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ABSTRACT. We analyze the eigenvalues of the Lax operator associated to the
one-dimensional cubic nonlinear defocusing Schrédinger equation. With the
help of a newly discovered unitary matrix, it reduces to the study of a uni-
tarily equivalent operator, which involves only the amplitude and the phase
velocity of the potential. For a specific kind of potentials which satisfy nonzero
boundary conditions, the eigenvalues of the Lax operator are characterized via
a family of compact operators.
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1. INTRODUCTION

We consider the following one-dimensional cubic nonlinear defocusing Schrodinger
equation (NLS)
(1) i01q + 02z = 2|,
where ¢ = q(t, z) : R x R — C denotes the unknown wave function. By the seminal
paper by Zakharov-Shabat [13], the (NLS) can be (formally) formulated in the Lax
pair form
(2) 0:L = PL — LP,

where L is the self-adjoint Lax operator

(10, —ig
(3) L= (iq —i@m) ’

and P is the following skewadjoint differential operator
P=i 28% - |Q|2 _qaz - 890‘]
T \@0e +0eq 207 +141?)

Here the application of the operator 9,G on a function f is understood as 9. (gf).
Let U(t',t) be the unitary family generated by the skewadjoint operator P, then
by virtue of (2), one can relate the operators L(t) and L(t') at different times by

L(t) = U™t t)L{t")U(t', 1),
such that the spectra of the Lax operator L is formally invariant under the evolu-
tionary NLS-flow (1).
In the (classical) setting of decaying potentials:

q(z) — 0 as |z| — oo,
1
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2 X. LIAO AND M. PLUM

the spectral problem of the Lax operator L and the associated direct/inverse scat-
tering transform have been extensively studied in the literature, see e.g. the book
[2]. The case with the nonzero boundary condition for ¢ at infinity:

(4) lg(z)| = 1 as |z| = o

has also attracted much attention, see e.g. [1, 4, 5, 6, 7, 8, 9, 14]. In the classical
framework where

g—1€¢S

is a Schwartz function, Faddeev-Takhtajan [8] studied the self-adjoint operator L,
and showed that its essential spectrum is (—oo, —1] U [1,00) and there are at most
countably many simple real eigenvalues { A, } in (—1, 1). More recently, Demontis et
al. [7] studied rigorously the inverse scattering transform in the framework that ¢(z)
tends to e+ € S! as x — +oo sufficiently fast in the sense that (1+22)(q—e+) €
Ll(Ri). In particular, under some stronger decay assumption

(1+a")(q - ) e L'(RY),

they showed that there are only finitely many discrete eigenvalues which belong to
the spectral gap (—1,1). It was shown recently in [11] that in the low-regularity
finite-energy setting

q € L (R) with |g]* — 1,0, € H '(R),

the essential spectrum of the Lax operator L is (—oo, —1]U[1, 00), and the spectrum
outside the essential spectrum consists of isolated simple eigenvalues in (—1,1).
However, under this weak assumption, there might be eigenvalues embedded in the
essential spectrum. We mention also a recent work [3] devoted to the case of the
nonzero asymmetric boundary condition

q(z) = q+, as |x[ — oo, with |y | # |g-|.
In this paper we will focus on the study of the eigenvalues of the Lax operator
L= <Z?qz __;g ), which is a one-dimensional Dirac operator. A specific kind of
piecewise const;nt potentials

et~ r < —R,
q=4 Ae’¥ —-R<x<R,
e+ x> R,

has been considered in [4], and the authors there estimated the location of the dis-
crete eigenvalues inside the spectral gap (—1,1) by considering the relation between
A and cos(p). In particular, if A < 1, then there is at least one discrete eigenvalue.

Here we propose a new idea to study the operator L, where we take non-vanishing
bounded potentials ¢ with finite phase velocity as follows

(5) q=|qle’* € L®(R;C), 0drp € L™(R;R).

By the following unitary matrix which we believe to be new

1 eféi(‘pf
M =75 (s

) ehile—1)
) _edile—%)

) : H*(R;C?*) — H*(R;C?), s=0,1,

[NERNVIE]
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we can transform the Lax operator L : H'(R; C?) — L?(R;C?) to the operator

—u_ 10y

L=MLM" = ( .
i0r —uyt

) : HY(R; C?) — L3(R; C?).
where uy = $9,¢ =+ |q| are the two Riemannian invariants of the corresponding
compressible Euler equations to the hydrodynamic nonlinear Schrodinger equation
(see (8) below). In particular, the operators L and L share the same real eigenvalues
A, and the corresponding eigenvectors ¢ and W are related by M as follows:

Ly = \p "EX £ = AT
It suffices to study the eigenvalues of the operator £. We can reformulate the

eigenvalue problem of £ into a single A-nonlinear eigenvalue problem if A +u_ # 0
on R:

~ 0, (50.0) ~ A Hu )6 =0,

T, 10,0
where ¥ = (\I/ ) = (’\Jr“ *¢ ), or into the following A-nonlinear eigenvalue
2

problem if A +uy # 0 on R:

o, (ﬁaﬂb) — (A fu)b=0,
¢

Uy
that for any ¢ € R, u_ + ¢ (resp. uy — c¢) controls the size ¢ — A (resp. ¢+ A) in
the following sense (with f(*), f(=) denoting the positive and negative parts of f
respectively):

where U = ¥ = 1 . By integration by parts, one can easily show
Nty 100
+

=A< [l(us + Dl or e+ A< (s — ).

In particular, if uy,—u— > ¢ > 0 (ie. |g| > ¢+ 3|9.¢|), then there are no
eigenvalues in (—c,c) for £ and L.

These arguments don’t take into account of the special boundary condition (4) at
infinity, and hence work for all non-vanishing bounded potentials ¢ with finite phase
velocity. We believe that this new formulation £ of L will give new observations
to interesting problems related to the cubic nonlinear defocusing NLS equation,
such as the semiclassical limit, dispersive shock waves, rarefactive waves, the KdV
approximation of NLS in the long wave length regime.

Organization of the paper. We study the general case of non-vanishing bounded
potentials with finite phase velocity in Section 2, by encoding the above arguments
step by step.

In Section 3 we will focus on the special case of the finite potentials ¢ = |g|e’¥ €
L>(R;C), Iy € L*(R;R), with the following nonzero boundary conditions

lg(z)| — 1 and O,p(z) — 0 as |x| — oo,

such that one of the two Riemannian invariants is constant:

1 1
u+ = 50 +lgl =loru- =50 —lg = -1

We will characterize the eigenvalues located inside the spectral gap (—1,1).
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2. GENERAL CASE OF NON-VANISHING BOUNDED POTENTIALS WITH FINITE
PHASE VELOCITY

In this section we will study the eigenvalue problem of the Lax operator (i.e.
10, —iq
iq  —i0y
non-vanishing bounded potentials with finite phase velocity.

After transforming the eigenvalue problem of L to the eigenvalue problem of £
by the unitary matrix M in Subsection 2.1, we reformulate the eigenvalue problem
of £ into A-nonlinear eigenvalue problems in Subsection 2.2. We analyze these \-
nonlinear eigenvalue problems to derive the estimates for the eigenvalues of L and
L in Subsection 2.3.

the one-dimensional Dirac operator) L = ( ), in the general case of

2.1. Unitary equivalence between L and L. It is well-known that if |q| # 0
never vanishes, then by use of the Madelung transform

q(t,z) = p(t,x)ei“"(t’m),
one can write (at least formally) the hydrodynamic formulation of (1) as follows

{ Oep + 205(pv) =0,

v+ 0 (v%) + 200p = 0 (023 222) + (3 2:2)2),

(6)

where p = p(t,z) : RxR — (0,00) denotes the unknown density function and
v=o(t,x) = 0yp(t,x) : R x R — R denotes the unknown velocity function.
We introduce two real-valued functions

1
(7) ux = 5 +./p,
which are the two Riemannian invariants for the compressible Euler equations
v + 05 (v?) + 20,p = 0.

The functions u+ played an important role in the study of the semiclassical limit
from (6) (with the Planck constant & appearing on the right-hand side of the v-
equation) to (8) in [10], and in the study of hydrodynamic optical soliton tunneling
in [12].
By straightforward calculations, the newly found unitary matrix
1 [e—2ie=3)  ezile—3)

(%) M="5 <e—%i(s&—%) _ebileo—3 > ’

transforms the Lax operator L to the following self-adjoint operator

—u_ 10y
(10) L= < 0, —u+> )

More precisely, we have

Lemma 2.1 (Unitary equivalence between L and L). For non-vanishing bounded
potentials q with finite phase velocity such that uy € L°(R;R), the operator L :
HY(R;C?) — L%*(R;C?) and the operator L : H'(R;C?) — L*(R;C?) are unitarily
equivalent:

L=M"LM.
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Proof. 1t follows from the straightforward calculations and the following estimates
for U = M.

Wl = [Pl (1l < A+l0epllo)9llars  [19la < A+[0z@l o) W] a1

O
2.2. Eigenvalue problem of £. We consider the following eigenvalue problem
_f Tu—- Zag; . . _ \111
(11) LY = (iaz _u+)\11—)\\11, with ¥ = (\112) .

We are going to reformulate it in different interesting cases. We notice the following
symmetry

(12) (U u—y A, W, Wo) = (—u, —ug, —A, —Wa, W)
in this spectral problem £¥ = AV, which corresponds to the symmetry

((L )\7 1/117 ¢2) — (Q7 _)‘7 ¢27 wl)
in the spectral problem of the Lax operator Ly = A.

2.2.1. Case ux = +1. If A # 1, then the above spectral problem reads simply as

A=1)T; =40, P,

—0pe Vo — (A2 = 1)Uy =0,
That is, the second component W5 solves the spectral problem for the free Schrédinger
operator —0,, with the spectral parameter A\? — 1, and the first component ¥, is
given by ﬁiaz%.

By a similar argument or by the symmetry property (12), if A # —1, then the

above spectral problem reads as

—0peVy — (N2 = 1)Uy =0,

A+ 1)Uy =00, ¥y,

where the first component ¥, solves the spectral problem for the free Schrodinger
operator —0,, with the spectral parameter A\? — 1, and the second component ¥,
is given by %Hiawllfl.

2.2.2. Case u_ = —1. If A # 1, then the spectral problem (11) reads as

{ (A= 1)Uy = i0, Vs,

(13) _8mm\112 - ()‘ - 1)()‘ + u+)\Ij2 = O’

and it suffices to consider the A-nonlinear eigenvalue problem for W;

—(911(;5 - ()‘ - 1)()‘ + U+)¢ =0,

with the first component ¥; given by ﬁi&xq&
Obviously A =1 is not an eigenvalue of £ in this case u_ = —1.

2.2.3. Case uy = 1. Similarly as above or by the symmetry property (12), if X #
—1, then the spectral problem (11) reads as

—022¥1 — A+ 1A +u_)¥; =0,
A+ 1)Uy =i0, Uy,

and A = —1 is not an eigenvalue of £ in this case uy = 1.

(14)
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2.2.4. General case of uyx € L*¥(R;R) and A such that A+ u_ # 0 on R. By
straightforward calculations, the spectral problem in (11) reads as
{ ()\ + u_)\Ill =0, Vs,

2.2.5. General case of ux € L (R;R) and A such that \+u4 # 0 on R. As above,
(11) becomes

6) 00 (5 0 W1) = (A u )W =0,
()\ + ’U,+)\I/2 =10, V1.
To conclude, we have

Lemma 2.2 (Reformulation of the eigenvalue problem of £). The eigenvalue prob-
lem LY = AU reads,

(1) if \+u_ #0 on R, as

1 —&(ﬁm) — (At uy)o =0,
1 .
together with ¥ = <$;> _ (rugbzaz(b) .
(2) if \+uy #0 on R, as

. AN )
together with ¥ = (‘IJ2> = ()\+1u+ iaﬂb)'

2.3. Analysis of eigenvalues for £. We consider first the eigenvalues close to
+1. For notational simplicity we introduce the two real-valued functions

1
(19) Vi=us Fl=goE(yp-1),
and we decompose V4 into their positive and negative parts respectively
Ve =V v with VY = max{Vy,0}, V7 = max{-V4,0}.

From now on we assume that Vi_), v e L>*(R;R), and we are going to analyze
the eigenvalues of the operator £ in the two cases listed in Lemma 2.2 respectively.

2.3.1. Case 1 — X > ||V£+)||Lw. In this case,

1A=V =1-2A-VP 1v) S 0on R,

and hence the eigenvalue problem LU = AW reads as (17).
We test the eigenvalue problem (17) by ¢ to derive

1 2 2 _
This yields

0> [ A+ V0P do = 0+ A= [V )l
R
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which immediately implies
LA < Vg,
2.3.2. Case 1+ X > ||V£7)||Loo. Similarly as above, if 1+ X > ||VJ£7)||LOO, such that
14+ A+ Vi >0onR, then we use (18) and derive
1= A< [V e
We conclude that if A is an eigenvalue of £, then
L= 2> [[(um + )P pe = 14X < (us = 1)1,
L+ A > [[(ur = D) pe = 1= X < [(u + 1),

Notice that the above two statements are equivalent to each other, and also to the
following unconditional statement for the eigenvalues A of L:

1= A< |[(ue + )P pee or T4+ A < ||(ug — 1) poe
More generally, Vc € R, we can replace =1 and u+ F1 by £c and uy Fc respectively
in the above arguments, to derive the following result.

Theorem 2.1 (Eigenvalues of the operator £). Let ux € L¥°(R;R). If A € R is

—u_ Zam > . HI(R,(C2) N LQ(}R7 CQ), then A

an eigenvalue of the operator L = < 0y —uy

satisfies for all c € R,
c—= A< |(u- 4 ¢) P pe or c+ X< | (ug — )| poe.
In particular if uy, —u_ > ¢ > 0, there are no eigenvalues in (—c,c) for L.

As the Lax operator L and the operator £ are shown to be unitarily equivalent
in Lemma 2.1, we have the following result immediately.

Corollary 2.1 (Eigenvalues of the operator L). Suppose that the non-vanishing
bounded function q = |q|e’? has finite phase velocity: O, € L™(R;R). Then the
eigenvalues X € R of the operator L : H'(R; C?) — L%(R;C?) satisfy for all ¢ € R,

+)

o=as|(gouet+e) ", orerrs|(Goeti-o)

In particular, if |q| > ¢+ 3|0.¢| pointwise for some ¢ > 0, then there are no
eigenvalues of the operator L inside (—c,c).

Remark 2.1 (Examples of potentials). For the potential

a=lde®. lol=120, = [ 2~ Day.
Zo
such that |q| = 1+4|0,|, then there are no eigenvalues of the Laz operator L inside
(=1,1). If we assume further decay at infinity: (1+z*)(q—e"+) € LY(RF) for some
0+ € R, the spectrum of L consists only of essential spectrum (—oo,—1] U [1, 00).
It is well-known that for the potential given by the initial data of the dark soliton
solution € tanh (e(x—2v1 — £2t))+iV'1 — 2 of the one-dimensional cubic nonlinear

defocusing Schrodinger equation satisfying nonzero boundary condition at infinity:

¢e(z) := etanh (ex) + iv/1 — €2, €€ (0,1),
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the spectrum of L consists of the essential spectrum (—oo, —1]U[1, 00) together with
a single simple discrete eigenvalue at —/1 — &2 = —1 + %52 +O(e*). We calculate
the corresponding uy = 29, + |q| as

uy =1—e*sech?(ex) + O(e*), u_=—-1+0("), ase—0.

If we take ¢ = 1, then Corollary 2.1 implies, without any a priori knowledge about
the eigenvalue, that

L=A<|0(EM) or 1+ X <e?+0(eh).

In next section we are going to give more characterization of the eigenvalues
when |¢(z)] — 1 as |z| — oo.

3. SPECIAL CASE OF POTENTIALS UNDER NONZERO BOUNDARY CONDITION
10 —iq
iq  —i0y
vanishing bounded potentials satisfying nonzero boundary conditions at infinity:
g =lgle’ € L*(R;C), pp € L=(R;R),

lg(z)] — 1 and Oy¢(x) — 0 as |z| — .

In this section we will consider the Lax operator L = with non-

(20)

This implies the following assumptions on the potentials ui = %81@ =+ |g| of the

. . —u_ 0,
unitarily equivalent operator £ = ( U 1O ):
10, —uyt

ur € L°(R;R), wus(x) = £1 as |z] — .

In this section we will study the eigenvalues of the operators L and L inside the
open interval A € (—1,1), and we consider the following two special cases:

(1) u— = —1 such that A+u_ # 0, and the eigenvalue problem LT = AV reads
as
1 4
(21)  —Oub— (A= DA+ up)p =0, with w = (1) = (F=1/0)
Wy 1)
(2) uy =1 such that A 4+ u4 # 0, and the eigenvalue problem £¥ = AU reads
as

. Ny ¢
(22)  —0md— A+ 1A +u_)p =0, with & = (wi) - (ﬁliazsb) '

By virtue of the symmetry between (21) and (22):

(23) (U, us A @) = (U, —ug, =X, @),
it suffices to study the A-nonlinear eigenvalue problem (21):
(24) —¢"+ (1= XN)p=—(1-NV0,
where

(25) Vi=uy — 1€ L*[R;R), with |V(z)] = 0 as || — cc.
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3.1. Study of a compact operator. For analyzing the eigenvalues of the problem
(24), we first observe that the operator

(26) K:H'(R)>u— V- -uecL*R)
is compact. For any fixed 8 > 0, we define the operator
(27) Kg=(=0?+B)"'K : H'(R) — H'(R).

It is a symmetric and compact operator, when we endow H!(R) with the inner
product

(28) (u, U>3 = <u', U/>L2(]R) + B{u, U>L2(R)'

Thus K has an ONB of eigenfunctions and an associated eigenvalue sequence
converging to 0. We take all the negative eigenvalues

(29) {/‘j(ﬁ)}jel\h - (_007 0)7
and order them non-decreasingly
1 (B) = |pu2(B)| = - > 0.
Here the set N_ can be N or a finite set {1,---,n} or the empty set 0.

Lemma 3.1 (Properties of the set N_ and the functions u;). The following holds
true:

(i) The set N_ = NP s independent of 3.
(i1) For each j € N_, the function

i (0,00) = (—00,0)
is strictly increasing and continuous.
Proof. For u € H(R)\{0} and 3 > 0, we derive from (27) and (28) that
(Kgu,u)g (Vu,u)pe2
(wus w/l3a + Bllullf.’

&8)

Poincaré’s min-max principle implies for any j € N

) (Vu,u)pz
30 wi(B) = min max .
(30) 1) UcCH'(R) subspace, dim(U)=; »€U\{0} |\u’||%2 + B||u||%2

The minimum is attained at
U= U](ﬂ) = Spa’n{wl(ﬂ)a o a/l/}J(B)}v

where ;(3) denotes an eigenfunction of Kz associated with 1;(8), and ¢1(8), - -+ ,¥;(8)
are chosen (-, -)g-orthonormal.

Let B, € (0,00) and j € NV such that pj(B1) < 0. Then (30) implies
(Vu,u)p2

[w/[|72 + Billull7
and thus (Vu,u)r2 < 0, and hence
(Vu,u)pe2

[z + BllullZ

<0, YueU\{o},

(31) <0, VBe(0,00), VueUP\{0}.
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By the L?-compactness of the unit sphere in the finite-dimensional space U J(B V)

conclude that

, wWe

1% 1%
max /<2 Uy U2 — = max 7< /u2,u>Lz <0,
weU P\ {0} llu'l|5 2 + Bllull - weUPV Jluf| 2 =1 w1 + 8
and hence
1%
min ma, (Vu, u)r2 — <0, VBe(0,00).

UcH'(R) subspace, dim(U)=j uEU\{O} HU/H + Bllullf.

This implies j € NP for all B € (0,00), and we have proved NP« NP for all
b1, 8 € (0,00). The assertion (i) follows.
Let j € N_ and 0 < 8 < 1 < o0, such that

(Vu,u) 2 (Vu,u) 2
lwlZ2 + Bllullzs ~ wll7z + BullullZ.

<0, YueUP\{0}.

By the above compactness argument again we deduce

(Vu,u)re (Vu,u) 2
max 2 5 < max 2 3
ueU P\ {0} w72 + Bllullf. ueU P\ {0} 1w/l + Bullull7-

= p15(B1)-

This implies p;(8) < p;(581), and hence p; : (0, 00) — (—00, 0) is strictly increasing.
Let 81 € (0,00) and we are going to show the continuity of x4, at £1. We calculate
for all 8 € [$51,261] and all u € H'(R)\{0} that

Vwuwyr — Vwuwye | _ [(Vu, w) 2| - ||ullZ:18 — B
w7 + Bllullz:  wliZe + Bullulli=t (1117 + Bllullz.) - (11172 + BillullZ)
B H f1
which immediately implies
<VU7U>L2 _ (2||V||L°°)|ﬂ Bl| <Vu u>L2
w172 + Billullf. B = wllFe + Bllull?e

Vu, 2||V||
a2Vl

< e ) Al

We apply the min-max principle in (30) to arrive at

i) < () + (L= 5 — |
anduj(ﬂ)ﬁuj(ﬂ1)+(2”‘;llL )Iﬂ Bl

This gives
2|V || oo
s — (0] < (L)1 - s,

which implies the continuity of u; at 8. (I
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3.2. Eigenvalues inside (—1,1). When we reformulate (24) as
Kgp = —%gf), with B =1— )2 >0,

By virtue of Lemma 3.1, we define the subset of N_:

(32) NY = {j € N ps(04) < —3}.

We have the following results.

Theorem 3.1 (Eigenvalues in (—1,1) when u_ = —1 and V = w4 — 1 vanishes
at infinity). Let the negative part of V: V(7)(z) = max{0, -V (z)} satisfy the
following smallness assumption

(33) IV Loy < 1.

Then the following statements hold true:

(a) For each j € N°, there exists a unique 3; € (0,1] such that

1 1

34 Bj =— 2+ ).

(3 o8 m(8))

(b) The set of eigenvalues of the eigenvalue problem (24) in (—1,1) is given by
1

(35) {Mln=1+—=, jeN}c(-11),

N 15 (B;)
and the eigenspace of \; coincides with the eigenspace associated with the eigen-
value j1j(B;) of the operator Kg, .

(c) (Aj)jeno is non-increasing and

(36) 0< X +1< [V, VjeN°.
Proof. Proof of (a). We abbreviate
1
aj(ﬂ):_ 6(0700)7 VjEN*aﬂE(OaOO)'

15 (B)
By Lemma 3.1, for any j € N_, a;(8) is strictly increasing and continuous. By the
definition of N2, we have

1
37 a;j(0;) =———— <2, VjeN°.
0 100 ==
We then search for §; € (0, 1] which satisfies (34):
(38) Bj = a;(8;)(2 — a;(8))), j€N.

As in the proof of Lemma 3.1, let (¢;(3))jen_ denote an (-,-)g-orthonormal
system of eigenfunctions of Kz associated with (1;(5));en_, such that

Kp(1;(8)) = 1 (B)¢;(6),

or equivalently,
(39) —1;(B)" + Bv;(B) + a;(B)V1;(B) = 0 on R.
Testing (39) with 1;(3) gives

0= [[45(8) 122 + Bl (B)1Z + o3 (BN (Vs (B), 5 (B)) 2
> Bl (B)l172 — i BV < [[45(8)]1 72,
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and hence

(40) B<ay(B)|V =, VB E(0,00), VjeN-.
Under the assumption (33), we have

(41) B<a;(B), VBE(0,00), VjeN_,

and in particular

(42) 1<aw(1), VjeN_.

We define for each j € N° the strictly increasing and continuous function

ij(O,l]HR, fj(ﬁ):aj(ﬁ)_l_vl_ﬁv
such that, using (37) and (42),
£i(04) <0, f;(1) >0
Thus there exists a unique zero 3; € (0, 1] of f; such that
(43) aj(ﬂj)zl—F\/l—ﬂj.
Hence §; satisfies (38) and thus (34).
If B; € (0,1] is another solution of (34) and hence of (38), then

o;(B;) =14+1/1=5j, ora;(B;)=1-1/1-5;.

The second case a;(53;) = 1 — /1 — ; contradicts (41). Thus 3; € (0,1] is the
unique solution of (34).

Proof of (b). Let 8;, 7 € N° be given by (a), and \; = 1 +
such that

mm € (CLY)
1— X =a;(8), 1-X =p;€(0,1].
Then the equation (39) with § = 3, shows that (24) holds for the eigenpairs
(Aj25(B5)) jeno -
Vice versa, let (\,%) € (—1,1) x (HY(R)\{0}) denote any eigenpair of the eigen-
value problem (24). Then ¢ satisfies
1

Kpp = up, with f:=1—-X* € (0,1], p:=———€ (00

11—\ Ty

Since p < 0, there exists j € N_ such that
p=pi(B), ¢ =1;(B).
Since p; : (0,00) — (—00,0) is strictly increasing, we have
i (04) < 15 (B) = p < =3,

and thus j € N°. Furthermore, we have from the definitions of 3, u and p = u;(3)

that
1 1 1 1

M( u) Nj(ﬁ)( uj(ﬁ))
By (a), 8 = B; € (0,1] is the unique solution of the above equation. Consequently,
A=14+——~ =)
(BJ) !

for some j € N°.
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Proof of (c). We now show \; > \j11 for j € N® such that j+1 € N°. This
is equivalent to showing /LJ(ﬂJ) < /,Lj+1(ﬂj+1), and hence aj(ﬁj) < Q541 (/BjJrl). If
Bj < Bj+1, then a;(5;) < ajr1(Bj41), since a;(B) is non-decreasing with respect
to j and strictly increasing with respect to 5. This means, by virtue of (43),
B; > Bjs1, which contradicts the assumption 5; < fj41. Thus f; > B;41 and
hence Qi (ﬂj) S O[jJrl(ﬂjJrl) holds.

Finally, the estimate (36) comes from (40) straightforward since

Bi=1=X, a;(B;))=1-X;, Aje(-11).

By virtue of the symmetry (23), we have

Corollary 3.1 (Eigenvalues in (—1, 1) in the case of non-vanishing finite potentials
q satisfying nonzero boundary conditions). Let u— = —1 or uy = 1, and ux €
L>®(R;R) satisfy

us(x) = £1 as x| = oo, and ||(ux T1)F)||p~ < 1.

Then the eigenvalues {\;} C (=1,1) of the operators L and L are given by (a)-(c)
in Theorem 3.1 correspondingly.

3.3. Examples of the existence of eigenvalues of (24).
Lemma 3.2. Let R > 0. Let V € L>®(R;R) such that

R
(44) / V(z)dr <0 and V <0 outside [-R, R].
—R

For any B > 0, let {u1(8),u2(B),--- }jen. C (—0,0) denote the non-increasing
negative eigenvalues of the compact operator Kg given in (27).
Then

(45) 11(04) = —ox.

Proof. Take ¢ € C2°(R) such that ¢ =1 on (—1,1) and ¢ = 0 outside (—2,2). For
n € N, we denote ¢, (z) = ¢(%), z € R, such that

16|72 =l o1z,
1
165122 = ~l1¢'l1Z2-

Hence for n > R, we derive from the assumption (44) that

R R
(Von, dn)r2wr) :/ Vdx —I—/ V(a:)|(;5(£)|2 dx §/ Vdx <0.
-R R\[-R,R] n -R
Therefore for S, := #, we have
(Von, dn)r2

< —Chn,

for some constant C' > 0 independent of n. Consequently, for all n > R,

(Boy) =  min (Vu,u) 2 3
HIP) = et o) Tu/ 2 + B lulZ, =

This implies (45). O

Cn.
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We conclude from Theorem 3.1 and Lemma 3.2 the existence of eigenvalues of
the eigenvalue problem (24).

Corollary 3.2. If V € L*>(R;R) satisfies (33) and (44), then there exists at least
one eigenvalue A € (—1,1) of the eigenvalue problem (24).

The following example shows the optimality (in some sense) of the existence
result above: If =V = V(=) is small on an interval while vanishes outside the
interval, then there exists exactly one eigenvalue A\; in (—1,1) of the eigenvalue
problem (24).

Example. Let V(z) = { —e on[0.1],
0 otherwise,
For 8 > 0, we look for negative eigenvalues {4;(8)};en_ of the operator Kg :

H'(R) — H(R) given in (27):

for some € € (0, 1].

1
u(B)

We denote k = /ag — 8 with Im[k] > 0 and k = /8 > 0, such that the above
eigenvalue problem becomes

Kgu = p(B)u, ie. —u’ + pu=—a(B)Vu, with a(8) = —

—u” = K%u on [0,1],
u" = k*u outside [0, 1].

We then search for the non-trivial solution of the following form which are contin-
uously differentiable at 0 and 1:

(a + b)ek for x <0,
u={ ae’ +be” " for x € [0,1],
%67“ for x > 1.

The C!'-matching conditions at 0 and 1 read then as

(e ) ()= (0)-

In order to have a non-trivial solution, the determinant of the matrix on the lefthand
side should vanish:

2kk

tan(/ﬁ}) = m .

This equation for x has countably many positive solutions x;(k), j € N with
k}—>0+

ki(k) —="(j— 1.
Thus
1 € B—0y [ —o00 if j =1,
MJ( ) Ozj(ﬂ) B+ Iij(k)Q - (j,la)2ﬂ.2 if j > 2.
This together with e € [0, 1] implies
€ 1 1 .
pi04) 2 -5 2-—>-5, Vj=22

To conclude, N° = {1}.
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