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Abstract
The present study aims at estimating the heat and the mass transfer coefficients in the case of the polyatomic gas flows 
through long rectangular microchannels driven by small and large pressure (Poiseuille flow) and temperature (Thermal 
creep flow) drops. The heat and mass transfer coefficients are presented for all gas flow regimes, from free molecular up to 
hydrodynamic ones, and for channels with different aspect ratios as well as for various values of translational and rotational 
Eucken factors. The applied values of the Eucken factors were extracted based on the Rayleigh-Brillouin experiments and 
the kinetic theory of gases. The numerical study has been performed on the basis of a kinetic model for linear and non-linear  
gas molecules considering the translational and rotational degrees of freedom. The solution of the obtained system of the 
kinetic equations is implemented on the Graphics Processing Units (GPUs), allowing the reduction of the computational 
time by two orders of magnitude. The results show that the Poiseuille mass transfer coefficient is not affected by the internal 
degrees of freedom and the non-dependence of the previous observed deviations with the experimental data on the molecular 
nature of the gas molecules is confirmed. However, the study shows that the deviation between monatomic and polyatomic 
values of the mass transfer coefficient in the thermal creep flow is increased as the gas rarefaction is decreased, and for 
several polyatomic gases met in practical applications in the temperature range from 300 to 900 K might reach 15%. In  
addition, the effect of the internal degrees of freedom on the heat transfer coefficient is found to be rather significant. The 
polyatomic heat transfer coefficients are obtained essentially higher than the monatomic ones, with the maximum difference 
reaching about 44% and 67% for linear and non-linear gas molecules. In view of the large differences between monatomic 
and polyatomic gases, the present results may be useful in the design of technological devices in which the thermal creep 
phenomenon plays a dominant role.

1  Introduction

One of the very critical factors for the design of new techno-
logical devices, as well as for the improvement of existing 
ones, is the study of the internal gas flows in the whole range 
of the gas rarefaction. Some indicative examples include 
the vacuum industry (vacuum pumps and gas separators 
[1–4]), high altitude aerodynamics (mono- and bi-propel-
lant thrusters and resistojets [5, 6]) and the Micro Electronic 
Mechanical Systems (MEMS) industry (microresonators, 
comb-drive sensors and gauges [7–9]). More information 

on rarefied gas dynamics applications may be also found in 
[10, 11]. The flow in the aforementioned devices can be cat-
egorized according to the gas rarefaction degree introducing 
the dimensionless Knudsen number (Kn), which is defined 
as the ratio of the mean free path of the gas molecules to 
the characteristic length of the examined system. When the 
Knudsen number is significantly low (typically less than 
0.1) the flow behavior can be captured properly by the well-
known Navier–Stokes-Fourier approach supplemented by 
the velocity slip and temperature jump boundary conditions. 
However, when the Knudsen number reaches higher values 
and the gas molecules mean free path is comparable to the 
characteristic dimensions of the system, the flow behavior 
in these systems cannot be properly captured by the typi-
cal Navier–Stokes-Fourier approach and must be described 
based on kinetic theory of gases, as described by the integro-
differential Boltzmann equation [12, 13] or reliable kinetic 
model equations.
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Over the past decades, a significant amount of research 
has been conducted studying internal single gas flows in 
long channels over the whole range of the gas rarefaction 
on the basis of the kinetic theory of gases where the flow is 
considered on a molecular level. From the 60's until nowa-
days, the temperature and pressure driven monatomic gas 
flows through channels of various cross sections have been 
investigated by many researches applying the linear form 
of the original Boltzmann equation [13] or the Bhatnagar-
Gross-Krook-Welander (BGKW) [14], and Shakhov (S) [15] 
kinetic models. Since the literature survey is very exten-
sive, here only an indicative list of these research works 
is provided [16–22]. In addition, the temperature and pres-
sure driven flows in micro-channels have also been studied 
based on the regularized 13-moment equations flows in the 
transition regime and slip regime [23, 24]. Very recently, 
in [25], the monatomic temperature driven flow in a plane 
channel has been simulated by applying physics-informed 
neural network (PINNs)–based approach showing a very 
good agreement with the available numerical data in the 
literature. Pressure and temperature driven gaseous flows 
through microchannels have also been studied experimen-
tally [26–32]. These experimental studies focus mainly on 
the correct measurement of mass flow rates and velocity pro-
files for different gases. The provided results have been used 
extensively to compare and validate numerical methods.

The available research work on polyatomic gas flows is 
rather limited and is focused on the flows through parallel 
plates and tubes (i.e. channels of circular cross-section). The 
polyatomic heat and mass transfer phenomena appearing in 
the polyatomic gas flows through parallel plates have been 
investigated in [33, 34]. Corresponding results for channels 
with circular cross section were presented for both complete  
(diffuse reflection) [35] and arbitrary accommodation [36]. 
The aforementioned research on polyatomic gas flows has 
been conducted by use of the Hansen and Morse model 
[37] of the linearized Wang Chang and Uhlenbeck equation 
[38]. Moreover, the Rykov model [39] as well as its modified  
version proposed by Wu [40], were used in the study of 
polyatomic gas flows in flat channels and tubes due to small 
pressure and/or temperature gradients [41, 42]. The study of  
polyatomic gas flows in long tubes was further extended in 
the case of large temperature difference for a wide variety  
of polyatomic gases in [43], while in [44] the effect of 
the vibrational degrees of freedom on the heat flow rates 
is investigated based on the Holway kinetic model [45]. 
Overall, in the aforementioned studies, it was deduced that 
the internal degrees of freedom play a significant role on 
both heat and mass transfer coefficients in the case of the  
temperature driven flows. The effect of the internal structure 
of the gas molecules can reach 30–40% in the case of mass 
transfer coefficients and 80% in the case of heat transfer 

coefficients, with this percentage depending on the type of 
the gas, the working temperature, the flow geometry and the 
gas rarefaction.

Based on the aforementioned large deviations between 
monatomic and polyatomic modeling and the high appli-
cability of the polyatomic flows in long rectangular cross- 
section channels in practice, the aim of the present work is 
twofold: i) to present data for heat and mass transfer coef-
ficients in the case of polyatomic flows in rectangular chan-
nels considering a wide range of flow parameters, and ii) 
to systematically study the effect of the internal degrees of 
freedom on the mass and heat transfer coefficients perform-
ing comparisons with their corresponding monatomic values. 
To the best of the authors' knowledge the polyatomic values 
of the mass and heat transfer coefficients in the case of rec-
tangular channels of various aspect ratios are not available 
in the literature. Once these coefficients become available 
the study of the polyatomic gas flows in a wide range of the 
flow parameters can be performed in a very computationally 
efficient way. For that reason in this work the obtained results 
are provided in tabulated form as supplementary material 
in order to allow for an easy calculation of the pressure and 
temperature driven flows of various polyatomic gases in the 
whole range of the gas rarefaction under small and large 
pressure and temperature gradients. Furthermore, based on 
the numerical data of the mass and heat transfer coefficients 
presented in this work for polyatomic flows driven by small 
temperature/ pressure drops, the study is extended in the 
case of the flows caused by large pressure- and temperature-
differences using a methodology previously proposed in the 
literature for monatomic gases. Several polyatomic kinetic 
models and numerical methods have been proposed in the 
literature for solving the Boltzmann equation. A detailed 
description on the various kinetic models as well as on 
the numerical methods can be found in Refs. [13, 46]. In 
[47–50], a comparative study among kinetic models showed 
that the Rykov model is a solid alternative to describe accu-
rately the mass and heat transfer phenomena simultaneously 
in the whole range of the gas rarefaction providing results 
very close to the corresponding experimental measurements. 
The Rykov model satisfies the collision invariants of mass, 
momentum and energy and recovers simultaneously all the 
transport coefficients. A shortcoming of the Rykov model 
is that the H-theorem has not been proved for it yet, but 
this does not affect the robustness of the model in practical 
applications [47–50]. Thus, in the present study, the kinetic 
solution is obtained based on the Rykov model subject to 
Maxwell diffuse boundary conditions by the discrete veloc-
ity method. The solution of the kinetic equations has been  
accelerated using Graphics Processing Units (GPUs).

The rest of this paper is organized as follows: In Sect. 2, 
the problem description and the kinetic formulation are 



Heat and Mass Transfer	

1 3

provided. In Sect. 3, the applied numerical approach is 
analyzed in detail as well as a description of the adopted 
parallelization strategies in Compute Unified Device Archi-
tecture (CUDA) for solving the kinetic equations on GPUs 
is provided. Section 4, the obtained numerical results are 
presented in detail. Finally, Sect. 5 summarizes the main 
conclusions.

2 � Problem description & kinetic formulation

The flow configuration considered in the present study is 
illustrated in Fig. 1. Consider a microchannel of length L 
having a rectangular cross section of height H and width W. 
The upstream and downstream ends of the microchannel are 
maintained at constant pressure and temperature 

(
P1,T1

)
 and (

P2,T2

)
 respectively. Without loss of generality, it is assumed 

that P1 < P2 and T1 < T2 . As a result of the imposed pressure 
and temperature gradient a flow is formed in the longitudinal 
direction z̃ . The length of the microchannel L is considered 
large enough with respect to its height H, i.e. L > > H, so that 
the end-effects can be ignored. Based on this last assumption, 
the local pressure and temperature drop at any cross section of 
the microchannel may be considered small, even in the case 
of externally imposed large pressure and temperature drops. 
Thus, based on the local pressure and temperature conditions,  
at any cross section of the microchannel the flow can be mod-
eled by applying the linear kinetic theory and the combined 

flow problem can be decomposed into two independent sub-
problems: in the first problem only flow caused by the pressure 
difference is studied (Poiseuille flow), while  the second prob-
lem is focused on the flow due to the temperature difference 
(thermal creep flow). The local dimensionless pressure and 
temperature gradients in the longitudinal direction are defined 
as

where PG and TG are the pressure and temperature of the gas 
in the flow direction z̃ . The rarefaction level of the gas at a 
certain position 

(
z̃ = z̃0

)
 in the flow direction is determined 

by the rarefaction parameter defined as [51]

where P0 and T0 are the pressure and temperature of the 
gas at z̃ = z̃0 , RG is the individual gas constant, defined 
as the ratio of the Boltzmann constant kB to the molecular 
mass MG , and μ0 = μ (T0) is the dynamic viscosity at T0. 
The limiting cases of δ0 = 0 and δ0 → ∞ correspond to 
the collisionless and hydrodynamic regimes respectively. 
Alternatively, the gas rarefaction can be expressed via the 
Knudsen number (Kn0) which in the case of Hard-Sphere 
molecules is linked to the gas rarefaction parameter as  
follows: Kn0 = 

√
�/(2δ0).

When the study involves polyatomic gases and for moderate 
gas temperatures, besides the translational degrees of freedom, 
the rotational degrees of freedom have to be considered. A 
kinetic model which can describe properly the behavior of the 
diatomic gases in the whole range of the gas collisionality by 
taking into account the translational and rotational degrees 
of freedom of gas molecules has been proposed by Rykov in 
1975 [39]. Recently, the Rykov model has been generalized to 
polyatomic gases including linear and non-linear molecules  
by Wu et  al. [40]. Comparisons between numerical and  
experimental data showed the ability and robustness of the 
Rykov model to describe properly the heat and mass transfer 
mechanism in the whole range of the gas rarefaction [47–50]. 
In the absence of external forces of any kind, and assuming 
steady state conditions the linearized form of the Rykov model 
can be read as [41, 43]

(1)XP =
W

PG

dPG

dz̃
≪ 1, XT =

W

TG

dTG

dz̃
≪ 1,

(2)δ0 =
P0W

μ0
√
2RGT0

,

(3)

𝜉p cos 𝜃
𝜕

𝜕x̃

[
h0
h1

]
+ 𝜉p sin 𝜃

𝜕

𝜕ỹ

[
h0
h1

]
=

P0

μ0

[
hR
0
− h0

hR
1
− h1

]
− 𝜉z̃

[
hFT
0

hFT
1

]

(4)
�
hR
0

hR
1

�
=

⎡⎢⎢⎢⎣

ũξz̃

RGT0

+
2C1q̃

tr𝜉z̃
15P0RGT0

�
𝜉2
p
+𝜉2

z̃

2RGT0

−
5

2

�

hR
0
+

2C2q̃
rot𝜉z̃

jP0RGT0

⎤⎥⎥⎥⎦
,

Fig. 1   A schematic view of the examined flow configuration (a) and a 
cross section in the longitudinal direction of the flow z̃ (b)
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where h0 (x̃, ỹ, ξp, θ, 𝜉z̃ ) and h1 (x̃, ỹ, ξp, θ, 𝜉z̃)  are the 
unknown perturbation functions, ξ = (ξp, θ, 𝜉z̃ ) is the  
molecular velocity vector, with ξp, θ and 𝜉z̃ being its 
three cylindrical coordinates, ũ (x̃, ỹ) is the bulk velocity, 
while q̃tr (x̃, ỹ) and q̃rot (x̃, ỹ) are the heat fluxes due to the  
translational and rotational degrees of freedom of the gas 
molecules. The single variable j describes the number of 
the rotational degrees of freedom taking only two values, 
i.e. 2 and 3 for linear and non-linear molecules, respectively. 
The macroscopic quantities ũ , q̃tr , and q̃rot are expressed as 
moments of the unknown distribution functions h0 and h1 as

where the local Maxwellian fG is defined as

The determination of the parameters C1 and C2 in Eqs. 
(4) and (5) presupposes the proper description of the thermal  
conductivities due to translational and rotational motion of 
the gas molecules by the kinetic model. More specifically,  
applying the Chapman-Enskog expansion [52] to the kinetic 
model equations, it can be shown that the rotational and  
translational thermal conductivity can be obtained in the  
following form [40, 53] :

Alternatively, the model parameters C1 and C2 are related 
to the translational and rotational Eucken factors, denoted as 
ftr and frot respectively, as follows:

It is worth mentioning that, for  C1 = 1 (ftr = 5/2) the 
Rykov model is transformed into the Shakhov kinetic model, 
while for C1 = 0 (ftr = 5/3) into the BGK kinetic model for 

(5)
�
hFT
0

hFT
1

�
=

⎡
⎢⎢⎣

1

PG

dPG

dz̃
+

1

TG

dTG

dz̃

�
𝜉2
p
+𝜉2

z̃

2RGT0

−
5

2

�

hFT
0

+
1

TG

dTG

dz̃

⎤
⎥⎥⎦
,

(6)
⎡⎢⎢⎣

ũ

q̃tr

q̃rot

⎤
⎥⎥⎦
= ∫ 𝜉z̃

⎡
⎢⎢⎢⎣

h0

nG
MG(𝜉2−5RGTG)h0

2
jMGRGTG(h1−h0)

2

⎤
⎥⎥⎥⎦
fGd�,

(7)fG = nG

(
1

2πRGT0

)3∕2

exp

(
−

�2

2RGT0

)
.

(8)ktr
Rykov

=
15RG

2
μ

(
2

3 − C1

)
,

(9)krot
Rykov

=
jRG

2
μ

(
1

1 − C2

)
.

(10)f tr =
5

3 − C1

,

(11)f rot =
1

1 − C2

.

the monatomic gases. At this point, the following dimension-
less quantities are introduced:

The kinetic formulation includes the system of two 5D kinetic 
Eqs. (3)-(7), i.e. 3D in the velocity space and 2D in the physi-
cal space. Since the computational cost becomes high, further 
mathematical processing of the kinetic equations in the direction 
of the reduction of the computational cost is worth the effort. 
Following the projection procedure proposed by Chu [54], the 
dependence on the molecular velocity component in the longi-
tudinal flow direction z can be eliminated by introducing the 
following reduced distribution functions:

After introducing the dimensionless quantities given in Eqs. 
(12) and the aforementioned reduced functions φ0 

(
x, y, cp, �

)
, φ1 

(
x, y, cp, �

)
 and φ2 

(
x, y, cp, �

)
 into the kinetic Eqs. (3)-(5), 

the following reduced kinetic system is obtained:

The applied projection process converts the initial 5D 
problem into a 4D problem (2D in the molecular velocity 
space and 2D in the physical space).

Introducing the same projection functions φ0, φ1 and φ2 and 
the dimensionless quantities c, u, qtr, and qrot into the mac-
roscopic quantities given in Eq. (6), the corresponding mac-
roscopic quantities u, qtr, and qrot are expressed in terms of 
φ0, φ1 and φ2 as follows:

(12)

x =
x̃

W
, y =

ỹ

W
, c =

ξ√
2RGT0

,

u =
ũ√

2RGT0

, qtr =
q̃tr

P0
√
2RGT0

,

qrot =
q̃rot

P0
√
2RGT0

(13)
⎡⎢⎢⎣

φ0

φ1

φ2

⎤
⎥⎥⎦
=

1√
� ∫ cz

⎡
⎢⎢⎣

h0cz
h0c

2
z

h1cz

⎤
⎥⎥⎦
exp

�
−c2

z

�
dcz.

(14)

cp cos �
�

�x

⎡
⎢⎢⎣

φ0

φ1

φ2

⎤
⎥⎥⎦
+ cp sin �

�

�y

⎡
⎢⎢⎣

φ0

φ1

φ2

⎤
⎥⎥⎦
= δ0

⎡
⎢⎢⎣

φR
0
− φ0

φR
1
− φ1

φR
2
− φ2

⎤
⎥⎥⎦
−

⎡
⎢⎢⎣

φFT
0

φFT
1

φFT
2

⎤
⎥⎥⎦
,

(15)
⎡⎢⎢⎣

φR
0

φR
1

φR
2

⎤⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎣

u + C1

2qtr
�
c2
p
−1

�

15

3u

2
+ C1

qtr c2
p

5

u + C1

2qtr
�
c2
p
−1

�

15
+ C2

2qrot

j

⎤
⎥⎥⎥⎥⎥⎦

,

(16)
⎡⎢⎢⎣

φFT
0

φFT
1

φFT
2

⎤
⎥⎥⎦
=

⎡⎢⎢⎢⎣

XP

2
+

XT

2

�
c2
p
− 1

�
3XP

4
+

3XT

4
c2
p

XP

2
+

XT

2
c2
p

⎤⎥⎥⎥⎦
.
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The kinetic formulation is completed when appropriate  
boundary conditions along the walls of the channel are  
formulated. The particles are reflected from the walls  
following diffuse scattering. Thus, the boundary conditions 
in each of the four channel walls can be read as h0 = h1 = 0 , 
which in terms of the reduced distributions are written 
as φ0 = φ1 = φ2 = 0.

Once the macroscopic velocity, the translational heat 
flux and the rotational heat flux fields are known, the mass  
transfer coefficients Gp, and GT can be calculated as follows:

The heat transfer coefficients Qp and QT are calculated  
as the summation of their individual parts due to the  
translational and rotational degrees of freedom:

The total mass G and heat flow Q coefficients can be 
obtained as

It is noted that the Poiseuille coefficients (i = P) are 
obtained for 

(
XP,XT

)
= (1, 0) , while the thermal creep coef-

ficients (i = T) for 
(
XP,XT

)
= (0, 1) . From Eqs. (14)-(17) it  

is readily deduced that in the Poiseuille flow the rotational 
part of the total heat coefficient is zero, i.e. Qrot

P
= 0 . In  

the next section, all the details with respect to the applied 
numerical are presented.

It should be mentioned that depending on the character-
istic vibrational temperature of the gas molecules and the 
desired level of the computational accuracy, the contribu-
tion of the vibrational degrees of freedom on the total heat 
transfer coefficient should also be taken into account [44, 
46]. The present study was carried out in a wide range of the 
working gas temperature, gas rarefaction, and translational 
and rotational Eucken factors. The obtained data for the heat 
and mass transfer coefficients are presented in tabulated 

(17)

⎡
⎢⎢⎣

u

qtr

qrot

⎤
⎥⎥⎦
=

1

�

∞

∫
0

2�

∫
0

cp

⎡
⎢⎢⎢⎣

φ0

φ0

�
c2
p
−

5

2

�
+ φ1

j

2

�
φ0 − φ2

�

⎤
⎥⎥⎥⎦
exp

�
−c2

p

�
d�dcp.

(18)Gi =
Ṁ
√
2RGT0

HWP0
= 2

W

H

H∕2W

∫
−H∕2W

1∕2

∫
−1∕2

��ui��dxdy, i = P,T.

(19)Qtr
i
=

2Q̃
tr

i

HWP0
√
2RGT0

= 2
W

H

H∕2W

∫
−H∕2W

1∕2

∫
−1∕2

��qtri ��dxdy,

(20)

Qrot
i

=
2Q̃

rot

i

HWP0
√
2RGT0

= 2
W

H

H∕2W

∫
−H∕2W

1∕2

∫
−1∕2

��qroti
��dxdy, i = P,T.

(21)G = −GPXP + GTXT, Q = QPXP − QTXT.

form and are representative for several polyatomic gases met 
very often in several practical applications. The effect of the 
internal degrees of freedom on the transfer coefficients has 
been studied with special attention given to three non-polar 
gases namely N2, CO2, and CH4 covering a range of the 
gas temperature from 300 to 600 K. This temperature range 
is well below the characteristic vibrational temperatures of 
the gases, so that the contribution of the vibrational degrees 
of freedom can be considered effectively small. Based on 
the gas characteristic data presented in the book of [55] for 
several polyatomic gases, for the diatomic molecules there 
is only one characteristic vibrational temperature and in 
the case of N2 is 3400 K, while for molecules consisting 
of more than one atom, several characteristic vibrational 
temperatures exist, one for each vibrational mode. The low-
est characteristic vibrational temperature in the case of CO2 
(four in total) and CH4 (nine in total) is 960 K and 1880 K 
respectively. It is noted that N2, CO2, and CH4 gases are of 
great practical importance mainly due to their applicability 
in several thermal and chemical processes. For instance, N2 
is used as a test gas for microstructure devices for thermal 
and chemical processes applications [56], CO2 is used in 
absorption processes [57, 58], and CH4 is used as a test gas 
for gas sensor with microchannels [59], as well as a fuel for 
combustion in microchannels [60] or even in the heat trans-
fer process with application to cryogenic micro channel heat 
exchangers [61]. Furthermore, for these three gases explicit 
expressions for the translational and rotational Eucken fac-
tors extracted from experimental measurements are available 
in the literature [62–64].

3 � Numerical method & GPU implementation

The numerical solution of the system of the 4D kinetic 
equations presented in the Sect.  2 is obtained numeri-
cally by applying the well-known deterministic Discrete 
Velocity Method (DVM) in the 2D molecular velocity 
space and a second order finite scheme in the physical 2D 
space. More specifically, the continuum molecular speed 
space cp ∈ [0,∞) is replaced by a discrete set of molecu-
lar speeds cp =

{
cp,1, cp,2,… , cp,NC

}
 , which are taken to be 

roots of the Legendre polynomial of order Nc accordingly 
mapped from [−1, 1] to [0,∞) , while the continuum polar 
angle space is replaced by a set of Nt discrete angles, i.e. 
Θ =

{
�1, �2,… , �Nt

}
 , uniformly distributed in [0, 2π] . In 

the physical space, the rectangular domain is divided into 
Nx × Ny elements, resulting in Nx + 1 and Ny + 1 grid points 
in the x and y directions. Then, for each one of these Nx × Ny 
elements the kinetic Eqs. (14) are replaced by their corre-
sponding discretized form, which is obtained by integrat-
ing both sides of the Eqs. (14) with respect to x direction 
first and the resulting equations with respect to y direction, 
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using as integral limits the physical limits of the current ele-
ment, i.e. in the x direction: xmin = xi and xmax = xi + Δxi 
with i = 1,… ,Nx and in the y  direction:ymin = yj and 
ymax = yj + Δyj with j = 1,… ,Ny . It is noted that, the spatial 
derivatives in the x and y directions are eliminated by per-
forming the corresponding integrations analytically, while all 
the remaining integrations on the left- and right-hand sides 
of the Eqs. (14) are approximated by applying the trapezoi-
dal rule of second order. For instance, the final discretised 
expression for the distribution function φ0 is read as follows:

where the indices m = 1,… ,Nc and n = 1,… ,Nt represent 
the discrete velocity magnitudes and angles respectively. In 
Eq. (22), the superscripts with the signs + and − represent the 
local position of the corner points of the current numerical 
element, e.g. �i+j+

0,m,n
= �0

(
xi + Δxi, yj + Δyj, cp,m, �n

)
 . Once 

the system of the discretized kinetic equations is solved at 
each computational node, the integrals of the macroscopic 
moments (17) are estimated using the current values of 
the distribution functions φ0, φ1 and φ2 and applying the 
Gauss–Legendre quadrature for the velocity magnitude cp  
and the trapezoidal rule for the angle θ. Then, the updated 
values of the macroscopic quantities are used as new 
estimations for the next iteration. The iteration process  
between the kinetic equations and the corresponding 
moments of the distribution functions is terminated, when  
the following convergence criterion:

with the pr superscript referring to the computed quantities  
in the previous iteration step, is satisfied. The double  
integrals (18)-(20) in the definitions of the mass Gi and 
heat Qi transfer coefficients have been calculated using the 
trapezoidal rule in both x and y directions. The accuracy 
of the applied numerical method has been verified in the 
previous studies [43, 49, 65], and its reliability to describe 
heat and mass transfer phenomena in the whole range of 
the gas collisionality has been confirmed. The results 
presented in the next section have been obtained with 
Nx × Ny = 128 × 128 × (H∕W) , Nc = 32 , and Nt = 128 . 

(22)

cp,m cos θn

2Δxi

(
�
i+j+

0,m,n
− �

i−j+

0,m,n
+ �

i+j−

0,m,n
− �

i−j−

0,m,n

)

+
cp,m sin θn

2Δyj

(
�
i+j+

0,m,n
− �

i+j−

0,m,n
+ �

i−j+
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− �

i−j−
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)
=

+
δ0

4

(
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)

+
δ0C1
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(
qtr,i+j+ + qtr,i+j−+qtr,i−j+ + qtr,i−j−

)(
c2
p,m

− 1

)

−
XP

2
−
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2

(
c2
p,m

− 1

)
,

(23)

Nx+1∑
i=1

Ny+1∑
i=1
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pr

i

||| +
|||q

tr
i
− q

tr,pr

i

||| +
|||q

rot
i

− q
rot,pr

i

|||
]
< 10

−6
,

Numerical tests showed that by doubling independently the 
numerical parameters Nx, Ny, Nc, and Nt, the values of the 
mass and heat coefficients do not change more than 0.1%.

In the recent years the use of Graphics Processing  
Units (GPUs) has gained significant attention to speedup 
scientific computations. Since the literature survey on  
the analysis of the CUDA model is very extensive only a 
brief description is provided herein. For more details about 
the CUDA model the reader is referred to Refs. [66, 67]. 
CUDA is a new computing architecture that offloads data  
in parallel and computes intensive tasks on GPU. A kernel, 
i.e. a subroutine running on a GPU, is launched with a grid, 
which consists of multiple threads and blocks. Many threads 
compose a block, and all blocks together consist the grid. 
Threads are executed in groups of 32 threads called warps, 
following the single-instruction, multiple thread execution  
model [66]. Considering the hardware architecture,  
instructions are processed on streaming processors (SPs), 
also known as CUDA cores. Many SPs are organized in 
streaming multiprocessors (SMs) that share control logic 
and an instruction cache. Threads of a warp execute the  
same instruction concurrently, unless a conditional statement 
forces some of them to follow different path. Thus, with the 
GPU consisting of thousands of cores for handling multiple 
tasks simultaneously the reduction of computational time  
can be achieved.

As the rarefaction degree of the gas is decreased the 
convergence of the numerical code becomes noticeably 
slower and the computational cost increases significantly. 
For instance, for δ0 = 1 the computational time required is 
of the order of hours, while for δ0 = 50 it amounts to several 
days. In [68, 69], it has been shown that solving the kinetic 
equations on GPUs the computational time can be reduced 
by orders of magnitude. In the present work, the recently 
proposed GPU algorithm for the DVM method proposed by 
Zhu et al. [69], utilizing memory reduction techniques in the 
velocity and physical spaces, has been adopted in order to 
speed up the construction of an extensive database for the 
heat and mass transfer coefficients. In every iteration the 
kinetic equations are solved independently for each velocity 
component (cp, θ). The three parts of the code, namely the 
computation of the distribution functions, the macroscopic 
quantities and the relative error between iterations, are  
transformed into separate kernels. More specifically, for each 
discrete velocity the spatial numerical grid sweeping for the 
distribution functions is performed from the grid index 1 to 
the grid index Nx in the x-direction and from Ny to 1 and 1 to  
Ny in the y-direction for the discrete angles that belong in the  
fourth and first quarter respectively, and subsequently from 
Nx to 1 in the x-direction and from Ny to 1 and 1 to Ny in 
the y-direction for the third and second quarter respectively. 
Therefore, four kernels were created for the calculation 
of the distribution functions per quadrant, with each one 
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being called with Nt/4 blocks and Nc threads. As a result, 
the dimensions of the arrays in the velocity space needed for 
the calculation of the distribution functions φ0, φ1 and φ2 
are reduced from (Nc, Nt) to 

(
Nc,Nt∕4

)
 . This reduces  

significantly the global memory capacity requirements. 
However, at large values of H/W in order to further reduce 
the demand for available global memory in GPU, the spatial 
domain in y-direction is divided into smaller subdomains, 
which are solved in sequential order with the boundary  
values of each subdomain being used as boundary conditions 
for the adjacent subdomains. Examining the memory usage, 
for Nx × Ny = 128 × 128 × (H∕W) , Nc = 32 , and Nt = 128 , 
the amount of the GPU global memory allocated by the 
numerical algorithm after applying the memory reduction 
technique in the velocity space (only 

(
Nc × Nt

)
∕4 points are 

stored for each of φ0, φ1 and φ2) for the aspect ratios H/W 
= 1, 5, 10 and 20 was about 0.4 GB, 2 GB, 4 GB, and 8 GB 
respectively, instead of about 1.6 GB, 8 GB, 16 GB and 
32 GB needed, respectively, in the case that all the Nc × Nt 
points are stored in the global memory. Thus, for small and 
moderate aspect ratios H/W, i.e. H/W < 5, the memory 
reduction technique in the velocity space allows for running 
the numerical code in the most of the modern GPUs (having  
at least 12 GB), while for H/W > 5 the greater need for 
available GBs in the global memory can be further reduced 
by applying the memory reduction technique in the physical 
space too. The macroscopic moments are updated after each 
distribution function kernel. The kernel of the macroscopic 
quantities is called with a grid of Nx × Ny thread blocks 
each one with Nc threads. Each thread block is in charge 
of calculating the moments of the distribution function at 
a single point of the numerical grid and the threads of the 
block work combinedly using the fast shared memory of 
the CUDA model to perform the binary reductions. Further 
details with respect to the use of the shared memory and 
advanced reduction techniques can be found in the books 
[66, 67]. Finally, a kernel for the estimation of the relative 
error has been developed based on the well-known GPU 
parallel reduction techniques [66].

Although in [69] a systematic study of the GPU kinetic 
modeling implementation has been performed, it is still 
interesting to examine the achieved speedup for the present 
problem. The results of the present study were obtained 
using three GPUs, namely the TESLA V100, A100, and 
K80, released by NVIDIA® in 2014, 2017, 2020 respec-
tively. The V100 is equipped with 80 SMs (2560 double  
precision cores) having a maximum clock rate of 1.53 GHz 
and a peak theoretical double precision floating-point per-
formance of 7.8 TFLOPs. The GPU has 32 Gb of global 
memory, with a memory bandwidth up to 900 Gb/s, and 48 
kB of shared memory. Similarly, the K80 and A100 have 
1.37 and 9.7 TFLOPs double precision floating-point per-
formance, respectively. Additionally, the K80 consists of two  

GK210 GPUs each one with 13 SMs (832 double precision 
cores) and a global memory of 12 GB with a 240.6 GB/s 
memory bandwidth, while the A100 is equipped with one 
GA100 GPU consisting of 108 SMs (3456 double preci-
sion cores) and 40 GB of global memory with 1555 GB/s 
maximum bandwidth. The parallel code was compiled using 
the CUDA™ version 11. Sequential code computations 
were performed on the central processing unit (CPU) Intel® 
Xeon® Gold 6130 (22 MB Cache, 2.10 GHz). In Fig. 2 the 
achieved speedup in the case of H/W = 1 for one numeri-
cal iteration, defined as the ratio of the execution time of 
the sequential code on one CPU core to the correspond-
ing time of the parallel code on GPU, for various combi-
nations of the numerical parameters Nx, Ny, Nc, and Nt is 
presented. It is noted that, both parallel and serial codes 
have been compiled without using optimization flags. It is 
obtained that by doubling the number of Nc × Nt points in 
the velocity space the speedup is increased 1.5–3 times. 
Moreover, in most cases for a given number of Nc × Nt 
points, by doubling the number of nodes Nx × Ny in the 
physical space, the speedup is increased about 2 times. In 
addition, the A100 card provides speedups of about 2.5–4 
and 1.3–1.8 times higher comparing to the ones achieved 
by the K80 and V100 cards, respectively. For H/W = 1 with 
Nx × Ny × Nc × Nt = 128 × 128 × 32 × 128 , the obtained 
speedup of K80, V100 and A100 is about 41, 105 and 147, 
respectively. For the more demanding case H∕W = 10 with 
Nx × Ny × Nc × Nt = 128 × 1280 × 32 × 128 the achieved 

Fig. 2   Speedup achieved by applied parallel algorithm for the 
flow through a rectangular duct for the following cases (Nx  × 
Ny  ×  Nc  ×  Nt): 1 (128 ×  128, 32 ×  64), 2 (256 ×  256, 32 ×  64), 
3 (128 × 128, 32 × 128), 4 (256 × 256, 32 × 128), 5 (256 × 256, 64 
× 64), 6 (256 × 256, 64 × 128), using the graphics cards K80, V100, 
and A100
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speedup when running the code on V100 GPU increases even 
more, to about 300.

4 � Results and discussion

In this section, the numerical results for the heat and mass 
transfer coefficients are presented covering a wide range 
of the involved physical parameters, namely δ0, H/W, C1 
(or ftr) and C2 (or frot). In the present work three aspect 
ratios H/W have been considered, namely, H/W = 1 which 
corresponds to the limiting case of channels of square cross 
section, H/W = 10 which corresponds to moderate aspect 
ratio and H/W = 20 which is the case of a narrow chan-
nel. For the later aspect ratio H/W = 20 the numerical data 
nearly approach the limiting case of the parallel plates 
(H/W → ∞) in a wide range of the gas rarefaction [33, 39, 
41]. Explicit expressions for the translational and rotational 
Eucken factors have been proposed by Mason and Monchick 
as well as by Uribe et al. in [62] and [63], respectively. An 
analysis, shows that in the temperature range from 300 to 
600 K the data on the translational and rotational Eucken 
factors extracted from [62] and [63] are in good agreement 
(within 5%) provided that the same value of the rotational-
translational collision number and the rotational-energy dif-
fusion coefficient is adopted [63]. It is noted that the trans-
lational Eucken factor is obtained essentially lower than its 
well-known monatomic value of 5∕2 . Very recently, a novel 
methodology has been proposed by Wu et al. [64] for the 
determination of the translational Eucken factor based on the 
Rayleigh-Brillouin experiments. The extracted data by Wu 
et al. [64] for N2 are found to be in good comparison with that 
obtained previously by the theory of Mason and Monchick. 
Analyzing the data for the translational Eucken factor given 
in [62–64], in a temperature range of 300 K to 900 K and  
for certain polyatomic gases, namely N2, O2, CO2, and CH4, 
it is found that C1 ∈ [0.65, 0.9] and C2 ∈ [0.18, 0.30] . It is 
noted that the numerical data on the mass and heat transfer 
coefficients are presented in a wide range of the translational 

and rotational Eucken factors in order to build a database 
which represents a relatively large number of polyatomic 
gases in a wide range of the working temperatures.

In the subsection 4.1, the effect of the internal degrees 
of freedom on the mass and heat transfer coefficients in 
conjunction to the aspect ratio (height to weight ratio) is 
discussed in detail. Also, comparisons to the corresponding 
previously published numerical data for some limiting cases 
are performed. In the subsection 4.2, the work is extended in 
the case of large pressure and temperature differences, while 
comparisons with the corresponding experimental data are 
also included.

4.1 � Polyatomic heat and mass transfer coefficients

In order to validate the numerical code, in Fig. 3, the present 
Rykov values of the mass transfer coefficients Gp and GT 
for 

(
j,C1

)
= (0, 1) are compared to that previously reported 

by Sharipov [51] using the Shakhov model. In addition, in 
the same figure the corresponding analytical values of these 
coefficients in the slip and free-molecular regimes are also 
illustrated for comparison purposes. The analytical expres-
sions for the monatomic values of Gp and GT can be found 
in the chapter 13 of [51]. As it is seen, the present estima-
tions of Gp and GT are in very good agreement with those 
calculated by Sharipov for all considered aspect ratios H∕W , 
namely H∕W = 1 , 10 and 20, covering a wide range of the 
gas collisionality, i.e. δ0 = 

[
10

−3
, 40

]
 . The numerical results 

are also in very good agreement with the corresponding 
analytical ones for δ0 = 0 and δ0 = 100, with the maximum 
deviation remaining always less than 0.4% demonstrating the 
validity of the numerical code. Furthermore, it was found 
that the reciprocal Onsager relation GT = QP [70] is satis-
fied for all examined cases with accuracy of at least four 
significant figures.

The presentation of the numerical results continues focus-
ing on the effect of the rotational degrees of freedom on the 
mass flow rate. Figure 4 shows the relative deviation between 
monatomic and polyatomic mass transfer coefficients, 

Fig. 3   Comparison between 
the monatomic mass transfer 
coefficients Gp (a) and GT (b) 
obtained by the present work, 
the data reported by Sharipov in 
[51] and the analytical solutions 
in the free-molecular and slip 
regimes
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defined as ΔGi (%) = 100 × 
(
GShakhov

i
− G

Rykov

i

)
∕GShakhov

i
 , 

for both Poiseuille flow (i = P) and thermal creep (i = T) in 
terms of the gas rarefaction degree. Since the mass transfer 
coefficients depend only on the model parameter C1, the 
results are given for various values of the model parameter 
C1 that are representative for several polyatomic gases in the 
temperature range from 300 to 600 K. As it is seen, the Poi-
seuille mass transfer coefficient Gp depends slightly on the 
model parameter C1 and therefore on the internal structure 
of the gas molecules. It seems that the deviation between 
monatomic and polyatomic is zero in the free molecular and 
hydrodynamic regimes, while for intermediate values 
of δ0 ∈ [0.1, 10] the deviation curve is Gaussian with its 
maximum being about 0.5, with this value being decreased 
as both C1 and H/W are increased. Therefore, in the free 
molecular (δ0 = 0) and hydrodynamic (δ0 → ∞) regimes, 
the coefficient Gp can be calculated by the corresponding 
analytical expression for monatomic gases given in the 
Sects. 13.1.4 and 13.1.2, respectively, of [51]. In the transi-
tion regime the values of Gp can be calculated based either 
on the Shakhov model [51] or the present polyatomic Rykov 
modeling. On the contrary, the thermal creep mass transfer 
coefficient GT is obtained to be significantly dependent on 
the rotational degrees of freedom in a wide range of the gas 
rarefaction. More specifically, for all examined values of C1 
and for small values of δ0 the relative deviation ΔGT(%) is 
almost zero, while as δ0 is increased the relative deviation 
between monatomic and polyatomic values is also increased 
up to about δ0 = 20, while for δ0 > 20 the relative deviation 
curve becomes almost independent of δ0. Thus, in the free 
molecular regime the analytical monatomic values of GT, 
previously reported in Sect. 13.1.4 of [51], hold valid in the 
case of polyatomic gases, while in the transition and hydro-
dynamic regimes the present data should be used especially 
for small values of the translation Eucken factor (or for small 
values of the model parameter C1). In the hydrodynamic 
regime applying the thermal slip boundary conditions in [16] 
and introducing the thermal slip coefficient expression 

proposed for polyatomic gases given in [71], it can be shown 
that the coefficient GT in the case of polyatomic gases and 
for δ0 → ∞, assuming diffuse scattering of the molecules on 
the walls, can be estimated as:

The present numerical data for GT are in good agreement  
with the corresponding ones provided by Eq. (24) as δ0  
→ ∞. Regarding the effect of the aspect ratio H/W in con-
junction with the internal degrees of freedom, it seems 
that, for any given value of δ0 in the range from 0.1 to 20,  
as H/W is increased the deviation between monatomic 
and polyatomic values of GT is also increased, with this 
deviation becoming more pronounced at small values of the 
translation Eucken factor. In the hydrodynamic regime, the 
relative deviation curve becomes independent of the aspect 
ratio H/W coefficient, since, as it is easily shown from 
Eq. (24), both monatomic and polyatomic values of GT are  
independent of H/W.

The effect of the internal degrees of freedom on the heat trans-
fer coefficients Qtr

T
 and Qrot

T
 due to the thermal creep flow is 

depicted in Figs. 5 and 6, respectively. In Fig. 5 the absolute val-
ues of Qtr

T
 along with the corresponding relative deviations, 

defined as ΔQtr
T (%) = 100 × 

(
Qtr,Shakhov

T
− Q

tr,Rykov

T

)
∕Qtr,Shakhov

T  , 
between monatomic and polyatomic values are plotted in terms 
of δ0. Similarly to GT, the translational heat transfer coefficient 
Qtr

T , due to the translational degrees of freedom, is independent 
of C2 (or frot ) and depends solely on the model parameter C1 (or 
ftr ). From Fourier’s law it can be shown that, for large values 
of δ0 the translational heat transfer coefficient Qtr

T
 has the follow-

ing form

Equation (25), shows that for δ0 → ∞ the coefficient 
Qtr

T
 is independent of the aspect ratio H/W, while it is 

directly proportional to the translational Eucken factor and 

(24)GT =
0.45f tr

δ0
.

(25)Qtr
T
=

3f tr

2δ0
.

Fig. 4   Relative deviation 
ΔGi (%) = 100 
× 
(
GShakhov

i
− G

Rykov

i

)
∕GShakhov

i
 

vs rarefaction parameter δ0 in 
the case of pressure (i = P) (a) 
and temperature (i = T) (b) 
driven flows for C1 = [0.65, 
0.75, 0.85, 0.95] with H/W = 
1 and 10
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inversely proportional to δ0. From the present kinetic mod-
eling, it is observed that the translational Qtr

T
 is increased  

as δ0 decreases reaching its maximum value in the free 
molecular regime, i.e. 9GP/4. In the free molecular regime 
the solution for Qtr

T
 becomes independent of the param-

eter  C1 (or ftr), and it is identical with that obtained for 
monatomic gases. It is noted that, the relative deviations 
between polyatomic and monatomic values of Qtr

T
 pre-

sent the same quantitative and qualitative behavior with 
respect to δ0, H/W and C1, with that previously mentioned  
for GT. In Fig. 6, the heat transfer coefficient due to the 
rotational motion of the gas, namely Qrot

T
 , is shown. From 

kinetic Eqs.  (14)-(16), it can be easily shown that Qrot
T

 
depends only on the rotational Eucken factor frot via the 
model parameter C2. Values for Qrot

T
 are presented for three 

indicative values of C2, as well as for linear (j = 2) and 
non-linear (j = 3) gas molecules. The effect of H/W on the 
rotational heat transfer coefficient Qrot

T
 becomes negligible 

as δ0  increases, while for small and moderate values of 
δ0 the aspect ratio H/W has a strong impact on Qrot

T
 . More  

specifically, for δ0 → ∞ the rotational heat transfer coef-
ficient Qrot

T
 can be read as follows:

(26)Qrot
T

=
jf rot

2δ0
,

while for δ0 = 0 as

It is noted that GP strongly depends on H/W [51]. In free 
molecular regime where the effect of H/W on Qrot

T
 is more 

dominant, it is found that an increase of H/W by 10 times 
leads to an increase of Qrot

T
 by a factor of about 2.37. In the 

transition regime, where the solution depends also on C2 (or 
frot), the quantification of the effect of H/W should be per-
formed considering specific gases. With respect to the model 
parameter C2 (or frot), it was found that for both linear and 
non-linear molecules the heat transfer coefficient Qrot

T
 is an 

increasing function of C2 under moderate and small gas rar-
efaction. Comparing the values of Qrot

T
 obtained for the two 

types of molecules (linear and non-linear), it is seen that 
the non-linear molecules are characterized by a higher Qrot

T
 

comparing to that obtained for linear molecules. In the free 
molecular regime the ratio of Qrot

T  of the non-linear molecules 
to that of the linear molecules is exactly equal to 1.5, while 
the determination of this ratio in the transition and hydro-
dynamic regimes presupposes the selection of specific gas 
molecules in order to consider the influence of the difference 
in their rotational Eucken factor frot on the data.

(27)Qrot
T

=
jGp

2
.

Fig. 5   Translational heat 
transfer coefficient Qtr

T
 (XT = 1, 

XP = 0) (a) and Relative 
deviation ΔQtr

T
 (%) = 100 

× 
(
Q

tr,Shakhov

T
− Q

tr,Rykov

T

)
∕Qtr,Shakhov

T  
(b) vs rarefaction parameter 
δ0 for C1 = [0.65, 0.75, 0.85, 
0.95], with H/W = 1 and 10

Fig. 6   Rotational heat transfer 
coefficient Qrot

T
 (XT = 1, XP = 

0) vs rarefaction param-
eter δ0 for linear (j = 2) (a) and 
non-linear (j = 3) (b) polya-
tomic gases for C2 = [0.18, 0.3], 
with H/W = 1 and 10
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As it is mentioned above, in order to quantify the devia-
tions between monatomic and polyatomic values of the 
mass and the heat transfer coefficients of the thermal creep 
someone should consider specific gases. In Tables 1 and 2, 
the mass and the total heat transfer coefficients of N2, CO2 
and CH4 are shown, respectively, for square (H/W = 1) and 
wide rectangular (H/W = 10) channels in a wide range of 
δ0. In addition, the corresponding monatomic values of the 
coefficients for ftr = 5/2 (C1 = 1) are also included for com-
parison purposes. The used values of the translational and 
rotational Eucken factors for N2 and CO2 are those extracted 
from Rayleigh-Brillouin scattering experiments in [64] at 
336.6 K and 296.5 K, respectively, while the correspond-
ing values for CH4 at 300 K have been calculated using the 
explicit expressions for the thermal conductivity given in 
[63]. It is noted that, since the translational Eucken factor 
of polyatomic gases is an increasing function of tempera-
ture, with its limiting value at high temperature approach-
ing the monatomic value of ftr = 5/2, the highest deviations 
between its monatomic and polyatomic vales are expected 
to be observed at low temperatures. As the rarefaction level 
of the gas is decreased, the polyatomic values of  GT are 
obtained to be lower than the corresponding monatomic 
ones, with the maximum relative deviation in the case of 
N2, CO2 and CH4 reaching about 3%, 10% and 7%, respec-
tively at δ0 = 40. Regarding the total heat transfer coeffi-
cient QT = Qrot

T
+ Qtr

T
 , the differences between monatomic 

and polyatomic gas modeling are more pronounced. In the 
gases consisting of linear molecules, i.e. N2, and CO2, the 
coefficient QT is increased about 44% at δ0 = 0.01 and 26%-
32% at δ0 = 40 with respect to its monatomic values. The 

corresponding deviations in the case of a gas with non-linear 
molecules (CH4) become 67% and 49% at δ0 = 0.01 and 
40, respectively. In the free molecular regime, the rotational 
part of the total coefficient QT is about 44% and 66% of 
the translational part for linear (N2 and CO2) and non-linear 
(CH4) gas molecules respectively, while in the hydrody-
namic regime they are reduced to about 36–39% and 60%, 
respectively. The effect of H/W on the deviations between 
monatomic and polyatomic kinetic values of QT becomes 
more remarkable at δ0 = 1, with the noticeably high relative 
deviations observed at δ0 = 1 for (H/W = 10) (about 40%, 
36% and 59% for N2, CO2, and CH4, respectively) being 
further increased about 1.7%-3% for (H/W = 1).

4.2 � The case of large pressure and temperature 
differences

Under the assumption of the long rectangular channel, i.e. 
L > > H, even in the case of large pressure and temperature 
drops on the channel ends, the local pressure and tempera-
ture gradients are small. In the case of the flows driven by 
large temperature and pressure differences, the rarefaction 
parameter varies in the flow direction, i.e. δ = δ (z), and the 
mass flow rate can be estimated based on the methodology 
proposed in [72]. According to this methodology, the mass 
flow rate of a flow through a channel under large temperature 
and pressure differences can be estimated based on the mass 
conservation principle.

Let us consider a flow through a rectangular duct with 
its temperature and pressure being T1  and  P1  at z̃ = 0 , 
and  T2 and  P2 at z̃ = L . Without loss of generality, it is 

Table 1   Dimensionless mass 
transfer coefficient GT of N2 (ftr 
= 2.43), CO2 (ftr = 2.24) and 
CH4 (ftr = 2.32) vs δ0 for H/W 
= 1 and 10

δ0 N2 CO2 CH4 Shakhov

H/W = 1 10 1 10 1 10 1 10

0.01 0.408 0.909 0.407 0.908 0.408 0.909 0.408 0.909
0.1 0.364 0.680 0.363 0.675 0.364 0.677 0.365 0.682
1 0.253 0.353 0.247 0.339 0.250 0.345 0.256 0.357
5 0.135 0.158 0.127 0.147 0.130 0.152 0.138 0.162
10 0.0857 0.0946 0.0796 0.0875 0.0822 0.0905 0.0879 0.0972
40 0.0264 0.0272 0.0243 0.0250 0.0252 0.0260 0.0272 0.0280

Table 2   Dimensionless heat 
transfer coefficient QT of N2 (ftr, 
frot) = (2.43, 1.33), CO2 (ftr, frot) 
= (2.24, 1.33) and CH4 (ftr, frot) 
= (2.32, 1.40) vs δ0 for H/W = 
1 and 10

δ0 N2 CO2 CH4 Shakhov

H/W = 1 10 1 10 1 10 1 10

0.01 2.67 6.09 2.67 6.08 3.08 7.03 1.85 4.22
0.1 2.44 4.83 2.43 4.81 2.81 5.57 1.69 3.36
1 1.61 2.33 1.58 2.27 1.85 2.66 1.14 1.67
5 0.716 0.819 0.686 0.780 0.812 0.925 0.526 0.607
10 0.420 0.452 0.400 0.428 0.474 0.509 0.312 0.338
40 0.119 0.121 0.113 0.115 0.134 0.136 0.0895 0.0914
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assumed that P1 < P2 and T1 < T2. At this stage it is useful 
to introduce the following reduced mass flow rate:

where Ṁ is the dimensional mass flow rate. Following the 
proposed methodology in [72], after substituting Eqs. (18) 
and (21) into Eq. (28), the following ordinary differential 
equation can be obtained:

where z = z̃∕L , Π(z) = P(z)∕P1 and �(z) = T(z)∕T1 . Since 
the reduced mass flow rate G′ is not known a priori the solu-
tion of the ordinary differential Eq. (29) can be obtained in 
an iterative manner as follows: an initial value of the param-
eter G′ is assumed, and then the Eq. (29) is solved applying 
the Euler method with the boundary conditions Π(0) = 1 
and �(0) = 1 at z = 0. After the solution of the initial-value 
problem, the value of the pressure is estimated at z = 1, i.e. 
Π(1) = P(1)∕P1 . In the next step, the calculated value of Π(1) 
is compared with the actual known value of P2∕P1 , and in 
the case that they are not consistent the Eq. (29) is re-solved 
assuming an updated value of G′. The iteration process is 
repeated until the absolute difference between the actual and 
the estimated value of the pressure is less than 10–7. At the 
end, the numerical value of G′ is obtained and the dimen-
sional mass flow can be estimated easily by Eq. (28).

With respect to the aforedescribed numerical procedure 
for calculating the mass flow rate for a given value of the 
ratios T2∕T1 and P2∕P1 the following points should be noted:

	 (i)	 The rarefaction parameter δ (z) varies in the flow 
direction taking the values δ1 and δ2 at z = 0 and z 
= 1 respectively. The values of δ1 and δ2 are known 
and can be calculated by Eq. (2). Assuming a vis-
cosity dependence on temperature according to the 
Inverse Power Law (IPL) model [73] the rarefaction 
parameter δ (z) can be linked to the local pressure 
and temperature as follows:

		  
where ω is the IPL coefficient (or viscosity index) 
with its two limiting values being 0.5 and 1 for the 
Hard-Sphere (HS) and Maxwell interactions.

	 (ii)	 The mass transfer coefficients GP and GT are func-
tions of both the model parameter C1 and the local 
rarefaction parameter δ (z). Hence, based on the 
database of the coefficients presented in the previ-
ous Sect. 4.1 the local values of GP and GT can be 

(28)G
�

=
L
√
2RGT1

HW2P1
Ṁ,

(29)
dΠ

dz
=

1

Gp

�
δ,C1

�
�
Π(z)GT

�
δ,C1

�
�(z)

d�

dz
− G

�
√
�(z)

�
,

(30)δ(z) = δ1
Π(z)

��+1∕2(z)
,

estimated at the local value of δ (z), provided that 
the temperature distribution in the flow direction is 
known

	 (iii)	 The temperature distribution �(z) in the flow direction 
is obtained by solving the one-dimensional heat con-
duction differential equation in the following form 
[74] :

		  

where �̂ = T2∕T1 and B =
(
T1�1 − T1�2

)
∕
(
�1T1−

�1T2

)
,with �1 and �2 being the thermal conductiv-

ity of the channel wall at the temperatures T1 and 
T2, respectively. Values of the thermal conductivi-
ties �1 and �2 can be found in [75] for several alloys 
for a wide range of temperature. An analysis on the 
thermal conductivity data in [75] shows that in the 
temperature range from 300 to 900 K and for sev-
eral alloys the coefficient B lies between 0.3 and 
0.7. It is noted that for the limiting value of B → 
0 a linear temperature distribution is assumed, i.e. 
�(z) =

(
�̂ − 1

)
z + 1.

In Fig. 7, a comparison with the experimental data avail-
able for N2 in [76] is performed in terms of the channel 
conductance in liter per second (l/s), defined as [27]

(31)
�(z) =

B − 1 +

√
1 + zB

(
�̂ − 1

)(
2 + B�̂ − B

)

B
,

(32)C =
ṀRuT010

6

MG

(
P1 − P2

) ,

Fig. 7   Comparison between experimental values of the conductance 
[76] and the corresponding numerical data based on the polyatomic 
and monatomic modeling of N2 flow through a square channel
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where Ru = 8.31446 J K−1 mol−1 is the universal gas con-
stant, MG = 28.0134 amu is the atomic mass of N2 and 
T0 = 273.15 K is the reference temperature. In the experi-
mental measurements a channel with square cross sec-
tion of length L = 1.28 m and height H = 0.01589 m has 
been tested. Hence, the hypothesis of the long channel, i.e. 
L > > H, adopted in the present study is valid. The experi-
mental measurements have been performed in the experi-
mental TRANSFLOW (Transitional Flow range experi-
ments) facility which was set up at the Karlsruhe Institute of 
Technology (KIT) in Germany. A detailed description of the 
TRANSFLOW facility can be found in [77]. Since the flow 
is driven solely by the pressure difference between the chan-
nel ends, the corresponding numerical solution for the con-
ductance is obtained by the solution of the Eq. (29) assuming 
d�∕dz = 0 and �(z) = 1 supplemented by the Eqs. (28), (30) 
and (32). In Fig. 7, the experimental conductance data are 
compared to the corresponding numerical monatomic and 
polyatomic values of conductance in a range of the average 
rarefaction parameter δav, i.e. δav = (δ1 + δ2)/2. The pressure 
ratio P2∕P1 varies from 26 to 173. As it seen, the experimen-
tal data and the present numerical calculations are in very 
good agreement. It is noted that, the polyatomic values of 
the conductance are obtained to be almost identical with the 
corresponding monatomic ones in the whole range of the gas 
rarefaction. This is justified by the fact that the mass flow 
rate in the pure pressure driven flows is almost unaffected by 
the internal degrees of freedom as it has been discussed in 
the Sect. 4.1. The observed deviations (always within 10%) 
may be explained by the back scattering phenomenon dis-
cussed in [76] and as it is obtained by the present analysis 
they are not related to the diatomic nature of N2.

It is worth mentioning that, due to the deviations between 
polyatomic and monatomic values of GT mentioned in the 
Sect. 4.1, corresponding large deviations are expected in the 
temperature driven flows under large temperature differences. 
Thus, it is interesting to quantify the corresponding deviations 
in the case of P2∕P1 = 1 and large values of T2∕T1 . Table 3 

presents the values of the reduced flow rate G′ of N2 and CO2 
for T1 = 300 K, T2∕T1 = [2, 3] , δ1 = [0.01, 50] , H/W = [1, 
10], assuming HS viscosity values (� = 0.5) and linear vari-
ation of the temperature (B → 0) . In addition, the correspond-
ing monatomic reduced flow rates G′ are also shown for com-
parison purposes. In the modeling of N2 and CO2 flows the 
temperature dependence of the translational Eucken factor has 
been taken into account and the values have been calculated 
using the explicit expressions proposed by Uribe et al. in [63]. 
As it is seen, for small values of the rarefaction parameter δ1, 
i.e. δ1 = 0.01, the values of G′ obtained for N2 and CO2 are 
almost identical with that obtained by the Shakhov model 
for monatomic gases. However, for δ1 > 0.01, the reduced 
flow rates G′ of N2 and CO2 are obtained lower than the cor-
responding monatomic ones, with this difference becoming 
more pronounced in the hydrodynamic regime and reaching 
about 5% and 10% at δ1 = 50.

To extend the analysis beyond the limiting Hard-Sphere 
viscosity model, in Table 4, the corresponding values of 
G′ of N2 and CO2 based on the IPL viscosity model are 
shown. The values of the IPL coefficient for N2 and CO2 are 
taken equal to 0.71 and 0.87 respectively, in order to yield a 
very good fit (within 3%) for the viscosity experimental data 
given in [78] in the whole examined range of temperatures 
from 300 to 900 K. In addition, in order to investigate the 
effect of the temperature distribution on the reduced flow 
rate G′ the following two cases are considered: B → 0 and 
B = 0.5 . Comparing the results shown in Table 4 for N2 and 
CO2 with B → 0 to the corresponding ones given in Table 3, 
the influence of the type of the molecular interaction is stud-
ied. As it is seen, for δ1 > 1 the deviation between the HS 
and IPL values is always higher than 2%, with the IPL values 
being always higher than the corresponding HS ones, reach-
ing at δ1 = 50 about 9% and 17% at T2∕T1 = 2 and 15% and 
30% at T2∕T1 = 3 for N2 and CO2, respectively. It is noted 
that similar conclusions have also been drawn in the case of 
temperature driven flows through long tubes in [43]. Next, 
focusing on the data for B → 0 and B = 0.5 , presented in 

Table 3   Reduced flow rate G′ of 
N2 and CO2 vs δ1, H/W, T2/T1 
based on the HS model at P2/
P1 = 1 with B → 0

T2/T1 δ1 N2 CO2 Shakhov

H/W = 1 10 1 10 1 10

2 0.01 0.240 0.542 0.240 0.542 0.240 0.542
0.1 0.218 0.421 0.218 0.419 0.219 0.423
1 0.157 0.227 0.155 0.222 0.159 0.232
10 0.0601 0.0682 0.0576 0.0650 0.0630 0.0718
50 0.0163 0.0169 0.0155 0.0161 0.0173 0.0179

3 0.01 0.347 0.787 0.347 0.787 0.347 0.788
0.1 0.318 0.622 0.317 0.620 0.318 0.625
1 0.232 0.343 0.229 0.337 0.235 0.349
10 0.0943 0.109 0.0911 0.105 0.0978 0.114
50 0.0274 0.0288 0.0263 0.0276 0.0286 0.0300
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Table 4, it is deduced that the values of G′ assuming lin-
ear temperature distribution (B → 0) are always higher than 
those based on a non-linear temperature variation (B = 0.5) 
according to the thermal properties of the channel walls. 
From the data in Table 4, we conclude that the effect of the 
temperature distribution on the reduced flow rate G′ is signif-
icant for moderate and large values of δ1 with the maximum 
deviation between the cases B → 0 and B = 0.5 reaching 
about 3–4% and 7–7.5% at T2∕T1 = 2 and 3, respectively.

It is noted that, in the pure thermal creep flow despite 
the fact that the pressure difference between the two ends 
of the channel is zero, i.e. P2∕P1 = 1 , the pressure distribu-
tion varies in the flow direction. In Fig. 8 the dimensionless 
pressure distributions of N2 and CO2 along a channel with 
square cross section (H/W = 1) are compared to the cor-
responding monatomic ones for T2∕T1 = 2 and 3 assuming 
typical values of δ1. As it is seen, the pressure distribution 
does not remain constant, with its variation becoming more 
pronounced as T2∕T1 is increased. Initially the dimension-
less pressure increases from its inlet value (Π(0) = 1) up to 
a certain  value between z = 0.4 and 5 and then it is decreased 
to reach the value at the exit, i.e. Π(1) = 1 . The variation of 
the pressure along the channel is increased as δ1 is decreased 

and the gas becomes more rarefied. It is also observed that, 
near the free molecular regime, i.e. δ1 = 0.01, all the pressure 
distributions coincide, while for intermediate values of δ1,  
i.e. δ0 = 1, they depart from each other with the pressure 
of the monatomic gas being higher than the correspond-
ing polyatomic ones. Similar observations can be made in 
the case of a rectangular channel with high aspect ratio, i.e.  
H/W = 10.

Simulations have also been performed in the case of a flow 
driven by both pressure and temperature drops. It was found 
that the deviations between monatomic and polyatomic val-
ues of the reduced flow rate G′ are negligible. It seems that, 
for moderate and large values of the rarefaction parameter δ1 
the deviations between monatomic and polyatomic values of 
G′ observed in the thermal creep are eliminated by the Poi-
seuille flow which seems to be the dominant phenomenon in 
the case of the combined flow. In Table 5, the monatomic val-
ues of G′ for the combined flow for HS model at P2∕P1 = 100 
with B → 0 are presented for completeness purposes. The 
negative values of G′ indicate a flow formed form the high pres-
sure reservoir to low pressure reservoir (see Fig. 1). It is also 
observed that as the temperature is increased and the contribu-
tion of the thermal creep in the overall flow is also increased 

Table 4   Reduced flow rate G′ of 
N2 and CO2 vs δ1, H/W, T2/T1 
based on the IPL model at P2/
P1 = 1 with B → 0 and 0.5

T2/T1 δ1 N2 CO2

H/W = 1 10 1 10

B → 0 B = 0.5 B → 0 B = 0.5 B → 0 B = 0.5 B → 0 B = 0.5

2 0.01 0.240 0.240 0.544 0.544 0.241 0.241 0.545 0.545
0.1 0.219 0.219 0.427 0.426 0.220 0.220 0.430 0.429
1 0.160 0.159 0.233 0.232 0.160 0.159 0.233 0.232
10 0.0634 0.0622 0.0726 0.0710 0.0635 0.0621 0.0728 0.0711
50 0.0178 0.0172 0.0185 0.0179 0.0181 0.0175 0.0189 0.0183

3 0.01 0.348 0.348 0.792 0.791 0.348 0.348 0.795 0.794
0.1 0.320 0.320 0.635 0.633 0.322 0.321 0.643 0.641
1 0.238 0.235 0.358 0.353 0.239 0.237 0.364 0.360
10 0.1018 0.0975 0.120 0.114 0.105 0.100 0.124 0.118
50 0.0315 0.0293 0.0333 0.0309 0.0338 0.0313 0.0360 0.0333

Fig. 8   Dimensionless pressure 
distribution Π(z) along the 
channel for the thermal creep 
flow based on the HS model for 
N2, CO2 and a monatomic gas 
(Shakhov) with H/W = 1 at T2/
T1 = 2 (a) and 3 (b)
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the reduced flow rate is decreased. Overall, the values of G′ in 
the combined flow are essentially higher than the correspond-
ing ones in the thermal creep, and increase as the rarefaction 
of the gas is decreased.

5 � Concluding remarks

This work presents a numerical investigation of the pressure- 
and thermally- induced non-polar polyatomic gas flows in long 
rectangular cross-section channels, paying special attention 
on the differences between polyatomic and monatomic gases. 
The investigation was carried out based on the linear Rykov 
kinetic model, which takes into account the translational and 
the rotational degrees of freedom of the gas molecules, and 
assuming diffuse scattering of the gas at the channel walls. The 
kinetic solution of the problem has been accelerated on Graph-
ics Processing Units (GPUs), allowing the reduction of the 
computational time by two orders of magnitude. According to 
the assumption of the long channel the flow problem has been 
decomposed into two separate sub-problems: one in which the 
flow driven by the pressure drop, the so-called Poiseuille flow, 
and another with the flow being caused by the temperature 
drop, the so-called thermal creep flow.

As for the mass transfer coefficients, in the Poiseuille 
flow, it was found that the internal degrees of freedom do 
not affect the mass transfer coefficient and the previously 
published data for monatomic gases can be applied in any 
polyatomic gas. In the thermal creep flow, the effect of the 
internal structure of the gas molecules on both mass and heat 
transfer coefficients may be significant. The results show that 
the deviation between monatomic and polyatomic values of 
the thermal creep mass flow rate is negligibly small in the 
free molecular regime. However, as the gas rarefaction is 
decreased and the flow enters the transition regime the devi-
ation becomes a function of the translational Eucken factor 
and the aspect ratio of the channel, while as the rarefaction 
is further decreased, i.e. the so-called hydrodynamic regime, 

the observed deviations in the mass and heat transfer coef-
ficients represent the corresponding deviations in the trans-
lational Eucken factor. In the case of the thermal creep under 
small or large temperature differences between the channel 
ends, it was found that in the hydrodynamic regime the mass 
flow rates of N2, CO2 and CH4 differ from the corresponding 
monatomic ones about 3%, 10% and 7%, respectively. These 
differences may be further increased for polyatomic gases 
with lower values of the translational Eucken factor.

As for the heat transfer coefficients, it is shown that the 
rotational degrees of freedom have a dominant effect on 
them. In the Poiseuille flow, the rotational heat transfer coef-
ficient vanishes and the total heat transfer coefficient becomes 
independent of the rotational degree of freedom and equal 
to the mass transfer coefficient in the thermal creep. In the 
thermal creep flow the total heat transfer is divided into its 
translational and rotational parts. The polyatomic values of 
the translational heat transfer coefficient are obtained to be 
lower than the corresponding monatomic ones, with this dif-
ference being increased as both the gas rarefaction and the 
translational Eucken factor are decreased. However, in polya-
tomic gases the additional contribution to the total heat trans-
fer caused by the rotational motion of the gas molecules leads 
to significantly higher values of the heat transfer coefficient 
compared to that obtained for monatomic gases. In the case 
of N2 and CO2 flows, the total heat transfer coefficient may 
differ, depending on the level of the gas rarefaction, about 
26%-44% from the corresponding monatomic values, with 
this difference being 44%-67% for CH4 flow.

Regarding the lateral wall effect on the transfer coeffi-
cients, it is concluded that for a specific translational Eucken 
factor and gas rarefaction, the increase of the aspect ratio 
causes an increase in the differences between monatomic 
and polyatomic values of the mass and translational heat 
transfer coefficients in the thermal creep flow. The influ-
ence of the aspect ratio on the rotational heat flow rates is 
increased as the gas rarefaction is increased. An increase of 
the aspect ratio by 10 times leads to an increase of rotational 
heat transfer coefficient by a factor of about 2.37.

In addition, the Poiseuille and thermal creep flows under 
large pressure and temperature ratios have been investigated. 
The results show that as the gas rarefaction is decreased the 
reduced flow rates based on the IPL viscosity model are always 
higher than the corresponding HS ones. The effect of the tem-
perature distribution on the reduced flow rate is large for mod-
erate and small gas rarefaction and can reach about 7%.

The present calculated values of the transport coefficients, 
which were not available previously in the literature for rec-
tangular ducts and here are provided in a tabulated form in 
the accompanying supplementary material, may support the 
design of technological devices in which the thermal creep 
phenomenon plays a dominant role in the formation of the 
flow.

Table 5   Reduced flow rate –G′ 
of N2 and CO2 vs δ1, H/W, T2/
T1 based on the HS model at P2/
P1 = 100 with B → 0

T2/T1 δ1 Shakhov

1 10

2 0.01 55.85 114.1
0.1 67.90 129.8
1 233.2 494.5
10 1929 4263
50 9474 21,026

3 0.01 45.96 96.41
0.1 53.28 102.4
1 158.6 332.4
10 1241 2738
50 6058 13,440
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