
1

A Multistatic Uniform Diffraction Tomography
Algorithm for Microwave Imaging in Multilayered

Media for Microwave Drying
Adel Omrani, Rahul Yadav, Guido Link, and John Jelonnek

Abstract—Microwave tomography (MWT) based control is
a novel idea in industrial heating systems that demands fast
DAQ and real-time imaging algorithms. Uniform diffraction
tomography (UDT) is one such technique that can provide real-
time imaging. However, its single-input single-output data based
inverse scattering formulation can lead to time-consuming DAQ.
In this article, a multistatic uniform diffraction tomography
(MUDT) imaging algorithm is proposed for a fixed array MWT
system. The MWT system is integrated into the industrial heating
unit HEPHAISTOS to estimate the moisture distribution in a
polymer foam. In addition, a technique is presented to retrieve
the electrical properties of the targets using reconstructed infor-
mation from MUDT and by investigating the singular values of
multistatic scattering data. Through numerical and experimental
data for the considered moisture scenarios, the MUDT approach
is tested, and its comparison with the UDT approach is shown.
Reconstructed results show that in comparison to UDT, the
MUDT approach i) eliminates the need for mechanical scanning,
ii) provides aliasing-free images by following Nyquist sampling
criteria, and iii) can resolve multiple targets in the imaging media
with significant improvement in the spatial resolution that further
augments in the correct retrieval of the dielectric constants of
the target.

Index Terms—industrial drying, multilayered media, mi-
crowave tomography, multistatic uniform diffraction tomography

I. INTRODUCTION

INDUSTRIAL applications of microwave tomography
(MWT) have been rapidly increasing in a wide range of

areas for inspection, monitoring purposes, quality control of
the product, and safety issues, to name a few [1]–[3]. A novel
idea is to apply tomography-based control (TOMOCON) by
integrating MWT with the control unit of the high power
industrial microwave drying system called HEPHAISTOS [4]
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to increase its efficiency [5], [6] and processing quality during
the material processing, for instance, thermal curing of fiber
composites and drying of porous foams. In the drying applica-
tion, usually, the polymer foams have a non-uniform moisture
distribution at the inlet. During processing, this situation
can lead to temperature hot spots formation as the drying
progresses due to non-uniform heating. Thus, wet spots sur-
rounded by dry parts exist in the processed foam. And in case
of over-drying, the foam may even take fire and damage the
industrial system. Intelligent control of distributed microwave
power sources is a possibility that might efficiently address
the non-uniform moisture distribution [4] which requires non-
invasive measurements of the unknown moisture distribution
inside the foam. Thus, to estimate the moisture distribution
in the foam, the MWT module is integrated with the high-
power HEPHAISTOS system. In real-time monitoring, fast
data acquisition (DAQ) from MWT is a critical task with
less-computational resources and on-site integration. Using
only one antenna with mechanical scanning for DAQ is not
applicable. Hence, in our work a fixed array consisting of 7 X-
band antennas is chosen for the MWT senor setup [7], [8]. The
later section will provide a reason for the choice of the antenna
and frequency band. Next, to obtain fast imaging results, a
suitable MWT reconstruction algorithm is needed. Due to the
limited angle setup, our present inverse problem is severely
ill-posed [9], and thus applying quantitative reconstruction
schemes are challenging.

Recently, a uniform diffraction tomography (UDT) algo-
rithm was proposed in [10], [11] that correctly applies the
stationary phase method to achieve improved estimates in
comparison to diffraction tomography for embedded targets
in a multilayered media. The reconstruction provided by the
UDT is in real-time with monostatic antenna configuration
and the algorithm incorporates only reflection data. For its
suitable implementation in the fixed array case, the following
guidelines should be taken into account: i) desired antenna
type and specifications to achieve good spatial resolution,
ii) to cover a large imaging domain, a high number of
antennas or measurement points should be employed, and iii)
the antennas should be positioned in close vicinity to meet
the Nyquist sampling rate criteria. But, considering real-time
monitoring in our industrial application, given guidelines are
compromised. The use of large number of antennas increases
the DAQ time and overall system cost. Thus, an obvious
choice would be to use a fixed array, i.e. a multistatic MWT
system with a low-number of antennas. However, with the
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use of limited number of antennas, aliasing effect is seen in
the reconstructed image and also spatial resolution is affected
when multiple scatterers in the multilayered media are present.
The former is caused due to the Nyquist criteria not being
met. While, the latter are: first, less spectral components of
scattered fields are present at the antennas aperture, second,
in multiple scatterers case, the different spectral components
from respective scatterers cannot be distinguished [12]–[14].

In this work, a multistatic uniform diffraction tomography
algorithm (MUDT) for multilayered media is proposed [15].
The MUDT algorithm developed here specially caters for the
measurement case of a multiple-input multiple-output fixed
array sensor configuration. We first derive a systematic formu-
lation for the MUDT by modeling our imaging domain as a
multilayered media. Next, the concept of the effective aperture
[16] is used for efficient implementation of the MUDT. To
test the performance of the MUDT for 2-D reconstruction,
a numerical study is conducted with 3-D scattering data for
various moisture scenarios. Results are shown and compared
with that of UDT. Non-ideal conditions like i) the top surface
of the foam is random rough and ii) a case of random moisture
distribution in the foam is also evaluated. Next, by knowing the
location of targets, a fast optimization algorithm is derived by
investigating the eigenvalues and eigenvectors of the scattering
matrix to obtain the dielectric constant of the localized targets.
In the final stage, the MUDT performance is tested with
experimental data and compared with the UDT. Our work
contributes in the following manner: i) it eliminates the need
for time-consuming quantitative imaging for obtaining the
dielectric constant of the target, ii) it enables the use of a low
number of antennas that reduces the total cost of the system
and provides good spatial resolution compared to the UDT,
iii) there is no need to surround the media by antennas array
i.e full-angle setup, iv) (to the best knowledge of the authors)
it is first of its kind MWT applications in the industrial drying
process. Ideas for this work are motivated by the initial work
done by the authors which are represented in [17]–[21].

The paper is organized as follows: Section II provides an
overview of the HEPHAISTOS system and MWT setup and
details the MUDT qualitative method. Simulation results are
shown to compare the MUDT and UDT imaging algorithm in
Section III. Section IV describes how the dielectric constant of
the targets is retrieved. Experimental results are investigated
in Section V and finally Section VI shows the discussion and
concluding remarks.

II. MICROWAVE TOMOGRAPHY SETUP

Unlike other MWT systems, the current MWT system is
installed next to a high-power microwave drying system called
HEPHAISTOS. It has a modular structure and consists of three
microwave modules of the same type. Each module is 1 m
long and equipped with six slotted waveguide antennas. The
installed total output power of 36 kW in the 2.45 GHz ISM
band allows continuous drying. In order to block the unwanted
leakage of power from the HEPHAISTOS oven which can
destroy the MWT system, a long X-band open waveguide
antenna is chosen which also acts as a microwave high pass
filter. Since the 2.45 GHz is in the cut-off region of the WR90
standard waveguide for the X-band, the electromagnetic (EM)
fields decay with e−αz where α is the attenuation constant,
providing more than 100 dB isolation at 2.45 GHz along the
waveguide antenna. An array of 7 waveguide antennas is
located in semi-infinite free space, above the media. The 3-D
configuration of the multistatic MWT, studied in this work is
illustrated in Fig. 1 (left) with antenna array located on top of
the foam.

The present imaging problem is cast as a multilayered media
problem for a fixed cross-section (i.e. y × z); the generalized
geometry is shown in Fig. 1 (right). The distance of the
antenna to the top of the polymer foam is t0. In free space, the
relative dielectric constant is denoted as εr,0 = εr,N+1 = 1−j0
whereas the relative dielectric constant of the layer n is set to
εr,n. Next, we discuss the qualitative reconstruction approach
in more detail. The formulation is represented in 2-D only, the

Fig. 1: Left: 3-D MWT setup used in this study to generate synthetic measurement data. Right: generalized geometry of our
problem with N layers.
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extension to a 3-D vector problem is straightforward but more
cumbersome.

A. Forward Model

As shown in Fig.1 (right), the array of antennas is located
in semi-infinite free space, above the media for illumination of
medium. The variations of dielectric properties is considered
in the z-direction only. Under the excitation by a point source,
the electric field observed at the receiver positions, is given by
the well-known Lippmann-Schwinger integral equation of the
EM scattering problem and can be expressed in the following
form [22], [23]

~E
(n)
tot (~ρr, ~ρt) = ~Einc(~ρr, ~ρt) + ~E

(n)
sct (~ρr, ~ρt)

= ~Einc(~ρr, ~ρt) + k2

∫
Ωn

¯̄G
(n0)
eb (~ρr, ~ρ

′) ·O(~ρ ′) ~E
(n)
tot (~ρ ′)d~ρ ′,

(1)
where ~E

(n)
tot (~ρr, ~ρt) represents the total electric field,

~Einc(~ρr, ~ρt) is the incident field and ~E
(n)
sct (~ρr, ~ρt) denotes the

received scattered field due to the unknown irregularities in
layer n. O(~ρ ′) = (ε̂(~ρ ′) − εr,n) is the object function. ε̂(~ρ ′)
is the profile of the dielectric constant of the target. Ωn ⊂ R2

is the region of interest which is the nth layer. Here, a time
harmonic field is assumed. Hence, the complex time harmonic
function e−jωt is eliminated from the equation. The term ω
is the angular frequency. In (1), the vectors ~ρr = (yr, zr) and
~ρ t = (yt, zt) represent observation and source points while
¯̄G

(n0)
eb (~ρr, ~ρ t) is the electric background (multilayered media

without any scatterer inside) dyadic Green’s function (DGF).
The superscript (n0) denotes that the source point is located
in layer 0 and the observation point is in layer n.

By employing the first-order Born approximation, the total
electric field ~E

(n)
tot can be replaced by the background electric

field of the layer. Background electric field can be replaced by
the Green’s function due to the excitating the media by a point
source. Moreover, utilizing the symmetry property of Green’s
function, the scattering electric field can be depicted as

E
(n)
sct (~ρr, ~ρ t) = k2

∫
Ωn

G
(n0)
eb (~ρr, ~ρ

′)On(~ρ ′)G
(n0)
eb (~ρ ′, ~ρ t) d~ρ

′.

(2)
In the above expression, it is assumed that both transmitting
and receiving antennas are x-polarized and equivalent current
is predominantly x-polarized, so the term xx of the DGF
is employed [24]. The spectral representation of the Green’s
function in layer n in transverse magnetic field to x (TMx)
case when the line source is located in region 0 is [25]

G
(n0)
eb (~ρ, ~ρt) =

1

π

∫ +∞

−∞

1

kz0

î
T̃ TM
n (ky)e−jkzn(z − zt)

R̃TM
n (ky)e+jkzn(z − zt)ó · e−jky(y − yt)dky, (3)

if z > zt and Im(k2
n−k2

y)
1
2 < 0 where ky is the wavenumber

in y-direction. T̃ TM
n (ky) and R̃TM

n (ky) are the transmission
and reflection coefficients in layer n respectively, and can
be obtained by applying the boundary conditions between
layers for the TMx case. The asymptotic expression for

Green’s function of the multilayered media is calculated using
stationary phase approximation (SPA) and shown in Appendix
A. The dispersion relation in the layer n is expressed by
kzn =

»
k2
n − k2

y and kn = k0
√
εn is the wavenumber in

layer n while k0 is the free-space wavenumber. As mentioned
earlier, the electric field is composed of the incident and re-
flected parts, and since the contrast between the layers is small,
the reflected electric field is not zero but negligible compared
to the transmitted field inside that layer. To show this effect,
consider a three layered medium with εr,0 = 1, εr,1 = 1.16,
and εr,2 = 1 with thickness t0 = 10 cm, t1 = 8 cm, and
t2 is infinite free space, respectively. In the second layer, the
real and imaginary parts of the total electric field at 8 GHz
and 12 GHz are depicted in Fig. 2 (left) and Fig. 2 (right)
respectively and compared with the finite element method
(FEM) solution of COMSOL multiphysics. As a consequence,
the Green’s function of any layer is approximated only by the
transmitted part as an asymptotic Green’s function expression,
i.e, G(n0)

eb u G
(n0)
eb,T , and by substitution in (2), we obtained

E
(n)
sct (~ρr, ~ρt) =

k2

π2

∫
Ωn

On(y′, z′)
Ä∫ +∞

−∞

∫ +∞

−∞
dkydk

′
y

T̃ TM
n (ky)T̃ TM

n (k′y)

kz0k′z0
e
−j
î
(ky + k′y)y′ − kyyr − k′yyt

ó
· e
−j
î
(kzn + k′zn)(z′ −

n−1∑
q=0

tq) +

n−1∑
q=0

(kzq + k′zq)tq
óä
dρ′,

(4)

where G
(n0)
eb,T is replaced with the primed variable for the

second integral. The above expression is the scattered field
obtained due to the irregularities in layer n for a multistatic
array scenario. It should be noted that while deriving this
expression, it is assumed there are no irregularities in other
layers. This representation enables us to use all the transmitter-
receiver pairs of the multistatic configuration. In comparison
to the monostatic configuration (with yr = yt), more spectral
components of the embedded targets can be recorded by the
multistatic array and also, higher order spectral frequency
components are more discernible. For intuitive explanations
of the above, consider two scatterers with centers y1 and y2

with the same z separated by distance L. The first phase term
in (4) can be recast in the monostatic case as (ky+k′y)(y′−yri)
for the ith receiver. Since the spectral domain of integration
is from negative infinity to infinity, a pair of high frequency
terms (ky, k

′
y) can satisfy (ky1 + k′y1)(y1 − yri) = (ky2 +

k′y2)(y2 − yri). This implies the spectral components are
indiscernible. As a consequence, secondary fields from the
targets are indistinguishable at receiver position. So, a higher
distortion effect is expected in multiple scatterers case in the
monostatic case rather than a multistatic one.

B. Inversion scheme

To obtain the analytical expression of the object function
given the scattered field information, we begin with the spatial
Fourier transform (FT) of the received scattered field at yr
due to the transmitter at yt. Next, by changing the variable
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Fig. 2: The real (top) and imaginary (bottom) part of the total electric field inside a three layer media with dimension
50 cm× 8 cm and ε1 = 1.16 for the dielectric layer at 8 GHz (left) and 12 GHz (right).

k′′y = ky +k′y , the spectral representation of the scattered field
in the multistatic case can be written using (4) as

Ẽ
(n)
sct (k′′y , ω) =

2k2

π

∫
Ωn

On(y′, z′)e−jk
′′
yy
′
dρ′Ä ∫ +∞

−∞
dky

k2

kz0k′z0
T̃ TM
n (ky)T̃ TM

n (k′′y − ky)e−j[ky(yt − yr)]

· e
−j
î
(kzn + k′zn)(z′ −

n−1∑
q=0

tq) +

n−1∑
q=0

(kzq + k′zq)tq
óä
,

(5)
where k′zn =

»
k2
n − (k′′y − ky)2. The term ky(yt− yr) in the

phase of the inner integral is the difference between UDT and
MUDT which is the consequence of considering the problem
multistatic rather than monostatic. Using the SPA method, the
second integral in (5) can be simplified, and above expression
reduces to a simple form given

Ẽ
(n)
sct (k′′y , ω) =

2

π

∫
Ωn

On(y′, z′)e−jk
′′
yy
′ k2

k̄z0k̄′z0
T̃ TM
n (k̄y)

T̃ TM
n (k′′y − k̄y)

[
2π

k0z|φ′′(k̄y)|

] 1
2

e
−j(

β

2
+
π

4
)
e−j[k̄y(yt − yr)]

· e
−j
î
(k̄zn + k̄′zn)(z′ −

n−1∑
q=0

tq) +

n−1∑
q=0

(k̄zq + k̄′zq)tq
ó
dρ′,

(6)
where

(7)
φ′′(k̄y) = −k

2
n

k0

Ä 1

k̄3
zn

+
1

k̄′3zn

äÄ
1−

n−1∑
q=0

tq
z

ä
−
n−1∑
l=0

k2
q

k0

Ä 1

k̄3
zq

+
1

k̄′zq
3

ä
,

(8)φ′′(k̄y) = |φ′′(k̄y)|ejβ ,

and k̄y is the solution of the following equation:

(9)

1

k0z
(yt − yr) +

1

k0

Ä
− k̄y
kzn

+
k′′y − k̄y
k′zn

äÄ
1−

n−1∑
q =0

tq
z

ä
+

n−1∑
q =0

Ä
− k̄y
kzq

+
k′′y − k̄y
k′zq

ä tq
k0z

= 0.

Here, k̄zn, k̄′zn are those defined earlier when ky is replaced
by k̄y . It should be noted the SPA is calculated with respect
to the k0z [10]. This assumption is in general case compared
to applying the SPA with respect to the k0 which provide a
smooth transition at boundaries in the presence of a target.

Using the following spectral reflectivity function definition

(10)

Õn(k′′y , k
′′
z , k)

=

∫ ∫
Ωn

On(y′, z′)ï
k0z

2π
|φ′′(k̄y)|

ò 1
2

e−j(k
′′
yy + k′′z z)dydz,

where k′′z = k̄z+k̄′z , and substituting in (6), the object function
can be obtained as represented in (11), where

M(k′′y ) =
ωε

c2

[Å
k2
n− (k′′y − k̄y)

ã− 1
2

+

Å
k2
n− k̄y

ã− 1
2

]
. (12)

Equation (11) expresses a relation between the object function
and the spatial Fourier transform of the received scattered field.

For implementation of the MUDT algorithm, the position
of each transmitter-receiver pair in the multistatic array is
approximated by its midpoint that is equivalent to a monostatic
array configuration. This implies that each N1 elements of
multistatic array can be replaced by the N2 ≥ N1 elements in
the equivalent configuration and represented N1 : N2. In this
case, the spatial sampling rate will be L/(2N1N2) where L is
the length of N1 elements in multistatic array. For example,
1 : 2 denotes 1 elements of the multistatic array is replaced
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On(y, z) =

∫
ω

∫ +∞

−∞

kz0k
′′
z0

k2
n

e
j(
β

2
+
π

4
)

T̃ TM
n (k̄y)T̃ TM

n (k′′y − k̄y)
e
j

î
k̄y(yt − yr)

ó
e

j

î
k′′zn

n−1∑
q=0

tq −
n−1∑
q=0

k′′zqtq
ó
Ẽsct(k′′y , k)M(k′′y )dk′′ydω

√
π
8

∫
ω

∫ +∞

−∞

M(k′′y )ï
k0z|φ′′(k̄y)|

ò 1
2

dk′′ydω

(11)

TABLE I: Dielectric constant of the foam with different
moisture contents Mw% on wet-basis.

Mw% 0 30 36
εr 1.16-j0.01 1.69-j0.1 1.87-j0.12

by 2 element in the equivalent monostatic array this implies
that 13 sampling points exist for 7 element antenna array.
Conceivably, the aforementioned procedure is stated to be very
similar to effective aperture concept utilized in multistatic mm-
wave imaging system [26]–[28].

III. NUMERICAL STUDIES

In this section, the proposed MUDT algorithm is numeri-
cally tested for different moisture scenarios, and their results
are compared with UDT. To generate the numerical data
from the MWT setup shown in Fig. 1 (Left), the 3-D time-
domain solver of the commercial software CST Studio Suite
is used. The data are generated in X-band range with a
frequency step of 5 MHz and stored in terms of a scattering
matrix of size 7× 7. Moisture distribution is modeled as wet-
spots in a spherical shape with the defined dielectric constant
corresponding to the different moisture levels. The mapping
between the dielectric constant and the wet-basis moisture
levels, measured by cavity-perturbation method as well as
transmission line technique at 2.45 GHz is given in Table
I [29]. For this characterization, the polymer foam density
is 23 kg

m3 . To obtain the qualitative image using the MUDT,
in addition to the diagonal element of the scattering matrix,
the Si(i+1), (i = 1, 2, . . . , 6) are used as well for the image
reconstruction. This implies a 1 : 2 equivalent monostatic
array as described in the previous section. Also, an antennas
de-embedding is performed to convert the received scattered
fields to the electric fields [30], [31]. Moreover, it might be
applicable to mention since the contrast between the foam
and its below layer is assumed to be small, our problem
is equivalent to the half-space problem. Some corresponding
equations related to the half-space case are shown in Appendix
B.

Three different scenarios are considered to show the per-
formance of the proposed MUDT in comparison to the UDT
imaging algorithm. In the first scenario, only one wet-spot with
radius 1 cm and moisture level of 42% (ε = 2) is considered
in the polymer foam. The reconstruction from the UDT and
MUDT are depicted in Fig. 3 with the red lines represent
the true location of the wet-spot inside the foam. Note that
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Fig. 3: Reconstruction of one wet-spot moisture case with
UDT (top) and MUDT (middle) where the true location is
marked by red circle. The bottom figure shows the comparison
of UDT and MUDT with the true case for the object function
values located at −15 cm ≤ y ≤ 15 cm for z = 0 cm.

the normalized value of the object function is plotted. It is
clear that the MUDT outperforms UDT in identifying the
target. Also, strong aliasing effect are observed in UDT as
marked by regions 1 and 2. In contrast, the aliasing effect is
resolved in the MUDT since the Nyquist sampling rate criteria
is satisfactorily met in the multistatic configuration. Further,
the object function at z = 0 cm for UDT and MUDT are
plotted in Fig. 3 (bottom) and reconstruction differences can
be better observed.

In the second scenario, two wet-spots with a moisture levels
of 42% (ε = 2) and 26% (ε = 1.5), respectively. The radius of
the wet-spots are kept the same as the previous case and they
are located at 10 cm distance apart. This case is considered
here since the HEPHAISTOS oven works at 2.45 GHz, hence
the heating pattern of drying is in the range of λoven

2 ≈ 6 cm.
Therefore it is imperative to estimate the wet-spot locations
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Fig. 4: Reconstruction of two wet-spots (left) and three wet-spots (right) moisture case with UDT (top) and MUDT (middle).
The bottom figure shows the comparison of UDT and MUDT with the true case for the object function values located at
−15 cm ≤ y ≤ 15 cm for (left) z = 0 cm, and (right) z = 0.1 cm.

with a similar spatial resolution to control the power effi-
ciently. In other words, the power of the magnetrons is adjusted
based on the moisture distribution inside the polymer foam.
The reconstructed image using the UDT and MUDT is shown
in Fig. 4 (left column) where the bottom figure represents the
compared object function at z = 0 cm with respect to the true
case. Interestingly, in UDT, in addition to the aliasing effect,
a distortion in the reconstructed image is observed. It implies
that the scattered fields from the targets are indistinguishable
at the receiver position. This effect will be more prominent
by increasing the number of targets in the medium. However,
in the MUDT, these scattered fields can be recorded by more
receivers, resulting in discernible wet-spots.

In order to investigate the robustness of the MUDT imaging
algorithm under the multiple scatterers case, in the third
scenario, three wet-spots with same moisture levels of 42%
and radius of 1 cm are considered. The three wet-spots are
located at (−12 cm, 1 cm), (0 cm, 0 cm), and (10 cm, 0 cm),
respectively in the y − z plane. As can be seen from Fig. 4
(right column), UDT at first fails to reconstruct all the targets
in the imaging domain, see the left circle (which indicates
true position of the target). More so, the reconstructed middle
and the right wet-spots are shifted and distorted. As explained
earlier, these effects are due to interference of the spectral
components at receiver positions. In comparison, reconstruc-
tion with MUDT is appropriate for all wet-spots especially
the left target. Also the shift and distortion of targets are
negligible. However some minor aliasing effect are present
which can be eliminated by taking into account more elements
of the scattering matrix. Further, to evaluate the closeness

of the reconstructions, cuts along the y-axis of Fig. 4 (right
column) are plotted. As can be observed, using the MUDT,
the estimated position and shape of the targets are close to the
true case and the resolution is improved.

In the next part, we investigate the performance of the
proposed technique when i) the surface of the polymer foam
is random rough and ii) when the wet-spots are surrounded by
inhomogeneities. These scenarios are undertaken considering
pre-preparation drying process defects.

A. Random rough surface

In practical scenarios, it has been observed that the polymer
foam can also have some uncertainty on the surface i.e., when
the surface has roughness. To investigate the performance of
the MUDT in this case, we consider a polymer foam with a
top surface being randomly rough surface (RRS) and modeled
[32] as

z(y) =

M∑
m=−M

m−βGm cos
Ä
2πmy + Um

ä
. (13)

Here, m is the integer number representing the spatial fre-
quency and β denotes the spectral exponent, Gm is realized
as Gm ∼ N (µ, σ) with mean µ and standard deviation σ,
and Um ∼ U(0, 2π). The term N , U denotes Gaussian and
uniform distribution, respectively.

In Fig. 5, compared are the real and imaginary parts of the
electric field asymptotic formulation [24] and FEM for a dry
foam with two different degrees of roughness at 8 GHz. Here,
the asymptotic fields of the three-layer media with the rough
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Fig. 5: Top figure shows the foam with modelled roughness
and its mean height. Electric fields real (middle) and imagi-
nary (bottom) parts derived using analytical formulation are
compared with the FEM results of a rough surface with an
σ = 0.15 and σ = 0.3 are probed at z = −14 cm and
−15 cm ≤ y ≤ 15 cm. For this study, the line source was
located at z = 0 cm.

surface for the first interface is estimated using the SPA under
the σ = 0 and β = 0. We observe that under the moderate
random rough surface, the scattered fields received by antennas
slightly change compared to the normal scenarios when RMS
height = 0. So, the average distance from each antenna to
the top surface of the foam is considered, i.e, h = 〈hi〉, i =
1, 2, · · ·N , where 〈·〉 is the mean operator.

To evaluate the performance of the MUDT, a wet-spot with
30% moisture (1.69 − j0.1) with radius 1 cm at position
(0 cm, 0 cm) is considered inside the foam with dielectric
constant 1.16 − j0.01 and a moderate rough surface with
the following parameters: µ = 0, σ = 0.15, and β = 0.8.
Reconstructed image using the MUDT algorithm is depicted
in Fig. 6. It can be depicted from the figure that though the
location of the wet-spot is correctly estimated but compared
to the polymer foam with the smooth surface, the shadow
images are more prominent. This is due to the multiple
scattering between the bottom layer of the foam and the
rough surface that is not taken into account by Green’s
function. Furthermore, with increasing the roughness of the
top interface, the validity of the current asymptotic expression
holds weak since electromagnetic fields inside the layer can
not be fully estimated. It can lead to more strong artifacts in
the reconstruction.

B. Random Media

Consider a polymer foam where the dielectric constant dis-
tribution of the medium is not constant and has random values.
In other words, wet-spots are surrounded by inhomogeneities
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Fig. 6: Reconstruction of one wet-spot moisture case with
UDT (top) and MUDT (middle) for the random rough surface
with µ = 0, σ = 0.15, and β = 0.8. The bottom figure shows
the comparison of UDT and MUDT with the true case for the
object function values located at −15 cm ≤ y ≤ 15 cm for
z = 0 cm.

and, the dielectric constant of the layer can be expressed as
ε(~r) = εn + εf(~r) where εf is the randomly fluctuating part
of the dielectric constant and εn denotes the mean dielectric
constant such that the ensemble average 〈ε(~r)〉 = εn, and
~r = yŷ + zẑ is the spatial position. Here, we assume the
average dielectric constant of the polymer foam is known.
The fluctuating inhomogeneities have a zero-mean Gaussian
random variable with a Gaussian correlation function [33],
[34]

C(~r1, ~r2) = exp

(
− ||y1 − y2||2

l2y
− ||z1 − z2||2

l2z

)
, (14)

where ly and lz are the characteristic length components. In
this case, the deterministic form of the Green’s function is not
known. However, for the tenuous random media, the Green’s
function can be expressed as follows [35]

(15)〈 ¯̄G(~r, ~rt)〉 = ¯̄G(0)(~r, ~rt) + ∆2〈 ¯̄G(2)(~r, ~rt)〉
+ ∆4〈 ¯̄G(4)(~r, ~rt)〉+ · · · ,

where ∆ = µω2
√
〈εf(~r )〉2. Under the assumption where there

is weak correlation between the unknown inhomogeneities i.e.,
C(~r1, ~r2) ≈ 0 (the multiple reflections between the fluctuating
parts is ignored), the Green’s function can be approximated
by only the first term, i.e., 〈 ¯̄G(~r, ~rt)〉 ≈ ¯̄G(0)(~r, ~rt). A random
media with the Gaussian distribution with characteristic length
lx = 5 cm, ly = 2 cm, and lz = 3 cm is modeled in the
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Fig. 7: Reconstruction of random media containing one dom-
inant wet-spot with UDT (top) and MUDT (bottom).

CST Studio Suite using 3-D form of (14). In our random
media model, only one dominant and well resolved wet-spot
is present in the y − z plane of the antennas and rest of the
plane has weak fluctuations. The reconstructed images from
the UDT and MUDT is shown in Fig. 7. As can be seen, the
dominant and well resolved wet-spot is accurately detected by
the MUDT.

IV. MOISTURE LEVEL ESTIMATION

In this part, we obtain the dielectric constant of the recon-
structed targets from MUDT using the singular value decom-
position (SVD) and minimization approach [20]. Starting with
(2) and expressing it in the following matrix form for each
frequency point

Esct = [Lo] [(ε̂− εr,n)] , (16)

where Esct is of size N × 1, Lo is the linear operator with
size N × M , and (ε̂ − εr,n) is the object function of size
M × 1. The term N denotes the total number of transmitter
and receiver pairs and term M denotes total number of pixels
in the imaging domain. The linear operator Lo is given as

(17)Lo = k2

∫
Ωn

g
(n0)
T,r (~ρ ′)g

(n0)>

T,t (~ρ ′) d~ρ ′.

The term gT,r(~ρ
′) and gT,t(~ρ

′) are the steering vectors of
the transmission part of the background green’s function,
expressed by

g
(n0)
T =

î
G

(n0)
eb,T (~ρ, ~ρ1), G

(n0)
eb,T (~ρ, ~ρ2), · · · , G(n0)

eb,T (~ρ, ~ρN )
ó>
,

(18)

where (·)> stands for the transpose operator.
To calculate the dielectric constant, information from

MUDT with thresholding operation and support domain of
the targets is used before the next step. The thresholding
operation on MUDT is performed to separate the dry part
domain and wet-spot domain. The choice of the thresholding
value is heuristic and is done to separate the dry part from

the wet-spots. The thresholding operation, ℘, on the object
function in (11) is performed as

On =

{
εr,n ∀ On(y, z) |℘<0.5 ∈ Ωd

εg ∀ On(y, z) |℘>0.5 ∈ Ωh.
(19)

The domain Ωh will be assigned to the background dielectric
constant (εr,n) and the rest domain will be assigned to the
unknown dielectric constant (εg). Using SVD, the scattering
matrix can be decomposed into the eigenvectors and eigen-
value matrices, i.e, SVD(E

(n)
sct ) = UΣV > where U is an

complex unitary matrix, Σ is an rectangular diagonal matrix
with non-negative real numbers on the diagonal, and V is
an complex unitary matrix. The column of U and V form a
set of orthogonal vectors or eigenvectors and Σ consists of
eigenvalues. The number of non-zero eigenvalues represents
the number of target in the media and, the pth target associates
with pth eigenvalue of the matrix Σ [21], [36]. Hence, in order
to obtain the dielectric constant of the pth target in the media,
associated eigenvalue from the theory and measurement will
be compared for the different guess dielectric constant values
with the following minimization function

(20)ε̂ = arg min
εg

∑
f

∥∥∥∥∥∥∥
σp

Meas

σpMeas
∣∣∣
εc

−
σp

Th
∣∣∣
εg

σpTh
∣∣∣
εc

∥∥∥∥∥∥∥
2

,

where σpTh
∣∣∣
εg

denote the pth eigenvalue of a obtained theo-

retically where modified domain in (19) is used to calculate
the (20). The term σp

Th
∣∣∣
εc

denotes the pth eigenvalue when
the calibration target with given relative dielectric constant
(εc) is used in the media. On the other hand, σpMeas is the
pth eigenvalue of the measurement and, σpMeas

∣∣∣
εc

is the pth

eigenvalue of the measured data once the calibration target is
embedded into the media. In the latter case, the relative di-
electric constant is εc. It should be noted, ε̂ becomes minimum
when the guess value of dielectric constant is close to the true
value. A Poly(methyl methacrylate) (PMMA) target with the
dielectric constant εc = 3.2 is chosen for the calibration in
(20).

As an first example, we evaluate the case where one wet-
spot is located inside a polymer foam. The location of the
wet-spot was previously obtained using the MUDT in Fig. 3.
After thresholding operation, the dry and the moisture parts
are separated and assigned to dielectric values of εr,1 and
unknown εg , respectively. Since only one target is visible
in the reconstruction, it is evident that only one dominant
singular values will exist in the measured scattering matrix.
To solve for the minimisation problem in (20), the guess
values are chosen based on the dielectric characterization of
the foam depicted in Table I. The MUDT reconstruction with
thresholding operation, and estimated dielectric value of the
moisture wet-spot are shown in Fig. 8 (top left and middle
left). The closeness of the estimate to the true value, ε = 2, is
shown in the 1-D plot of the Fig. 8 (bottom left).

In the next scenario, two wet-spots with the different
moisture level inside the polymer foam are investigated. The
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Fig. 8: MUDT reconstruction for (top left) one wet-spot and, (top right) two wet-spots with thresholding. Their corresponding
estimated dielectric constant values are shown in middle left and right, respectively. The 1-D plots at the bottom show the
comparison of the estimated values with the respective true cases.

TABLE II: Results of error analysis for different diameters.

d (cm) 2 3 4 5 6
ε 2.07 2.39 2.45 2.51 2.78

RMSE (%) 3.38 16.32 18.37 20.32 28.06

domain of the wet-spots Ωh1
, Ωh2

was previously obtained
using the MUDT in Fig. 3. As mentioned earlier, the locations
of wet-spots are visible and, after applying the thresholding,
the foam domain is separated into the dry part and two wet-
spots. In this case, there exist two dominant eigenvalues which
correspond to two wet-spots domain. Since the center wet-
spot is dominant out of two, the largest eigenvalue is assigned
to it and, the second largest eigenvalue is for the second
wet-spot. The minimization problem is solved separately and
in parallel to obtain the dielectric constant of the wet-spots.
The MUDT reconstruction with thresholding operation, and
estimated dielectric value of the moisture wet-spot are shown
in Fig. 8 (top right and middle right). The closeness of the
estimate to the true value of the wet-spots, ε1 = 2 and
ε2 = 1.5, is shown in the 1-D plot of the Fig. 8 (bottom
right).

It is worth noting by increasing the diameter (d) of the
moisture size, the estimation error of the dielectric constant
will increase. It is because the proposed method is based on
the Born approximation. So, the conditions for replacing the
total field with the incident one inside the irregularities cannot
sufficiently be met by increasing the diameter. For illustrating
this outcome, the estimated dielectric constant and its RMSE
error for one wet-spot region are shown in Table II. In addition,
the estimation error will also increase with increasing the

TABLE III: Results of error analysis for different SNR.

SNR (in dB) zero noise 30 20 15 12
ε 2.07 2.22 2.41 2.46 2.95

RMSE (%) 3.38 9.91 17.01 18.69 32.2

signal-to-noise ratio (SNR) as shown in Table III for a fixed
diameter of one wet-spot case.

V. EXPERIMENTAL RESULTS

As shown in Fig. 9, an MWT setup is integrated with a
high-power microwave drying system. It consists of 11 WR90
open-ended waveguide antennas (VSWR 1.03 : 1). A 2 ×
16 USB 9164C Keysight Solid state switch matrix is used to
connect (with the phase stable cables with phase stability 3◦ at
the maximum frequency) the antennas to the Agilent N5224A
vector network analyzer (VNA). It should be mentioned to
remove the unwanted reflections, a waveguide calibration is
fulfilled. Communication between the controlling computer,
switch, and VNA is performed through the Ethernet cable.
Processing of DAQ is completely automated using MATLAB
R2018b. Antennas are located in semi-infinite free-space from
−27.5 cm to 27.5 cm along the y-axis and the distance of the
antenna to the polymer foam is 12 cm, and the center to center
distance between two adjacent antennas is 5 cm.

In the first experiment, two PTFE Teflon spheres with a
radius of 1.2 cm and dielectric constant εtef = 2.1 are used as
the test targets. They are placed inside the foam with their cen-
ters located at (0 cm,−2 cm, 0 cm) and, (0 cm,−8 cm, 0 cm).
A background subtraction is applied to extract the scattering
field due to scatterer inside the polymer foam. Reconstructed
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Fig. 9: (a) MWT system and its integration with the HEPHAISTOS (number Tag 1) is shown. The number Tags 2, 3, and 4
shows the MWT system, Solid state switch, and VNA respectively. (b) shows the enlarged view of the MWT sensor array of
X-band open-ended waveguide antennas. Note here only 7 antennas are used in the measurement with the polymer foam of
thickness 7.6 cm.

based on UDT is depicted in Fig. 10 (a). The expected aliasing
effect and a heavy distortion are observed, and UDT fails to
reconstruct targets in the imaging domain. However, MUDT
correctly reconstructs all positions and provides a negligible
shadow image in Fig. 10 (b). Further, to evaluate the closeness
of the reconstructions, cuts along the y-axis of Fig. 10 (c) are
plotted. As can be observed, using the MUDT, the estimated
position and shape of the targets are close to the true case,
and different targets are resolved. We follow similar steps
described in Section IV to obtain the dielectric constant of
the targets. The estimated dielectric constant of the targets are
shown in Fig. 10 (d). The closeness of the estimate to the true
value, ε = 2.1, is shown in the 1-D plot of the Fig. 10 (e).

In the second experiment, a moisture wet-spot is inserted
in the polymer foam. To create the wet-spot moisture target,
a spherical foam of diameter 2.5 ± 0.1 cm and with 36%
wet-basis moisture level (ε ≈ 1.87 − j0.12) is chosen. An
approximate location of the target inside the foam is centered
at (0 cm,−3.5 cm, 1.2 cm). Reconstruction image based on
UDT is depicted in Fig. 11 (a). As supported by the simulation,
in this case, the location of the wet-spot is reconstructed, but, a
strong aliasing effect is observed. However, with the MUDT, in
addition to eliminating the aliasing effect, the spatial resolution
is also increased as shown in Fig. 11 (b). For better comparison
in the reconstruction, cuts along the y-axis of Fig. 11 (c) are
plotted. The estimated dielectric constant value of wet-spot
obtained using the SVD approach and its comparison to the
true case are shown in Fig. 11 (d) and (e), respectively.

VI. CONCLUSION

In this paper, a novel 2-D MUDT imaging algorithm has
been presented for a fixed-array based MWT setup to image
moisture distribution in a polymer foam undergoing industrial
drying process. Its computationally efficient formulation is de-
rived by assuming the imaging domain as planar multilayered
media and using first-order Born approximation with proper
DGF expression and SPA solution. The proposed algorithm is
an extended version of the UDT algorithm and formulated to
support multiple-input multiple-output antennas data. In the
former method, raster scanning or single-input single-output
data should be available that is time consuming and not fit for
our current industrial application of the MWT.

Numerical examples with 3-D multistatic scattering data
for the considered sparse moisture scenarios in the foam has
demonstrated that MUDT provides significant improvement
over UDT in reconstructing aliasing-free and distortion-less
images, and in resolving multiple-scatterers in the multilayered
media. Also, the proposed approach offers efficient perfor-
mance in locating scatterer(s) domain for special cases like
when top surface of the foam is assumed random rough and for
the case when the imaging domain is a random inhomogeneous
media. Unique to this approach, a method is also presented
to estimate the electrical properties of the scatterer which
corresponds to moisture level. Here, the dielectric constant of
the detected moisture is obtained by taking the SVD from the
scattering matrix and by comparing the pth eigenvalue of the
pth scatterer from the theory and the experiment. The proposed



11

−15.0 −7.5 0.0 7.5 15.0
y(cm)

−4

0

4

z(
cm

)
(a) UDT

−15.0 −7.5 0.0 7.5 15.0
y(cm)

−4

0

4

z(
cm

)

(b) MUDT

−15.0 −7.5 0.0 7.5 15.0
y(cm)

0.0

0.5

1.0

O
1

(c)
z = 1.35 cm

True

UDT

MUDT

−15.0 −7.5 0.0 7.5 15.0
y(cm)

−4

0

4

z(
cm

)

(d) Estimated

−15.0 −7.5 0.0 7.5 15.0
y(cm)

1.0

1.5

1.9

ε

(e) z = 1.35 cm

True

Estimated

0.0

0.2

0.4

0.6

0.8

1.0
O1

0.0

0.2

0.4

0.6

0.8

1.0
O1

1.2

1.4

1.6

1.8

ε

Fig. 10: Reconstruction of two Teflon targets embedded in the
foam is shown in (a) with UDT approach, (b) with MUDT
approach, and (c) show a the comparison of the UDT and
MUDT approach with the true case for the object function
values located at −15 cm ≤ y ≤ 15 cm for z = 0 cm. The
estimated dielectric values of the reconstructed targets using
SVD approach is shown in (d) and its comparison against the
true case at z = 0 cm as a 1-D plot is depicted in (e).

MUDT imaging algorithm is verified with the experimental
data from our designed MWT setup.

It could be concluded the proposed MUDT imaging al-
gorithm i) is compatible with low number of antennas to
achieve fast data collection and hence reduce overall cost
of the system, and ii) provides good spatial resolution, iii)
eliminates the need for quantitative imaging algorithm (due
to ill-posedness of the problem). The aforementioned points
make the proposed combined imaging algorithm suitable for
microwave drying industrial process. Future work involves
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Fig. 11: Reconstruction of moisture wet-spot in the foam is
shown in (a) with UDT approach, (b) with MUDT approach,
and (c) show a the comparison of the UDT and MUDT
approach with the true case for the object function values
located at −15 cm ≤ y ≤ 15 cm for z = 1.35 cm. The
estimated dielectric values of the reconstructed targets using
SVD approach is shown in (d) and its comparison against the
true case at z = 1.35 cm as a 1-D plot is depicted in (e).

integrating the MWT with feed-forward unit of the control
system of the industrial drying system and in supporting the
visualization analysis using augmented reality [37]. Though
the algorithm performance was tested for our industrial appli-
cation, but the framework is applicable for general inverse
scattering problems, like ground penetrating radar, through
wall imaging, medical applications etc.
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APPENDIX A
APPROXIMATE GREEN’S FUNCTION OF MULTILAYERED

MEDIA

For obtaining a closed-form of the Green’s function of the
multilayered media, first we put a line source in layer 0. In
this case, the transmission and reflection coefficients of the
Green’s function in layer n in TMx case can be expressed in
matrix form as[

R̃TM
n+1e

+jkz(n+1)d(n+1)

T̃ TM
n+1e

−jkz(n+1)d(n+1)

]
= ¯̄V TM

n(n+1)

ñ
R̃TM
n e+jkzndn

T̃ TM
n e−jkzndn

ô
,

(A1)

where

¯̄V TM
n(n+1) =

1

2
(1 +

kzn
kz(n+1)

)×[
e+jkz(n+1)tn −R̃TM

n(n+1)e
+jkz(n+1)tn

−R̃TM
n(n+1)e

−jkz(n+1)tn e−jkz(n+1)tn

]
,

(A2)

R̃TM
n(n+1) is the Fresnel reflection coefficients between layers

n and n+ 1 which is written as

R̃TM
n(n+1) =

kzn − kz(n+1)

kzn + kz(n+1)
, (A3)

and, T̃ TM
n(n+1) is the Fresnel transmission coefficient for the

layers n and n+ 1 which is written as

T̃ TM
n(n+1) =

2kzn
kzn + kz(n+1)

. (A4)

Next, considering only the first-order transmission and re-
flection coefficient inside each layer and after some straight-
forward calculations, a simplified expression of the Green’s
function with the observation point in nth layer and the source
point in 0th layer can be obtained as

G(n0)(~rr, ~rt) =
1

π

∫ +∞

−∞

1

kz0

×
[
n−1∏
q=0

T̃ TM
q(q+1)e

−j
î
kzn(z − d0 −

n−1∑
q=0

tq) +

n−1∑
q=0

kzqtq
ó
+

n−1∏
q=0

R̃TM
q(q+1)T̃

TM
q(q+1)e

+j
î
kzn(z − d0 −

n−1∑
q=0

tq) +

n−1∑
q=0

kzqtq
ó]

× e−jky(y − yt)dky. (A5)

The Green’s function in the preceding equation can be written
as a summations of the transmitted and reflected terms, i.e.,
G(n0) = G

(n0)
eb,T + G

(n0)
eb,R . In the following we address trans-

mitted part and derive a closed-form for the Green’s function

of the multilayer media. Using the SPA [38], the first term in
(A5) reduces as:

G
(n0)
eb,T =

1

π

(
n−1∏
q=0

T̃ TM
q(q+1)(ky,sp)

)[
2π

|Φ′′T (ky,sp)|

] 1
2

× e
−j
î
ky,sp(y − yt) + k̃zn(z − d0 −

n−1∑
q=0

tq) +

n−1∑
q=0

k̃zqtq
ó

× e
−j(β

2
− π

4
)
, (A6)

where

Φ′′T (ky,sp) = − k2
n

k3
zn

(
z − d0 −

n−1∑
l=0

tq

)
+

n−1∑
q=0

k2
q

k3
zq

tq, (A7)

Φ′′T (ky,sp) = |Φ′′T (ky,sp)|e−jβ , (A8)

where ky,sp is the stationary point and is the solution of the
following equations

ky,sp1 =
y − yt

n−1∑
q=0

tq
kzq

+
1

kzn

Å
z − d0 −

n−1∑
q=0

tq

ã , (A9)

k̃zn =
»
k2
n − k2

y,sp. (A10)

In Fig. 2, we compared FEM results with those of our
asymptotic solution for frequencies 8 GHz and 12 GHz. Here,
the Green’s function results are validated for a case of a point
source in zeroth layer and observation point in first layer. The
point source is located at 10 cm distances to the top interface
and observation points are at the middle of the first layer i.e.,
z = 0 cm and −25 cm ≤ y ≤ 25 cm. Result depicts that our
developed asymptotic solution is well matched with the FEM
solution.

APPENDIX B
HALF-SPACE FORMULATION

For the half-space case, the following terms can be repre-
sented as

φ′′(k̄y) = −k
2
1

k0

Ä 1

k̄3
z1

+
1

k̄′3z1

äÄ
1− t0

z

ä
− k0

Ä 1

k̄3
z0

+
1

k̄′3z0

ä
,

(B1)

and k̄y is the solution of the following equation:

(yt − yr) +
Ä
− k̄y
kz1

+
k′′y − k̄y
k′z1

äÄ
z − t0

ä
+Ä

− k̄y
kz0

+
k′′y − k̄y
k′z0

ä
t0 = 0. (B2)

The Green’s function of the half-space can be simplified as
follow where only the transmission part is employed

G
(10)
eb,T =

1

π

(
2kz0

kz0 + kz1

)[
2π

|Φ′′T (ky,sp1)|

] 1
2

× e−j
î
ky,sp1(y − yt) + k̃z1d1 + k̃z0t0

ó
× e
−j(β

2
− π

4
)
,

(B3)
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ky,sp1 ≈ kz1
y − yt
z − d1

. (B4)

Using these expressions, the object function O1 and related
calculations for moisture level estimation can be derived.
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