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Abstract

Optical metasurfaces are 2D arrangements of nanoparticles that enable abrupt mod-
ulation of an impinging light wavefront within an ultra-thin surface. They are
promising candidates to replace bulky conventional optical components such as mir-
rors, lenses, diffusers, etc. The rapid growth of nanofabrication and a constantly
increasing demand for miniaturization have made metasurface’s design with desired
optical functionalities an ever-growing necessity. Analytical tools that can provide
physical insights and improved design capabilities are crucial for that aim, and are
the center of attention in this thesis. Based on a local-coordinate transition matrix
(T-matrix) method, we aim at providing analytical insights to both ordered and
disordered metasurfaces. The local-coordinate T-matrix method provides a com-
prehensive analytical tool to monitor the changes in the effective response of the
nanoparticles inside a lattice.

For periodic metasurface made from identical nanoparticles, despite their abun-
dance and importance, closed-form analytical expressions describing their optical
response have not been reported, and most attempts have been predominantly ap-
proximations. In this thesis, we provide a comprehensive and unifying multipolar
theory for periodic metasurfaces that describes the scattering analytically and en-
ables the derivation of a closed-form expression for the optical response. Our analyt-
ical expressions are valid for diffraction orders under oblique and normal incidences
up to an octupolar order. In this formalism, we link the macroscopic optical re-
sponse of the metasurface to the optical response of the individual nanoparticles
(via their T or polarizability matrix) and the lattice coupling matrix. Furthermore,
we extensively explore the symmetries of the optical response of the nanoparticles
inside and outside different lattices. Moreover, we propose several designs based on
the insights from these expressions throughout the thesis.

In particular, we study Huygens’ metasurfaces and their limits and capabilities.
They are made from non-absorbing and equally induced electric and magnetic mo-
ments and are reflection-less. The reflection suppression enables efficient modulation
of an optical wavefront without absorption losses.

To investigate disordered metasurfaces, we have resorted to statistical measures
such as configurational entropy, structure factor, and pair correlation function. We
introduce multiple disordered point configurations in metasurfaces, and study the
optical response in correlation to their statistical measures. In particular, we have
identified critical disorder regimes where the zeroth-order transmission and reflection
go to zero, and the light is diffused to all non-specular directions. Driven from the
insights, we have investigated metasurface-based optical diffusers.

The thesis follows a systematic and step-by-step approach. It seeks to provide a
solid and comprehensive reference for future research on the topic.



vi



Abstract in Kurdish

لە  -مێتا دەتوانن گۆڕانکارئی کت��ڕ  ڕەهەندی کە  دوو  ڕوو�ەر��  لەسەر  ڕ�زکراو  نانۆتەنۆل�ەی  لە کۆمەڵ�ک  ن  ب��تنی ئ��ت�کی�ەکان  ڕووە 

م قەبەکائن  
ڵ

شەپۆ� ئەو ڕوونا�ی�ەدا درووست بکەن کە لێ�ان دراوە. ئەم ڕووانە ج�گرەوە�ە� هیوابەخشن بۆ پ�کهاتە ئ��ت�کی�ە باو بە�

، پڕژ�نەر و هتد.   وەک ئاو�نە،  ن ای تەکنەلۆج�ای نانۆ و   لێ�ن ەکان، بووەتە   پ�شکەوتین خ�ێی داوا�ارئی ڕوولەگەشە بۆ چکۆلەترکردنەوەی ئام�ێی

ڕووەکان بە جۆر�ک کە ئەنجا� دڵخواز لەسەر شەپۆ� ڕوونا� درووست بکەن، پێ��ستی�ە� بەردەوام  -هۆی ئەوەی کە داڕشتئن مێتا

ف     ەم مەبەستە،ڕوو لە ز�ادبوون ب�ت. بۆ ئ ف بەه�ێی �� دەستەبەر بکەن و توانای داڕشنت ف ئەو ئامرازە ش�کار��انەی کە بتوانن ت�گە�شتفئ ف�ی

بنەمای میتۆدی     بکەن، ی دکتۆرا�ەن. لەسەر  ن ت�ێی ئەم  بابەئت سەرەکئی  ت�گە�شتن��    Tگرنگن، و  ، هەوڵ دەدەین  مات��ک� خۆجێیی

ستەبەر بکەین (ڕ�� و ناڕ�� دەگەڕ�تەوە بۆ ئەو تۆڕەی کە نانۆتەنۆل�ەکائن لەسەر ڕ�زکراون).  ڕووە ڕ�ک و ناڕ�کەکان دە-ش�کار��انە بۆ مێتا 

ئامراز�� ش�کار��انەی گشتگ�ی بۆ چاودێ��کردئن گۆڕانکار��ەکان لە کاردانەوە کار�گەرەکەی نانۆتەنۆل�ەکان لەناو    Tمیتۆدی مات��ک�  

ن دەکات. -مێتا  ڕووەکەدا دابنی

 و فرەی�ان، هاوک�شەگەل�� داخراوی  ڕووە  -بۆ ئەو مێتا
گ

خولی�انەی کە لە نانۆتەنۆل�ەی هاوشێوە درووست کراون، سەرەڕای گرن�

نەی کە بۆ ئەو مەبەستە دراون تەن�ا ن��کە 
ڵ

یی  ش�کار��انە کە با� کاردانەوە ئ��ت�کی�ەکائن ڕووەکان بکات بوون�ان نی�ە. زۆر�ەی ئەو هەو�

ەدا، ئ�مە تیۆر��ە ن ڕووە خولی�ەکان دەخەینە ڕوو کە بە شێوە�ە� ش�کار��انە  -� فرەجەمسەری �ەکانگ�ی و گشتگ�ی بۆ مێتابوون. لەم ت�ێی

ن دەکات. هاوک�شە  - باس لە پەرشبوونەوەی ڕوونا�ی�ەکە�ان دەکات و داتاشیین هاوک�شە�ە� شێوە داخراو بۆ کاردانەوە ئ��ت�کی�ەکە دابنی

دان لەژ�ر ڕوونا�ئی ئەستوون و لاردا، تا پلەی هەشتجەمسەری، بەدرووسئت هەژمار بکەن.  ش�کار��انەکانمان دەتوانن هەموو پلەکاین لا 

ی مات��ک�    بەرامبەر لەم هاوک�شانەدا، ئ�مە کاردانەوەی ما�رۆسک���� ڕووەکە  
ڕوونا� بە کاردانەوەی تا� بە تا� نانۆتەنۆل�ەکان (لە ڕیێ

T ۆڕی ڕووەکە دەبەستینەوە. جگە لەوە، هاوتایی کاردانەوەی نانۆتەنۆل�ەکان بۆ  �ان مات��ک� جەمسەرگری) و مات��ک� جووتبووین ت

ڕوونا�ئی لەناو �ان دەرەوەی چەندین تۆڕی ج�اوازی ڕ�ک بە چڕی دەخەینە بەر�اس. دواتر، لەسەر بنەمای ئا�د�ا�ائن ئەو هاوک�شانە  

ڵە�ەک پ�شن�ار دەکەین. 
ڵ

 چەند دیزاین�ک/گە�

سەر  دەخەینە  ت�شک  لە کۆمەڵ�ک  -مێتا  بەتایبەت،  ڕووانە  ئەم  دەدەین.  پ�شان  سنوورەکان�ان  و  توانائی  و  ه��گنس  ڕووەکائن 

هەڵنەمژی وەک �ەک پ�ک هاتوون کە زەبری کارەبایی و موگنات�سیی �ەکسان�ان هە�ە و هیچ ڕوونا�ی�ەک نادەنەوە.  -نانۆتەنۆل�ەی وزە 

ۆ بدەن.  ئەم نەدانەوەی ڕوونا�ی�ە توانائی گۆڕ�ئن کارا�انەی شەپۆ� � ێ ئەوەی وزە بە ف�ی   ڕوونا� دەبەخش�ت بەم ڕووانە بەئب

مێتا لە  ل�کۆڵینەوە  نەخشەی  -بۆ  و  پ�کهاتە،  فا�تەری   ، ۆئپ ئین�ت وەک  ئامار��ەکائف  پێوانە  لە  �ارمەئت  زەکان)،  (ش�پ ناڕ�کەکان  ڕووە 

ن و کاردانەوەی ڕ  ڕووانەی کە نانۆتەنۆل�ەکان�ان  -وونا�ئی ئەو مێتاهاو�ەیوەندیی دووانە وەردەگ��ن. چەندین جۆر تۆڕی ناڕ�ک دەناسێننی

  بەپئێی ئەو تۆڕانە ڕ�ز کراون �ش دەکەینەوە. بەتایبەت، خاڵ�� قەیران�مان لە ناڕ�ک�دا دەستن�شان کردووە کە تێ�دا ڕوونا�ئی تێپەڕ�و و 

ئەو     ل�کۆڵینەوەمان لەسەر   �شتنانە،دراوەی ڕاستەوخۆی ڕووەکە ون دەب�ت و ڕونا�ی�ەکە بۆ هەموو لا�ەک دەپڕژ�ت. بەپئێی ئەم ت�گە

 ڕووەکان درووست دەک��ن. -پڕژ�نەرە ڕوونا�ی�انە کردووە کە لەسەر بنەمای مێتا

ە شێواز�� هەنگاو ن ن و گشتگ�ی بۆ ت����نەوەکاین داهاتوو لەم  -بە-ئەم ت�ێی هەنگاو دەگ��تە بەر و مەبەست�ەیت ببێتە سەرچاوە�ە� بەه�ێی

 بوارەدا. 
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1. Introduction

Computers, smartphones, color televisions, smartwatches, and many other electronic
devices widely accessible in our daily lives directly result from the miniaturization
of various technologies [1, 2]. The rapid growth of nanofabrication in the past
two decades has been a prominent driver for such a device miniaturization. Op-
tical components are a crucial part of numerous high-tech applications. However,
high-precision conventional optical components such as lenses, mirrors, polarizers,
diffusers, splitters, etc., are bulky and often expensive [3]. These bulky components
are a huge technological barrier against exploiting the immense potential of light in
a future shaped by miniaturized technology. This challenge has motivated nanopho-
tonics researchers for years to search for alternative approaches to mold the flow of
light at the nanoscale.

Metasurfaces, i.e., 2D arrangement of nanoparticles, are promising candidates to
replace bulky optical components [4–15]. The nanoparticles are referred to as meta-
atoms throughout the thesis, as they are like the atoms, i.e., the building blocks,
of metasurfaces and metamaterials. Metamaterials are bulk materials with proper-
ties not observed in nature [16–19]. Meta-atoms, made from high refractive index
materials, and with a size comparable to the wavelength, can strongly interact with
light. The strong interaction of a carefully arranged array of these meta-atoms en-
ables the control of the light wave within an ultra-thin surface. Another prominent
advantage of metasurfaces is their flat interface that makes them very suited to be
fabricated within the mature field of nanofabrication [20–23]. Optical metasurfaces
can efficiently control the amplitude, phase, and polarization of an incidence light
wave-front. As a result, they are already integrated in a wide range of applications.
Examples are absorbers [24, 25], reciprocal and nonreciprocal polarization rotators
[26, 27], holograms [13, 14, 28–31], lenses [22, 32–35], splitters [36], diffusers [37,
38], light sails for space explorations [39, 40], sensing and biomedical applications
[41–43], as well as computational and quantum applications [44, 45].

The growth of nanofabrication and the possibility of manufacturing many types
of metasurfaces, whether ordered or disordered, has made the design and analysis
of metasurfaces an ever-growing necessity. While full-wave numerical solutions are
always an option, analytical tools can be much more appealing as they facilitate the
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design and provide valuable insights into the underlying physics of metasurfaces.
While periodic metasurfaces are more straightforward and computationally cheap
to evaluate, the solution to the optical scattering of a disordered arrangement is very
challenging and computationally expensive.

The most general and versatile approach to derive the optical scattering of meta-
surfaces is a bottom-up approach that reconstructs the scattered field by summing
the radiation from all the meta-atoms. To solve such a scattering problem, we break
it down into four phases from the bottom up:

I Developing a suitable basis to describe electromagnetic wave propagation in a
homogenous medium.

II Describing the optical response of a single meta-atom to an electromagnetic
excitation inside the homogenous medium.

III Describing the optical response of a periodic arrangement of the meta-atoms.

IV Describing the optical response of disordered arrangements of the meta-atoms.

In Phase I, the electromagnetic waves, using vector spherical harmonics, are ex-
panded into an orthonormal multipolar basis set. This expansion serves as a versatile
platform to study scattering scenarios, i.e., the interaction of an incident field with an
object that is localized in space [6, 46–49]. Throughout the thesis, we only consider
plane waves as the illumination for these objects. However, any electromagnetic
wave can be decomposed into a series of plane waves, which renders our approach
quite versatile. The multipole expansion is discussed in detail in Chapter 2.

After developing an appropriate basis to expand an electromagnetic field, in Phase
II, the optical scattering of a meta-atom upon a plane wave illumination is ex-
pressed in a series of multipole moments. Depending on the operating wavelength,
size, shape, and material of the meta-atom, an ever-increasing number of multipole
moments is required to accurately capture the meta-atom’s response. In such a
scenario, the relation between the expansion coefficient of the incident and the scat-
tered field is expressed by a matrix. Two different but interchangeable formulations
for this matrix exist. They are called the polarizability matrix and the T matrix.
The equivalence of the two matrices has been explicitly documented up to octupolar
order [50, 51]. The polarizability matrix expresses the scattering response in the
Cartesian coordinates, while the T matrix expresses the scattering response in the
spherical coordinates. Several methodologies have been developed to acquire the
polarizability, and the T matrix for different geometries [52–57].

For an isotropic meta-atom, i.e., a sphere, the T matrix is diagonal, and the entries
of the T matrix are derived from the well-known Mie coefficients [58]. Mie coefficients
depend on many parameters, including the dimensions and optical properties of the
spherical object and the medium. However, for fundamental research, as is the
main aim of this thesis, it is essential to have expressions with the least number
of degrees of freedom that cover all possible values of Mie coefficients within the
existing physical constraints. While such expressions are known for spheres made
from non-absorbing materials, in Chapter 3, based on our work in Ref. [59], we
provide general expressions for isotropic meta-atoms, absorbing or non-absorbing.
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Using this minimalist model, we can scan the entire accessible parameter space of
spheres for specific functionalities in systems made from spherical scatterers, as we
will show multiple times throughout the thesis. Additionally, based on our works
in Ref. [31, 60, 61], we explore the optical response of anisotropic and bianisotropic
meta-atoms.

In Phase III, the effort builds up from describing a single meta-atom to an infinitely
periodic array of identical meta-atoms. In the infinitely periodic arrangement, de-
riving the optical response involves a challenging infinite sum over the lattice sites.
Moreover, a description of the interaction among all the meta-atoms forming the
periodic metasurfaces is crucial. Earlier works involved approximate expression for
this purpose. They failed to accurately capture the spatial dispersion occurring in
many applications where the metasurfaces are not operated in a deep sub-wavelength
regime [62]. Later, efforts shifted into expressing the lattice interaction via fast con-
verging Green’s function summations [63]. Following this approach, modeling peri-
odic arrangement of dipole moments at oblique incidence has been made possible
[64–67]. Moreover, periodic arrangement of dipole and quadrupole [68], and even up
to octupole moments at normal incidence [69], has been accommodated. However,
these efforts were generally limited in scope, e.g., focusing on specific meta-atoms
with specific combinations of multipole moments, or were limited to normal inci-
dence. Furthermore, diffracting metasurfaces were not studied.

Recently, in the spherical coordinates, a numerical method was developed to cal-
culate the complete response of a metasurface for arbitrary but identical meta-atom
sand up to a desired multipolar order [70]. This approach that was based on previ-
ous efforts on isotropic meta-atoms [71, 72], employs the Ewald summation [73, 74]
for the fast-converging determination of the lattice coupling. Although efficient, the
method lacks closed-form analytical expressions and the interchangeability between
spherical and Cartesian representations.

In Chapter 4, based on our work in Ref. [75], we provide a unifying and compre-
hensive framework to derive the optical response from periodic metasurfaces in the
spherical and Cartesian bases. The derived expressions are based on a multipole
expansion and accurately express the amplitudes of propagating diffraction orders
of periodic metasurfaces upon illumination at normal or oblique incidence up to an
octupolar order. In addition, assuming isotropic meta-atoms and the minimalist
Mie model, we derive handy closed-form analytical formulas for specific cases. Such
reduction eases physical explorations and simplifies the design process of a metasur-
face for specific applications. For instance, based on our work in Ref. [31], we have
identified the upper limits for the induced multipole moments inside an infinitely
periodic lattice.

When analyzing metasurfaces in this thesis, we frequently assume equal electric
and magnetic induced moments. Such assumption for periodic metasurfaces results
in the suppression of the reflection [19]. Such metasurface is called a Huygens’
metasurface. The term ”Huygens” refers to the Huygens’ principle, which states
that a set of secondary spherical wavelets can reconstruct a wavefront. This is
similar to a Huygens’ metasurface, where the induced moments of the meta-atoms,
caused by the incident plane wave, act like a secondary source that reconstructs
the plane wavefront in the forward direction. When the metasurface is made from
non-absorbing meta-atoms, a unity optical transmittance is observed. At the same



8 1. Introduction

time, the phase-angle of the transmission can be controlled by tuning the operating
wavelength, or the periodicity of the lattice [76–81]. This high transmittance and
phase shift control make Huygens’ metasurfaces very efficient holograms [29, 82–84].
Huygens’ metasurfaces are mostly considered within their dipolar response, i.e., only
made from dipolar meta-atoms [77, 84–86]. In dipolar Huygens’ metasurfaces made
from identical meta-atoms, the achievable phase coverage by tuning the periodicity
at a fixed wavelength is smaller than 2π. This disability to provide full phase-shift
coverage is a clear limitation for applications in holograms. To lift such limitation, in
Chapter 5, based on our work in Ref. [31], we consider dipolar-quadrupolar Huygens’
metasurfaces and show that such metasurfaces offer access to the desired 2π phase-
shift coverage.

After analyzing periodic metasurfaces, in Phase IV, we shift our focus to one of
the most challenging scattering scenarios, i.e., describing the optical response of
disordered metasurfaces. Disorder is ubiquitous, and hence, its analysis is essential
for the understanding of nature. Complex systems are challenging to analyze, but
the results are rewarding. This year’s Nobel Prize in Physics (2021) was dedicated
to the endeavors to handle complexity, from climate to the disorder in glass [87].
Light interaction with disordered materials is likewise intractable and, at the same
time, fascinating. The theoretical study of light interactions in disordered media is a
notoriously tricky problem. Especially for the considered resonant meta-atoms that
strongly couple to each other, the analysis is even more challenging. Why disorder?
The response to this question has many aspects. The disorder is ubiquitous in
nature and is instead the norm. For understanding many phenomena in nature, the
understanding of the disorder is crucial. Moreover, the disorder is not a nuisance
but rather a design opportunity for novel optical devices. There are distinct features
of disordered arrangements that are not always accessible with periodic arrays. The
disorder itself unlocks a plethora of physical effects worth exploring, not only out of
intellectual curiosity but also from an application perspective [66, 88–92].

The disorder that we study in this thesis involves positional disorder of identical
meta-atoms on a surface. The disorder is not mere chaos [93] but rather a distur-
bance in otherwise ordered structures. What is a disorder? If this question was asked
40 years ago, the response seemed trivial; any point configuration that is not periodic
is disordered. However, discovering quasicrystal as aperiodic but ordered structures
initiated a paradigm shift. Quasicrystals do not have translational symmetry (i.e.,
no periodicity). However, they have strong Bragg peaks in their diffraction patterns
[94]. These Bragg peaks were only found in periodic crystals. As a result of these
discussions, the question might shift from ”What is disorder?” to ”What is the degree
of disorder?”.

The study of order (or disorder) metrics is an active area of research [95]. Several
order metrics have been introduced [93, 96–98]. However, they can only capture
a specific aspect, for example, translational or orientational pair correlations, and
these metrics are often biased towards a reference. Since there is no perfect order
metric [99, 100], it is inherently difficult to find a metric that correlates well with
the optical effects seen in the conceptually vastly different disorder point processes.
Therefore, the question that we address for several disorder models in this thesis is
”What is the degree of disorder for a specific disorder point process?”. The disorder
point processes that we study in Chapter 6 are perturbed array, defected array,
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Poisson’s disorder, Matérn type-III soft-core and hard-core disorder, and selected
hyperuniform point configurations. Although there is no universal disorder metric,
we will study several disorder models with statistical measures such as the pair
correlation function, the structure factor, and the configurational entropy. Using
these measures, we can have a qualitative discussion over the long-range or short-
range order with identifying range of local order.

After statistically analyzing the disordered point processes, we study the impact
of the positional disorder on the optical response of dipolar Huygens’ metasurfaces,
namely the zeroth-order transmission and reflection, the effective dipole moments,
and the directional scatterance. Based on our work in Ref. [101], we reveal an in-
triguing and unexplored feature: A disorder-induced phase transition in the phase
angle of the transmission coefficient that changes from normal to anomalous disper-
sion above a critical threshold in the positional disorder. Based on this intriguing
phenomenon, and grounded on our work in Ref. [38], we study the possibility of
perfect metasurface-based optical diffusers.

Optical diffusers are key elements in various applications as diverse as illumination
[102–104], imaging [90, 105–107], screens [108], microscopy [109–113], colorants [114–
116], spectroscopy [117–119], photovoltaics [120–122] or wavefront shaping [123–
125]. The main advantage of metasurface based diffusers would be the ultra-thin
footprint of the device. Conventional diffusers are bulky and lack the potential to be
integrated into miniaturized devises [126–137]. Moreover, the non-absorbing meta-
atoms considered here, are preferred in terms of the optical response strength as
compared to plasmonic counterparts [138–144].

In summary, the thesis aims to address the optical scattering of light from a meta-
surface in four steps: first, developing a basis for electromagnetic propagation in
a homogenous medium (Chapter 2). Next, we analyze the interaction of a single
meta-atom with a given illumination (Chapter 3). Then, we provide the analytical
formalism for the optical response of arbitrary meta-atoms when arranged periodi-
cally (Chapter 4). Next, we study Huygens’ metasurfaces and some other simplified
specific cases (Chapter 5). Last but not least, we introduce statistical measures and
disorder point processes and investigate the optical response of disordered metasur-
faces using the insights and tools at hand (Chapter 6).

We have provided extensive formulations and systematic analysis of different or-
dered and disordered arrangements throughout the thesis. The systematic approach
that we have followed aims at making a solid reference for future research.

Thesis structure

The thesis is structured as follows:

In Chapter 2, we discuss the propagation of an electromagnetic wave in a ho-
mogenous medium. In particular, we develop the multipole expansion of the elec-
tromagnetic waves that works as the basis for the rest of the thesis. Moreover,
electromagnetic duality symmetry and helicity are introduced.

In Chapter 3, we discuss the optical scattering of light at a single meta-atom in a
homogenous medium. We build the framework to analyze the electromagnetic re-
sponse of an isolated meta-atom and introduce the normalized polarizability matrix
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and T matrix. In particular, isotropic meta-atoms, as the backbone of our anal-
ysis, are investigated in depth. A minimalist model to parametrize any possible
Mie coefficient of a spherical meta-atom is provided. Moreover, symmetries of the
normalized polarizability and T matrices for meta-atoms with different geometrical
symmetries are explored.

In Chapter 3, we discuss the optical scattering of light from a periodic metasurface.
We build a comprehensive and unifying framework to analytically derive the optical
scattering from a periodic arrangement of arbitrary meta-atoms under arbitrary
plane wave excitation up to an octupolar order in the Cartesian and the spherical
coordinates. Assuming isotropic meta-atoms, we derive analytical expressions for
effective induced parameters of a meta-atom inside a lattice. Finally, transmission
and reflection from single-resonance metasurfaces are studied.

In Chapter 5, we mostly explore Huygens’ metasurfaces, dipolar, quadrupolar, and
dipolar-quadrupolar. These three categories of Huygens’ metasurfaces are classified
based on the multipolar composition of their meta-atoms. We explore the phase-shift
coverage of these unity-transmittance metasurfaces. Later, we analyze metagratings,
as metasurfaces that diffract light due to periodicities that are longer than the wave-
length. The focus is on the analytical equations that can describe the propagating
diffracting modes from a periodic arrangement of isotropic meta-atoms illuminated
under normal incidence up to a quadrupole order. The last section of the chap-
ter explores dipolar metasurfaces under oblique incidence angles. In particular, we
realize the Brewster angle for a single-resonance metasurface.

In Chapter 6, we discuss the optical scattering of disordered metasurfaces. We start
by introducing statistical parameters that can be used to characterize disordered ar-
rangements. Then, we introduce multiple types of disordered point processes and
analyze them with statistical measures. Later, we calculate the optical transmis-
sion and reflection through the disordered metasurfaces and compare their optical
response to their statistical measures. For the analysis, we assume dipolar Huygens’
metasurfaces as the reference measure. Finally, the directional scatterance of the
disordered metasurfaces are measured and analyzed, and metasurfaces with strong
optical diffusion are identified.



2. Electromagnetic Waves

This chapter introduces bases to describe the electromagnetic waves inside a ho-
mogenous medium. In the first section, we introduce Maxwell’s equations as the
backbone of electromagnetics, and the response of homogenous materials with dif-
ferent symmetries to a given optical excitation is formulated. The following section
explores the solutions to Maxwell’s equations using the plane wave or multipolar
waves in dedicated subsections. Finally, we introduce the electromagnetic duality
symmetry and helicity.

The content of this chapter is partly based on our works in Ref. [38, 60, 145].

2.1 The Maxwell equations

Electromagnetism is one of the four fundamental forces in nature. Empirical
Maxwell’s equations govern the world of electromagnetism. The macroscopic Maxwell
equations, in their differential form, read as [146, 147]:

ε0∇ · E (r, t) = ρ (r, t) , (2.1)

∇ ·B (r, t) = 0, (2.2)

∇× E (r, t) = −∂tB (r, t) , (2.3)

µ−1
0 ∇×B (r, t) = j (r, t) + ε0∂tE (r, t) , (2.4)

where r denotes the position vector, t denotes time, E (r, t) is the electric field
vector, B (r, t) is the magnetic induction (or magnetic flux density) field vector,
and j (r, t) and ρ (r, t) are the total current and charge densities, respectively. ε0 ≈
8.85× 10−12 F/m is the free-space permittivity and µ0 = 4π × 10−7H/m is the free-
space permeability. The underline denotes quantities in the time domain, and it is
used to distinguish them from quantities in the frequency domain.

The total current and charge densities comprise free and bound quantities and can
be written as:

j (r, t) = j
free

(r, t) + j
bound

(r, t) = j
free

(r, t) +∇×M (r, t)− ∂tP (r, t) , (2.5)

ρ (r, t) = ρ
free

(r, t) + ρ
bound

(r, t) = ρ
free

(r, t)−∇ ·P (r, t) , (2.6)
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where P (r, t) and M (r, t) are the electric and magnetic polarization vectors inside
the medium, respectively. The bound current and charge densities are caused by
electromagnetic forces and depend on the excitation fields. Therefore, they can
be integrated into new quantities to facilitate the solution of Maxwell’s equations.
Consequently, Maxwell’s equations in a medium can be written as:

∇ ·D (r, t) = ρ
free

(r, t) , (2.7)

∇ ·B (r, t) = 0, (2.8)

∇× E (r, t) = −∂tB (r, t) , (2.9)

∇×H (r, t) = j
free

(r, t) + ∂tD (r, t) , (2.10)

where H is the magnetic field vector and D is the electric displacement field vector
[146], respectively. The newly defined fields are formulated as [146, 147]:

D (r, t) = ε0E (r, t) +P (r, t) , (2.11)

H (r, t) = µ−1
0 B (r, t)−M (r, t) . (2.12)

For a general dispersive medium, the polarization vectors not only depend on the
spatial distribution of the fields in the vicinity of the desired point in space r0 (spatial
dispersion) but also on the temporal distribution of the fields before the desired point
in time (temporal dispersion or simply dispersion). Suppose that the response of a
medium to an electromagnetic excitation is linear and has a weak spatial dispersion.
In that case, the fields inside the medium can be expressed using the most general
linear and local constitutive relations [148]:

D (r, t) =

∫
t′

[
¯̄ε (r, t′) · E (r, t− t′) + ¯̄ξ (r, t′) ·H (r, t− t′)

]
dt′, (2.13)

B (r, t) =

∫
t′

[
¯̄ζ (r, t′) · E (r, t− t′) + ¯̄µ (r, t′) ·H (r, t− t′)

]
dt′, (2.14)

where ¯̄ε (r, t′) , ¯̄ξ (r, t′) , ¯̄ζ (r, t′) and ¯̄µ (r, t′) are the constitutive dyadics. A dyad is
a second order tensor or a 3 by 3 square matrix. Equations 2.13-2.14 describe the
general linear constitutive relations for a bianisotropic medium and can be used to
supplement the Maxwell’s equations. Moreover, the polarization vectors P (r, t) and
M (r, t) can be derived from the constitutive relations. The nomenclature prefix
“bi” reflects the magneto-electric effect these constitutive relations do capture, in
which a magnetic field induces an electric polarization and an electric field induces
a magnetic polarization [148, 149], respectively.

It is worth noting that for the linear, local and dispersive medium described above,
the standard interface conditions hold; the tangential components of E (r, t) and the
normal components of B (r, t) are continuous. Moreover, there is a jump equal to
the free surface current density in the tangential components of H (r, t) and a jump
equal to the free charge density in the normal components of D (r, t) [149].

The following section explores some selected solutions to Maxwell’s equations for a
homogenous medium. For a homogenous medium, the constitutive dyadics do not
depend on the position vector.
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2.2 Solving Maxwell’s equations

After considering additional assumptions based on our problem, this section pro-
vides some known analytical solutions to Maxwell’s equation.

We often encounter time-harmonic electromagnetic oscillations, and we restrict our
considerations to the realm of linear electromagnetism, which renders the Fourier
basis a versatile platform to solve Maxwell’s equations. In the Fourier series, a math-
ematical function is projected into an infinite sum of sinusoidal harmonic oscillations
having different weights.

The Fourier transform pair may be defined as [146]:

A (r, ω) =

−∞∫
−∞

A (r, t) eiωtdt, A (r, t) =
1

2π

−∞∫
−∞

A (r, ω) e−iωtdω. (2.15)

where, here, we transform the quantities between the time domain and the frequency
domain. Note that the real-valued fields are derived by taking the real part of the
complex Fourier counterpart. We continue using complex quantities as they are
easier to handle.

We start by transforming the constitutive relations in Equations 2.13-2.14 into the
frequency domain:

D (r, ω) = ¯̄ε (r, ω) · E (r, ω) + ¯̄ξ (r, ω) ·H (r, ω) , (2.16)

B (r, ω) = ¯̄ζ (r, ω) · E (r, ω) + ¯̄µ (r, ω) ·H (r, ω) . (2.17)

Throughout the thesis, we assume linear, isotropic, and homogenous media with
no bianisotropic coupling. These assumptions greatly simplify the relations, and
the constitutive dyadics become scalar quantities. Consequently, the constitutive
relations simplify to:

D (r, ω) = ε0εe (ω)E (r, ω) , B (r, ω) = µ0µe (ω)H (r, ω) , (2.18)

where ε (ω) = ε0εe (ω) and µ (ω) = µ0µe (ω) are the permittivity and permeability
of the medium, and εe (ω) and µe (ω) are the relative permittivity and permeability
of the medium, respectively.

Another simplification concerns the free sources that in optics are frequently consid-
ered as absent (i.e., j

free
(r, t) = ρ

free
(r, t) = 0). Therefore, altogether, the differential

Maxwell equations in the frequency domain in a source-free medium are simplified
to:

∇ · E (r, ω) = 0, (2.19)

∇ ·H (r, ω) = 0, (2.20)

∇× E (r, ω) = iωµ (ω)H (r, ω) , (2.21)

∇×H (r, ω) = −iωε (ω)E (r, ω) . (2.22)

By combining the latter two equations, the vector wave equation, known as the
vector Helmholtz equation, can be derived for the electric and magnetic fields:[

△+ k2 (ω)
]
E (r, ω) = 0, (2.23)[

△+ k2 (ω)
]
H (r, ω) = 0, (2.24)
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where k (ω) = ωn (ω)/c is the wavenumber, c0 = 1/
√
ε0µ0 ≈ 2.998× 108m/s, is the

speed of light in free space, and n (ω) =
√
µe (ω) εe (ω) is the refractive index of the

medium, respectively.

The wave equation relates the time evolution of an electric or a magnetic field to
its space evolution, i.e., it describes wave propagation. Of course, the wave equation
needs to be solved to determine if a propagating wave is permissible. Any field
vector pair (E (r, ω) and H (r, ω)) satisfying Eq. 2.23-2.24 that is in addition free of
divergence (i.e., solenoidal), is a solution to Maxwell’s equations. Equations 2.23-
2.24 can be solved in many coordinate systems [150].

Vector differential equations are complicated to solve. Therefore, to ease the solu-
tion, we transform the vector wave equations into scalar equations. For that aim,
we define an orthogonal basis (known as vector harmonics) as:

L (r, ω) =
∇ψ (r, ω)

k (ω)
, (2.25)

M (r, ω) = ∇× [v (r, ω)ψ (r, ω)] , (2.26)

N (r, ω) =
∇×∇× [v (r, ω)ψ (r, ω)]

k (ω)
, (2.27)

where ψ (r, ω) is the scalar generating function and v (r, ω) is the pilot vector. The
pilot vector is chosen based on the coordinate system in which we want to solve the
equation. Note that M (r, ω) and N (r, ω) are solenoidal vectors.

While assuming that the pilot vector is a linear function of the position vector r
(i.e., v (r, ω) = c1 (ω) r+c2 (ω)), and inserting M (r, ω), as a potential field solution,
into the vector Helmholtz equation, it is rewritten as:[

∇2 + k2 (ω)
]
M (r, ω) = ∇×

{
v (r, ω)

[
∇2ψ (r, ω) + k2 (ω)ψ (r, ω)

]}
= 0. (2.28)

It can be seen that if the scalar function ψ (r, ω) solves the scalar Helmholtz equation
(the equation inside the square brackets), then the vector harmonics M (r, ω) is a
solution of the vector Helmholtz equation. The same can also be shown for the vector
harmonics N (r, ω). Therefore, in case, a solution ψ (r, ω) is found, M (r, ω) and
N (r, ω), that are also divergence-free, can be used to generate electric or magnetic
fields. Hence, these fields are the solutions to the Maxwell equations.

If ψ (r, ω) is a solution of the scalar Helmholtz equation, L (r, ω) satisfies the vector
Helmholtz equation. However, L (r, ω) is not divergence-free. Therefore, here, it
cannot be used to expand the electric or the magnetic field, and we do not consider
it in the future calculations. Nevertheless, in a medium with free sources, L (r, ω)
can be exploited [151–154].

As a result of the above discussions, the vector Helmholtz equation transforms into
a scalar equation:

∇2ψ (r, ω) + k2 (ω)ψ (r, ω) = 0, (2.29)
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and when a solution is found, the electric and magnetic fields can be built using
equations 2.26-2.27 that will be the solutions to the vector Helmholtz equation. The
vector harmonics M (r, ω) and N (r, ω) also satisfy the following equations:

∇ ·M (r, ω) = ∇ ·N (r, ω) = 0, (2.30)

∇×M (r, ω) = k (ω)N (r, ω) , (2.31)

∇×N (r, ω) = k (ω)M (r, ω) . (2.32)

In the following subsections, we will solve the scalar Helmholtz equation in the
plane wave and spherical bases.

2.2.1 Plane-wave expansion

Using the vector harmonics mentioned above, this subsection solves the wave equa-
tion in the Cartesian coordinates.

The scalar Helmholtz equation (Eq. 2.29) in the Cartesian basis reads as:

∇2ψ (x, y, z, ω) + k2 (ω)ψ (x, y, z, ω) = 0. (2.33)

By applying the operator, the equation is written as:[
∂2xx + ∂2yy + ∂2zz + k (ω)2

]
ψ (x, y, z, ω) = 0. (2.34)

For solving the above linear partial differential equation, we use the method of
separation of variables. This method was initially suggested by J. d’Alembert (1749)
to solve the wave equation [155]. We can simplify the partial differential equations
to ordinary differential equations and facilitate its solution using this method. The
scalar function ψ (x, y, z, ω) is separated into three functions, each depending on
only a single position argument:

ψ (x, y, z, ω) = X (x, ω)Y (y, ω)Z (z, ω) . (2.35)

Replacing the scalar function ψ (x, y, z, ω) into Eq. 2.34, the wave equation is written
as:

∂2xX (x, ω)

k (ω)2X (x, ω)
+

∂2yY (y, ω)

k (ω)2 Y (y, ω)
+

∂2zZ (z, ω)

k (ω)2 Z (z, ω)
+ 1 = 0. (2.36)

Each term of the above equation, at a given frequency, only depends on a single but
different function. Therefore, the only viable solution to the differential equation is
when each term is constant. In other words, any solution to Eq. 2.36 satisfies the
following equations:

∂2xX (x, ω)

X (x, ω)
= −[cx (ω) k (ω)]

2, (2.37)

∂2yY (y, ω)

Y (y, ω)
= −[cy (ω) k (ω)]

2, (2.38)

∂2zZ (z, ω)

Z (z, ω)
= −[cz (ω) k (ω)]

2, (2.39)
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where cx (ω)
2 + cy (ω)

2 + cz (ω)
2 = 1. Without loss of generality, we can define:

kx (ω) = cx (ω) k (ω) , ky (ω) = cy (ω) k (ω) , kz (ω) = cz (ω) k (ω) , (2.40)

where kx (ω)
2+ ky (ω)

2+ kz (ω)
2 = k (ω)2. As it will be more clear later, k (ω) is the

wavenumber. Then, the equations to be solved simplify to:

∂2xX (x, ω)

X (x, ω)
+ kx (ω)

2 = 0,
∂2yY (y, ω)

Y (y, ω)
+ ky (ω)

2 = 0,
∂2zZ (z, ω)

Z (z, ω)
+ kz (ω)

2 = 0.

(2.41)

The solution to the above ordinary differential equations are known and can be
written as:

X(x, ω) = gx1 (ω) e
ikx(ω)x + gx2 (ω) e

−ikx(ω)x, (2.42)

Y (y, ω) = gy1 (ω) e
iky(ω)y + gy2 (ω) e

−iky(ω)y, (2.43)

Z(z, ω) = gz1 (ω) e
ikz(ω)z + gz2 (ω) e

−ikz(ω)z. (2.44)

Therefore, from the solution, we can construct the following basis:

ψk (r, ω) = eik(ω)·r, (2.45)

where k (ω) = [kx (ω) , ky (ω) , kz (ω)] is the wavevector. Equation 2.45 is the eigen-
function of the scalar Helmholtz equation 2.33 and can be used to expand electromag-
netic fields. The e−ik(ω)·r solutions are ignored to respect the physical constraints.

To define the electromagnetic fields, using equations 2.26-2.27, we need to define
a pilot vector. Since, in this thesis, we mostly deal with metasurfaces, we define
a constant normal surface n and use it to define the pilot vector in the Cartesian
basis. We define the pilot vector as v (r, ω) = n̂/(k (ω) sin θ), where n̂ is the unit
normal vector to the metasurface and θ is the angle that the wavevector makes with
the metasurface normal n, i.e, cos θ = k (ω) · n̂/k (ω). Then, the vector harmonics
become [38]:

Mk (r, ω) = ∇×
[

n̂

k (ω) sin θ
ψk (r, ω)

]
=

i

sin θ
k̂× n̂eik(ω)·r, (2.46)

Nk (r, ω) =
∇×∇×
k (ω)

[
n̂ψk (r, ω)

k sin θ

]
=

−eik(ω)·r

sin θ
k̂×M (r, ω) =

eik(ω)·r

sin θ

(
cos θn̂− k̂

)
,

where k̂ is the unit wavevector. Assuming a metasurface in the x-y plane (i.e.,
n̂ = ẑ), and transforming the wavevector into the spherical coordinates (i.e., k (ω) =
k0 (ω) k̂ = k0 (ω) [sin θ cosϕx̂+ sin θ sinϕŷ + cos θ]), we can write:

Mk (r, ω) =

 sinϕ

− cosϕ

0

 ieik(ω)·r, Nk (r, ω) = −

 cos θ cosϕ

cos θ sinϕ

− sin θ

 eik(ω)·r, (2.47)

where Mk (r, ω) (Nk (r, ω)) is oriented along TE (TM) polarization. Then, we can
write any electric field distribution in terms of these vector harmonics as:

E (r, ω) =
1

4π2

∫
k(ω)

[
bTM
k (ω)Nk (r, ω) + bTE

k (ω)Mk (r, ω)
]
dk (ω) , (2.48)
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where, bTM
k (ω) and bTE

k (ω) are the amplitude coefficients with TE and TM polar-
izations, respectively. The spatial Fourier transform of the above equation, at a
constant plane z = z0, is [38, 156]:

E (k) =

∫ ∞

−∞

∫ ∞

−∞
E (x, y, z0, ω) e

−ik·rdxdy = ibTE
k (k) M̂k − bTM

k (k) N̂k, (2.49)

where:

M̂k =

 sinϕ

− cosϕ

0

 , N̂k = −

 cos θ cosϕ

cos θ sinϕ

− sin θ

 , (2.50)

where M̂k and N̂k are the expanding unit vectors. The expansion coefficients can
be found from scalar projections:

bTE
k (k) = −i M̂k · E (k) , bTM

k (k) = −N̂k · E (k) . (2.51)

Alternatively, using the orthogonality relations [38], the amplitude coefficients can
also be derived through the following equations:

bTE
k (ω) =

∫ ∞

−∞

∫ ∞

−∞
M∗

k (x, y, z0, ω) · E (x, y, z0, ω) dxdy, (2.52)

bTM
k (ω) =

∫ ∞

−∞

∫ ∞

−∞
N∗

k (x, y, z0, ω) · E (x, y, z0, ω) dxdy. (2.53)

For a monochromatic plane-wave excitation that is propagating in the z-direction
(i.e., θ = 0, and k (ω) = k0 (ω)nẑ), the electric field can be written as:

ETE (r, ω) =
i

4π2
bTE (ω)

 sinϕ

− cosϕ

0

 eik(ω)·r, (2.54)

ETM (r, ω) =
−1

4π2
bTM (ω)

 cosϕ

sinϕ

0

 eik(ω)·r. (2.55)

The plane-wave basis, developed here, is used in Chapter 6, to define the diffusion
of light from disordered metasurfaces.

The following subsection solves Maxwell’s equations in the spherical coordinates.

2.2.2 Multipole expansion

In the spherical coordinates, the scalar Helmholtz equation (2.29) is written as:

∇2ψ (r, θ, ϕ, ω) + k2 (ω)ψ (r, θ, ϕ, ω) = (2.56)[
1

r2
∂r
(
r2∂r

)
+

1

r2 sin θ
∂θ (sin θ∂θ) +

1

r2 sin2 θ
∂2ϕ + k (ω)2

]
ψ (r, θ, ϕ, ω) = 0.
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Similar to the previous subsection, we utilize the method of separation of variables to
solve the wave equation in the spherical coordinates. The scalar function ψ (r, θ, ϕ, ω)
is separated into three functions:

ψ (r, θ, ϕ, ω) = R (r, ω)Θ (θ, ω) Φ (ϕ, ω) . (2.57)

Plugging the above ansatz into Eq. 2.56 and solving it for each separate function,
the final result can be written as the following infinite sum [48, 146, 157]:

ψ(J) (kr, θ, ϕ) =
∑
j,m

γjmz
(J)
j (kr)Y m

j (θ, ϕ) , (2.58)

where j = {1, 2, 3, ...} denotes the multipolar order corresponding to dipole (j = 1),
quadrupole (j = 2), octupole (j = 3), and so on. Alternatively, j can be labeled
as the total angular momentum quantum number. m = {−j,−j + 1, ..., j − 1, j}
denotes the angular momentum quantum number along a certain quantization axis.
J = 1, 2, 3, 4 specifies the radial function used to expand the function: z

(1)
j (kr) =

jj (kr), z
(2)
j (kr) = yj (kr), z

(3)
j (kr) = h

(1)
j (kr), and z

(4)
j (kr) = h

(2)
j (kr). jj (kr) and

yj (kr) denote the spherical Bessel functions of first and second kind, respectively.

Moreover, h
(1)
j (kr) and h

(2)
j (kr) denote the spherical Hankel functions of first and

second kind, respectively. Subsequently, Y m
j (θ, ϕ) = Pm

j (cos θ) exp (imϕ) are the
well-known spherical harmonics. Pm

j (x) are the associated Legendre polynomials
defined as [48]:

Pm
j (x) = (−1)m

(
1− x2

)m/2 dm

dxm
Pj (x) , (2.59)

where Pj(x) are the Legendre polynomials:

Pj (x) =
1

2jj!

dj

dxj
(
x2 − 1

)j
, (2.60)

and γjm are the normalization constants:

γjm =
1√
4π

√
(2j + 1)

j(j + 1)

√
(j −m)!

(j +m)!
. (2.61)

Finally, to write down the vector solution, we use the pilot vector v (r, ω) = r [48].
Then, the vector spherical harmonics (VSH) are derived as:

L
(J)
jm (r, ω) =

1

k
∇
[
γjmz

(J)
j (kr)Pm

j (cos θ) exp (imϕ)
]
, (2.62)

M
(J)
jm (r, ω) = γjmz

(J)
j (kr) exp (imϕ) [iπjm (cos θ) eθ − τjm (cos θ) eϕ] , (2.63)

N
(J)
jm (r, ω) = γjmj (j + 1)Pm

j (cos θ)
z
(J)
j (kr)

kr
exp (imϕ) er (2.64)

+
γjm
kr

d

dr

[
r z

(J)
j (kr)

]
exp (imϕ) [τjm (cos θ) eθ + iπjm (cos θ) eϕ] ,

where:

πjm (cos θ) =
m

sin θ
Pm
j (cos θ) , τjm (cos θ) =

d

dθ
Pm
j (cos θ) . (2.65)
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In addition to the properties in Eq. 2.30-2.32, the following orthogonality relations
hold for all possible j, m, j′, and m′:

∫
M

(J)
nm (r, ω) ·N(J)

n′m′ (r, ω) dΩ =
∫
M

(J)
nm (r, ω) ·

L
(J)
n′m′ (r, ω) dΩ =

∫
N

(J)
nm (r, ω) · L(J)

n′m′ (r, ω) dΩ = 0, where Ω is a closed solid angle.

Vector spherical harmonics form a complete base in the three-dimensional vector
space and, therefore, any electromagnetic wave field can be expanded as a superpo-
sition of the vector bases weighted with suitable amplitude coefficients bejm (ω) and
bmjm (ω) as:

E (r, ω) =
∞∑
j=1

n∑
m=−n

[
bejm (ω)N

(J)
jm (r, ω) + bmjm (ω)M

(J)
jm (r, ω)

]
. (2.66)

The choice of J should respect the physical constraints on the fields at the origin
(kr → 0) and infinity (kr → ∞). N

(1)
jm (r, ω) andN

(1)
jm (r, ω) are the regular VSH that

are finite at the origin and, hence, are used to expand the incident field. N
(3)
jm (r, ω)

and N
(3)
jm (r, ω) are the outgoing VSH that are finite at infinity and, hence, are used

to expand the scattered field.

At the far-field, where (kr → ∞), the scattered field, expanded by the outgoing
fields, can be written as [48]:

lim
kr→∞

E (r, ω) =
eik(ω)·r

k (ω) r
f (θ, ϕ, ω) , (2.67)

where f (θ, ϕ, ω) contains the sum over j and m. This function, does not have the
position dependency, and denotes the form of the angular optical scattering of the
meta-atom and, hence, is known as the form factor.

If the fields are known, using the orthogonality relations [48], the amplitude coeffi-
cients of the VSH bejm (ω) and bmjm (ω) can be derived by integrating the fields across
a closed spherical surface of arbitrary radius r0 as:

bejm (ω) =

∫ 2π

0
dϕ
∫ π

0
E (r0, θ, ϕ, ω) ·

[
N

(J)
jm (r0, θ, ϕ, ω)

]∗
sin θdθ∫ 2π

0
dϕ
∫ π

0

∣∣∣N(J)
jm (r0, θ, ϕ, ω)

∣∣∣2 sin θdθ , (2.68)

bmjm (ω) =

∫ 2π

0
dϕ
∫ π

0
E (r0, θ, ϕ, ω) ·

[
M

(J)
jm (r0, θ, ϕ, ω)

]∗
sin θdθ∫ 2π

0
dϕ
∫ π

0

∣∣∣M(J)
jm (r0, θ, ϕ, ω)

∣∣∣2 sin θdθ . (2.69)

To expand the scattered field from a meta-atom, choosing a radius r0 that is larger
than the radius of the smallest sphere circumscribing the meta-atom is crucial.

Considering the symmetry properties of the VSH M(J) (r, ω) and N(J) (r, ω), it
can be concluded that the coefficients of M(J) (r, ω) contain the information of the
magnetic moments and the coefficients of N(J) (r, ω) contain the information of the
electric moments [154].
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2.3 Duality symmetry and helicity

An interesting feature of the source-free Maxwell equations (2.19-2.22) is the in-
variance of the equations under the non-geometric duality transformation of [146]:

E (r, ω) → E (r, ω) cos θ − Z (ω)H (r, ω) sin θ, (2.70)

Z (ω)H (r, ω) → E (r, ω) sin θ + Z (ω)H (r, ω) cos θ, (2.71)

where θ is an arbitrary real angle, and Z (ω) =
√
µ (ω) /ε (ω) is the impedance of the

medium. This duality symmetry implies that for any solution ([E (r, ω) ,H (r, ω)])
there are infinite different solutions to the Maxwell’s equation (2.19-2.22). The
generator of the electromagnetic duality transformation is known as the helicity
operator [158, 159]. In other words, the electromagnetic duality symmetry ensures
that the helicity of an electromagnetic wave is preserved upon propagation.

Helicity Λ̆ (ω) is the light’s total angular momentum J (ω) in the direction of the
light’s linear momentum P (ω), i.e., Λ̆ (ω) = P (ω) · J (ω) /|P (ω) | [160]. We have
used the superscript .̆ to distinguish the symbol from the lattice periodicity Λ that
will be used later in the thesis. For a massless particle like a photon, it can only get
certain values ±1.

In the Fourier space in the frequency domain (cf. Eq. 2.15), where the electromag-
netic waves are decomposed into plane waves, the helicity operator measures the
polarization handedness of the plane waves and is defined as Λ̆ (ω) = ∇×

k(ω)
. Suppose

all the plane waves have the same handedness, i.e., the same circular polarization
in the direction of propagation. In that case the helicity, like a photon, will get ±1,
and we call this a well-defined helicity.

It can be shown that in an interface where the impedance of the two media are equal,
i.e., Z1 (ω) = Z2 (ω), the helicity of the electromagnetic field is preserved upon an
optical interaction [159]. A system, e.g., a meta-atom that preserves the helicity of
an electromagnetic excitation upon scattering is called an electromagnetically dual-
symmetric or, in short, dual system. Likewise, a meta-atom that flips the helicity is
called anti-dual [161]. In the remainder of the thesis, we will explore the significance
of dual meta-atoms in light-matter interactions.

To summarize this section, we have built the framework for electromagnetic
field propagation in a linear, homogenous, and isotropic medium. We have shown
how to expand the EM wave fields in vector harmonics in free space, both in the
Cartesian and spherical bases. In the following chapters, these equations are heavily
used to develop different concepts and applications.



3. Meta-atoms: Symmetries and
Models

This chapter explores the electromagnetic response of a single scatterer, i.e., a meta-
atom, as represented by its normalized polarizability or transition matrix, in the
assigned coordinate systems. Moreover, the symmetries of these matrices for meta-
atoms with different geometries are explored. We propose a minimalist model to
describe the contribution of each entry of these matrices to the scattering response for
isotropic meta-atoms, e.g., homogenous spheres. These isotropic meta-atoms are the
backbone of our analysis and development of later concepts. The model is minimal
since it parametrizes any possible entry of these matrices with just a single number
for conservative and with two numbers for dissipative systems. These numbers,
moreover, take values within a finite range. The considered single scatterers will
serve as the building blocks and, hence, the (meta)atoms of the metasurfaces that
we will explore in the following chapters.

In the first section, we build the framework to analyze the scattering of an isolated
meta-atom in the spherical or Cartesian basis. In the following section, which com-
prises the bulk of this chapter, we focus on the response and features of isotropic
meta-atoms. Finally, in the last section, we briefly explore anisotropic and bian-
isotropic meta-atoms through their polarizability and transition matrices.

The content of this chapter is mainly based on our works in Ref. [59, 75, 162, 163].

3.1 Scattering of light from a meta-atom

We consider, here, the following situation. Inside a homogenous, isotropic and non-
absorbing medium, an incident field illuminates a meta-atom and induces oscillating
local current and charge densities (Fig. 3.1). Consequently, these induced oscillations
generate a scattered field in the medium and an internal field inside the meta-atom.
The incident field and the scattered field together form the total field in the medium.

To solve the scattering problem for a given meta-atom, we need to derive the
scattered and internal fields from the given incident field. A proper basis is essential
to expand the fields and formulate the scattering problem in a suitable algebraic
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Figure 3.1: A scattering scenario [163]: An elastic scattering scenario in which an
incident field polarizes a meta-atom and induces scattering and internal fields.

language. Here, we utilize the vector spherical harmonics (VSH) basis for solving
the problem. Subsequently, we develop an alternative solution in the Cartesian basis.
The transition matrix (T matrix) and the polarizability matrix link the incident to
the scattered field in the VSH and Cartesian bases, respectively. Therefore, the
solution to the scattering problem requires finding the matrices that link the two
field expansions.

Note that throughout the thesis, we assume a medium that is linear, isotropic,
homogenous, and non-absorbing. These properties are essential for deriving the
subsequent equations.

The first subsection introduces the T-matrix method. The following subsection
presents the primitive and the normalized dynamic polarizability. Finally, we explore
the optical cross-sections in the two bases.

3.1.1 T-matrix method

The transition matrix, or shortly the T matrix, was initially developed byWaterman
in 1965 [164] as a method to describe the scattering of light from an arbitrarily
shaped scatterer within the multipole expansion method [48]. If an isotropic meta-
atom, e.g., a homogenous sphere, is considered, the T-matrix method simplifies to
the well-known Lorenz-Mie theory, or, in short, the Mie theory [58, 146, 147, 151,
157, 165–167]. The T-matrix method is a robust and widely used algorithm for
efficiently computing the optical scattering from an aggregate of wavelength-sized
meta-atoms [48].

In the multipole expansion method, as discussed in Chapter 2, any field can be
projected onto the vector spherical harmonics. Therefore, exploiting Eq. 2.66, we
can write the incident and scattered fields as [75, 168]:
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Einc(r, ω) =
∞∑
j=1

j∑
m=−j

qejm(ω)N
(1)
jm(r, ω) + qmjm(ω)M

(1)
jm(r, ω), (3.1)

Esca(r, ω) =
∞∑
j=1

j∑
m=−j

bejm(ω)N
(3)
jm(r, ω) + bmjm(ω)M

(3)
jm(r, ω), (3.2)

where q
e/m
jm (ω) and b

e/m
jm (ω) are the electric/magnetic incident and scattered field

coefficients, respectively. b
e/m
jm (ω) are the induced multipole moments in the spherical

coordinates.

Consider an arbitrary meta-atom placed into an embedding medium (Fig. 3.1).
Then, from Eq. 3.1-3.2, we define the transition matrix ¯̄T (ω) that connects the
incident to the scattered coefficients, up to the octupolar order, i.e., j = 3, as:

be
1 (ω)

be
2 (ω)

be
3 (ω)

bm
1 (ω)

bm
2 (ω)

bm
3 (ω)


=



¯̄T ee
11 (ω)

¯̄T ee
12 (ω)

¯̄T ee
13 (ω)

¯̄T em
11 (ω) ¯̄T em

12 (ω) ¯̄T em
13 (ω)

¯̄T ee
21 (ω)

¯̄T ee
22 (ω)

¯̄T ee
23 (ω)

¯̄T em
21 (ω) ¯̄T em

22 (ω) ¯̄T em
23 (ω)

¯̄T ee
31 (ω)

¯̄T ee
32 (ω)

¯̄T ee
33 (ω)

¯̄T em
31 (ω) ¯̄T em

32 (ω) ¯̄T em
33 (ω)

¯̄Tme
11 (ω) ¯̄Tme

12 (ω) ¯̄Tme
13 (ω) ¯̄Tmm

11 (ω) ¯̄Tmm
12 (ω) ¯̄Tmm

13 (ω)
¯̄Tme
21 (ω) ¯̄Tme

22 (ω) ¯̄Tme
23 (ω) ¯̄Tmm

21 (ω) ¯̄Tmm
22 (ω) ¯̄Tmm

23 (ω)
¯̄Tme
31 (ω) ¯̄Tme

32 (ω) ¯̄Tme
33 (ω) ¯̄Tmm

31 (ω) ¯̄Tmm
32 (ω) ¯̄Tmm

33 (ω)





qe
1 (ω)

qe
2 (ω)

qe
3 (ω)

qm
1 (ω)

qm
2 (ω)

qm
3 (ω)


,

(3.3)

where the multipolar scattering coefficient vectors are defined as:

bv
1 (ω) = [bv1−1 (ω) b

v
10 (ω) b

v
11 (ω)]

T , (3.4)

bv
2 (ω) = [bv2−2 (ω) b

v
2−1 (ω) b

v
20 (ω) b

v
21 (ω) b

v
22 (ω)]

T , (3.5)

bv
3 (ω) = [bv3−3 (ω) , b

v
3−2 (ω) b

v
3−1 (ω) b

v
30 (ω) b

v
31 (ω) b

v
32 (ω) b

v
33 (ω)]

T , (3.6)

with v = {e,m} and superscript ”T” denoting the transpose operation. The mul-
tipolar incident field coefficient vectors qv

j (ω) are defined similarly. The T matrix

consists of smaller sub T matrices ¯̄T v,v′

jm (ω) that describe different channels of trans-
ferring the incident field to the scattered field. The sorting of the T matrix, up to
the octupolar order, is shown in Fig. 3.2a. Equation 3.3 can be concisely written as:

b (ω) = ¯̄T (ω)q (ω) , (3.7)

where b (ω) (q (ω)) is the scattered (incident) field coefficient vector. The T matrix
describes the electromagnetic properties of a scatterer in the VSH basis. Depending
on the geometry of the meta-atom, the T matrix can take different symmetries. We
will explore these symmetries throughout this chapter.

The calculation of the T matrix for a general meta-atom is mostly based on Eq. 2.68-
2.69 in which the scattered and incident field coefficients are calculated for multiple
excitations. Using the derived coefficients, the entries of the T matrix can be cal-
culated. The excitation fields can be plane waves [55], or sources characterized by
an individual multipole moment [56, 57]. To simulate the scattering of a meta-atom
by such excitations, full-wave Maxwell solvers such as COMSOLTM Multiphysics or
JCM suite can be used. For meta-atoms with specific symmetries, analytic expres-
sions exit. For instance, for homogenous spheres, Mie theory provides analytical
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Figure 3.2: The sorting and template for a) a T matrix and b) a normalized polar-
izability matrix, up to the octupolar order.

solutions. Moreover, for core-multishell spheres, generalized Mie coefficients can be
used [169].

The T-matrix method provides an efficient numerical and also analytical tool to
solve a scattering scenario. However, the quantities in the spherical basis are not al-
ways easy to grasp. The following subsection explores the electromagnetic scattering
of a meta-atom in the Cartesian basis.

3.1.2 Dynamic polarizability

We continue to consider the same scattering scenario, and the new concepts and
terms are gradually introduced. An incident field illuminates a meta-atom and
induces local current densities J(r, ω). The exact primitive Cartesian moments, up
to quadrupolar order, can be derived by integrating the induced current densities
over the meta-atom volume V as [170]:

pα(ω) =
−1

iω

[∫
V

({
3[r · J(r, ω)]α− r2Jα(r, ω)

} j2(r̃)
2r2

+ Jα(r, ω) j0(r̃)

)
dV

]
,

mα(ω) =
3

2

∫
V

[r× J(r, ω)]α
j1(r̃)

r̃
dV,

Qe
αβ(ω) =

−3

iω

(∫
V

dV {3 [βJα(r, ω) + αJβ(r, ω)]− 2 [r · J(r, ω)] δαβ}
j1(r̃)

r̃

+

∫
V

dV
2j3(r̃)

r̃

{
5αβ [r · J(r, ω)]

r2
− αJβ(r, ω)− βJα(r, ω)− r · J(r, ω)δαβ

})
,

Qm
αβ(ω) = 15

∫
V

{
α [r×J(r, ω)]β+β [r×J(r, ω)]α

} j2(r̃)
r̃2

dV, (3.8)

where {α, β} = {x, y, z} denote the Cartesian coordinates, r̃ = k (ω) r is the nor-
malized position, ji(r̃)(where i = 1, 2, ...) is the Bessel function of the i’s kind;
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and pα(ω) (mα(ω)), Q
e
αβ(ω) (Qm

αβ(ω)) are the primitive electric (magnetic) dipole
and quadrupole moments, respectively. Higher-order terms, such as the primitive
Cartesian electric and magnetic octupole moments Oe

αβγ(ω) and Om
αβγ(ω) can also

be written as a function of the current densities [171]. However, since we do not
use these formulations to derive the Cartesian moments, we have not included them
here. The derivation of these moments, as we will show later, are based on the
induced moments in the VHS basis. The nomenclature is justified shortly. Note
that the meta-atom is assumed to be centered at a fixed position, here r0 = 0, and,
hence, the derived moments are only a function of the excitation frequency.

The primitive Cartesian dipole and quadrupole moment matrices for an arbitrary
meta-atom can be formulated as [146]:

p̆ (ω) =

 px (ω)
py (ω)
pz (ω)

 , m̆ (ω) =

 mx (ω)
my (ω)
mz (ω)

 , ˘̄̄Qv (ω) =

 Qv
xx (ω) Qv

xy (ω) Qv
xz (ω)

Qv
yx (ω) Qv

yy (ω) Qv
yz (ω)

Qv
zx (ω) Qv

zy (ω) Qv
zz (ω)

 ,
(3.9)

where v = {e,m}. The accent ” .̆ ” is used to denote the primitive moments as
compared to the irreducible vectors that are defined later.

Radiating fields

When considering the primitive Cartesian moments defined in Eq. 3.8, the far-field
radiation of a meta-atom, up to an octupolar order, is described as [51]:

Esca (r, ω) =
k (ω)2 eik(ω)r

4πr

{
r̂×

[
1

ε
p̆ (ω)× r̂

]
+ [Z m̆ (ω)× r̂]

− ik (ω)

6
r̂×

[
1

ε
Q̆e

(ω)× r̂

]
− ik (ω)

6

[
Z Q̆m

(ω)× r̂
]

− k (ω)2

16
r̂×

[
1

ε
Ŏe

(ω)× r̂

]
− k (ω)2

16

[
Z Ŏm

(ω)× r̂
]}

, (3.10)

Hsca (r, ω) = −k (ω)ωe
ik(ω)r

4πr

{[
1

ε
p̆ (ω)× r̂

]
+ r̂× [Z m̆ (ω)× r̂]

− ik (ω)

6

[
1

ε
Q̆e

(ω)× r̂

]
− r̂× ik (ω)

6

[
Z Q̆m

(ω)× r̂
]

− k (ω)2

16

[
1

ε
Ŏe

(ω)× r̂

]
− r̂× k (ω)2

16

[
Z Ŏm

(ω)× r̂
]}

, (3.11)

where r = sinθcosϕx + sinθsinϕy + cosθ z is the position vector and r̂ is the unit
position vector. The primitive Cartesian moment vectors Q̆ (ω) and Ŏ (ω) are
defined as:

Q̆v
α (ω) =

∑
β

Qv
αβ (ω) β̂, (3.12a)

Ŏv
α (ω) =

∑
βγ

Ov
αβγ (ω) β̂ γ̂, (3.12b)

with {α, β, γ} = {x, y, z} and v = {e,m}.
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Primitive polarizability

For an isotropic meta-atom, it is common to define the primitive dipole and quadrupole
moments as a function of the incident field as [50, 146, 172, 173]:

p̆ (ω) = ᾰe
1 (ω)E

inc (r, ω)|r=0 ε (ω) , (3.13)

m̆ (ω) = ᾰm
1 (ω)Hinc (r, ω)|r=0 , (3.14)

˘̄̄
Qe (ω) = ᾰe

2 (ω)
∇Einc (r, ω) + Einc (r, ω)∇

2 |r=0
ε (ω), (3.15)

˘̄̄
Qm (ω) = ᾰm

2 (ω)
∇Hinc (r, ω) +Hinc (r, ω)∇

2 |r=0
, (3.16)

where ᾰv
j is the primitive (dynamic) polarizability of j’s order. It is dynamic as,

in contrast to static polarizability, it describes the response of a meta-atom to dy-
namic electromagnetic excitation. The polarizability links the incident field to the
multipolar moments in the Cartesian basis.

For subwavelength non-isotropic meta-atoms with no magneto-electric or multipo-
lar coupling, the primitive dipolar polarizabilities become a matrix of size 3×3, and
the primitive quadrupolar polarizabilities become a tensor of the fourth rank with
a size of 3× 3× 3× 3.

From Eq. 3.8, it can be easily generalized and calculated that the number of
possible combinations of the primitive moments is 3j, where j is the multipole
order. Consequently, for a general dipolar-quadrupolar meta-atom with electro-
magnetic coupling, it can be derived that the primitive polarizability matrix has
(2 × 31 + 2 × 32)2 = 576 entries, while for a general dipolar-quadrupolar-octupolar
meta-atom, this goes to (2 × 31 + 2 × 32 + 2 × 33)2 = 6084 entries. These bulky
primitive moments and polarizabilities are cumbersome to use with many redundan-
cies. Therefore, we seek an irreducible representation by using the symmetries and
relations implied in Eq. 3.8 [50, 51, 75, 171].

From Eq. 3.8, it is noticed that Qv
ij (ω) = Qv

ji (ω). Moreover, after some basic alge-
braic calculations, it can be shown that the primitive Cartesian quadrupole moment
matrix is traceless, i.e., Qv

xx (ω) +Qv
yy (ω) +Qv

zz (ω) = 0. Therefore, out of the 9 en-

tries of
˘̄̄
Qv (ω), only 5 are independent. This number is consistent with the number of

quadrupole moments in the VSH basis (Eq. 3.5). Similarly, for the primitive Carte-
sian octupolar moments [171], it can be shown that Ov

ijk (ω) = Ov
jik (ω) = Ov

kji (ω) =
Ov

kij (ω) = Ov
ikj (ω) and O

v
ixx (ω) + Ov

iyy (ω) + Ov
izz (ω) = 0, with {i, j, k} = {x, y, z}.

Therefore, there are, in total, only three, five, and seven independent entries for
the primitive dipole, quadrupole and octupole moment matrices, respectively. As a
result, we can develop an irreducible representation for the primitive Cartesian mo-
ments. However, there are several distinct ways to achieve this representation and,
consequently, there are multiple different irreducible representations in the literature
[51].

Here, we base our derivations on the already-discussed quantities in the spher-
ical basis. Furthermore, we have used the relations for real spherical harmonics
corresponding to atomic orbitals p, d, and f [174] as the basis for forming the irre-
ducible representation. This correspondence conserves certain symmetries between
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Cartesian and spherical bases, such as the diagonality of T matrices for isotropic
meta-atoms. The derivations of these equations and further discussions can be found
in Ref. [75]. Following this procedure, we will develop an irreducible representation
for the primitive Cartesian moment and polarizability and define the Cartesian mo-
ment and normalized dynamic polarizability matrix (or, in short, the polarizability
matrix ). We use normalized polarizabilities, as, like their spherical counterpart, they
are dimensionless and, hence, extensively facilitates the solutions and the relations
for derived optical quantities. To convert the equations from the VSH basis to the
Cartesian basis, we have used modified and enhanced versions of the relations used
in Ref. [51].

Normalized polarizability

Assuming a single meta-atom placed at the origin of an embedding medium that
is illuminated by a plane wave:

Einc (r, ω) = [Ex (r, ω) , Ey (r, ω) , Ez (r, ω)]
T = E0 e

ikinc(ω)·r, (3.17)

Hinc (r, ω) = [Hx (r, ω) , Hy (r, ω) , Hz (r, ω)]
T = H0 e

ikinc(ω)·r, (3.18)

the expression linking the incident field to the induced Cartesian moments through
the normalized (dynamic) polarizability matrix ¯̃̄α (ω), or shortly the polarizability
matrix, defined up to octupolar order, can be written as [75]:

(εζ1)
−1 p

k (εζ2)
−1Qe

k2 (εζ3)
−1Oe

iZ (ζ1)
−1m

iZk (ζ2)
−1Qm

iZk2 (ζ3)
−1Om


=

1

k3



¯̃̄αee
11

¯̃̄αee
12

¯̃̄αee
13

¯̃̄αem
11

¯̃̄αem
12

¯̃̄αem
13

¯̃̄αee
21

¯̃̄αee
22

¯̃̄αee
23

¯̃̄αem
21

¯̃̄αem
22

¯̃̄αem
23

¯̃̄αee
31

¯̃̄αee
32

¯̃̄αee
33

¯̃̄αem
31

¯̃̄αem
32

¯̃̄αem
33

¯̃̄αme
11

¯̃̄αme
12

¯̃̄αme
13

¯̃̄αmm
11

¯̃̄αmm
12

¯̃̄αmm
13

¯̃̄αme
21

¯̃̄αme
22

¯̃̄αme
23

¯̃̄αmm
21

¯̃̄αmm
22

¯̃̄αmm
23

¯̃̄αme
31

¯̃̄αme
32

¯̃̄αme
33

¯̃̄αmm
31

¯̃̄αmm
32

¯̃̄αmm
33





ζ1E1

k−1ζ2E2

k−2ζ3E3

iZζ1H1

iZk−1ζ2H2

iZk−2ζ3H3


,

(3.19a)

where, ζj =
√

(2j + 1)! π is the multipolar factor. Due to space restriction, we have
ignored the ω argument, but the argument is implicitly assumed all the time. The
vectors Ej (ω) and Hj (ω) are the electric and magnetic multipolar amplitudes of
the incident field. They contain spatial derivatives of the Cartesian incident field,
considered at the center of the meta-atom [75]:

E1 (ω) =

 Ex (r, ω)

Ey (r, ω)

Ez (r, ω)


|r=0

, E2 (ω) =
1

2
√
3


∂yEx (r, ω) + ∂xEy (r, ω)

∂yEz (r, ω) + ∂zEy (r, ω)√
3 ∂zEz (r, ω)

∂xEz (r, ω) + ∂zEx (r, ω)

∂xEx (r, ω)− ∂yEy (r, ω)


|r=0

,

E3 (ω) =

√
6

24



1
2

[
2∂xyEx (r, ω) +

(
∂2
x − ∂2

y

)
Ey (r, ω)

]
2√
6
[∂yzEx (r, ω) + ∂xzEy (r, ω) + ∂xyEz (r, ω)]

2√
15

[
1
4(2∂xy − ∂2

y)Ex (r, ω) + (∂2
z − 3

4 ∂
2
y)Ey (r, ω) + 2 ∂yzEz (r, ω)

]
1√
10

[
−2 ∂xzEx (ω)− 2 ∂yzEy (r, ω) + (2 ∂2

z − ∂2
x − ∂2

y)Ez (r, ω)
]

2√
15

[
(∂2

z − 1
4 ∂

2
y − 3

4 ∂
2
x)Ex (r, ω)− 1

2 ∂xyEy (r, ω) + 2 ∂xzEz (r, ω)
]

1√
6

[
2 ∂xzEx (r, ω)− 2 ∂yzEy (r, ω) + (∂2

x − ∂2
y)Ez (r, ω) (r, ω)

]
1
2

[
(∂2

x − ∂2
y)Ex (r, ω)− 2 ∂xyEy (r, ω)

]


|r=0

.

(3.20)
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The Hj (ω) components are defined identically by replacing E with H. The multi-
polar amplitudes can be alternatively calculated using their spherical counterparts:

k (ω)−j+1Ej (ω) =
1

ζj
¯̄Fj q

e
j (ω) , (3.21)

k (ω)−j+1 iZ (ω)Hj (ω) =
1

ζj
¯̄Fj q

m
j (ω) , (3.22)

with the transformation matrices defined as:

¯̄F1 =
1√
2

 1 0 −1
−i 0 −i

0
√
2 0

 , (3.23)

¯̄F2 =
1√
2


−i 0 0 0 i
0 −i 0 −i 0

0 0
√
2 0 0

0 1 0 −1 0
1 0 0 0 1

 , (3.24)

¯̄F3 =
1√
2



−i 0 0 0 0 0 −i
0 −i 0 0 0 i 0
0 0 −i 0 −i 0 0

0 0 0
√
2 0 0 0

0 0 1 0 −1 0 0
0 1 0 0 0 1 0
1 0 0 0 0 0 −1


. (3.25)

Note that, unlike Ref. [51], ¯̄Fj = ( ¯̄F−1
j )†. This property facilitates simplifications of

some prospective meta-atom properties.

The vectors p (ω) (m (ω)), Qe (ω) (Qm (ω)), and Oe (ω) (Om (ω)), are the irre-
ducible induced Cartesian electric (magnetic) dipole, quadrupole, and octupole mo-
ment vectors, respectively. We refer to them, in short, by the Cartesian moments.
They are derived from their spherical counterparts, through the following equations:

ε (ω)−1 p (ω) =
ζ1

ik (ω)3
¯̄F1 b

e
1 (ω) , (3.26)

k (ω) ε (ω)−1 Qe (ω) =
ζ2

ik (ω)3
¯̄F2 b

e
2 (ω) , (3.27)

k (ω)2 ε (ω)−1 Oe (ω) =
ζ3

ik (ω)3
¯̄F3 b

e
3 (ω) , (3.28)

iZ (ω) m (ω) =
ζ1

ik (ω)3
¯̄F1 b

m
1 (ω) , (3.29)

k (ω) iZ (ω) Qm (ω) =
ζ2

ik (ω)3
¯̄F2 b

m
2 (ω) , (3.30)

k (ω)2 iZ (ω) Om (ω) =
ζ3

ik (ω)3
¯̄F3 b

m
3 (ω) . (3.31)
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Finally, these Cartesian moment vectors are connected to the primitive Cartesian
moments through:

p (ω) =

 px (ω)

py (ω)

pz (ω)

 , m (ω) =

 mx (ω)

my (ω)

mz (ω)

 , (3.32)

Qv (ω) =
1√
3


Qv

xy (ω)
Qv

yz (ω)√
3
2
Qv

zz (ω)
Qv

xz (ω)
1
2

[
Qv

xx (ω)−Qv
yy (ω)

]

 ,Ov (ω) =

√
6

8



3Ov
xxy (ω)−Ov

yyy (ω)
√
6
2 Ov

xyz (ω)√
15Ov

yzz (ω)√
10Ov

zzz (ω)√
15Ov

xzz (ω)√
6
[
Ov

zxx (ω)−Ov
zyy (ω)

]
Ov

xxx (ω) (ω)− 3Ov
xyy (ω)


,

where v = {e,m}.

The normalized polarizability can also be derived directly from the T matrix. These
two matrices are interchangeable. By employing transformation formulas in Eq. 3.23-
3.25, the elements of the T matrix are linked to the polarizability matrix through:

¯̄T vv′

jj′ (ω) = i ¯̄F−1
j

¯̃̄α
vv′

jj′ (ω)
¯̄Fj′ , (3.33)

¯̃̄αvv′

jj′ (ω) = −i ¯̄Fj
¯̄T vv′

jj′ (ω)
¯̄F−1
j′ , (3.34)

where {j, j′} = {1, 2, 3} and {v, v′} = {e,m}.

The normalized polarizability submatrices are dimensionless and, hence, can be
directly compared to each other. Figure 3.2b shows the sorting of the polarizability
matrix, as used throughout the thesis.

If the polarizabilities in SI units ([mj+j′+1]) are required, they can be obtained from:

¯̄αvv′

jj′ (ω) =
ζjζj′

k (ω)j+j′+1
¯̃̄αvv′

jj′ (ω) . (3.35a)

These denormalized polarizabilities are helpful when dealing with dipolar isotropic
meta-atoms. That is because, for dipolar isotropic meta-atom, the denormalized
polarizability and the primitive polarizability are identical, i.e.:

¯̄αvv
11 (ω) = αv

1 (ω)
¯̄I3 = ᾰv

1 (ω)
¯̄I3, (3.36a)

where ¯̄I3 is the identity matrix of size 3.

3.1.3 Optical cross-sections

The scattering cross-section, expressed in the spherical coordinates, is defined as
[48]:

σs
sca (ω) =

1

|E0|2k (ω)2
3∑

j=1

(
|be

j (ω) |2 + |bm
j (ω) |2

)
, (3.37)



30 3. Meta-atoms: Symmetries and Models

where |.|2 is the 2-norm of a vector or a matrix. In the Cartesian coordinates, the
scattering cross-section as a function of the Cartesian moment vectors can be derived
as [75]:

σc
sca (ω) =

k (ω)4

|E0|2

[
1

3!πε (ω)2
|p (ω) |2 + Z (ω)2

3!π
|m (ω) |2 + k (ω)2

5!πε (ω)2
|Qe (ω) |2

+
k (ω)2 Z (ω)2

5!π
|Qm (ω) |2 + k (ω)4

7!πε (ω)2
|Oe (ω) |2 + k (ω)4 Z (ω)2

7!π
|Om (ω) |2

]
.

(3.38)

Similarly, the extinction cross-section in the VSH basis and the spherical coordinates
can be calculated as [48, 75]:

σs
ext (ω) =

−1

|E0|2k (ω)2
ℜ

{
3∑

j=1

[
qe
j (ω) · be

j (ω)
∗ + qm

j (ω) · bm
j (ω)∗

]
.

}
, (3.39)

σc
ext (ω) =

−k (ω)
|E0|2

ℑ

[
E1 (ω) · p (ω)∗

ε (ω)
+ Z (ω)2H1 (ω) ·m (ω)∗ +

E2 (ω) ·Qe (ω)∗

ε (ω)
+

Z (ω)2H2 (ω) ·Qm (ω)∗ +
E3 (ω) ·Oe (ω)∗

ε (ω)
+ Z (ω)2H3 (ω) ·Om (ω)∗

]
. (3.40)

The optical theorem dictates:

σext (ω) = σabs (ω) + σsca (ω) . (3.41)

Therefore, the absorption cross-section can be calculated from (3.38) and (3.40), as
σabs (ω) = σext (ω)− σsca (ω).

In summary, we have provided the tools required to analyze a single meta-atom
with arbitrary symmetry in the Cartesian basis. Moreover, formulas to move from
the spherical to the Cartesian basis were presented. In the following sections, we
discuss meta-atoms with certain symmetries.

3.2 Isotropic meta-atoms

The optical response of an isotropic medium, whose properties are quantified by
a permittivity, is direction-independent. The permittivity at a given frequency is
then simply a scalar. Isotropic meta-atoms are the most symmetric objects in the
spherical basis and also the Cartesian basis in use in this thesis. Isotropic meta-atoms
include homogeneous, core-multishell, and colloidal [169, 175] spheres. Please note
that we assume, throughout the thesis, that the meta-atoms are made from linear
materials. In this section, we study isotropic meta-atoms through their polarizability
and T matrices. Furthermore, we present models, such as the Lorentzian or the
minimalist Mie model, to describe the possible values the entries in the polarizability
or the T matrix can attain in the case of such isotropic meta-atoms.
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Mie coefficients

For a homogeneous sphere, the problem of light scattering can be analytically solved
by the well-known Mie theory [58]. In this theory, the scattered field coefficients are
linked to the incident field coefficients in Eq. 3.1-3.2 as:

bejm (ω) = −aj (ω) qejm (ω) , (3.42)

bmjm (ω) = −bj (ω) qmjm (ω) , (3.43)

where aj (ω) and bj (ω) are the electric and magnetic Mie coefficients, respectively.
The Mie coefficients of a homogeneous sphere are expressed as [146, 151, 157]:

aj (ω) =
µe(ω)Z(ω)2jj(R̃s(ω))[x(ω)jj(x(ω))]′−µs(ω)jj(x(ω))[R̃s(ω)jj(R̃s(ω))]

′

µe(ω)Z(ω)2jj(R̃s(ω))
[
x(ω)h

(1)
j (x(ω))

]′
−µs(ω)h

(1)
j (x(ω))[R̃s(ω)jj(R̃s(ω))]

′ , (3.44)

bj (ω) =
µs(ω)jj(R̃s(ω))[x(ω)jj(x(ω))]′−µe(ω)jj(x(ω))[R̃s(ω)jj(R̃s(ω))]

′

µs(ω)jj(R̃s(ω))
[
x(ω)h

(1)
j (x(ω))

]′
−µe(ω)h

(1)
j (x(ω))[R̃s(ω)jj(R̃s(ω))]

′ , (3.45)

where subscript ”e” and ”s” denote the optical properties of the embedding medium
and the sphere, respectively. Moreover, jj(x) and hj(x) denote the spherical Bessel
and Hankel functions of j’s order, respectively. The primes are derivatives with
respect to the argument. The parameters x (ω), η (ω), and R̃s (ω) are defined as:

x (ω) =
ω

c

√
εe (ω)µe (ω)Rs, η (ω) =

√
εs (ω)µs (ω)

εe (ω)µe (ω)
, R̃s (ω) = x (ω) η (ω) , (3.46)

where Rs (ω) is the radius of the sphere. Bohren and Huffman suggest a multipolar
order of N = x + 4x1/3 + 2 to be sufficient for capturing the full response of a
homogenous sphere [46, 157].

Dual spheres

For a dual meta-atom, where the impedance of the medium Ze (ω) is equal to the
impedance of the sphere’s material Zs (ω):

Zs (ω) = Ze (ω) , (3.47)√
µs (ω)

εs (ω)
=

√
µe (ω)

εe (ω)
, (3.48)

it is straightforward to show, from Eq. 3.44-3.45, that aj (ω) = bj (ω). Alternatively,
we can show that if aj>0 (ω) = bj>0 (ω), then, the meta-atom preserves the helicity
of the impinging light upon interaction, and, hence, is dual [159].

In optics, materials do not show magnetic response, i.e., µs (ω) = µe (ω) = 1.
Therefore, realizing perfectly dual meta-atoms is not plausible. Nevertheless, meta-
atoms like helices [176], core-multishell [145], and homogeneous spheres [177, 178]
can be engineered to approximate the dual behavior, e.g., for spheres, aj (ω) ≈ bj (ω).
A meta-atom which have equal electric and magnetic dipolar but vanishing higher-
order Mie coefficients (i.e., a1 (ω) = b1 (ω) , aj>1 (ω) = bj>1 (ω) ≈ 0) is called an
isotropic dual dipolar meta-atom.
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Figure 3.3: Isotropic meta-atoms: a) The T-matrix amplitude and b) the nor-
malized polarizability matrix amplitude of an isotropic silver-silica core-shell sphere
embedded in free space with r1 = 120 nm, r2 = 120 + 30 nm as the radii of the core
and the shell, at a wavelength of λ = 780 nm. The permittivity for silver and silica
are taken from Ref. [179] and Ref. [180], respectively.

3.2.1 Polarizability and T-matrix symmetry

Due to the symmetry of spherical meta-atoms, the T matrix of spherical objects is
diagonal. From Eq. 3.42, we can find out that the diagonal elements of the T-matrix
are the Mie coefficients with a negative sign, i.e.:

¯̄T vv′

jj′ (ω) = −aj (ω) δjj′δvv′ ¯̄Ij, (3.49)

where ¯̄Ij is the identity matrix of size j. For up to the quadrupolar order, the T
matrix of an isotropic particle can be modeled as:

¯̄
T = −



a1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 a1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 a1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 a2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 a2 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 a2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 a2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 a2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 b1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 b2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 b2 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 b2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 b2



. (3.50)

Note that different definitions of the VSH functions in Eq. 3.1-3.2 can lead to a
different conclusion concerning the prefactors. The T matrix, up to an octupolar
order, for a given core-shell sphere at a specific wavelength is shown in Fig. 3.3a. The
white elements in the matrix are either symmetry-protected strictly zero or express
a vanishing response of the small meta-atom for higher multipolar orders.
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The normalized polarizability for an isotropic meta-atom is also diagonal and can
be derived from the respective T matrix via Eq. 3.34:

¯̃̄αvv′

jj′ (ω) = iaj (ω) δjj′δvv′
¯̄Ij = α̃v

j (ω) δjj′δvv′
¯̄Ij, (3.51)

where α̃v
j (ω) is the scalar electric (v = e) or magnetic (v = m) normalized po-

larizability of j’s order. As evident from the equation, the diagonal elements of
the normalized polarizability matrix are the Mie coefficients with an i multiplicand.
Exemplarily, Fig. 3.3b, shows the normalized polarizability matrix for the same core-
shell sphere as considered in Fig. 3.3a. For simplicity, we may use α̃p (ω) (α̃m (ω))
and α̃Q (ω) (α̃M (ω)) for the normalized electric (magnetic) dipolar and quadrupo-
lar polarizabilities. Up to quadrupolar order, the normalized polarizability of an
isotropic meta-atom can be modeled as:

¯̄
α̃ = −



α̃p 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 α̃p 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 α̃p 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 α̃Q 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 α̃Q 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 α̃Q 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 α̃Q 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 α̃Q 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 α̃m 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 α̃m 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 α̃m 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 α̃M 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 α̃M 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 α̃M 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 α̃M 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 α̃M



. (3.52)

The denormalized scalar polarizabilities can also be calculated as:

αe
j (ω) =

(2j + 1)!πi

k2j+1
aj(ω), (3.53)

αm
j (ω) =

(2j + 1)!πi

k2j+1
bj(ω), (3.54)

where j is the multipolar order. For simplicity, we use the αp (ω) (αm (ω)) and
αQ (ω) (αM (ω)) for the denormalized electric (magnetic) dipolar and quadrupolar
polarizabilities.

3.2.2 The Lorentzian polarizability model

A fundamental question concerns the possible dispersion of the polarizability. Of
course, as outlined before, the polarizability can be retrieved numerically for a given
meta-atom. Still, it would be of paramount importance for fundamental design
problems to express the essential functional dependency. That would imply the
ability to have a phenomenological model that expresses the possible typical fre-
quency dependency. A well-known phenomenological model for the entries of the
polarizability matrix of isotropic meta-atoms is the Lorentzian dispersion profile.
The Lorentzian profile models the temporal dispersion of the polarizability of an
isotropic scatterer in the spectral proximity of a resonance. The model is based on
the Lorentz oscillator model, in which an atom is assumed to comprise a negatively
charged electron bound to a positively charged nucleus. The force between the elec-
tron and the nucleus is assumed to follow Hook’s law, i.e., a spring-like force with
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a spring constant [181]. The oscillation of the electron can be driven into resonance
when the time-harmonic excitation corresponds to its resonance frequency.

Based on the Lorentz oscillator model, the denormalized polarizability for an isotropic
dipolar meta-atom characterized by an individual resonance can be written as:

1

αp (ω)
=

ω2
0p − ω2

α0p

− i
ω

α0p

γΩp − i
k (ω)3

3!π
, (3.55)

1

αm (ω)
=

ω2
0m − ω2

α0m

− i
ω

α0m

γΩm − i
k (ω)3

3!π
, (3.56)

where αp (ω) (αm (ω)) is the denormalized electric (magnetic) dipolar polarizability,
ω0p (ω0m) is the resonance frequency of the electric (magnetic) resonance, α0p (α0m)
is the oscillator strength, and γΩp (γΩm) is the ohmic loss of the resonance for
the electric (magnetic) dipole. The last expression on the right is the corrected
term for the radiation losses to satisfy the optical theorem [101, 162, 181–183]. In
literature, sometimes, the dispersion of the magnetic dipole is modeled differently
than that of the electric dipole [62]. However, the dispersion of the dipoles depends
on the geometry of the design and, here, we only focus on the implications that a
certain model provides while the actual meta-atom pertaining to the desired Mie
coefficient is a secondary concern. Through multiple examples, we will show that
this systematic approach has been consistently successful.

Similarly, we can use the Lorentzian profile to model the denormalized quadrupolar
polarizabilities [31]:

1

αQ (ω)
= k (ω)2

ω2
0Q − ω2

α0Q

− ik (ω)2
ω

α0Q

γΩQ − i
k (ω)5

5!π
, (3.57)

1

αM (ω)
= k (ω)2

ω2
0M − ω2

α0M

− ik (ω)2
ω

α0M

γΩM − i
k (ω)5

5!π
, (3.58)

where αQ (ω) (αM (ω)) is the denormalized electric (magnetic) quadrupolar polariz-
ability, ω0Q (ω0M) is the resonance frequency of the electric (magnetic) resonance,
α0Q (α0M) is the oscillator strength, and γΩQ (γΩM) is the ohmic loss of the resonance
for the electric (magnetic) quadrupole. The expressions with k (ω)5 are related to
the radiation losses and guarantees that the profile satisfies the optical theorem.

From Eq. 3.53-3.54, the electric dipolar and quadrupolar Mie coefficients can also
be rewritten with the Lorentzian profile:

1

a1 (ω)
=
ω2
0p − ω2

α0p

3!πi

k (ω)3
+

3!π

k (ω)3
ω

α0p

γΩp + 1, (3.59)

1

a2 (ω)
=
ω2
0Q − ω2

α0Q

5!π

k (ω)3
i +

5!π

k (ω)3
ω

α0Q

γΩQ + 1. (3.60)

The magnetic Mie coefficients can also be similarly modeled.

The denormalized polarizability of a sharp dipolar resonance (e.g., for atoms), at
the proximity of the resonance, can be simplified as [184]:

α (ω) = −6π

k30

γr (ω) /2

δ (ω) + [γnr (ω) + γr (ω)] i/2
, (3.61)
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Figure 3.4: A Lorentzian resonance: The electric dipolar Mie coefficient modeled by
a Lorentzian resonance (Eq. 3.61) with three different loss parameter combinations as
a function of the a) wavelength and b) angular frequency. The resonance wavelength
is λ0 = 1000 nm.

where, δ (ω) = ω − ω0, with |δ (ω) | << ω0 is the frequency detuning between ex-
citation and resonance frequency ω0, k0 is the wavenumber at the resonance, and
γr (ω) and γnr (ω) are the radiative and non-radiative losses of the resonance. Al-
though this model is developed for sharp atomic transitions, we use it more liberally
to explore physical concepts. Therefore, we may use the model for any resonance,
sharp or not. In our studies, the actual bandwidth of a resonance is mostly not
a critical factor. Figure 3.4 shows the electric dipolar Mie coefficient modeled by
sharp Lorentzian polarizability (Eq. 3.61) for three different loss parameters in wave-
length and frequency domain. A smaller radiative loss leads to a wider and, hence,
stronger resonance. Without non-radiative loss, the peak of the Mie coefficient,
which is unity, is always reached.

3.2.3 Minimalist Mie coefficient model

The analytical expressions for Mie coefficients of homogeneous spheres in Eq. 3.44-
3.45 are exact but too complicated for fundamental investigations. The same is
true for the Mie coefficients of core-multishell spheres. In these equations, the Mie
coefficients depend on many variables from core and shells’ radii and the dynamic
material properties of the core, the shells, and the medium. Of course, all the electric
and magnetic Mie coefficients are determined for a given set of parameters. How-
ever, the interdependency of the electric and magnetic Mie coefficients of different
multipolar orders is complex and challenging to assess. The interdependence and
multi-variable dependency is a significant obstacle in theoretical electromagnetic
analysis. For example, the scattering properties of an array of electric octupoles
cannot be investigated right away if only physical objects are to be considered. For
such an investigation, a homogenous or core-multishell sphere that can be described
by a single electric octupole moment while all the other multipolar orders are zero
at the operating wavelength needs to be designed. Then these spheres need to be
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Figure 3.5: TheMie angles [59]: Aminimal model for the Mie coefficients of isotropic
meta-atoms. Adapted with permission from Ref. [59] © The Optical Society.

put on an array to study the properties. This approach is time-consuming and
cumbersome.

There are many approximations for calculating the Mie coefficients [185–188]. How-
ever, interdependence and multi-variable dependence persist, hindering a systematic
analysis of an individual’s physically accessible optical properties or an aggregate
of spherical meta-atoms. We seek an easy expression with a minimal number of
degrees of freedom that can capture all physically possible values of Mie coefficients
independently. Then, we can systematically search for the desired combination of
Mie coefficients that provides a desired optical function at a design wavelength. The
geometrical and material properties of an isotropic meta-atom with these coefficients
can be realized in a secondary step. The importance of the method is that in this
second step, the search for the desired meta-atom is performed outside the lattice
or the aggregate and, hence, extensively reduces the computations.

Minimalist and straightforward expressions have been previously suggested for non-
absorbing spheres [162, 189–194]. In the next subsubsection, primarily based on
the work presented in Ref. [59], a general minimalist model for absorbing or non-
absorbing materials are provided. The derivations rely on the optical theorem, and
we derive generic expressions for any possible Mie coefficient a sphere made from
any isotropic and linear materials may offer. These expressions depend on only two
parameters (for each multipolar order and each parity) that we call the Mie angles.
Figure 3.5 shows the general idea of the minimalist model.

In the following subsubsections, we provide insights into the physical meaning of
these Mie angles. At the example of the dipolar coefficients, we show that the
analytical space provided by the model is densely filled with electric and magnetic
dipolar Mie coefficients of actual non-magnetic spheres.

3.2.3.1 Developing the minimalist model

Based on the optical theorem, the extinction cross-section is equal to the sum of
the scattering and the absorption cross-section. From Eq. 3.37, 3.39, and 3.41, the
scattering, extinction, and absorption cross-sections of an isotropic meta-atom, as
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a function of the Mie coefficients, that is illuminated with a plane wave, can be
calculated as [165]:

σsca (ω) =
λ (ω)2

2π

∞∑
j=1

(2j + 1)
[
|aj (ω) |2 + |bj (ω) |2

]
, (3.62)

σext (ω) =
λ (ω)2

2π

∞∑
j=1

(2j + 1)ℜ [aj (ω) + bj (ω)] , (3.63)

σabs (ω) =
λ (ω)2

2π

∞∑
j=1

(2j + 1)
{
ℜ [aj (ω) + bj (ω)]− |aj (ω) |2 − |bj (ω) |2

}
, (3.64)

where λ (ω) = λ0/n (ω) is the illumination wavelength in an embedding medium
with a refractive index n (ω).

For an isotropic meta-atom, the different scattering channels do not mix; therefore,
we can independently investigate each channel. Without loss of generality, we only
consider the magnetic contribution here. The electric contribution will follow the
same procedure, and the conclusions will be the same due to the electromagnetic
duality symmetry. The contribution of a single magnetic Mie channel bj (ω) to the
total cross-sections is:

σsca,Mj (ω) = (2j + 1)
λ (ω)2

2π
|bj (ω) |2, (3.65)

σext,Mj (ω) = (2j + 1)
λ (ω)2

2π
ℜ [bj (ω)] , (3.66)

σabs,Mj (ω) = (2j + 1)
λ (ω)2

2π

{
ℜ [bj (ω)]− |bj (ω) |2

}
, (3.67)

where Mj refers to the j’s magnetic channel.

Mie angles for non-absorbing meta-atoms: For an isotropic meta-atom made from
a non-absorbing material, i.e., σabs,Mj (ω) = 0, the optical theorem requires:

σext,Mj (ω) = σabs,Mj (ω) + σsca,Mj (ω) , (3.68)

ℜ [bj (ω)] = |bj (ω) |2. (3.69)

The magnetic coefficient bj (ω) is a complex number and, hence, we can write it in
an exponential form as bj (ω) = |bj (ω) | exp (iθMj (ω)), with θMj (ω) = arg (bj (ω))
as what we call the Mie angle. Replacing the exponential form in Eq. 3.69, we
can derive that cos (θMj (ω)) = |bj (ω) |. Therefore, we can write the Mie coefficient
model as [162]:

bj (ω) = cos (θMj (ω)) exp (iθMj (ω)) , (3.70)

where −π/2 ⩽ θMj (ω) ⩽ +π/2 directly follows. The expression in Eq. 3.70 cap-
tures all possible values for the magnetic Mie coefficient that agrees with the optical
theorem, i.e., is physical. Note that we will assume a single frequency. If we sweep
through the full angular range −π/2 ⩽ θMj (ω) ⩽ +π/2, the magnetic Mie coeffi-
cients trace out a circle in the complex plane with a radius of 0.5 that is centered
at (0i, 0.5). An illustration of that functional dependence of the Mie coefficient is
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shown in Fig. 3.6a as the dark violet line. At a magnetic Mie angle of θMj (ω) = 0,
the magnetic Mie coefficient attains its maximum value, which is 1. According
to Eq. 3.65-3.66, at this point of operation, the scattering/extinction cross-section
maximizes to (2j + 1)λ (ω)2 /(2π) [162, 195].

Although the minimalist model is developed for magnetic Mie coefficients, exactly
the same equations can be derived for electric Mie coefficients by replacing bj (ω)
with aj (ω) and Mj with Ej.

Mie angles for absorbing meta-atoms: Here, we assume an absorbing passive iso-
topic meta-atom. Passivity implies that the absorption cross-section is positive.
Therefore, based on the optical theorem, we obtain:

σext,Mj (ω) ≥ σsca,Mj (ω) =⇒ ℜ (bj (ω)) ≥ |bj (ω) |2 =⇒ cos θMj (ω) ≥ |bj (ω) |.(3.71)

The derived inequality equals the space enclosed by a circle of radius 0.5 that is
centered at (0i, 0.5). This is the violet space in Fig. 3.6a. The same is true for the
electric Mie coefficients.

Therefore, as a general conclusion, the Mie coefficient of a passive isotropic meta-
atom, be it absorbing or non-absorbing, must be on or inside a circle of radius 0.5
that is centered at (0i, 0.5) as shown in Fig. 3.6a. Having reached this conclusion, we
aspire to find a model that first and foremost respects physical limitations. Further-
more, the model should cover the entire accessible area with the smallest number
of degrees of freedom. Moreover, the model parameters should allow a physical in-
terpretation. After several attempts, we suggest the following general model for the
Mie coefficients of an isotropic meta-atom:

aj (ω) =
1

1
cos θEj(ω) exp iθEj(ω)

+ tan θ′Ej (ω)
=

1

1− i tan θEj (ω) + tan θ′Ej (ω)
, (3.72)

bj (ω) =
1

1− i tan θEj (ω) + tan θ′Ej (ω)
, (3.73)

where −π
2
⩽ θEj (ω) , θMj (ω) ⩽ +π

2
and 0 ⩽ θ′Ej (ω) , θ

′
Mj (ω) ⩽ +π

2
are the detuning

and absorption Mie angles, respectively. We will justify this nomenclature, shortly.

Mie angles of actual homogenous spheres

So far, we have identified the physically possible values of the Mie coefficients in
the complex plane. Here, we want to see if all sections of the physically feasible
space, i.e., the interior of a circle, are filled by the Mie coefficients of an actual
homogenous sphere or some sections are systematically unreachable. To that aim,
we exemplarily, sweep through the radius Rs and complex permittivity of a non-
magnetic sphere and calculate the dipolar Mie coefficients (using Eq. 3.44-3.45).
The calculated electric and magnetic dipolar Mie coefficients are shown in Fig. 3.6b-
c. Even with a homogeneous sphere and without resorting to more complicated
core-multishell spheres, all sections of the physically accessible complex plane are
reached with realistic parameters. This small test shows that our model can be
reliably exploited in analytic investigations. Note that the white spaces seen in the
figures are only due to inhomogeneous coverage by the linear spacing of the input
parameters. With discrete points, we may never fill an entire space. However, the



3.2. Isotropic meta-atoms 39

fact that we do not see a vast inaccessible region is reassuring. Similar results are
obtained for higher Mie coefficient orders. As a result, our model is valid for dipoles,
quadrupoles, and so forth.

Using the Mie angles, unlike using actual spheres, allows us to change all Mie co-
efficients independently. Moreover, we can be sure that the Mie angles are physical,
and with sufficient effort, an object can, in principle, be identified that offers these
coefficients. ThisMie angle method is especially beneficial for smaller isotropic meta-
atoms that require a fewer number of multipoles to capture their complete response,
i.e., up to quadrupolar order.

It is worth mentioning that for homogeneous spheres, recurrence equations exist
such that octupolar Mie coefficients can be derived from dipolar and quadrupolar
Mie coefficients [196].

Figure 3.6: Physically feasible and actual Mie coefficient values [59]: a) The phys-
ically allowed space for Mie coefficients in the complex plane based on the optical
theorem (using Eq. 3.73). For a non-absorbing sphere, the physically accessible val-
ues are on the dark-violet circle. For an absorbing sphere, the physically accessible
values are within the violet disk. The pink dot in the center of the circle shows
the point in which absorption cross-section maximizes. b) Electric and c) magnetic
dipolar Mie coefficient of homogeneous spheres embedded in the free space with dis-
crete radius Rs ∈ [0.45 : 0.005 : 0.75]λ, discrete permittivity ℜ(εr) ∈ [0 : 0.5 : 20],
ℑ(εr) ∈ [0 : 0.025 : 1], and permeability µr = 1 using Eq. 3.44-3.45. Each marker
point shows an individual realization. Adapted with permission from Ref. [59] ©
The Optical Society.

Optical cross-sections

Assuming a single magnetic channel, the optical cross-sections as a function of the
Mie angles are [59]:

σsca,Mj (ω) = (2j + 1)
λ (ω)2

2π

1[
1 + tan θ′Mj (ω)

]2
+ tan2 θMj (ω)

, (3.74)

σext,Mj (ω) = (2j + 1)
λ (ω)2

2π

1 + tan θ′Mj (ω)[
1 + tan θ′Mj (ω)

]2
+ tan2 θMj (ω)

, (3.75)

σabs,Mj (ω) = (2j + 1)
λ (ω)2

2π

tan θ′Mj (ω)[
1 + tan θ′Mj (ω)

]2
+ tan2 θMj (ω)

. (3.76)

The optical cross-sections for the electric contributions are exactly the same by
replacing θMj (ω), and θ

′
Mj (ω) with θEj (ω), and θ

′
Ej (ω), respectively. The normalized
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Figure 3.7: Optical cross-sections with Mie angles [59]: The normalized a) scat-
tering, b) extinction, and c) absorption cross-sections as a function of the magnetic
detuning θMj and absorption θ′Mj Mie angles using Eq. 3.74-3.76. Adapted with
permission from Ref. [59] © The Optical Society.

optical cross-sections as a function of the Mie angles for an individual magnetic
multipolar contribution are shown in Fig. 3.7. The normalization factors (2j +
1)λ (ω)2 /2π, (2j+1)λ (ω)2 /2π, and (2j+1)λ (ω)2 /8π are the maximum scattering,
extinction, and absorption cross-section of a single resonance with multipolar order of
j, respectively [162, 195]. The scattering cross-section in Fig. 3.7a is maximum when
there is no absorption (i.e., θ′Ej (ω) = 0) and the detuning from the resonance is zero
(i.e., θEj (ω) = 0). The same holds for the extinction cross-section. The maximum
of the absorption cross-section occurs when the detuning is zero (θEj (ω) = 0) and
the absorption angle is π/4 (θ′Ej (ω) = π/4).

3.2.3.2 Physical interpretation of Mie angles

To provide a physical interpretation of the Mie angles, we use the sharp Lorentzian
dispersion profile for the polarizability of an isotropic meta-atom that we have in-
troduced in Eq. 3.61. We look at how the parameters in the Mie-angle-based model
fit the physical properties of a resonance within the Lorentzian model. Using the
relation between the Mie coefficients and the denormalized polarizability (Eq. 3.54)
for the magnetic dipolar Mie coefficient, we can rewrite the sharp Lorentzian profile
as:

1

b1 (ω)
=

−2δ (ω)

γr (ω)
i +

γnr (ω)

γr (ω)
+ 1. (3.77)

A direct comparison of the above equation with Eq. 3.73 leads to the following
conclusion:

tan θM1 (ω) =
2δ (ω)

γr (ω)
, tan θ′M1 (ω) =

γnr (ω)

γr (ω)
. (3.78)

Exploiting the electromagnetic duality symmetry, the same expressions can be de-
rived for the electric Mie coefficient. Therefore, for any Mie resonance, we can
say that θMj (ω) represents detuning and θ′Mj (ω) represents Ohmic losses, i.e., ab-
sorption. This conclusion assumes that the polarizability corresponding to the Mie
resonance is a sharp Lorentzian profile. High refractive index spheres can have sharp
Lorentzian polarizability [197, 198].
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3.2.4 Trimer with maximum absorption

In this subsection, we use the Mie angle method in a specific design challenge
to demonstrate the applicability of the minimalist model. The challenge concerns
finding the maximum absorption cross-section of a trimer made from three isotropic
meta-atoms for a predefined illumination.

Intuitively, two methods to address the problem come to mind. The full-search
approach to solve the problem is to simulate all possible spherical (homogeneous,
or core-multishell) meta-atoms with different radii and materials and determine the
maximum absorption cross-section. Such an approach is computationally costly, if
possible at all. Another approach is to simulate the problem and incorporate a
heuristic optimization method. For each iteration of this optimization approach,
three meta-atoms are simulated. The meta-atoms can be homogenous or core-
multishell spheres. Apart from the many degrees of freedom that increase the
computational time, the optimization method can never guarantee that the global
maximum is reached, especially since the optical functions are non-convex and multi-
modal.

Using the minimalist model and the Mie angle method, one can efficiently address
such fundamental questions quasi-analytically without dealing with the problems
associated with the two methods discussed above. Here, we want to show the Mie
angle method within an elementary problem. Therefore, we limit the trimer to
be made from three identical electric dipoles, ignoring the magnetic dipoles and
higher-order Mie coefficients. The analysis can be extended to include many more
multipoles to address the problem in a general fashion. However, this only adds
to the technical discussion that might sacrifice the discussion of the concept. The
interested reader can see more complicated scenarios in our published article in
Ref. [59].

We consider a trimer with a fixed side length d, where, at the corners, identi-
cal isotropic electric dipolar spheres are placed (inset figure of Fig. 3.8b). Their
properties are expressed with the Mie model in Eq. 3.72. Note that for an illumi-
nating wavevector perpendicular to the surface of the triangle made by connecting
the coordinates of the trimer meta-atoms, due to symmetry reasons, the optical
cross-sections are independent of the direction of the linear polarization [199].

The simulations of the trimer are based on the multipole expansion method [46,
145, 200–202]. For the calculation of the absorption cross-section, we have used a
local-coordinate T-matrix method with multipolar order of 2. However, we have
verified the results with a global-coordinate T-matrix method of multipolar order of
20. In the local-coordinate system, we define all the VSH coefficients in the local
coordinate system of each meta-atom. In contrast, in the global T-matrix method,
all the VSH coefficients are computed for a global reference point, i.e., here in the
center of the trimer. A large multipolar order of 20 is required for converging results
for considerable distances.

For the trimer, if the meta-atoms are very far away from each other, the coupling
is negligible and the maximum cross-section is 3× σmax

abs,E1 (ω). In other words, three
times larger than the maximum absorption cross-section of an isolated electric dipo-
lar meta-atom, i.e., σmax

abs,E1 (ω) = 3λ2/(8π) (Fig. 3.7c). However, if the meta-atoms
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Figure 3.8: Maximum absorption cross-section of a trimer [59]: a) The full map
of the absorption cross-section of an equilateral trimer made from isotropic electric
dipoles with a side length of d = 0.5λ as a function of the Mie angles of the individual
meta-atom normalized to the maximum absorption cross-section of the trimer at
d → ∞. The polarization and direction of the plane wave excitation are shown in
the inset of (b). b) The maximum absorption cross-section of the trimer for any
given distance. The global maximal absorption cross-section occurs at a distance of
d = 0.725λ and the required Mie angles are: θE1 = 4o, θ′E1 = 34.5o (a1 = 0.59+0.02i).
The inset shows the trimer with the assumed plane wave excitation polarization. c)
The maximal absorption cross-section for an optimized ITO trimer at a wavelength
of λ = 1740 nm designed based on the theoretical results derived from Fig. 3.8b.
The radius of the ITO spheres in the trimer is 179 nm. Adapted with permission
from Ref. [59] © The Optical Society.

are brought closer, the coupling between the meta-atoms comes into play and com-
plicates the problem. As the first step of the Mie angle method, we identify the
Mie angles that provide maximum absorption cross-section. To that aim, using
the multipole expansion method, we sweep through the full Mie angle space (i.e.,
−π

2
⩽ θEj (ω) ⩽ +π

2
and 0 ⩽ θ′Ej (ω) ⩽ +π

2
) for a given side length of the equilateral

trimer. Representative results for a normalized distance of d/λ = 0.5 are shown
in Fig. 3.8a. The results are normalized to 3 × 3λ2/(8π) as a reference. For each
distance d, there is a maximum absorption cross-section. Then, a global maximum
is identified by sweeping through the side length d. Figure 3.8b shows the maximum
absorption cross-section for any given distance d. The maximum possible absorp-
tion cross-section of the trimer occurs at a distance of 0.725λ and it amounts to
1.52 × 3 × 3λ2/(8π). This maximum theoretical limit occurs for the Mie angles of
θE1 = 4o, θ′Ej = 34.5o that translate to the Mie coefficient of a1 = 0.59 + 0.02i.

Once we know the necessary Mie coefficients, we can identify actual spheres from
natural materials that offer these coefficients. Note that we have assumed other
Mie coefficients to be zero. And we should consider this as part of the necessary
conditions. Here, we want to study spheres made from ITO. The permittivity of
ITO is expressed as [203]:

ε (ω) = ε∞ −
ω2
p

ω (ω + iγ)
, (3.79)
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where ωp = 2π×4.24×1014 rad/s, ε∞ = 2.97, γ = 1.27×1014Hz. We start our search
algorithm by the simplest geometry, i.e., a homogenous sphere. For that, we use a
full search through the radius and wavelength of operation, and at a wavelength of
1740 nm an ITO sphere with a radius of 179 nm offers the required Mie coefficients.
The absorption cross-section of an equilateral triangle of such spheres as a function
of the trimer side length is shown in Fig. 3.8c. At a distance of 0.75λ = 1305 nm, a
maximum absorption cross-section of 1.51×3×3λ2/(8π) is reproduced as predicted
by the theory.

Note that our primitive search is successful, and, hence, we do not resort to more
complicated geometries such as core-multishell spheres, and more advanced search
methods are not required. If a homogenous sphere cannot provide the required
Mie coefficients for a given problem, we must search core-multishell spheres. As
core-multishell spheres have many degrees of freedom, full-search algorithms are not
suitable, and, hence, we may need to resort to a heuristic approach. In the following
subsection, we will briefly discuss these approaches.

3.2.5 Core-multishell optimization methods

In the Mie angle method, for any given optical function that depends on wavelength-
scale spherical constituents’ properties, we sweep through all possible Mie angles
and calculate the optical function with the computational tool we have. Then, at
the secondary step, which concerns the topic of this subsection, we search for the
meta-atom or meta-atoms that satisfy the required Mie coefficients. This subsection
explores the optimization methods that can be used to find a meta-atom that satisfies
the conditions on the Mie coefficients or the T matrix in general. Although non-
isotropic meta-atoms can also be investigated, our focus is mostly on isotropic meta-
atoms.

After a set of Mie coefficients were found to give a desired output, we search for
an actual meta-atom realization, mostly a core-multishell sphere, to provide those
Mie coefficients. For that aim, we could, in principle, use a full-search approach and
sweep through all degrees of freedom that are accessible within the problem. This
search algorithm is computationally expensive; however, it can be used for homoge-
nous spheres with few degrees of freedom. For more complicated core-multishell
spheres, heuristic optimizations can be implemented. In the Mie angle method,
we have extensively used the particle swarm optimization (PSO). However, other
approaches like genetic algorithms or neural networks can be exploited.

Particle swarm optimization [162]

Particle swarm optimization (PSO) is a search-based optimization method in a
multidimensional space, based on the motion and intelligence of swarms, i.e., input
parameter vectors, in which individuals orient their motion and velocity towards the
personal (Pbest) and overall (Gbest) best locations imposed by an associated objective
function of particles. The iterative velocity and position of the swarm particles are
determined as [204]:

νit+1
i = witνiti + c1 × rand×

(
Pbest i − siti

)
+ c2 × rand×

(
Gbest i − siti

)
,(3.80)

sit+1
i = siti + νit+1

i , (3.81)

wit = wmax −
(
wmax − wmin

itermax

)
× it, (3.82)
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where νiti and siti are the velocity and position of the particle i at the iteration
it. rand is a random number between 0 and 1, itermax is the maximum iteration
number, and w is the weighting factor. The values c1 = c2 = 2, wmax = 0.9, and
wmin = 0.4 are used in our optimizations which are suggested as proper input values,
independent of the problem [204].
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Figure 3.9: Anisotropic meta-atoms: a) An isolated nanocylinder (D = 2 ×
291 nm, H = 211 nm) made from amorphous silicon (n = 3.959 + 0.009i) embed-
ded in silica (n = 1.44) and its b) T matrix and c) normalized polarizability am-
plitudes at a free space wavelength of λ0 = 1300 nm. d) An isolated curved box
(D = 229 nm + 142 nm,W = 142 nm, H = 403 nm) made from amorphous silicon
(n = 3.950 + 0.016i), embedded in silica (n = 1.44) and its e) T matrix and f)
normalized polarizability amplitudes at a free space wavelength of λ0 = 1333 nm.

For the simulation of the core-multishell spheres, we use the multipole expansion
method. A large vector containing random input parameters is generated to realize
the best core-multishell sphere parameters that provide the desired Mie coefficients.
These parameters are the radii and material indices and are restricted to the bound-
aries enforced by the problem. The objective function is the distance from the
realized Mie coefficients for each set and the desired Mie coefficients. Through sev-
eral iterations, each set of parameters search for the minimum point. In the end,
the optimized core-multishell sphere can be found.

We have used PSO in several examples. In Ref. [162], we have used the method to
maximize the optical force exerted on a core-shell sphere in dipolar approximation.
In Ref. [145], we have identified a core-shell sphere that has exponentially improved
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electromagnetic duality symmetry. In Ref. [31], we have identified a core-multishell
sphere that can provide full phase-shift coverage when arranged periodically. Fur-
thermore, in the same reference, we have gone beyond spherical meta-atoms and
have optimized a ring-disc meta-atom for full phase-shift coverage. In Ref. [205], we
have identified a core-shell sphere that shows a colossal magnetic dipole enhance-
ment inside a periodic lattice. In Ref. [75], we have designed a core-shell sphere that,
when periodically arranged, can fully diffract an impinging plane wave excitation.

3.3 Non-isotropic meta-atoms

This section briefly explores the symmetries of the polarizability and T matrices
for non-isotropic meta-atoms. Non-isotropic meta-atoms include anisotropic and
bianisotropic meta-atoms. This section provides a better insight into the relation-
ship between certain geometrical symmetries to the symmetries in the polarizability
and T matrices. The T matrices in this section are calculated using COMSOLTM

Multiphysics or JCM suite. The normalized polarizabilities are calculated using
Eq. 3.34.

Anisotropic Meta-atoms

Figure 3.9 shows the polarizability and T matrices of two anisotropic meta-atoms:
a nanocylinder and a curved box. For a nanocylinder (Fig. 3.9a-c), the optical
response up to a dipolar approximation is diagonal, but unlike an isotropic meta-
atom, there is not a single Mie coefficient value in the diagonal of the matrix. When
the quadrupolar response is considered, the electric (magnetic) dipole to magnetic
(electric) quadrupole coupling in the polarizability and T matrices is an exciting
feature. Although this is a coupling of the magnetic and electric fields, the fields do
not change parity, and, hence, a nanocylinder is not categorized as a bianisotropic
meta-atom. When modeling nanocylinders up to the quadrupolar order, this cou-
pling term plays a significant role. The T matrix of a nanocylinder can be modeled
as:

¯̄Tdisc = −1× (3.83)

a1 0 0 0 0 0 0 0 0 0 0 0 cp 0 0 0
0 az 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 a1 0 0 0 0 0 0 0 0 0 0 0 −cp 0
0 0 0 at 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 a2 0 0 0 −cQ 0 0 0 0 0 0 0
0 0 0 0 0 ah 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 a2 0 0 0 cQ 0 0 0 0 0
0 0 0 0 0 0 0 at 0 0 0 0 0 0 0 0
0 0 0 0 cQ 0 0 0 b1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 bz 0 0 0 0 0 0
0 0 0 0 0 0 −cQ 0 0 0 b1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 bt 0 0 0 0

−cp 0 0 0 0 0 0 0 0 0 0 0 b2 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 bh 0 0
0 0 cp 0 0 0 0 0 0 0 0 0 0 0 b2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 bt



,

where the variables show different symmetries. Here, a1 and b1 are especially im-
portant, as within dipolar approximation, they are the only terms that are excited,
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Figure 3.10: Bianisotropic meta-atoms: a) An isolated nanocylinder with a dent
(D = 2× 150 nm, H = 150 nm, D0 = 2× 75 nm, H0 = 75 nm) made from a material
with a refractive index n = 3.5 embedded in the free space and its b) T matrix and
c) normalized polarizability amplitudes at a wavelength of λ0 = 740 nm. d) An
isolated helix (D = 160 nm, D0 = 40 nm, H0 = 105 nm, and Nturn = 2) made from
silver (n = 0.095+8.675i [206]), embedded in the free space and its e) T matrix and
f) normalized polarizability amplitudes at a wavelength of λ0 = 1180 nm.

if a metasurface made from a periodic arrangement of nanocylinders is illuminated
by a normally incident plane wave.

Figures 3.9d-f shows the polarizability and T matrices of a curved box. Inter-
estingly, the dipolar response of the meta-atom as seen by the polarizability matrix
(Fig. 3.9f) is diagonal, while the T matrix loses its diagonality (Fig. 3.9e). These dif-
ferences in the symmetry of the polarizability and T matrices can help decide which
coordinate system is more appropriate to study a specific geometry analytically.

Bianisotropic Meta-atoms

Bianisotropic materials were theoretically described by Landau and Lifshitz [207].
A bianisotropic meta-atoms is both magneto-electric and anisotropic [61, 148, 149].
The prefix ”bi” is due to the magneto-electric effect, in which an external mag-
netic field induces an electric polarization, and an electric field induces a magnetic
polarization with a change of parity. Bianisotropic meta-atoms are classified into
reciprocal and nonreciprocal meta-atoms. Natural materials and meta-atom are all
reciprocal without external field bias or specific cases (i.e., moving particles). Recip-
rocal meta-atoms are either chiral or achiral (also called omega-type meta-atoms).
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A meta-atom is chiral if the mirrored polarizability or the T matrix cannot be
superimposed on itself under any rotations in the real space. While dual meta-
atoms necessitate the preservation of the incident light’s helicity after scattering,
chirality allows for a different strength in the response of the meta-atom to light
possessing an opposite helicity [16, 148, 149, 208–216]. Chirality, as an intrinsic
asymmetry in nature, is a vital footprint of biological systems [217, 218].

If a bianisotropic meta-atom can be superimposed on its mirror, then it is an omega-
type meta-atom. The terminology is because of the resemblance of these meta-atoms
to the letter Ω. Figures 3.10a-c, show an example of an omega-type meta-atom with
its polarizability and T matrices. This dented nanocylinder is taken from Ref. [219].
Figures 3.10d-f, shows a helix as an example of a chiral meta-atom along with its
polarizability and T matrices. Comparing the T matrix of the two meta-atoms
reveals a feature of the chiral meta-atoms, in which, here, for the dipolar response
(i.e., j = 1), none of the diagonal entries of the ¯̄T

em/me
jj is zero.

To summarize this chapter, we have built a platform to efficiently study the
scattering of meta-atoms in the spherical and Cartesian bases. The defined expres-
sions provide a consistent, versatile, and robust analytical tool for further investi-
gations of more complicated systems. In particular, We have presented the concept
of primitive and normalized polarizability. Extensive investigations are performed
for isotropic meta-atoms, and a minimalist model concerning the observable op-
tical response is proposed. It is a minimalist model in the sense that it requires
the least number of parameters to express all possible values Mie coefficients might
attain. Furthermore, optimization methods are discussed that realize an actual
core-multishell sphere from a set of desired Mie coefficients. Last but not least,
the symmetries of multiple meta-atoms with different geometric symmetries are ex-
plored through their polarizability and T matrices. The next chapter explores how
these single meta-atoms contribute to the overall optical response of their periodic
arrangements.
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4. Infinitely Periodic Metasurfaces

The previous chapter focused on the optical response of isolated meta-atoms. This
chapter builds upon that and develops the analytic basis to study the scattering
of light from a periodic arrangement of meta-atoms embedded in a homogenous,
isotropic, linear, and non-absorbing medium. The content of this chapter sets the
basis to study the Huygens’ and disordered metasurfaces in the subsequent chapters.

We start this chapter with a general description of scattering by an aggregate of
arbitrary meta-atoms arranged arbitrarily in space. The following sections impose
additional assumptions and, eventually, consider a periodic 2D lattice made from
identical meta-atoms excited with a plane wave. We develop general equations for
the scattering of light from periodic metasurfaces in the spherical and Cartesian
coordinate systems.

In particular, we will explore a numerical approach to achieve convergence to sum-
mate the response from the infinite number of particles forming the lattice. This is
an essential prerequisite to optically describe metasurfaces. We identify a matrix,
called the lattice coupling matrix, or, in short, the C matrix, to accurately determine
the lattice summation of a particular array. Later, we study the C-matrix symmetry
for different 2D lattice arrays. Having identified the C matrix for different arrays, we
explore the effective optical parameters characterizing the particles inside the lat-
tice such as the polarizabilities, T matrices, Mie coefficients, and induced multipole
moments, and compare them to their counterparts when considering the particles
isolated and outside the lattice. In the last chapter, we introduce closed-form equa-
tions for the transmission and reflection of single-resonance metasurfaces.

The content of this chapter is based on our works in Ref. [75, 205].

4.1 Optical scattering from an aggregate of meta-atoms

We consider a metasurface made from an aggregate of N meta-atoms arranged
arbitrarily in a homogenous, isotropic, linear and non-absorbing embedding medium
characterized by a wavenumber k. The meta-atoms, represented by their T matrix
¯̄Tn, are located at Rn = (xn, yn, zn), where n = 1, 2, ..., N . Alternatively, we might
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use R̃n = kRn and r̃ = kr as the normalized position vectors. Let us assume that
the metasurface is illuminated with some external optical field. The scattering from
the metasurface is then the sum of scattered light from all the meta-atoms. Using
Eq. 3.1, the total scattering from the metasurface can be written as:

Esca
(
r, ω, R̃n

)
=

N∑
n=1

∞∑
j=1

j∑
m=−j

be,njm

(
ω, R̃n

)
N

(3)
jm

(
r̃− R̃n

)
+bm,n

jm

(
ω, R̃n

)
M

(3)
jm

(
r̃− R̃n

)
,

(4.1)

where be,njm(ω, R̃n) (b
m,n
jm (ω, R̃n)) are the electric (magnetic) scattering coefficients of

the n’s meta-atom that depend on the arrangement of the neighboring scatterers.
Knowing the meta-atoms’ T matrices, we need to know the entire incident field
impinging on each meta-atom to calculate the scattered field coefficients. The whole
incident field comprises the incident field from the external illumination and the
scattering from all the other meta-atoms of the metasurface. In other words, the
total incident field at the reference position of the meta-atom n′ is:

Einc
n′

(
r = Rn′ , ω, R̃n

)
= Einc

ext,n′ (r = Rn′ , ω) +
∑
n̸=n′

Esca
n

(
r = Rn′ −Rn, ω, R̃n

)
,

(4.2)
where Einc

ext,n′ (r = Rn′ , ω) is the external incident field at a position r = Rn′ that
can be written in the VSH basis as:

Einc
ext,n′ (r = Rn′ , ω) =

∞∑
j=1

j∑
m=−j

qe,n
′

ext,jm (ω) N
(1)
jm(R̃n′) + qm,n′

ext,jm (ω) M
(1)
jm(R̃n′), (4.3)

where qe,n
′

ext,jm (ω) (qm,n′

ext,jm (ω)) is the electric (magnetic) external incident coefficient of

the n’s meta-atom. Esca
n

(
Rn′ −Rn, ω, R̃n

)
is the scattered field of the n’s particle

that can also be written in the VSH basis as:

Esca
n

(
r = Rn′ −Rn, ω, R̃n

)
=

∞∑
j=1

j∑
m=−j

be,njm

(
ω, R̃n

)
N

(3)
jm

(
R̃n′ − R̃n

)
+

∞∑
j=1

j∑
m=−j

bm,n
jm

(
ω, R̃n

)
M

(3)
jm

(
R̃n′ − R̃n

)
.(4.4)

Equation 4.3 is expanded in terms of the regular VSH, while Eq. 4.4 is expanded
using the outgoing VSH. To describe the total incident field in the same basis, we
need to project the outgoing vectors on the regular vectors. To that aim, we use the
addition theorem [220]. Based on the addition theorem, we can change the basis via
the following expressions [46, 48, 221]:

M
(3)
jm(R̃n′ − R̃n) =

∞∑
ι=1

ι∑
µ=−ι

Aιµjm(−R̃n)M
(1)
ιµ (R̃n′) +Bιµjm(−R̃n)N

(1)
ιµ (R̃n′), (4.5)

N
(3)
jm(R̃n′ − R̃n) =

∞∑
ι=1

ι∑
µ=−ι

Bιµjm(−R̃n)M
(1)
ιµ (R̃n′) + Aιµjm(−R̃n)N

(1)
ιµ (R̃n′), (4.6)
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where the translation coefficients Aιµjm(−R̃n) and Bιµjm(−R̃n) are defined as:

Aιµjm(kr, θ, ϕ) =
γjm
γιµ

(−1)m
2ι+ 1

ι(ι+ 1)
iι−j

√
π
(j +m)!(ι− µ)!

(j −m)!(ι+ µ)!

∑
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ip
√

2p+ 1h(1)p (kr)×
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(
j ι p
m −µ −m+ µ

)(
j ι p
0 0 0

)
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(4.7a)

Bιµjm(kr, θ, ϕ) =
γjm
γιµ
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j ι p
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)(
j ι p− 1
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)√
[(j + ι+ 1)2 − p2] [p2 − (j − ι)2],

(4.7b)

where h
(1)
p (kr) is the spherical Hankel function of the first kind, Yjm(θ, ϕ) are the

well-known spherical harmonics, γjm is the normalization factor (Eq. 2.61), and the

six-element brackets

(
j1 j2 j3
m1 m2 m3

)
are the Wigner 3j-symbols [222, 223]. The

summation on p runs through all combinations of the Wigner 3j-symbol. The non-
zero Wigner 3j-symbols are determined by the selection rules.

Therefore, using the addition theorem, we can expand the scattered field of each
meta-atom n in the local reference coordinates of the meta-atom n′. This equal
basis enables writing the total incident field onto the regular VSH in the reference
of the meta-atom n′. Hence, the total incident field coefficient on meta-atom n′ can
be expressed as:

qe,n
′

jm = qe,n
′

ext,jm +
∑
n̸=n′

∞∑
ι=1

ι∑
µ=−ι

Aιµjm(−R̃n)b
e,n
jm +

∑
n̸=n′

∞∑
ι=1

ι∑
µ=−ι

Bιµjm(−R̃n)b
m,n
jm , (4.8)

qm,n′

jm = qm,n′

ext,jm +
∑
n̸=n′

∞∑
ι=1

ι∑
µ=−ι

Bιµjm(−R̃n)b
e,n
jm +

∑
n̸=n′

∞∑
ι=1

ι∑
µ=−ι

Aιµjm(−R̃n)b
m,n
jm . (4.9)

Due to space restrictions, we have ignored the arguments for the incident and scat-
tered field coefficients. We will continue to do so unless the arguments that are
already explicitly mentioned in Eq. 4.1 and 4.3 are changed. Note that these depen-
dencies are implicitly assumed and should be considered. The equation above can
be written in a matrix form as:

qn′
= qn′

ext +
∑
n̸=n′

[
A(−R̃n) B(−R̃n)

B(−R̃n) A(−R̃n)

]
bn = qn′

ext +
∑
n̸=n′

C(−R̃n)b
n, (4.10)

where qn′
is the total incident field coefficient vector (defined in Eq. 3.7) for the

meta-atom n′. C(−R̃n) is the translation coefficient matrix for the meta-atom n to
any meta-atom n′. For an arrangement of N meta-atoms, we can write the general
equation for the incident field coefficients as:

q1

q2

:
qN

 =


q1
ext

q2
ext

:
qN
ext

+


0 C(−R̃2) ... C(−R̃N)

C(−R̃1) 0 ... C(−R̃N)
: : : :

C(−R̃1) C(−R̃2) ... 0




b1

b2

:
bN

 . (4.11)
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Figure 4.1: Optical scattering from an infinitely periodic metasurface: Identical
meta-atoms that are arranged in a rectangular lattice with periodicities Λ1 and Λ2.
The infinitely periodic arrangement is illuminated by a plane wave Einc characterized
by a wavevector kinc and radiates the scattered field Esca. The figure is adapted with
permission from a drawing by Dr. Theodosios Karamanos [75].

Knowing the T matrix of all the meta-atoms, the scattered field coefficients can be
expressed as:


b1

b2

:
bN

 =


¯̄T1 0 ... 0

0 ¯̄T2 ... 0
: : : :

0 0 ... ¯̄TN

 (4.12)

×




q1
ext

q2
ext

:
qN
ext

+


0 C(−R̃2) ... C(−R̃N)

C(−R̃1) 0 ... C(−R̃N)
: : : :

C(−R̃1) C(−R̃2) ... 0




b1

b2

:
bN


 .

Equation 4.12 is a system of linear equations that can be solved, and, hence, the
scattered field coefficients of all the meta-atoms can be computed for a given external
illumination. Having these coefficients, the total scattering from the metasurface can
be calculated using Eq. 4.1. A home-built code based on the algorithm explained
in this section has been developed in the institute of theoretical solid-state physics
(TFP). In developing the code, several doctoral researchers have contributed. I
acknowledge contributions from Dr. Stefan Mülig, Dr. Martin Fruhnert, and Dr.
Radius Suryadharma.

In summary, we have assumed a general finite metasurface made from N arbitrary
meta-atoms illuminated with an arbitrary optical excitation and expressed its effec-
tive scattering coefficients inside the ensemble. In the next section, we will consider
further assumptions that help us derive simplified equations for infinitely extended
metasurface made from identical meta-atoms.
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4.2 Periodic arrangement of identical meta-atoms

In this section, we consider a metasurface made from identical and periodically ar-
ranged meta-atoms that is illuminated by a plane wave characterized by a wavevector
kinc (Figure 4.1 shows the setup for a rectangular lattice with periodicities Λ1 and
Λ2). We use the subscript ”inc” to distinguish parameters characterizing the incident
field from those characterizing the scattered field. The meta-atoms are characterized
by an identical T matrix ¯̄T0. The meta-atom arrangement forming the lattice can
be described by two base vectors u1 and u2 that are assumed to be parallel to the
x-y plane. Hence, the position of every meta-atom in the lattice can be express by:

Rn = ν1u1 + ν2u2 = ν1
ũ1

k
+ ν2

ũ2

k
=

1

k

[
ν1 0
0 ν2

] [
ũ1

ũ2

]
=

1

k
νũ, (4.13)

with ν1, ν2 ∈ Z. The normalized parameters R̃n = kRn, R̃n = |R̃n|, ũ1 = ku1,
ũ2 = ku2 and ũ = [ũ1; ũ2] will be beneficial in the following expressions. While
considering such an arrangement, we can define some useful quantities that will be
used later. The area of the unit cell is A = (u1 × u2) · ẑ and the reciprocal lattice
vector can be defined as G = n1u

′
1 + n2u

′
2, with u′

1 =
2π
A
(u2 × ẑ), u′

2 =
2π
A
(ẑ × u1)

and with n1, n2 ∈ Z. As we will show later, n1 and n2 lead to the discrete number
of diffraction orders from the lattice.

In the following, we derive a general expression for the effective T matrix of a meta-
atom inside the periodic lattice. As we will shortly demonstrate, the derivation of
the effective T matrix involves an infinite sum over the meta-atom positions. To
solve the infinite sum, a method known as the Ewald summation is introduced.
Finally, we provide closed-form equations describing light scattering from a periodic
metasurface in the spherical and Cartesian bases.

4.2.1 The effective T matrix

Assuming a plane wave excitation, the involved coefficients characterizing the inci-
dent field on and the scattered field from the periodically arranged identical meta-
atoms can be assumed to be related by a phase difference. The coefficients of the
meta-atom n are related to reference coefficients through the following equation:

qn
ext (kinc) = q0 (kinc) e

ik∥·Rn , (4.14)

bn (kinc, ũ) = b0 (kinc, ũ) e
ik∥·Rn , (4.15)

where q0 (kinc) (b0 (kinc, ũ)) are the universal incident (scattering) field coefficient
or, as considered here, the coefficients of the meta-atom that is at the center of the
coordinate system and ũ is the normalized lattice base vector. k∥ = kinc − kinc · ẑ is
the plane wave wavevector component parallel to the plane of the lattice. Using the
above two equations and also Eq. 4.12, we can write:

b0 (kinc, ũ) =
¯̄T0 (k)

[
q0 (kinc) +

∑′

Rn

C(−R̃n)e
ik∥·Rnb0 (kinc, ũ)

]
, (4.16)
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where the summation runs across all lattice sites except the origin. We have primed
the sum symbol to show the omission of the origin, i.e., Rν=0 = (0, 0, 0). Solving
the above equation yields:

b0 (kinc, ũ) =

[
¯̄I − ¯̄T0 (k)

∑′

Rn

C(−R̃n)e
ik∥·Rn

]−1

¯̄T0 (k)q0 (kinc)

=
[
¯̄I − ¯̄T0 (k)

¯̄Cs

(
k̂inc, ũ

)]−1 ¯̄T0 (k)q0 (kinc) , (4.17)

where ¯̄Cs

(
k̂inc, ũ

)
is the spherical lattice coupling matrix. It is called spherical, here,

because it is derived in the spherical basis. The nomenclature helps to distinguish
a similar matrix that can be derived when discussing the problem in the Cartesian
basis. This matrix is dimensionless and only depends on the lattice arrangement
and the plane wave excitation orientation. Using Eq. 4.17, it is helpful to define an
effective T matrix ¯̄Teff (kinc, ũ), that relates the external incident field to the effective
scattered field coefficients of the meta-atoms inside the lattice:

¯̄Teff (kinc, ũ) =
[
¯̄I − ¯̄T0 (k)

¯̄Cs

(
k̂inc, ũ

)]−1 ¯̄T0 (k) . (4.18)

Next subsection deals with the solution of the infinite lattice summation.

4.2.2 The lattice summation

The spherical lattice coupling matrix ¯̄Cs can be expressed using Eq. 4.8-4.10 and
4.17 as:

¯̄Cs

(
k̂inc, ũ

)
=
∑′

Rn

(
A(−R̃n) B(−R̃n)

B(−R̃n) A(−R̃n)

)
eik∥·Rn , (4.19)

where the summation runs over all the meta-atom positions except for the meta-
atom at the origin (indicated by the prime). Solving this infinite summation is
not trivial. The summation contains the translation coefficients defined in Eq. 4.7.
To derive the lattice matrix, two summations needs to be calculated: an infinite
summation over Rn and a finite summation over p. Since the infinite summation is
the numerically challenging part, we put our focus only on the solution for that part.
Therefore, for simplicity, here, we do not show the summation over p any further.
The infinite summation to be calculated to derive the lattice coupling matrix is:

Djm

(
k̂inc, ũ

)
=
∑′

Rn

h
(1)
j (R̃n)Yjm

(
− ˆ̃
Rn

)
eik∥·Rn . (4.20)

This infinite series converges very slowly when summed directly over the meta-
atom positions. However, using a method known as the Ewald summation [73],
we separate long and short-range contributions to this series and break it into two
main summations. The short-range contribution is evaluated in real space using a
direct summation, while the long-range contribution is summed in the Fourier space.
These transformed series converge quickly.

We separate the summation in Eq. 4.20 into three parts Djm = D
(1)
jm +D

(2)
jm +D

(3)
jm,

where the first and the second term are the Fourier and real space summations. The
third term is a correction that accounts for the missing lattice point at the origin
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when applying the transformation from the real to Fourier space. Eventually, after
some algebra, these parts can be calculated via the following equations [70, 224–226]:

D
(1)
jm

(
k̂inc, ũ

)
=

√
(2j + 1)(j −m)!(j +m)!

Ak i−m
(4.21)

×
∑
G

(
|k∥ +G|

2k

)j
e
imφk∥+G

k+G,z

j−|m|
2∑

λ=0

(
k+G,z

|k∥+G|

)2λ

Γ

(
1
2
− λ,− (k+G,z)

2

4T 2

)
λ!
(
j+m
2

− λ
)
!
(
j−m
2

− λ
)
!

,

D
(2)
jm

(
k̂inc, ũ

)
=

−i(−1)
j+m
2

√
(2j + 1)(j −m)!(j +m)!

2j+1π j−m
2

! j+m
2

!

×
∑′

Rn

eik∥·Rn+imφ−Rn
1

k

(
2|Rn|
k

)j
∞∫

T 2

uj−
1
2 e−|Rn|2u+ k2

4udu,

D
(3)
jm

(
k̂inc, ũ

)
=

δj0
4π

Γ

(
−1

2
, − k2

4T 2

)
,

where in D
(1)
jm

(
k̂inc, ũ

)
the summation runs over the reciprocal lattice pointsG. The

series contains the upper incomplete Gamma function Γ where k+G,z =
√
k2 − (k∥ +G)2.

In D
(2)
jm

(
k̂inc, ũ

)
we have used the integral representation of the spherical Hankel

function. The parameter T defines the splitting between the real and Fourier space
summation. T =

√
π/A is considered as a proper splitting factor [70]. The integral

in D
(2)
jm

(
k̂inc, ũ

)
can be computed by a recursion relation.

Using the above equations, the lattice summation can be calculated. A home-built
algorithm has been developed by Achim Groner [226] and Dominik Beutel [225] that
can numerically calculate the summation. We use this code throughout the thesis.
Having the lattice summation, it is possible to insert the result in Eq. 4.19 and, hence,
obtain the lattice coupling matrix finally. Consequently, knowing the T matrix of the
isolated particle and the external incident field coefficient, the scattering coefficient
can be derived from Eq. 4.17. In the next subsection, the overall scattered field from
the metasurface is explored.

4.2.3 Diffraction modes in the spherical coordinate system

The scattered field from a periodic metasurface made from identical meta-atoms
illuminated with a plane wave is the sum of the scattering from all the meta-atoms.
The optical scattering from the meta-atom n can be written as:

Esca
n (r,kinc, ũ) =

∞∑
j=1

j∑
m=−j

be0,jm (kinc, ũ)
∑
Rn

N
(3)
jm

(
r̃− R̃n

)
eik∥·Rn

+
∞∑
j=1

j∑
m=−j

bm0,jm (kinc, ũ)
∑
Rn

M
(3)
jm

(
r̃− R̃n

)
eik∥·Rn , (4.22)

where be0,jm (kinc, ũ) (b
m
0,jm (kinc, ũ)) is the electric (magnetic) scattering field coeffi-

cient of the meta-atom at the origin of the coordinates. For simplicity, we remove
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the ”0” subscript from now on. Knowing the scattering field coefficients, the calcula-
tion of the scattering is reduced to the summations of the VSH over the meta-atom
positions, which are in turn calculated by applying the Poisson summation formula
as [227]: ∑

Rn

M
(3)
jm

(
r̃− R̃n

)
eik∥·Rn =

2πi−j

Ak

∑
G

Xjm(k
±
G)

|k±G,z|
eik

±
G·r, (4.23)

∑
Rn

N
(3)
jm

(
r̃− R̃n

)
eik∥·Rn =

2πi1−j

Ak

∑
G

r̂×Xjm(k
±
G)

|k±G,z|
eik

±
G·r, (4.24)

with

r̂×Xjm(kr, θ, ϕ) = γjm[τjm(cosθ)θ̂ + iπjm(cosθ)ϕ̂]e
imϕ = Zjm(kr, θ, ϕ), (4.25)

and

k±
G = k∥ +G± ẑ

√
k2 − (k∥ +G)2 = k∥ +G± k±G,z ẑ. (4.26)

After substituting of Eq. 4.23-4.24 in Eq. 4.22, we arrive to:

Esca (r,kinc, ũ) = (4.27)

2π

Ak

∞∑
j=1

j∑
m=−j

1

ij

∑
G

[
ibejm (kinc, ũ)Zjm(k

±
G) + bmjm (kinc, ũ)Xjm(k

±
G)
] eik±

G·r

|k±G,z|
,

where k±
G is the wavevector of the scattered field. We have used ± to distinguish

the forward (+) and backward (-) propagation. The formula (4.27) provides the
total scattered field, in terms of propagating or evanescent diffraction orders, from a
2D lattice. The diffraction orders are propagating if the z component of the associ-
ated wavevector is real-valued, i.e., k±G,z ∈ R. In the following, however, to simplify
the equations, we only use the real-valued angles, and hence our relations will be
limited to the propagating diffraction orders. The extension to describe the evanes-
cent diffraction orders is straightforward but requires further considerations for the
simplification that we have ignored for the thesis. Note that this restriction only
concerns the final optical scattering of the metasurface. In contrast, the description
of the meta-atoms up to a given multipolar order considered is exact, and near-field
coupling is accurately and precisely taken into account.

For the low multipolar orders, it is possible to rewrite the πjm(cosθ) and τjm(cosθ)
equations with short trigonometric functions and, after simplification, we can derive
closed-form relations for the scattered field. We have done so up to octupolar order,
i.e., jmax = 3 [75]. After some algebra, we can derive the following general equation
for the amplitude of a diffraction order G from an infinitely periodic metasurface
made from identical particles that is illuminated by a plane wave:

Esca
G (r,kinc, ũ) =

[
Esca

θ (r,kinc, ũ)
Esca

ϕ (r,kinc, ũ)

]
=

i
√
π

2Ak2
eik

±
G·r

| cos θ|

3∑
j=1

√
2j + 1

ij
¯̄Wj (θ, ϕ)

[
be
j (kinc, ũ)

bm
j (kinc, ũ)

]
,

(4.28)

where θ and ϕ are the polar and azimuth angles of the wavevector k±
G characterizing

the diffraction order, respectively:

cosθ =
k±G,z

|k±
G|

and ϕ = arctan

(
kG,y

kG,x

)
. (4.29)
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Needless to say that these angles could have a different value from the incident field
polar θinc and azimuth ϕinc angles, and should not be confused with them. ¯̄W (θ, ϕ)
is the spherical multipole-field translation matrix defined as:

¯̄Wj (θ, ϕ) =

[
Wj W′

j

iW′
j iWj

]
, (4.30)

where:

W1 =

 e−iϕcosθ

−
√
2sinθ

−eiϕcosθ

T

, W′
1 =

 −e−iϕ

0
−eiϕ

T

, (4.31)

W2 =


1
2
e−i2ϕsin2θ
e−iϕcos2θ

−
√

3
2
sin2θ

−eiϕcos2θ
1
2
ei2ϕsin2θ


T

, W′
2 =


−e−i2ϕsinθ
−e−iϕcosθ

0
−eiϕcosθ
ei2ϕsinθ


T

,

W3 =



√
15
4
e−i3ϕsin2θ cosθ

1
4

√
5
2
e−i2ϕsinθ (3cos2θ + 1)

1
16
e−iϕ (cosθ + 15cos3θ)

−
√
3
8
(sinθ + 5sin3θ)

− 1
16
e−iϕ (cosθ + 15cos3θ)

1
4

√
5
2
e−i2ϕsinθ (3cos2θ + 1)

−
√
15
4
e−i3ϕsin2θ cosθ



T

, W′
3 =



−
√
15
4
e−i3ϕsin2θ

−1
2

√
5
2
e−i2ϕsin2θ

−1
4
e−iϕ (5cos2θ − 1)

0
−1

4
eiϕ (5cos2θ − 1)
1
2

√
5
2
ei2ϕsin2θ

−
√
15
4
ei3ϕsin2θ



T

.

For rectangular lattices, k±
G and the subsequent wavevector components are calcu-

lated as [75]:

k±
G = kG,xx̂+ kG,yŷ + k±G,z ẑ, (4.32)

kG,x = kincx +
2πn1

Λ1

, (4.33)

kG,y = kincy +
2πn2

Λ2

, (4.34)

k±G,z = ±

√
k2 −

(
kincx +

2πn1

Λ1

)2

−
(
kincy +

2πn2

Λ2

)2

= k cos θ, (4.35)

where Λ1 and Λ2 are the two periodicities of the lattice. For a square array Λ =
Λ1 = Λ2, which we extensively use, we can write the wave-vector components as:

kG,x =
2π

λ

(
sin θinc cosϕinc +

1

Λ̃
n1

)
, kG,y =

2π

λ

(
sin θinc sinϕinc +

1

Λ̃
n2

)
, (4.36)

k±G,z = ±2π

λ

√
1−

(
sin θinc cosϕinc +

1

Λ̃
n1

)2

−
(
sin θinc sinϕinc +

1

Λ̃
n2

)2

, (4.37)

where θinc and ϕinc are the polar and azimuth angle of the incident field, respectively.
Λ̃ = Λ/λ is the normalized lattice constant. For a normally incident illumination,
i.e., θinc = 0, irrespective of ϕinc, the corresponding scattering angles simplify to:

cos θ = ±
√

1− 1

Λ̃2
(n2

1 + n2
2), tanϕ =

n2

n1

. (4.38)
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4.2.4 Diffraction modes in the Cartesian coordinate system

In this subsection, we use the transformation matrices defined in Chapter 3 and
derive the scattering of a metasurface in the Cartesian coordinates. After employing
Eq. 3.26-3.27 and applying the transformation in Eq. 4.28 to the Cartesian coordi-
nates, we arrive to [75]:

Esca
G (r,kinc, ũ) =

 Esca
G,x (r,kinc, ũ)

Esca
G,y (r,kinc, ũ)

Esca
G,z (r,kinc, ũ)

 (4.39)

=
ik
√
π

2A

eik
±
G·r

| cos θ|
¯̄S (θ, ϕ)



(εζ1)
−1 p (kinc, ũ)

k (εζ2)
−1Qe (kinc, ũ)

k2 (εζ3)
−1Oe (kinc, ũ)

iη (ζ1)
−1m (kinc, ũ)

iηk (ζ2)
−1Qm (kinc, ũ)

iηk2 (ζ3)
−1Om (kinc, ũ)


,

where:

(εζ1)
−1 p (kinc, ũ)

k (εζ2)
−1Qe (kinc, ũ)

k2 (εζ3)
−1Oe (kinc, ũ)

iη (ζ1)
−1m (kinc, ũ)

iηk (ζ2)
−1Qm (kinc, ũ)

iηk2 (ζ3)
−1Om (kinc, ũ)


=

1

k3
¯̃̄αeff (kinc, ũ)



ζ1E1 (kinc)

k−1ζ2E2 (kinc)

k−2ζ3E3 (kinc)

iηζ1H1 (kinc)

iηk−1ζ2H2 (kinc)

iηk−2ζ3H3 (kinc)


, (4.40)

where ¯̄S (θ, ϕ) is the Cartesian multipole-field translation matrix, defined as:

¯̄S (θ, ϕ) =

 Sxe
1 (θ, ϕ) Sxe

2 (θ, ϕ) Sxe
3 (θ, ϕ) Sxm

1 (θ, ϕ) Sxm
2 (θ, ϕ) Sxm

3 (θ, ϕ)

Sye
1 (θ, ϕ) Sye

2 (θ, ϕ) Sxe
3 (θ, ϕ) Sym

1 (θ, ϕ) Sym
2 (θ, ϕ) Sym

3 (θ, ϕ)

Sze
1 (θ, ϕ) Sze

2 (θ, ϕ) Sze
3 (θ, ϕ) Szm

1 (θ, ϕ) Szm
2 (θ, ϕ) Szm

3 (θ, ϕ)

 .
(4.41)

and with the vector elements of the matrix:

Sj (θ, ϕ) =

 Sxe
j (θ, ϕ) Sxm

j (θ, ϕ)

Sye
j (θ, ϕ) Sym

j (θ, ϕ)

Sze
j (θ, ϕ) Szm

j (θ, ϕ)

 =

√
2j + 1

i1−j

[
¯̄R (θ, ϕ)T ¯̄W (θ, ϕ)

]
¯̄F−1
j . (4.42)

The ¯̄R (θ, ϕ) matrix is the transformation operator from the spherical to the Carte-
sian coordinates. The vectors θ̂ and ϕ̂ can be expressed as a function of the vectors
x̂, ŷ, and ẑ using the matrix ¯̄R (θ, ϕ) as:[

θ̂

ϕ̂

]
= ¯̄R (θ, ϕ)

 x̂
ŷ
ẑ

=

[
cosθcosϕ cosθsinϕ sinθ
sinϕ −cosϕ 0

] x̂
ŷ
ẑ

 . (4.43)

In Eq. 4.40, ¯̃̄αeff is the effective polarizability matrix. The effective polarizability can
be either calculated from the ¯̄Teff via applying the transformations of Eq. 3.33, or
directly via:

¯̃̄αeff (kinc, ũ) =
[
¯̄I − ¯̃̄α0 (k)

¯̄C
(
k̂inc, ũ

)]−1 ¯̃̄α0 (k) , (4.44)
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where ¯̃̄α0 is the polarizability matrix of the isolated particle and ¯̄C is the Cartesian
lattice coupling defined as [75]:

¯̄C
(
k̂inc, ũ

)
= iF ¯̄Cs

(
k̂inc, ũ

)
F−1. (4.45)

In summary, we have provided analytical expressions for the optical response of
periodic metasurfaces made from arbitrary but identical meta-atoms illuminated
with a plane wave of arbitrary orientation. Our analysis is limited to an octupolar
order approximation. For the development of the analytical equations in this sec-
tion, as stated in Ref. [75], I acknowledge an equal contribution of Dr. Theodosios
Karamanos.

In the next section, we explore the symmetry of the lattice coupling matrix for
different periodic arrays.

4.3 Lattice coupling symmetries

The lattice coupling matrix is dimensionless and has the same sorting as the po-
larizability or the T matrix. Depending on the symmetry of the 2D lattice and
the illumination orientation, the lattice coupling matrix has multiple symmetry-
protected zero entries. Exploiting these symmetry-protected zeros is essential in
deriving simplified equations for the optical response of periodic metasurfaces. This
section explores the symmetries of lattice coupling matrices for different lattices and
the models to express them.

The general lattice coupling matrix in the Cartesian coordinate system ¯̄C up to
octupolar order can be expressed as:

¯̄C =



¯̄Cee
11

¯̄Cee
12

¯̄Cee
13

¯̄Cem
11

¯̄Cem
12

¯̄Cem
13

¯̄Cee
21

¯̄Cee
22

¯̄Cee
23

¯̄Cem
21

¯̄Cem
22

¯̄Cem
23

¯̄Cee
31

¯̄Cee
32

¯̄Cee
33

¯̄Cem
31

¯̄Cem
32

¯̄Cem
33

¯̄Cme
11

¯̄Cme
12

¯̄Cme
13

¯̄Cmm
11

¯̄Cmm
12

¯̄Cmm
13

¯̄Cme
21

¯̄Cme
22

¯̄Cme
23

¯̄Cmm
21

¯̄Cmm
22

¯̄Cmm
23

¯̄Cme
31

¯̄Cme
32

¯̄Cme
33

¯̄Cmm
31

¯̄Cmm
32

¯̄Cmm
33


, (4.46)

where the superscript ”e” and ”m” refer to electric or magnetic coupling and the
number subscripts are the multipolar order coupling. For brevity, in this section,
we have ignored the arguments k̂inc and ũ for the lattice coupling matrix. However,
they are always assumed. Figure 4.2 visualizes the template used to show the lattice
coupling matrix. Note that the lattice coupling matrix in the spherical coordinate
system ¯̄Cs has also the same matrix format as ¯̄C.

For different lattice arrangements and orientations of the incident field, the coupling
matrix takes different symmetries. Figure 4.3 shows the spherical and Cartesian cou-
pling matrices’ amplitude for five different lattice symmetries under normal incidence
for a specific normalized periodicity. The considered lattices are square, hexagonal,
rectangular, oblique, and rhombic lattices. As can be seen from the figure, there are
several zero entries in the coupling matrix of each array. These symmetry-protected
zeros, like the symmetry-protected zeros of the polarizability and T matrices, can



60 4. Infinitely Periodic Metasurfaces

Figure 4.2: Lattice coupling matrix template: The sorting of the lattice coupling
matrix up to octupolar order.

help develop models for the lattices. These models, in turn, help to derive simpler
equations for effective parameters and scattering equations. That is because the
lengthy sums at the end collapse to a few terms for which the coupling matrices
take non-zero values

Square and hexagonal lattices are the two most commonly used lattices in meta-
surface research. Compared to other lattices in Fig 4.3, they also have a higher
symmetry, i.e., more symmetry-protected zeros. Hence, we will focus more on these
two lattices. A square and a hexagonal lattice under normal incidence have the
exact symmetry up to the quadrupolar order (Fig. 4.3a,b and Fig. 4.4a,d) and can
be expressed as:

¯̄C =



Cdd 0 0 0 0 0 0 0 0 0 0 0 −CdQ 0 0 0
0 Cdd 0 0 0 0 0 0 0 0 0 0 0 0 CdQ 0
0 0 Czz

dd 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 Cxy

QQ 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 CQQ 0 0 0 −CdQ 0 0 0 0 0 0 0
0 0 0 0 0 Czz

QQ 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 CQQ 0 0 CdQ 0 0 0 0 0 0
0 0 0 0 0 0 0 Cxy

QQ 0 0 0 0 0 0 0 0

0 0 0 0 −CdQ 0 0 0 Cdd 0 0 0 0 0 0 0
0 0 0 0 0 0 CdQ 0 0 Cdd 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 Czz

dd 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 Cxy

QQ 0 0 0 0

−CdQ 0 0 0 0 0 0 0 0 0 0 0 CQQ 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 Czz

QQ 0 0

0 CdQ 0 0 0 0 0 0 0 0 0 0 0 0 CQQ 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 Cxy

QQ



.

(4.47)

Not all the coupling elements are excited with each illumination for a certain meta-
atom symmetry. The relevant entries of the above matrix for isotropic meta-atoms
under normal incidence are the dipole-dipole Cdd, quadrupole-quadrupole CQQ, and
dipole-quadrupole CdQ coupling elements. Figures 4.4b,c,e,f show the imaginary
and real parts of the coupling terms for square and hexagonal arrays under normal
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Figure 4.3: Lattice coupling symmetries: The spherical (right) and Cartesian (mid-
dle) lattice coupling matrix amplitude for a) square, b) hexagonal, c) rectangular,
d) oblique, and e) rhombic arrays under normal incidence up to an octupolar order
for a given normalized periodicity.
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d)

a)

b) c)

e) f)

Figure 4.4: The Cartesian lattice coupling matrix: The Cartesian lattice coupling
matrix amplitude for a) a square and d) a hexagonal array with a normalized peri-
odicity of Λ/λ = 0.9 under normal incidence (θinc = ϕinc = 0), up to quadrupolar
order. The relevant matrix elements for a metasurface made from isotropic parti-
cles are dipole-dipole Cdd, quadrupole-quadrupole CQQ, and dipole-quadrupole CdQ

couplings. They are marked with an arrow. b,e) The real and c,f) imaginary parts
of the relevant lattice couplings as a function of the normalized periodicity Λ/λ.

incidence for subwavelength periods, i.e., Λ̃ < 1. As we will show in the last section,
the imaginary parts of these coefficients can also be analytically calculated using
energy conservation considerations. The imaginary parts of these coefficients for
sub-wavelength metasurfaces are [75]:

ℑ(Cdd) =
3

4πΛ̃2
− 1, (4.48)

ℑ(CQQ) =
5

4πΛ̃2
− 1, (4.49)

ℑ(CdQ) =

√
15

4πΛ̃2
. (4.50)

Unlike the imaginary parts, we do not have analytical expressions for the real parts
of the lattice couplings. They are numerically calculated using the equations pro-
vided in Section 4.2.2. The real part of the dipole-dipole coupling ℜ(Cdd) crosses

zero for two normalized periodicities Λ̃ ≈ 0.2, 0.8 (Λ̃ ≈ 0.21, 0.88 for a Hexagonal
lattice). As we will show later, this ”magic lattice spacing” [228] is where the ”co-
operative resonance” [229] of the meta-atoms reflects all the incident light. At this
point of operation, the resonance of the isolated meta-atom experiences no detun-
ing, and hence the effective resonance also occurs at the same lattice constant. For
the quadrupole-quadrupole coupling, ℜ(CQQ) does not cross the zero point. The
absence of a root does not mean that no resonance occurs. However, it means that
a detuning of the resonance wavelength is inevitable for a quadrupolar metasurface.
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For a normalized periodicity of Λ̃ = 1 (Λ̃ = 1/
√
cos (π/6) for the hexagonal lattice),

i.e., at the onset of a new diffraction order, the real part of the coupling constants
diverges to infinity. This point of operation is essential to consider when performing
numerical calculations. The same is true for very small lattice constants. However,
these dense points of operations are usually avoided in metamaterials. Note that an
infinitely large coupling term does not mean an infinite coupling strength. Indeed, as
we will shortly discuss, the coupling strength has an inverse relation to the coupling
terms.

For a dipolar metasurface, illuminated at oblique incidence with a plane wave
(ϕinc = 0), the Cartesian C matrix for both the square and hexagonal arrangement
looks like the following:

¯̄C =


Cxx

dd 0 0 0 0 0
0 Cyy

dd 0 0 0 Cyz
dd

0 0 Czz
dd 0 Czy

dd 0
0 0 0 Cxx

dd 0 0
0 0 Cyz

dd 0 Cyy
dd 0

0 Czy
dd 0 0 0 Czz

dd

 =


Cxx 0 0 0 0 0
0 Cyy 0 0 0 Cyz

0 0 Czz 0 −Cyz 0
0 0 0 Cxx 0 0
0 0 Cyz 0 Cyy 0
0 −Cyz 0 0 0 Czz

 ,
(4.51)

where, for simplicity, we use Cxx
dd = Cxx, C

yy
dd = Cyy, C

zz
dd = Czz, and C

yz
dd = −Czy

dd =
Cyz. Note that it is antisymmetric.

4.4 Effective parameters

This section explores the closed-form expressions for parameters such as the po-
larizability/T matrix and the induced multipole moments inside a lattice. These
effective parameters depend on the meta-atoms’ isolated response, the lattice base
vectors along which the meta-atoms are arranged, and the plane wave illumination
orientation. In the following subsection, effective polarizability and T matrices of
isotropic and anisotropic meta-atoms inside square and hexagonal lattices are stud-
ied. The last subsection calculates the effective induced multipole moments inside
the lattice and their fundamental limits.

The main focus of this and the following sections is the optical response of an
infinitely periodic arrangement of isotropic meta-atoms that are illuminated by a
normal incident plane wave (Fig. 4.5).

4.4.1 Effective polarizability and T matrices

In Chapter 3, we explored the polarizability and T matrices of meta-atoms with
different symmetries. These meta-atoms, when arranged in an infinitely periodic
lattice, are modified with the lattice coupling matrix and this leads to effective po-
larizability ¯̃̄αeff and T matrix ¯̄Teff . These effective parameters might have very differ-
ent symmetries in comparison to their isolated counterpart. The added complexity
might complicate the calculations. However, the additional degrees of freedom pro-
vided are design opportunities for enhanced functionalities in optics.

In Eq. 4.18 and Eq. 4.44, we identified the expression relating the isolated polar-
izability and T matrices of a meta-atom to its effective counterpart via the lattice
coupling matrix. In the previous section, we identified the lattice coupling matrix for
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φ
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E

Figure 4.5: Optical scattering from an infinitely periodic arrangement of isotropic
meta-atoms: Identical spherical meta-atoms arranged on a square array lattice with
a periodicity Λ. The infinitely periodic arrangement is illuminated by a normally
incident plane wave Einc and radiates the scattered field Esca. The figure is adapted
with permission from a drawing by Dr. Theodosios D Karamanos [75]

a) b) c)

d) e) f)

Figure 4.6: Effective isotropic meta-atoms: The isolated a) T matrix and d) po-
larizability matrix amplitude for a dual Mie sphere with Mie angles θE1 = θM1 = 0,
θE2 = θM2 = π/3, and θE3 = θM3 = 4π/9. The effective b-c) T matrix and e-
f) polarizability matrix of the dual sphere inside a b,e) square and c,f) hexagonal

lattice array, with a normalized lattice constant of Λ̃ = 0.5 for the square, and
Λ̃ = 0.5/

√
cosπ/6 for the hexagonal lattice, under normal plane wave incidence.
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different lattices. This section calculates the effective polarizability and T matrices
of isotropic and anisotropic meta-atoms inside a few periodic lattices under normal
incidence.

a) b) c)

d) e) f)

Figure 4.7: Effective anisotropic meta-atoms: The isolated a) T matrix and d)
polarizability matrix amplitude of a nanocylinder (diameter D = 2 × 234 nm,
height H = 213 nm) made from amorphous silicon (n = 3.714) embedded in sil-
ica (n = 1.44) at an operating wavelength of λ0 = 1420 nm. The effective b-c) T
matrix and e-f) polarizability matrix of the nanocylinder inside a b,e) square and
c,f) hexagonal lattice array, with a lattice constant of Λ = 800 nm for the square,
and Λ = 800/

√
cos π/6 nm for the hexagonal lattice, under normal plane wave inci-

dence.

Figure 4.6 shows the calculated isolated/effective polarizability/T matrix for an
isotropic meta-atom modeled with the Mie angles outside/inside a square/hexagonal
array that is illuminated with a normal-incident plane wave. Although the isolated
polarizability and T matrices are diagonal, as evident from the figure, the effective
matrices take the symmetry of the lattice (cf. 4.3).

Next, we have calculated the effective matrices for a nanocylinder as an example
for an anisotropic meta-atom. Figure 4.7 shows the isolated and effective matrices of



66 4. Infinitely Periodic Metasurfaces

a nanocylinder outside and inside a square/hexagonal array that is illuminated with
a normal-incident plane wave. Interestingly, up to quadrupolar order, the symmetry
of the effective polarizability does not change compared to its isolated counterpart.
This finding can help in deriving simplified expressions for the optical scattering of
metasurfaces made from nanocylinders.

In Ref. [75], we have also calculated the effective polarizability and T matrices of
a helix inside a square and a hexagonal lattice.

4.4.2 Effective induced multipole moments

In this subsection, we explore the effect of the lattice on the induced multipole
moments of the individual meta-atoms inside a square lattice with a normalized
periodicity Λ̃ in comparison to the induced multipole moments of the isolated meta-
atoms.

We assume a metasurface made from isotropic meta-atoms that is illuminated with
a linearly polarized plane wave propagating in the z-direction (Eq. 2.54):

ETE (r,kinc) = E0

 0

1

0

 eikinc·r, ETM (r,kinc) = E0

 1

0

0

 eikinc·r. (4.52)

We discuss, in the following, the modifications in the effective Cartesian multipole
moments in a closed-form formula. Starting from Eq. 4.40, up to the quadrupolar
order, we can write the effective Cartesian induced multipole moments as [68, 146]:

1
ε
p
(
kinc, Λ̃

)
1
ε

k√
20
Qe
(
kinc, Λ̃

)
iZm

(
kinc, Λ̃

)
iZ k√

20
Qm

(
kinc, Λ̃

)

 =
6π

k3
¯̃̄αeff

(
kinc, Λ̃

)
E1 (kinc)√

20
k
E2 (kinc)

iZH1 (kinc)

iZ
√
20
k
H2 (kinc)

 . (4.53)

We assume that the isotropic meta-atom is represented with the Mie coefficients
a1, a2, b1, b2. Then, for TM incidence, the induced Cartesian multipole moments can
be derived as: 

px/ε

Qe
xz/ε

ηmy

ηQm
yz

 =



6πi
k3
a

b2 ⟲

1,mod

−60π
k4

a
b1 ⟲

2,mod

6πi
k3
b
a2 ⟲

1,mod

−60π
k4

b
a1 ⟲

2,mod


E0, (4.54)

and, for a TE polarized incidence:


py/ε

Qe
yz/ε

ηmx

ηQm
xz

 =



6πi
k3
a

b2 ⟲

1,mod

−60π
k4

a
b1 ⟲

2,mod

−6πi
k3
b
a2 ⟲

1,mod

60π
k4
b
a1 ⟲

2,mod


E0, (4.55)
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where a
bg ⟲

j,mod (b
ag ⟲

j,mod) j = 1, 2, g = |2 − j| + 1 is the effective electric (magnetic)
Mie coefficient that is modulated with the lattice and also coupled to the magnetic
(electric) Mie coefficient of a different multipolar order. The effective Mie coeffi-
cients/polarizabilities of the particles in these expressions above depend on (a) the
modulation of the elements of the same multipolar order through Cdd and CQQ cou-
plings and (b) the coupling with other multipole moments in the lattice through
CdQ. The b2 ⟲ superscript shows the coupled parameters, and the coupling term is
written in the circle. Electric (magnetic) dipole moments are coupled to magnetic
(electric) quadrupole moments and vice versa. The modulated and coupled Mie
coefficients, that we call here, in short, the effective Mie coefficients, can be written
as:

1

a1,eff
=

1

a
b2 ⟲

1,mod

=
1 + C2

dQb2,moda1,mod

a1,mod

(
1 + i

√
5/3CdQb2,mod

) , (4.56)

1

b1,eff
=

1

b
a2 ⟲

1,mod

=
1 + C2

dQa2,modb1,mod

b1,mod

(
1 + i

√
5/3CdQa2,mod

) , (4.57)

1

a2,eff
=

1

a
b1 ⟲

2,mod

=
1 + C2

dQb1,moda2,mod

a2,mod

(
1 + i

√
3/5CdQb1,mod

) , (4.58)

1

b2,eff
=

1

b
a1 ⟲

2,mod

=
1 + C2

dQa1,modb2,mod

b2,mod

(
1 + i

√
3/5CdQa1,mod

) . (4.59)

The Mie coefficients that appear in these expressions on the right-hand side are
modulated thanks to their coupling in the lattice. They are explicitly written as:

1

a1,mod

=
1

a1
− iCdd, (4.60)

1

b1,mod

=
1

b1
− iCdd, (4.61)

1

a2,mod

=
1

a2
− iCQQ, (4.62)

1

b2,mod

=
1

b2
− iCQQ. (4.63)

Writing the above equations in such a manner has many advantages. Primarily, we
can immediately distinguish the impact of the lattice on the multipole moments of
the same or different order. Note that in the above equations, we have ignored the
arguments due to space restrictions.
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Figure 4.8: Effective dipolar Mie coefficient: The effective electric dipolar Mie coef-
ficient of a single-resonance isotropic meta-atom inside a square array of periodicity
Λ/λ made from electric dipoles modeled with a Lorentzian profile as a function of
the periodicity and wavelength (cf. Eq. 3.61, λ0 = 1000 nm). Different radiative
γr and nonradiative γnr losses are assumed in the Lorentzian models in a-c. The
effective parameters are calculated using Eq. 4.64.
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Figure 4.9: Effective Lorentzian resonance: a-c) The wavelength dependency of the
amplitude of the effective electric dipolar Mie coefficient when an electric dipolar
particle decorates inside a square array of periodicity Λ/λ. The electric dipoles are
modeled with a Lorentzian profile (cf. Eq. 3.61). A few selected periodicities are
considered, and different radiative γr and nonradiative γnr losses are assumed for the
Lorentzian model. d-f) The real and imaginary parts of the effective Mie coefficient
resonance for the selected loss parameters and periodicities. Λ/λ = ∞ represents
the response of an isolated meta-atom. The effective parameters are calculated using
Eq. 4.64.
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4.4.3 Upper limits for effective moments

In case only a single resonance captures the complete response of an isotopic meta-
atom, or in cases where the coupling of the (a1, b2) and (a2, b1) are zero, the effective
Mie coefficients can directly be calculated via:

1

a1,eff
=

1

a1,mod

=
1

a1
− iCdd, (4.64)

1

b1,eff
=

1

b1,mod

=
1

b1
− iCdd, (4.65)

1

a2,eff
=

1

a2,mod

=
1

a2
− iCQQ, (4.66)

1

b2,eff
=

1

b2,mod

=
1

b2
− iCQQ. (4.67)

Therefore, studying these effective Mie coefficients is essential in determining the
overall response of single-resonance metasurfaces.

Here, we consider the Lorentzian profile defined in Chapter 3 Eq. 3.61. We assume a
metasurface made from isotropic meta-atoms, where the meta-atoms sustain a single
electric dipole resonance. We seek to explore the effect of the lattice on the effective
resonance of the metasurface. The Mie coefficients of the meta-atoms are modeled
with a Lorentzian profile with different parameters. Figure 4.8 shows the effective
electric dipolar Mie coefficient inside a square array. The resonance wavelength of
the Lorentzian profile is at λ0 = 1000 nm.

To have a better insight, in Fig.4.9 we have plotted the resonances for a few selected
periodicities. There are a few points to notice in the two figures:

• At a normalized periodicity of Λ̃ ≈ 0.8, where the real part of the dipole-dipole
lattice coupling vanishes, the spectral position of the resonance is unaltered.
The real part of the coupling coefficients can be linked to the detuning of the
response of the isolated meta-atoms [228, 229].

• At a normalized periodicity of Λ̃ ≈ 0.5, where the imaginary part of the dipole-
dipole lattice constant vanishes, the amplitude of the resonance equals the
amplitude of the isolated Mie coefficient. We can show that the imaginary part
of the dipole-dipole lattice coefficient is related to the resonance amplitude. It
will be shown, shortly, that the maximum of the amplitude occurs where the
imaginary part is smallest, i.e., at near Λ̃ ≈ 1. Note that the lattice should
remain subwavelength, i.e. Λ̃ ≤ 1 .

Upper limits for the induced electric dipole moment

Next, we directly study the induced multipole moments and explore the fundamen-
tal upper limits of an electric dipole moment inside a lattice. If there is a single
electric dipole resonance, represented by a1, from Eq. 4.54-4.55, irrespective of the
polarization, we can write the induced multipole moment as:

p =
ε6πiE0

k3
a1,mod =

ε6πiE0

k3
a1

1− i a1Cdd

. (4.68)
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Figure 4.10: Electric dipole moment enhancement inside a lattice: Magnitude
of the induced electric dipole moment normalized to the maximum induced electric
dipole moment of an isolated scatterer in vacuum as a function of the electric dipolar
Mie angle for a) an isolated electric dipole and b) an electric dipole inside a lattice
with a normalized periodicity of Λ/λ.

In the following, we wish to study the problem systematically. Any possible value
the electric dipolar Mie coefficient can take is, herein, parameterized using the Mie
angle θE1. If the meta-atom is isolated outside a lattice, i.e., Cdd = 0, the maximal
magnitude of the electric dipole moment is at resonance (i.e., θE1 = 0) and is equal
to:

pmax =

∣∣∣∣ε6πiE0

k3

∣∣∣∣ = 6πεE0

k3
. (4.69)

This maximal value is used to normalize the effective induced multipole moment
and serves as the reference value for the electric dipole enhancement inside a lattice.
The normalized electric dipole moment as a function of the Mie angle is illustrated
in Fig. 4.10a. Notice that the normalized electric dipole moment takes the value of
one at resonance (i.e., θE1 = 0).

The question is, how much this electric dipole moment can be enhanced when
placing the electric dipolar scatterer inside a lattice. The question can be answered
by specifying the previously considered equations applicable to purely electric dipolar
particles. Therefore, the induced electric dipole moment inside a square lattice array
upon normal plane wave illuminations reads as:

pmod =
6πiE0

ηk3
a1,mod =

6πiE0

ηk3
a1

1− i a1Cdd

, (4.70)

where the normalized modulated electric dipole moment is:

pmod

pmax

=
i a1

1− i a1Cdd

. (4.71)

Any possible value of the electric dipole moment at a given operating wavelength
depends on only two parameters: the Mie angle, which parameterizes the response of
the individual particle, and the periodicity of the lattice. Therefore, a sweep search
through periodicity and Mie angle can give us the upper limit. The magnitude of
the modulated normalized electric dipole moment is plotted in Fig. 4.10b.
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The maximal enhancement thanks to the lattice interaction is 4π/3 and occurs in
a parameter region where the lattice is still sub-wavelength but very close to the
diffraction zone. The meta-atom has to be primarily operated below its resonance
frequency. The lattice interaction drives the meta-atom into a resonance, where it
gets enhanced far beyond the value it can attain when placed outside the lattice.

The same approach can be followed to find the upper limit for the other multipolar
moments. Furthermore, we can also incorporate the coupling of multipoles together
and hence study a more rich interaction in the lattice. In Ref. [205], we have explored
a scenario in which the electric quadrupole moment is coupled to the magnetic
dipole moments of the meta-atoms in a lattice and, hence, the induced magnetic
dipole moment is two orders of magnitude enhanced in comparison to the maximum
induced dipole moment of an isolated meta-atom.

To summarize, in this section, we explored the effective parameters in the lattice.
In the following section, we look at the scattering of metasurfaces with a single
resonance.

4.5 Transmission and reflection of single-resonance meta-

surfaces

We have studied the effective parameters inside a lattice. Here, we want to see
how these effective parameters contribute to light’s overall transmission and reflec-
tion from the metasurface. We define the TE and TM transmission and reflection
coefficients through the following equations:

tTE =
Esca

ϕ̂
(r) + Einc

ϕ̂
(r)

Einc
ϕ̂
(r)

, tTM =
Esca

θ̂
(r) + Einc

θ̂
(r)

Einc
θ̂
(r)

, rTE =
Esca

ϕ̂
(r)

Einc
ϕ̂
(r)

, rTM =
Esca

θ̂
(r)

Einc
θ̂
(r)

,

(4.72)

where the subscripts ϕ̂ and θ̂ refers to the direction of the fields to be considered in
the definitions. Following Eq. 4.39 and incorporating the effective derived param-
eters, we can derive the transmission and reflections coefficients for a metasurface
made from single-resonance isotropic meta-atoms that are arranged in a square array
and are illuminated with a plane wave as:

tp = 1− 3

4πΛ̃2
a1,mod , rp =

−3

4πΛ̃2
a1,mod, (4.73)

tm = 1− 3

4πΛ̃2
b1,mod , rm =

3

4πΛ̃2
b1,mod, (4.74)

tQe = 1− 5

4πΛ̃2
a2,mod , rQe =

5

4πΛ̃2
a2,mod, (4.75)

tQm = 1− 5

4πΛ̃2
b2,mod , rQm =

−5

4πΛ̃2
b2,mod, (4.76)

where subscript p (m) and Qe (Qm) refers to the electric (magnetic) dipolar and
quadrupolar resonance, respectively. The above calculations are done for a TE
excitation. Although the response of the metasurface is the same for TE and TM
polarization, there will be an extra minus sign in the reflection equations due to the
specific definition of the reflection coefficient.
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Figure 4.11 shows the amplitude and phase of the transmission and reflection coef-
ficients of different metasurfaces made from identical and non-absorbing meta-atoms
with different single resonances that are arranged on a square lattice. We have cov-
ered the full possible values by sweeping through the full detuning Mie angles and
the entire subwavelength periodicity range. The duality symmetry of electric and
magnetic response amplitude is an interesting but expected observation. For dipole
metasurfaces, when the isolated particle is at resonance, i.e., when θE1 = θM1 = 0,
the reflectance is maximum at the normalized periodicities of Λ̃ ≈ 0.2, 0.8 (4.11a-
b). The phase of the reflected wave is π for an electric dipole array and 0 for a
magnetic dipole array. At these points of operation, the cooperative response of
the meta-atoms can cancel the incident field in the forward direction and push the
transmittance to zero. For the quadrupolar metasurfaces, the transmittance crosses
zero for slightly detuned meta-atoms, i.e., θE2, θM2 < 0.

0
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1

0

0.5

1

Figure 4.11: Transmission and reflection of single-resonance metasurfaces: The full
map of transmission and reflection through a subwavelength square array metasur-
face made from isotropic non-absorbing meta-atoms as a function of the Mie angles
and normalized periodicity under a normal TE-polarized plane wave. We assume
that the identical meta-atoms have only a single resonance. The amplitude (up) and
phase (down) of the transmission (left) and reflection coefficients (right) for a single
a) electric and b) magnetic dipole and c) electric, and d) magnetic quadrupole. The
reflection and transmission for TE and TM excitations are the same; however, there
will be an extra minus sign for the TM excitation due to the specific definition, here.
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Energy conservation and lattice couplings

For a single-resonance metasurface that is periodic, subwavelength, and is made
from identical, non-absorbing and isotropic meta-atoms, the energy conservation
dictates:

|t|2 + |r|2 = R + T = 1, (4.77)

where R (T ) is the reflectance (transmittance) from the metasurface. Using Eq. 4.73
for the electric dipole resonance, we can write t = 1 + r = 1− A and hence:

|A|2 + |1− A|2 = 2AA∗ + 1− A∗ − A = 1 ⇒ AA∗ = ℜ (A∗) ⇒ 1 = ℜ
(
1

A

)
.(4.78)

Then, we can use the Mie angle model and write:

ℜ

(
1

3

4πΛ̃2
a1,eff

)
=

4πΛ̃2

3

[
ℜ
(
e−iθE1

cos θE1

)
+ ℑ (Cdd)

]
=

4πΛ̃2

3
[1 + ℑ (Cdd)] = 1.(4.79)

Then, it directly follows [62, 75]:

ℑ (Cdd) =
3

4πΛ̃2
− 1. (4.80)

Although we have assumed non-absorbing or isotropic particles, the physical restric-
tion on the lattice couplings still holds as they are independent of meta-atoms. Using
a similar approach, we can derive the imaginary part of the other lattice couplings.

In summary, this section has provided the analytical tools required to describe a
periodic arrangement of identical meta-atoms. Notably, we have modeled the lattice
coupling matrix of different arrays and described their influence on the effective
response of meta-atoms compared to their isolated counterpart. With the tools at
hand, we can study Huygens’ metasurfaces, as an essential class of metasurfaces, in
the next chapter.
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5. Huygens’ and Higher-Order
Metasurfaces

In the previous chapter, we derived the general equations governing light scattering
from periodic metasurfaces, made from arbitrary but identical meta-atoms, under
plane-wave illumination, up to an octupolar order approximation.

This chapter considers a few further assumptions and analyzes specific types of
metasurfaces made, mostly, from isotropic meta-atoms. We derive closed-form ana-
lytical equations linking the isolated meta-atoms’ optical response to the emerging
optical scattering of the metasurface via the lattice coupling matrix.

In particular, Huygens’ metasurfaces are extensively studied. A Huygens’ metasur-
face is a 2D arrangement of identical meta-atoms in which, upon illumination, as
a result of the destructive interference of the radiation from the induced multipole
moments, the zeroth-order reflection is suppressed. We use this general definition
throughout the thesis. In case, non-absorbing meta-atoms are assumed, the zeroth-
order transmittance of these non-absorbing Huygens’ metasurface tends to unity.
Using either a variation of the geometrical details of the unit cell for a fixed opera-
tional wavelength or by changing the operational wavelength for a fixed geometry,
the phase angle of the transmission coefficient can be tuned over an extended range.
Our study does not only deal with conventional dipolar Huygens’ metasurfaces (first
section) but also quadrupolar (second section) and dipolar-quadrupolar (third sec-
tion) scenarios. Furthermore, in the fourth section, we explore the phase-shift cover-
age of the different categories of non-absorbing Huygens’ metasurfaces as an actual
application of these metasurfaces.

In the fifth section, diffraction modes from metasurfaces, beyond the zeroth-order
transmission and reflection, are addressed. We provide analytical equations for the
propagating modes of diffracting metasurfaces, i.e., metagratings. Finally, in the last
section, metasurfaces under an oblique incidence angle are investigated.

The content of this chapter is based on our works in Ref. [31, 59, 75, 101].
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5.1 Dipolar metasurfaces
In this section, we explore the zeroth-order diffraction modes from dipolar metasur-
faces under normal plane wave incidence. We start from more general rotationally
symmetric meta-atoms (i.e., nanocylinders) and, later, assume dual and isotropic
meta-atoms as the main building blocks of dipolar Huygens’ metasurfaces. Note
that, here, for a subwavelength periodicity, the zeroth-order diffraction modes are
the only propagating modes of the metasurface. In the following, for brevity, we may
use transmission and reflection instead of zeroth-order transmission and reflection.

Although Huygens’ metasurfaces, particularly in the electrical engineering commu-
nity, might be loosely referred to as metasurfaces made from identical meta-atoms
with any ratio of the electric and magnetic response [80], here, we strictly require
that the meta-atoms have an equal electric and magnetic response.

Transmission and reflection

Assuming a square (or hexagonal) periodic arrangement of isotropic dipolar meta-
atoms, using Eq. 4.39 and 4.40, the zeroth-order transmission and reflection for
normally incident TE and TM excitation are derived as:

tTE = tTM = 1− 3

4πΛ̃2
(a1,mod + b1,mod) = 1− 3

4πΛ̃2

(
a1

1− ia1Cdd

+
b1

1− ib1Cdd

)
,

rTE = −rTM =
−3

4πΛ̃2
(a1,mod − b1,mod) =

−3

4πΛ̃2

(
a1

1− ia1Cdd

− b1
1− ib1Cdd

)
, (5.1)

where a1 (b1) is the electric (magnetic) dipolar Mie coefficient of the isolated sphere,
a1,mod (b1,mod) is the modulated electric (magnetic) dipolar Mie coefficients of the
sphere inside the lattice (cf. Eq. 4.64-4.67), Cdd is the dipole-dipole lattice coupling,

and Λ̃ is the normalized periodicity of the square/hexagonal lattice.

The equation above also applies to rotationally symmetric meta-atoms such as
nanocylinders (cf. Eq. 3.83). In the following, without losing generality, we only con-
sider the TE response and, for simplicity, we denote them as t and r. Furthermore,
we exploit the developed concepts and restrictions and derive an easier-to-grasp
expression for the transmission and reflection.

Effective Mie angles

For non-absorbing and isotropic meta-atoms, we can exploit the Mie angles (cf.
Eq. 3.72-3.73) and write the modulated Mie coefficients as:

a1,mod =

(
i

i + tan θE1 + Cdd

)
, (5.2)

b1,mod =

(
i

i + tan θM1 + Cdd

)
, (5.3)

where θE1 (θM1) is the electric (magnetic) dipolar Mie angle. The imaginary part of
the lattice coupling is dictated by the energy conservation restrictions (cf. Eq. 4.48),
and, hence, the modulated parameters can be rewritten as:

a1,mod =

(
1

1+ℑCdd

1− i tan θE1+ℜCdd

1+ℑCdd

)
=

[
4πΛ̃2

3

1− i4π
3
Λ̃2(tan θE1 + ℜCdd)

]
=

4πΛ̃2

3

1− i tan θE1,eff
,

b1,mod =
4πΛ̃2

3

[
1

1− i4π
3
Λ̃2(tan θM1 + ℜCdd)

]
=

4πΛ̃2

3

1− i tan θM1,eff

, (5.4)
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Figure 5.1: Effective dipolar Mie angle: The effective dipolar Mie angle as a function
of the normalized periodicity of a square array Λ/λ and the dipolar Mie angle θd of
the isolated sphere. E1 or M1 can replace the subscript d.

where θE1,eff (θM1,eff) is the effective electric (magnetic) dipolar Mie angle, defined
as:

θE1,eff = arctan

[
4π

3
Λ̃2(tan θE1 + ℜCdd)

]
, (5.5)

θM1,eff = arctan

[
4π

3
Λ̃2(tan θM1 + ℜCdd)

]
. (5.6)

Figure 5.1 shows the relation between the dipolar (electric or magnetic) Mie angle
θd of an isolated sphere, the periodicity of the lattice, and the effective (electric or
magnetic) dipolar Mie angle θd,eff . It shows the modifications of the Mie angle at
different lattice periodicities. The modulations are getting stronger as the lattice
gets denser or when the periodicity tends to the wavelength, i.e., Λ ≈ λ. From
Eq. 5.5-5.6, it is evident that similar to the Mie angles, the effective Mie angles are
real-valued and also span an interval of [−π/2, π/2].

Therefore, the transmission and reflection coefficients in Eq. 5.1 can be written as:

t = 1− cos θE1,eff exp (iθE1,eff)− cos θM1,eff exp (iθM1,eff), (5.7)

r = cos θM1,eff exp (iθM1,eff)− cos θE1,eff exp (iθE1,eff). (5.8)

The above equation guarantees that the transmission and reflection do not cross
unity. It constitutes the most general equation for the zeroth-order transmission
and reflection of metasurfaces made from non-absorbing, isotropic, and dipolar meta-
atoms. The effective dipolar Mie angle has the same interpretation as the Mie angle
of the isolated sphere. For instance, at resonance, the angle is zero, and when entirely
off-resonant, the angle is ±π/2.

Dipolar and dual Huygens’ metasurfaces

Here, we assume that the meta-atoms are characterized by an equal and non-
absorbing dipolar electric and magnetic Mie coefficient. Using equal dipolar Mie
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angles for the non-absorbing meta-atoms, i.e., θd = θE1 = θM1, and Eq. 5.7-5.8, we
can write the zeroth-order transmission and reflection as:

t = 1− 3

4πΛ̃2

(
2i

i + tan θd + Cdd

)
= 1− 2 cos θd,eff exp (iθd,eff), (5.9)

r = 0. (5.10)

As expected, the zeroth-order reflection from periodic and dual meta-atoms illumi-
nated by a normally incident plane wave, is, by definition, zero. The zero reflection
of dipolar Huygens’ metasurfaces is due to the destructive interference of the ra-
diation from the electric and magnetic dipole moments in the backward direction.
This suppression of the reflection for a dipolar Huygens’ metasurface is sometimes
referred to as the first Kerker condition or the Huygens’ condition. Kerker conditions
are originally defined for single meta-atoms. However, they were later extended to
metasurfaces and aggregates [230–233]. The vanishing reflection can also be justified
with the electromagnetic duality symmetry of the meta-atoms and the discrete ro-
tational symmetry Cn>2 of the lattice [234, 235]. Note that electromagnetic duality
symmetry, and, hence, the helicity preservation, does not guarantee a zero backscat-
tering. An additional requirement is the discrete rotational symmetry Cn>2 of the
lattice [234]. This point becomes more clear when we explore the reflection from a
perfectly dual metasurface under oblique incidence. A dual metasurface preserves
helicity but does not necessarily suppress reflection.

A confusing point that requires clarification is that not all Huygens’ metasurfaces
are dual. Electromagnetic duality symmetry should be independent of illumination
angle. Huygens’ metasurfaces made from nanocylinders are designed such that their
electric and magnetic radiation are equal upon normal incidence (i.e., in Eq. 3.83,
a1 = b1 in dipolar response). They preserve helicity upon normal incidence; however,
the nanocylinders might not necessarily be dual, and, hence, the helicity is not
preserved for oblique incidence.

Unlike in the reflection, in Huygens’ metasurfaces, the radiation of the electric
and magnetic dipole moments is constructive in the forward direction. If we sweep
through the whole θd,eff (i.e., −π/2 ≤ θd,eff ≤ π/2), the transmission traces out a
circle with a radius of 1 in the complex plane (cf. Fig. 5.2a). The transmission
amplitude for Huygens’ metasurfaces is always unity. However, the real part of the
dipole-dipole lattice coupling and the isolated dipolar Mie angle determine the trans-
mission phase angle. To span the full accessible phase angle, in Fig. 5.2b, we have
plotted the phase-shift that is introduced in the forward direction as a function of the
periodicity and the isolated dipolar Mie angle. Fixing the Mie angle or the period-
icity while detuning the other parameter controls the phase shift of the transmitted
field. In Section 5.4, we explore this capability of Huygens’ metasurfaces.

In the next section, we explore the effect of induced quadrupole moments in the
transmission and reflection of metasurfaces.

5.2 Quadrupolar metasurfaces

In this section, we explore metasurfaces that are only made from isotropic and non-
absorbing quadrupolar meta-atoms, i.e., dipolar, octupolar, and other higher-order
terms do not exist.
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Figure 5.2: Dipolar Huygens’ metasurface: a) The complex zeroth-order transmis-
sion of a dipolar Huygens’ metasurface when sweeping through the full effective Mie
angle region, i.e., −π/2 ≤ θd,eff ≤ π/2. The transmittance is always unity. b) The
phase angle of the complex transmission coefficient of Huygens’ dipolar metasur-
face as a function of the isolated dual dipolar Mie angle of the meta-atoms and the
periodicity of the square array. The calculations are based on Eq. 5.9. Note that
a1 = b1.

Transmission and reflection

Assuming a square-periodic arrangement of isotropic quadrupolar meta-atoms, us-
ing Eq. 4.39 and 4.40, the zeroth-order transmission and reflection for normally
incident TE and TM excitation are derived as:

tTE = tTM = 1− 5

4πΛ̃2
(a2,mod + b2,mod) = 1− 5

4πΛ̃2

(
a2

1− ia2CQQ

+
b2

1− ib2CQQ

)
,

rTE = −rTM =
5

4πΛ̃2
(a2,mod − b2,mod) =

5

4πΛ̃2

(
a2

1− ia2CQQ

− b2
1− ib2CQQ

)
,

(5.11)

where a2 (b2) is the electric (magnetic) quadrupolar Mie coefficients of the isolated
spheres, a2,mod (b2,mod) is the modulated electric (magnetic) quadrupolar Mie coef-
ficients of the sphere inside the lattice (cf. Eq. 4.64-4.67), CQQ is the quadrupole-

quadrupole lattice coupling, and Λ̃ is the normalized periodicity of the square/hexag-
onal lattice. Similar to the previous section, we only consider the TE response and,
for simplicity, we denote them as t and r.

Effective Mie angles

Following a similar procedure as the previous section, the transmission and reflec-
tion for a periodic arrangement of non-absorbing and isotropic quadrupolar meta-
atoms, modeled by the quadrupolar Mie angles θE2 and θM2, can be written as:

t = 1− 5

4πλ̃2

(
1

1− i tan θE2 − iCQQ

+
1

1− i tan θM2 − iCQQ

)
(5.12)

= 1− cos θE2,eff exp (iθE2,eff)− cos θM2,eff exp (iθM2,eff),

r =
5

4πλ̃2

(
1

1− i tan θE2 − iCQQ

− 1

1− i tan θM2 − iCQQ

)
(5.13)

= cos θE2,eff exp (iθE2,eff)− cos θM2,eff exp (iθM2,eff),
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Figure 5.3: Quadrupolar Huygens’ metasurface: a) The effective quadrupolar Mie
angle as a function of the isolated quadrupolar Mie angle and the normalized pe-
riodicity of the lattice. b) The complex transmission coefficient of a quadrupolar
metasurface when the effective quadrupolar Mie coefficient is swap through the whole
accessible space. The transmittance is always unity. c) The phase angle of the trans-
mission of a dual quadrupolar Huygens’ metasurface (Eq. 5.16), as a function of the
quadrupolar Mie angle and the normalized periodicity. Note that a2 = b2.

where θE2,eff (θM2,eff) is the effective electric (magnetic) quadrupolar Mie angle, de-
fined as:

tan θE2,eff = 4πΛ̃2

[
tan θE2 + ℜ(CQQ)

5

]
, (5.14)

tan θM2,eff = 4πΛ̃2

[
tan θM2 + ℜ(CQQ)

5

]
. (5.15)

In Fig. 5.3a, we have plotted the general effective (electric or magnetic) quadrupolar
Mie angle θQ,eff , as a function of the isolated (electric or magnetic) quadrupolar Mie
angle θQ and the periodicity of the 2D lattice.

Quadrupolar Huygens’ metasurfaces

In case the quadrupolar electric and magnetic Mie coefficients are equal, i.e., θE2 =
θM2 = θQ, the transmission and reflection coefficients are derived as:

t = 1− 2 cos θQ,eff exp (iθQ,eff), r = 0. (5.16)

Figure 5.3b shows the complex transmission and Fig. 5.3c shows the phase angle
of the transmission through a quadrupolar Huygens’ metasurface as a function of
the Mie angle and the normalized periodicity. Compared with the dipolar Huy-
gens’ metasurface, the strong coupling region, i.e., where the phase shift is strongest
(|∠t| > π/2), falls in the larger periodicity region. This shows that the quadrupolar
interactions are most substantial at slightly larger periods.

In the next section, we explore scenarios in which both dipolar and quadrupolar
parts exist, and, hence, a richer response is expected.
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5.3 Dipolar-quadrupolar metasurfaces

Only cases with no coupling among different multipole moments were considered
in the previous sections. As a result, the scattered optical field was only coming
from moments modulated by the lattice couplings. As discussed in Chapter 4, in
a periodic lattice decorated with isotropic meta-atoms illuminated with a normally
incident plane wave, the electric (magnetic) dipole moments are coupled to the
magnetic (electric) quadrupole moments. This coupling provides a more complicated
but richer optical response that we will explore in the following sections.

Assuming a square-periodic arrangement of isotropic dipolar-quadrupolar meta-
atoms, using Eq. 4.39 and 4.40, the zeroth-order transmission and reflection for
normally incident TE and TM excitation are derived as:

tTE = tTM = 1− 1

4πΛ̃2

(
3a

b2 ⟲
1,mod + 3b

a2 ⟲

1,mod + 5a
b1 ⟲

2,mod + 5b
a1 ⟲

2,mod

)
, (5.17)

rTE = −rTM =
−1

4πΛ̃2

(
3a

b2 ⟲

1,mod − 3b
a2 ⟲
1,mod − 5a

b1 ⟲

2,mod + 5b
a1 ⟲

2,mod

)
, (5.18)

where a
b2 ⟲

1,mod/b
a2 ⟲

1,mod (a
b1 ⟲

2,mod/b
a1 ⟲

2,mod) is the coupled and modulated electric/magnetic
dipolar (quadrupolar) Mie coefficient (cf. Eq. 4.56-4.59). For dual meta-atoms, i.e.,
a1 = b1, a2 = b2, the reflection is zero and the transmission (t = tTE = tTM) is:

t = 1− 2

4πΛ̃2

(
3a1,mod + 5a2,mod + 2

√
15CdQa1,moda2,mod

1 + C2
dQa2,moda1,mod

)
. (5.19)

The equation above shows a more complex response. The following section explores
the phase-shift coverage that Huygens’ metasurfaces can provide while maintaining
the unity transmittance.

5.4 Phase-shift coverage

Non-absorbing Huygens’ metasurfaces provide unity transmittance while simulta-
neously allowing control over the transmission phase angle. This feature makes
Huygens’ metasurfaces a promising candidate for holograms, for which a high trans-
mittance efficiency and complete control over the phase-shift of the transmitted field
is required. This section explores the accessible transmission phase angle in different
Huygens’ metasurfaces.

Dipolar Huygens’ metasurfaces, i.e., metasurfaces with equally excited dipolar elec-
tric and magnetic Mie coefficients, cover 2π phase shift in transmission by tuning
the wavelength through the whole resonance (cf. Fig. 5.2a). To show this more
clearly, in Fig. 5.4, we have simulated a dipolar Huygens’ metasurface made from
meta-atoms characterized by a Lorentzian dispersion profile (cf. Eq. 3.59-3.60). The
amplitude and phase angle of the modeled dipolar Mie coefficient a1 = b1 = ad are
shown in Fig. 5.4a. In Fig. 5.4b, the real and imaginary parts of the transmission
are plotted, and in Fig. 5.4c, the amplitude and phase angle of the transmission as
a function of the operating wavelength are shown. The figure shows that complete
phase-shift coverage of 2π is reached while the unity transmittance is preserved.
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Figure 5.4: Phase-shift coverage of a dipolar Huygens’ metasurface [31]: a) The
amplitude and phase angle of a dipolar Mie coefficient a1 = b1 = ad modeled with a
Lorentzian dispersion (cf. Eq. 3.55-3.56). b) The zeroth-order complex transmission
td, c) its phase angle arg(td), and amplitude |td| through a square-periodic sub-
wavelength arrangement of the dual dipoles (a1 = b1 = ad) as a function of the
wavelength. The periodicity is 800 nm. The colored markers correspond to specific
wavelengths, as can be seen from a) and c). The parameters for the Lorentzian
model are: λ0 = λ0d = 1500 nm, α0d = 8 × 109m3/s2 (cf. Eq. 3.59-3.60). Adapted
from Ref. [31] with permission from De Gruyter.

One step further, we study the higher-order multipoles in Huygens’ metasurfaces
and include the quadrupolar Mie coefficients into the equations. If a periodic ar-
rangement of dual dipolar-quadrupolar meta-atoms is assumed, i.e. a1 = b1 = ad,
a2 = b2 = aQ, the complex transmission td+Q as a function of the wavelength will be
a double winding circle around the origin 0 + 0i, covering an overall 4π phase shift
through the four resonances. This feature is explored in Fig. 5.5 in which we have
modeled the dipolar and quadrupolar Mie coefficients with a Lorentzian dispersion
and have calculated the transmission.

However, metasurface-based holograms are not operated at various but a fixed
wavelength. In other words, we want to have complete control over the local phase
shift of the impinging wavefront at a specifically given wavelength. Therefore, the
phase-shift coverage is possible by tuning the lattice constant of the arrangement.
Each pixel of the metasurface should provide a different phase angle required for the
hologram. Although these pixels have a finite dimension, here, we focus on infinitely
periodic metasurfaces. In the next chapter, the question of finite metasurfaces is
addressed. For now, it is enough to consider that for large enough pixels, we can
approximate the response of a finite pixel to the response of an infinitely periodic
metasurface.

To explore the phase-shift coverage of Huygens’ metasurfaces with a lattice con-
stant tuning, we have initially considered a metasurface made from meta-atoms at
resonance, i.e., a1 = b1 = 1 for the dipolar case and a1 = b1 = a2 = b2 = 1
for the dipolar-quadrupolar case. In Fig. 5.6, we have calculated the transmission
as a function of the normalized periodicity. It should be mentioned that the size
of the meta-atom determines the lower limit of the periodicity. Here, to have a
more realistic result, we have limited the normalized periodicity to a lower limit of
Λmin = 0.33λ. We assume that a denser arrangement is not plausible due to the
spatial extent of the meta-atoms.
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Figure 5.5: Phase-shift coverage of a dipolar-quadrupolar Huygens’ metasurface
[31]: a) The amplitude and phase angle of dual dipolar and dual quadrupolar Mie
coefficients (a1 = b1 = ad, a2 = b2 = aQ) correspondingly modeled with a Lorentzian
dispersion (cf. Eq. 3.55-3.58). b) The zeroth-order complex transmission td+Q,
c) its phase angle arg(td+Q), and amplitude |td+Q| through a square-periodic sub-
wavelength arrangement of the dual dipolar-quadrupolar Lorentzian meta-atoms
as a function of the wavelength. The periodicity is 800 nm. The colored markers
correspond to specific wavelengths, as can be seen from a) and c). The parameters for
the Lorentzian model are: λ0 = λ0d = λ0q = 1500 nm, α0q = 10α0d = 8× 1010m3/s2.
Adapted from Ref. [31] with permission from De Gruyter.
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Figure 5.6: Huygens’ metasurfaces with different periodicities [31]: a) The zeroth-
order complex transmission, b) its phase angle, and amplitude through a square-
array periodic sub-wavelength arrangement of dual dipolar (td) and dual dipolar-
quadrupolar (td+Q) meta-atoms (cf. Fig. 5.5a) at their individual resonance wave-
lengths (i.e., a1 = b1 = 1 for td and a1 = a2 = b1 = b2 = 1 for td+Q) as a function
of the normalized lattice constant. The colored markers correspond to a specific
normalized lattice constant, as can be seen from b). Adapted from Ref. [31] with
permission from De Gruyter.
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Figure 5.7: Metasurface phase-shift coverage and the Mie coefficients [31]: a) The
phase shift achieved in a metasurface made from different combinations of dual Mie
coefficient angles for dipolar and b) dipolar-quadrupolar meta-atoms as a function
of the normalized lattice constant Λ/λ ∈ [0.33, 1]. c) The phase-shift coverage
achieved in a metasurface by all combinations of dual Mie coefficient angles for
dipolar-quadrupolar meta-atoms. The maximum phase-shift coverage is a sharp strip
around θd = −θQ = 50o. The simulations are done in free space at a wavelength of
1500 nm, but the results are only dependent on Λ/λ and are valid for any wavelength.
Adapted from Ref. [31] with permission from De Gruyter.

As evident from Fig. 5.6, by tuning the lattice constant, the dipolar Huygens’ meta-
surface does not provide a complete 2π phase-shift coverage. It can be shown that
the maximum phase-shift coverage for a dipolar Huygens’ metasurface is 3π/2 [31].
On the other hand, from Fig. 5.6, we can observe that exploiting the quadrupolar
resonances in the meta-atoms along with the dipolar resonances helps to cover the
whole phase-shift range of 2π. However, the resonances’ simultaneous existence with
different ratios remains an open question, and we want to address it next.

To systematically search through all possible scenarios and go beyond the resonance
condition assumed previously, we utilize the Mie angle method. To do so, in the
first step, we model the dipolar and quadrupolar Mie coefficients with the dipolar
(θd = θE1 = θM1) and quadrupolar (θQ = θE2 = θM2) Mie angles, respectively. In
the next step, we simulate the transmission of a metasurface made from these meta-
atoms with a periodicity range of Λ/λ = [0.33, 1]. For each Mie angle pair (θd, θQ),
we identify the largest phase-shift coverage. Figure 5.7c shows the full phase-shift
coverage map for all the Mie coefficient pair values. Figures 5.7a-b show the phase
shift of the transmission for a few selected Mie angles. The maximum phase-shift
coverage is a sharp strip around θd = −θQ = 50o and is above 3π, which is well
beyond the required 2π coverage. As evident from the figure, there is a large area
in which the desired 2π phase-shift coverage is reached. Therefore, a meta-atom
satisfying any of the desirable Mie coefficient pairs can provide the complete phase-
shift coverage in a metasurface made from the meta-atom.

In Ref. [31], exploiting the particle swarm optimization method, we have designed
a core-shell sphere that provides the complete 2π phase-shift coverage in the meta-
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Figure 5.8: Fully diffractive metagrating [75]: a) A square array of core-shell spheres
(r1 = 0.34λ, r2 = (0.34 + 0.06)λ, n1 = 1.86, n2 = 1.43) illuminated with a TE
plane wave diffracts all the light to the first diffraction orders at a wavelength of
λ = 500 nm. b) The normalized specular and diffracted power of the lattice as a
function of the periodicity Λ. c) The transmittance and d) reflectance of the zeroth-
order and diffracting modes of the lattice. The dashed line shows the periodicity
where diffractions to θ = 64o occur.

surface by tuning the periodicity. Furthermore, in the same reference, inspired by
the core-shell results, we have designed a disk-ring meta-atom that provides full
phase-shift coverage. For more technical discussions, the reader is motivated to read
the article.

Here, it is worth noting that high transmittance non-resonant and non-Huygens’
metasurfaces that can provide full phase-shift coverage are possible. In these meta-
surfaces, non-identical meta-atoms can be used [83, 84, 236–239]. Here, our focus
is on resonant polarization-insensitive Huygens’ metasurfaces made from identical
isotropic meta-atoms.

In summary, we have utilized the analytical equations for the transmission and re-
flection of metasurfaces to explore the phase-shift coverage of Huygens’ metasurfaces.
Huygens’ metasurfaces provide unity transmittance and zero reflection and, hence,
are very suited for high-efficiency holography. In Ref. [31], we have explored how
the added phase-shift coverage, enabled by higher-order meta-atoms, can improve
the quality of hologram images. In the next section, we explore dipolar-quadrupolar
metasurfaces that have a periodicity longer than the wavelength.

5.5 Metagratings

This section provides rigorous analytical expressions for the diffraction of light from
metasurfaces and metagratings at normal incidence. A metagrating has wavelength-
scale periodicities and can diffract light beyond the zeroth-order modes. Here, we



86 5. Huygens’ and Higher-Order Metasurfaces

restrict ourselves, for brevity, to isotropic meta-atoms up to a quadrupolar order
approximation. As an example, with the provided analytical expressions, we identify
a metagrating that perfectly cancels the zeroth-order transmission and diffracts all
the light to the four first-order diffractions.

The meta-atoms are assumed to be sufficiently described as an assortment of
electric and magnetic dipoles or quadrupoles represented by their Mie coefficients
a1, a2, b1, b2. From Eq. 4.39 and 4.40, reflection and transmission coefficients are
derived as a function of the Mie coefficients of the individual nanoparticles and the
lattice coupling matrix as:

tTE0,0→TEn1,n2
= 1− cosϕ

4πΛ̃2

(
3a1,eff
cos θ

+ 3b1,eff + 5a2,eff +
5 cos 2θb2,eff

cos θ

)
,(5.20)

tTE0,0→TMn1,n2
=

sinϕ

4πΛ̃2

(
3a1,eff +

3b1,eff
cos θ

+
5 cos 2θa2,eff

cos θ
+ 5b2,eff

)
, (5.21)

tTM0,0→TEn1,n2
=

− sinϕ

4πΛ̃2

(
3a1,eff
cos θ

+ 3b1,eff + 5a2,eff +
5 cos 2θb2,eff

cos θ

)
, (5.22)

tTM0,0→TMn1,n2
= 1− cosϕ

4πΛ̃2

(
3a1,eff +

3b1,eff
cos θ

+
5 cos 2θa2,eff

cos θ
+ 5b2,eff

)
,(5.23)

rTE0,0→TEn1,n2
=

cosϕ

4πΛ̃2

(
3a1,eff
cos θ

+ 3b1,eff + 5a2,eff +
5 cos 2θb2,eff

cos θ

)
, (5.24)

rTE0,0→TMn1,n2
=

sinϕ

4πΛ̃2

(
3a1,eff +

3b1,eff
cos θ

+
5 cos 2θa2,eff

cos θ
+ 5b2,eff

)
, (5.25)

rTM0,0→TEn1,n2
=

− sinϕ

4πΛ̃2

(
3a1,eff
cos θ

+ 3b1,eff + 5a2,eff +
5 cos 2θb2,eff

cos θ

)
, (5.26)

rTM0,0→TMn1,n2
=

cosϕ

4πΛ̃2

(
3a1,eff +

3b1,eff
cos θ

+
5 cos 2θa2,eff

cos θ
+ 5b2,eff

)
, (5.27)

where the effective Mie coefficients are calculated according to Eq. 4.56-4.59. Note
that the angles θ and ϕ are the scattering angles of the propagating diffraction
orders, derived from Eq. 4.38. Moreover, here, we only consider propagating modes,
and evanescent field scattering is not considered.

The availability of analytical expressions is key to design metasurfaces with optical
properties on demand. Here, we demonstrate the applicability by designing a meta-
grating that diffracts light only into θ=64o degrees in the four possible directions
(azimuth angles ϕ = 0o, 90o, 180o, 270o degrees) (cf. Fig. 5.8a). For each of the four
branches, two different polarizations are possible, TE and TM. However, due to the
isotropy of the constituents and lattice symmetry, some modes are zero. Here, we
have assumed a TE polarized plane wave excitation at normal incidence.

As presented through the general expressions in Eq. 4.38, the diffraction angles
(θ, ϕ) are uniquely determined by the diffraction order (n1, n2). Moreover, we want
no other propagating modes except the first diffraction orders, i.e., |n1| + |n2| = 1.
These two requirements set the required normalized periodicity to λ/Λ = 1.12.
Next, using the expressions for the amplitudes of the diffraction orders and the Mie
angle method [59], we systematically search through all possible Mie coefficients for
regimes where the zeroth-order transmission is zero at the given periodicity. After
identifying a set of Mie coefficients that cancels the zeroth-order transmission, we use
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Figure 5.9: Cartesian coupling matrix under oblique incidence [75]: a) The Carte-
sian coupling matrix amplitude for a b) square array with a normalized periodicity
of Λ/λ = 0.5, c) under oblique incidence (θinc = π/6, ϕinc = 0), up to a quadrupolar
approximation. The relevant matrix entries for a metasurface made from dipolar
isotropic meta-atoms are the parallel Cxx and Cyy, the perpendicular Czz, and the
oblique Cyz couplings. They are marked in the figure.

a particle swarm optimization method to find details of a core-shell sphere, namely
dimensions and material parameters, that provide the required Mie coefficients.

In Fig. 5.8a, the outcomes from the design process are illustrated. Figure 5.8b shows
that at the chosen periodicity Λ = 1.12λ = 556 nm, most of the power is diffracted,
while Fig. 5.8c and d show the transmittance and reflectance of the individual modes.
The reflectance and transmittance can be expressed as a function of reflection and
transmission coefficients, respectively, as:

T = |t|2 | cos θ|
| cos θinc|

, R = |r|2 | cos θ|
| cos θinc|

, (5.28)

where for our case θ = 64o and θinc = 0o. It is evident from the figure that the
zeroth-order transmission and the zeroth-order reflection are successfully suppressed.
Moreover, the reflected diffracted modes are much smaller than the transmitted ones.

Having the analytical equations at hand, different desired scattering scenarios can
be explored. Our aim here was to provide a simple example for the diffraction
of dipolar-quadrupolar metasurfaces. In the next section, we address the optical
response of metasurfaces under oblique incidence.

5.6 Metasurfaces under oblique incidence

This section provides simplified equations for the zeroth-order transmission and
reflection of a metasurface made from isotropic dipolar meta-atoms illuminated
obliquely with a plane wave. In particular, dipolar Huygens’ metasurfaces under
oblique angles are explored. In the end, we also address the Brewster angle for
single resonance metasurfaces.



88 5. Huygens’ and Higher-Order Metasurfaces

-2

0

2

4

0.2 0.5 0.8

-2

0

2

4

0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8

Figure 5.10: The relevant Cartesian coupling matrix entries under oblique inci-
dence: a,c,e,g) The real and b,d,f,h) imaginary parts of the relevant lattice coupling
matrix entries for a metasurface made from dipolar isotropic meta-atoms, as a func-
tion of the normalized periodicity Λ/λ, for few selected incident angles θinc. In all
the figures ϕinc = 0. The relevant matrix entries for a metasurface made from dipolar
isotropic meta-atoms are the parallel Cxx and Cyy, the perpendicular Czz, and the
oblique Cyz couplings.

The TE and TM plane-wave excitation for an oblique incidence are defined as:

E inc
TM =

 Ex

Ey

Ez

 = E0

 cos θinc
0

− sin θinc

 ei(k
inc
x x+kincz z), (5.29a)

E inc
TE =

 Ex

Ey

Ez

 = E0

 0
1
0

 ei(k
inc
x x+kincz z), (5.29b)

where kincx = k sin θinc and k
inc
z = k cos θinc are the x and z component of the imping-

ing wavevector. Under oblique incidence, there are less symmetry-protected zeros in
the lattice coupling matrix, and, hence, there are more novel interference patterns to
be explored. Figure. 5.9 shows the Cartesian lattice coupling matrix. The relevant
dipolar coefficients are also identified and marked.

Assuming a square-periodic arrangement of dipolar Mie meta-atoms, using Eq. 4.39
and 4.40, the transmission and reflection for an obliquely incident TE and TM
excitation are derived as:

tTE = 1− 3

4πΛ̃2| cos θinc|

(
b1,mod.xx cos θ

2
inc + a

bzz ⟲

1,mod.yy + b
ayy ⟲

1,mod.zz sin θ
2
inc

)
, (5.30)
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2
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azz ⟲
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2
inc

)
, (5.31)
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2
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azz ⟲

1,mod.yy − a
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1,mod.zz sin θ
2
inc

)
, (5.33)
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where the terms in the parentheses are the effective dipolar Mie coefficients of the
meta-atoms. These effective components depend on (a) the modulation of the el-
ements with the coupling coefficients Cxx, Cyy, and Czz and (b) the coupling with
other multipole moments through the Cyz coefficient. The byy ⟲ shows the coupled
parameters, and the coupling term is written inside the circle. Electric (magnetic)
dipole moments are coupled to magnetic (electric) dipole moments. The effective
Mie coefficients are expressed as:

1

a1,eff.yy
=

1

a
bzz ⟲
1,mod.yy

=
1− C2

yzb1,mod.zza1,mod.yy

a1,mod.yy (1− Cyzb1,mod.zz sin θinc)
, (5.34)

1

b1,eff.yy
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1

b
azz ⟲

1,mod.yy
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1− C2

yzb1,mod.yya1,mod.zz

b1,mod.yy (1− Cyza1,mod.zz sin θinc)
, (5.35)

1

a1,eff.zz
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1

a
byy ⟲

1,mod.zz
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1− C2

yzb1,mod.yya1,mod.zz

a1,mod.zz (1− Cyz csc θincb1,mod.yy)
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1− C2
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b1,mod.zz (1− Cyz csc θinca1,mod.yy)
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and the modulated Mie coefficients are:

1

b1,mod.xx

=
1

b1
− iCxx ,

1

b1,mod.zz

=
1

b1
− iCzz, (5.38)

1

b1,mod.yy
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1
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1
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=
1
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− iCyy ,

1

a1,mod.zz

=
1

a1
− iCzz. (5.40)

Note that in the above equations, without losing generality, we have assumed ϕinc =
0. The real and imaginary parts of the relevant lattice coupling coefficients as a
function of the normalized periodicity, for a few selected incident angles, are shown
in Fig. 5.10. The imaginary parts of the lattice couplings can be determined following
a similar approach for the normal case in Chapter. 4. There might be very sharp
features near a diffraction point that might not have been captured in the figures.
Here, we focus our analysis on the zeroth-order transmission and reflection before
the onset of diffraction orders.

5.6.1 Huygens’ metasurface under oblique incidence

In this subsection, we assume equal electric and magnetic Mie coefficients (i.e.,
a1 = b1 = a) and explore the optical response of a subwavelength dipolar Huy-
gens’ metasurface. From Eq. 4.39 and 4.40, the transmission and reflection can be
simplified as:

tTE = tTm = 1− 3

4πΛ̃2| cos θinc|

(
amod.xx cos θ

2
inc + a

azz⟲

mod.yy + a
ayy ⟲

mod.zz sin θ
2
inc

)
,

(5.41)

rTM = rTM =
3

4πΛ̃2| cos θinc|

(
amod.xx cos θ

2
inc − a

azz ⟲

mod.yy − a
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mod.zz sin θ
2
inc

)
. (5.42)
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Figure 5.11: Obliquely illuminated Huygens’ metasurfaces [75]: a) A Huygens’
metasurface under TE polarized oblique plane wave incidence θinc in the z-x plane
(i.e., ϕinc = 0). b) The transmittance and c) phase angle of the zeroth-order trans-
mission coefficient of a Huygens’ metasurface as a function of the incident angle θinc
and the normalized periodicity Λ/λ. The metasurface is made from meta-atoms
with a = a1 = b1 = 1. The dashed blue line indicates the onset of diffraction orders.
Note that for a Huygens’ metasurface, the TE and TM excitations are equivalent.

Two points can be directly inferred from the above equations: 1) The TE and TM
response is the same for a Huygens’ metasurface, and 2) unlike the normal incidence
case, under oblique incidence, the reflection is not necessarily zero.

In Fig. 5.11, we have simulated the transmission of a dipolar Huygens’ metasurface
made from resonant Mie meta-atoms (i.e., a = a1 = b1 = 1) illuminated with a TE
polarized obliquely incident plane wave. Although the metasurface is made from
dual meta-atoms and is dual itself, the backscattering does not vanish anymore.
This is due to the broken discrete rotational symmetry. Indeed, as evident from
Fig. 5.11b, if the incidence is only slightly tilted at a normalized periodicity of 0.71,
a sharp resonance appears in the transmittance of the metasurface. This resonance
can be traced back to the destructive interference of the in-plane and out-of-plane
induced moments. The metasurface still preserves the helicity of the scattered light.
However, the first Kerker condition is not necessarily satisfied.

Another feature explored is the phase-shift coverage of the dipolar Huygens’ meta-
surfaces under oblique incidence. For those currently chosen Mie coefficient values
(a1 = b1 = 1), it is apparent from the results in Fig. 5.11c, that for small oblique
incidence (i.e., θinc < π/6), the broad phase-shift coverage range (i.e., ∆(∠t) > π)
falls, primarily, into the regime for which the metasurface is diffracting, and, hence,
the transmission is suppressed. Therefore, a careful analysis of the complex inter-
ference relations is needed for better phase-shift coverage with high transmittance
under oblique incidence. The equations provided in this section give the analytical
tools required for such investigation. They can be exploited to design Huygens’
metasurfaces for specific applications, avoiding certain undesired operation points.

5.6.2 Brewster angle

Polarization is a crucial property of light and its control is a fundamental necessity
for wave modulation [240–242]. The Brewster angle is the illumination angle at
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Figure 5.12: Oblique reflection of periodic resonant magnetic dipoles: a) Zeroth-
order reflection from a square-array periodic arrangement of resonant magnetic
dipoles (b1 = 1) under a TE and b) TM obliquely incident plane wave illumina-
tion as a function of the incident angle θinc (ϕinc = 0) and the normalized periodicity
Λ/λ. c) The Brewster angle efficiency of the metasurface.

which the reflection for either TM or TE polarization vanishes and helps separate
the two polarizations. In this subsection, we explore the possibility of finding the
Brewster angle for a metasurface made from meta-atoms sustaining only a single
resonance. Although in Ref. [240], the Brewster angle is realized when a certain ratio
of the electric and magnetic dipole moment strength holds, here, we show that even a
single resonance is enough to realize zero-reflection for either of the polarizations. We
assume a metasurface consisting of only isotropic magnetic dipolar scatterers with
vanishing other Mie coefficients, i.e., aj>0 = bj>1 = 0. Magnetic dipoles constitute
the lowest-energy resonance sustained by homogeneous high-refractive-index spheres
and are easier to achieve. From Eq. 5.30-5.33, the reflection coefficients for such a
metasurface are derived as:

rTE =
3

4πΛ̃2| cos θinc|
(
b1,mod.xx cos θ

2
inc − b1,mod.zz sin θ

2
inc

)
, (5.43)

rTM =
3

4πΛ̃2| cos θinc|
(−b1,mod.yy) . (5.44)

In Fig. 5.12, we have calculated the reflection from a metasurface made from meta-
atoms with b1 = 1, an>0 = bn>1 = 0. As evident from the figure, in the non-
diffracting region, rTE can be suppressed for a wide incident angle region, while rTM

can simultaneously stay near unity.

To determine all possible Brewster angles, we utilize the Mie angle method. To
have zero TE reflection, i.e., rTE = 0, the following equation needs to be solved:

b1,mod.xx cos θ
2
inc = b1,mod.zz sin θ

2
inc, (5.45)

cos θ2inc
1− i tan θM1 − iCxx

=
sin θ2inc

1− i tan θd − iCzz

, (5.46)
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Figure 5.13: Required Mie angle for Brewster angle realization: a) The imaginary
and b) real part of the magnetic Mie angle derived from Eq. 5.47 as a function of
the incident angle θinc (ϕinc = 0) and the normalized periodicity Λ/λ.

and the magnetic dipolar Mie angle tan θM1 can be derived as:

tan θM1 = sin θ2incCxx − cos θ2incCzz + i cos 2θinc. (5.47)

To have a valid Mie angle, the expression on the right needs to be real-valued, i.e.,
ℑθM1 = 0. In Fig. 5.13b, we have plotted the derived ℜθM1 required to make the
above equation zero. In Fig. 5.13a the imaginary part of the derived Mie angle
is plotted. The results in part b are valid when the imaginary part is zero. As
evident from Fig. 5.13a, there is a broad region in which the imaginary part if zero,
and, hence, the Brewster angle is realizable. Interestingly, around an incident angle
θinc = π/4, there is a wide periodicity range into which the imaginary part of the
magnetic dipolar Mie angle is zero. In the following, we only consider θinc = π/4.

At an incident angle of 45o degrees, Eq. 5.46 becomes independent of the Mie angle,
and the requirement for a Brewster angle realization reduces to:

Cxx

(
θinc = π/4, ϕinc = 0, Λ̃

)
= Czz

(
θinc = π/4, ϕinc = 0, Λ̃

)
, (5.48)

where, for clarity, we have shown the arguments in the parenthesis. The only degree
of freedom to solve the above equation is the lattice constant. Tuning the lattice
constants, we find out that for a Brewster angle of 45o degrees, the required lattice
constant is:

ΛθB=π/4

λ
= 0.5352, (5.49)

which is smaller than the dimension where the first diffraction order appears for this
incidence angle (i.e., Λ̃ = 0.58) and, hence, the result is valid.

Therefore, a metasurface at a normalized periodicity of 0.5352 suppresses the re-
flection for TE polarization as far as the spheres are small enough compared to the
operational wavelength to be described with a magnetic dipole moment only. The
reflected amplitude for the other polarization can be determined via Eq. 5.44 by the
strength of the effective magnetic Mie coefficient. A similar Brewster angle can be
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derived to suppress reflection for the TM polarization, i.e., the s-polarization, with a
metasurface made from electric dipolar particles at the same normalized periodicity
point of operation.

In summary, in this section, we have explored the optical response of metasurfaces
with dipolar and isotropic meta-atoms under oblique illuminations. In particular,
dipolar Huygens’ metasurfaces were investigated. Furthermore, we have analyzed
the realization of Brewster angle in single resonance metasurfaces.

To summarize the chapter, we have provided analytical closed-form equations
for the optical scattering of metasurfaces made from isotropic meta-atoms illumi-
nated by a plane wave excitation. Our analytical equations go beyond the expres-
sions available in the literature and describe zeroth-order and propagating diffraction
modes and the response of obliquely incident metasurfaces. In particular, we have
extensively explored Huygens’ metasurfaces.

Moreover, the analytical tools provide in-depth insights into the physics of
the metasurfaces. We have discussed different interconnected concepts like zero
backscattering, Kerker conditions, duality symmetry, helicity preservation, etc.,
through multiple examples. In addition, we have shown the power of analytical
tools to design practical metasurfaces for specific applications.

In the next chapter, we study the effect of positional disorder on the optical
response of metasurfaces.
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6. Disordered Metasurfaces

This section explores the optical response of disordered metasurfaces made from
identical, dual, non-absorbing, and dipolar meat-atoms illuminated at resonance
with a normally incident plane wave. The optical response includes the zeroth-
order transmission and reflection, the induced effective dipole moments, and the
directional scatterance. We use the term scatterance, i.e., the capacity to scatter, as a
hypernym for transmittance and reflectance to general directions and as a unification
of the half-spaces [38]. The specific assumptions held facilitates a systematic study
of disordered metasurfaces.

The disorder that we refer to in this chapter is limited to positional disorder in the
arrangement of meta-atoms. Moreover, the position of the meta-atoms considered
are time-independent.

In the first section, we introduce statistical measures such as configurational en-
tropy, structure factor, and pair correlation function for disordered arrangements
and study different point processes. A 2D spatial point process, as used here, is a
stochastic algorithm that realizes a disorder model, i.e., a point configuration, as a
set of events (i.e., points) on the 2D surface. In statistics, the term event is used
instead of a point so that arbitrary points in the space are not confused with the
position of the actual points [243]. However, here, we use the term meta-atom, as
point-like scatterers, instead of an event as it perfectly matches our setup.

In section 6.2, we introduce several disorder models and study their statistical
characteristics. In section 6.3, the zeroth-order reflection from finite-size periodic
metasurfaces as compared to the infinitely periodic metasurfaces are studied. We
identify suitable parameters for reliable simulation of scatterance from a disordered
metasurface.

Section 6.4 explores the zeroth-order transmission and reflection from disordered
arrangements and the induced effective moments in the meta-atoms. In particular,
we discuss an intriguing phenomenon in disordered arrangements, i.e., a disorder-
induced phase transition that occurs at a critical disorder. At this point of operation,
the zeroth-order reflection and transmission vanish and redistributes light from spec-
ular directions across all diffuse directions.
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Light diffusion is explored in the last section, where we calculate the directional
scatterance of different disordered metasurfaces and identify regimes where smooth
and gloss-free diffusion is achievable.

The content of this chapter is based on our works in Ref. [38, 101].

6.1 Statistical measures

A periodic point configuration, i.e., a crystal, can be fully described by its base
vectors. However, a disordered arrangement or point configuration needs an infinite
number of positions to be fully characterized. Saving an infinite number of locations
does not sound logical. For this reason, we use statistical parameters to statistically
represent or characterize disordered arrangements [93].

An ensemble of disordered meta-atoms can be statistically characterized by a prob-
ability density function for each meta-atom. These functions determine the proba-
bility of finding other meta-atoms in the neighborhood of each meta-atom. In our
analysis, we consider statistically homogenous ensembles, in which, statistically, the
average density of meta-atoms per unit area is equal. In other words, the ensemble
is statistically translation invariant. This assumption allows us to define correlation
functions that depend only on the relative positions. The pair correlation function,
which only considers the relative distance of two particles, is the most prominent
measure for a disordered system. As we will show, the pair correlation function
contains direct observation evidence about the atomic arrangement in condensed
matter [93]. The statistical homogeneity does not imply equal optical response of
meta-atoms when illuminated with an electromagnetic wave. However, it provides
an excellent qualitative description of the optical scattering from a disordered ar-
rangement.

In the following subsection, we assume the equal response of meta-atoms in disor-
dered meta-atoms to derive the structure factor of a point configuration. Later, we
also introduce configurational entropy as another statistical measure to characterize
disordered arrangements.

6.1.1 Structure factor and pair correlation function

We consider an aggregate of N radiating meta-atoms arranged on a surface embed-
ded in a homogenous and non-absorbing medium characterized by a wavenumber k.
The meta-atoms are located at Rn = (xn, yn, zn), where n = 1, 2, ..., N . The average
particle density is ρ = N/A, where A is the extent of the ensemble. In the far-field,
the vector spherical harmonics behave like spherical waves [48]. As a result, the
far-field scattering of such an ensemble can be written as a sum over the scattering
of all the meta-atoms (cf. Eq. 2.67):

E (r, ω) ≈
N∑

n=1

f eff,n (θ, ϕ, ω)

kn (ω) · (r−Rn)
eikn(ω)·(r−Rn), (6.1)

where kn = kR̂r−Rn is the wavevector pointing from meta-atom n to the collection
point r, and f eff,n (θ, ϕ, ω) is the effective form factor for meta-atom n, describing
the angular optical scattering of the meta-atom inside the lattice (cf. Eq. 2.67).
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In the following, we assume that the meta-atoms are identical, and that the scat-
tering is so weak that the effective response is equal to the isolated response, i.e.
f eff,n (r, ω) = f (θ, ϕ, , ω). This vanishing coupling regime is known as the Born
approximation. For very large distances r → ∞, we can further assume that
kn (ω) ≈ k (ω) r̂ and kn (ω) · (r−Rn) ≈ k (ω) r. Therefore, the far-field radiation
under Born approximation can be written as:

E (r, ω) =
f (θ, ϕ, ω)

k (ω) r

N∑
n=1

eik(ω)·(r−Rn). (6.2)

From Eq. 6.2, the far-field intensity of the ensemble can be expressed as:

I (r, ω) =
E (r, ω) · E∗ (r, ω)

2Z (ω)
=

|f (θ, ϕ, ω) |2

2Z (ω)

N∑
n=1

eik(ω)·(r−Rn)

N∑
n′=1

e−ik(ω)·(r−Rn′ )

=
|f (θ, ϕ, ω) |2

2Z (ω)

N∑
n=1

N∑
n′=1

eik(ω)·(Rn′−Rn). (6.3)

From the above equation, we can see that the intensity is related to the sum involv-
ing the relative distance between the meta-atoms of the arrangement. The relative
distance vector lies entirely in the x-y plane. Therefore, we can remove the perpen-
dicular part of the wavevector and write:

I (r, ω) =
|f (θ, ϕ, ω) |2

2Z (ω)

N∑
n=1

N∑
n′=1

e−i2πξ(ω)·Rnn′ , (6.4)

where 2πξ (ω) = k∥ (ω) = k (ω) − k (ω) · ẑ is the wavevector in the plane of the
metasurface, and Rnn′ = Rn −Rn′ is the relative distance vector between a meta-
atom pair. ξ (ω) is the spatial frequency vector and is used to differentiate it from
the optical wavevector.

The pattern above can also be experimentally observed and is directly linked to
the pair-correlations of the ensemble. Therefore, it is straightforward to define a
normalized parameter, called the structure factor, as:

S(ξ) =
1

N

N∑
n=1

N∑
n′=1

e−i2πξ(ω)·Rnn′ − δ (ξ) , (6.5)

where we have removed the point at the origin for a better interpretation.

Therefore, we can conclude that the intensity pattern of a disordered ensemble
under the Born approximation, except the zeroth-order, is related to the structure
factor times the form factor squared. The pair correlations directly determine the in-
tensity pattern of an ensemble. In the following, we will define a series of parameters
that we will use in the thesis. For a detailed discussion, refer to Ref. [38],

From the structure factor, the two-dimensional pair correlation function g(r) of the
ensemble can be expressed via Fourier transformations [244]:

g(r) = 1 +
1

ρ

∫
R2

[S(ξ)− 1] ei2πξ·rdξ, (6.6)
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and, subsequently, the structure factor can be derived from the pair correlation
function as:

S(ξ) = 1 + ρ

∫
R2

[g(r)− 1] e−i2πξ·rdr. (6.7)

Lastly, the radial pair correlation function g(r) and the radial structure factor S(ξ)
are the azimuthal averages of g(r) and S(ξ) and are defined as follows:

g(r) =
1

2π

∫ π

−π

g(r cosϕ x̂+ r sinϕ ŷ) dϕ, (6.8)

S(ξ) =
1

2π

∫ π

−π

S(ξ cosϕ x̂+ ξ sinϕ ŷ) dϕ. (6.9)

The pair correlation function reveals many properties of the ensemble. The distance
beyond which the pair correlation function approximates to unity is defined as the
range of local order [93]. Therefore, as long as the pair correlation function shows
rippled patterns, the range of local order is longer. For periodic or ordered structures,
this range tends to infinity, denoting long-range order. On the other extreme, for
gasses, there are no ripples in their pair correlation function, showing the lack of any
range of local order in gaseous environments. Liquids fall somewhere between gasses
and crystals; They only show short-range order, and their correlation functions tend
to unity beyond this range.

Furthermore, the coordination number of an ensemble is defined as the integral of
the pair correlation function up to the first peak. This number denotes the overall
first nearest neighbors of the meta-atoms [93].

6.1.2 Entropy

Another statistical measure that we calculate is the normalized configurational en-
tropy of the local meta-atom density. In the calculation of these disorder metrics, we
assumed circular bins centered around each meta-atom. For the calculation, we sys-
tematically alter the bin size, and, each time, the number of meta-atoms within the
bin is counted. From these counts, the disorder metric is calculated. The normalized
configurational entropy is defined as [93, 100]:

S
(
Ñ
)
=

−1

logK
(
Ñ
) N∑

n=1

p(n) log[p(n)], (6.10)

where Ñ is the average number of meta-atoms counted inside the K(Ñ) circular
bins of equal radius for all the N meta-atoms. For each bin radius, we exclude the
meta-atoms on the edges where the circular bin comprising them exceeds the extent
of the metasurface. p(n) is the probability of having n meta-atoms in the bins. It

is defined as p(n) = count(n)/K(Ñ), with count(n) being the number of counts for

n meta-atoms in the K(Ñ) bins considered for each bin radius. If the meta-atoms
are ordered, i.e., the same number of meta-atoms falls into all the bins, irrespective
of the bin size, then, the configurational entropy is zero for all Ñ .

Here, I want to acknowledge David Dams for suggesting configurational entropy
as a measure for characterizing disordered arrangements. The following section
introduces multiple disorder models and analyzes them with the measures developed
in this section.
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Figure 6.1: Perturbed disorder: a) A portion of a perturbed disorder point con-
figuration for a positional disorder degree of PD = 30%. b) The configurational

entropy as a function of the average meta-atom number Ñ , c) radial pair correlation
as a function of the normalized pair distance r/Λ, and d) radial structure factor as
a function of the normalized spatial frequency Λξ for perturbed square arrays with
0%, 10%, 80%, 100% and 120% of positional disorder. e) The structure factor as a
function of the normalized spatial frequency along x-axis Λξx and y-axis Λξy for a
positional disorder degree of PD = 10%.

6.2 Models for the point configuration of 2D arrange-

ments

This section introduces different types of disorder and analyzes each in light of the
defined statistical measures.

For a reliable calculation of the statistical measures, a large enough number of meta-
atoms needs to be considered. Here, for the entropy calculation, we have considered
roughly 100× 100 meta-atoms, while for the calculation of the pair correlation and
structure factor, we have considered roughly 500× 500 meta-atoms. For faster and
smoother results for the latter, the ensemble is broken down to windows of 100 ×
100 meta-atoms. These numbers of meta-atoms are enough to produce satisfying
convergent and reliable results.

6.2.1 Perturbed disorder

The first intuitive introduction of disorder to an ordered system is to perturb its
meta-atoms’ location randomly. A perturbed 2D lattice is a point process in 2D
obtained by displacing the meta-atoms of a lattice by a stochastic rule [245]. We
start from a square-array periodic 2D lattice with a periodicity Λ. Centered at
each lattice point, we define a square area with side lengths of ∆r = PD ×Λ and a
uniform independent probability density function, from which we draw the perturbed
meta-atom coordinates. The aforementioned equation implicitly defines the degree
of positional disorder as PD ∈ [0, 100]%. Therefore, we refer to this disorder type as
perturbed disorder and measure its disorder strength by PD. This type of positional
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disorder is used very frequently in modeling disorder in optics [66, 101, 140, 246,
247], and is also called the uniformly randomized lattice [245] or shuffled lattice.

Figure 6.1a shows a portion of a point configuration for the perturbed disorder for
a positional disorder degree PD = 30%. In Fig. 6.1, we have plotted the entropy, as
well as the pair correlation function and the structure factor.

For a lattice with vanishing perturbation (dotted black line in Fig. 6.1b-d), i.e., for
a periodic square array, as expected, the entropy is zero everywhere (cf. Fig. 6.1b).
A configurational entropy of zero means that there are no variations in the number
of points that fall into a circle centered at an arbitrary meta-atom of the lattice. The
radial pair correlation function in Fig. 6.1c shows delta peaks in the radial distances
where the lattice is formed, i.e., r = [1,

√
2, 2,

√
5, ...]Λ. The structure factor in

Fig. 6.1d also shows delta peaks at the spatial frequencies ξ = [1,
√
2, 2,

√
5, ...]/Λ.

Note that the structure factor is zero at ξ = 0. In other words, a periodic lattice, as
expected, has a hyperuniform order [248].

When the disorder degree increases, the patterns for the statistical parameters
gradually alter the shape. For PD = 10% (solid blue line in Fig. 6.1b-d), the entropy
is nonzero for most meta-atom count averages. However, there are still locations in
the graph where entropy is zero. In pair correlation function and structure factor, the
delta points of the periodic case slightly broaden for PD = 10%. However, the lattice
diffraction pattern is still dominant, as also evident from Fig. 6.1e. Interestingly, the
lattice trace, even after strong disorder degrees, persists. This is evident in Fig. 6.1d,
where at a normalized spatial frequency Λξ = 1, a peak is observed, except for the
critical point of PD = 100% where the lattice trace is fully cloaked, as also reported
in Ref. [245]. Another interesting finding is that independent of the disorder degree,
the system stays hyperuniform. These two observations are consistent with the
findings of other references [245, 247].

6.2.2 Defected disorder

Another type of disorder that we explore is the defective disorder in which we
randomly remove DD% of the meta-atoms from a square array lattice, where DD ∈
[0, 100]%. In other words, the perfect ordered lattice has defects and, hence, we call
it defected disorder. This point process is also called quasi-random in the literature
[249]. In an extreme case, if DD = 100%, no meta-atom is left in the configuration.

In Fig. 6.2, we have shown the statistical characteristics of the defected disorder.
A disorder degree DD = 0% is a square-array periodic lattice and is precisely the
same as PD = 0% discussed in the previous subsection. By increasing the degree
of disorder, the entropy increases (cf. Fig. 6.2b). The structure factor shows that
the defected disorder, unlike the perturbed disorder, is not hyperuniform anymore.
Moreover, the trace of the lattice denoted as delta peaks in the location of the lattice
points persists, even when an intense disorder is enforced. For both perturbed and
defected disorder, the radial pair correlations function denotes an extended range of
order.

6.2.3 Poisson’s disorder

A spatial Poisson point process randomly places meta-atoms on a dedicated surface.
The number of meta-atoms is determined by the seed density λ̆. The Poisson point
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Figure 6.2: Defected disorder: a) A portion of a defected disorder point configura-
tion for a positional disorder degree of DD = 30%. b) The configurational entropy

as a function of the average meta-atom number Ñ , c) radial pair correlation as a
function of the normalized pair distance r/Λ, and d) radial structure factor as a
function of the normalized spatial frequency Λξ for defected square arrays with 0%,
30%, and 60% of positional disorder. e) The structure factor as a function of the
normalized spatial frequency along x-axis Λξx and y-axis Λξy for a positional disor-
der degree of DD = 30%.

process is sometimes called the completely random process [243]. Prime examples of
Poisson distribution are atoms inside gasses that are completely randomly placed.
Here, we refer to the spatial Poisson point configuration as Poisson’s disorder. The
terminology comes from the fact that in a Poisson’s point configuration, the pos-
sibility of finding n meta-atoms in a region with an area A is determined by the
Poisson distribution:

P [N(A) = n] =
λ̆An

n!
e−λ̆A. (6.11)

Figure 6.3 shows the statistical characteristics of a spatial Poisson’s point config-
uration. As compared to the perturbed and defected disorder, Poisson’s disorder
shows higher entropy. The distinct feature of a Poisson disorder is its monotonous
pair correlation and structure factor. The range of local order is zero, and the sys-
tem is not hyperuniform. This point configuration is mainly used as a reference for
our calculations. As we seek to maintain the same density of meta-atoms in all the
arrangements, we always set the seed density to λ̆ = 1/Λ2, where Λ is the periodicity
of a periodic lattice that we compare with.

In Poisson’s disorder, a meta-atoms’ neighbor can be located anywhere, with no
lower limit on the distance between them. This characteristic is not possible to hold
for realistic metasurfaces as the nanoparticles have some spatial extent. Therefore,
one needs to enforce a lower limit to the distance in between meta-atoms. In the
following subsection, we explore such point processes.
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Figure 6.3: Poisson’s disorder: a) A portion of a Poisson’s disorder with a seed
density λ̆ = 1/Λ2. b) The configurational entropy as a function of the average

meta-atom number Ñ , c) radial pair correlation as a function of the normalized pair
distance r/Λ, and d) radial structure factor as a function of the normalized spatial
frequency Λξ for Poisson’s disorder. e) The structure factor as a function of the
normalized spatial frequency along x-axis Λξx and y-axis Λξy for Poisson’s disorder.

6.2.4 Matérn III disorder

This subsection introduces two-point processes that start by a Poisson’s distribution
and then enforce a deletion process as a function of the meta-atoms’ pair distances.
These two-point process are called the Matérn type-III hard-core and soft-core dis-
order. In short, we refer to them as Matérn III disorder. The Matérn model employs
a deletion probability function F (r) to a Poisson’s point configuration with a seed
density λ̆, where 1 − F (r) dictates how probable it is to find a meta-atom within
the distance r of another meta-atom [101, 250]. We parametrized the deletion prob-
ability such that F (r) decreases linearly within the range of r ∈ [α, β]:

F (r;α, β) =


1 0 ≤ r < α
β−r
β−α

α ≤ r < β

0 β ≤ r

. (6.12)

We label the resulting meta-atom distribution as ”Matérn type-III soft-core” when
β > α, and as ”Matérn type-III hard-core”when β = α. α denotes a hard-core radius
in which meta-atoms are strictly not found within that radius, and β is the soft-core
radius, where some particles might be found between β and α radii, determined by
the stochastic process.

As discussed before, the seed density of Poisson’s point process is set to λ̆ = 1/Λ2.
However, since the deletion process removes meta-atoms, we might end up with
a point configuration that is less dense as desired. Therefore, for the Matérn III
disorder, we always start with a slightly higher density to approximately get the
same density as a periodic lattice with a lattice constant Λ.
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Figure 6.4: Matérn type-III hard-core disorder: a) A portion of a Matérn III hard-
core disorder with a seed density λ̆ = 1/Λ2 and disorder degree HD = 15%. b) The

configurational entropy as a function of the average meta-atom number Ñ , c) radial
pair correlation as a function of the normalized pair distance r/Λ, and d) radial
structure factor as a function of the normalized spatial frequency Λξ for Matérn III
hard-core disorder with 100%, 50%, and 15% of positional disorder. e) The structure
factor as a function of the normalized spatial frequency along x-axis Λξx and y-axis
Λξy for Matérn III hard-core disorder with 15% of positional disorder.

Hard-core and soft-core radii cannot exceed the periodicity Λ, and the periodicity
can be set as an upper limit. Therefore, we can define the disorder degree for the
Matérn III hard-core as HD = 1−α/Λ = 1−β/Λ. For the Matérn III soft-core, we
always set β = Λ and, hence, we can define the disorder degree in this point process
as SHD = 1−α/Λ. Clearly, for Poisson’s disorder, where no hard-core radius exists,
the disorder degree is HD = 1− (α = 0)/Λ = 100%.

Figure 6.4 shows the statistical characteristics of a Matérn III hard-core point
configuration. For reference, we have also included the Poisson disorder, i.e., when
HD = 100%. Compared to the Poisson disorder, the entropy of the configurations
with a slightly lower degree of disorder is consistently lower. On the other hand,
the enforced hard-core has resulted in some ripples in the radial structure factor,
showing a local range order level.

Interestingly, as observed in Fig. 6.4d, for lower degrees of disorder such as HD =
15%, the system is very close to a hyperuniform arrangement. For this reason, we
may call these arrangements ”uniform” [38]. The structure factor, in Fig. 6.4e, shows
a striking difference when compared to the Poison disorder and the perturbed and
defected disorder. Unlike the perturbed and defected disorder, no delta-point-like
peaks are observed, but unlike the Poisson disorder, the ripples clearly show some
order in the system. These ripples denote correlated behavior and hence signals
local range order. While Poisson’s disorder behaves like gasses, Matérn III disorder
behaves more like liquids.

Figure 6.5 shows the statistical characteristics of a Matérn III soft-core point con-
figuration. The results are very similar to the hard-core type. Although comparing
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Figure 6.5: Matérn type-III soft-core disorder: a) A portion of a Matérn III soft-
core disorder with a seed density λ̆ = 1/Λ2 and disorder degree SHD = 15%. b) The

configurational entropy as a function of the average meta-atom number Ñ , c) radial
pair correlation as a function of the normalized pair distance r/Λ, and d) radial
structure factor as a function of the normalized spatial frequency Λξ for Matérn III
soft-core disorder with 50%, and 15% of positional disorder. e) The structure factor
as a function of the normalized spatial frequency along x-axis Λξx and y-axis Λξy
for Matérn III soft-core disorder with 15% of positional disorder.

the entropy measures in Fig. 6.4b and Fig. 6.5b, the soft-core type appears slightly
less disordered. Due to this similarity, we only use the Matérn III soft-core point
configuration in the remainder of the thesis.

Note that realizing a disorder degree of 0% in Matérn III point configurations
is a numerical challenge, as the point process is based on a post-process deletion
algorithm, and choosing radically large α and β results in a very dilute arrangement
that are not directly comparable to the other disordered arrangement.

6.2.5 Hyperuniform disorder

In this subsection, we study a few designed hyperuniform point configurations.
These point configurations are designed by Dennis Arslan [156], and, here, after dis-
cussing their statistical measures, their optical response is measured and compared.

A hyperuniform or super homogenous point configurations are defined as the ar-
rangements in which the structure factor tends to zero at vanishing spatial frequen-
cies, i.e., S(ξ → 0) = 0. In other words, the macroscopic variance of the density of
the medium is completely suppressed at very large length scales [244]. The vanishing
structure factor might be interpreted as a universal ”hidden” order in hyperuniform
point processes at large length scales.

Periodic arrangements are trivial examples of ordered hyperuniform point config-
urations. Aperiodic ordered arrangements, like quasicrystals, are other examples of
hyperuniform point configurations [244]. In quasicrystals, unlike periodic lattices,
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Figure 6.6: ”Hyperuniform ripple”disorder: a) A portion of a ”hyperuniform ripple”
disorder with an enforced minimum pair distance of 0.71Λ. b) The configurational

entropy as a function of the average meta-atom number Ñ , c) radial pair correlation
as a function of the normalized pair distance r/Λ, and d) radial structure factor as a
function of the normalized spatial frequency Λξ for ”hyperuniform ripple” disorder.
e) The structure factor as a function of the normalized spatial frequency along x-axis
Λξx and y-axis Λξy for ”hyperuniform ripple” disorder. The point configuration is
called ripple due to the extended ripples in the radial pair correlation.

there is no translational symmetry. However, sharp Bragg spots in the structure
factor show long-range order in these patterns.

Another class of hyperuniform arrangements are stealthy hyperuniform arrange-
ments, in which the structure factor remains zero for an extended spatial frequency
range, i.e., S(ξ < ξmax) = 0 [244, 251]. Such arrangements are called stealthy, as
the optical scattering from an arrangement of identical meta-atoms that have no
coupling, i.e., under Born approximation, vanishes for an extended angular region.
Note that for resonant metasurfaces, this phenomenon is not necessarily observed
anymore.

In this subsection, we analyze three hyperuniform point configurations. Two are
stealthy hyperuniform configurations: One has an extended range of local order
(labeled hyperuniform ripple), and the other one has an enforced minimum range
of local order (labeled hyperuniform flat). Then, the remaining one is non-stealthy
with a cubic rise of the structure factor from the origin, i.e., limξ→0 S(ξ) ≈ ξ3

(labeled hyperuniform cubic). In all these point processes, a hard-core of r = 0.71Λ
is enforced. We use the value 0.71 as we can directly compare it with metasurfaces
made from actual nanocylinder that we have investigated in previous works [38,
101].

Figure 6.6 shows the statistical measures for the ”hyperuniform ripple”point config-
uration. The point configuration in Fig. 6.6a, visually, shows a high degree of order.
When looking at the radial pair correlation function, unlike the Poisson and Matérn
III disorder, an extended ripple pattern is observed up to the maximum observation
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Figure 6.7: ”Hyperuniform flat” disorder: a) A portion of a ”hyperuniform flat”
disorder with an enforced minimum pair distance of 0.71Λ. b) The configurational

entropy as a function of the average meta-atom number Ñ , c) radial pair correlation
as a function of the normalized pair distance r/Λ, and d) radial structure factor as
a function of the normalized spatial frequency Λξ for ”hyperuniform flat” disorder.
e) The structure factor as a function of the normalized spatial frequency along x-
axis Λξx and y-axis Λξy for ”hyperuniform flat” disorder. The point configuration is
called flat due to the relatively flat radial pair correlation after the first peak.

point r = 5Λ. This extended ripple pattern shows the long-range order of the con-
figuration. Interestingly, though, the entropy, in Fig. 6.6b, is as high as the Poisson
disorder. This counterintuitive observation shows that the entropy measure cannot
always be a reliable measure of order. The structure factor shows sharp Bragg peaks
reminiscent of quasicrystals. Moreover, we can observe that the arrangement is a
stealthy hyperuniform point configuration.

Figure 6.7 shows the statistical measures for the ”hyperuniform flat” point config-
uration. The enforced flat radial pair correlation function (hence, the name) shows
a very short-range local order in the system. The structure factor also shows a very
flat response beyond the stealthy spatial frequency.

Figure 6.8 shows the statistical measures for the ”hyperuniform cubic” point con-
figuration. Besides the non-stealthy behavior observed in the radial structure factor
and a slightly longer local-range order, the statistical parameters are similar to ”hy-
peruniform flat.”

In summary, in this section, we have introduced some practical statistical mea-
sures to characterized disordered arrangements. Then, we have introduced multiple
disorder point processes and have disused their properties using the developed sta-
tistical measures. So far, we have only focused on the arrangements of disordered
arrangements. From the next section, we start calculating the optical transmission
and reflection from disordered arrangements. In the next section, we introduce an
approach to calculate the transmission and reflection and in Section 6.4 and 6.6, we
analyze the optical scattering from the introduced disordered arrangement.
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Figure 6.8: ”Hyperuniform cubic” disorder: a) A portion of a ”hyperuniform cubic”
disorder with an enforced minimum pair distance of 0.71Λ. b) The configurational

entropy as a function of the average meta-atom number Ñ , c) radial pair correlation
as a function of the normalized pair distance r/Λ, and d) radial structure factor as
a function of the normalized spatial frequency Λξ for ”hyperuniform cubic” disorder.
e) The structure factor as a function of the normalized spatial frequency along x-axis
Λξx and y-axis Λξy for ”hyperuniform cubic” disorder. The point configuration is
called cubic because of the cubic rise, i.e., limξ→0 S(ξ) ≈ ξ3, of the radial structure
factor from the origin.

6.3 Optical response of finite arrangements

In this section, we establish an approach to reliably measure the zeroth-order trans-
mission and reflection from finite arrangements. The numerical approach to calculate
the optical scattering from a disordered metasurface is documented in Section 4.1.
The question now is to calculate transmission and reflection from the optical scat-
tering information that we can compare to the results of an actual experiment.

In the optical experiments that are assumed here, the fabricated metasurfaces are
illuminated by a collimated laser beam. Although the laser beam can be modeled
with a Gaussian beam, the beam width and the collecting field aperture by the
detector are such that we can assume a plane wave excitation that illuminates an
extensive area of the metasurface. In the optical simulations, we tend to follow an
approach similar to the experiment, i.e., we simulate a finite metasurface with a plane
wave excitation and collect the scattered field in an aperture that is smaller than
the spatial extent of the metasurface. The edge effects are a source of deviations.
The borders of the collection grid should be distant enough from the edges, and,
on the other side, a large enough number of meta-atoms need to be illuminated so
that the response is representative of the whole metasurface. Moreover, the larger
the number of meta-atoms is, the more computationally expensive the simulations
become. The collection grid size, the number of samples, and the distance of the
collection grid to the metasurface are all parameters that need to be determined. In
this section, we seek to provide an estimate for these parameters.
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Figure 6.9: Reflection from finite and infinite periodic metasurfaces: The loga-
rithmic deviation from the zeroth-order reflection of a finite periodic metasurface
r, made from isotropic meta-atoms with a single electric dipole a-b) at resonance
(i.e., a1 = 1, aj>1 = bj>0 = 0), or c-d) slightly off-resonance, as compared to the
reflection from an infinitely periodic metasurface r0 of the same meta-atoms. The
results are plotted as a function of the square root of the number of meta-atoms and
the normalized square-box collection grid length LGr.. The collection grid is placed
parallel to the metasurface at a distance Gap. The number of samples collected from
the collection grid is three points per wavelength.

To provide a reliable upper limit estimate for the extent of the metasurface and
the spatial extent of the collection grid, we use periodic but finite metasurfaces. A
periodic but finite metasurface should have the same zeroth-order transmission and
reflection as an infinite metasurface at a specific limit where the number of meta-
atoms is large enough. From Chapter 4, we already know the transmission and
reflection of a single-resonance infinitely periodic metasurface. Therefore, we can
analyze the optical response and compare it with the finite structures with different
parameters. For the comparison, here, we use a metasurface made from electric
dipoles with a lattice constant of Λ/λ = 0.8. We use reflection data so that the
effect of the incident field in the forward direction is not affecting our results.

Figures 6.9a-b, shows the logarithmic deviation that we get from the reflection of
a finite periodic metasurface made from isotropic meta-atoms with a single electric
dipole resonance (i.e., a1 = 1, aj>1 = bj>0 = 0) as compared to the reflection from
an infinitely periodic metasurface of the same meta-atoms. The results are plotted
as a function of the square root of the number of particles N , and the normal-
ized square-box collection grid length LGr. placed parallel to the metasurface at a
distance Gap. Zeroth-order reflection is the average of the sampled electric field
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Figure 6.10: Dual and detuned Lorentzian dipoles: Amplitude and phase angle
spectra of dipolar Mie coefficients. The amplitude and phase angle spectra of the
electric (a1) and magnetic (b1) dipolar Mie coefficients with Lorentzian line shape
for (a) dual and (b) detuned meta-atoms.

values on the collection grid. The number of samples collected from the collection
grid is three points per wavelength, which is sufficiently large for the zeroth-order
response. Figures 6.9c-d show the same analysis with meta-atoms that are slightly
off-resonance. Clearly, at the resonance, the deviation will be more substantial and
should be considered the worst-case scenario. Although closer gaps between the
metasurface and the collection grid may result in more accurate results with fewer
particles, evanescent fields will require more sampling points. This can become even
more critical when we consider quadrupolar and higher-order meta-atoms. There-
fore, in the following, we consider a gap distance of half a wavelength.

In the following sections, we use the insights from this section to calculate the
zeroth-order and diffusive modes of the disordered metasurfaces.

6.4 Zeroth-order transmission and reflection from dis-

ordered metasurfaces

In this section, we calculate the zeroth-order transmission and reflection from the
disorder types that we have introduced in Section. 6.2. Furthermore, the effective
moments induced in the meta-atoms of the disordered metasurfaces are simulated.

The meta-atoms considered in this section are dipolar and are modeled with a non-
absorbing Lorentzian profile (cf. Eq. 3.61). The Lorentzian profile is shown for the
electric and magnetic dipoles in Fig. 6.10. The linewidth for both dipoles is the same.
The electric and magnetic dipoles can have a detuning in their resonance position or
no detuning, i.e., be dual. Higher-order multipole moments are not considered. In
this section, we only consider dual meta-atoms, but in the following section, detuned
meta-atoms are also investigated for a complete understanding of the effect of the
disorder.

For the simulations ahead, we have considered 17×17 meta-atoms and have sampled
the scattered electric field at a distance of half a wavelength, i.e., Gap = λ/2. The
sampling grid box has a side length of 6Λ, and we have sampled the electric field
with three points per wavelength. Apart from calculating transmission coefficient
and its phase angle and amplitude, we also calculate a diffuse scatterance, which
measures the ratio of power that is neither reflected nor transmitted in specular
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directions. The specular response refers to the zeroth-order forward and backward
scattering directions. As the meta-atoms do not have any absorption, the diffuse
scatterance can be written as [38]:

QD = 1− |t|2 − |r|2, (6.13)

where t and r are the zeroth-order transmission and reflection coefficients, respec-
tively. In our simulations, we have mostly considered lattices with a meta-atom
density of 1/Λ2. For a periodic lattice with such density, the resonance of the lattice
coincides with the resonance of the isolated meta-atom. With this configuration, we
can observe disorder-induced resonance shifts in the optical response of the lattice.

Furthermore, we have also calculated the normalized effective induced dipole mo-
ments of the meta-atoms, and their standard deviations at resonance, for the cen-
tral 25 meta-atoms. The central meta-atoms are chosen such that edge effects are
avoided. The normalization factor for the electric (magnetic) dipoles is the maximum
induced electric (magnetic) moment for an isolated meta-atom. We have calculated
these upper limits in Section 4.4. In the following figures, we denote these maximum
normalizing values as p0 = pmax and m0 = mmax. The derived effective moments
provide meaningful insights into the microscopic effects of the positional disorder,
as compared to a periodic structure. For a periodic square array lattice of dipo-
lar meta-atoms with a periodicity Λ/λ = 0.8, the normalized effective electric and
magnetic dipoles at resonance (i.e., a1 = b1 = 1) are equal to:

|peff |
p0

=
i a1

1− i a1Cdd (0.8)
= 2.68, (6.14)

|meff |
m0

=
i b1

1− i b1Cdd (0.8)
= 2.68. (6.15)

Figure 6.11 shows the simulation results for the optical response of disordered point
configurations decorated with dual dipolar meta-atoms. The red cross marked line
in Fig. 6.11a,e,i,m,q, show the response for a finite periodic square array. The
results are very similar to an infinitely periodic metasurface (cf. Fig. 5.2); The
transmittance is unity for the full resonance spectrum (cf. Fig. 6.11a), and the phase
angle of transmission span a region of 2π with a normal dispersion (cf. Fig. 6.11b),
i.e., decreasing phase angle with increasing wavelength. The normalized effective
dipole moments are also very similar to the results in Eq. 6.14-6.15 (cf. Fig. 6.11q).
There is, however, an anomaly in the response of a finite periodic array near the
resonance wavelength. At around a wavelength of λ = 1050 nm, there is a ripple
in the transmission amplitude data, and it goes above unity (cf. Fig. 6.11i). This
point of operation is due to the finiteness of the metasurface and is traced back
to surface waves. Changing the size of the metasurface changes the wavelength at
which this phenomenon occurs. It should be emphasized that this does not violate
energy conservation and is merely the result of the specific approach that we follow
when calculating transmission and reflection. If we extend our grid size to fully
contain the metasurface, the transmittance does not cross unity; however, the edge
effects come into play that we do not want to capture. Therefore, we can ignore
those points in the finite periodic array and continue the current approach.
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Figure 6.11: Dual dipolar metasurfaces with disordered arrangements: a-d) The
zeroth-order transmission coefficient, e-h) phase angle of transmission, i-l) trans-
mission amplitude, m-p) diffuse scatterance, and q-t) normalized resonant effective
electric and magnetic dipole moments of a,e,i,m,q) perturbed, b,f,j,n,r) defected,
c,g,k,o,s) Poisson’s and Matérn type-III soft-core, and d,h,l,p,t) three hyperuniform
disorder arrangements as a function of the wavelength. The point configurations are
decorated with dual dipole moments that are modeled with a Lorentzian dipole (cf.
Fig. 6.10a) and are illuminated with a plane wave at normal incidence. A periodicity
Λ = 800 nm is considered for the perturbed array and the defected disorder. For
the other arrangements, a density of 1/Λ2 is considered. Rainbow colors encode
the wavelengths. The line markers encode the degree of positional disorder. For
the simulation of the transmission, 17× 17 meta-atoms are considered. The collec-
tion grid length is LGr. = 6Λ, located at a Gap = λ/2 parallel to the metasurface.
The effective moments are calculated at the resonance wavelength for the 25 central
meta-atoms.

Figures 6.11a,e,i,m,q show the optical response for perturbed arrays. An interesting
feature that is evident from Fig. 6.11a is the shrinking of the trace of the transmission
coefficient in the complex plane by increasing disorder degree PD. In Fig. 6.11i, the
shrinkage in the complex trace is manifested in the amplitude spectrum as an initial
drop, and, then, a final rise of the transmittance after a critical disorder.
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The phase angle data in Fig. 6.11e shows an intriguing phenomenon when the dis-
order degree crosses the critical disorder; The dispersion of the phase angle changes
from normal to anomalous dispersion. Near the point of critical disorder, i.e.,
PD ≈ 60%, the diffuse scatterance (Fig. 6.11m) reaches near unity at resonance. At
this point of operation, the scattered power is neither absorbed nor transferred to
specular directions but diffused to all non-specular directions. We will discuss the
optical diffusion of disordered metasurfaces in the last section.

Figure 6.11q, shows the normalized effective moments. It is evident from the figure
that although perturbed disorder decreases the amplitude of the effective moments
consistently with an increasing disorder, the electric and magnetic moments preserve
their equality. This phenomenon is consistently observed for the other disorder types
(cf. Fig. 6.11q-t). It shows that a uniform positional disorder statistically affects the
electric and magnetic dipole moments in the same way. Another exciting feature is
that the deviation of the moments increases by increasing disorder.

Figures 6.11b,f,j,n,r show the optical response for defected arrays. The results
are very similar to the perturbed array. For strong disorder, a spectral shift in
the resonance wavelength is evident from Fig. 6.11j,n. This resonance shift is also
evident in all the other disordered types for strong disorder degrees. For instance,
for Poisson’s disorder (Fig. 6.11k,o), a significant spectral shift is observed.

The optical strength of disorder, i.e., the disorder that is scanned by optical wave
excitations, can be expressed as the shrinkage of the transmission coefficient in the
complex plane. This shrinkage is also consistent with the decreasing of the induced
effective moments. With this measure, we can also estimate the degree of disorder for
the three hyperuniform point configurations. While, as expected, the ”hyperuniform
ripple”point configuration shows a high degree of order, the other two arrangements
are more disordered (cf. Fig. 6.11d).

An interesting observation in all the disorder types is the persistence of the phase
angle to changes before the critical disorder, i.e., the phase angle is topologically
protected before the critical disorder. In Fig. 6.11e-g, it is evident that the phase
angle hardly changes before reaching the critical disorder.

In summary, we have analyzed the zeroth-order transmission and reflection from
multiple dual dipolar and disordered metasurfaces illuminated with a normal plane
wave incidence. In the next section, we focus more on the critical point of disorder.

6.5 Disorder-induced phase transitions

In the previous section, we have observed that, at a critical disorder, the zeroth-
order transmittance goes to zero, and the dispersion of the phase angle for the
transmission coefficient sharply changes from normal to anomalous dispersion. We
refer to this sharp phenomenon as a disorder-induced phase transition and generalize
it to meta-atoms with detuned dipolar meta-atoms. The content of this section is
based on our work in Ref. [101].

Phase transitions are ubiquitous. The intriguing feature is that an incremental
change to a given system in one of the control parameters does not just cause an
incremental change in the emerging properties of the system but, a qualitatively
different behavior at particular points of operation is observed. There are multiple



6.5. Disorder-induced phase transitions 113

a)

b)

Figure 6.12: Artistic impression of the disordered-induced phase transition: A
disorder-induced phase transition in the phase angle of the transmission coefficient
that changes from a) normal to b) anomalous dispersion above a critical threshold in
the positional disorder. An artistic impression of this effect illustrating how normal
or anomalous dispersion in the phase angle leads to a positive or negative chirp of
a transform-limited excitation pulse, respectively. The figure has been plotted in
collaboration with Dennis Arslan.

examples in solid-state physics, where phase transitions in material properties have
been observed at, e.g., a critical pressure or a critical temperature [252, 253]. Nu-
merous photonic devices derive their functionalities from such phase transitions in
the material properties [254–256]. Phase transitions have also been investigated in
the field of nanophotonics. A notable example is the change from an elliptical to
a hyperbolic dispersion relation for certain strongly anisotropic metamaterials at a
critical wavelength [257, 258]. Other examples are the change from a metamaterial
to a photonic crystal [259], the change from a real to a complex-valued spectrum at
the spontaneous breakdown of the PT symmetry of a given optical potential [260,
261], or the change from a topological trivial to a topologically non-trivial band
structure of a photonic material for specific geometrical deformations [262].

Disorder-induced phase transitions have possibly attracted the largest share of at-
tention. For instance, they have been detrimental in the investigation of photonic
band gaps [263]. Disorder is not just a nuisance [264, 265], but rather it can be a
valuable resource with a new additional degree of freedom on which we can capitalize
to tailor the flow of light [246, 266, 267].

Our focus, here, is the disorder-induced phase transitions in the phase angle of the
transmission coefficient of a Huygens’ metasurface. As we will show in the following
section, this fundamental feature can be used to design novel phase-manipulating
optical devices, e.g., diffusers. Figure 6.12 shows an artistic impression of the
disordered-induced phase transition. A change in the dispersion of the transmis-
sion phase angle from normal to anomalous dispersion can lead to a positive and
negative chirp in the transmitted transform-limited excitation pulse from the meta-
surface, respectively.
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Figure 6.13: Disorder-induced phase transitions: a) The zeroth-order transmission
coefficient t(λ) of dual and c) detuned metasurfaces. b,d) Spectra of the phase
angle ∠t(λ) of t(λ) as a function of the wavelength. Each metasurface consists of
17× 17 non-absorbing dual meta-atoms that are modeled with a Lorentzian profile
(cf. Fig. 6.10). The reference metasurface (DD = 0%) is a square array with
lattice constant Λ = 800 nm. Rainbow colors encode the wavelength. The degree
of positional disorder DD = 0, 20, 30, 40% is encoded by the line markers. e) Phase
diagram as a function of the positional disorder DD and spectral detuning ∆λres. For
the simulation of the transmission, 17×17 meta-atoms are considered. The collection
grid length is 6Λ, and it is located at a Gap = λ/2 parallel to the metasurface.

For the investigation of phase transitions, unlike Ref. [101] that we have studied
perturbed arrays, we investigate defected disorder. The setup is the same as the
previous section. Here, we have systematically tuned the disorder degree DD and
the spectral detuning that is defined in Fig. 6.10b.

For a zero-detuning (cf. Fig. 6.13a,b), i.e., dual dipoles, as also observed in the
previous section, beyond a critical disorder, the normal dispersion of the phase an-
gle changes to an anomalous dispersion. For the defected disorder, this occurs at a
critical disorder degree DD ≈ 30%. The underlying physics can be revealed by in-
specting the dispersive behavior of t(λ) in the complex plane, as shown in Fig. 6.10a.
As the positional disorder is increased, the path traced out by t(λ) contracts towards
a point tcon well within the positive real half-space. For slight positional disorder,
the path circles the origin of the complex plane clockwise. For considerable po-
sitional disorder, the path does not circle the origin anymore, i.e., at a vanishing
imaginary part of t(λ), and the real part is always positive. We take this from now
on as one objective criterion to classify our phase state. We distinguish between
phase states in where the phase angle shows normal and anomalous dispersion, re-
spectively. At the critical threshold, |t(λ)| undergoes a root, i.e., the path passes
precisely through the origin, and ∠t(λ) abruptly changes from normal to anomalous
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dispersion. A further increase in the positional disorder only further contracts the
path, and ∠t(λ) continues to exhibit anomalous dispersion. With that, we observe
a sharp transition from normal to anomalous dispersion at a critical threshold for
the positional disorder.

Next, we analyze the effect of detuned meta-atoms in the emerging optical response
of disordered metasurfaces. For large spectral detuning of 175 nm and vanishing
positional disorder, the two resonances are distinguishable from each other in the
∠t(λ) spectrum, as can be seen in Fig. 6.13d. In Fig. 6.13c, the two resonances
manifest in the complex plane as a crunode, which is a point where the path of t(λ)
is intersecting itself and thereby forming a loop. Note that for an infinite periodic
arrangement, unlike the unwrapped 4π phase shift coverage that we observe for
the detuned metasurface, only a 2π will be observed. The difference is that for
an infinitely periodic arrangement, the transmission path intersects itself at exactly
t = 0. However, for the finite arrangement, this intersecting point occurs at a slightly
different location in the complex plane, resulting in a more considerable phase shift
coverage.

As the positional disorder is increased from 0% to 40%, the path contracts again
towards a point on the real axis, and the crunode vanishes at a critical threshold for
the positional disorder. Above this critical threshold, the two resonances cannot be
distinguished and appear as a single resonance. Hence, for large spectral detuning,
we observe a sharp transition from a state with spectrally split resonances to a
state with spectrally overlapping resonances at a critical threshold for the positional
disorder.

In summary, we observed disorder-induced phase transitions in two distinct prop-
erties of the ∠t(λ) spectrum: On the one hand, the dispersion switches from a state
with Normal Dispersion (ND) to a state with Anomalous Dispersion (AD), and on
the other hand, the apparent number of resonances switches between a state with
Split Resonances (SR) to a state with Overlapping Resonances (OR). In the com-
plex plane, we distinguish between ND and AD whether the path of t(λ) circles the
origin or not, and between SR and OR whether the path possesses a crunode or not,
respectively. Consequently, four distinct phase states can be identified: I (ND &
OR), II (AD & OR), III (AD & SR), and IV (ND & SR).

The phase diagram in Fig. 6.13e visualizes our findings that were obtained from
a systematic analysis of wide ranges of positional disorder DD = 0, . . . , 40% and
spectral detuning ∆λres = 0, . . . , 175 nm. Note that the phase state boundaries are
smoothed for easier interpretation. For a detailed discussion, refer to the supplemen-
tary material of Ref. [101]. Comparing the results of the perturbed array and the
defected array shows striking similarities. This similarity denotes the universality of
the disorder-induced phase transitions that are defined here.

In the following section, we study the angular optical scattering of dual disordered
metasurfaces, especially at the points of phase transitions.

6.6 Directional scatterance of disordered metasurfaces

In this section, we investigate the optical diffusion of disordered metasurface when
illuminated at normal incidence. Optical diffusion, here, refers to non-specular trans-
mitted and reflected light that does not go to the zeroth-order transmission and
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reflection. Disordered metasurfaces constitute an auspicious material platform for
the diffusion of light [88, 91, 268]. The previous two sections show that the diffuse
scatterance reaches unity at a critical disorder. This intriguing point of operation
linked to a phase transition in the phase angle of the transmission coefficient is worth
exploring further.

In the first part, we develop a set of equations to describe the optical scattering of
a disordered metasurface. Later, we focus on characterizing the angular scatterance
of disordered metasurface with dual dipole moments at resonance. The content of
this section is partly based on our work in Ref. [38].

Plane wave description of directional scatterance

In Section 2.2, we have shown that we can write any electromagnetic field as a
sum of plane waves. This section uses this basis to calculate the optical scattering
of disordered metasurfaces into arbitrary angles. The detailed derivations can be
found in Ref. [38, 156]. Assuming a normally incident plane wave illuminating a
metasurface that is placed on the x-y plane, the directional scatterance as a function
of the expanding plane wave amplitudes is:

QΩ(k) =
1

I0

dI(θ, ϕ)

|cos(θ)| dΩ
= k20

∣∣bTE
k (k)

∣∣2 + ∣∣bTM
k (k)

∣∣2
(2π)2

∣∣∣k̂∣∣∣ · ẑ , (6.16)

where A is the collection grid area, and I0 is the intensity of an arbitrarily-polarized
plane wave that illuminates the metasurface, respectively. QΩ can be interpreted as
the fraction of the incident intensity that is scattered along (θ, ϕ) into a projected
unit solid angle Ω. The scatterance to a certain polar angle, i.e, polar scatterance
Qθ is defined as:

Qθ(θ) =
dQ(θ)

dθ
=

∫ π

−π

QΩ(θ, ϕ) sin(θ) |cos(θ)| dϕ. (6.17)

and the sectorial scatterance Q(θ) is formulated as:

Q(θ) =

∫ θ

0

∫ +π

−π

QΩ(θ
′, ϕ) dθ′dϕ+ |t|2δθ,0 + |r|2δθ,π, (6.18)

which represents the fraction of the incident intensity that is scattered into a spher-
ical sector with a half-angle of θ ∈ [0, π]. r and t are the zeroth-order reflection and
transmission.

In the following, we use these new parameters to characterize the optical response
from disordered metasurfaces.

Ideal scatterers

To have a reference to compare the optical diffusion of disordered metasurfaces,
here, we use a Hertzian dipole and a Lambertian surface. The directional and
sectorial scatterance of a Lambertian surface (L) and a Hertzian dipole (H) may be
written as [38]:

QL
Ω(θ, ϕ) =

1

2π
, QH

Ω(θ, ϕ) =
3

4π
|cos(θ)| , (6.19)
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Figure 6.14: Perturbed array scatterance: a-b) The directional QΩ, c) polar Qθ,
and d) sectorial Q scatterance of a perturbed metasurface made from isotropic,
dual, and dipolar meta-atoms at resonance illuminated with a plane wave at normal
incidence for different degrees of positional disorder PD. c-d) The polar and sectorial
scatterance of a Hertzian dipole (gray dotted line) and a Lambertian surface (gray
line) is plotted for reference.
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Figure 6.15: Defected array scatterance: a-b) The directional QΩ, c) polar Qθ, and
d) sectorial Q scatterance of a defected metasurface made from isotropic, dual, and
dipolar meta-atoms at resonance illuminated with a plane wave at normal incidence
for different degrees of positional disorder DD. c-d) The polar and sectorial scatter-
ance of a Hertzian dipole (gray dotted line) and a Lambertian surface (gray line) is
plotted for reference.

QL(θ) =

{
1
2
sin2(θ) θ ≤ π

2

1− 1
2
sin2(θ) θ > π

2

, QH(θ) =
1− cos3(θ)

2
, (6.20)

where we have assumed a normalized power distribution. Moreover, for the Lam-
bertian surface, we have assumed symmetric forward and backward scattering. The
polar and sectorial scatterance of the Hertzian dipole and the Lambertian surface is
plotted in Fig. 6.14c-d.

Optical diffusion of dual metasurfaces

Here, we simulate the optical diffusion of dipolar metasurfaces made from dual
and isotropic meta-atoms at resonance (i.e., a1 = b1 = 1, aj>1 = bj>1 = 0) that
are illuminated with a plane wave at normal incidence. We consider perturbed,
defected, Poisson, Matérn III soft-core, and the three hyperuniform arrangements
that we have introduced in Section 6.2.
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Figure 6.16: The Poisson and Matérn III metasurface scatterance: a-b) The direc-
tional QΩ, c) polar Qθ, and d) sectorial Q scatterance of a disordered metasurface
made from isotropic, dual, and dipolar meta-atoms at resonance that is illuminated
with a normal plane wave incidence for the Poisson and Matérn type-III soft-core
disorder with positional disorder degree SHD. c-d) The polar and sectorial scatter-
ance of a Hertzian dipole (gray dotted line) and a Lambertian surface (gray line) is
plotted for reference.

To ensure a satisfying spectral resolution in the directional scatterance, we need
a huge area for the collection grid of at least (120 µm)2. We used a cut-and-stitch
approach since such large metasurfaces are computationally expensive to simulate
in one run. In particular, we split the total metasurface into smaller, overlapping
patches and simulated each patch separately. The overlaps were chosen such that the
sample areas of all patches can directly be stitched together. Each of the simulations
contains 17×17 metaatoms. The collection grid has a length of 10Λ and is placed at
a distance Gap = λ/4 parallel to the metasurface. We have chosen a closer distance
to capture high scattering angles.

Figure 6.14 shows the results for the perturbed array. We have also included the
polar and sectorial scatterance of the Hertzian dipole and the Lambertian surface
for comparison. For finite periodic arrays, the results are as expected; The polar
scatterance is zero (except for some numerical defects), and the sectorial scatterance
is almost unity, right from θ = 0. These observations emphasize no diffusion, and
most of the power is transferred to the zeroth-order transmittance.

Increasing positional disorder, the scatterance increases, and the starting point
of the sectorial scatterance (the transmittance) decrease. At the critical disorder
PD ≈ 60% (cf. Fig. 6.11), the sectorial scatterance at the origin tends to zero, i.e.,
Q(0) = 0. At the point of critical disorder, the sectorial and the polar scatterance
in the forward direction share a large similarity to the Hertzian dipole. It should
be noted that although the sectorial scatterance at θ = π should be unity, we see
that, for most disordered metasurfaces, we do not reach it. This ”missing power” is
mostly going into very high angles. In other words, the diffusion performance can
be assumed better than the graphs indicate. Note that for more accurate results,
even more meta-atoms and larger grids are required.

In the backward direction, the scatterance is much weaker. Part of this can be
traced back to the duality symmetry of the meta-atoms that can suppress the re-
flection not only to the zeroth-order but also relatively decrease the reflection to the
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Figure 6.17: Hyperuniform metasurface scatterance: a-b) The directional QΩ, c)
polar Qθ, and d) sectorial Q scatterance of a hyperuniform metasurface made from
resonant, isotropic, dual, and dipolar meta-atoms at resonance illuminated with
a plane wave at normal incidence for three different hyperuniform arrangements:
ripple, flat and cubic. c-d) The polar and sectorial scatterance of a Hertzian dipole
(gray dotted line) and a Lambertian surface (gray line) is plotted for reference.

other angles. Beyond the critical disorder, the transmittance is no longer zero, and
the scatterance deviates from the Hertzian dipole.

Figures 6.15 show the scatterance results for a defected metasurface. The trends
in the results are similar to the perturbed array. As we have previously shown (cf.
Fig. 6.2), defected arrays are not hyperuniform. Despite this, strong diffusion is
evident from Fig. 6.15c-d for a critical disorder DD = 30%. However, judged from
Fig. 6.15c, the large-angle scatterance is much weaker compared to the perturbed
array (Fig. 6.14c).

Figure 6.16 shows the scatterance results for metasurfaces with the Poisson and the
Matérn type-III soft-core point configurations. Matérn metasurfaces show strong dif-
fusion and Hertzian-like scatterance. In Ref. [38], we have designed, fabricated, and
characterized a metasurface made from silicon nanocylinders embedded in silica that
is arranged with a Matérn type-III soft-core point configuration. The experimental
results confirm our theoretical observations.

The optical disorder strength of Poisson’s disorder is beyond the critical disorder,
and, hence, the zeroth-order transmittance is not zero. This prevents a smooth
diffusive response.

Finally, we want to analyze the three hyperuniform point configurations. For these
arrangements, the design process did not allow for a large number of meta-atoms.
The designed point configuration consisted of 625 meta-atoms. Therefore, high-
resolution directional scatterance was not possible. As a result, we have only shown
the polar and sectorial scatterance (cf. Fig. 6.17).

As expected, the ”hyperuniform ripple” behaves like an ordered metasurface and
shows minimal diffusion. On the other hand, ”hyperuniform flat” shows strong sim-
ilarities with a Lambertian surface. Note that the ”hyperuniform flat” arrangement
was also close to the point of critical disorder (Fig. 6.11). The ”hyperuniform cubic”
also shows smooth diffusion; however, it performs a little worse than ”hyperuniform
flat”.

In Ref. [38], we have also studied disordered Huygens’ metasurfaces under oblique
incidence. Our results showed that the large diffuse scatterance also persists for



120 6. Disordered Metasurfaces

oblique angles. Therefore, we can conclude this section by reiterating that smooth
gloss-free optical diffusion is achievable with multiple disorder models, given the
right critical disorder is met. The critical disorder is not always easy to reach in
actual metasurfaces. For instance, in Ref. [38], due to the spatial extent of the
nanocylinders, the maximum achievable degree of disorder for a perturbed array
was PD = 27%.

In summary, this chapter extensively studied the optical response of disordered
metasurfaces made from identical, isotropic, and dipolar meta-atoms. Simultaneous
study of the optical response and the statistical measures enabled the direct compar-
ison of the two. Furthermore, we have discovered an exciting physical phenomenon
for these disordered arrangements at a critical disorder. Moreover, we have analyzed
the directional scatterance and the optical diffusion of dual dipolar metasurfaces at
resonance with multiple disordered arrangements. The results show the potential
for metasurfaces to realize ultrathin perfect optical diffusers with a near-Lambertian
scattering profile.

Our results were limited to dipolar meta-atoms. We envision that incorporating
higher-order meta-atoms can further improve metasurfaces’ directional scatterance
near the point of critical disorder.



7. Summary & Outlook

Research into metasurfaces in the past decade has proved the capability of these
ultra-thin surfaces to replace bulky conventional optical components and shape a
miniaturized future. The flat interface and compatibility with the mature field of
nanofabrication are two crucial factors to drive metasurface research ahead.

In the doctoral thesis at hand, we have followed a step-by-step approach to analyze
the optical scattering from a metasurface made from arbitrarily arranged identical
meta-atoms. In Chapters 3 and 4, we have provided a comprehensive and unifying
multipolar theory to analyze isolated and periodic array of meta-atoms, respectively.

We have developed a minimal model for an isotropic meta-atom, as the building
blocks of the metasurfaces, that can capture the Mie coefficients of spherical objects,
whether homogenous, core-multishell, or colloidal, with only two degrees of freedom
per multipole moment. Considering non-absorbing meta-atoms, as is the case in this
thesis, the response of a spherical particle can be modeled with a single real angle
per multipole moment. We have shown, through multiple examples, that this model
facilitates the understanding of the underlying physics of light-matter interactions
and empowers design in nanophotonics. Although the model is limited to spherical
particles, the insights are easily extended to other geometries [31, 38, 101].

The optical response of meta-atoms is best described in the vector spherical har-
monics basis. The spherical basis is most suited for a single scatterer from a geometry
point of view. This basis was developed more than 100 years and is the standard [58].
On the other hand, for surfaces, macroscopic equations, e.g., Fresnel equations, are
more suitably expressed in the Cartesian coordinates. This thesis shows that linking
the two coordinates can bring about accurate, symmetric, and easy expressions. In
Chapter 4, we have linked the spherical response of the meta-atoms to the macro-
scopic Cartesian response of the metasurfaces. We have shown through multiple
examples that the analytical expressions can help design metasurfaces with desired
functionalities (cf. Chapter 5). Examples addressed in the thesis are full phase-
shift coverage of higher-order Huygens’ metasurfaces, fully diffracting metagratings,
enhancement of magnetic dipole moments inside a lattice, meta-atom-independent
polarization filters, etc.

In Chapter 6, we have extensively studied disordered metasurfaces. The Born ap-
proximation that relates the directional scatterance of a metasurface to its structure
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factor is valid in the absence of optical interaction between the meta-atoms, i.e.,
when the meta-atoms are too far apart, or the interaction is diminished due to ab-
sorption (e.g., in plasmonic metasurfaces). In the thesis, our focus was primarily on
resonant non-absorbing meta-atoms placed on a subwavelength arrangement. These
meta-atoms strongly interact, and, as we have shown, the induced effective mo-
ments are different from the response of the isolated meta-atoms when no coupling
is considered. Despite this limitation, the structure factor, along with its Fourier
counterpart, the pair correlation function, provides solid insights into the disordered
point configurations. And indeed, the optical response of metasurfaces can be qual-
itatively correlated with the statistical measures.

Using the analytical methods, we have revealed intriguing features of disordered
metasurfaces where the zeroth-order transmission and reflection from a dual dipolar
metasurface at resonance vanishes at a critical disorder. At this point, that we
linked to a disorder-induced phase transition, a slight change in the disorder degree
of the meta-atoms abruptly changes the normal dispersion of the transmission phase
angle to an anomalous dispersion. We have shown that, at the point of the phase
transition, the radiation strength of the electric and magnetic dipole are statistically
equal. However, the induced effective moments simultaneously weaken, leading to a
drop in the transmission. At this critical disorder, the light is neither reflected nor
transmitted, somewhat diffused to all directions. This optical diffusion is the topic of
the last part of the thesis, in which we have extensively investigated the directional
scatterance of dual dipolar metasurfaces with multiple disordered arrangements.
We have shown that many disordered point processes can reach the point of critical
disorder irrespective of their structure factor. Finally, we have identified multiple
designs suited for a smooth optical diffusion. Based on the insights, in Ref. [38], we
have designed, fabricated, and characterized a perfect optical diffuser.

Throughout the thesis, we have assumed a homogenous embedding medium for the
metasurfaces. Although this might seem like a hurdle in photonics design, in multiple
experiments, through matching simulation results [38, 101], we have shown that
embedding the nanoparticles in a material that has a refractive index comparable
to the substrate will have no detrimental effect on the validity of the homogenous
medium assumption. Nevertheless, including a substrate in the analytical equations
increases design opportunities and is a future research direction.

Furthermore, we have only considered identical meta-atoms with identical orien-
tations. Recently, the research into the bound states in the continuum [269] and
optically-induced antiferromagnetic order [270] have shown a huge potential for
novel applications in metasurfaces made from multiple meta-atoms or made from
meta-atoms with different orientations. Developing analytical expressions for such
metasurfaces in another outlook of the current thesis.

The ultra-thin metasurfaces enable fabrications of multilayer of metasurfaces [271].
A solid analytical tool that enables the investigation of such structures would boost
the metasurface capabilities and is subject to future research.

Moreover, most of the analysis of the thesis was based on spherical meta-atoms.
The general equations provided can be the basis for exploring other types of meta-
atoms, e.g., anisotropic, bianisotropic, and chiral meta-atoms. We envision that
exploiting the provided equations enables many novel optical applications.
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[249] V. I. Zakomirnyi, S. V. Karpov, H. Ågren, and I. L. Rasskazov,“Collective lat-
tice resonances in disordered and quasi-random all-dielectric metasurfaces,”
J. Opt. Soc. Am. B, vol. 36, no. 7, E21–E29, 2019.

[250] J. Teichmann, F. Ballani, and K. G. van den Boogaart, “Generalizations of
matérn’s hard-core point processes,” Spat. Stat., vol. 3, pp. 33–53, 2013.

[251] P. M. Piechulla, B. Fuhrmann, E. Slivina, C. Rockstuhl, R. B. Wehrspohn,
and A. N. Sprafke, “Tailored light scattering through hyperuniform disorder
in self-organized arrays of high-index nanodisks,” Adv. Opt. Mater., vol. 9,
no. 17, p. 2 100 186, 2021.

[252] A. V. Kolobov, P. Fons, A. I. Frenkel, A. L. Ankudinov, J. Tominaga, and
T. Uruga, “Understanding the phase-change mechanism of rewritable optical
media,”Nat. Mater., vol. 3, no. 10, pp. 703–708, 2004.

[253] A. Zylbersztejn and N. F. Mott, “Metal-insulator transition in vanadium
dioxide,” Phys. Rev. B, vol. 11, no. 11, pp. 4383–4395, 1975.

[254] M. Liu et al., “Terahertz-field-induced insulator-to-metal transition in vana-
dium dioxide metamaterial,”Nature, vol. 487, no. 7407, pp. 345–348, 2012.

[255] M. Wang, H. Li, D. Gao, L. Gao, J. Xu, and C.-W. Qiu, “Radiation pressure
of active dispersive chiral slabs,”Opt. Express, vol. 23, no. 13, pp. 1094–4087,
2015.

[256] B. Gholipour, J. Zhang, K. F. MacDonald, D. W. Hewak, and N. I. Zheludev,
“An all-optical, non-volatile, bidirectional, phase-change meta-switch,” Adv.
Mater., vol. 25, no. 22, pp. 3050–3054, 2013.

[257] H. N. Krishnamoorthy, Z. Jacob, E. Narimanov, I. Kretzschmar, and V. M.
Menon, “Topological transitions in metamaterials,” in Conference on Lasers
and Electro-Optics, OSA, 2012, QM2E.6.

[258] I. I. Smolyaninov and E. E. Narimanov, “Metric signature transitions in op-
tical metamaterials,” Phys. Rev. Lett., vol. 105, no. 6, p. 067 402, 2010.

[259] M. V. Rybin, D. S. Filonov, K. B. Samusev, P. A. Belov, Y. S. Kivshar, and
M. F. Limonov, “Phase diagram for the transition from photonic crystals to
dielectric metamaterials,”Nat. Commun., vol. 6, no. 1, p. 10 102, 2015.

[260] A. Guo et al., “Observation of PT-symmetry breaking in complex optical
potentials,” Phys. Rev. Lett., vol. 103, no. 9, p. 093 902, 2009.
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