwell system (7)
only if A satisfies a nonlinear Schrodinger equation. This NLS is an effective macroscopic description of
the wave-packet dynamics.
We make the assumptions

£ e C](Ry) NWH®(Ry), & > efm € (0, 00), (AD)
e (x1) = > € [eli’m,oo) as £1 — 300, (A2)
&g € C*(Re) NWH®(Ry), €5, <€ < €5y withey, e, €R. (A3)

Our main result shows that the asymptotic wave-packet ansatz (12) is close to a true solution on a time
interval of length O(s2).

Theorem 1.1 (Approximation Theorem)
Let Ty > 0. Assume (A1), (A2), (A3), and the conditions (A4), (AS), and (A6) stated in Section 2 and
let A € ﬂi:o CA=*(]0,Ty), H3T*(R)) be a solution of the effective nonlinear Schridinger equation (38).
Assume that the initial value U := U(-,0) € H3(R2)? satisfies the nonlinear compatibility conditions
of order 3, see Definition 5.9. There exist constants €9 > 0 and C' > 0 such that if ¢ € (0,e0) and if
U© .= U(-,0) fulfills
0 3
HU( ) Uans(.70)HH3(R2)3 < e, (13)

with ¢ > 0, then there exists a solution U € G*(R? x (0, Toe~2))3 of (7), (8) and (9) such that
U = Uansllgs o x (0.1e-2yy2 < Ce? 70 (14)

forall § > 0. (The space G® is introduced below.) If, in addition, U'Y satisfies (10) and (11), then we have
V- -DWUg) = gpon (R*\T) x (0,Toe~2) and [D1(UEg)] = or on T x (0, Toe~2).

Remark 1.2

1. The existence of initial data U which satisfy (13) and the nonlinear compatibility conditions of order
3 is an open problem. Similarly, the existence of initial data U which satisfy (13) as well as (10) and
(11) for given oy and or is an open problem.

For the case pg = 0 and or = 0 this problem was considered in [11], where initial data were found in
the form U © = U ans + Vo with a correction function ¢, such that (13) holds with an exponent a < 1
instead of % Note that our ansatz U ,y,¢ naturally fits the choice oy = 0 and or = 0 because e;me'*0%2 js
divergence free on R and eym is continuous at x1 = 0, see Remark 2.1. As a result one can easily show
that ||V - D(U ans) || 2(r2) < c£¥/? and [Dy (U ans(+,0))] < ce® for any bounded continuous A.

2. Due to their high regularity the components € := (Uy,Us,0) " and H := (0,0,Us3) " of the solution
U of Theorem 1.1 satisfy (1), (2), (3), and (4) on (R?> \ T) x (0, Toe~2) in the classical sense.

3. In the case or = 0 the regularity of U produced by Theorem 1.1 guarantees that we have € €
Hew1(R?), D € Hyiy(R?) and H € HY(R?) at each point in time. This is because functions f with
f|]Rzi € Heun(R%) and with the tangential trace being continuous across the interface, are in Heyy (R?).
An analogous statement holds for Hqi, and the continuity of the normal trace, see [4].

Form,n € N, p € [1,00] and an interval J C R we define
W™P(R™) := {u € LP(R") |[u™ € W™P(R"), ut € W™P(R?)},

||“vamm(Rn) = ||u7HWm«P(]R’1) + |‘u+’|Wm«P(RQ‘_) J



W™P(R" x J) :={u € LP(R" x J)|u~ € W™P(R" x J), ut € W™P(R} x J)},
[ellyym.p (g .y = ||“7vam,p(m «n) T H“JrHWmm(me)

with the usual Lebesgue spaces L? and Sobolev spaces W™ . For H™ := W™?2 we also set

m n — J(T m—j n — J
e JOOC TR, el gy 0<y5m ‘atuHLm(J,Hm*f(]R”)).
The norm || - ||gs in Theorem 1.1 thus contains spatial and temporal derivatives of total degree three.
Remark 1.3

We will often extend functions f with f* € LP(R%) to a function in LP(R™). In general, a function
g € HY(R™) does not belong to H*(R™) as the weak partial derivatives only exist in the half-spaces, e.g.,
Du,9% € LA(RT) and 0,9~ € L*(R™). Nevertheless, we will often write 0,9 € L*(R™) because the
weak derivatives can be extended to a function defined on R™ by an arbitrary extension on R™\ (R UR™ ).

The rest of the paper is organized as follows. In Section 2 the linear spatial eigenvalue problem is
studied in order to construct a carrier wave for the wave-packet. Section 3 provides a formal derivation of
the NLS as an amplitude equation. In Section 4 we estimate the residual of the asymptotic approximation.
In Section 5 we rewrite the reduced quasilinear Maxwell system (7), (8), (9) in the form of a hyperbolic
system and adapt the local existence results of [23] to this problem. The proof of the main approximation
result (Theorem 1.1) is provided in Sec. 6. The proof is based on a bootstrapping argument which extends
the local existence from [23] to the existence on time intervals of length O(e~2) for initial data close to
the (small) asymptotic ansatz. The bootstrapping simultaneously provides the error bound (14). Finally
in Appendix A we describe the numerical method for computing eigenvalues (and eigenfunctions) of the
linear interface problem. In Appendix B the highest order residual terms are provided explicitly. Appendix
C contains estimates on products of functions in the used function spaces.

2 Linear time-harmonic eigenvalue problem

2.1 Linear eigenvalue problem

We first study the linear part of equation (7) and (9), i.e., with e3 = 0, assuming that €; satisfies (A1) and
(A2). Using the reduction (5), (6) and the ansatz

U(x,t) =cF2=“Dy(21) 4 cc., (z,t) € (R2\T) x [0,00),
where k,w € R and w : R — C3, one arrives at the eigenvalue problem
L(k)w(z) +wAw(z1) =0, 2 € R\ {0} (15)

for the profile w. Here for each k € R the operators L(k) : D(L(k)) — L?*(R)3 and A : D(A) — L*(R)?
are given by

kws e1(x)wy
L(k)w:= 10,,ws , Aw = | e1(z1)ws |, (16)
kw1 —+ i@mlwg Hows

with the domains D(A) := L?(R)? and

D(L(k)) :=={w : R — C* | w; € L*(R), wz, w3 € H'(R)}.
We call w = w(k) € R an eigenvalue of (15) if there exists a function w = w(k) € D(L(k)) \ {0} such
that (15) holds. For the eigenfunctions we choose the normalization

3
IAw|72 gy = D [(Aw); 172 = 1. (17)

j=1



Because the operator L(k) is self-adjoint and A is real and diagonal, all eigenvalues w (in fact the whole
spectrum) are indeed real. The interface conditions for w corresponding to (9) are

[wa]ip = [ws]ip = 0, (18)

where we define [f]ip := lim,, o+ f(21) — lim,, - f(z1) for f : R — R. Solutions w of (15) fulfil
these conditions, since wo, w3 € H!(R).

Remark 2.1

Let us, in addition, discuss the (linear) divergence condition and the interface condition (11). Solutions w
of (15) with w # 0 satisfy (11) since w3 € H(R) and so e;w is continuous because of kws +wejw; = 0,
i.e., the first line in (15). The (linear) divergence condition with gy = 0, i.e., 3, D1(Ug)+0,,D2(Ug) =0
on (R?2\T) x [0, 00) with e3 = 0 is also automatically satisfied. Indeed, we have (for e3 = 0)

&UlDl (UE) + agCQDQ(UE) = (8751 (61’(1)1) + ik€1’U)2) ei(k:xz—wt) + c.c.
and due to (15)

Do, (c1wn) + ikerws = — ~0, w5 — i % ey (M) =0. (19)
w w €1
Remark 2.2
Note that the second assumption in (A1) eliminates the pathological case where each w € C is an eigen-
value of infinite multiplicity, which is caused by the fact that gradient fields belong in the kernel of the curl
operator. Indeed, if e.g. € = 0, then (0., f,ikf,0)" is an eigenfunction of (15) for any f € C°(Ry).
Here, the electric field part (0, f,ikf) T corresponds to a gradient field (in the selected ansatz).
For the construction of the wave-packet we need that near kg there is a unique smooth eigenvalue curve
k — w(k) and we set
vy 1= w(ko), vy = ka(ko), Vo = 5‘,%w(k0) (20)
This eigenvalue curve defines the so-called dispersion relation. In addition, let us assume that the eigenvalue
v is simple and denote the (normalized) eigenfunction by

m = w(kp).
In other words, an eigenfunction exists (near (ko, 1)) if and only if the dispersion relation is satisfied.
Hence, we impose the following assumptions for Theorem 1.1.
vg = w(ko) is a simple eigenvalue of (15) isolated from all other eigenvalues at k = k. (A4)
In order to control the essential spectrum corresponding to (15), we also require
w(ko)er #0, w(Bko)er 0 and k2 > w(ko)?poer™. (A5)

In view of (A1) and (A2), the first two conditions in (A5) just say that w(kg) and w(3kg) do not vanish. As
noted in Corollary 2.5, the above assumptions also guarantee that the eigenvalue w(k) and the eigenfunction
w(k) depend smoothly on k near kg, which is needed below.

Given a solution w(k), also w := (W, —@g,@g)T solves (15). We can thus choose the eigenfunction
w with real valued w;, w3 and imaginary valued ws, which we do throughout the rest of the paper. With
this choice the normalization (17) means that

/ (e1 (m} —m3) + pom3) day = 1. 21
R
For the proof of Theorem 1.1, i.e., the justification of (12) as an asymptotic approximation of a solution
of the cubically nonlinear problem, it will be necessary to assume the non-resonance condition
3vg # w(3ko), i.e., 3vp is not an eigenvalue of (15) at k = 3k, (A6)

see (34) and the following arguments in Section 3.
Since €; depends on x; it is in general not possible to solve (15) explicitly. We therefore have to
calculate solutions numerically and check if the Assumptions (A4), (AS) and (A6) are satisfied.
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Figure 2: (for Example 2.3) (a) The eigenfunction m of the linear problem (15) for ky, = 0.5. (We plot
e1my to show that the linear interface conditions are satisfied.) (b) Numerical convergence test for the
eigenvalue w = vy &~ 0.494 of T}, ., := L(ko) +wA for ko = 0.5 in dependence on the computational box
size d.

Example 2.3
For e1(x1) = 1xr_ + (1 +e7 ™) xr, and wy = 1, we compute a numerical solution of (15) with the
method described in Appendix A. We study the generalized eigenvalue problem L(k)w = —wAw for

k = ko on the interval [—d, d] and compute all eigenvalues in a neighborhood of w = vy. Fo kg = 0.5,
step size h = 0.01 and interval length d = 5 - 10* we get the eigenvalue w(kg) = vy ~ 0.494 and no other
eigenvalue in a neighborhood of vy.

To check the effects of the boundary, we repeated the calculation for different intervals [—d, d] and get
the eigenvalue w(d) closest to v in dependence on d . In Figure 2 (a) we see the calculated eigenfunction
w and Figure 2 (b) shows that the error in the calculation of w(d) converges to zero for increasing d.

Note that for this example we have efm = 61i°° = 1 and one can numerically calculate that the
eigenvalue closest to 3vy =~ 1.481 is given by w(3ko) & 1.404. Therefore, Assumptions (Al), (A2), (A4),
(AS), and (A6) appear to be satisfied.

2.2 Solution of the inhomogeneous problem

In Section 3 we also have to solve the inhomogeneous version of the eigenvalue problem

weq 0 k
Thwv:=(Lk)+wh)v=| 0 we 10, |v=F, (22)
k 16“ Wi

with f € N(Tj, )%, where N(Ty,.) C D(Ty,) == {v € L*(R)? | vz, 03 € H'(R)}.

Lemma 2.4
Let e € W12 (R) satisfy (A2) and let k,w € R be such that k* > w261ioop0 and wey # 0. Assume that
we are in one of the cases

i) 0is a simple eigenvalue of Ty, ., isolated from all other eigenvalues;
ii) 0is not an eigenvalue of Ty, ..
Iff € N(Tw)t C L2(R)3 (f € L2(R)? if N(T}..,) = {0}), then (22) has a solution v € D(Ty ).

PROOF: Equation (22) splits for we; # 0 into the scalar equation

1
= — — k
U1 we; (fl ’03)



and the reduced problem

with

~ [(wa 10z, =N gl (R2 ~._ (V2 . f2
Tk,w = (i@wl Wi — f:l) y D(Tk,w) =H (R) s v = <’Ug) s f = (f3 _ wLElfl .

Note that
- k T
(’L)Q,’Ug)T S N(Tk,w) < (we 1}3,1}2,U3> GN(Tkw)
1

and hence _ _
FENTh)" < fENThw)"
We also obtain that 0 € a(fk_’w) ifand only if 0 € o (T} ).
Since T}, ,, is self-adjoint, the result will follow from the closedness of the range of T}, ,,. We check the

closedness by showing that Tk,w is Fredholm. To this aim, we rewrite the problem as the linear ordinary
differential equation
63516 = A(Z‘l)g +g

with
_ _k ; _ K
g:=—i (f wel fl) R A(Z‘1) = 0 1 (WHO w€1(ﬂv1)) =: A (xl)’ z1 <0,
f2 iwel(xl) 0 A+(£C1), x1 > 0.
Theorem 1.2 in [3] says that Tk,w is Fredholm if and only if the ODEs
0z, 0 = A_(z1)v7, r1 <0, (23)
0p, 0T = Ay (x)0T, x>0, (24)

have exponential dichotomies. We only show the dichotomy for (24) as (23) can be treated analogously.
First, the problem
Op,w = A, w

with the constant coefficient matrix

: - ik?
A+oo = A(I’l — OO) = ( 0 WHo wer"o>

iwe > 0

has an exponential dichotomy since the eigenvalues

)\1’2 = :|:\/ k2 — w2€foou()

of A are real with different signs for k2 > w?e >y Then Proposition 1 in Chapter 4 and the discussion

starting on page 13 of [6] imply that also
000" = Ap (@) = (Ajoe + (A (21) — Aso)) T

has an exponential dichotomy, because A (21) — At tends to 0 as 1 — 0. O
Using the spectral information obtained above, we next show that the eigenvalues w(k) and the corre-
sponding eigenfunctions w(k) are smooth in k.

Corollary 2.5
Let (A1), (A2), (A4) and (AS) be true. Then for some 6 > 0 the eigenvalues and the corresponding
eigenfunctions of problem (15) satisfy

w € C™ ((kg — 8,k +6),R) and w e C™ ((ko —d,ko+ ), L*(R) x H'(R) x H'(R)).



PROOF: We translate our problem into standard perturbation theory of spectra, as discussed in [16].
By the assumptions, wy is a simple eigenvalue of A~!L(kq) with eigenfunction w(kg), and there are no
other eigenvalues nearby. As shown in the proof of Lemma 2.4, w belongs to the resolvent set of A~ L (ko)

if and only if T}, ., is invertible. For w ~ wy we can write Ty, ., = Tk, w, + I with a perturbation
R: L*(R) — L*(R), whose norm is bounded by ¢ |w — wp|. In the proof of Lemma 2.4 we have seen that

Tio,wo 18 @ Fredholm operator, hence 0 ¢ 0ess(Tk, ) and the same is true for Tk, , if w is close to wy. If O
was an eigenvalue of Tk, ., the number w # wo would be an eigenvalue of A~ L(ko) which is impossible

in a small enough neighborhood of wy by assumption (A4). As a result, 0 is contained in p(fko}w) and thus
wp is an isolated simple eigenvalue of A1 L(ko).

For k ~ kg, Theorem 1.8 in §VIL.1 of [16] now shows that A~'L(k) has a simple eigenvalue w(k)
smoothly depending on k. Also the projection P(k) onto the eigenspace is smooth in k. Hence, the
mapping k — P(k)w(ko) is a smooth family of eigenfunctions of (15) if k is close to k. O

The next lemma improves the regularity of solutions to (22) if the right-hand side is smooth enough.

Lemma 2.6
Assume (A1) and (AS). Let k,w € R, f = fhfg,fg)T with fi € H3(R) and fo, f3 € H*(R). If
v € L?(R)? is a solution of (22), then v € H3(R)3.

PROOF: We start by showing that v € H!(R). From (22) we know that

{iaml'UQ = f3 - kvl — HoWw3, (25)

18331113 = f2 — €1WV3.

The right-hand sides in (25) belong to L?(RR) and therefore vy, v3 € H!(R). The assumptions on €; imply
that 9, (e7') = —€; %05, 61 € L®(Ry). Now v; € H'(R) is a direct consequence of

1
vp = — (f1 — kvs). (26)

€1w

We can now iterate this process since €; * € W3 (R). Equations (25) and (26) yield that v € H?(R)? if
one knows that v € H!(R)3. This fact then implies that v € H3(R)3. O

3 Envelope approximation of wave-packets; amplitude equation

The aim of this section is to make the residual

8tD1 (Uans) - 8x2 Uans,3
ReS(Uans) = atDQ(Uans) + aacl Uans,3 (27)
*azQUans,l + a:cl Uans,? + antUans,S

of (12) in the Maxwell problem (7) small enough for the subsequent justification of the asymptotics, i.e., for
the proof of Theorem 1.1. As we will see, this requires an extension of the ansatz (12). In the propagation
direction x5 we mostly work in Fourier variables applying the Fourier transform

~

f(k) =F(f)(k) := (27[)—1/2/]1&]0(36)6—11«5 de.

The corresponding inverse transform is given by
Ff)(z) = (zﬂ)fl/Q/ fk)e™ dk.
R

Indeed, itis Fo F~! = F~lo F =1d : L?(R) — L?(R) after the standard extension of the transforms
from L'(R) to L2(R).
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For the wave-packet U ,,s we compute

~

. gans,l (3311 kvt) k—k
Uans (xla ku t) = Eans,Q (Ila k7 t) =4 ( £ ” ’ EQt) m (‘Tl) e_i(yo-l_(k_k())yl)t + C/'Ew (28)

Hans,?) (xla ka t)

~ —_—

where ¢.¢.(f) = c.c.(f). Maxwell’s equations with the reduction (5) transform to
0Dy — ikHs = 0,
8Dy + 0y, Hs = 0, (29)
—ikgl + 8151(252 + I.loatﬁg =0,

with R R
DE)=ecE+e((E-EE).

In what follows we use the notations F; := e {(vot(k=ko)r)t ' p . — cilkora—vot) o .— %, T .= 2t
and X, := ¢ (x5 — v1t), and we will suppress the arguments of m = m(z;) and A = A(K,T) and their
derivatives if they are obvious.
We start our formal asymptotic analysis by writing out the nonlinear term, where we employ the notation
D = Dy, + Dy with
Dlin = 6187 Dnl = 63(8 . 8)8

In the physical variables we get

atDnlJ(Uans) = —633163V0F13A3 (m? =+ mlmg)
—e%iesvo F1|APA (3mi — m3my) + O(e*) + cc. (e = 0),

using that m; 3 are real and my is imaginary. As one easily checks,

PN

/ el 0200 | 4 (X5, T) [2A (Xo, T) €472 day = (2m) V27 By (A A A) (K, T),
R
/ eBi(kon—Vot)AS(X2, T’)e_ikx2 d.’I,‘Q = (27’[)_1/25_1E3 (;{* 1,4\* A\) ([?7 T) ’
R
with K := @, FE3 = e~ iBro+(k=3ko)r1)t and the convolution

(F+)(®) = [ (5 = s)g(s) s
Hence, as € — 0 we have
0 Doty (Uans) = —£2(270) Yieso By (3m? — m3m ) (2 Ny ,1) (K, T) (30)
—£23(2m) iearo By (m? + mym3) (ﬁ « A% g) (K,T) + O(%) + c..

The second component atﬁnw(U ans) 18 obtained from &eﬁnu (U ans) by simply switching the indices 1

~

and 2 and the third component D, 3(U ays) Obviously vanishes.
Below we use the Taylor expansion of w(k), of the corresponding eigenfunction w(k), see Corol-
lary 2.5, and of the operator L(k). Recalling (20) and k = ko + K, we obtain
1
w(k)=w(ko+eK)=vy+ecKv + 552K2u2 +0(e?),

1
w (k) =w (ko +eK) =m+eKdhw(ko) + 562K28,§w(k0) + 0(e?),
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L (k) =1L (ko + EK) = L(k’o) + €KakL(ko) = LO + EKLl

as ¢ — 0, where
ms3
Lim := (0xL(kg))m=1{ 0
mi

and all higher derivatives in k of L vanish since it is linear in k. Differentiation of the linear eigenvalue
problem (15) then produces the equations

(Lo + voA)m = 0, (31)
(L1 + r1iA) m + (Lo + voA) Opyw (ko) = 0, (32)
K2vAm + 2K? (Ly + 11 A) 9w (ko) + K?(Lo + voA) 97w (ko) = 0. (33)

The residual is obtained by inserting (28) in the left-hand side of (29). We obtain at O(£°) the expression
—iAE (Lo + voA)m which vanishes due to (31). At O(c!) we obtain —iK AE; (Lym + v, Am). In order
to annihilate the residual also at (’)(51), equation (32) dictates that we need to extend the ansatz U ans DY
the term e AK 0w (ko) E}.

At O(g?) terms proportional to E; and those proportional to Es3 (as obtained in (30)) appear in the
residual. The latter terms can be removed by introducing a further correction term to U ans, namely

e2(2m)~! (/Al * A % /T) h(x1)Es, where h solves

—3vpez(ms$ + mim3)
(L(3ko) + 3voA)h = | —3vpes(m3 + mam?) | . (34)
0

The non-resonance assumption (A6) guarantees that a solution h exists. Indeed, L(3ko) + 31 A is injective
by (A6) and hence the closed range theorem implies R(L(3ko) +3v9A) = N(L(3ko)+31voA)*+ = L2(R)3,
thanks to Lemma 2.4 (case ii)) with k = 3k and w = 3vy. Here Assumption (A5) is used.

In summary, the residual is in O(¢?) and contains only terms proportional to E; (and their complex

conjugates) if we modify U .5 to

fjmod (331, k, t) = A\ (kj_ko) 6225) (m (331) 4+ eKdpw (3317 k‘o)) e—i(uo+(k—ko)z/1)t

: (35)
2 1 (X A u A k — 3ko 2 —i(3vo+(k—3ko)v1)t —
+e°(2m) (A*A*A) € t) h(zq)e™Hore oVt 4 ce..
As aresult, the O(g?)-terms in the residual of lA]mOd are
_— (2,E
52Res( ' 1)El +c.c.,
where 2.50)
Res = —i|K2A(L; + 1 A)dpw(-, ko) + i0p AAm
o~ 3mi—mim3 (36)
+vpes(2m) " H(Ax Ax A) | =3m3 +mImay | |,
0

again recalling that m 3 are real and m is imaginary.

—— (2,E,
It will be sufficient that the L2-projection P,,, of Res( ) onto the kernel of Ly + oA vanishes, where

P f (31) = (f, m) 12 yom (1) = /R F(6) T (€) dés m(a).
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This is equivalent to the condition that the envelope A satisfies a certain nonlinear Schrodinger equation, as
we show now. First, we use (33) and replace K2(L; + v1A)Oyw(ko) in (36) by

_%szgl\m — %KQ(LO + VQA)@,%’LU(]CQ)

The self-adjointness of Ly + 19 A implies
L5 L5 2 L5 Lo
P, _iK voAm — iK (Lo + voA)Ojw(ko) | = _iK Vo P (Am) = _iK vom
due to the normalization of m. Altogether, P,,, of (36) is zero if A satisfies

0= / (61 (m? — m%) + Homg) dSCl (i(r“)szi— ;K2V2A\)
R

. (37
+ (27-[)*11/0/ €3 (?mfll —2mimj + 3m3) dz; (E*Z * 2) .
R
In other words, A has to solve the nonlinear Schrodinger equation
. 1
i0pA = _51/28?(2,4 + k|AI2A (38)

with

K= —yo/ €3 (3m‘1l —2mimi + 3m‘21) dxy.
R

Here (21) has been used. Equation (38) is the so-called effective amplitude equation. Note that for Theorem
1.1 we need smooth solutions A € ﬂi:o C4=F(]0, Ty], H3>T*(R)) of (38). Such solutions are provided by
Proposition 3.8 and Remark 3.9 in [28].

4 Estimation of the residual

In this section we estimate the residual in the 3 (R?)3-norm rigorously under the assumption that A solves
(38). Here Res is obtained from Res by applying the inverse Fourier transformation. The modified wave-

— o~ —— (2,F
packet U ,0q from (35) has the residual Res(U poq) = €2(I — Pm)Res( l)El + O(g?) as shown in

_— (2,E .
Section 3. Since Res( v only depends on K = £~ 1(k — kq) (and not directly on k), we have formally

Res 1) = O(e). The L2-norm is bounded by
IReS(Unmod) (-, t)|| p2(r2)s < Ce?

due to the presence of functions depending on Xo = e(xy — v1t).

It turns out that for the error analysis the residual has to be bounded in the H3(R?)3-norm by Ce”/2 for
all t € [0, Toe—2]. This requires a further extension of the ansatz. We introduce the final modification of
the wave-packet by

7/2

. A k—k .
Uexi (21, k,1) := A < 5 0,5275) (m(x1) + eKopw (21, ko)) e~ (ot (k—ko)u)t

~ e~ k — 3k »
+&2(2m) ! (A * A x A) (83 0 , 52t) h(xl)e*‘(‘g”ﬁ(k*?’ko)”l)t

+e24 (kko, szt) %KQG,fw (21, ko) e 1o (k—kojra)t
5

kE—ko
9

+ 52(271)—1 (A\*j* A\) ( 752t> p(l‘l)e_i(l/°+(k_k0)”1)t o
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where p will be chosen such that formally ﬁe\s(ff ext) = O(e3). To determine p, we calculate

— ~ 9 —— (2,E1)
Res(Uext) = e“E1(I — P)Res

1 —~
- §i€2E1K2(LO + z/OA)a,fw(xh ko)A
—i(2m) 1€ By (Lo + voh) p (A + A A) +ce+0().

Since A solves (37), we know that

— (2,E 1 ~
(I - Pm)Res ") = SiK (Lo + oMo w(e1, ko)A
€1mq Sm:f — mlm% P
— 1(271)_1 k| eema | +esvg | —3m3 + m3my (A * A x A) ,
Woms 0

where (33) was used again. Therefore the terms of order €?in P/lgs(ﬁcxt) vanish if p solves

€1m1 3m3 — mym3
(Lo +voMN)p=—k [ esma | —esvp | —3m3 + m3ma | . (39)
Homms 0

Such a function p exists since the right-hand side in (39) is orthogonal to m by the choice of « and it
therefore lies in the range of Ly + 1A due to the closed range theorem. Here we use Lemma 2.4 (case
1)) with £ = kg and w = vy. Here Assumption (AS5) is employed. We now apply the inverse Fourier
transformation to obtain

Uest (21,72, 1) = £A (Xa, T) m (w7 e!For2—+08)
— e%i0x, A(X2, T)Opw (z1, ko) e For2=ro0)

1 .
- 53583(2‘4()(27 T)O}w (21, ko) ¢! For2=1oh) (40)
+ 53 |A(X2a T) |2A(X2, T)p(;pl)ei(koléfl/ot)
+ 53A3(X2, T)h(:L‘l)e?’i(k“”:?_”Oﬁ) Yec.,

recalling that Xy = e(z2 — v1t) and T = &%t. Since ﬁ(;s(f] oext) is of order €3 after transformation
Res(U.yy) is of order ¢* formally. The terms of order £* of Res(U ) can be found in Appendix B.

Remark 4.1

Note that our residual incorporates neither the divergence condition on D nor the interface conditions.

This is because these quantities do not directly %ppear in the G3-norm which we use to estimate the error.
Nevertheless, for Eoxt := (Uext.1, Uext,2,0)  one can show that V - D(Eex) = O(e2). Indeed, for the

divergence condition we have

8I1D1 (Eext) + 8$2D2(gext) B (8351 (€1m1) + 611]4307712)14 +c.c. + 0(62) = 0(62)

because 0, (e1m1) + e1ikoms = 0, see (19) at k = ko.

Regarding the interface conditions, U ,,s and U oy fulfill (9) exactly since the second and third compo-
nents of m, Opw(ko), 02w(ko), h and p belong to H'(R) and are therefore continuous at the interface.
Moreover, the jumps of D1 (€ ans) and D1(Ecxt) at 1 = 0 are of order O(?), respectively O(e?). Indeed,
at O(e) condition (11) holds exactly for U nns and U o because m satisfies the interface conditions (18).
At O(&?) there are no contributions for U . For U oy only a linear term involving Oyw (-, ko) appears.
As (18) holds for each k, we have [e10rw1 (-, ko)];p = 0 and also [[elaiwl(o,ko)]]m = 0, and hence
U oxy, satisfies (11) at O(e?). Finally, (11) holds for U ey, also at O(e?) since h € D(L(3ko,3v)) and
p € D(L(ko,vp)) solve (34) and (39), respectively. This fact and the continuity of p1 and hy imply the
Jjump equations

leipalip = —[e3 (Sm‘;’ - mlmg)]]m and  [erhi]ip = — [[63 (m? + mlm%)]]w’

implying that the first nonlinear contribution in (11) for U oy is cancelled.
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As we explain next, Res(Uex)(, -, t) lies in L?(R?)3 for all ¢ € [0, Toe 2] if, e.g.,

1
Ae () CH(0,To], H*™ (R)) and m, dhw(-, ko), jw(- ko), b, p € L*(R)* N L=(R)®.  (41)
k=0

So far we have used the c-orders in a formal sense, i.e., without specifying the norm. To determine the
asymptotic order of the L?(R?)3-norm of the residual, we note that the summands of Res(U cx)(+, -, t) of
(the smallest) order ¢* have the form g(x) := fi(21) fo(ex2) f3(x2) with f1, f» € L?(R) and f3 € L= (R).
Such products can be estimated by

_1
lgll2rey < e 2| fillLewyll foll 2w 1 f3] Lo ()

Terms of higher order in ¢ are of a similar form. The z;-derivatives do not appear in the residual, since
they only occur at low orders of £ and were canceled in the construction. Hence, in (41) we have to use
Sobolev spaces only for A. In the residual the derivatives of highest order are 6§(2A and 8T8§(2A which
are bounded in L?(R)? uniformly in time according to (41). Due the embedding H*(R) < L*(R) the
lower-order factors are bounded. The products appearing in nonlinear terms are estimated by (suppressing
the time dependence)

1A Ox, All L2y < 1AL &) 10x2 All 2wy < CllAlG ),
110%, AP 0%, AllL2) < 110%, Al L~ @) 10%, All L2 @) < Cll Al @)
110%, AP 0rd%, All 2 z) < 0%, Al &) 1070%, All 2 ) < CllAlIs @) 107 All 2wy

for instance. Using these principles, we easily deduce
IRes(Uex) (-, )| 2r2ys = [Res(Uext) (-, )| 12 (r2ys < Ce? (42)

under condition (41). The constant C' depends on the norms of A, m, dyw(-, ko), O2w(-, ko), h, and p
appearing in (41).

For the error analysis in Section 6 we have to estimate the residual in G(R? x [0, Toe ~2])? and not only
in L2(R?)3 for all ¢t € [0, Tye~2]. To do this, we impose the stricter conditions

4
Ae () C*H(0,T), H***(R)) and m, dpw(:, ko), Sfw(- ko), h,p € H*(R)®. (43)
k=0

Since we want to estimate the derivatives up to order three of the residual, it is clear that the regularity of
the envelope A has also to increase by three orders in space and time. Since no x1-derivative appears in the
residual we can use the algebra property of H3(R) to control the appearing nonlinear terms. With the same
arguments as before it is now possible to bound the residual by

[Res(Uext)llgs(r2 x (0,10e—2)) < Ces (44)

under the above conditions (43). The constant C' depends on the norms of A, m, dyw(-, ko), O7w(-, ko),
h, and p appearing in (43). Furthermore, under condition (43) we have

4
Uey € m C4—k([07TO&_—Q],Hmin{?);k-}(RQ))S.
k=0

In the bootstrapping argument of Section 6.1 we need somewhat stronger regularity properties of U gxy.
They follow from the structure of Uy, which is a sum of products of functions in (x2,t) and in 1,
where the latter only appear linearly. So we can use the Sobolev embeding 7! (R) < L°(R) in both space
dimensions separately, thus avoiding the less favorable embedding H2(R?) — L°°(R?). Take multi-indices
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a = (o, az,04) " with |a] < 3and ay < 2, as well as | 3| = 3 with 3; € {1,2}. For 9~ := 95105297
condition (43) implies that

10U exct || Lo (2 x (0,10 —2))2 [|0P 0 U ext || Lo (2 x (0,19 —2) < Ce, 45)
and
/ sup |8£18£€Uext(xlv'r27t)|2 d'rl S 0527 k € {05 1}? (46)
R z2€R

forall t € [0, The~2]. For |y| = 3 with v; = 0 we have 970,U oy = A + B with

A(z1, 22, 1) := A (Xo, T) m (21) 879, (ei<kowﬂot>) ,
B(l‘l, ant) = 8'YatUext(x17x2at) - A<xla$2a t)7

and one derives the estimates

HAHLOO(]R2><(O’TU€72))3 < Cé‘, / Su%|B(IL'1,‘T2,t)|2dLE2 < 082. (47)
Rxi€

An application of Lemma 2.6 gives us the necessary regularity of m, dyw(-, ko), 07w(-, ko), h, and p
under our assumptions on €; and €3.

Lemma 4.2
Let m, 0w (ko) , 0fw (ko) ,h,p € L*(R)? be defined as before. Assume that €1, e3 € W3>°(R). Then
m, 8kw (kO) ?al%w (kO) » D5 h € H3(R)3

PROOF:  Since (L(kg) +voA)m = 0, Lemma 2.6 with f = 0 shows that m € H3(R)3. Next,
differentiating (L(k) + wA) w = 0 in k, we see that xw (ko) and 97w (kg) solve

(L(k()) + I/QA) OLw (ko) = — (8}€L(k0) + 8kw(k0)A) m,
(L(ko) + vol) 2w (ko) = —2 (8 L (ko) + o (ko) A) B (ko) — (82L (ko) + 02w (ko)A) .

As m € H3(R)3, the functions

€1v1my +ms €1V2Mmy
(3kL(k0) + 3kw(k0)A) m = €119 , (3,2[1(](10) + 8,§w(k0)A) m = €1V2Mo
m1 + Ho1ms Hol2mmg

belong to 73 (IR)3. Therefore from Lemma 2.6 we infer 9w (ko) € H?(R)?. This fact implies 97w (ko) €
#3(R)? in the same way. To treat h and p from (34) and (39), we note that the right-hand sides in

€1M1 €31 (3m‘i’ — mlmg)
(L(ko) + o) p=—k | exmz | — | esvo (=3m3 + mims) |,
Homs 0
—iez(m3 + mym3)
(L(3k’0) + 3VOA) h = —163 (m% + mgm%)
0
are also contained in H3(R)? since m € H3(R)3. Hence, the statement follows as before. O

5 Local existence theory

We employ local existence results of [23] for linear and quasilinear hyperbolic problems. We first define
some additional function spaces. For any open  C R? and J C R we use

Fm™m(Q x J) = {A e Whe(Q x )™ 9% A € L®(J, H™~lol(Q))n 4 wmladeo( x gynxn
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forall @ € N3 with 1 < |e| < m},

1<]al<m

F™MR? x J) = {A € W (R? x J)"" | A~ € F™"(R? x J),At € F™"(R% x J)},

[ e R max{||A7Hme(R{xJ) ; ||A+||Fmv"(]Ri><J)} ,

HAHme(QxJ) = max{”A”WLO@(QXJ)"X"’ max ||3aA||Loe(J,Hm—a(Q))nx"+Wm—|a|,oo(QxJ)nXﬂ}’

with the usual definition

[AN Lo (g, mrm=101 (@) 4 W=l oo (2 7y *= inf{HB||L<><>(J,Hm—\a\(Q))+ 1C[wrm-1ato @x.) ‘A =B+,
B e L®(J, H™l2l(Q)), ¢ € wmlalho(q x J)}.
For a fixed time instant we use the spaces

Fyr(©) = {4 e L=y

%A € Hmf\a\(Q)nxn + Wmf|a|,oo(ﬂ)n><n

for all v € N§ with 1 < || < m},

”A”FJ”’"(Q) = maX{A|L°°(Q)"X" ’1grﬁ}g(m ||3aAHm—|a|(9)"X"+Ww—a-,oo(Q)an} )

Fo'"(R?) := {A e L®(R*)"™™ | A~ € F;""(R2), A* € Fg""(R})},

HA| _7:(7;1171(]1{2) = maX{HAinmen(]Ra) R ||A+HF"’W(R2+)} .

Finally, we define subspaces of F""™ with the properties of positive definiteness, or convergence to a
constant matrix for |(x,t)| — oco. For n > 0 we set

F R x J) = {Ae F™™"(R*x J)|A= AT, 0" Av > p|v|* forallv € R"},

Frm(R? x J) = {A € F™n(R2 x J)

JAeR™"™: lim A, t) = Z} ,
[(z,t)|— o0

m,m 2 . Tmm 2 m,mn 2
Frew (R® x J) == F0(R* x J) N Fp™(RT x J).

In the linear setting, as in (4.1) of [23] we rewrite our system as
2
Ay, )0 U + Y A0, U+ M(z,t)UT = £, xR}, tel

Jj=1
Ut 48)
Br (U)O, x el tedJ,

U0 =09, zcRr?

~

on the interval J := (0,

") with some 7" > 0, where M : R? x J — R3*3, A, : R? x J — R3*3, Ay(x, 1)
is symmetric for all (x, ¢

, and

~—

A1 =

o O O

0
0
1

o = O

0
1 00 -1 0
» Aai= f 8 0] BF'_<O 010 0 1>’

Clearly, Br(U",U )" encodes the interface conditions [Us] = [Us] = 0 on I'. Note that we are not
going to use (48) in order to study the linear part of (7) but rather to study a fixed point problem in the
bootstrapping argument for the nonlinear system in Section 6.1. Hence, we need the inhomogeneous term
f as well as the linear term MU in (48).
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Definition 5.1 (Weak Solution of the Linear Hyperbolic Problem)
Under a weak solution of (48) we understand a function U € C(J, L?(R?))? that satisfies

/ f-cpd:ndt:—// (U 04(Arp) + U - 0y, (A1) + U - 0, (Asp) —U - M T ¢p) daxdt
7 JR? J Jr2

for all test functions

@ € D(R?* x J)? :={p| o € C®(R] x J)*, ¢~ € C°(R% x J)* |suppp C R? x J compact}
Ters (Br (UF,U7)") =0, and U(0) =U®.

For the trace in the above definition, note that for a weak solution ¢ of (48) the space-time divergence
of (A1p1, Aoa, Aspy) belongs to L2(R% x J)? and thus has traces in H~'/2(9(R3% x J))3. This fact
and the properties of A; allow us to define the initial and interface conditions in H~'/2(R? x {0}) and
H~Y2(T" x J)?, respectively. See Chapter 2.1 in [27] for an in depth discussion of this trace.

The following existence result is a consequence of Theorem 3.1 in [23].

Theorem 5.2 (Existence result for the linear system (48))
Letn, T',r > 0, m € {0,1,2,3}, and J = (0,T"). Take coefficients A, € F:3 (R* x J) and M €
F33(R? x J) with

o Au(-,0)|

||At||f3,3(R2><J) A O)||]_-§,3(R2) ) H2—i (R2)3x3 —

o M(-,0)|

||M||]-'3v3(]R2><J) ) HM('70)||_7—"§‘3(R2) ’ 23 (R2)3x3 =
forall j € {1,2}. Choose f € H™(R? x J)3 and U®) € H™(R2)3 such that the linear compatibility
conditions of order m are satisfied, see Definition 5.9.

Then there is a unique weak solution U of (48) in G™(R? x J)3 and a constant C,,, = Cy,(n,7,T") > 1
such that

. 2
o110

Hm—1-7(R2)3 )

2 m—1
2 0 2
[0 g < Con( [JUO ] gars + 18 Bz + 2 | (49)
j=0

where, as usual, the sum is empty if m = 0.

Remark 5.3

Theorem 3.1 of [23] deals with spatial domains in R? instead of R? and the solution vector takes values
in RS instead of R3, but the above case can be treated in an analoguous and simpler way. We do not need
the lengthy localization process discussed in [23]. As in this paper, one reduces the interface problem on
R2\ T to a boundary value problem on Rf_ and the latter can again be solved in L? by means of general
results from [13]. To obtain solutions in G™ for appropriate data, one first needs a priori estimates. These
can be shown as in Section 6.1 below which uses ideas from [23]. The regularity of solutions can then be
shown by approximation arguments which are simplified versions of those in [23].

In the bootstrapping argument in Section 6.1 we need the next approximation result, involving the space
D(R?)® = {p| " € C®(RL)?, ¢~ € C®(R2)?, suppe C R? compact } .

Lemma 5.4
LetT' > 0,7 = (0,T"), U € L3(R?)3, A; € F23,(R*x J), M € F32(R*x J) and f € GO(R?x J)>.

Take a weak solution U € G°(R? x J)3 of (48) for the data (f, U(O)). Then the following statements are
true.
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i) There are sequences (Uglo))n D(R2)3 and (f,)n C H'(R? x J)3 such that U — U in
L?(R?*)3 and f, — fin L*(R? x J)2 for n — oo and the linear compatibility conditions of order
1 are satisfied, i.e., BFU;") =0.

ii) There exists a sequence (U ), C GYH(R? x J)3 such that for all n € N the function U, solves (48)
for the data (f,,, U;O)) andU,, — U in G°(R? x J)3 for n — oo.

PROOF:  For i) we use that C°(2) and H'(Q) are dense in L?(Q2) for any domain . Therefore
we can choose sequences (w,,), C D(R2)3 and (f,,), C H'(R? x J)? with w,, — U in L2(R2)3
and f,, — fin L?(R? x J)3 for n — oo. To guarantee the compatibility condition, we introduce the
characteristic function xpz,, with M,, := R2 \ {:c € R? | T € [f%, %] } By dominated convergence, one
easily sees that w, xn,, — U in 2 (R?)3. Since I' N M,, = () we also get that Trr (Brw.,,xar,) = O.
Now we mollify w,, x s, to produce functions Uﬁf” € D(R?)3 with the stated properties.

The existence of (U, ),, in assertion ii) is a direct consequence of Theorem 5.2. To show the conver-
gence we use that (48) is a linear problem, consequently U,, — U is a weak solution of (48) for the data

(£ — £, U —UY). Estimate (49) thus yields

10w = Ullgogexs < € (|[U? — U

11Fn = Fllagexa )-

L2(R2)3

The convergence properties of (f,,), and (U%O))n complete the proof. O
For the quasilinear case we have to define spaces for functions whose range is not the full R, namely

ML™F (R2,0.) = {51 (RS x 4) U (RZ x Q) — RVE|$% € 0™ (RY x 04, RVF)

sup |0*S (2, u)| < oo for all compact Uy C Q4 and o € Nj with |a| < m},
(z,u)€RA XUy

where Q4 C R? are open and S and S~ are the restrictions of S to R2 x €2 and R% x Q_, respectively.
As for the spaces F we use the subscripts 17 and cv to denote the additional conditions that the matrices in
ML™* are symmetric and positive definite respectively convergent.

The reduced nonlinear Maxwell system (7), (8), (9) is a special case of equation (1.7) in [23] and can
be written as

2
S(z, UF)OU* + > A;0,,U* =0, xeR: te
j=1
U+ (50)
Br (U‘)ZO’ zel,ted,
U0 =09, zeR?
where for v € R™ we set

S(x,v) := A(x1) + e3(z1)0(v), (51)

61(:61) 0 0 3’0% + ’U% 21}1’02 0

A(Jfl) = 0 61(1’1) 0 5 9(’0) = 21)1112 U% + 32)% 0

0 0 Lo 0 0 0

Definition 5.5 (Solution of the Nonlinear Hyperbolic Problem)

Under a solution of (50) we understand a function U € G*(R2 x J)3 N L>°(R2 x J)3 withimU* C Q4
that satisfies

2
S(z,U)oU + > A;0,,U =0,

Jj=1

for almost all x € R? \ T and for all t € J, Trrx s (Bp (U+, U_)T) =0,andU(0) = U,
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Remark 5.6
Note that a solution U of (50) in G3(R? x J)? is a classical solution of (50) because of the Sobolev
embedding H3(R%) — C1(R?).

The following local existence result for (50) follows from Proposition 7.1 and Theorem 7.1 of [23].

Theorem 5.7 (Nonlinear Existence Result)
Letn >0, Qr C R and S € ML>3 (R, Q). Assume that U'®) € H3(R?)3 satisfies the nonlinear

n,cv
compatibility conditions of order 3, see (56), and im U0+ QL with
dist (imU0F,00,) > (52)

for some k > 0. Then the following statements are true.

i) There exists a unique solution U € G*(R? x (0,tpr))® of (50), where tp;r > 0 is the maximal
existence time.

ii) If tar < oo, then limy oy, [U (-, )|y gays = 00 or iminf, =, dist (im U=), agi) —0.

iii) Let t* € (0,tar). Then there is a constant C > 0 such that

1Ullgs Rz x (0,642 < C HU(O)‘

H3(R2)3

Remark 5.8

As already explained in Remark 5.3, the results of [23] treat a somewhat different but more difficult situation.
Moreover, the above result does not contain the full local well-posedness and a refined blow-up condition
shown in [23]. So Theorem 5.7 follows from Theorem 5.2 by rather standard arguments, compare the proof
of Theorem 6.1 of [23].

Compatibility conditions

For a smooth solution U € G3(R? x J)? of (50) with .J := (0,¢5s) we can differentiate (50) two times in
time and get new equations that are still satisfied for all ¢ € J. By continuity these new equations have to
be satisfied at t = 0. This gives us necessary conditions on the initial values for U € G3(R? x J)3.

If S(U) is positive definite, then S(U) is invertible and system (50) implies

2
~ ~ (1
U =-3W) S 40,0 = v (), (53)
j=1

[U2] = [Us] = 0.
Differentiation in time gives us the following new equations:
s - s ~(2)
U =-SwW)™! (Z A;0,,0,U + atS(U)atU> =V (U,9U), (54)

j=1
[0:Ua] = [0:Us] = 0,
2
BU =-S(U)! (Z A;9,, 03U +20,S(U)d?U + 8f§(U)8tU> —. v w,euU,0U), 55

Jj=1

[07U2] = [07Us] = 0.
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We can now iteratively define VOO (U7) := V" (1), v@(U) i= V7 (U V@) and VO @) =

=(3) 1) 2) G) . . . .
\ %4 (U, vy(u),v (U)) to get operators V'V’ that only contain space derivatives and no time deriva-

tives. For the sake of completeness we also define v (U) := U. The equations above imply that
U0 =VOW(,0) ad [v @00 = [WP o)) =0

for j € {1,2,3}. Hence, the initial values U © have to satisfy the necessary conditions

[ ()] - [ (0] -

for j € {0,1,2}. Note that for higher regularity additional compatibility conditions are necessary, but we
will focus our analysis on solutions in G3(R? x .J)3.

Definition 5.9 (Nonlinear Compatibility Conditions)

Let m € {1,2,3}. We say that an initial value U® e ym (R2)3 satisfies the nonlinear compatibility
conditions of order m for (50) if (56) is true for j € {0,...,m — 1}.

Remark 5.10

The compatibility conditions for the linear problem (48) can be derived analogously. In comparison to (53),
(54) and (55) we have to replace S(U) by A, and include the additional terms M (x,t)U, f and their time
derivatives:

2
Vi (U) = — ‘1<ZAjaij+MU— f>,

V2w, 0U) = A7 1<ZA 0., 0U + 8, A,0,U + 0, (MU) — 8tf>,

me)(U U, 02U) = —A; 1(ZA 00, 07U + 07 A;0,U + 20,A,0;U + 97 (MU) — a§f>.

6 Proof of Theorem 1.1.

Let @ > 1. We start by expressing the equation for the error e® R := U — U ;. Substituting

U=Uq; +e°R (57)
in (50), one obtains
S(x,t, RT)0, Ri+ZA 9s,R* + W(z,t, R*)R* = —¢ "Res, zcR%,te J
j=1
Rt (58)
BF<R>_O’ xel,teJ
R(0) = R, x € R?,

where we set R(©) := 5_“(U(O) — U¢xst(+,0)) and, recalling (51),

2
Res = Res(Uex) = S, Uext) iUt + Y Aj0z, Ues,
j=1
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S(@,t, R) == S(®, Uei (2, 1) + c*R) = Ax) + e3(21)e>*0(R) + ¢(R),
6Uext,1R1 + 2Uvext,2R2 2Uvext,lRQ + 2Uvext,QRl 0
SD(R) = 63(551)5(1 2Uext,1R2 + 2cht,2]%1 2Uexl,1R1 + 6Uext,2R2 0]+ ES(xl)e(Uext)v
0 0 0

W(z,t, R)R := ¢ *(S(z,t,R) — S(x,Uext(,1))) O Uexi (2, t).
One can check that the entries of the 3 x 3 matrix VW are

W171 = €3 (8t(3Uc2xt,1 + Uc2xt,2) + 3€aR18tUext71 + QEGRQatUeXt’Q) s
Wio = €3(e*Ro0tUext,1 + 20t (Uext,1Uext,2)), Wa,1 = €3(6"R10:Uext,2 + 20¢(Uext,1Uext,2))s
Was = €3 (Ul 1 + 83Ul 2) + 36" Ro0Uexs,2 + 26* R10,Uext,1) »

€

Wiz=Was=W31=Ws39=Ws3=0.

. U) T = 0, as explained in Remark 4.1.

For a fixed Uy, systems (50) and (58) are, of course, equivalent provided (57) holds. Our rough
strategy is to use the local existence Theorem 5.7 for (50) in order to get the existence of IR on the time
interval (0,%,,) and then apply a bootstrapping argument on (58) to show that t; = O(e~2) and that the
desired estimate on R holds for all small enough € > 0. B

For the application of Theorem 5.7 to (50) we need to find Q4 C R3 such that S € Mﬁ%:iv (R%, Q).
For this, firstly, €5, e= € C3(Ry) N W3 (R.) is needed and ¢, €3 have to converge for || — oo, as
we have assumed in (A1)—(A3). Secondly, the symmetric matrix §(a:, v) has to be positive definite for
all z € RZ and v € €, respectively. It is easy to verify that S (v) has the three eigenvalues A\ = o,
A2 = €1+ e3 (v 4 0v3), and A3 = €1 + 3e3 (v} + v3). We now have to check when Ay 23 > 1 > 0.

Recall the bounds on €; and €3 in (A1) and (A3). If egfm > 0, then clearly Ay 3 > efm and the choice

7 := min{ o, efm, el_m} and Q4 := R3 is possible (and (52) trivially holds). If egjfm < 0, we impose

The interface condition of (58) is a consequence of Br (U T U

efm + 36357”(1)% +v3)>n>0 forallv € Q.
Choosing 1) € (0, min{uo, €1 ,,,, € ,,,}) and

veR?
Qi = {
R3, €5m >0,

+
2 2 N—€1m +
U1+U2<3€T}7 63,m<07

3,m

we infer S(-,t,-) € MLY3 (R?, Q) forall t € [0, Tpe 2]

We now take a solution A € (,_, C*~*([0,Ty], H***(R)) of the effective nonlinear Schrodinger
equation (38) for some 7y > 0. Choose RO ¢ 33 (R%)? and ¢, > 0 small enough such that
v® = Uexi(+,0) + E‘;‘R(O) satisfies im U @* ¢ Q. (which implies (52)) and the nonlinear com-
patibility conditions of order 3, see Definition 5.9. Then the local existence Theorem 5.7 yields a maximal
existence time ¢); > 0 and a solution U € G3(R? x (0,t5))3 of (50). For t € [0,t5r) we set

3
2(8) ==Y IOFR( ) 351 mays-
k=0

We have | R(:,t)| 1o (r2)s < csz(t)'/? for a constant cg > 1. Take @ > 0 with

1 . n—= EIm n—= Eirm
2 , ;
w” < min , , 59

% { 3min{e;,,,0}’ 3min{e;,,, 0} } o9
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4

where ¢ := +o0. The major part of the rest of the proof of Theorem 1.1 is a bootstrapping argument to
prove the statement

{Ell >p>po>03eg =¢eo(p) € (0,e,) It" € (0,tar) such that for all € € (0,¢0) we have

€0 + |Uext || Lo (r2x[0,¢+]) < @ andif 2(0) < p§ and t* < Tye™?, then z(t) < p” forall ¢ € [0,¢*].
(60)
Note that the first condition in (60), i.e., the smallness of €%p + ||Uext||Lm(R2X[O’T0€72))3, can be
achieved by simply choosing €y = €¢(p) small enough.
To establish (60), we define for 1 > p > py > 0

Tpneo i= 50D {t* 2 0]e"p + |[Uesall e mexio sy < @, VEE [0,6°) 5 2(0) < 9%, 2(0) = B}, (61)
Jpg,ao = [Oano,Eo)'

On the time interval J, the conditions

0,€0
VEE Jpye:  dist (imUi(-,t),(‘)Qi) > k>0, [[UC|pmey < C < oo

are guaranteed.
We will prove in Section 6.1 that z(t) < p?/2 fort € J,
Toe~2 and (60) is true. This yields the estimate

and suitable ¢ and pg and hence T}, .,

0,€0

||U - UeXt||93(R2><(O,TOs*2))3 < PEa' (62)

Finally, to obtain (14), it will only remain to show ||U ans — chtHgg, (B2 (0,Tpe—2))8 < Ce®, which is
straightforward, see Section 6.2.

6.1 Bootstrapping argument (proof of (60))
We use the multi-index B := (81, B2, 8;) " € N3, |8] < 3, and the abbreviation rg := 9°R. Applying
88 = 9010529, 1o (58) yields

2
S(x,t, R)Org+ Y _ A;0,, 7

j=1

(63)
= sg(x,t,R) + wg(z,t, R) — e “OPRes(z,t), = € R*\T,t € J,, .,
ra(x,0) =y (z) := 0°R(x,0), x € R?

with

sp(@ b, R)=— 3 (ﬂ>875(m,t,R)8ﬁ“’&gR,
0<vy<B
wg(z,t, R) = —0° (W(z,t, R)R).

Note that the interface conditions cannot be simply differentiated for all 5; # 0, therefore we will discuss
them separately. The time derivatives 9 R(-,0) have to be interpreted as right-sided derivatives that satisfy

O/R(-0) = VO(R(-0) = v (RV), (64)

with V') as defined in Section 5. Testing (63) with 7z produces

t 2
/ / (S(R)atrﬁ -rg+ ZAjaﬂjrg . r@) de ds
0 =1 (65)

¢ t
:/0 /R2 (wg(R) T+ sa(R) - T3) dwdsfs*a/o . 9PRes - rgdx ds.
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The main steps of our bootstrapping argument are:

I. Employ (64) to estimate H )H for all B € N3 with |8 < 3.

II. Based on (65), estimate Z|'7|<3m:0 |07 R(-, t)||%2(]R2)3 using that [, Z?Zl AjOy;rg-rgde =0
if B, = 0. -

III. Rewrite (63) to analyze 9° R, and 0P R3 for 3; = 1, and then iterate the process for 3; = 2 and
B =3.

IV. Use V - 9;D(U) = 0 to estimate 9®R; for 3; = 1, where we start with 3 = (1,0,0)" and then
iterate to increase [3; and [32. Finally we have to iterate the process again for 5; = 2 and 5; = 3.

Our basic strategy follows the proof of the local a priori estimates in [23]. The main difference is that, using
the structure of our ansatz, we can derive the estimates on a large time interval [0, Toe ~2) with the desired
dependence one. We lett € J,, -

Step I: Estimates of the initial values

In this section we estimate ||rg(-, O)||L2(]R2)3 for all 3 € N} with |3| < 3. For 3; = 0 we already have by
assumption that

H3(R2)3 < Po-

IR0l s = | R
If B; # 0 we will use (64) to estimate O R(-,0) in H>~P(R?)3 forp € {1,2,3}.
Since U” satisfies the nonlinear compatibility conditions of order 3 we know from Section 5 that
(suppressing the x-dependence)

oUt) =V (U®)
forallt € [0,tpr) and j € {0,1,2}. With U = ¢*R + U ey, as in (58) we rewrite these three equations as

2
R =-SU)" (S A0, R+ecRes+e " (S‘(U) ~3U ext)) U ox: | ,
j=1

2
FR=-SU) D Ajo.,0:R+ 0, S(U)O R+ "0;Res
j=1
— 7 5(U) 7 (9 (S(U) = SWer)) WU + (SW) = 5U)) Ui ), (66)

2
OBR=-SU)" [ 40,0 R + 20, <S( )82R+82 (S )8tR+£ “9?Res
=1

e 5(U)! (af (§(U)—§( ext)) OU ex + 20, (S ext)) 02U o
+(S(U) = 8(Ux)) Ui

The following lemma collects some properties of the matrix function S. It can be shown as Lemma 2.23,
Lemma 7.1 and Corollary 7.2 in [27].

Lemma 6.1 _
LetT',no, R > 0,Qx CR%and S € ML, (R?,Qy). ThenforallU,V € Br(0) C G3(R?x[0,T])3

70,CV

withimU*,im VE C Qg there exists C > 0 such that

I -1
l) HS(U(t>) HW2100(R2)3><3+H2(R2)3X3 -
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ii) Hafﬂwoﬂ’ <C,

W3 kio0 (R2)3X3 4343~k (R2)3X3
k(S -5v))

forallk € {0,1,2} andt € [0,T"].

< CZ?:O‘

ORNAZ0]

H2—k(R2)3%3 H2-k(R2)3

We can now go back to equations (66) and use Lemma C.1, Lemma 6.1 and e* R = U — U ¢t to show

||atR('aO)HH2(R2)3
e i
< C[[S@O)| L. - s spesgamyes (IBCOllsgaags + 7 [Res( 0l s

+Ce¢ HEGR )”7_[2 R2)3 ||8t ext( H';.[z(Rz)s

<c(|ro = [Res( 0l ) -

H3(R2)3
The remaining two estimates follow analogously:
HatZR('7O)’|';_L1 R2)3 <C (||R('7O)||H3(R2)3 + ||atR('70)H7-L2 (R2)3 +e7¢ H@tRes(-,O)HHl R2)3) )
||83R HL2(R2)3 < C (||R(70)||'}-L3 (R2)3 + ”atR( )H?—L?(R2 st Ha R ||’H1(]R2)3
e O Res( 0|1 )

Finally we use the recursive structure of the estimates and obtain

p—1
+e ¢ Z ‘
3 (R2)3 =

for all p € {1, 2,3}. With our estimate for the residual, see (44), we infer

107 R (-, 0)l s oy < c( =)

0)’

sz(Rz)s)

9 26 )

L2(R2)3

for all B € N3 with |3| < 3.

Step II: Estimates of the 3-derivatives of R(-,t) with3; = 0, |3]| < 3
We first show an energy estimate for the ¢- and xo-derivatives of R.

Lemma 6.2
Let R € G3(R% x J,,, <, ) be a solution of (58) and let B € N3, |B| < 3,81 = 0. Then rg = 9P R satisfies

n
LraCotaes < 8| [ (wal®) ra s sa®) s

(68)
+ §8tS(R)r[3 rg — e “0PRes - r,@) de ds

foreveryt € J, ;.

PROOF: Step 1. Let us first study the case |3| < 3. Since R € G3(R? x J,, -, )%, we have rg =
OPR € GHR? x J,, ,)>. To employ (65), we compute

t 1 t 1 t
/ S(R)Oirg - rgdxds = f/ Oy S(R)rg-rgde ) ds — f/ 0S(R)rg - rgdxds.
0 R2 2 R2 2 0 R2

0
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Using that S(R) is positive definite, we estimate [, S(R)(t)rg(t)-rg(t)dx > n||ra(-,t) ||iz(R2)3. More-
2
over, we have [, S(R)(0)rg(0) - r5(0) de < HS (R(O)) H (0)’

rs . Since R, UY) €
L (IR?)3, this leads to

L2 (RQ)J

Loo (R2)3%3

2

t t
n 2 0 1
B ||TB(',t)HL2(]R2)3 <C Hrg)‘ B —|—/O . S(R)Oyrg-rsdx ds+§/0 » OS(R)rg-rgdxds.

L

An integration by parts yields

2
/]RZ > Ajdyra rpda = /RQ (—02,78,378,1 + O, 7B,378,2 — Ou,7B178,3 + 02,78,278,3) dx =0,
Jj=1

employing differentiated interface conditions

[rg2] =[] =0

in the x;-integral. The interface conditions can be differentiated since 8; = 0. Now (68) is a consequence
of (65) and the above formulas.

Step 2. Next, we consider the remaining case |3| = 3, 1 = 0. Let f := sg(R)+wg(R)—c *0°Res.
The differential equation in (63) becomes

2
S(R)rg+>_ Ajderg=Ff, xeR*\T, te ., (69)

j=1

Since S(R) € F23,(R? x J,,c,) and f € GO(R? x J,, .,)® (which can easily be shown), we can

n,cv

apply Lemma 5.4 to (69) (setting A, := S(R) and M := 0). Because rg is a weak solution of (69)
with the initial and interface conditions from (63), the lemma provides sequences (r(ﬁozl) C D(R?)3,
(Fo)n © HUR? X Jpyc0)? and (1) © GHR? X Jpyey)? with 75, — +§ in L2(R2)3, £, — fin
L*(R? X Jy )2 and rg,, — g in GO(R? x J, -,)% forn — oo, and rg,, is a weak solution of (69)

)

with data ( Fs r(; ) for all n € N. The same calculation as in Step 1 shows that

2 t 1
o —1—/0 /}R2 (fn “TBn+ 5&55(.’%)1"5)” “T@n dw) ds.

The Cauchy-Schwarz inequality then implies the statement. O
We now have to estimate each part of the right-hand side in (68). Let

)= Y IORE DT

n

n 2 0
Dl aqaas < C )

~eNg
[v[<3,71=0
From Step I we know that
(0) I—a
Hrﬁ ‘ L2(R2)3 =¢ (p+ = ) '

For [} [.» iS(R)rg - 7 da ds we first have

t 1 t t _
52%3/ L (R - g dmds < 05%/ 7, ) nays ds < 062“/ 2(s) ds
o Jr2 2 0 0
since R, O, R € L= (R? x J,, .,)>. Similarly, using also that

U extl| Low (B2 x 7y )2 10U ext || Lo @2 .1, 208 < O
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cf. (45), we derive

¢ 1 t ‘
/O - Eat@(R)’l',B . 'rﬁ dx ds S C (&‘2 +81+a)/0 ||TB(.7S)H§,2(]R2)3 ds S 052/0 E(S) ds.

For the residual term, (44) yields || 0°Res(-,t)||,, ®2ys < C<"/2. The Cauchy-Schwarz inequality and

lra(-, )HLz(R2)3 <z(t)<p<lfort e Jy, ., then give us

t
/ / £ %9PRes - rgdxds < / “||0°Res(-, s ||L2(R2)3 Ira( )l 2 (geys ds < Cei—a
o Jr2

The remaining terms fg Jge (wg - 73 + sg - rg) da ds mainly consist of integrals of the type

t
I ::/ 0% f(x, $)0°g (@, )0°h(x, )k(, s) da ds, (70)
0 R2

where f,g,h € G3(R?x J), k € G°(R*x.J) and @, b, ¢ € N} with |a|, |b|, || < 4and s := |a|+|b|+]|c| <
4. For s = 4 we only have integrals where at least one time-derivative is present, i.e., a; = by = ¢; = 0
is not possible. The case where four derivatives fall an a component of Uy also appears and will be
discussed separately. The following two classes of estimates are needed.

f(,1),k(-,t) € L?(R?) and 8%g(-,t),0%h(-,t) € L>=(R?). With
the Cauchy-Schwarz inequality we obtain

h<c/nm 22y 10°9C, 8| oo gy 19°RC )| e oy IR G 8) | 2 ey ds.

=0: Now k(-,t) € L%*(R?), 9°h(-,t) € L>*(R?), and 9°f(-,t),0%g(-,t) €
LP(R?) for all p € [1,00). This follows from the Sobolev embedding H'(R%) < LP(R3.) for all
1 < p < oo. Holder’s inequality then yields

h<C/HW sy 1990 ) g 190 8) | ey 5 ) pageey ds.

The role of the function k in (70) will always be played by a component of rg = 9P R.
Recall that S(R) = A + €362?0(R) + ¢(R). Hence, to estimate fot Jg2 88 - g da ds, we first analyze
52“63879(R)85_"’8tR - rg where 31 = ~; = 0. This sum consists of terms of the form

Ce0" R0 R;0°78, R0 R,

withy =~"4+~",v1 =~+{ =0,and i, j,k, 1 € {1,2}. The case i) above applies if |3 — v| = 0, where we
may take |[y”| < 1. We then estimate

ds

HL2 R2 LQ(RQ)

t
Cce* / 8" R0 R;0P 0, R, 0P Ry dads < O / 0P Ry (-,
0 JR2?

’6’7/Ri(-7s)’

t
§C’62a/ Z(s) ds.
0

A representative of type ii) is any term with |3 — | =

~'| = 2 and |¥"| = 0, which is estimated via

t
Ce? / / & R;0"" R;0P 70, R,.0P R, dx ds
R2
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t
ezt [0 Ru.)] e ds

< et /(HaﬁRl ||L2(R2 —|-H87’Ri(.7s)‘

< e /0 t (2) + ((5))°) ds < 0> /O "S5y ds + O,

‘av’Ri(-,s)‘

LS (R2) || ﬁ pyatRk HL3 (R2)

o 197 e )

using again H*(R%) — LP(R2.) for 1 < p < co. The remaining cases can be treated similarly.
Next, we study 7¢(R)OP~70; R - 0P R with |3 —~| < 2and 3; = 71 = 0. We again use (45) which
provides the inequality [|0%Uext|| 1o (g2 g, .ys < Ce forall |a] < 3 with oy < 2. For terms quadratic
0:50
in U ¢ case 1) applies:
ds

/ O (Uext,iUext, ) 0P~ “’6tRk8ﬁRldmds<Ca/||8ﬁRl |0P =0, Ry, (-,
R2

2 | | 22y A

¢
< 052/ Z(s)ds.
0

For terms linear in Uex, i.€., I := €% [ [00 87 Uee i7" R;0P 79, R, 0P R, da ds, we destinguish the
three cases |3 — | = 0,1, and 2. For |3 — | = 0 we compute

I < Cette / 1P Ru(-, 5

(m"Rj(.7s)\

HLQ(RQ) L2(R2)
by means of the estimate type i) and the fact that 9; Rj, € L>°(R? x J,, ,). For |3 — | = 1 the estimate
of type ii) applies and we have

0% 0, Ry (-,

I < Ce“’“/ |0PRu(-, s ds

‘m”Rj(.,s)‘

||L2(]R2) L6 (R?) HLB(]RQ)

¢
< CsH“/ Z(s)ds + Cettot
0
as 97" R;, 0P VO, Ry, € L>(J g e0, M (R?)). Finally, for |3 — ~| = 2 case i) again yields

I, <C€1+a/ ||5ﬁ YO R (-, HLQ(]R2) HB Ry(- HL2(]R2)

¢
ds < Csl+“/ Z(s)ds
0

where we have used 97" R; € L®(R? x J,, ., ) because |y"| < 1.
At last, we treat 9P (W (R)R) - 9P R. Terms quadratic in U . are estimated as follows, where 3 =
B + B". 1t |B'| < 3 orif not all three derivatives fall on 9;Uext, ;, we obtain

I3 _/ 3% (Uoxt,i0Uonct ) O° RkaﬁRgdscds<Ce/ |0° Ru(-,
R2

‘85”Rk(-,s)‘

HLZ(R2) LZ(RZ)

¢
< 062/ Z(s)ds
0

as [|07" (Uext,i0tUext.j) | (21, ) < C® by (45). 1f || = 3 and 97 is only applied to 0;Uexs,;» we
use (47) with 8%'9,U, ext,; = Aj; + Bj. Sobolev’s embedding for o — Ry (21, x2, s) implies that
I3 <

t t
/ cht,iAjaﬁ”RkaﬁRl dxds| + / cht,iBja'G”Rka’BRl dx ds
R2 R2

t t %
< 062/ E(s) ds + / ||85Rl(7 S)HL2(R2) |:/ |Uext,iBij‘2 d$:| ds
0 0 R2
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t t 3
< 062/ Z(s)ds + 052/ \|8ﬁRZ(~,s)||L2(R2) {/ sup |Ry(21,29,8)>dz1| ds
0 0 R z2€R

T2E

S

t t
< Csz/ Z(s)ds + 052/ 10PRi(-, 8)| 12 (r2) [/ (|Ri(z1, 2, 8)|* + |00, Ric(21, 22, 8)*) da| ds
0 0 R2
t
gC’gQ/ Z(s) ds. (71
0

In the same way, we treat terms linear in Uey;. Let 3 = 8’ + 3" + 8" and wlo.g. |3"| < 1. If |B'| < 2,
it follows

t
I = e / 0% 0,Uers:0% R;0°" P Ry da ds
0 JR2

t
SC€1+G/O ||8ﬁRl('aS)||L2(R2)

‘aﬁ”Rj(-,s)‘

L2(R2)
t
< C’EH'“/ Z(s)ds,
0
using 08" Ry, 3ﬁ'8tUext,i € L>®(R? x J, ). If | 3’| = 3, as above we estimate

t t
I <& / AiR; Ry 0P Ry d ds| + &° / BiR;R,0° R, dzx ds
0 JR2 0 JR2

t t 3
< C’EH‘I/ Z(s)ds + C’e“/ ||3ﬁRl(-, S)HLz(Rz) (/ BiRij|2dm) ds
0 0 R2

t t 1
< Cal+a/ Z(s)ds+ CEH"/ 0P Ry (-, ) 2 (r2) (/ sup |Rk(:v1,a:2,s)2dx1> ds
0 0 R

r2€ER

¢
< CSH'“/ Z(s) ds.
0

Note that these are the only cases where four derivatives can fall on one function in this step.
Collecting the above partial estimates, we finally get in (68)

Z(t) < C (p% + &2 /t Z(s)ds + et 4 g2 4 57—2“) .
0
If a € (1,1}), the Gronwall’s inequality yields
) <C (p(Q) fer 4 e”“t) Ot < © (pﬁ feiti 4 5‘“1)
forall t € J,, o if [ R |[23m2)2 < po.

Step III: Analysis of 9° Ry 3 for |3] < 3,31 # 0
We first consider 3; = 1. Setting « := (0, 32, 3¢) ', we have B = (1,0,0) " + « and

{ PRy = 0,0 Ry — (S(R)),0°R + 54 (R) + wa(R) + £ *0°Res), , )

PR3 = — (S(R)9,0*R + sa(R) + wa(R) + e “0“Res), .

Each term on the right-hand side has derivatives 97 with || < 3 and «y; = 0 and hence can be bounded by
Step 11, for instance,

[(S(R)OOFR) (-, t)[[2m2)s < [[S(R)(, E)|[ oo (B2 .1, 0 (00T R) (-, E) [ L22ys < ClIOT R| 2 gays -
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In summary, we get

10° Ro 3|72 s < CZ(t) < C (pg tede +5“*1>

(R2)3

forall |3| < 3,81 = landallt € J,, ., ifa € (1,1}) and || RV || 35 (m2)s < po.

For larger values of 3; we iterate the process. For 3; = 2 we have (72) with 3 = (1,0,0) " 4+ « and
a := (1, B2,3:)" and using the previous step, all terms in the right-hand side can be estimated in L?(R?).
For 3; = 3 the same process applies, with 3 = (1,0,0) " + a.and a = (2,0,0)". Altogether, we arrive at

S PR oyt 3 (107 RaC gy + 107 R ) nen)) < € (4 372 +207)

1BI<3, 1B1<3
B1=0
(73)

forall t € J,, o, if a € (1, 1) and | R[5 (r2)s < po.

Step IV: Analysis of 9°R;, |3| < 3

In this final step we exploit the divergence equation V - D(U) = V - D(U?) to estimate 9 R; . First, for
a €N}, |a] <2andr, = 0*R we have

e 0%, D(e" R + Uext) = 0, ((61 + s2a63|fz|2) ?a) + (§5(R)atfz) + (W(R)fz)

+ 04 Z (a) o7 (61 + 52a63|R|2> 80‘_71’% + s‘“a"‘ﬁgs (74)

0<vLa
Oz, Uext 3
+ E—aaa xo Vext,
_aacl Uext,B
on R% x J,, .., where ™ of a 3 x 3-matrix denotes the restriction to the upper left (2 x 2)-submatrix and
~of a vector in R? denotes the first two components of this vector. The calculation to obtain (74) uses that

p(R) and W (R) have a block structure and that the sum of the last two terms in (74) is ¢ %0, D (U ext)-
An integration by parts yields

/Ot o™ (@(R)ﬁtﬁ) ds = /Ot (@(R)@“&J%#— > (:)37$(R)8°‘78t1~%> ds

0<vy<La
t _ . « _ . _ At
:/ <_at¢(R)aaR+ > (7>6730(R)8°‘_"8tR> ds+[gp(R)aaR}O
0 0<vy<a

Integrating (74) in time, we then deduce

0D R+ U],

- [ (61 + 52“63|1~%|2) Foa+ P(R)Fa+ Y ( )m (61 + %3] R|? ) aa‘fﬁ} t

0<v7<La 0

+/0t< AP(R)Fa+ > (> R)9*~ 7@R+8°‘< (R)R))ds

0<v<a

t
—a am o 812 cht,S
te /0 (8 Res + 0 (—51»1 Uext,3>) ds.

Note that the divergence of the last term vanishes.
Substep 1: 3; = 1. We write 3 = (1,0,0) " + «, where a = (0, 32, 3;) . We have that V - 9¢D(U) is
constant in time because

V-9°DU) = 9%(V-DU)) = 0%, o:=V -DU).

(75)
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Note that § € H2(IR2) because of the algebra property of #2(R?) and U®) € #3(R?)3. Hence, taking the
divergence of (75), the first term vanishes and we have

~ _ t
[(61 + €2a€3|R|2) (02,701 + OpyTa2) +V (61 + 52“53\R|2) .Fa}o
t

=— |V [a®oR+ > (a>av(el+52%3|1§|2)aa—7ﬁ

0<v<Lax

t —~— ~ —— ~
- / V- | -0.3(R)*R+ 0> (W(R)R)—l—a_“ao‘Res—i— 3 ("‘)aw(R)aa—WatR ds.
0

0<v<La
Because of R € C(J,, -,, L>°(IR?))?, there exists a number ¢ > 0 with (¢; + £2%€;|R|?)(,t) >
for small enough ¢, all ¢ € .J,; -, and almost all x € R?. Since 9;, R, 0, R € C(J,q.c,, L°(R?))?, we
can also estimate HV (61 + 52“63|1~2|2) (~,t)HL (zoye < Cforallt € J,, .
These facts yield the central inequality of this step:
v ||aw17"a71('at)”L2(R2)
< O (1002720 ey + 19 Far O sy + () sy & (- Ol oy
t
+H|V | BR)*R+ D (o‘> (1 + 23| RO R (-, ) (76)
O<yse ollL2(r2)
t —~ ~ ~
+ / V- | —8,3(R)O*R + 0> (W(R)R) + 3 (a> DGR IR | (-,s5)ds
0 0<v<La L2(R?)

t
+e7¢ / V- 0%Res(-, s)ds
0

L2(R2)

We next iterate over 3; and f3s.
(i) = (0,0,0) ". Here (76) simplifies to

t —_—
ﬂ||am1ra,1('at)||L2(R2) <eg? /0 V'Res(~,s) ds

L2(R2)

+ € (J0rsran (oDl e + 19 Fals 0l agee) + [T Dll e + IFals Ollagaa) 77

t

+ H V- (BR)R) (.9)] /Ot V- (~0@(R)R+W(R)R) (-5)ds

"

OllL2(m2) 2@

The residual term on the right-hand side is bounded by Ce2 due to (42). The second and fourth
term on the right-hand side of (77) are estimated by (73) and the third and fifth term by (67). In
the first norm on the last line of (77) all terms have been treated in Steps I, II or III except for
those of the type €%€30,, 7o, 1 RjUext,k and €30, 7o, 1Uext,jUext k- Using R € L*°(R? x Jpoﬁgo)3 and
)3 < (¢, we have

||Uext HL""(R2 XJpg,20

lle“es (azlralechxt,k) (‘at)HL2(R2) < Celte ‘|ar17"a,l('vt)||L2(R2) )
H63 (awlra,erxt,erxt,k:) (.7t)HL2(]R2) S 052 ||ax1ra,1('7t)“L2(]R2) .

In the last norm of the right-hand side of (77), the terms which have not been estimated so far are of the
type arlra,latUext,erxt,k7 Eaat(Uext,ij)axlra,l’ and 5aUext,ijatar17'a,1 for j, ke {1, 2, 3} USil’lg

31



R,0;R € L™(R? x J,, .,)* and ||atUeXtHL°°(R2><JpO,5O)3 < Ce, we obtain

t t
/0 ||63 (awlra,latUext,erxt,k) <.7s)||L2(R2) ds < 052/0 ||8zlra,1('7s)||L2(R2) ds,

t t
[ e 0100 Bl )) 9 sy 45 < € [ 100, s
0 0

and, integrating by parts in time,

t
H /0 €%€3 (Uext,j R0 0z Ta 1) (5 8) ds‘ L)

t
é [ga (Uext,ijazlra,l) ('a 5)]6 - / Sa (at(Uext,ij)axlra,l) ('7 S) ds
0

L2(R2)

t
< e (10urn ey + 10 (O ey + [ 10n 7o)l )

t
< (ot 100rann Oy + [ 100 (e ).
0

Combining the above inequalities, for a € (1, 12—1) and 0 <t < T ., < Toe~2 we infer
102,701 ()| g2 ey < C (po +2670 42370 4 2210, ma 1 ()| o ey +z-:%*a)
t t
+ 062/ (po + E%(%—a) + Eé(a—l)) ds + CEQ/ ||8z17'a,1('78)”L2(R2) ds.
0 0

For € small enough and a € [%, %) (so that % —a < a— 1) it follows

t
102,701 ()| 2 (mey < C (po tes(-a) 4 52/0 102, 701 (5 9) | 2 2 ds) :
Finally, Gronwall’s inequality yields
102, et ()l ey < C <p0 + 5%(%—@) < (po n 6%(%—@) .

(i1) We iterate the process from (i) for higher gy = S5 and oy = S; (keeping 51 = 1). For instance, the
following sequence of a’s can be chosen: a = (0,1,0) ", (0,0,1)7,(0,2,0),(0,0,2)7,(0,1,1) . Note
that || = B; + B2 < 2 therefore we can always use integration by parts and Lemma C.1. In the terms with
W again three derivatives can fall on 0;Ucxt, . If 0, is included, then one can proceed as above by means
of (45). Otherwise, one uses (47) and argues as in (71).

Substep 2: 5; > 1. In this last step we have to iterate over (31 and increase it to 3. For 51 = 2 we set
B =(1,0,0)" +a witha = (1,32, B;) . The estimates work like in Substep 1(i) since we have || < 2.
Finally, for 5; = 3 we have 8 = (3,0,0)" = (1,0,0)" + o with a = (2,0,0) " and apply Substep 1(i)

again. Here, factors 8318t Uext, i occur in the terms with W, which are treated with (46).
In summary, collecting all the above estimates, one concludes

() < C (ph+ei™)

5

forevery t € J,, ., and e € (0,20) if a € [3, 1) and &g is small enough.

Next, we keep p fixed, choose a € [2, 3) and po, &9 so small that C (p% + 53/2*a> < 1p% and

€0P + U extll Lo (2 x [0,10e-2))3 < @
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where we recall (59) and that ||U x| oo (r2 x[0, 1 -2))s < Ce < Ceo. With this choice we have

12
t —
2(t) < 5p

now implies that 7,

0,€0 0,60 —

forevery t € J,, ., and € € (0,&¢) if a € [2,3). The definition (61) of 7},
Toe~2 < tar and that (60) holds with ¢, = Tpe 2.

6.2 Final error estimate

To finalize the proof of Theorem 1.1, we first compare U oy; from (40) and U ,;,s from (12). Similar as
deducing Res(Ucxt) € G3(R? x J,, -, )? from (43), one can show that the same condition yields

IUext — Uans HgS(R2 X Jpg.e0)>

< Ces.

a1 . . .
(5218X2A8kw(k0) - 535(3?(214613117(]{30) + €3|A|2Ap) Fy +3A3hF} +c.c.

G3(R2XJpg,c0)

Note that we again lose half a power of € since A depends on X5 = (x5 — v1t). Second, we use (62) and
the triangle inequality to conclude

”U - UanS“gi"(R?xJ < ||U - Uext”gS(R?xJ )3 + ”Uext - Uan5||g3(R2><J,,0‘€0)3

)3
PO-E0 PO-E0

<C (5“ +E%) < C(sz-:%*‘S

forall § > 0. U

A Numerical method for the eigenvalue problem

To solve (15) numerically we rewrite the problem as a second-order ordinary differential equation

ailwg = 10y, €1(x1)wws + €1 (21)wdy, wo

19)
= Mamwg —e1(z1)w (Howws + kwy)
61(.T1)
Oz
= M@“U@ — e1(21) pow?ws + k*ws
€1 (xl)
(’)Ilwg

on R\ {0}. The interface condition [ws],, = 0 implies that H
eigenvalue problem

]] = 0. Now we have to solve the
€1 1D

Oz, €1 (w
—0%,ws (x1) + el(lx()l)amw?» (1) + K*w; (1) = &1 (21) pow’ws (z1), @1 € R\ {0},
1 (21 ) (78)
w
oo = [ 2222] —o.
€1 D
Note that we can use w; = — k wz and wy = fiaxlwg to calculate the remaining components of w.

€1W €1W

We also see that the interface conditions [e;w1]ip = [wz]ip = 0 are satisfied if ws solves (78).
To simplify the numerics we write w3 = ws ; + w3 ¢, with a smooth function ws , and a function ws ¢
that has a discontinuous first derivative at 1 = 0. For instance, we take

ws s (1) = wy ¢ = const., @1 < 0,
' w;s(xl), x1 >0,
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and choose w; s(0) = w; so that ws ¢ is continuous. Note that with this choice ws satisfies the first

interface condition. For the second interface condition we calculate d,, w3 and get that

= 0y wi (0) =

We now set
— sgn (€) Oy, w3 +(0), 1 <0,

ws (1) = (Lws,) (z1) = {—sgn () Doy w3 (0)e= 71, &y > 0.

to satisfy the second interface condition. Thus, w3 ; has to solve

(—821 =+ (‘99:16(11.(1‘7:)1)8%1 =+ k‘2> ((I =+ E)w37r (xl)) = 61($1)u0w2(1 + ﬁ)wg,’r (xl) , X1 € R\ {0},

[[w371~]]1D = [[8$1w3,rﬂ1[) = 0

(79
We are interested in H*(R)-solutions, therefore we have at least the boundary conditions
lim w3, (z1) = sgn (€) Oy, w3 »(0), lim ws, (z1) =0.
To—>—00 xr1—00

To solve (79) numerically for a fixed k£ € R we discretize the problem over a finite interval [—d, d] C R
and apply a solver for a generalized eigenvalue problem, e.g. a solver based on a Krylov-Schur algorithm.
To be more precise, we used d ranging from 102 to 10* with the step size h = 0.01 in space. We used the
second-order difference quotients with zero Dirichlet boundary conditions to discretize the derivatives. The
generalized eigenvalue problem was then solved with the Matlab functions “eigs”, where we calculated the
first 10 eigenvalues closest to 1y with a convergence tolerance of 10~1°. We then only selected solutions
where the corresponding eigenfunctions were almost zero in a small neighborhood of the boundary of
[~d, d], i.e., the norm of w3 on [—d, —d + 100h] U [d — 100h, d] is smaller than 10~5.

B Residual of order ¢
For Res := Res(U.y) and F; = el(Fo?2=70t) we have
1 _
Ress = Fiet (23;)’(2148,%101 (ko) — (2|A|28X2A + A28X2A) pl)

v . —
+ F1€4p.0 (316;3(2148,%11)3 (k‘o) — 18T8X2A8kw3 (k’o) — 1 (2|A|2(9X2A + A28X2A) pg)
— 3F132’;‘4 (8X2AA2]'L1 + LL()Z/lAQaXzAhg) +cc.+ 0O (65)

and the parts of Res; and Res; that are linear in U ¢, are given by
1 _
Resjin,1 = Fye? (2333(21481%1”3 (ko) — (2|A|*0x,A + A%0x, A) p3>

+ Fiele (%a;’yz A0Zwy (ko) — i0rdx, Adgwy (ko) — 11 (2 A[?0x, A + A20x, A) p1>
—3F3et (e1v1A%0x, Ahy + A*0x,Ahs) + c.c. + O (€°)

Resin = Fiete; (%aizAa,iwz (ko) — i0r0x, Adgws (ko) — v (2| A20x, A + A20x, A) pg)
- 3F135461V1A28X2Ah2 +cc.+0 (55) .
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For the nonlinear part of Res; we get

Resni = —ctes (3u1F13A2(9X2A (m? + mlmg)
+ v FY A%0x, A (3m3 0wy (ko) + m30,wi (ko) + 2mimadpws (ko))
+ V1F1A23X2Z (3|m1|2m1 + 2m1\m2|2 + mlmg)
+ v F1 A%0x, A (3m30iw1 (ko) + m30,w1 (ko) + 2mimo0,ws (ko))
+ 2V0F1|A|28X2A (3|m1\28kw1 (ko) + \m2|28kw1 (ko) + mimadxwa (ko) + mimadiwe (k‘o))
+ 2 F1|A[POx, A (3|ma|*my + 2my|ms|? + mMim3)) + c.c. + O (%),

and for Res,) 2 we simply have to change the indices of the components of m and J,w (ko) in Resy 2.

C Calculus Lemma

Lemma C.1
Let my, mg € Ng withmy > mo and my > 2 and let J C R be an interval.

(i) Let j € {0,...,m1}, f € H™I(R?) and g € H’(R?). Then fg € L?(R?) and
1791l 22y < C N lagmi—s rey 1911305 ey -

(ii) Let f € H™ (R?) and g € H™2(R?). Then fg € H™2(R?) and
1£9ll3me w2y < C 11f l30m1 2y 19]l3gme r2) -

(iii) Let f € Fy'"'(R?) and g € H™(R?). Then fg € H™(R?) and
1£9ll3mz g2y < C Il zma gay 19l3ms g2y -

(iv) Let f € F™Y(R2 x J) and g € G™2(R? x J). Then fg € G™2(R? x J) and

||fg||gm2(R2><J) <C Hf”]—'mlvl(R"’xJ) ||g||gm2(R2><J) :
(v) Let f € Fy""'(R?) and g € F§'*'"(R?). Then fg € F§'*" (R?) and
178l s gy < s gy 19l ey -

PROOF: The proofs can be done analogously to Lemma 2.22 in [27]. O
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