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Abstract

This thesis is concerned with dynamical low-rank integrators for matrix differential equations, typically
stemming from space discretizations of partial differential equations. We first construct and analyze a
dynamical low-rank integrator for second-order matrix differential equations, which is based on a Strang
splitting and the projector-splitting integrator, a dynamical low-rank integrator for first-order matrix
differential equations proposed by Lubich and Osedelets in 2014. For the analysis, we derive coupled
recursive inequalities, where we express the global error of the scheme in terms of a time-discretization
error and a low-rank error contribution. The first can be treated with Taylor series expansion of the
exact solution. For the latter, we make use of an induction argument and the convergence result derived
by Kieri, Lubich, and Walach in 2016 for the projector-splitting integrator.

From the original method, several variants are derived which are tailored to, e.g., stiff or highly
oscillatory second-order problems. After discussing details on the implementation of dynamical low-
rank schemes, we turn towards rank-adaptivity. For the projector-splitting integrator we derive both a
technique to realize changes in the approximation ranks efficiently and a heuristic to choose the rank
appropriately over time. The core idea is to determine the rank such that the error of the low-rank
approximation does not spoil the time-discretization error. Based on the rank-adaptive pendant of the
projector-splitting integrator, rank-adaptive dynamical low-rank integrators for (stiff and non-stiff) first-
order and second-order matrix differential equations are derived. The thesis is concluded with numerical

experiments to confirm our theoretical findings.






Contents

Motivation and Introduction

Differential geometry for embedded submanifolds of the Euclidean space

2.1
2.2
2.3
24

Notation . . . . . . . oL o e e
The manifolds M, and V. . . . . . o000 0oL
Tangent spaces to embedded submanifolds . . . . . . . .. ... .. ... ... ... ...

Orthogonal projectors onto tangent spaces . . . . . . . . .. .. ... . L.

Dynamical low-rank approximation for first-order matrix differential equations

3.1
3.2
3.3
3.4

Differential equations on embedded submanifolds . . . . . . ... ... ... ... .....
Dynamical low-rank approximation . . . . . . . . . .. Lo
Dynamical low-rank approximation for stiff first-order matrix differential equations . . . .
Other dynamical low-rank integrators for first-order problems . . . . . . ... . ... ...
3.4.1 Time integration of (skew-)Hermitian low-rank matrices . . . . . ... ... .. ..

3.4.2  Unconventional robust dynamical low-rank integrator . . . . .. .. ... .. ...

Dynamical low-rank approximation for second-order matrix differential equations

4.1
4.2

4.3
4.4

4.5

The leapfrog scheme . . . . . . . .. e
The St-LO scheme . . . . . . . . .
4.2.1 Error analysis of the St-LO scheme . . . . . . . .. .. ... .. oL
4.2.2  Outlook: Error analysis of the St-LO scheme for semilinear stiff problems . . . . .
Stiff problems . . . . . .. oL
Highly oscillatory problems . . . . . . . . . . . . . e
4.4.1 Gautschi-type integrators . . . . . . . .. Lo
4.4.2 A low-rank version of Gautschi-type integrators . . . . . . . .. ... ... ... ..

Approximation to A’ in the tangent space . . . . . . . . ...

Implementation of dynamical low-rank integrators

5.1

Implementation of low-rank matrix products for dynamical low-rank integrators . . . . . .
5.1.1 Linear right-hand sides . . . . . . . . ... .o oo

5.1.2  Nonlinear entrywise functions . . . . . . . . .. ... L oL

vii

o 3 o

12

15
15
17
22
23
23
24

27
28
29
34
43
48
o1
o1
52
93



5.1.3 Power functions . . . . . . . . .. e e e e e e e e e e 61

5.2 Computation of matrix functions . . . . . . . . . . . ... .. 63
5.2.1 Implementation by diagonalization . . . . . . .. .. .. ... .. .. 0. 63

5.2.2 Krylov subspace methods . . . . . . .. .. . Lo o 64

5.3 Implementation of the low-rank Gautschi method . . . . . . . .. .. ... ... ...... 67
5.4 Splitting for second-order matrix differential equations . . . . . . . ... ... 0. 71

6 Rank-adaptivity 75
6.1 Selecting the rank . . . . . . ... L 76
6.2 Choice of tolerance . . . . . . . . . L L 77
6.2.1 Time-discretization error estimation via Richardson extrapolation . .. ... ... 79

6.2.2 Low-rank error estimation . . . . . . .. .. oo L oo 80

6.2.3 Tolerance threshold . . . . . . . . . . .. ... 80

6.3 Rank-adaptive algorithms . . . . . . . ... . L 81

7 Numerical experiments 85
7.1 Stiff first-order matrix differential equations . . . . . .. ..o 0oL 86
7.1.1 Nonlinear fractional Ginzburg-Landau equation . . .. ... .. ... ... .... 86

7.1.2  Nonlinear fractional Schrodinger equation . . . . . . . ... ... ... ... .. .. 88

7.2 Second-order matrix differential equations . . . . . ... ..o oL 88
7.2.1 Homogeneous wave equation . . . . . . . .. ... Lo Lol e 89

7.2.2 Laser-plasma interaction . . . . . . . . ... L oL Lo 91

7.2.3 Sine-Gordon equation . . . . . ... 93

A Collection of results from linear algebra 97
A.1 The singular value decomposition . . . . . . . . . . .. L oL 97
A2 The QR factorization . . . . . . . . . .. 99
A.3 Kronecker products and sums . . . . . . ... 99
A4 Special matrices . . . . ... oL 101
A5 Matrix functions . . . . . .o 102

B A short note on splitting methods 105

Bibliography 108






CHAPTER 1

Motivation and Introduction

Motivation

Many natural phenomena can be modeled by ordinary and partial differential equations. Their solutions
help to give a precise description of a natural phenomenon. However, only for a limited number of
problems the exact solution to the respective differential equation is known. Therefore, numerical schemes
are used to compute approximations of sufficient accuracy to these exact solutions. For this, the problems,
which are often continuous in time and space, need to be turned into finite dimensional problems. One
approach is the method of lines, where first the spatial variable is discretized, while the time remains
continuous. This yields a system of ordinary differential equations, which can be written as a matrix
differential equation. In this thesis, we start from this situation, and only consider the integration in
time.

The proper description of certain natural effects often requires a huge number of equations or a fine
resolution in the discretizations in both space and time. Therefore, the matrix differential equations
resulting from a discretization in space possess large dimensions. Although the computational power
has increased significantly in the past, sometimes the sizes of the problems are too large for a standard
integrator to yield approximations in a reasonable amount in time. Therefore, model reduction techniques
have been derived in order to reduce the computational costs.

Dynamical low-rank integrators have been introduced in [Koch and Lubich, 2007] to approximate

solutions of first-order matrix differential equations of type
A(t) = F(A(t)), A(0) = Ag e C™X7,

which have large dimension but can be well-approximated by matrices of low rank. It was shown, that
these matrices admit a factorization similarly to the singular value decomposition. Instead of working with
matrices of full size m x n, the new ansatz allows one to derive differential equations for the factors of the

low-rank approximation, and working with the factors instead of the full matrices reduces both computa-
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tional effort and required storage significantly. A drawback of the proposed method is its ill-conditioning
in the presence of small singular values. This situation is commonly known as overapproximation and
occurs if the approximation rank exceeds the true rank of the solution.

In [Lubich and Oseledets, 2014], a projector-splitting integrator was introduced, which is robust in the
case of overapproximation. Together with a variant derived in [Ceruti and Lubich, 2021], it has been
applied successfully to a variety of first-order matrix differential equations. Examples are the Vlasov—
Poison equations in [Einkemmer and Lubich, 2018], Vlasov—-Maxwell equations in [Einkemmer et al.,
2020], Schrédinger equations in [Ceruti and Lubich, 2021], Burgers’ equation with uncertainty in [Kusch
et al., 2022], Boltzmann equations in [Kusch and Stammer, 2022], and many more. However, to the best

of our knowledge, for second-order matrix differential equations
A"(t) = F(A()), A(0) = Ay, A’(0) = By,

no dynamical low-rank integrator has been proposed so far.

Aims and main results

The main objectives of this thesis are the derivation, analysis, and implementation of dynamical low-rank
integrators for computing low-rank approximations to the solutions of second-order matrix differential
equations of the above form. The construction of these methods is based on the projector-splitting
integrator derived in [Lubich and Oseledets, 2014]. The obvious strategy of reformulating the second-
order differential equation into a first-order system and applying the projector-splitting integrator to
compute approximations to A and A’ behaved poorly in our numerical experiments. We thus propose
to combine the projector-splitting integrator with a Strang splitting. The resulting scheme is named the
St-LLO method as an abbreviation for Strang splitting combined with the integrator introduced by Lubich
and Oseledets. We shall see that this new method is closely related to the leapfrog scheme, one of the
most popular numerical methods for computing approximations to second-order differential equations.
Moreover, we perform a detailed error analysis of the St-LO scheme and show that the global error of
the scheme is identical to the error of the leapfrog scheme, up to low-rank error contributions.

Based on the original method, we derive modifications of the St-LO scheme. This includes a variant
which preserves certain geometric properties, and a method tailored to stiff second-order matrix differ-
ential equations. We also provide a dynamical low-rank integrator for highly oscillatory second-order
differential equations which is derived from Gautschi-type schemes.

As another task, we consider rank-adaptivity for dynamical low-rank integrators for both first-order
and second-order matrix differential equations. This has already been done in the past for the first-order
case, e.g., [Ceruti et al., 2022; Dektor et al., 2021; Hesthaven et al., 2022]. However, the proposed ansatzes
differ substantially and do not necessarily generalize to the dynamical low-rank integrators for second-
order matrix differential equations. We therefore propose a new ansatz for choosing the rank adaptively.
Based on an estimator of the time-discretization error, our strategy is designed such that the convergence
in time is not impaired by the low-rank error. In other words, the rank-adaptive schemes are constructed
in a way that they do not reduce the order of the underlying splitting method when applied to the full
problem. This new ansatz is applicable to all dynamical low-rank integrators revised and constructed in
this thesis.



Outline

This thesis is organized as follows. We first recall in Chapter 2 the most relevant topics of differential
geometry, which are required for the construction of dynamical low-rank integrators for first-order matrix
differential equations in Chapter 3. There, we also present variants of the original methods, which are
either tailored to specific problems or posses unique properties.

Chapter 4 is devoted to the construction of dynamical low-rank integrators for second-order matrix
differential equations based on the schemes discussed in Chapter 3. We construct the St-LO scheme and
prove a second-order error bound in time. Moreover, we derive variants of the St-LO scheme for highly
oscillatory and stiff problems, respectively.

In Chapter 5 we focus on details of the implementation of dynamical low-rank integrators. We
especially illustrate how to implement the schemes such that no matrices of full dimension appear in any
intermediate step.

We propose a novel ansatz for controlling the approximation rank of a dynamical low-rank integrator
in Chapter 6. We explain in detail the heuristics which are the basis for the rank-adaptivity, and also
provide information regarding the individual rank-adaptive dynamical low-rank integrators constructed
from the new ansatz.

We finalize this thesis with numerical experiments for first-order and second-order matrix differential
equations, cf. Chapter 7, to illustrate our theoretical findings as well as the performance of both fixed-rank

and rank-adaptive dynamical low-rank integrators.
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CHAPTER 2

Differential geometry for embedded submanifolds of the Euclidean space

In the derivation of dynamical low-rank integrators for first-order matrix differential equations, differential
geometry plays an important role. We hence start this thesis with an overview of the most relevant
topics utilized in the construction of the dynamical low-rank integrators for first-order and second-order
problems, respectively. The solutions to the matrix differential equations which we consider in this thesis
are in general complex matrices of size m x n. Such matrices can be viewed as points or vectors in the
real Euclidean space of dimension 2mn. Imposing restrictions like symmetry, invertibility, or a fixed or
constraint rank defines a subset of the Euclidean space. Often, these subsets are manifolds, commonly
denoted by embedded submanifolds. We thus restrict ourselves to the embedded case and introduce
further concepts like tangent spaces and orthogonal projections only for embedded submanifolds. Readers
interested in a more general approach to differential geometry are referred to, e.g., [Lee, 2012]. Additional
information on the interplay of numerics and differential geometry are presented, e.g., in [Absil et al.,
2008].

Throughout, we mainly deal with two particular embedded submanifolds, namely the low-rank mani-
fold M, and the Stiefel manifold V,, , introduced in Section 2.2. They are of high interest, since dynamical
low-rank integrators search for approximations to the solutions of matrix differential equations in M.,
whose elements can be partly characterized by elements in V,, .. Understanding both manifolds and their
properties thus allows us to understand the construction of dynamical low-rank integrators for first-order
matrix differential equations as it was done in [Koch and Lubich, 2007] and [Lubich and Oseledets, 2014],
and also enables us to adapt the ideas used for first-order matrix differential equations to second-order
matrix differential equations in Chapter 4.

The characterization of embedded submanifolds is possible in many ways, where some of them are
more straight-forward than others. We follow the approach presented in [Boumal, 2020] and use so-called
local defining functions to introduce submanifolds of the Euclidean space. For this, we first have to give
a proper description of the Euclidean space. Afterwards, we introduce the manifolds M, and V,, ,. This

is followed by the definition of tangent spaces, and we will construct the tangent spaces to both M, and
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Vpn,r. Lastly, we derive the orthogonal projector onto the tangent space to M., as it plays a key role in
the construction of all dynamical low-rank integrators considered in this thesis.

The following chapter is mainly based on [Boumal, 2020]. If not stated otherwise, the presented
definitions and theorems are taken from there. However, in the literature mostly the real case is treated,
while for us the complex case is more relevant. We hence transfer all results immediately to the complex
case. This requires attention in the choice of subspaces of the Euclidean space and their dimension. The

overall strategy remains the same.

2.1 Notation

Let € denote a linear space over the real numbers. Examples for £ are R”, R™*™ or Sym(n), which denote
the space of real vectors of length n, real matrices of dimension m X n, and real symmetric n X n matrices,
respectively. Every finite dimensional linear space £ is isomorphic to R?, where d is the dimension of
E. An inner product on a linear space £ is denoted by (-,-), and the norm of some element u € & is
|ul| = /(u,u). The standard inner product over R™ is given as

n
(u,v) =ulv = Zujvj
j=1

with associated norm

Likewise, the standard inner product for linear matrix spaces like R™*™ is the so-called Frobenius inner

product with the associated Frobenius norm,

m n

U V)p =t (UTV) =YY UyVij,  |Ullr =

i=1 j=1

The notation tr(M) = >, M;; denotes the trace of a square matrix M, which is given as the sum of the
diagonal entries. Throughout this thesis, we will mostly use the Frobenius norm for matrices and hence
simply write || - || instead of || - ||p. Whenever a different matrix norm is chosen we will indicate this
separately.

Similarly, one can consider vectors and matrices over the complex field. We identify C" with R2"
by separating the real and imaginary parts of a vector in C" into two vectors is R™. Likewise, the set
of complex matrices C"*"™ is a real linear space with dimension 2mn. The standard inner product and

norm are then given as

(U, V)=Retr(U"V), |U||=

o> Ul

i=1 j=1

Remark 2.1. Throughout, we treat all spaces £ as real spaces. If the elements of £ are complex
valued, the dimension of the space is thus determined by counting the degrees of freedom for both the

real and imaginary part of an element in £. o
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The differential of a function between (distinct) Euclidean spaces £ and &£’ is the linear map

DF(2):€ €, DF()] = lim Flo+ “’t) —Fle) _ %F(w + o)

t=0

This allows one to introduce embedded submanifolds:

Definition 2.2. Let M be a subset of a linear space £ with dimension d. M is called (smooth)
embedded submanifold of £ if either one of the following holds:

1. M is an open subset of £. Then we also call M an open submanifold. If M = &, we also call

7t a linear manifold.

2. For a fized integer k > 1 and for each x € M there exists a neighborhood U of x in & and a smooth
function h: U — RF such that the following two conditions hold:

(a) If y is in U, then h(y) = 0 if and only if y € M, or equivalently
MAU =h70) = {y € U | h(y) =0},

and

(b) rank Dh(z) = k.
Such a function h is called a local defining function for M at x.

The linear space & is also called embedding space.

2.2 The manifolds M, and V,,

Next, we introduce two examples of embedded submanifolds. They will arise multiple times throughout
this thesis.
Let
M =M, ={Y € C"™*" | rank Y =r < min{m,n}}.

In the literature, M, is often called the set of fixed-rank matrices. We are mainly interested in the
situation r < min{m, n}, so we call M,. the low-rank manifold throughout.

Next, for r < m we consider the set
Vi, ={UeC™" | UU = L}.

This set is called the Stiefel manifold. For r = m we have the special case of the group of unitary
m X m matrices, while for r = 1 we have the unit sphere in C™. V,, , is an embedded submanifold of
Cmxr o R2mr

The proofs that both M, and V,, , are indeed submanifolds can be found in [Boumal, 2020, Sections
7.5 and 7.3]. In both cases, the proof is done by construction of a local defining function, which by
Definition 2.2 yields the stated result. Note that in [Boumal, 2020] only the real case is discussed. With
the same strategy one can show that also in the complex case the sets M, and V,,, are embedded

submanifolds. However, one has to be careful with the dimensions of the arising vector spaces.
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2.3 Tangent spaces to embedded submanifolds

As we will encounter soon, not only embedded submanifolds will play an important role within this thesis,
but also the so-called tangent spaces to such manifolds. They are especially of interest when one considers
differential equations on embedded manifolds. In this section, we first give a proper definition of these

spaces. Afterwards, we construct the tangent spaces to the manifolds M, and V, .

Definition 2.3 ([Hairer et al., 2006, Section IV.5.1] and [Boumal, 2020, Definition 3.10]). Let M be
an embedded submanifold of the Fuclidean space € with dimension k. For x € M define

(2.1)

T M { c R there exists a differentiable path vy : (—¢,&) — R¥ }
M=qv .

with y(t) € M for all t, v(0) =z, v (0) = v

That is, v is in T, M if and only if there exists a smooth curve on M passing through x with velocity v.
We call T.M the tangent space to M at x. Vectors in T,M are called tangent vectors to M at
x. The dimension of T,M is called the dimension of M and is denoted by dim M.

With Definitions 2.2 and 2.3, one immediately gets the following result:

Corollary 2.4. If M is an open submanifold of some Fuclidean space &, it holds that
dim M = dim 7, M = dim&.

Otherwise,

dim M =dim 7, M =dim € — k,
where k is the rank of the differential Dh(x) and h is any local defining function for M.

Remark 2.5. For every embedded submanifold M, the tangent space 7,M is a linear subspace of
the embedding Euclidean space £. o

Example 2.6. The dimension of the low-rank manifold M,. is
dim M, =2r(m+n —r). (2.2)
For the Stiefel manifold V,, , we have
dim V,, = 2mr — r?. (2.3)
o

Remark 2.7. For fixed rank r, the dimension of M, grows linearly in (m + n), while the dimension
of the embedding space C"™*™ grows as mn. As pointed out in [Boumal, 2020, Section 7.5], this means
that large matrices of small rank can be encoded with a small amount of memory. For any Y € M, one

way is to choose the reduced singular value decomposition
~~~H ~ ~ ~
Y =UXV | UeVy,, VeV, X=daglo,..., o), (2.4)

where o7 > .-+ > o, > 0 are the ordered singular values of Y. Note that such a decomposition is
unique up to complex signs, i.e., complex scalar factors of absolute value 1. For our purposes, it is more

convenient to use decompositions like

Y = USVZ, UeVy,, VEV,, SeC™ invertible. (2.5)

)
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The memory required to store the factorization in (2.5) is slightly larger compared to (2.4). Also, the
factorization (2.5) is not unique. For arbitrary unitary matrices @, P € C"*"
o~ H
UsSvV? = uQQPsprrivH = (UQ)(QHSP)(VP)! =USV
where U € Vpn,r and V e Vp,r are elements of the respective Stiefel manifolds and S is invertible.
The decomposition (2.5) is the basis for the construction of all numerical integrators in Chapter 3 and

Chapter 4, respectively. o

The definition of a tangent space via smooth curves is in general not helpful to determine the tangent
space to a given embedded submanifold M of £. However, there is a way to construct tangent spaces

based on local defining functions:

Theorem 2.8 ([Boumal, 2020, Theorem 3.8]). Let M be an embedded submanifold of £. Consider
x € M and the set T, M as given in (2.1). If M is an open submanifold, then T,M = E. Otherwise,
TM = ker Dh(x), where h is any local defining function at x.

For the two examples of embedded submanifolds M, and V,,, we now determine the respective

tangent spaces. We start with the tangent space to V,, ,.
Example 2.9. The tangent space to V, , is
TxVmr ={VeC™" | XV 4 VHX =0} 26)
={V e ™" | X"V € Skew(r)},

where Skew(r) denotes the set of skew-Hermitian matrices of size r,
Skew(r) ={Z e C™" | ZH = - Z}.

As pointed out in [Boumal, 2020, Section 7.3], sometimes it is convenient to parameterize tangent vectors
of V,, » explicitly. This explicit representation is derived by completing X to a unitary basis of C™*™.
However, the implicit characterization via (2.6) is sufficient for now.

The dimension of TxV,, , is
dim Tx Vi r = dim V,, , = 2mr — r2, (2.7)
which is a direct consequence of Corollary 2.4 together with (2.3). o

Remark 2.10. Any element in Skew(r) has one single degree of freedom per diagonal element, since
the diagonal is purely imaginary. The entries above the diagonal have two degrees of freedom and

determine implicitly the entries below the diagonal. Hence, the dimension of Skew(r) is

1
dim Skew(r) =r 4+ 2- w =72 (2.8)
o
We introduce the short-hand notation
d
A(t) = —A(t
(1) = SAW

for the derivative with respect to the time ¢ of some matrix valued function ¢ — A(t). If U(¢) denotes a
time-dependent element of the Stiefel manifold V,,, .-, the time derivative U’(¢) is contained in the tangent
space to Vy, » at U(t):
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Corollary 2.11. Let U : [0,T] = Vi, t+— U(t) be a smooth mapping. Then
U'(t) € To ) Vm,r-

Proof. Since U is smooth, it holds by the product rule that

unu =1, = %(U(t)HU(t)) =U'®)"U0t)+U@)"U'(t) =0
for all t. Thus, U(t)#U’(t) € Skew(r), and the assertion follows from (2.6). O

Before we derive the tangent space to M,., we first want to give an impression of how tangent elements

to some Y = USV# € M, satisfying (2.5) may look like. For this, consider the smooth mappings
U:R = Vi, t— U(1), S:R—C™" t+— S(t), V:R =V, t— V(1)
such that U(0) = U, S(0) =S, and V(0) = V. Then
Y(t) =U@®)SH)V(t)H (2.9)
is smooth and Y (0) =Y. By the product rule, the velocity of Y (¢) at zero is
Y'(0) = U'(0)S(0)V(0) +U((0)S'(0)V(0)7 + U((0)S(0)V'(0)#,

and is hence contained in the tangent space Ty ()M by Definition 2.3. Due to Corollary 2.11, it holds
that U’(0) € To(0)Vim,r and V'(0) € T~ (0) Vi, respectively. Any Z satisfying

Z = sUSV” 1 Ussv? 1 ussv?,  §U € TuVm,, OV E TV, 065S€CT (2.10)

is therefore contained in the tangent space Ty M, to M,. at Y.

In the following, we show that in fact all elements in Ty M, satisfy (2.10). This is achieved by studying
the extended tangent map introduced in [Koch and Lubich, 2007] for the real case. We adopt their ansatz
but adapt it to the complex case. Again, this requires attention when determining the dimensions of the

arising spaces.

Example 2.12 (Tangent space to M,.). For Y = USV € M, consider the extended tangent map
of (S,U,V)—Y asin (2.5),

C™" X TuVmr X TvVnr = Ty M, x Skew(r) x Skew(r),
(6S,0U,8V) — (SUSVH + ussvH 4+ ussvt uflsu, visy).

Obviously, this map is linear. Now assume (4.5, 0U, V) € ker, i.e.,

SUSVH 1 UssvH 4+ UssvH =,
UsU =0,
VvVEsYV =0.

Multiplication of the first equation with U from the left and V from the right yields

0=Ufsusviv + Uuussvliv + ufussviv = u’ussviv =49



2.3. Tangent spaces to embedded submanifolds 11

due to U € Vp,», V € V,,, and the remaining two equations. Likewise, multiplication of the first
equation with VS™! from the right gives 6U = 0, while multiplication with S~ U# from the left yields
0V = 0. As a consequence, the kernel of 7 is trivial.
We now compare the dimensions of the vector spaces on both sides of the map w. From (2.7) we
obtain
dim(C™" X TuVmr X TwVnr) = 2r2 + (2mr —r?) + (2nr — %) = 2r(m +n). (2.11)

Though we have no explicit representation of Tv M, yet, we conclude from Corollary 2.4 and (2.2) that
dim Ty M, =2r(m +n —r),
which together with (2.8) yields
dim(Ty M, x Skew(r) x Skew(r)) = 2r(m +n —r) + 72 + 72 = 2r(m +n). (2.12)

Comparing (2.11) with (2.12) reveals that the dimensions of the spaces on both sides of 7 coincide. Since
in addition the kernel is trivial, 7w is an isomorphism. Hence, all elements in the tangent space Ty M,
satisfy (2.10), and the tangent space to M, at Y = USVY reads

TeM, = {USVH + UsSVH + USsVH | 65 € C*", 6U € TuVimr, 6V € Ty Vi) (2.13)

An alternative representation of Ty M, is derived in [Boumal, 2020, Section 7.5] based on the smooth

curve (2.9) on M, namely

M, = {UMVH 4 OV y UV | M e, UeCm ", VeCm,

- - (2.14)
and U U =0=V#V}
The reformulation
H ot H ~H ~1 M I ~1H

uMvV7 - OV7 4+ UV = (U O o v V] (2.15)

shows that any element in 7y M, has rank at most 2r.

Section 7.5 in [Boumal, 2020] also contains a third representation of TvM,.,
B .

Ty M, = [U Ul} [V Vl} | A, B,C are arbitrary » , (2.16)

where [U U L} and [V A L} form unitary bases of C"™*"™ and C™*", respectively. This representation
is not used in practice, as the memory required to store U and V| by far exceeds the memory required
to store U and V if r is small compared to m,n. However, (2.16) sometimes comes in handy when one

is interested in particular analytical calculations. o

Similarly to Corollary 2.11, we show that the time-derivative of an element A(t) € M, is contained
in the tangent space to M, at A(t):

Corollary 2.13. Let A : [0,T] = M,, t — A(t) be smooth. Then it holds

A/(t) € TA(t)MT.
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Proof. For A(t) € M, we have by (2.5) the decomposition

where U(t) € Vp r, V(t) € V-, and S(t) € C™*" are smooth. By the product rule, we have

d H
= 7 (UOSOVE)™)

=U'OSHVEHT +UB)S )V +Un)SH)V (1), (2.17)

A'(t)

The derivatives of U and V satisfy U'(t) € Ty () Vm,r and V'(t) € Ty ) Vn,r due to Corollary 2.11, while
S'(t) € C™ " is a square matrix. Hence, (2.17) satisfies the representation (2.13) of elements in the

tangent space to M,., which proves the claim. O

2.4 Orthogonal projectors onto tangent spaces

Our last topic within the field of differential geometry is the construction of orthogonal projectors onto
tangent spaces to embedded manifolds.

Any Euclidean space is equipped with an inner product, and from Remark 2.5 we know that the
tangent space to an embedded submanifold is a linear subspace of the embedding space £. Therefore it
is convenient to equip tangent spaces of embedded submanifolds with the inner product of &, restricting

it to the elements of the tangent space. This allows us to define orthogonal projectors:

Definition 2.14. Let M be an embedded submanifold of a Fuclidean space € equipped with the inner

product (-,-). A linear operator

0,: £ TMCE
with ﬁr o ﬁqc = ﬁT is a projector. It is orthogonal, if
(u—Tyu,v) =0
holds for any u € € and v € T, M.

In some cases it is possible to construct such projectors by looking at the normal space to some

manifold:

Definition 2.15. The normal space to an embedded manifold M is the orthogonal complement (with

respect to the induced metric) of the tangent space to M,
NoM = (To M) ={u e & | (u,v) =0 for allv e TLM) CE.

Example 2.16 (Orthogonal projector onto Ty M,.). We equip M,. with the Frobenius inner product
introduced in Section 2.1. Recall that any Y € M, has a decomposition into factors U, S,V like

Y=USV# — UeV,,, VeV, ScC™ ivertible,

see also (2.5).
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To determine the orthogonal projector, we follow the approach presented in [Boumal, 2020, Section
7.5], which is based on the normal space of M, at Y. Here, we make use of the third representation of
Ty M, given in (2.16). We conclude

My M, = {U WV | w e ctm=x(=1) arbitrary}.
The orthogonal projection of some Z € C™*" onto Ty M, therefore satisfies both
~ ~ ~H
llyZ =UMV” UV L UV | (2.18)

see (2.14), and
Z-llyZ=U,wvl

for some W. Adding these equations yields
~ ~H
Z=UMV? UV UV +U, WV (2.19)

We define
Iy =UU", 1§=1,-MOy, Tyv=VV? 15 =1, -Tly. (2.20)

Clearly, due to U € V,,, » and V € V,, ., it holds that
ylly =y, Iylly =1y  aswellas  Iylli =0, IIyIly =0.

The matrices Iy and Iy are orthogonal projectors onto the column spaces of U and V, while II§; and

H{; are the projectors onto the respective orthogonal complements. From

vfu=1., UfU=0 UYU, =0,
viv=1, VHIV=0 VIV, =0,

and (2.19) we obtain the identities
. ~H
[y ZIlly = UMVH, I Z1y = UV My ZIly =UV .
Plugging these back into (2.18) results in

Iy Z = My Zlly + I Z1ly + Iy Z115
= Iy ZTly + Z1ly — Ny ZIly + My Z — My 21y
= ZllIy — Iy ZIly + Iy Z. (2.21)
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CHAPTER 3

Dynamical low-rank approximation for first-order matrix differential equations

This chapter is concerned with the solution of first-order matrix differential equations of form
A'(t)=F(A(®)), telo,T], A(0) = Ag e C™X7, (3.1)

Numerous integrators have been constructed for computing approximations to the exact solution A(t) of
(3.1). Many of them are tailored to the right-hand side of the problem or desired (geometric) properties
of the approximations. An extensive collection of such methods can be found, e.g., in [Hairer et al., 2006,
1993; Hairer and Wanner, 2010].

Here, we are interested in computing approximations A =~ A which satisfy the rank constraint
rank A = r < min{m,n}.

In other words, we search for approximations to the exact solution of (3.1) which are contained in the
low-rank manifold M, introduced in Section 2.2. Clearly this is only reasonable if the exact solution
can be well approximated by a matrix of small rank r. For this chapter we therefore assume that this is
indeed the case.

In the following, we first consider differential equations on manifolds. Afterwards we introduce the
possibly most fundamental concept for the purposes of this thesis, namely the dynamical low-rank approz-
tmation. This is followed by an overview of some variants of the original methods proposed throughout

the recent years.

3.1 Differential equations on embedded submanifolds

As a starting point, we first discuss first-order differential equations, whose solutions are naturally con-

tained in an embedded submanifold M of the Euclidean space.
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Definition 3.1. Let M be an embedded submanifold of € = RY. We call the first-order differential
equation
d(t) = f(a(t)), tel0,T], a(0) = ao, (3.2)

a differential equation on the manifold M, if
agp € M implies a(t) € M for allt € [0,T].
The next theorem formulates a criterion for differential equations on a manifold.

Theorem 3.2 ([Hairer et al., 2006, p. 115, Theorem 5.2]). Let M be an embedded submanifold of
the Euclidean space £. The first-order differential equation o' = f(a) as in Definition 3.1 is a differential
equation on M if and only if

f(a) € ToM  for all a € M.

Example 3.3. Consider the first-order matrix differential equation
A'(t) = LA(t), tel0,T], A(0)=Ag e M,, (3.3)

where L € C™*™. We evaluate the right-hand side at some element A € M, with the factorization
A = USV  and project the result onto the tangent space TaM, by applying the orthogonal projector
given in (2.21). The orthogonal projector ﬁA onto TaM, satisfies

Ila(LA) = LAIly — Iy LAIly + Iy LA = LAVVY —UUYLAVVH + UUYLA = LA,

and thus LA € TaM,. We conclude from Theorem 3.2 that A(t) € M, for all ¢ € [0,T].
For this particular right-hand side we are able to obtain the same result directly from Definition 3.1.
The exact solution of (3.3) is
A(t) = exp(tL)Ay.

It is well known, that exp(¢L) is invertible for all t € R, L € C™*™  cf. [Hall, 2015, Proposition 2.3].

Since multiplication with a full-rank matrix preserves the rank, it holds that
rank A(t) = rank (exp(tL)Ag) = rank Ag =,
thus A(t) € M, for all ¢ € [0,T]. o

Theorem 3.2 has an important impact on the choice of a numerical method when approximating
solutions of differential equations of type (3.2). If the unknown solution is contained in the manifold M,
it is favorable to compute numerical approximations which are also contained in M. Standard schemes
like Runge-Kutta methods do not yield such approximations directly. The standard projection method
given in Algorithm 1, [cf. Hairer et al., 2006, p. 110, Algorithm 4.2], yields approximations contained
in M = M,. The orthogonal projector Il which computes the low-rank matrix A = IIA is implicitly

characterized by the best-approximation condition
A = argmin ||'Y — AJ. (3.4)
YEM,

The solution A € M, can be computed by a truncated singular value decomposition, where one only

keeps the r largest singular values and omits all others, cf. Theorem A.8.
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Algorithm 1: Standard projection method

Assume that A, € M. One step Ay — Ak € M is performed like
1 Compute one step of a numerical integrator with initial Ay, yielding Ag1.

2 Project Agy1 back onto the manifold with a suitable projection, obtain A1 € M.

We now return to the problem of finding a low-rank approximation to the exact solution A(t) of (3.1).
For small dimensions, we employ the standard projection method, where we compute approximations
Aj =~ A(ty) with a standard numerical scheme, and then compute the rank-r best-approximation Ay to
Ay by the truncated singular value decomposition afterwards. However, if the dimension of the problem
is large, the truncated singular value decomposition is expensive and the standard projection method is

not practical anymore.

3.2 Dynamical low-rank approximation

A cheap alternative to the standard projection method was introduced in [Koch and Lubich, 2007], the
so-called dynamical low-rank approzimation. The basic concepts have been formulated for the simpler
problem of determining a low-rank approximation dynamically to a given, time-dependent matrix A(t) €
C™>™_ The approximations are contained in the low-rank manifold permanently, so that no subsequent
projection onto M, is required.

The core idea of the new ansatz is to replace (3.4) by
|A’(t) — A'(t)|| = min. (3.5)

If A(t) is contained in the low-rank manifold M, its derivative is an element of the tangent space
Ta My to M, at A(t), see Corollary 2.13.

To get an idea of the situation, recall that M,. is an embedded submanifold of the Euclidean space.
In Figure 3.1, the derivatives of A and A are displayed as vectors in the embedding Euclidean space.
For given A’, ||[A" — A’|| becomes minimal if the vector A’ — A’ is perpendicular to the tangent space
Ta)M;. In other words, (3.5) is equivalent to the following Galerkin condition on 7a )M, (we omit
the argument ¢): find A’ € Ta M, satisfying

(A'— A" 6A)=0  forall §A € TaM,. (3.6)

From this formulation, differential equations for the factors of A are derived:

Proposition 3.4 ([Koch and Lubich, 2007, Proposition 2.1]). For the map A : [0,T] - M,, t —
At)=A = USVH € M, with nonsingular S € C™*" and with U € Vi, V€ Vyr, condition (3.6) is
equivalent to A’ = U'SVH - US'VH + US(V')H | where

S =ufav,
U =1§A'VS™, (3.7)
V' =Ty (A)HUs™ 7,

with the orthogonal projections Hé, H\L, as given in (2.20).
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A/
A - A

A" =TIp A

TaM,

Figure 3.1. Graphical illustration of the Galerkin condition (3.6). Only for A’ — A’ perpendicular to Ta.M, the
minimizing condition (3.5) is satisfied. For given A’, this is only the case for A’ = ITa A’ with I1a from (2.21).

The differential equations (3.7) may be solved numerically with a standard integration scheme, e.g.,
implicit Runge-Kutta methods. Unfortunately, it was shown that the proposed ansatz suffers from
overapproximation, i.e., if r > rank A. Then singular values with value zero are introduced in the
approximation A = USV¥ which causes the factor S to be singular. Since the inverse of S is required
in the updates for the factors U and V, matrices S with tiny singular values turn the computation highly
unstable.

In [Lubich and Oseledets, 2014], the authors propose a different ansatz for dynamical low-rank ap-
proximation. It is also based on the Galerkin condition (3.6), but does not suffer from overapproximation.
The solution of the minimization problem can be given in terms of the orthogonal projector s onto
TaM.,., cf. (2.21), see also Figure 3.1:

A/ =TIp A = ATy — DyATly + Iy A'. (3.8)

Combined with an initial value Ay € M,., typically determined as the rank-r best-approximation to
Ay, this yields an evolution equation for A(t) whose solution is contained in M, for all times ¢ due to
Theorem 3.2. Unfortunately, the projected differential equation cannot be solved exactly in general. As a
remedy, the authors suggest to perform a Lie-Trotter splitting with step size 7 > 0 on the right-hand side
of (3.8) (for a short note on splitting methods we refer to Appendix B). This yields the three subproblems

Al = A'Tly, on [0,7], A1(0) = Ay,
Ah = _HUHA/HVH on [O, T], AH(O) = AI(T), (39)
Aqyp = Ty, A on [0,7],  Am(0) = An(r).

All subproblems in (3.9) can be solved exactly on the low-rank manifold M, if suitable additional con-
ditions on the derivatives of U and V are imposed, cf. [Lubich and Oseledets, 2014, Lemma 3.1]:

Ai(t) = Ur()S1(t) Vi)™, with (USy) = A'Vy, Vi =0,
AH(t) = UH(t)SH(t)VH(t)H, With Sh = 7U§AIVH, Uh = 0, Vh = 0,
A (t) = U (H)Sm () Vi (t) 7 with (VinSH)' = (A)H Uy, 1 = 0.
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Then, the solutions read
Ai(t) = (U1(0)S1(0) + (A(t) — A(0))V1(0)) Vi (0),

A(t) = Un(0)(Su(0) — Un(0) (A(t) — A(0))Vu(0)) Vir(0)7,
Ar(t) = Upr(0) (S (0) Vi (007 + Uprr(0) 7 (A(t) — A(0))).

Finally, one obtains A; = A(7) as a low-rank approximation to A(7).
Overall, given a low-rank decomposition of Ay = UpSgV{ ~ A(0) and introducing the increment
AA = A(r) — A(0), this yields the three update steps

U,S; = UySp + AAV,,
So =S, - U7AAV,, (3.10)
Vls{{ = Vog(l){ + AAHEH7

which allow to compute the approximation A; = U181V{{ = An(7) = A(7) dynamically, see also
Algorithm 2.

Remark 3.5. Note that in all three update steps in (3.10) matrices of column dimension r are
computed. It is thus beneficial to implement the updates such, that also in all intermediate calculations
the column dimension of all contributing matrices does not exceed r. This requires special attention on

the implementation of the projector-splitting integrator. o

To continue the integration, one uses A; as initial value for the next integration step and the new
increment AA = A(27) — A(7), and so on. Repeating this k times gives an approximation Ay ~ A(k7).

The numerical method has been named projector-splitting integrator in [Lubich and Oseledets, 2014].

Algorithm 2: Projector-splitting integrator for low-rank approximations to given time-
dependent matrices [Lubich and Oseledets, 2014, Section 3.2], single time step
1 prsi(U,S,V,r, AA)
Input : factors U, S,V of rank-r approximation A = USVH ~ A(t) with U e Vmr, V€ Vnr,
S € C™*7, increment AA = A(t+ 1) — A(t)

2 K=AAV

s K=US+K

4 compute reduced @ R-decomposition U1§1 =K

5 §0 = §1 — U{{Iz

6 L=VS, +AATU,

7 compute reduced () R-decomposition Vi S{{ =L

8 Return U;,S;,V,L

Output: factors Uy, Sy, V1 of rank-r approximation A; = Uy Sl\f{{ ~A(t+7)and L = Vls{{

with Uy € Vo, Vi €V, S € CX7

In [Koch and Lubich, 2007], the authors list several reasons, why the technique of dynamical low-rank

approximation is superior to the standard projection method. Most important for us, the ansatz extends
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straightforwardly to computing a low-rank approximation to the unknown solution of a first-order matrix
differential equation of type (3.1). Substituting (3.1) into (3.8) yields

A’ =TIoF(A).
Unless the exact solution is known, A is replaced by its low-rank approximation A in F' to obtain
A =TIoF(A), A(0)=Ay~ A. (3.11)

Again, using the representation of the projector and performing a Lie-Trotter splitting gives rise to three
subproblems. If these can be solved exactly, one can formulate Algorithm 3, which is a projector-splitting
integrator for computing low-rank approximations to the unknown solution of (3.1), cf. [Ceruti and
Lubich, 2021, Section 2]. Note that the update step for the S matrix can be interpreted as a backwards
step in time due to the negative sign in the right-hand side of the respective subproblem, while the other

two updates can be seen as forward steps.

Algorithm 3: Projector-splitting integrator for low-rank approximations to unknown solution
A(t) to (3.1), single time step
1 prsiF(U,S,V,r, 7, F)
Input : factors U, S,V of rank-r approximation A = USV¥ ~ A(t) with U e Vmr, V€ Vnr,
S € C™*", step size 7, right-hand side F

2 Solve
K'(t)= F(K(t)VT)V, K(0) =Us,
for ¢ € [0,7] and compute a QR-decomposition U;S; = K(7).
3 Solve
S'(t) = U F(U;S(t)VT)V, S(0) =Sy,
for t € [0,7] and set Sg = S(7).
4 Solve
/ H\H aH
L'(t) = F(ULL(t)") " Uy, L(0) =VS,,
for t € [0,7] and compute a QR-decomposition V1S = L; = L(7).
5 Return U17 Sl, ‘717 L1

Output: factors Uy, Sy, V1 of rank-r approximation A; = U, SlV{J ~ A(t+7)and Ly = Vlsf
with U; € Vm,'p’ V, € Vn,»,-, S, e Crx"

In general, the subproblems in Algorithm 3 cannot be solved exactly. Then it is necessary to employ
a numerical method for solving the differential equations for K, S, and L in Algorithm 3 approximately,
e.g., a Runge-Kutta method. The simplest choice is the explicit Euler method of order 1 with step size
7. In contrast to Algorithm 2, it is not possible to reuse quantities from previous substeps of the scheme.
Instead, the right-hand side F' needs to be evaluated at the current low-rank approximation and hence
three times per step. For a Runge-Kutta method with s internal stages, the right-hand side obviously
needs to be evaluated 3s times.

Unlike the dynamical low-rank integrator constructed from Proposition 3.4, the projector-splitting

integrator as in Algorithm 3 has the favorable property of being robust with respect to the presence of



3.2. Dynamical low-rank approximation 21

small singular values of the solution A to (3.1) or its approximation A. This also includes the case of

overapproximation, where the low-rank factor S is not invertible.

Theorem 3.6 (Robust error bound, [Kieri et al., 2016, Theorem 2.1]). Let A(t) denote the solution
of (3.1). Assume the following conditions:

1. F is Lipschitz-continuous and bounded: there exist L, B > 0 such that for all Y,)N/ e C™*" and
0 <t < T it holds that

IF(Y) - F)| <LIY - Y], [F(Y)]|<B.

2. F(A) is in the tangent space TAM, up to a small remainder,
s F(A)] <=
for all A € M, in a neighborhood of A(t) and 0 <t <T.
3. The initial value A(0) and the starting value Ag € M, are d-close,

1A(0) — Aol < 0.

Denote by Ay, the rank-r approximation to A(ty) obtained after k steps of Algorithm 3 and step size
7 > 0. Then, the error satisfies for all k with t, <T

|A(tk) — Akll < cod + c1e + coT,

where for an upper bound T > T on the step size the constants are explicitly given as
elT —1
Co :eLT, c1 = (4+3€L7—0)7L 5 Cy = (9+4GLTOB€LT —1),

and hence are independent of the singular values of the exact or approzimate solution.

When the subproblems in Algorithm 3 are not solved exactly but approximately with a numerical
method, an additional error is introduced. This error is bounded in terms of the local errors in the
respective inexact substeps, where the constants are independent of small singular values, cf. [Kieri et al.,
2016, Section 2.6.3].

A similar result for the projector-splitting integrator with increments, cf. Algorithm 2, is obtained as

a byproduct from the above. Interestingly, the error bound becomes independent of the step size 7:
Theorem 3.7 ([Kieri et al., 2016, Section 2.6.1]). Let
A(t) = X(t) + R(t) with X(t) € M,, ||RO)|| <4, |R#)] <e.

Then the error between A(ty) and the low-rank approzimation Ay ~ A(ty) computed by performing k
steps with Algorithm 2 is bounded by

|A(ty) — Akl < 0+ Ttre.

Note that if R(t) =0 for all ¢, i.e., A(t) € M, is in fact for all ¢ a rank-r matrix, then § = ¢ = 0 and
Algorithm 2 computes A = A(ty) exactly. This favorable property is also called the ezactness property
and was first proven in [Lubich and Oseledets, 2014, Theorem 4.1].
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Remark 3.8. Permuting the order of the substeps in the Lie-Trotter splitting yields alternative
algorithms for the dynamical low-rank approximation of the solution to (3.1). However, the exactness
property is only satisfied for the ordering as in (3.9) or by interchanging steps I and III. The proof of the

exactness property for the latter case is done similarly to the proof in [Lubich and Oseledets, 2014]. ¢

3.3 Dynamical low-rank approximation for stiff first-order ma-

trix differential equations

Consider the semilinear first-order equation
A'(t) = LiA(t) + A(t)L2 + f(A(t)), tel0,T], A(0) = Ag € C™X™, (3.12)

where L; € C"™*™ and Lo € C™*™ are constant matrices and f is a nonlinearity. Such equations typically
originate from the space discretization of PDEs. In this context, L; and Lo are discretized counterparts
of differential operators. When the norms of Ly and Lo become large for fine grids, (3.12) becomes a
stiff matrix differential equation. Explicit numerical integrators such as the projector-splitting integrator
usually suffer from severe step size restrictions when they are applied to such equations.

In [Ostermann et al., 2019], the special case Lo = LI was considered. It was proposed to split the
right-hand side of (3.12) into the stiff linear part, LiA(t) + A(t)L2, and the nonstiff nonlinear part,
f(A(t)), and to apply a Lie-Trotter splitting. This yields a method of order 1. Solving the subproblems
exactly or with some standard numerical scheme does not necessarily preserve the rank of the initial value
Ap. Hence, the resulting method might yield a full-rank solution. A low-rank integrator for first-order

equations of the type (3.12) is obtained by solving

lin(t) = L1 Aun(t) + Auin(t) L, (3.13a)
A:qon(t) = f(AnOn(t))v (313b)

on the low-rank manifold M,.. For the linear subproblem, with an initial value Ay € M,., the solutions

of the linear subproblem are also in M,.:

Lemma 3.9. Let Ay € M, be the initial value for the linear subproblem (3.13a). Then the solution
of (3.13a) is also in M, for allt > 0.

Proof. We first show, that the right-hand side of (3.13a) evaluated at A € M, remains invariant under
orthogonal projection onto Ta M, with Il5 given in (2.21):

Ta(LA +ALy) = LLAVVY —UU¥ L, AVVA 1 UUY L A + AL,VVY —UU# AL, VVH
+UU"AL,
=LA -UUL A + UUY LA + AL VVT — AL, VVT | AL,
= [1A + AL,.

From Theorem 3.2 we conclude that the exact solution Ay, (¢) of
() = LiApn(t) + A (t) Lo, Aun(0) = A, € M, (3.14)

satisfies Ay, (t) € M, for all t > 0. O



3.4. Other dynamical low-rank integrators for first-order problems 23

The exact solution of (3.14) can be given in terms of the matrix exponential and reads

A (t) =L AD eff2 >0, (3.15)

lin
This is verified by straightforward calculation: Obviously, Aj,(0) = Afj,. Further, by the product rule
and Theorem A.21 the derivative of Ay, is given by

/ (t) _ Ll etLl A?m eth +etL1 A?ln etL2 L2 — LlAlin(t) + Alin(t)l@'

lin
A low-rank approximation A; ~ A(7) is obtained by solving the projected second subproblem
A;on<t) = ﬁAnOn(t)f(Anon<t))a te [077-]; Anon(o) = Alin(T) € Mra

approximately with Algorithm 3. Iterating k times yields the approximation Ay ~ A(tx). A single time

step of the low-rank integrator is presented in Algorithm 4.

Algorithm 4: Projector-splitting integrator for stiff semilinear first-order ODEs (3.12)
[Ostermann et al., 2019], single time step

prsistiff(U,S,V,r 1, Ly, Lo, f)

Input : factors U, S,V of rank-r approximation A ~ A(t) with U e V,,,, VeV, ,, SeC™,

step size 7, matrices L1 and Lo, right-hand side f

First subproblem — evaluate the action of the matrix exponential on the factors
3 Compute QR-decomposition of I~J'Sl =11 U, S; invertible, U orthonormal
4 Compute @ R-decomposition of {}SQ —eLs V, Sy invertible, V orthonormal
5 Set S = 8,SSY

Second subproblem — solve nonlinear subproblem approximately on M,
7 Uy,S1,Vy,Ly = prsiF(fJ,g,{/,r, 7 f)
8 Return U;,S,,V,L;
Output: factors Uy, Sy, V; of rank-r approximation A, = U151V{’ ~ A(t+7)and Ly = Vls{{
with Uy € Vo, Vi €V, S € C7X7

3.4 Other dynamical low-rank integrators for first-order pro-

blems

3.4.1 Time integration of (skew-)Hermitian low-rank matrices

Next we consider matrix differential equations whose solutions are (skew-)Hermitian. In [Ceruti and
Lubich, 2020], a (skew-)symmetry preserving dynamical low-rank integrator was constructed. Though it
was proposed only for real matrices, it straightforwardly generalizes to the complex case. The right-hand

side F' is assumed to satisfy
F(A(t)) is (skew-)Hermitian whenever A(t) € C™*" is (skew-)Hermitian.

Then, the solution of the matrix differential equation (3.1) is (skew-)Hermitian if the initial value is

(skew-)Hermitian, and the same holds for the projected differential equation (3.11). Hence, the low-rank
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approximation A ~ A admits a decomposition like A = USU¥. The modified integrator shares the
first substep with the projector-splitting integrator as in Algorithm 3. The second substep however is
changed, and due to V = U the third substep is not necessary. A single time step of the variant is
presented in Algorithm 5. Though the method is derived by non-trivial modifications of the projector-
splitting integrator, the authors of [Ceruti and Lubich, 2020] point out that it cannot be interpreted as

a splitting integrator.

Algorithm 5: (Skew-)Hermitian preserving integrator [Ceruti and Lubich, 2020, Algorithm 1]

1 prsiskew(U,S,r, 7, F)
Input : factors U, S of rank-r approximation A = USU ~ A(t) with U ¢ Vi, S € CX7,
step size 7, right-hand side F'

2 Solve
K'(t) = F(KtU")U, K(0)=Us,

for t € [0, 7] and compute a QR-decomposition UjR = K(7).
3 Solve
S'(t) = U F(US(1)U{) Uy,  S(0) = U A U,

for ¢ € [0, 7] and set S; = S(7).

4 Return U, S;
Output: factors Uy, Sy of rank-r approximation A; = Uy SlU{I ~ A(t + 7) with Uy € V.,
S1 c Crxr

It was shown in [Ceruti and Lubich, 2020, Section 3.2], that both the exactness property and the

robust error bound hold verbatim for the new integrator Algorithm 5.

3.4.2 Unconventional robust dynamical low-rank integrator

In [Ceruti and Lubich, 2021], the authors introduced another dynamical low-rank integrator for first-
order matrix differential equations (3.1), which was named the unconventional robust integrator. It can
be viewed as a variant of the projector-splitting integrator, and it is applicable to both the problem of
finding low-rank approximations to given, time-dependent matrices and to the unknown solution of a
first-order matrix differential equation (3.1). Furthermore, it was shown that also for this integrator the
exactness property and the robust error bound Theorem 3.6 are valid.

There are three main differences between the projector-splitting integrator and the unconventional

robust integrator, cf. [Ceruti and Lubich, 2021, Section 3]:

1. The projector-splitting integrator is a sequential algorithm, the substeps cannot be carried out in
parallel. This is different for the new integrator, where the matrices K and L as in Algorithm 2

and Algorithm 3, respectively, can be computed simultaneously.

2. The update step for the matrix S is now a forward time step, while in the projector-splitting
integrator it is a backwards step. Note that this is especially relevant for strongly dissipative

problems, where a backwards step might cause stability issues.
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3. The unconventional robust integrator preserves (skew-)symmetry, which is not true for the projector-

splitting integrator.

A single time step of the unconventional robust integrator is presented in Algorithm 6.

Algorithm 6: Unconventional robust integrator [Ceruti and Lubich, 2021, Section 3.1]

1 prsirobust(U,S, V, r 7, F)
Input : factors U,S,V of rank-r approximation Ay = USVH ~ A(t) with U €V, V E Vo,
S € C™*" step size 7, right-hand side F

2 Solve
K'(t)=F(K(t)VT)V, K(0)=TUs,

for t € [0,7]. Compute a QR-decomposition UjR; = K(7) and define M = U{IU.

3 Solve
L'(t) = F(UL(H)") U, 1L(0) = vs”,

for t € [0,7]. Compute a QR-decomposition ViR; = L(7) and define N = VIV,

4 Solve
S'(t) = UTF(U,s(t)vIH vy, S(0) = MSN7,

for t € [0,7] and set S; = S(7).
5 Return Ul, Sl, V1

Output: factors Uy, Sy, V; of rank-r approximation Ay = Uy SlV{{ ~ A(t + 7) with Uy € V.,

V, € Vnﬂn, S, e Crxr
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CHAPTER 4

Dynamical low-rank approximation for second-order matrix differential

equations

While dynamical low-rank approximation for first-order matrix differential equations has been studied
extensively in the past, to the best of our knowledge second-order matrix differential equations have not

been considered so far. A prototype of such an equation is given by
A"(t) = F(A(t)) e C™7™, t € 10,77, A(0) = Ay, A’(0) = By, (4.1)

where we assume the right-hand side F' to be Lipschitz continuous with a moderate Lipschitz constant.
For such equations, numerous integrators are provided in the literature. Many of them are tailored to
properties of the right-hand side F' or of the exact solution A of (4.1). However, solving (4.1) under a
rank constraint on the approximations to the exact solution and its derivative has not yet been presented.

In this chapter, we derive dynamical low-rank integrators for second-order matrix differential equations
of form (4.1) based on the projector-splitting integrator. The first scheme is constructed from the first-
order formulation of the problem (4.1), which we combine with a splitting ansatz and the ideas presented
in Section 3.2. Before we do so we first revise the leapfrog scheme, which presumably is the most
prominent scheme for computing approximations to the solution of (4.1). One of the possibilities to
derive this numerical method is based on the first-order formulation and a splitting ansatz. This is the
basis for the construction of our dynamical low-rank integrator for the second-order matrix differential
equation (4.1). We shall see, that the connection between the leapfrog and our low-rank scheme goes
beyond the construction, and both schemes share several properties. Sections 4.2.1 and 4.2.2 are devoted
to a detailed error analysis of the novel integrator. In the rest of this chapter, we design variants of
the original ansatz which are tailored to specific properties of either the numerical approximation or the
right-hand side of (4.1).

The construction of the schemes in Section 4.2 and Section 4.3 as well as the theoretical results in
Section 4.2.1 have been submitted for publication in [Hochbruck et al., 2022a]. Here we provide more

detailed information concerning the derivation of the respective dynamical low-rank integrators and the
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proofs in Section 4.2.1.

4.1 The leapfrog scheme

The probably most common method for solving (4.1) is the leapfrog scheme, an explicit time-integration
scheme also known as the Stormer scheme in the context of astronomy or as the Verlet scheme in the
context of molecular dynamics.

One possibility of deriving the leapfrog scheme is based on the first-order formulation

A
B(t)

B(t)
F(A(t))

A(0)
B(0)

Ao
Bg

(4.2)

)

of (4.1), where B(t) = A’(t). Following [Hairer et al., 2003, Section 1.5], splitting (4.2) into two subprob-

lems yields

A 0 A(t) B(t)
B(t) F(A®)] B(t) 0
Both problems can be solved explicitly with solutions
A(t) Ag d A(t) Ao +1tBy
= an — )
B(t) By +tF(Ap) B(t) By

respectively. Performing a standard Strang splitting (cf. Appendix B) with step size 7 > 0 then yields
T
Biyy = B+ 3 F(Av),
Ak+1:Ak+TBk+%, k=0,1,.... (43)
T
Bk+1 = Bk-‘,—% + §F(Ak:+l)7

Combining the second substep for B in the kth step with the first substep of the (k + 1)st step leads to

a variant of the leapfrog scheme, which computes approximations to A’ on a staggered grid,

k=1,2,..., (4.4a)
A1 ZAk—FTBk_i_%,
where for k£ = 0 we set
By = By + ~F(Ao),
2 2 (4.4D)
Ay = Ayg+ 7B1

Based on the recursion (4.4), a second variant of the leapfrog scheme can be derived. For k > 1 it
holds

Ak+1 = Ak; + TBk_,’_%
ZAk—FTBk_% +T2F(Ak)
= Ak —+ (Ak — Ak—l) —+ TQF(Ak),
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or equivalently
Ak+1 - 2Ak + Aszl = T2F(Ak), (45&)

which is also known as the two-step formulation of the leapfrog scheme. For the starting value

2
A1 == AO + TB() + 7-?F’(fl()) (45b)

it is equivalent to the one-step formulation.

Both the one-step formulation (4.4) and the two-step formulation (4.5) require the same computational
effort. However, the one-step formulation is numerically more stable than (4.5), see [Hairer et al., 1993,
p. 472].

The leapfrog scheme has several favorable properties. It is easy to implement, it is second-order
convergent in time for nonstiff problems, and it is a symplectic integrator, which makes it of interest also
in geometric numerical integration, cf. [Hairer et al., 2003, 2006]. However, the scheme does not preserve

the rank of its initial values Ag, By, i.e., in general
rank Ay # rank A, rank By, # rank By, k=1,2,....

Therefore the leapfrog scheme does not qualify as a low-rank integrator for computing low-rank approxi-
mations to the exact solution to (4.1) starting from low-rank initial values Ay ~ Ao, Bp &~ By. Still, due
to its favorable properties, we will use the leapfrog scheme as basis for the construction of a dynamical

low-rank integrator tailored to the numerical integration of (4.1).

4.2 The St-LO scheme

In the spirit of Section 3.2, it appears natural to derive a dynamical low-rank integrator for second-order
matrix differential equations based on the first-order formulation (4.2) of (4.1). Numerical tests indicate
however, that the naive approach of applying the ideas of the first-order case directly on (4.2) yields
bad results in some cases, see Section 7.2.1. We suspect that the direct application of the projector-
splitting integrator for first-order problems ignores some inherent structure of the second-order problem.
To overcome this, we derive a dynamical low-rank integrator based on (4.4).

The main idea is to regard the update steps for the approximations B~ A’(t,ﬁ_%) and Apiq1 =~
A(tk+1) as displayed in (4.4) as solutions at ¢ = 7 to first-order differential equations with constant
right-hand sides,

B'(o) = F(Ay),  B(0)=B;_ 1,
Al(0) =By, A(0) = Ayg.
In order to derive a dynamical low-rank scheme, assume we are given low-rank approximations Ay ~ A(tx)

and By, 1 ~ B(t;_1). Then, low-rank approximations Api1 =~ A(fr+1) and By 1 ~ A’(t,H%) are

obtained by approximately solving
B,’c_%(a) = F(Ay), By ,  oel0,7], k>1, (4.6a)

Aj(0) =By1, Ar(0) = Ay, oel0,7, k>0, (4.6b)
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employing the projector-splitting integrator. For k = 0, we start from

By(0) = F(Aq). By(0)=Bo,  o€[0,3]. (4.6c)
All problems (4.6) can be solved exactly, with solutions
By 1(0) =B, 1 +0F(Ay), oc€0,7], k>1, (4.7a)
Ap(o) = Ap + 0By 1, oelo,7], k>0, (4.7b)
Bo(o) =B+ 0F(Ag), o €l0, g]‘ (4.7¢)

Since we aim for computing dynamical low-rank approximations to given, time-dependent matrices, we

can make use of the projector-splitting integrator with increments, cf. Algorithm 2.

Remark 4.1. Denote the numerical flow of the projector-splitting integrator by ¢[Prsil. For a given,
time-dependent matrix A(t), the computation of the low-rank approximation A; ~ A(7) via the projector-
splitting integrator, started from the low-rank initial value Ay ~ A(0) and the increment AA = A — Ag
is expressed as

A, = oA,
Here, A is an approximation to A(7) of arbitrary rank. If A, itself originates from a single step of some

numerical scheme with flow ¢ and initial value Ag, i.e., Ay = - (Ap), we use the notation
Ay = oo g (Ay). o

With the above notation, the computation of the low-rank approximations can be expressed as

By =%, , (Bey(), k21, (4.82)

Ay = [Xr:ki] (Ar(1)), k>0, (4.8b)
rsil /55 /7T

B, = ¢ (Bo(3))- (4.8¢)

The increments AA and AB, which are required to perform the scheme, are given as
ABy, 1 = Ekfé(T) - Ekfé(o) =7F(Ag), k=1,
AA = Ay(7) = A(0) = 7By 1, k>0,
ABo = Bo(%) = Bo(0) = ZF(Ao).
The resulting dynamical low-rank integrator for second-order matrix differential equations is named St-

LO scheme, for Strang splitting combined with the projector-splitting integrator as introduced by Lubich

and Oseledets. A single time step of the scheme is presented in Algorithm 7. For decompositions

A, =US, Vi e M,,, B, 1= Tk—%Rk—%WkH—% € Mg,
where
Uk € Viras Vi €Voras Sk e Craxra, (4.9a)
Ti_1 € Vg, Wi_1 € Viyg, Rj_1 € CrsxTB, (4.9b)

this algorithm computes the factors of the approximations Apy; = Uk+1sk+1ka+1 ~ A(tg4+1) and

Biyi = Tk+%Rk+%WkH+% ~ B(tyy1). These factors satisfy again (4.9).
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Algorithm 7: Dynamical low-rank integrator for second-order ODEs, St-LO, single time step
1 st1lo(U,S,V,T,R,W,ra,rg, 7, F)
Input : factors U, S,V of rank-ra approximation A = USV# ~ (
T,R, W of rank-rg approximation B = TRW ~ A’'(t — ) satisfying (4.9b), step
size 7, right-hand side F’
2 B-step: T1,Ri,W;,L =prsi(T,R,W,rg,AB)  where AB = 7F(USV")

t) satisfying (4.9a), factors

3 A-step: U1,S:, V1, L = prsi(U7 S, V.,ra, AA) where AA = 7T, LY
4 Return Ul,Sl,VhLl,TthWl
Output: factors Uy, Sy, V1 of rank-ra approximation A, = U1S1V{{ ~ A(t + 7) satisfying
(4.9a), L; = Vls{{, factors T1,R1, W of rank-rg approximation
B, =T, RWH ~ A/t + %) satisfying (4.9b)

Remark 4.2. In the B-step of the St-LO scheme, the increment A B is given in terms of the right-hand
side F' evaluated at some low-rank matrix decomposed into low-rank factors U, S, and V. The efficient
implementation of this scheme requires to compute products of form F(USV#)W and F(USVT)AT,
respectively, without computing the full-size matrix usvi explicitly. This is similar to the general
projector-splitting integrator, cf. Algorithm 3, where the products F(USV)V and F(USV)HU arise.
For the A step however, due to the factorization of the increment like AA = TL, we simply compute
the products AAV and AAFU by clever ordering of the matrix products. o

By construction, the St-LLO method can be viewed as a low-rank pendant to the leapfrog scheme. For
consistency, it would be favorable if the methods would yield the same approximations if the chosen ranks
ra and rg are sufficiently large. For ro = rg = min{m,n}, the St-LO and the leapfrog scheme indeed

compute the same approximations.

Theorem 4.3. If the approzimation ranks ra and rg for computing low-rank approzimations A ~ A
and B ~ A’ respectively, are chosen as ra = rg = min{m,n}, then the solutions computed by the
St-LO scheme, cf. Algorithm 7, and the leapfrog scheme (4.4) coincide. Note that this especially means
By = B(0) and Ay = A(0).

Proof. Without loss of generality, we assume m > n. Otherwise, we consider the conjugate transpose.

We also introduce the set

M, = {X e C™ " | rank X < r}

of complex m x n matrices with rank at most r. Obviously, any element of M<, admits a factorization
similarly to (2.5). However, the S-factor is now allowed to be singular.

We start with the first substep of the integration by the St-LO scheme. We denote by B% =
T, R 1 W? ~ A'(%) the low-rank approximation computed from the initial values Ay = UOSOVgI € Mg,
and By = TOROW(})I € M<,, and let furthermore AB = 7F(Ag). Then it holds

Vo,Wo €V, <= Vo VE=WWI=1,. (4.10)
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By the update steps (3.10) of the projector-splitting integrator, B% satisfies

R. W4

1 1
2 2 2

B, =T
T (RoWy' + T{AB)
T

Nl

[N

RoW{ +1lp, AB
2

T%(ﬁ% - T’%’ABWO)W(? + 1, AB

=T, R, W{ - Iz, ABllw, + v, AB

= (ToRo + ABWo)W{ — Ty, ABllw, + I, AB
=By + ABllw, — Ilr, ABIw, +1Ir, AB

in terms of the projections onto the column spaces of T, and Wy, respectively, cf. (2.20). Due to (4.10),
ITw, = WOW{){ = I,, so that

B, =Bo+ AB — Iy, AB +IIp, AB
2 2

1
2

= By + 2 F(Ao).

Since By = B(0) and Ag = A(0), this is indeed the first substep of the leapfrog scheme (4.4), thus

B% = B%. Denoting AA = TB%, performing similar steps as above yields
Ay = Ay + AAlly, — Iy, AAlly, + Iy, AA,

where A; = U181V{{ is the result of the second substep of the St-LO scheme. Again, due to (4.10)
Ily, = I, holds and hence

A1=A0—|—AA:A0+TB%ZA(O)-FTB%,

which coincides with the second substep of the leapfrog scheme (4.4) and thus A; = A;. A simple

induction argument yields the assertion. O

Based on the one-step formulation (4.3) of the leapfrog scheme, it is possible to derive a variant of
the St-LO scheme which computes approximations to A and A’ on the same time-grid. However, the
computational effort roughly doubles, since the right-hand side F' has to be evaluated twice as many
times per time step. For later use, it is convenient to formulate this variant for the modified second-order

matrix differential equation
A"(t) = wF(A(t)), telo,T], A(0) = Ag, A'(0) = w?By, (4.11)
for some real number w > 0. The equivalent first-order system reads

0
F(A(t))

oIl
B(t)

w?B(t)
F(A®))

Ww?B(t)
0

+ (4.12)

Similar steps as above lead to Algorithm 8, which is a dynamical low-rank integrator for (4.11).
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Algorithm 8: Dynamical low-rank integrator for second-order ODEs (4.11), single time step
1 stlovar(U,S, V,T,R,W,ra,rg, 7, F,w)
Input : factors U,S,V of rank-rs approximation A = USV# ~ A(t) satisfying (4.9a), factors
T,R, W of rank-rg approximation B = TRW¥ ~ A’(t) satisfying (4.9b), step size 7,
right-hand side F', weight w
2 B-step: T%,R%7W%,L = prsi(T7R,W,rB7AB) where AB = %F(USVH)

3 A-step: U1,81, V1, Ly = prsi(U, S, V,7a, AA) where AA = wQTT%LH
4 B-step: T1,Ry, Wy, L =prsi(T;,Ry,Wi,rg,AB)  where AB = 3F(U;S,V{')
5 Return Ul,Sl,VhLl,TthWl
Output: factors Uy, Sy, V1 of rank-ra approximation A, = U1S1V{{ ~ A(t + 7) satisfying

(4.9a), L; = Vls{{, factors T1, R1, W of rank-rg approximation
B, = T.R,W¥ ~ A'(t + 7) satisfying (4.9b)

Lastly, we derive a dynamical low-rank integrator for second-order matrix differential equations (4.1)

based on the two-step formulation (4.5) of the leapfrog scheme,
Ak+1 —2AL + A1 :TQF(A]C), k>1,
72
A1 = AO +7‘BO + 5F(A0)

We name the new method stlotwostep scheme, although it is not dircetly derived from a Strang splitting.
Given rank-ra and rank-rg approximations Ag = Ay, Bg = By, we compute A; = A(t;) by approxi-
mating the starting value A; of the leapfrog scheme employing the projector-splitting integrator, cf. Al-
gorithm 2. ILe., starting from A we perform one step of the prsi method with increment AA = Zl — Ay,
where
Al == AO + TBO + ?F(AQ)

Similarly, for & > 1, we obtain the low-rank approximations A1 ~ A(tg4+1) via

Apy1 =2A5 — Ay + T2F(Ay), (4.13a)
Apr =oAL, AA= A — AL (4.13b)
Here we made use of the notation introduced in Remark 4.1 for the flow of the prsi scheme. Obviously,
the matrix Zkﬂ in (4.13) should not be computed explicitly. For an efficient scheme, its representation

in terms of the low-rank matrices Ay and Ag_; (or more precisely: in terms of their low-rank factors)

should be incorporated in the implementation.

Remark 4.4. The update steps for computing A; = UlslV{{ ~ A(t1) by the projector-splitting
integrator are given as
U,S; = UpS + AAV,,
So =S; — UAAV,,
~H
VS =veS, +AAfU,,
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cf. (3.10). If the projector-splitting integrator is started from the low-rank matrix Ag = UOSOVSI, the

increment takes the form
AA=A, — Ay = A, —US,VE.
Then it is
U;S; = UpSy + AAV,
=UpS + (A1 — Ag) Vo

=UySy + AVIVQ — UoSOVgIVO
= AV,

This yields
Sp=8, - UH (U1§1 - UOSO) — UHU,S,
and
VvisH = v,Sy + AATU,

= VoSHULU, + (4, — Ap)PU,

= VoS{ U U, + Af'U, — VoS U U,

= AMU,.
We thus end up with only two QR decompositions

U,S, = A4, V,,

I (4.14)
v,st = Afu,,

for computing A; ~ Zl 2 A(ty). o

4.2.1 Error analysis of the St-LO scheme
In the following, we analyze the error of the St-LO scheme (Algorithm 7) when applied to (4.1), where

the right-hand side F' is assumed to be Lipschitz-continuous with a moderate Lipschitz constant Lg, i.e.,

|F(Y) = FY)| <Lp|lY —Y]|  forall VY e C"™*", (4.15)

Assumption 4.5. The ezact solution A : [0,T] — C™ ™ of (4.1) is in C*([0,T]). Furthermore, there
are low-rank matrices X (t) € M, ,,Xp(t) € M,y such that

A(t) =Xa(t) + Ra(t),  [IRa(0)] < 0a, (R4 < &, (4.16a)
B(t) = A'(t) = Xp(t) + Rp(t),  [Re(0)| <ep, [RBM)] < op- (4.16b)
Additionally, there exist sufficiently large constants va and g, such that for all Ya(t),Yg(t) € C™*™

with
[A(t) = Ya(@)ll < va, IB(t) = Ye(@)|| <78,
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the bounds (4.16) are also satisfied, i.e., there are low-rank matrices X o(t) € My, ,Xp(t) € My, such
that

Ya(t) =Xa(t) + Ra(t),  [1BaO)] <04, [RAD)] < 0,
Yo(t) =Xs(t) + Re(t),  |Bs0) <os,  [IR5(®)] < dp-
Recall, that we denote the low-rank approximations defined in (4.8) by Ay ~ A(tx) and By 1 ~
Bty 1 ), respectively. Further we have for o € [0, 7] the auxiliary quantities
Ap(o0) = Ay + 0B i1,
Ekfé(o—) =B 1 +0F(Ayg),
cf. (4.7).

For better readability, we introduce the following notation: For approximations Ay ~ A(ty), By, 1
B(ty, 1) obtained by the St-LO scheme and A, and Ek_%, we write

Q

k+3

ES = | A(tr) — Axll, Ep * =|B(tgr1) = Biyall, k>0,
B =0, B3 = B(ty) - Bolty)],
B = |A() - A (), Byt =Bty — Byl k21,
BY = EY, E} = || Bo(ty) - B, .
B = | A1 (7) — Al ER = |Bsy(r) - Byl k>
By the triangle inequality, we have
EEFR cEMYT L BN and ERPU<EETLLBRHL k>0 (4.19)

The analysis of the St-LO scheme is performed in two steps. First, we derive recursive inequalities
for EIIZH and E]I;+%. Essential in their derivation is the Taylor series expansion of the exact solution A
and its derivative. As the St-LO scheme yields approximations to A’ on a staggered grid, we need an
expansion of the exact solution where the derivative is evaluated on the staggered grid as well. For this,

we recall Taylor’s theorem:

Theorem 4.6 (Taylor’s theorem). Let u: [ C R — Rt u(t) be (p+1) times differentiable. Then
it holds for all a and t in I

_ Z ul )j + /t (t ;'g)pu(p+1)(€) de.
3=0 @ )

The remainder satisfies the bound
o
‘ / ﬁ (p+1)( dgH < maX ||u(p+1)( )|||(7
o P [a1] (p+1)!
Corollary 4.7. Let u : [0,T] — C™ ™ with u € C3>([0,T]) and T > 0. Then, as long ast+7 < T,

a)P ]

u(t+7) =ut)+7u (t+ g) + Ay,
where the remainder A, is bounded by

3
Al <€ = " )
A < 35 max [ (1))
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Proof. By Theorem 4.6 it is

2 t+1 _ 2
u(t+7) = u(t+ )+ s/ (t+ Z)+Lu//(t+1)+/t U= ey ae,

2 t+% t— 2
u(t) =ult+3) = 2w/ (t+2) + Tu'(t+3) —/ E=8% e de.
t
Subtracting both equations yields

u(t+7) —u(t) =7u(t+ z) + Ay,

2
where
t+3 2 ttr 2
zZ (t—¢ t+717-¢
1A = H/ % "(E) d§+/ %u'“(g) d¢
t I
t+3 t-¢? BTt 7 —6)?
< o WO [ 5 aer _ma ol [T e
e€t,t+3) E€[t+ T, t+7) T 2
3 " "
< —( ma. + ma, U )
< ge\edpax, ([« ()] e [t+%§+ﬂ|\ Ol
< 7—3 max_|lu”(t)]|
— 24 tejo,T) ’
and thus the assertion. O

With Corollary 4.7, we are able to derive the desired recursive inequalities:

Lemma 4.8. Let A : [0,T] — C™*" with A € C*([0,T]) be the exact solution of (4.1) with initial
values Ag, By € C™*™ and B = A’. Moreover, denote by Bk,% € M, and A, € M, the low-rank
approzimations obtained by the St-LO scheme after k steps started with initial values Ay € M, ,,Bg €
M. Then, the errors introduced in (4.18) satisfy

1
Ez <E%+ 2LFEA + E2 + CE' 72, (4.20a)

1
BN s < BETR L rLpBE 4 BT L OW fork > 1, (4.20b)
EEFU < BX 4 rERFE | By oLF LS fork >0, (4.20¢)

where CY¥ and CYY are given explicitly as

1
LF _ mn LF _ - " (4)
CF = max o470 O = max { max SIAO). max 1AV}

Proof. We use Taylor series expansion for B(¢1) and get

1
2

B(ty) = B(0) + gB’(O) + /: (g —&)B"(€) d¢

T

T %
= By + §F(Ao) +/ (5 — f)B"(ﬁ) dé.
0
Hence
2
1B(t3) ~ (Bo + 5 F(Ao))]| < - mac 4 (1)] < CHF> (4.21)
2 te[0,Z
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Furthermore we have by Corollary 4.7
|A(trr1) = (A(te) + 7Bt 1) | < C5°7% k>0, (4.22a)
IB(tyrs) = (Blty—1) + TF(A(tR))[| < CE'7%, k> 1 (4.22b)
Hence for k = 0, we have
B} < |Bo + TF(A0) - (Bo+ ZF(Ao))| + CH'r?
< EY+ TLFE 0 + CLF 2 (4.23)

by (4.21), (4.7¢c), and (4.15). Employing (4.19) shows (4.20a). Likewise, for k& > 1 we have by (4.7),
(4.15), and (4.22b)

EET3 < BE 4 rLpER 4 OLF 1R (4.24)

and by (4.19) thus (4.20b).
For k > 0, (4.22a) yields together with (4.19) and (4.7)

EATY < A(tr) + 7A (b 1) — (A + 7By 1) |+ BAT 4 CFF 70

< BK 47BN 4 R 4 O,

hence (4.20c). O
For the next considerations, it is helpful to have a slightly different representation of the errors Efﬁl
k+3
and By *.

Corollary 4.9. Let the assumptions of Lemma 4.8 be satisfied. Then it holds

E} < <1+?LF>EA+TEB+TE2 + B + (C5F + C§)73, (4.25a)
EEFU < (14 72Lp)ER 4+ rES 2 4 r BN 4 BEHL 4 (CLF 4 OLF )1 fork>1, (4.25b)

ERT® < (14 7Lp)EY * 4 rLpEl " 4 7LpEL + B + O Lpr* + CFF7® fork>1. (4250)

Proof. (4. 25&) is obtained by replacing EB in (4.20c) for k = 0 by (4.20a). Similarly, (4.25b) follows from
l
replacing EB 2 in (4.20c) by (4.20b). Note, that (4.25a) and (4.25b) imply

By <(1+ LF)EA +TEY + TE2 (CYF + CEF)73 (4.26)
and
~ 1 ~pl
EXY < 14+ 7Lp) BN + 7By + 7B 4 (OFF + O ). (4.27)
Lastly, replacing E% in (4.20b) by (4.20c) for k — 1 yields (4.25c¢). O

In [Kieri et al., 2016, Section 2.6.1] it was shown that the error between a time-dependent matrix
A(t) € C™*™ satisfying (4.16a) and the rank-ra approximation Y7 ~ A(7) computed with the projector-
splitting integrator (Algorithm 2) started from X 4(0) € M,., is bounded by

[A(7) = Y[l < 0a + 7704 (4.28)
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~ 1 ~
In the next lemma we eliminate E?—Q and EX*! from (4.25) by using this relation. Also, we substitute

(4.20b) into (4.25b) to obtain a recursion of EX*! in terms of the global errors E, for j =0, ..., k.

Lemma 4.10. Let the assumptions of Lemma 4.8 be satisfied. Furthermore, assume that
E) <oa.  Ey<op. (4.29)

If Assumption 4.5 holds, then for all k such that ti+3 < T, the errors E?% and Effl defined in (4.18)
satisfy

k

ER'? < op + Tty + 7L Y EY + O 21+ 1) (4.30a)
=0
and
k 4 -
ERT < oa +tyii0B +7LE Z thp1— B + Ttip10) + Etk+1tk+2933
J=0 (4.30b)
1
+ ((C,IZF + CF )t + Ztktk+1CJI§F> 72
respectively.

Proof. The proof is done by induction on k. First, we show that the errors EZZH and Elk;% are uniformly
bounded by suitable constants v4 and «yg. Then the auxiliary solutions A and B are sufficiently close to
the exact solutions A and B, and hence they admit decompositions like (4.16) by Assumption 4.5. Since
the approximations A and B are rank-rao and rank-rg approximations to A and B computed with the
projector-splitting integrator (cf. Algorithm 2) started from initial values of rank ra and rg, respectively,

~ L
the local errors EIIZH and Egz are bounded by

~1 7 P ~

B < 57ds. Ep™* <Trop, k21, EETY <710y, k20, (4.31)

cf. (4.28). The estimate on the global error then follows directly from (4.19).
For k = 0 we deduce from (4.23) and (4.29)

Eg <op+ gLFgA + CEF 2.
By Assumption 4.5, if yg > op + %LFQA + CEF72 then by (4.20a) and (4.31) it holds
1
EZL <op+ gLFEE, + 7gg’3 + CEF 2
< op + TLFEY + Tt105 + O 72, (4.32)

which precisely is (4.30a) for k = 0.
Likewise, by (4.26), (4.29), and (4.32) it holds

EY < o4+ T°LpES + 105 + 720 + (CKF + CE)72. (4.33)
Choosing v4 as the right-hand side of (4.33), we get by Assumption 4.5 and (4.31)

7
EY < oA+ T°LpES +tiop + Tt10y + 5tltgg’B + (CEF + CENty 72,



4.2. The St-LO scheme 39

which shows that (4.30b) indeed holds for & = 0.
Assume now that (4.30) is true for some arbitrary, but fixed k — 1 € Ny. Using the Gronwall-type
Lemma 4.13 below we find from (4.30b) for j =1,...,k
Bl < eVErte pph (4.34)
where . )
M), = o4 +tjop + Ttjdy + Slitiv10p + ((CEF + CE)t; + 5tj_ltj(J};;F)T?
By (4.29), this bound is also valid for j = 0. From (4.24) and (4.30a) we obtain

~L+1 _1
ER'? < By * 4 rLpES + O

k-1
< <QB + Ttrolz + TLE Z Ei‘ + C}I§F7'2(1 + tk_1)) + TLFEfZ + C')IéFTS
3=0
k .
= 0B + Tteolg + 7L Y E’ + CE (1 + 1) (4.35)
7=0
Plugging (4.34) into (4.35) yields
~pp 1
ER'® < op + Ttedly + CH 721+ i)
b 7 1
+Lg emt’“ Z T(QA + thB + 7thfA + 5tjtj+1 Q/B + ((CI%F + C%F)tj + §tj,1tngF)T2).
j=0
Due to
k k 1
> T =t > oty = Skt
7=0 j=0
k k
1 1
Z Ttitj4 1 = gtktk+1tk+27 Z Ttj-1t; = gtkfltktk+17
j=0 j=0
we have

1
Ey'E < op + Tthoy + CHF (1 + 1))

— 1 7 7
+ LpeVirts (tk+1QA + itktk+193 + itktk—&-lglA + étktk+ltk+29/3

1 1
+ (i(CkF + C%F)tktk_:,_l + EC%Ftk_ltkt}H_l)TQ)

1 7 7
= (QB + Ttros + Lp eVirts (thr0a + §tktk+19B + §tlctk+19£4 + gtktk+1tk+2QIB))

1 1
+ 72 (c;Fa 1) + L VB (S (OFF + CF )it + ECgFtk,ltktkH)).

Thus, for 0 < tgyo < T, there are constants Cg(T), GB(T) depending on Lp, 04, 0B, ¢4, 05, C5F, and
CLF such that

Bl < Cp(T) + 2Ca(T),
If Assumption 4.5 holds for some vp > Cp(T) + 72Cp(T), we obtain from (4.31) the estimate E?% <
7T0'z. Then (4.19) yields together with (4.35)

k
1 .
EN'? < op + Thep1 0l + 7L Y "B+ CE T (1+ 1),
§=0
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which is (4.30a).
Similarly, using (4.27) and the induction hypothesis, we get

k—1

~ j 7
ERT < (QA +thop+TLE Y th B + Tthoy + itktkHQIB

Jj=0

1
+ ((C5F + CE )t + itk_ltkC};F)r?) + 72 LpEX

k—1
+7(op + Tty + 7L 3 B+ CHF (1 + 1y 1))
=0
+ 7720 + (CKF + CEFr)r3
k

; 7
=04 +1tp1108 +7LF Z thp1—j B + Tteoly + §tk+1tk+2Q'B
7=0 (4.36)

1
+ ((C5F + CE ) thyr + §tktk+1CgF)72.

Employing the bound (4.34) on Ef; yields together with the identities

r 1 k 1
Z Tlht1—j = itk+1tk+27 Z Tler1—j5t; = Etktk+1tk+2a
7=0 7=0
k k
1 1
Z Tlit1—jtitj+1 = ﬁtktk+1tk+2tk+3, Z Tti41—jtj—1t; = Etkfltktk+1tk+2a
§=0 §=0
the bound

~ 7 1
E,’ZH < 04+ tht10B + Ttoy + §tk+1tk+2QlB + ((CIAF + CE N1 + itktk+1O%F)7'2

Loovirts (L 1 7 , T ,
+Lre 2tk+1tk+2QA + 6tktk+1tk+203 + Gtktk+1tk+29,4 + 24tktk+1tlc+2tk+393

1 1
+ (G (O + CF )it tura + ﬂCgFtk,ltktkHtkH)T?)

7
= (QA +tpr10B + Ttpoy + itk+1tk+2QIB
1

1 7 7
itk+1tk+2QA + étktk+1tk+2QB + Etktk+1tk+2z9f4 + ﬂtktk+1tk+2tk+3ng)>

1
472 ((C}F + CF )t + it CF

+LFeﬂtk (

1 1
+ LpeVirt (g(CkF + CE ) tutusitigs + ﬂchtk_ltktkHtm)).

For 0 < tj4s < T hence there are constants Ca(T), C4(T) depending on Ly, o4, 05, o'y, 0%, CKF ) and
CLF such that

ERHY < C4(T) 4 72CA(T).

By possibly increasing v, we now assume that Assumption 4.5 holds for v4 > Ca(T) + TQéA(T). Then
we have EZH < 71¢y by (4.31). Finally, we conclude from (4.36) and (4.19)

k

; 7
EXT < o4 +typi0 +7Lp Ztmkg‘Eﬂl + Ttr10)4 + §tk+1tk+2Q/B
=0

1
+ ((OL;F + C Vi1 + ztktHlOgF) 2.
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This completes the proof. O

With Lemma 4.10 we are now able to prove a global error bound.

Theorem 4.11. If the assumptions of Lemma 4.10 are satisfied, then, as long as tyrs < T, the global

error Ef‘“ s bounded by

7 1
EST < (oa+ Top + 7Ty + 5T + (CXF + CFT + SCFT?)7%) eVir
Proof. The bound for E’Zﬁl is a direct consequence of (4.34) with j =k + 1. O

The error of the St-LO scheme in Algorithm 7 is hence a combination of two error contributions: an
error caused by the low-rank approximations on the one hand, and a time discretization error stemming

from the leapfrog scheme.

Remark 4.12. If ro = rg = min{m,n}, all constants g4, o5, 0y, and o5 vanish. We are then left
with the time-discretization error, which coincides with the global error of the leapfrog scheme when it
is applied to (4.1). This is no surprise, since by Theorem 4.3 we already know that in this situation the

St-LO and leapfrog schemes are equivalent. o
In the proof of Theorem 4.11 we make use of the following Gronwall-type lemma.
Lemma 4.13. Let 7,L > 0 and {My}r>0 a nonnegative, monotonically increasing sequence. If the
nonnegative sequence {Ej}r>o satisfies
k-1
Bp < My + 7Ly (k- §)Ej,
§=0
then

Ek S Mk e\/ftk' .

Proof. Define ey, :== Ej /My, for all k > 0. The sequence {ej }>0 is nonnegative and satisfies

k—1 E. M. k—1
er S1+ 7Ly (k—j)~L > <1+7°LY (k- j)e; (4.37)
= M; M, =

due to the monotonicity of { My }r>0. Application of [Carle et al., 2020, Lemma 3.8] to (4.37) yields the
bound

Ek S e\/ftkv

and multiplication with M} on both sides of the inequality hence the desired result. O

o . k+1 .
Similarly as for E’jﬁl we can derive a global error bound for F B+2 based on the coupled recursions
in Corollary 4.9. However, we will interchange the roles of the error contributions, i.e., we will now give
1
2

ig L
representations of Elk;r and Eﬁ which only depend on the previous errors E;;Q, j=0,...,k—1, but

J
not on £Y.
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Lemma 4.14. Let the assumptions of Lemma 4.10 be satisfied. Then for k > 1 such that tyy3 < T,
1
the errors E?? and EX satisfy

k—1

i+l
B <oa+Ttrdy +7Y ER 7 + CFF (4.38a)
j=0
k—1
k4l 1 it 1
Ey'? < Ej+tlroa+ gtitiialrds + Tteop + 7°Li S (k-HEL® + (5CA Lptrtin + C5te) 7
7=0

(4.38b)

Proof. We perform the proof again by induction. Furthermore, with the same argument as in the proof

~ ~pl
of Lemma 4.10, we will immediately bound the errors E% and E]k;r? according to (4.31), since we will be
again able to choose appropriate values for v4 and ~p.

For k =0, (4.20c) reads

~ 1
EY<EY+E4+7E3+C5 73

<oa+ 714+ TE% + C%F 73,
which is (4.38a) for k = 1. Likewise, (4.25¢) yields

3 1 ~ ~3
EZ <(1+7°Lp)E% +7LpE} + 7LpE} + EE + C4 Lpr* + C5'r°

<(1+ TzLF)Eg +7Lpoa + 7T2LFQ:4 +T1os + CEFLFTLI + CEFT?),
and thus (4.38b) for k = 1.

Assume now, that (4.38) holds for some k£ — 1 € N. (4.20c) and the induction hypothesis yield
EX < EY 14 TEJ];% + E% + O3
k—2

1 1
< (QA + Tt_10 + 7 Z EQ_Q + CkFtk,lTQ) + 7'E1k3 2 47y + OB
§=0
k=1
<oa+Ttoy +7 Z ELT 4 CFF 72,
§=0
(4.25¢) yields together with the induction hypothesis and (4.38a)

1
k—3

1 ~ ~f+ 1
E5? < (1+7°Lp)Ey * +7LpEN ' 4 7LpEY + B 7 + OYF Lprt + O 72

k—2
1 7 il
< (Eg + tieaLroa + gtio1telpdy + Tho1dp + 7Ly S (k-1 j)EL

3=0
1
+ (ickFLFtk—ltk + C%Ftk_l)TZ)

+ TQLFE§7% +7Lp (QA + Ttp_10'4 + TISE;JF% + Cf;Ftk_ﬁ'Q)
j=0
+ 71 Loy + 710 + O  Lprt + CEF 73
< B+ tLpoa+ g itk Lrds + Thhdp +7°Lp ki(k —NEL 4 (%C};FLFtktkH + CEty,)7?
§j=0
This completes the proof.

O
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+3 .

Theorem 4.15. If the assumptions of Lemma 4.8 are satisfied, then the global error E s bounded
by

Eg+% < evLFtk MJI;;’?
for

k+ 7 1
MB 2 =pp+ tk+1LFQA + 7tk+%QIB + §tktk+1LFQlA + (*CEFLFtktk+1 + (1 +tk)C )

Proof. We start by bounding the first EB in (4.38b) from above by (4.20a). This gives
k+3 o, T 0 73 LF 2 / / 2 - J+
Ep? < (EB+§LFEA Ez +Cpg )+tkLFQA—|—§tktk+1LFQA+7thB+T LFZ —J)Ey *

7=0
(§CEFLFtktk+1 + CEFtk)T2

1
< op+tu i Lroa+ Tt 10p + §tktk+1LFqu + (§C,IZFLFtktk+1 + (1+4&)CE")
k-1

s 1
+72Lp Y (k= j)EL

7=0
k—1
7Mk+% 2L k . E7+%
= Mp +7 FZ( 717) B
7=0

Application of Lemma 4.13 then yields the stated result

O
So far, we can only provide the analysis of the St-LO scheme for the nonstiff case. In the following,
we provide an outlook on how the stiff case might be tackled

4.2.2 Outlook: Error analysis of the St-LO scheme for semilinear stiff pro-
blems

We now turn to the semilinear problem

A'(t) = —QTA(t) — A(t)Q3 + f(A(t)) e C™m,

where 0 € R™*™ and Q3 €

€[0,7],  A(0)=Ag, A(0)=B,  (4.39)

R™*™ are symmetric positive definite matrices with possibly large norm
and f: C — C is a globally Lipschitz continuous function with constant Ly > 0, i.e

|f(a) = f(b)] < Lyla— bl

for all a,b € C.
The evaluation of f at A is performed entrywise, i.e

f(A)ij = f(Aij), 1=1,...

Since f is Lipschitz continuous, we have for all A, B € C"™*"

1£(A) = f(B)|* = ZZ\f i) = [(Bij |2<ZZL |Aij — Bij?
1=15=1

=134 - B> (4.40)
=1 j5=1

In [Carle et al., 2020] and recently in [Carle, 2021], a general class of two-step schemes for the numerical
solution of the second-order semilinear differential equation

a"(t) = —La(t) + f(a(t)) €C™, t€[0,T],  a(0)=ag, d'(0)= by, (4.41)
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was studied. Here, L € R™*™ ig a symmetric positive definite matrix, and f : C™ — C™ is a globally
Lipschitz continuous nonlinearity. The leapfrog scheme (4.5) is a special case of these general methods.

In [Carle et al., 2020], the following result for the leapfrog scheme was derived:

Theorem 4.16 ([Carle et al., 2020, Theorem 4.3]). Let ¢ € (0,1] and define the step size Ts(g%{ via

T = —. 4.42
ssk = || Il (4.42)

Let f: C™ — C™ be globally Lipschitz continuous with constant Ly, i.e.,

| f(a) = f(D)|l2 < L¢lla —bl|2 for all a,b € C™.

In addition, assume that the exact solution a of (4.41) satisfies a € C*([0,T]). Then, for T < TS%)R and

try < T we have for the approzimations ay of the scheme (4.5)
1 o
lla(ty) — agllzs < (5CLT? 4+ CoT) eVET 72,
2

where the constants Cy,Cy are independent of | L||2, k, and 7.

Observe that the norm of L causes a restriction on the step size, but the global error bound is
independent of L.

By application of the vectorization operator vec, which maps a matrix A € C™*" to a vector a € C™"
by stacking its columns upon each other, the matrix differential equation (4.39) is a special case of (4.41)
with L = 02 @ Q% € RmMXmn_cf. Definition A.15. By Definition A.10, Theorem A.11, and the symmetry
of 92 and Q3 it holds

M=o =R +0%el,) =L )"+ () ®I,=L,

so that L is symmetric. Since both Q7 and Q3 are positive definite matrices, we deduce from Theorem A.16

that the same is valid for L. Moreover,
1f(a) = fB)ll2 = [[f(A) = f(B)| < L¢l|A = Bl = Lylla = bl[2,  foralla,b e C™".

Using Theorem A.13, one can show that the leapfrog scheme applied to (4.41) yields the same approx-
imations up to vectorization as if it is applied to (4.39). We therefore obtain the following result as an

immediate consequence of Theorem 4.16:

Corollary 4.17. Let f : C™*™ — C™*"™ satisfy (4.40) and assume that the exact solution A of (4.39)
satisfies A € C*([0,T)). Then, for T < Ts(é)R, where Tsgg s given in (4.42) with L= 02 ® 02, and t;, <T

we have for the approzimations Ay, of the scheme (4.5)
1
A(tr) — Akl < (SC1T? + CoT) V2T 72,
2

where the constants Cy, Cy are independent of | L|s, k and 7.

Since it is possible to derive a bound on the global error of the leapfrog scheme which does not involve
the norms of the matrices 2 and Q% we are optimistic that the same is possible for the St-LO scheme.
In the spirit of Section 4.2.1 we expect that the global error of the St-LO scheme admits a bound which

is of the same form as in Corollary 4.17, with additional low-rank error contributions.
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In the following, we adapt the technique which was used in [Carle et al., 2020] and [Carle, 2021] to
prove Theorem 4.16 and thus work with the vectorized formulation of (4.39) throughout. We abbreviate

aj = vec Ay, b1 =vecBy_1,
for the low-rank approximations Ay ~ A(fx) and By _1 ~ A’(t;,_1) to the exact solution of (4.39) and

3
its derivative, respectively. Furthermore, we will make multiple use of the identity

|A|l = || vec Al|2 for all A € C™*",

without always indicating this explicitly. For A € C*([0,T]), ¢ € N, we abbreviate bounds on the /th
derivative of A by

(0 _ ©) _
Ny OrgggtllA @l £=12,....

Besides, we denote by

tht1 t _ e\
a* = [T g ag

23
the remainder terms of the ¢th order Taylor expansion of A(ty+1) at ¢;. By Theorem 4.6, they are
bounded by

{+1 {+1

T

l),
lay ") <

T 0),—
max AV @)),  [ld ) <

(£ 4+ 1) th<t<tpi max HA(Hl)(t)H-

(0 + 1) tea<t<ty
We continue by stating two results which are required for the analysis. The first one allows us to write

the kth approximation of the leapfrog scheme explicitly in terms of the starting values ag and a1, and

the nonlinearity f evaluated at previous approximations:

Theorem 4.18 ([Carle, 2021, Theorem 3.18]). Let 7 < TS(é)R. For the approximations of the two-step
scheme (4.5) with starting value a; = ag + Tby + g—zf(ao) applied to (4.41) we have
— sin(¢P)

ay, = cos(k®)ag + Sk(a; — cos Pag) + 72 ZSk,jf(aj), Sy = D (¢ € Nyp),

j=1
where ® € R™*™ s a symmetric matric with spectrum in [0, 7] which is uniquely defined by
1 .~ ISR Rt
cos®=1— 572L and satisfies sin® = (T°L(I — ZTQL)) z,
For the following, we need a bound of the difference Sy — Sp.

Lemma 4.19. Let Sy be defined as in Theorem 4.18 and ¥ € (0,1). Then it holds for every ¢ € Ny

2041, T< TS%)R,
[Se1 = Sell2 < 1 9

Vioge TR
Proof. In [Carle, 2021, Lemma 3.23 and Example 3.26] it was shown that the norm of the matrices Sy is
bounded by

(4.43)

70 T < TggRs

T||Sell2 < ||~f%||
L 2 (9)
—, 7 < 7aep, Y€(0,1).
T2 = TSR (0,1)

(4.44)
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The first bound in (4.43) is a direct consequence of (4.44). For the second, recall that L is real and
symmetric, and therefore orthogonally diagonalizable. It hence suffices to study the eigenvalues ¢ of ®.

Using the trigonometric identities

sin @ — sin p = 2sin (9_790) cos (m) and sin(20) = 2sin(0) cos(h), 0,0 R,

2
we obtain
i ¢ L (2¢ 4
sin (£ + 1?¢) — sm(€¢) 2sin (%) cos (251 ¢) _ | cos (252 0) <]t < 1 .
sin ¢ sin ¢ cos 2 T leos 2| T V1I-92
The last inequality follows from the proof of [Carle, 2021, Lemma 3.23(b)]. O

In the next lemma, we derive an explicit representation of the global error between the exact solution
of (4.41) and its low-rank approximation computed with the St-LO scheme. Inserting the low-rank

1
approximations into the leapfrog update steps yields the defects (55‘"’1 and 5g+2 defined via

By ) =By s +7(~0A;, — Ay} + f(Ar)) + 05 2, (4.45a)
App1=Ar +7B 1 + Skt (4.45D)

By Section 4.2.1 they can also be written as
~ kL ~
Sh = Ap(r) — Apsr and by 7 = By 1(7) = By,
where A, and Ek_% are given in (4.7).

Lemma 4.20. The global error e, = a(ty) — ay between the exact solution of (4.41) and its low-rank
approximation computed with the St-LO scheme satisfies

2 2

e =(I- %E)eo + 7(by — bg) + 7-?(f(ao) — f(ao)) + vec (& — 7'(5]%3 — (64 —6%)), (4.46)
and
k— k—1
e, = cos(k®)eg + 7Sk (bop — bg) + Z C;Sk— ] (t;)) — f(a])) + S, vecd + Zsk _jvecd;
L - o (4.47)
— 73 Sy vee dy — ZSH vee(@ —8%),  k>1.
j=0 J=0

Proof. We show that the global error satisfies the leapfrog recurrence (4.5) up to a defect. By inserting
the exact solution of (4.41) into (4.5), one gets as in [Carle, 2021, Section 3.4]

a(tyr1) — 2a(ty) + a(ty—1) = —m2La(ty) + 72 f (a(ty)) + vecdy,

and
2

- 2
a(t) = — %L)ao + 7bo + %f(ao) 4 vecd.

The defects di and § are bounded by

7_4 7.4
ldill < o7 _max (JAD@)]|+ 5 max [AD@)] < i

tE[tr,try1] tE[tr—1,tk]
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and

3 3
oIl < NG + 2N < Cor®,

respectively. From (4.45) we have for k > 1

apy1 —2ap +ag_1 = (apyr —ag) — (A —ag_1)

k+1
6A

=T7hy 1 + vec —7by_1 — vec ok

- 1
T(bk_% +7(—Lay + f(ax)) + Vec<52+2) + vec 5T — Thy_1 — vec 5k

= —7?Lay, + 72 f(ax) + vec (7’(5?% + (o5 — 61131)),

and the approximations a; satisfy the two-step leapfrog recurrence up to a defect given in terms of the
1
defects 62"’1, 5% and 6’;;2, respectively. For k = 0 it is

a; =ag+7hy + vec 8}

=ag+7(bg + %(fzao + f(ap)) + vec3) + vec sy

2 2 1
= (- %L)ao + 7ho + %f(ao) +vec (762 + 64 — 6%),

where 5% = 0. Overall, the error e = a(ty) — ay, satisfies the two-step recursion
~ 1
err1 — 2ep +ep_1 = —7°Leg + 72 (f(a(te) — f(ar)) + vec (di — 7'(5?_2 O §h)), k> 1.

For k=1 it is

,]_2 2

~ T 1
ep = (/- EL)eo + 7(bo — bo) + 3(]‘1(@0) — f(a0)) + vec (6 — 783 — (54 — 02)),
hence (4.46). Overall, e satisfies (4.5) up to a defect. Application of Theorem 4.18 then yields the
representation (4.47) of ey. O

In [Carle, 2021}, a bound on the error ey was derived by bounding all contributions on the right-hand
side of (4.47) individually, and making use of Lemma 4.13 afterwards. However, it was mentioned that
for a uniform bound in k the defects need to be bounded like C72 for some C > 0. By the above, this is

- 1 .
true for the defects 6 and d;. For the defects 5?5 and 5f4 we can relax this condition to bounds like

skl <cr, o5t <cr, ¢, (4.48)

and still obtain a uniform bound in k: Suppose (4.48) is satisfied for all k with tx41 < T. By (4.44) it
holds for 7 < Ts(é)R
k—1 k—1 k—1

s 1 i L . 1
I Simyvee s o < 73 ISi—sllz 65 7| < Cr2 " (k = ) < 5Ctitrn

Jj=0 Jj=0 Jj=0

CT?.

IN

Using 6% = 0, the last sum in (4.47) can be rewritten into

k-1 k-1
Z Si—jvec(3% — §%)) = Sy vec ok + Z(Sj“ — 8;) vecdh .

=0 j=1
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Under the stronger step size restriction 7 < Ts(gg, ¥ € (0,1), we can make use of the second bound in

(4.43) to obtain

k-1 k—1
|30 ey vee(di™ — 8| < 181 vee s + 3 (8501 — &) vee s 1
7=0 j=1

k—1
1
<oty L _or
VTP

1
<CT——.
h V1— 192
Unfortunately, so far there are no analytical results yielding the bounds (4.48) independent of L. Thus,
it is not yet possible to derive a global error bound for the St-LO scheme which is of similar form as the
bound in Corollary 4.17, and is fully independent of the norms of Q2 and Q2. This issue will be addressed

in the future.

4.3 Stiff problems

We now develop a dynamical low-rank integrator for semilinear second-order matrix differential equations

of the form
A'(t) = —QTA(t) — A@)Q3 + f(A(t)), te0,T], A(0) = Ay, A'(0) = By, (4.49)

see also (4.39). In contrast to Section 4.2.2, here ; € C™*™ and {2y € C™ " are constant, positive
semidefinite matrices. The nonlinearity f is Lipschitz continuous with moderate Lipschitz constant. It
was shown, that though the global error of the leapfrog scheme (4.5) applied to (4.49) is independent
of the matrices 27 and 29, they induce a restriction on the step size 7, cf. Corollary 4.17. Due to the
strong connection between the leapfrog and the St-LO scheme, we suspect that the same holds for the
latter. However, this is unsatisfactory in the situation, where (4.49) originates from a space-discretized
wave-type equation. Then the linear part of the right-hand side corresponds to the discretization of the
Laplacian. If the resolution in space is fine, the norms of €2y and €25 become large and cause a severe
restriction on the step size. The objective of this section is to derive a variant of the St-LO scheme which
exploits the structure of the right-hand side and allows for larger step sizes than the original ansatz. This
is achieved by performing an additional splitting.

The construction of the dynamical low-rank integrator tailored to the problem (4.49) is based on the

first-order formulation

B(t)
—QFA(t) — A3 + f(A1))

wiB(t)
—QFA(t)

w3 B(t)
—A(t)Q3

wiB(t)
F(A®)

+

9

where we introduced weights w; > 0, j = 1,2, 3, satisfying

2, 2. 2
wi twy +wy =1,
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see also Appendix B. The split equations then read

e

Am] _[wtBw ] _[ o ] [A®) (4508)
B(t)|  |[-93A() -2 o | |B®|’ '
iy _ 02
A B = |3B0) -A®3| = |A@) B 21 (?2] (4.50D)
=l 2
W] _ [«3B0) .
Bt)]  |f(A®)] (4:50)

We denote the exact flows (cf. Definition B.1) of the three subproblems in (4.50) by %], ©l?2] and l/1]
respectively. A splitting method for solving (4.49) can be derived by applying theses flows in a symmetric
way, which gives

(1]

z
2

o <p[§2] o @Lf] o @[QQ] o @?1]. (4.51)

z
2

(b‘r:(p

In order to construct a low-rank scheme, we follow the idea in [Ostermann et al., 2019], see also Section 3.3,
and replace all flows by low-rank flows in the splitting scheme (4.51). As the last subproblem (4.50c) is
of the form (4.12), a low-rank approximation to the exact solution is readily obtained by the variant of
the St-LO scheme presented in Algorithm 8. Hence, we replace the flow /] by the numerical flow of
Algorithm 8, which we denote by ¢[5¥1°l. Tt thus remains to replace the flows ¢l and ¢2] appropriately
by low-rank flows.

Consider the subproblem (4.50a) first, where the initial values to the problem are low-rank matrices
Ay e M,, and By € M,,. The exact solution to (4.50a) is

0 Wil
=exp |t —Q% 0

cf. Section A.5. By Theorem A.2, the ranks of A and A’ satisfy

A(t)
B(t)

Ay
By

Ao
By

cos(w1t8)y) w?tsinc(wi Q1)
—tQ% sinc(wthl) COS((.Uthl)

, (4.52)

rank A(t),rank A’(t) < rank Ag + rank Bg =7 + 78 for all ¢t > 0,

so that the exact flow @] of (4.50a) does not preserve the ranks of its input values in general. Yet, the
exact solution to the problem is known in closed form, so we can compute low-rank approximations to
A and B by the projector-splitting integrator with increments, cf. Algorithm 2. Note that the modified
routine (4.14) can be employed to compute A; = U;S; VI ~ A(7) and B; = T{R;WH ~ A'(7), since
in both cases the algorithm is started from a low-rank initial value.

For (4.50b), it is convenient to look at the conjugate transpose of the differential equation,

li

ARy 0 wiI| [AT (1) AR©)| |Af

BEn| =@ o [ B0 [B"O)) [B{]
As in (4.52),

ARy cos(wat Qi) wit sinc(wot Q) | |AY

BH (1) B —t(22)H sinc(wot QL) cos(watQl) B |’
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or equivalently

[Ao B} l cos(watQENH  —102 sinc(w t Q) H

w3t sinc(wot Q) cos(watQENH

B [A B } cos(watfs) —tQ3 sinc(wats)
0 w3t sinc(watQs) cos(wats)

by Theorem A.21. We can again compute a low-rank approximation to the exact solutions A and B by
the recurrence displayed in (4.14).

With Remark 4.1, the numerical flows of computing low-rank approximations to the exact solutions
of (4.50a) and (4.50b) by the modified routine (4.14) are given as

¢£_Ql] — ¢[pr51] ° 90[91] and ¢£_Qg] _ (z)[prsﬂ o sD[ ]

respectively. Hence, we define the numerical flow of a dynamical low-rank integrator tailored to the stiff

second-order problem (4.49) as
¢‘[rstlostiff] — ¢[Ql] ¢ ¢[Stlo] o ¢Q2] ° ¢Ql

One single step of the method, which we call stlostiff, is then given as

Apt1 _ ¢£_stlostifﬂ Ay , k=0,1,...,
Bii1 B
and the overall scheme reads
Agpa _ (¢[stlostiff])k+1 Ao (4.53)
B ! By
A computationally cheaper variant is
A ¢[Ql] (b (2] ° ¢[stlo o ¢[Q2] ((b‘[rﬂl] o (b[;?] ° ¢[r5t1°] o (ZS[%QQ]) ¢ 2] (454)
Bri1 BO

which is obtained by formally combining the last substep of the kth full step with the first substep of the
subsequent full step. Note that the approximations Agy; and Bgy; computed with the scheme (4.53)

and its variant (4.54) will not coincide, since in general

(b%& O(bﬂl ¢[§r51 [521 ¢[pr51] [gl] #qs[;)rsi] O(P[,—Ql] :(b‘[rgl]?

as the flows P71l and o) do not commute.

A special situation occurs if the weight w; of the ith subproblem in (4.50) is zero. For w; = 0, we have

I, O
—tQ? I,

Ao
By

Ay
By — tQ2A,

If wy = 0, the solution to the second subproblem (4.50b) reads

I, —t93 [
— (A, By—tA QQ},
0 In 0 0 08 &9
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and for ws = 0 we have for the solution to the last subproblem (4.50¢)

Ao ]
Bo+tf(A0) .

None of these solutions involve matrix functions of €27 or €5, and all problems can be solved exactly with
only small computational effort. We therefore treat these cases separately in the implementation of the

stlostiff scheme.

Remark 4.21. It may appear attractive to perform a splitting like

B(t)
—Q2A(t) — A(H)Q2 + F(A(t))

G2B(t)
—QFA(1) — A()Q3

D3B(t)
F(A®))

~2 ~2
= - ’ Wy +w2 = 17

(4.55)
instead of (4.50). The nonlinear subproblem can be treated with the variant Algorithm 8 of the St-LO
scheme. However, the linear subproblem cannot be implemented (storage) efficiently (see the discussion

in Section 5.4), which is why we do not pursue this approach further. o

4.4 Highly oscillatory problems

In this section, we design a dynamical low-rank integrator for a special case of the second-order problem

(4.1), namely
A'(t) = —Q2A(t) + f(A(t)) € C™7™, t € 0,7, A(0) = Ay, A'(0) = By, (4.56)

with a symmetric, positive definite matrix € with arbitrary large norm w = ||2||2. The nonlinear right-

hand side f is assumed to be Lipschitz continuous. By the variation-of-constants formula we have

o/
0

Such problems are often highly oscillatory: Due to the large eigenvalues of  the solution of (4.56)

cos(79) 7 sinc(72)
—70%sinc(7Q)  cos(7Q)

At)
A1)

Q= 'sin ((1 — 0)Q)

A o)) do. (4.57
CoS ((T*U)Q) f( (t+ )) ( )

oscillates heavily. These oscillations are challenging in the construction of numerical integrators for
(4.56).
In the following, we first revise trigonometric integrators for the numerical approximation to (4.57)

before we construct a dynamical low-rank scheme.

4.4.1 Gautschi-type integrators

For second-order problems, the leapfrog scheme from Section 4.1 is considered the standard integration
scheme. However, for problems of type (4.56), it suffers from a step size restriction due to stability issues,
cf. Section 4.2.2. Even for the linear case f = 0, the step sizes 7 have to be chosen such that 7w < 2
is satisfied, where w = ||€2||2 is again the largest frequency of the linear problem, cf. [Hairer et al., 2006,
Section XIII.1].

In [Gautschi, 1961], a method for computing a numerical solution to (4.56) was proposed. It gives

the exact solution for arbitrary € if f = const. A first modification of this ansatz was introduced
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in [Deuflhard, 1979], and numerous people worked on improvements of the original method. All these
methods share the following one-step formulation which is motivated by the representation (4.57) of the
exact solution, cf. [Hairer et al., 2006, Section XIII.2.2]:

2
Ags1 = cos(TQ) Ay, + 7sinc(7Q) By, + %\I/fk, (4.58a)

Bji1 = —1Q2sinc(rQ) Ay, + cos(7Q) By, + g(xpo Fr + U froin). (4.58b)
Here, we used the abbreviations
fo = f(@A), ¥ =9(rQ), W¥o=1o(r), U1 =1u1(rQ), @=¢(rQ), (4.59)

with even, real valued filter functions 1,10,11, and ¢ satisfying ¥(0) = ¥o(0) = ¥1(0) = ¢(0) = 1.
Hence, the methods involve (trigonometric) functions of the matrix 2.

The purpose of the filter functions (4.59) is to give a substantial improvement over the original method
introduced by Gautschi. They have to be chosen depending on the desired properties of the scheme. In

the following, we choose the functions as in [Grimm and Hochbruck, 2006],

Y(€) =sinc’(€),  Yo(§) = cos(€)sinc®(€),  ¢i(§) =sinc*(€), @) = sinc(§), (4.60)

which yields a symmetric scheme conserving the energy up to order 7. For simplicity, we will refer to
the method (4.58) with the choice (4.60) of filter functions as Gautschi method, though it is in fact a
method of Gautschi-type. Note, that this particular Gautschi-type scheme only solves problems (4.56)
with f = 0 exactly.

Remark 4.22. For Q = 0, the scheme (4.58) reduces to the leapfrog scheme applied to (4.56). o

4.4.2 A low-rank version of Gautschi-type integrators

Before we develop a dynamical low-rank integrator for the full problem (4.56), we first turn our attention

to the homogeneous case f = 0 and low-rank initial values A, By with
rank Ag = ra, rank Bg = rg

as usual. The solution then reads

A(t) | cos(tQ) t sinc(t2)
A'(t) B —tQ%sinc(tQ)  cos(tQ)

A,
By

cos(tQ) Ag + tsinc(tQ2)Bg
—t02 sinc(tQ2)Ag + cos(tQ)Bg |

In Section 4.3 we already noted, that the ranks of A(t) and A’(¢) are bounded by 7* = ra +rg. This means,
if we compute low-rank approximations to A(7) and A’(7) employing the projector-splitting integrator
with increments, cf. Algorithm 2, and approximation rank r*, we compute matrices A,,B; € M,
satisfying A; = A(7) and By = A’(7) due to the exactness property [Lubich and Oseledets, 2014,
Theorem 4.1]. We also immediately get a low-rank factorization of A; and B per construction. These
then allow to perform a new step of the projector-splitting integrator to compute As = A(27) and

B, = A'(27) in factorized form and so on.

Remark 4.23. Since we use the approximation rank r* in the projector-splitting integrator, we could
compute the exact solution A(t) in factorized form at any time by simply performing one single step of

the integrator with step size 7 =t. As soon as f # 0, this is not possible anymore. o
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Starting the projector-splitting integrator requires initial values Ay = Ay and By = By of rank r*,

ie.,
Ao =UpSoVY, By=TeRoW, Uy, Toe Vi, Vo,Wo€Vnre, So,RoeC >,

Neither Sy nor R are invertible, since the initial values Ay and By are now over-approximated with
rank 7*. The application of the projector-splitting integrator to compute the low-rank matrices Aq
and Bj is nevertheless justified, since the exact solution will be of rank r* in general and hence the
over-approximation only occurs in the approximation of the initial values.

We now return to the full problem (4.56). A low-rank counterpart of the Gautschi method (4.58)
is straightforwardly constructed based on its update sequences: Given approximations Ay ~ Ay and
By = By of rank r5 and rg to the initial values of (4.57), we obtain low-rank approximations Ay &~ A(7),
B; ~ A'(7) by first computing A; and B; as in (4.58), starting from Ay and Bg. Afterwards, we get Ay
and B as rank-ra and rank-rg approximations to A; and By via the projector-splitting integrator. If we
denote the numerical flow of the full-rank Gautschi method (4.58) by #lG!, then its low-rank equivalent

can be expressed via (cf. Remark 4.1)

Ay
B,

_ ¢[G71r] Ao
By

T
0

= glpreil o g[C t:“] : (4.61)

Though the low-rank version of the Gautschi method is easily derived, its efficient implementation is

challenging. We postpone the presentation of the details to Chapter 5.

4.5 Approximation to A’ in the tangent space

The St-LO scheme is constructed such that the approximation ranks ra and rg for computing low-rank
approximations A and B to the exact solution A of (4.1) and its derivative A" are independent from each
other. This especially means that A and B might belong to distinct low-rank manifolds.

In Corollary 2.13 it was shown, that the (time) derivative of a low-rank matrix A(t) € M, is always
contained in the tangent space Ta )M, . Sometimes, one might want to conserve this property also for

the approximations A and B, i.e., one is interested in approximations Ay ~ A(ty), By ~ A’(t)) satisfying

By € Ta, M4 forall £=0,1,.... (4.62)

We shall see in the numerical experiments, cf. Chapter 7, that the rank-adaptive variant of the new
integrator (see Section 6.3) benefits from this property. IL.e., there are situations where the accuracy
is higher compared to the rank-adaptive variant of the St-LO scheme, while the approximation rank is

smaller throughout the integration.

Remark 4.24. We already know from the representation (2.15) of elements in the tangent space to
the low-rank manifold M

sufficient to choose rg = 2ra in the St-LO scheme to conserve the tangent space relation between B and

ra, that the rank of such an element is bounded by 2ra. However, it is not

A, as the manifold Maj,, does not coincide with the tangent space TaM,, . o

The desired dynamical low-rank integrator for (4.1) is constructed from the non-staggered one-step
formulation of the leapfrog scheme (4.3). Hence, the variant computes approximations to A and A’ on

the same time-grid, whereas the St-LO scheme yields approximations to A’ on a staggered grid.
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Let k € N and let A, ~ A(tx), Bx = A'(t;) be approximations to the exact solution to (4.1) and its
derivative satisfying Ay € M, , and By € Ta, M, ,, respectively. Since the rank of By is bounded from

above by 2ra, we can find a factorization of By like
B:. = T R W/, Tk € Vimoras Wi € Viara, Ry € Craxira (4.63)

where R, might by singular. We now compute approximations Ay, € M,, and Byy; € Tao, M,, by
the following update steps:

1. Compute a rank-2ra approximation to A’(t; + %) by approximately solving

T ~

E/(O—) = F(Ag), o€]0,5], B(0) = By,

using the projector-splitting integrator. This yields an approximation B, 1= T, 1 Ry, 1 %% kH L1 €
2
Moy,

2. Compute a rank-ra approximation to A(ty + 7) by approximately solving
A(0) =By, o€0,7],  A(0) = Ay,
using the projector-splitting integrator, yielding Agy1 = Ug41 SkHVkHH eM,,.

3. Finally, compute
o~ T
Bry1=Bp + §F(Ak+1)7
and obtain By by projection,

Biy1 =Ua, , Bry1-

This indeed yields Bry1 € Ta,,, Mrs-

For an efficient scheme, it is favorable if this update sequence naturally yields a low-rank decomposition
of By similar to (4.63). Furthermore, computing §k+1 explicitly, i.e., its full-dimensional form, and
performing the projection afterwards neglects the benefits admitted by the low-rank factorization which
usually is available for dynamical low-rank schemes. Therefore the third substep needs to be handled
carefully in order to maintain efficiency.

We first consider a simpler, but related situation: For given Z € C™*" and A = USV# ¢ My,
we want to compute a low-rank decomposition of [[aZ = TRWY € TAM, A, Where the factors satisfy
T € Vimora, W € Vyor,, and R € C*AX2"A a5 in (4.63). From the representation (2.21) of the

orthogonal projector onto TaM,,, we get

TaAZ = ZTly — My ZTly + g Z
=y Zly + 1§ 21y + Hy 2103
= U(UzZzv) VT 4 (I ZzVv) VT 4 U(UP 2115). (4.64)

We now set

M=Ufzveca*a, U= [§2zV)eC™ s, V= (UlzIH)" e crxra,
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where UPU = 0 and V¥V = 0. Thus (4.64) matches the representation (2.15) of elements in the tangent

space TaM,,, and we directly obtain the factorization

1

TA

faz=TRW" = [U 0] [M ITA] v "

However, the factors T and W are not elements of the Stiefel-manifolds Vm.2ra and V, or, , respectively,

since in general neither U nor V are orthonormal. We therefore compute subsequent ) R-decompositions

TRy =T, T€Vnon, WRw=W, WeV,s,.
Setting R = RTﬁR{,JV finally yields the desired factorization.

Remark 4.25. If the matrix U has full rank r A, it is not necessary to compute the Q R-decomposition
of T but it suffices to decompose U instead: Denote by QgRg = U the @ R-decomposition of U. By

assumption, Rﬁ is invertible and hence
HYr _1THO -1 HA_ _ ~
Uu’'uU=0U QURU*O = U QU—O, where U €V, 14, QUEmeA.
Then T admits the decomposition

I, O

torme- (o 0] o)
18)

‘| s TEVmQTA.

Likewise, if V has full rank ra, with the same argument one shows the decomposition

—~ L, O
W_WRW_[V Q‘N’Ho RJ,
where Q\~,R\~, =V is the @ R-decomposition of Vand W € V. 2ra- o

Overall, the efficient implementation of the third substep above hence depends on the efficient com-
putation of the matrices M, fI, and V. In our particular case we have Z = §k+1 = Bk+% + %F(Akﬂ),

which allows us to compute these by clever ordering of the matrix-products: Define
Y =2V
H T H
= Ty 3 Rip s Wich s + S F (U181 Vie1)) Vi
T
= (T3 Rir ) (Wi 1 Vi) + §F(Uk+1sk+1VkH+1)Vk+1

-
= (T 1 Ry 1) X + 5K

where
X = Wkﬂ%vkﬂ, K = F(Up4+1Sk+1 Vi) Vi
Then it is
M= Uf_HY, as well as U=Y-U; M.
With

L= F(Up1Sit1Vit) Uk, X =T, 1 Upp,
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and

Y = 21U,

-
= Wk-&-%Rf.;_%T;i_%UkJrl + §F(Uk+lsk+lka+1)HUk+1

-
=W, 1R X+ s
one then obtains

V=Y-V, M,

see also Algorithm 9. We thus make use of the available factorization of By, 1 as well as the efficient
routines for computing products F(A)V and F(A)# U like mentioned in Remark 4.2. A single time step
of the overall scheme for the integration of (4.1) with property (4.62) is presented in Algorithm 10.

Algorithm 9: Projection step according to Section 4.5 for usage in Algorithm 10
1 projection(U,S, V., T, R, W ra,7, F)
Input : factors U,S,V of A = USV¥ ¢ M, , satisfying (4.9a), factors T,R, W of
B =TRW! ¢ Mo, satisfying (4.9b) with rg = 2ra, step size 7, right-hand side F'

2 K = F(USVT)vV
3 X =WHv
4 Y = TRX + %K

s M=U"Y
6 U=Y - UM

oTiefo ol wiev vom M

L., O
12 Compute reduced @QR-decompositions Ti Rt = ’i‘l and WiRw = Wl
13 Set R1 = RTﬁlR{;{v
14 Return T{,R{, W,
Output: factors T1,R1, Wy of B = ﬁA (B + %F(A)) € TaM,, satisfying (4.63)
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o7

Algorithm 10: Dynamical low-rank integrator for second-order problems (4.1) with approxima-

tions satisfying (4.62), single time step

1 stlotangent(U,S, V., T, R, W, ra, 7, F)
Input : factors U, S,V of rank-ro approximation A = USV# ~ A(t), factors T, R, W of
approximation B € TaM,., satisfying (4.63), B = TRW ¢ TaM,,, step size 7,
right-hand side F'

2 B-step: T1,R;, W, L =prsi(T,R,W,rg,AB) where AB = ZF(USV")
s A-step: U1,S1,Vy, Ly =prsi(U,S,V,7a,AA)  where AA = 7T,L"
4 B-step: T,R{,W; = projection(Ul,Sl,Vl,T%,R%,W%,T,F)

5 Return U,,S,,V,L;,T{,R{,W;
Output: factors Uy, Sy, V1 of rank-ra approximation A, = UlslV{{ ~ A(t + 7) satisfying
(4.9a), Ly = Vls{{, factors T1,Rq, W1 of approximation By € Ta, M, , satisfying
(4.63), By =T1R;W; = A(t+7)
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CHAPTER b

Implementation of dynamical low-rank integrators

In the previous chapters we revised and introduced several dynamical low-rank integrators for first- and
second-order matrix differential equations. As already mentioned, all these integrators, despite their
differences, share one fundamental difficulty, namely their efficient implementation. For us, efficient
implementation is twofold: On the one hand, we aim for a fast computation, i.e., we want the methods
to yield low-rank approximations in a short amount of time. On the other hand, we also want an efficient
storage management. In particular we aim for an implementation of the schemes that avoids computations
with matrices of size m x n. This is motivated by the fact that all dynamical low-rank integrators yield
approximations in factorized form, with factors of r columns, where r € N is the approximation rank.
Also, all update steps of all dynamical low-rank integrators are performed such that only matrices of
column dimension r are updated. Recall that for any dynamical low-rank integrator discussed within this
thesis, the right-hand side F' always appears in a matrix product with a matrix E of column dimension
r. Computing the product F(A)E based on the low-rank decomposition of A is crucial for all dynamical

low-rank integrators. This is discussed in detail in Section 5.1.

Furthermore, we comment on the situation where we have matrix functions (cf. Definition A.20)
involved in the dynamical low-rank schemes. This is the case for the prsistiff (cf. Section 3.3), the
stlostiff (cf. Section 4.3), and the gautschilr (cf. Section 4.4.2) schemes. The calculation of, e.g.,
the matrix exponential usually suffers from long computation times if the dimension of the argument is
large. In Section 5.2 we focus on two solutions of this problem: Implementation by diagonalization of the

argument, e.g., by FFT routines, and iterative methods.

In Section 5.3, we proceed with the implementation of the gautschilr method postponed from
Section 4.4.2.
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5.1 Implementation of low-rank matrix products for dynamical

low-rank integrators

In this section, we comment on the implementation of the products
F(A)E, EcC", (5.1)

for A given by its low-rank factorization A = USV# € M,.. Here F is the right-hand side of the first-
order matrix differential equation (3.1) or the second-order matrix differential equation (4.1), respectively,
and E is an arbitrary slim matrix. The aim is to avoid to compute the mn entries of A explicitly. In
most cases, this requires a non-intuitive computation of the products in (5.1). The implementation of
products F(A)”E for E € C™*" is realized analogously.

As presented in Chapter 3, the projector-splitting integrator does not only yield the factors U, S,
and V of A, but also the product L = VS at no additional cost. As a consequence, we present the

implementation of the products in (5.1) starting from the decomposition
A =UL”Y, UeV,, LeC™. (5.2)

Remark 5.1. One could exchange the projector-splitting integrator by the unconventional robust
integrator, cf. Section 3.4.2, in all dynamical low-rank integrators for first-order and second-order matrix
differential equations, respectively. Then the matrix L = VS is not provided by the algorithms.
However, if r is small compared to n, the computation of the product L from the factors V and S is

cheap. o

In the following, we first consider linear functions F' in (5.1). Afterwards, we focus on a general
approach for computing products of type (5.1) when the right-hand side is evaluated entrywise. As a
special case, we consider monomials. Any linear combination of these types of right-hand sides can be

implemented by combining the presented strategies.

5.1.1 Linear right-hand sides
Consider F': C"™*™ — C™*™ given by
F(A) =LA+ AL,,
where L1 € C™*™ and Ly € C**™. We have
F(A)E = (LA + AL)E

= L,UL”E + UL"L,E

= L (U@L"E)) + UL (L:E)). (5.3)
Computing from the inner parentheses to the outer ones ensures that no matrix with more than r columns
is involved, and hence yields a storage-economical implementation.

We point out that the above approach generalizes straightforwardly to the situation, where L or Lo

are given in a factorized form, e.g., in a decomposition like

Ly = Q70%Q, Q € C™*™ orthonormal.
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5.1.2 Nonlinear entrywise functions

Consider now the product

C = f(A)E, E € C™*" arbitrary, (5.4)

where f: C — C and
f(A)i; = f(Aij) foralli=1,...,m, j=1,...,n.

Based on the representation (5.2) of A € M,., we can compute the product (5.4) storage-economical.
Denote the ith standard basis vector of R™ as e;. Since f is entrywise evaluated, the first column of

C can be expressed via

elC=flefAEcC™,  i=1,....,m.

A is available in factorized form, so that we can compute the ith row of A by the slim matrices U and
L via

el A = (el U)LY e cPrm, i=1,...,m.

The products are computed quickly if r is small. This sequence of operations can be carried out for every
row index ¢ independently, and thus the computation of the rows of the solution C = f(A)E can be done
in parallel.

This general approach for computing the low-rank products (5.4) can be used for all entrywise eval-
uated functions f, including polynomials of arbitrary degree, trigonometric functions, exponential or
logarithmic functions, and any combination of these. However, especially when the rank r is very small
compared to the dimensions m and n of A € M, there are situations where one can achieve a slightly
faster computation. Such alternatives are often tailored to the respective right-hand side f and thus can-
not be generalized. One specific example we nevertheless want to discuss are entrywise power functions.

This is done in the next section.

5.1.3 Power functions

We here consider the special choice f(z) = 2Pz%, p,q € N, p+q > 2 for z € C, where Z denotes the complex

conjugate of z. The entrywise evaluation of f can be written in terms of the Hadamard product e,

fA)y=AeAe...0AeAeAe.. oA,

p times q times

We denote the jth column of a matrix A € C"™*" by A;. The matrix A = UL € M, as in (5.2) can

then be expressed as the following sum of rank 1 matrices,
A=UL" =% UL (5.5)
j=1

The Hadamard product is distributive and satisfies

(L) o (UyLY)) = (U e Ug)(Ly e L), 1<jk<r,
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cf. [Styan, 1973, Section 2]. Hence, for E € C™*" it holds

T T

F(AE = (zr:Uleﬁ).....(inpLij).(ZUlekHl).....(ZquLqu) E

ji=1 Jp= ki1=1 kq=1

Z (Ujl0...0Ujpoﬁk1o...oﬁkq)(Lho...oLjpofklo...ofk Y[ E

j17~--7jp7
E1,eokg=1

T

= Z (Uj,e...0U; Uy, o...onq)<(le o...oL; oL, o...0L,; )HE>
J1se5dps
[

We now consider the special case of the cubic nonlinearity
f(A)=AeAeA.
We then have

f(A)E = Z UjkéLﬁcb where Ujkg = Uj Oﬁk L] Ug, ijg = Lj Ofk L Lg.
g,k =1

Due to the symmetry of Uj, and Lji, in j and £, respectively, this can be rewritten as

fIAE=>" [Z(U§ ¢ U,)((L] e L) E) +2) z_:UjM(LﬂZE) . (5.6)
k=1 j=1 j=1¢=1

Here one avoids computing the same matrices multiple times, which speeds up the computation.

Lastly, with regard to Section 7.2.2 below, we consider
f(A)=xeAeAeA,

where

1, n<i<¢ and p<j<v,
Xij =
0, else,

and 7, &, u, and v are fixed integer values satisfying

The matrix x admits the alternative representation

T
0,1 0,1

X = ]15,774’,1 ]lllf;lrl*l = ]]-m]ln
(Dm—f (Dn—u

Here, O;,x» and 1,,x, are the matrices of dimension m X n with all entries being zeros and ones,
respectively, and O,, = O,,x1 and 1,, = 1,,%x1. Hence, x can be seen as a restriction matrix. In the
following, we denote the restriction of some vector x € C™ to its nth to &th entries by 9(x) € C&7H,
and the restriction of some vector y € C1*™ = C" to its uth to vth entries by o(y) € C*~#*+1. Since for
the Hadamard product it holds for any A € C™*", 2z € R™, and y € R"™, cf. [Styan, 1973, Section 2],

(ry") o A = diag(z) A diag(y),



5.2. Computation of matrix functions 63

we have from (5.5)

(x e A)E =

(Lnl,) e AJE

(@
[dlag )A diag(1 )} E

[dlag ZU L )dlag )
|

E

T

Z diag(1 Uj)Lf} (diag(in)E)

Jj=

—

' (D(nfl)xr
= | £ 0(U)elL)) o) (5.7)
]:
Om—g)xr

Hence, it suffices to compute the small matrices 9(U;)o(L;)? o(E) and summing them up. The imple-
mentation of (x @ A e A e A)E is realized by combining (5.6) and (5.7).

5.2 Computation of matrix functions

As seen in Sections 3.3, 4.3, and 4.4.2, the constructed dynamical low-rank integrators tailored to stiff
matrix differential equations and oscillatory problems contain matrix functions. Thus, for a matrix
L € C™*™ we are interested in the computation of g(7L)E, where E € C**" 7 > 0, and ¢ is an
arbitrary analytic function. For time integration, the most relevant is the matrix exponential e™”, which

is present in the prsistiff integrator introduced in Section 3.3. Further examples are
cos(tL), sinc(7L), L*sinc(7L), (5.8)

but also the filter functions (4.59) arising in Gautschi-type methods.

5.2.1 Implementation by diagonalization
Assume that L € C™*™ admits the decomposition
L=Q 'AQ, A = diag();) € C™*™ diagonal, Q € C™*™ invertible.
By Theorem A.21 it is
g(TL) = Q7 1g(TAN)Q, (5.9)

and the argument of the matrix function is now diagonal, namely
g(TA) = diag (g(7\;))-

If Q and Q! are known, the computation of g(7L)E can be realized by successive matrix multiplication
similarly to (5.3). Together with (5.9) all matrix functions in (5.8) can be computed exactly, up to
round-off errors.

While the computation of g(7L)E by diagonalization seems favorable, it might suffer from great effort.

Often L is sparse, which is common if L originates from the space discretization of a first or second-order
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partial differential operator. Unfortunately, the matrix @ is in general dense, and the multiplication of @
with a vector requires O(m?) operations. We therefore use this ansatz when the multiplication with @ is
of reasonable computational effort, e.g., if @ = F,, is the discrete Fourier matrix. Then, a multiplication

with F,, takes O(mlogm) operations as soon as FFT routines are employed.

Remark 5.2. Due to its relation to the discrete Fourier transform, we also compute the matrix
function g(7L) exactly when L is diagonalizable by the discrete cosine or sine transform (DCT/DST), cf.
[Strang, 1999]. A typical case, where the DCT can be used is when L stems from the space discretization of
a second-order partial differential operator with homogeneous Neumann/Dirichlet boundary conditions.

In Chapter 7 we will encounter an example, where such a situation arises. o

5.2.2 Krylov subspace methods

If L is sparse, the multiplication with L typically requires O(m) operations. In such situations, iterative
methods like polynomial or rational Krylov subspace methods are better suited to compute g(7L)E.

Here, we discuss iterative methods for computing products of the form
g(TL)E, LeCcm™™ EeCm™*. (5.10)

Since

grLE = [g(rL)By - g(rL)E.]

where E; denotes the jth column of E, all columns of the product (5.10) can be computed independently.

It hence suffices to consider products of the form
g(tL)v, veCm™. (5.11)

Krylov subspace methods have been studied extensively for computing approximations to (5.11) and
have been shown to yield reliable results with reasonable effort. Their application is of special interest
if the matrix L is sparse, since in this case a multiplication with L is cheap. The following review on
Krylov subspace approximations is based on [Hochbruck et al., 2015] and [Gockler, 2014].

Polynomial Krylov subspace methods search for an approximation to the product (5.11) in the Krylov
subspace

K¢(L,v) = span{v, Lv, ..., L* Yo} = {p(L) | p € Pe_1}, 0>1,

where we denote by P, the space of polynomials with degree less than or equal to £. The approximation
of (5.11) proceeds in two steps: First, an orthonormal basis of Ky is computed, which can be done by the
Arnoldi procedure described in Algorithm 11. Given an orthonormal basis V7, the new basis vector vy

is derived from

14

~ 1 _ ~
Vg1 = Ly — g hj.eve, Vet = 3Tt hegr,e = ||[Vega]]-
= 041,6
By construction, UJH’Ug_H =0 for j =1,...,¢, hence the coefficients satisfy h;, = Uwa. Collecting the

coefficients in the matrix H, = (hm)f’j:l € C* we thus have the relation

LVe =ViHy + hepavene;,  ViVe=1, VyeC™,
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where ey denotes the fth standard basis vector of R™. H; is an unreduced upper Hessenberg matrix, cf.

Definition A.19. Since V} is orthonormal, it is

VALV, = VA (ViHo + heg1pverrel)
= Hy+ hor1,0Vverrel
——

= Hy. =0
However, VZVZH # I, if £ < m, and hence, in general,
L# VLV VT = ViH V.

Yet the matrix V,H,V,//T approximates the argument L of the matrix function in (5.11). More precisely,

Hy is the projection of L onto the subspace ;. This motivates the approximation
g(tL)v ~ g(tVo H VYo = Vig(rHy) Vi v, (5.12)

where the last equality holds by Theorem A.21. Sometimes, already for ¢ < m, the approximation (5.12)
is sufficiently accurate. This is advantageous, since then the function g only has to be evaluated at some
small matrix Hy instead of the large matrix L € C™>*™. This can be done by algorithms derived for

dense matrices, e.g., by diagonalization, cf. [Higham, 2008].

Algorithm 11: Arnoldi process
Input : LeC™*™ veC™

1 v =v/|vf

2 for /=1,2,...do

3 for j=1,...,¢/do

_ . H
4 hj’g = ’Uj LU@

5 end

~ L
6 Vo1 = LU@ — Zj:l hj[l}j

7 hepre =[O
8 Vo1 = Vpgr/heg1,e
9 end

We adapt the implementation of the polynomial Krylov subspace as provided in [Hochbruck et al.,
2015, Algorihm 1], which includes several further ideas. E.g., the index ¢ is prohibited to exceed the
number maxiter € N. This ensures that the Hessenberg matrix H;, remains small compared to L for
appropriately chosen maxiter.

In [Hochbruck and Lubich, 1997] it was shown that the error of the Krylov approximations to the
matrix exponential always decays superlinearly, and that this decay starts at £ ~ 7|| L||2 iteration steps for
discretizations of hyperbolic problems. Hence, if the norm of L is large and maxiter is chosen too small,
this regime is not reached. Then, one either has to reduce the step size 7 (i.e., by adding a substepping
algorithm, see, e.g., [Al-Mohy and Higham, 2011]), or some kind of restarting procedure has to be used,
cf. [Eiermann et al., 2011].
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Another remedy to this shortcoming is to use rational Krylov methods instead of the polynomial

variant. They have been developed in [Ruhe, 1984] and are based on the rational Krylov subspace

Qi(L,v) = qe—1(L) " Ke(L,v) = {s(L)v | s € 7;;_1

hoooez1,

where the polynomial gy € P,;_1 is assumed to have no roots in the spectrum of L. This ensures that

the inverse of gy_1 (L) exists. With Theorem A.21, one obtains the alternative representation
Qu(L,v) = Ke(L,qe—1(L) " '0).

The properties of the rational Krylov subspace approximation strongly depend on the polynomial qy_.

We restrict ourselves to the particular choice

qG-1(z)=(y—-2)"t >0,

which yields the so-called shift-and-invert Krylov subspace Q¢(L,v) with
Qu(L,v) = K¢((vI — 7L)™",v) = span {v, (NI —7L) o, ... (y] — TL)f(Zfl)U} .

The Arnoldi algorithm now computes an orthonormal basis V; and an upper Hessenberg matrix Hy such
that
(Y[ —7L)"'Ve = ViHy + heyapveprel, VIV = 1o, (5.13)

or equivalently
(7L —~yD)VyHy = —Vy + (I — TL)het1 0ves16; - (5.14)

Multiplication of (5.14) with V,/ from the left yields

VHA(TL — D)V, Hy = VAV, + VH (YT — 7L)hes1 gvesref

s VA (TL)VyHy = —1 + vHy + Yhes10 Vi verr ef — hovr VP (TL)vesref
=0
— Hy = VL)V =~ — H' — hpyr oV (TL)vg 1] Hy (5.15)

Similarly as for the polynomial case, we end up with the rational approximation
g(rLyv = Vig(Hy) Vv

to (5.11).

In [Hochbruck et al., 2015, Algorithm 2], we find an implementation of the shift-and-invert Krylov
method, which we adapt for our numerical experiments. It was pointed out in [Hochbruck et al., 2015,
p. 250], that the last term in (5.15) can be neglected. Either way, in each step of the method linear
systems of equations have to be solved, cf. (5.13). In practice, these are not solved exactly but again with
some iterative method, e.g., a preconditioned Krylov subspace method. For the special case of L being
a Toeplitz matrix, cf. Definition A.17, we do this as presented in [Lee et al., 2010]. There the authors
exploit the special structure admitted by Toeplitz matrices in order to derive a fast and reliable variant
of the shift-and-invert Krylov subspace method tailored to this case. The combination of their approach
and [Hochbruck et al., 2015, Algorithm 2] is used in our numerical experiments in order to evaluate (5.11)

for this particular case.
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5.3 Implementation of the low-rank Gautschi method

We now develop an efficient implementation of the low-rank Gautschi method introduced in Section 4.4.2,
and show how to compute the low-rank approximations A; and B; in (4.61). Recall that Q is symmetric
and positive definite, hence its eigenvalues are real. In the following, we restrict ourselves to the case,

where 2 is Fourier diagonalizable, i.e.,
Q=F, ' AFn, A € R™*™ diagonal, F,, discrete Fourier transform matrix. (5.16)

Remark 5.3. 1. Throughout, for any A € C™*" we call the matrix F,, A living in Fourier space,
while A lives in physical space. The discrete Fourier-transform operator F,,, hence transforms from

physical space into the Fourier space, respectively, and its inverse F,.* into the opposite direction.

2. For simplicity, we will treat the discrete Fourier-transform as a matrix in all calculations in this

section. Note that F,, = LF,, and
FonFn = mF ! Fo = ml, (5.17)
so that F,, is orthogonal, but not unitary. o

The main difficulty in the implementation of the low-rank Gautschi method is imposed by the filter
functions. In particular, the right-hand side f is not evaluated at some low-rank approximation A =~
A(t), but the filtered counterpart ® Ay, according to (4.59).

Due to (5.16), we compute the matrix functions in (4.57), (4.58), and (4.59) exactly by (5.9):

f(TQ) = fn_zlf(TA)fma f(g) € {COS(f), sinc(f), _52 sinc(f), ¢(£)7 1/)0(5)» '(/}1 (5)7 ¢(§)}

We abbreviate
Ak = .FmAk, Bk = mek, ke No.

Then, the update steps of the full-rank Gautschi scheme read

2
Apy1 = f;l(cos(TA)Ak + 7sinc(TA) By + %w(TA)fmf(f;1</)(TA)Ak)), (5.18a)
Byy1 = F,' (= 7A% sine(TA) Ay, + cos(TA) By

" - (5.18b)
+ §(¢o(7A)fmf(f;1¢(TA)Ak) F UL (TA) Fo f(F (M) Age 1))

Hence, for computing Ag+1 and Bgyi1, 6 and 5 (inverse) FFTs are required, respectively. Note, that the
matrix Fy, f(F, ¢(TA)Ag) can be reused from the A-step. We now focus on the numerous (inverse)
Fourier transformations in (5.18). We want to compute low-rank approximations Aj and By to the
exact solution of (4.56) with as few (inverse) Fourier transformations as possible. The crucial idea is to
compute low-rank approximations in Fourier space rather than in physical space. This is possible, since

the Fourier transformation preserves the rank:
AcM, = F,AcM, = F'AcM,.

We conclude, that F,,, A admits a low-rank decomposition into factorsf € Vy, ,, S € C"*",and V € V,, ..

By the associativity of the matrix product, we have

FmA = Frn(USVY) = (F,U)SVH.
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This already resembles the desired factorization, but the factor F,,U is not contained in the Stiefel

manifold V,, ., since by (5.17) we have
(F U (F,U) = U FE F, U = mUAU = mI.

However, by rescaling the factors we get

1
ﬁfmu)(\/%sw’f =uUSv?,  where UEV,,, SEC™", VeV, (519)

One can compute a low-rank factorization of the Fourier transformation of some low-rank matrix by

Fh = (

the projector-splitting integrator in Fourier space:

Lemma 5.4. Let A(t) € C™*" be a time-dependent matriz of arbitrary rank, Ay ~ A(ty) a rank-r
approximation with the factorization Ay = UkSkaH € M, and Ap11 =~ A(tgy1) an arbitrary approxi-
mation computed with a standard scheme. Denote by Ap+1 € M, the low-rank approximation to A(tx+1)
computed by the projector-splitting integrator with increment AA = Apy1 — Ay.

Then A1 = leHSkHVkHH, where the factors Ugy1,Sky1, and Vi1 result from one step of the

projector-splitting integrator, cf. Algorithm 2, with increment F, AA.

Proof. Without loss of generality we consider k = 0. We recall the update steps of the projector-splitting
integrator for computing Ay ~ A(7):
U1§1 = U()S() + (A1 - Ao)Vo = A1V0, (5208,)
So=S1 —UH(A; — Ag)Vo = UTA, Vv, - U A,V + UFUS VIV, = UF UGS,  (5.20b)
~H
Vls{J = VOSO + (Al — Ao)HUl = Vosé{Ué{Ul + A{IUl — VQSgIUé—IUl = A{{Ul (5.20C)
In Fourier space, we first need a factorization of the Fourier transformation Ag of Ag. By (5.19),
b
vm

The first substep of the projector-splitting integrator with increment F,, A; — Aq reads

Ay =UpSoV{ = (—=FnUo)(vVmSo) V(.

US| =US) + (FrnAr — Ay)Vo = F, A1 Vo.

Replacing A; Vg by (5.20a) yields
L
vm

Since the Q R-decomposition is unique up to a unitary diagonal matrix, there exists D; € C"*" such that

U;S1 = Fu(UiSy) = ( fmUl)(\/E/S\l)-

1 N .
= ﬁfm,UlDlv S1 = vmD{'S,,

cf. Section A.2. For the second substep in Fourier space, we have

U,

So =8, —U(F, A1 — AV,
= U{I}—mAlvo - U{I-FmAlvo + Z/lllq‘/—';n,lAO\fO
1
= ﬁpff U FH FnUoSo

= vmDFUTU,S,
= \/ED{—I§07



5.3. Implementation of the low-rank Gautschi method 69

where we replaced UTU(S; by (5.20b) in the last step. Finally, the third substep yields

~H
VIS =S, + (FnAl — AU,

1 1
= /mVS§uUlu, D, + ﬁA{I}'nﬁI}'mUlDl - ﬁAglfﬁfmUlDl
= vmAPU, D,

=V (vVmDIs)H

by (5.20c). Again, there exists a unitary diagonal matrix Dy € C™*" with
Vi=ViD, 8 =+mDIS D,.

Altogether, we thus have
1
ﬁfmulpl)(\/meslpz)(vlpz)H

= F,UiD, DS, D, DIV
= fmAl - Alv

U181VH - (

which proves the claim. Note that we can employ the modified update sequence (4.14) also in Fourier

space. O

The impact of Lemma 5.4 is considerable: Denote by Agi1, Br41 the approximations to A(tx1)
and A’(tp4+1) computed with a single step of the Gautschi scheme (4.58) started from the low-rank
approximations Ay, By. If we want to compute a low-rank approximation Ay to Ag41, we can instead

compute a low-rank approximation Ayi1 & F,,, Ag+1, and similarly for Byq:

2
Aji1 ~ Fn A1 = cos(tA) Ay, + 7sinc(TA) By, + %@/J(TA)fmf(fn;l (TA)A), (5.21a)
Bii1 ~ FuBry1 = —7A?sinc(1A) Ay + cos(TA) By,

r (5.21D)
+ 5 (o (TA) Fin f(Fr 6T A) Ax) + 1 (TA) Fon f () (TA) Ape))-

The representations of Ay 1 and By in terms of the matrices Ay, By, and A1 reveal that a low-rank
approximation in Fourier space is sufficient to compute the next step of the low-rank Gautschi method.
If
FFRIA) = FL (A)

is true for each A € C™*"_ it is possible to carry out the whole computation in Fourier space. Then one
could first transform the initial values Ay € M, , and By € M, into Fourier space, iterate k times and
transform the approximations back to physical space with the inverse Fourier transform.

Given decompositions Ay, = Z/lkSkaH € M,, and By = TkRkaH € M., recall that we have to

compute the products
FnAi1 Vi, (FnApe) Uk, FuBesiWe,  and  (FnBis1) " Tists (5.22)

where F,,, Ag41 is given in (5.21a) and F,,, Br41 in (5.21b), respectively, in order to compute the low-rank
approximations Ay, and Biyi. In the following, we explain in detail how to compute these products.

For this, assume we are already given the matrices

La = V.SH, Lg = WiRE,  U=F '¢(rAU, (5.23)
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from the previous step of the iteration. Moreover, we also assume that the diagonal matrices

F(rA),  fF(€) € {cos(€), sine(€), —€2 sine(€), ¥(€), bo(€), Y1 (), #(€)}

have been computed and stored beforehand. Lastly, for simplicity we only consider the case rao = rg =r.
The extension to ra # rp is straightforward.

We start the current A-step by firstly computing and storing the matrices
Yy =UpS € C™*7, Yr=TrR;€C", X = WiV, eC",
This allows us to compute the matrix
K = cos(tA)Yy + 7sinc(7A)YrX (5.24)

by successive matrix multiplication from right to left, and matrix addition. It remains to compute

7_2

S o f (Pl o(7A) A Vi

for finalizing the first product in (5.22). As we have seen in Section 5.1, for the evaluation of the right-
hand side f, a decomposition of the argument of f into factors U e C™*" and L € C™*" is mandatory.
However, apart from their dimension, no further properties are imposed on these factors. Per construction,
A;. admits the decomposition A = MkSkaH, hence the product f(F,,'¢(7A)A;)Vy can be computed

as presented in Section 5.1, with the factors
U=Flo(rAU,,  L=V.S¢.

Comparison to (5.23) reveals, that U=UandL = La, i.e., both quantities do not have to be computed

but are already available from the previous iteration step. Overall, this enables us to compute the product

Y = f(Fn'¢(rA) AV, = FULE)Vy,

efficiently. The matrix K in (5.24) is then updated to

2
K+« K + %w(TA)me,

where we compute the arising products again from right to left. Overall, this yields
K=F,Ak:1Vr =Ur 1S by @ R-decomposition. (5.25)

Remark 5.5. Observe that reusing U in (5.23) saved one inverse Fourier transform. Thus, for com-

puting K in (5.25) only a single Fourier transformation is required. o
The second product in (5.22) is now performed similarly. We first have
L}A = LAukHCOS(TA)uk+1 + TLBTfsinc(TA)MkH.
Secondly, it is
Z = (W(rA)Fuf (Fr' o(rA)AW) Ui
FULE™ (Fo) o (r8) U1
mf UL (F o (rAU).
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We thus can again make use of the efficient routines of Section 5.1 for the computation of Z. L}; is then
updated as
72
Ly < Ly + 52

Computing the QR-decomposition of L yields the factors Vj1 and SkH+1. This finalizes the A-step of
the low-rank Gautschi method.

We now turn to the B-step of the scheme. Both Ay and Ay, 1 are needed to compute the step, but
since we computed the A-step completely, we have both matrices available in means of their factors. We

first compute
K = —7A?sinc(rA) Yy X7 + cos(tA) Y,

again from right to left. Next, we set
Uy = F (TN Uy
Then the product

Y = (Wo(TA) Fon f(Frtd(TA)AL) + 1 (TA) Fon f (Fir (TA) Ag 1)) Wi,
= Yo (TA)Fon f ALK YW, + 1 (TA) Fr f (UL (LY) )W),

can be performed analogously as before for the A-step based on the ansatz in Section 5.1. Updating
K« K+Y and computing the Q R-decomposition K= T k+1R yields the factor T 41 of Biy1. Lastly,

with
Lp = 72V YT A% sinc(tA) T g1 + Wi YR cos(TA) T i
and
Z = (Yo(TA) Fon f(F d(TA) Ar) + 1 (TA) Fo f (Fi o (A) A1) T
= m (UL (F o (rA) Tiar) + fF UL LR (F 0 (TA) T i),
we get

Ly « Ly + 2, Ly = WkHRkHH by QR-decomposition.
This finalizes the B-step of the low-rank Gautschi method. The quantities U, L}, and Ly are stored
and reused in the subsequent full step of the iteration. Overall, we require three Fourier transformations
(one for the A-step, two for the B-step) and four inverse transformations (one for the A-step, three for
the B-step). This is a significant reduction of Fourier operations compared to a naive implementation

based on (5.21) and the projector-splitting integrator, which requires in total twelve Fourier operations.

5.4 Splitting for second-order matrix differential equations

We return to the stiff second-order matrix differential equation (4.49),
A"(t) = —QTA(t) — A(W)Q5 + f(A®)),  A(0) = Ay, A'(0) = Bo,

and consider again the splitting (4.55)

/

A(t)
B(t)

B(t)
—Q2A(t) — A()Q3 + f(A(D))

G2B(t)
—O1A(t) — A3

w3 B(t)
F(A®))

~2 ~2 __
’ w1+w2*17
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instead of (4.50). Here the whole linear part is separated from the nonlinear part like it is done in the
construction of the variant prsistiff of the projector-splitting integrator, see Section 3.3. For simplicity,

let @; =1 and Wy = 0 in the following. The exact solution to the first (linear) subproblem
A'(t) = —QFA(t) — A)Q3, te[0,T],  A0)=Ay, A'(0)=By,

can be given explicitly in terms of the matrix exponential. By vectorization, the above differential

equation takes the form
vec A" (t) = —Q2 vec A(t), 2 =020 (37,

cf. Definition A.15, or equivalently in first-order formulation

/
vecA(t)| | 0 I| |vecA(t)
vec B(t) —-0% 0| |vecB(t)
We immediately conclude
vec A(t) . 0 I vec Ag cos(tQ) tsinc(tQ)| |vec Ag
=ex = .
vec B(t) P -2 0 vec By —t02%sinc(tQ)  cos(tQ) | |vecByg

Consider now the situation, that both €; and Qs are Fourier-diagonalizable,

O = F ' M F, Qo= F, AT, A1, Ay diagonal.

m

Then one can compute the matrix exponential exactly by diagonalization, cf. Section 5.2. We define
F=FT@®F. A =AtoAjeCmm,
and note that A2 is diagonal. By the rules of the Kronecker product, see Theorem A.11, we have

FINF = (Fr @ Fo Y In @ A + A5 @ L) (F, T @ Fo)
= [FroF A+ FIA o F | (Fo T @ Fm)
=1, @ F AL F, + FIAF T @ 1,
=i e ()",

so that we found a diagonalization of the Kronecker sum Q2 @ (Q3)7". Overall, this shows that the matrix
exponential above admits the alternative representation

; o I\ _ [F! cos(tA) tsinc(tA)| | F
P -2 ol F~1 | —tA%sinc(tA)  cos(tA) F|

The computation of the exact solution A(t) hence requires to compute and store the diagonal matrices

cos(tA), tsinc(tA), and —tA? sinc(tA), all with mn entries. This is contrary to the aims of never having
to compute or store a matrix of full dimension m x n at any intermediate step of the integration.

If Q4 or Q9 are not (Fourier-)diagonalizable, the computation of the matrix exponential is realized
by iterative methods, cf. Section 5.2.2. However, also in this case a (storage) efficient implementation
is not possible, since then the products arising in the update steps of the projector-splitting integrator

cannot be computed without computing A(t) and B(t) explicitly. Recall, that the product A(7)E for
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some E € C™"*" is essential in these steps. Since the exact solution is only available in vectorized form,

we consider this product in vectorized form also. By Theorem A.14, we then have
vec(A(T)E) = (BT @ I,,,) vec A(1) = (BT @ I,,,) (cos(T92) vec Ag + 7 sinc(TQ2) vec By),
or equivalently
A(T)E = Vecfn}n (cos(T€2) vec Ag)E + vecfn}n (¢sinc(7€2) vec B)E,

where vec; !, denotes the devectorization, cf. Definition A.12. Neither of the addends can be computed
without computing vectors of length mn, and therefore we cannot compute the product A(7)E storage
efficiently. The same holds for the product A(7)?E for E € C™*" and therefore none of the update steps
of the projector-splitting integrator can be performed storage-economical. These difficulties motivate the

splitting as in (4.50) for the construction of the stlostiff scheme.
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CHAPTER O

Rank-adaptivity

For all dynamical low-rank integrators discussed in the previous chapters it is required to fix the ap-
proximation rank at the beginning of the integration. It is important to choose it carefully: If the
approximation rank is too small, the low-rank approximation lacks accuracy since the low-rank error
dominates the time-discretization error. Conversely, if the rank is chosen too large, the algorithms be-
come inefficient. However, in many applications the appropriate choice of this rank is not known a priori,
and it might also vary over time.

Several strategies of rank-adaptivity for dynamical low-rank integrators have been proposed in the
past. E.g., in [Dektor et al., 2021], rank-adaptivity for tensor methods for high-dimensional PDEs was
based on a functional tensor train series expansion. For finite-dimensional parametrized Hamiltonian
systems modeling non-dissipative phenomena, a rank-adaptive structure-preserving reduced basis method
was introduced in [Hesthaven et al., 2022]. In [Ceruti et al., 2022] a rank-adaptive strategy for the
unconventional robust integrator (cf. Section 3.4.2) was derived. It makes use of unique properties of this
specific scheme and cannot be generalized to other dynamical low-rank integrators.

We introduce a general strategy for choosing the rank adaptively, which is applicable for all dynamical
low-rank integrators discussed in this thesis. The ansatz has been submitted for publication in [Hochbruck
et al., 2022b]. Tt is designed such that the only input parameter is the step size of the underlying splitting
method, i.e., the Lie-Trotter splitting for first-order and the Strang splitting for second-order matrix
differential equations. The aim is to ensure that the low-rank error of the adaptive dynamical low-rank
approximation does not reduce the approximation order of the respective underlying splitting scheme
applied to the full problem. For this, we propagate one additional singular value which is used to accept
or reject the current integration step and allows one to choose the rank for the next step. These decisions
are made based on an estimator of the local time-discretization error.

In the following, we first present a strategy to select the appropriate rank adaptively based on a given
tolerance threshold and on the singular values of the numerically computed approximation. We also show

how to switch between low-rank manifolds of distinct rank. The corresponding technique was already
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proposed in [Lubich and Oseledets, 2014] and recently also in [Hu and Wang, 2021]. Afterwards, we
propose a heuristic for choosing the tolerance threshold and derive a computable criterion by combination
of estimators for time-discretization and low-rank errors. Also, we comment shortly on the several rank-

adaptive schemes derived from this ansatz and highlight specific properties.

6.1 Selecting the rank

The main idea of our ansatz in rank-adaptivity is to approximate the solution to (3.1) or (4.1) by a
matrix of rank 7 in the kth time step, but to propagate a solution with one additional singular value.
IL.e., the low-rank approximations are computed in the manifold M, ;. The supplementary information
available by the added singular value is used as an indicator whether the rank for the current or next time
step has to be adjusted. For simplicity, we first restrict ourselves to the projector-splitting integrator.
The extension to the other dynamical low-rank integrators is provided in Section 6.3.

Given the factors Uy, Sy, Vi of a low-rank approximation A, = UkSka € My, 41, Ap =~ A(ty), one
step of the projector-splitting integrator computes the factors Uyy1,Sk11, Vi1 of the approximation
A1~ A(tg). Due to the orthogonality of Ugy; and Vi1, the singular values of Ay, are the singular

values of the small matrix Si41. We compute the singular value decomposition of Sy, 1,

~ H ~ . ~(k+1 ~(k+1) ~(k+1
Sk =PriZenQfhy,  Sip =diag@(tY, el G0,
where Pr11,Qr i1 € Vrpt1,r4+1 and 35’“*” > ... > &$f+1) > Giiﬁ) > 0. The reduced singular value

decomposition of Ay,1 then reads

A= (Uk+1Pk+1)ik+1 (Vir1Quy )™

Given a tolerance toly;1, we determine the rank r* = 7,41 such that

et <torpyy <t (6.1)

We distinguish three cases:

1. Augmentation case: If &ﬁfﬁ) > tolyy1, the step is rejected. Defining r; = 71 + 1, the step is

recalculated with rank 7} + 1. Hence, we need low-rank factors with column dimension rj + 1,
which is not true for the factors Uy, Sy, and V. We therefore append a zero entry to Sy,
. lsk 0

- € it x(rt1) (6.22)

The matrices Uy and V are augmented by appending unit vectors u € C™ and v € C™ such that
* *
E= [Uk ’U,:| S Vm,r]:+17 k= |:Vk U] S Vn,r;Jrl- (62b)

Numerical tests indicate, that choosing v and v as random vectors and orthonormalizing them
against Uy and Vy, is reliable and robust. Clearly, UrS;(V})¥ = UpSy VY = Ay, i.c., the initial
value of the current step has not changed. However, the numerical approximation is now able

to evolve to rank 7; + 1. Starting from the new factorization of Aj in terms of the matrices



6.2. Choice of tolerance 7

* *

%Sk, and Vi, the (k 4 1)-st integration step is recomputed, yielding the approximation A}, =

41Sk41(Via1)™. This procedure is repeated until

~ (k+1)

+1)
Orri1

<tolpyr < &£

R

is satisfied, see also Algorithm 12. Then, the step is finally accepted and the rank for the next step

is chosen as r* = 7. The initial values for the next step are
* * *
Uit = Uk+1a Sk41 = Sk+1a Vit = Vk+17

all of column dimension r}; + 1.

2. Reduction case: If &ff,fﬂ) < tolg41, an accurate approximation is also available with a smaller

rank. The step is accepted, but the rank for the next step is determined by

+1)

r* = max { argmin{j | 6’§k < tolpy1l}, Tk — 2},

i.e., the rank is either reduced by 1 or 2. Hence, the rank decays slowly, which prevents sudden

drops of the rank. As initial values for the next step, one chooses

Sk =1"% 1, Upt1 = (U1 Pry)], Vi1 = (Vk+1Qk+1)T,

where

c R(Tk+1)><(7‘k+1+1)_

f: I”‘k+1+1
0

In order to prevent rank-oscillations, rank-reduction is prohibited within the first 10 steps after an

augmentation step.

3. Persistent case: If (6.1) is satisfied, the step is accepted and r* = ry,.

6.2 Choice of tolerance

It remains to choose a tolerance threshold toly, k = 0,1,... in (6.1). The possibly easiest choice is to

employ an absolute tolerance threshold which is independent of the iteration index k,
tol, = abstol, k=0,1,....

Then all singular values which are smaller than abstol are discarded in the low-rank approximation.
However, the trajectories of the singular values are ignored. This might cause issues, especially if the
largest singular value becomes smaller over time. If it falls below abstol, all singular values are discarded.

A straightforward adjustment is to either require » > 1 or to introduce a fixed relative tolerance
reltol and to define

toly = a§’“> -reltol, k=0,1,..., (6.3)

where Eyc) denotes the largest singular value of the numerical approximation A;. Now the trajectory of
the largest singular value is taken into account. Even if the singular value drops significantly over time,

the low-rank approximation is always at least of rank 1.
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Algorithm 12: Augmentation

1 augmentation(U,S, V,AA, r tol)
Input : factors U, S,V of rank-(r + 1) approximation A = USV# with U e Vinr+1,
V € Vi1, S € COTUXTHD) functions for products with AA, tolerance tol

3 ready = False

4 while not ready do

5 r=r+1
6 choose u € C™ orthonormal to U (e.g., random)
7 choose v € C™ orthonormal to V (e.g., random)

8 compute U =U"* S=S* V=V*asin (6.2)
9 U,S,V,L=prsi(U,S,V,r+1,AA)
10 compute singular values &1,...,0.41 of S
11 ready = (6,41 < tol)
12 end
13 Return U,S, VL, r
Output: factors U, S,V of rank-(r + 1) approximation to A + A4 and L = VS with
U€ Vi1, VE Vg1, S € COTUXr+D)

A major drawback of the ansatz in (6.3) is that a suitable choice of reltol is in general not known
beforehand. Obviously, the smaller reltol, the more singular values can be taken into account. This
enlarges the approximation quality, but also increases the computational effort. Larger values of reltol

reduce the effort, but a good approximation may not be guaranteed anymore.

We propose a different ansatz for choosing tol. Instead of linking the tolerance threshold to the
trajectory of the largest singular value, we take the time-discretization error into account. This is moti-
vated by the results in Theorem 3.6 for the projector-splitting integrator and Theorem 4.11 for the St-LO
scheme. There it was shown that for both low-rank schemes the global error splits into a low-rank error
and a time-discretization error contribution. Clearly, if the time-discretization error is already large,
the approximation rank can be chosen smaller, maintaining the convergence order. Contrary, a small
time-discretization error might be spoiled by a large low-rank approximation error, thus a larger approx-
imation rank should be chosen. We therefore suggest to construct rank-adaptive dynamical low-rank
integrators based on balancing the low-rank approximation and the time-discretization errors such that

the convergence order (and the time-discretization error) is not impaired by the low-rank error.

The error analysis of the projector-splitting integrator provided in [Kieri et al., 2016], see also Theo-
rem 3.6, shows exponential growth of the error w.r.t. the final time T'. For the St-LO scheme we have seen
a similar behavior, cf. Theorem 4.11. However, numerical experiments indicate that this is a pessimistic
bound, and the errors grow much slower in T'. Since the exact behavior of the global error w.r.t. T is in
general not known, we use an estimator for the time-discretization error, which is the basis for computing

the tolerance threshold tol.
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6.2.1 Time-discretization error estimation via Richardson extrapolation

In our implementation, we approximate the evolution of the error by monotonically increasing piecewise
linear functions. The respective slopes are recalculated every M steps, where M € N is suitably chosen.
The practical estimation of the time-discretization error is done as follows:

Starting from an approximation Agy =~ A(teps), we compute an approximation to A(teps4+1) with
the rank-adaptive integrator and step size 7. In this step, we prevent rank-reduction. The (propagated)
numerical approximation Agpr41 possesses rank r* = rypr41 + 1. The subsequent time step is now
performed with rank r*, which yields the approximation Agyr1o. In parallel, we perform four steps with
step size 5 and approximation rank r*, started from Ayy;. By this, we obtain alternative (and in general
more accurate) approximations AZMH ~ A(tepr41) and AEM+2 ~ A(tepr4+2). I the chosen method
converges with order p € N in time, Richardson extrapolation [Zlatev et al., 2017] allows one to estimate

the propagated errors of Aypr41 and Agpr40 as

2P o
IA(terr+1) — Aenra|| = T 1||A13M+1 — Appra| = erry,
and
2v X 1T
[ACerr+2) = Aenssell # o7 [ Aenr+2 — Aena|l = erry,
cf. [Constantinescu, 2018, Section 5]. We let
¢ err)
L= )
2err}Z
and define the quantity err, recursively via
errpy; = erry + M(gerr%, {=0,1,..., errg = 0.

The estimation of the propagated error of Ay ~ A(ty) for k = ¢M + j then reads
|A(tenrss) — Aenrysl| = erry + jérerry = tdey, j=12,..., M. (6.4)

Remark 6.1. Computing the norm of the difference of the low-rank matrices A and A should not
involve the matrices themselves, but their low-rank factors. By the rules of the Frobenius norm and inner

product (cf. Theorem A.7), it is

|A —A|P? = [USVT - OSV"|?
— [USVH|?2 — 2Re(UsVH  USV"y 4 USV |2
— |IS|I2 + [IS|I? — 2Re tr(VSTUHTUSV")

— [IS|2 + IS||2 — 2Retr (V" V)SH (UH 1)),

where the last equality holds by the identity tr(AB) = tr(BA). This representation allows us to compute
the norm of the distance between A and A without having to compute or store any matrix of full
dimension in any intermediate step. However, it was numerically observed that this expression suffers

from cancellation. With the orthogonal projector Iy = UU onto the column space of U and the
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orthogonal projector H%J = I, — IIy onto its orthogonal complement, see (2.20), we rewrite A as the

sum

This yields
IA — A|2 = |[USVT — Iy USV" — L USV |12
— UV —ufusSvT|? + s usv 2
= ISV — (UHDSVT |12 + (|US — U(UTU)S)2,

which we observed to be more robust in our examples. o

6.2.2 Low-rank error estimation

For estimating the low-rank approximation error, consider first the exact solution A at time tx41 and
denote its singular values by o1 > ... > 0, > 0. The rank-r;; best-approximation AZf{ to A(tg+1)
fulfills

”A(tk-‘rl) 23—%”2 _ Uzk+1+1 +o Tt 0-7% (n - Tk—i—l) Tk+1+1
[A(te+1)[? o +...+on T [7: Vi
so that
I4(te12) = A < 0l S
ARl
The bound in the numerator is a worst case estimate, where all singular values o, ,+1,...,0, are of the

same size. In practice, this is often not the case, especially if A is well-approximated by a low-rank matrix.

Neither the singular values of the exact solution are known, nor the best-approximation Azf{ For a

computable bound, we therefore replace the singular values o; of A(tk+1) by the singular values O'(k—H)
of the low-rank approximation A1, and the best-approximation Ak 71 by Agy1. The unknown ratio
between the norms of the exact solution and the low-rank approximation is estimated as 1. Altogether,
this gives

~(k+1
A(ts1) — Apsr| T8 /=i,

6.2.3 Tolerance threshold

The combination of the estimators of time-discretization and low-rank approximation error finally yields
a computable threshold tol. Enforcing the low-rank error to fall below the time-discretization error

yields the inequality

~(k+1
ikjﬂ)rl n—Tpy1 < tdegq,
where tdey41 is given in (6.4). Solving for Uifjlll yields the condition
~ tde err; + j(eerr! .
(k+1) kL _ eTTet jGerTy tolpr1,  k+1=4L0M+j. (6.5)

o
Tk +1 —
k+1 \/n_rk+ \/n_rkJr

Though these heuristics work well in our numerical experiments, cf. Chapter 7, they are only reliable
if the low-rank approximation error is small compared to the time-discretization error right from the start

of the integration. Therefore it is required to determine a suitable initial rank rq.



6.3. Rank-adaptive algorithms 81

In our implementation, we use the following heuristic: We start the iteration from a low-rank approxi-
mation to Ag with rank ro = 5 and perform v steps (with v small, e.g., v = 5). In this phase, we prohibit
rank reduction. Let r* denote the number of singular values of A, ~ A(t,) which are greater or equal
to tol, given in (6.5). If r* < ro, we continue the integration with r,11 = r*. Otherwise, we rerun the

initializing process for rg multiplied by 2, until r* < rg holds.

Remark 6.2. By design, if r* 2> rg, i.e., 7* is just slightly larger than rg, the rank ry is doubled and
might cause a significant overestimation of the initial rank for the first v steps. The favorable property
of the dynamical low-rank integrators to be robust with respect to the presence of small singular values,
which is inherited from the projector-splitting integrator, ensures that the approximation quality does
not deteriorate even in this situation. Also, since we overestimate the rank only in the first v steps, the

computational overhead is small. o

6.3 Rank-adaptive algorithms

The rank-adaptive version of the projector-splitting integrator Algorithm 2 is called raprsi for rank-
adaptive projector-splitting integrator in the following. A single step of the raprsi scheme is given in
Algorithm 13.

Algorithm 13: Rank-adaptive projector-splitting integrator, single step
1 raprsi(U,S,V,r,AA p)
Input : factors U, S,V of rank-(r + 1) approximation A = USV# ~ A(t) with U € V,, 11,
V € V,t1, S € COTUXHD functions for products with AA

3 Uy,81,Vy, Ly =prsi(U,S,V,r +1,AA)
4 compute SVD S; = PZA]QH where 3 = diag(a1,...,0041)
5 compute tol according to Section 6.2
6 if o, < tol then
7 ry = argmin{j | 41 < tol}
8 I = [Ir1+1 O]T c CU+1)x(ri+1)
9 U, =(UP)I
10 S, =ITST
1 V= (ViQ)I
12 Ly =V,8¥
13 else if 6,1 > tol then
14 U,,S1,V1,Ly,r = augmentation(U,S, V,AA, r tol)
15 Return Uy,S;,V, Ly,
Output: factors Uy, Sy, Vy of rank-(r; + 1) approximation A; = UlslV{I ~ A(t+ 1) and
Ly = V,S¥ with Uy € Viry 11, Vi € Vo g1, S1 € COrHDX(mi41)

The rank-adaptive equivalent of the prsistiff scheme (cf. Section 3.3) is named raprsistiff. Since

the linear subproblem (3.13a) preserves the rank of its initial value, rank-adaptivity is only applied in



82 Chapter 6. Rank-adaptivity

the integration of the nonlinear subproblem (3.13b). One single time step of the raprsistiff is hence
obtained by replacing the prsiF scheme in line 7 of Algorithm 4 by the raprsi method.

Similarly, we derive a rank-adaptive version of the St-LO scheme by replacing the prsi routines in
lines 2 and 3 in Algorithm 7 by the raprsi scheme. This new integrator is named rank-adaptive St-LO
(rastlo) scheme. A rank-adaptive version of the stlovar scheme is derived in the same way and is
named rastlovar.

With the same idea we obtain the rastlotangent scheme as rank-adaptive counterpart to the
stlotangent method given in Algorithm 10. Note that for this integrator rank-adaptivity is only used in
the A-step of the integration (line 3), since the approximation rank r implicitly determines the column
dimension of the low-rank factors of the approximation B ~ A’ see also (4.63).

For stiff second-order matrix differential equations (4.49), we equip the integrator stlostiff displayed
in (4.53) with the adaptivity schemes described above. For the sake of efficiency, the rank is only allowed
to change in the integration of the nonlinear subproblem, though the linear subproblems in general do not
preserve the rank. Only if rank-augmentation needs to be performed, the affected substeps of Algorithm 8

are recomputed. The resulting rank-adaptive scheme is named rastlostiff.

Rank-adaptivity for the St-LO scheme

In contrast to all other dynamical low-rank integrators discussed within this thesis, the St-LO scheme
computes approximations to A and A’ on a staggered grid. This causes a problem in the computation of
the tolerance threshold as presented in Section 6.2. Richardson extrapolation expects the local time-dis-
cretization error to converge with order p + 1 if the method converges globally with order p. However, if
the approximations are not computed on the same grid, this property is violated, which can already be

observed for the leapfrog scheme: Consider the linear problem
A"(t)=LA(t), te]l0,T], A(0) = Ay, A'(0) = B(0),

and compute two sets of approximations to A(te) and A’(¢ 3 ). The first one is obtained by performing
one step of the leapfrog scheme in its staggered formulation (4.4a) with step size 7, started from approx-
imations Ay ~ A(t1), By ~ A’(t1). This yields the approximations A; ~ A(t2) and By ~ A'(t3). The
second set As, B 3 results from performing two steps of the scheme (4.4a) with step size 7, also started

from Ay, B 1 Straightforward calculation yields the expressions

By = By +7LA,

3
2

A2 = A1 + TB% +7'2LA1,

as well as

7.2

3
T ;2
+TLA1+ZLB%+§L Al,

e

jw

=B

1
2
7_3

LB +T—4L2A
g Tz 16

¢ 372
A=A +TB%+TLA1+

Comparison of Bs and é% shows that the error between these quantities is of order O(72), and the same
holds for the error between Ay and As,. Thus, also for general right-hand sides F'(A) we cannot expect
Richardson extrapolation to yield proper results if the approximations are not computed on the same

grid.
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A remedy for this issue is to modify the rastlo routine. After performing /M steps, one is given
the approximations B, M-1 and Ay Computing a subsequent B-step with step size 7 yields By, ~
A’ (tear). Since now the approximations to A and its derivative are given on the same grid, the estimation
of the time-discretization error as explained in Section 6.2.1 is reliable. For this estimation however the
St-LO scheme needs to be replaced by the rastlovar scheme in order to remain on a non-staggered time
grid. This gives the approximations Byys42 and Ayaryo. For proceeding the simulation, the next B-step
is performed again with halved step size 7, and all further A- and B-steps are carried out with step size

7 until one reaches the approximations B, ;) M-} and A (zy1)y- Then one repeats the whole procedure.
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Numerical experiments

We conclude this thesis with numerical experiments for matrix differential equations resulting from space
discretizations of PDEs. They illustrate the performance of the constructed fixed-rank and rank-adaptive
dynamical low-rank integrators for first-order and second-order matrix differential equations.

All considered PDEs are imposed on a rectangular domain
Q=[-Ls, L] x [-Ly,, L, C R% (7.1)

For the discretization in space, we use a uniform mesh with n grid points in - and m grid points in

y-direction, respectively. We denote with
2L,

2L
= hy = —, m,n € N,
n m

hy
the mesh size in - and y-direction, respectively. The mesh €2;, depends on the chosen boundary conditions:

1. Dirichlet boundary conditions
Qp ={(zj,9i) | ¢j = =Ly + jhy, yi = —Ly+ihy, 1 <j<n—-1,1<i<m-—1}, (7.2)

2. periodic boundary conditions
Qn = {(25,4s) | 25 = —Lo + jha, yi = =Ly +ihy, 1 <j<n, 1 <i<m},

3. Neumann boundary conditions

Qn ={(z;,4:) | ¥j = =Ly + jha, yi = —Ly +ihy, 0< j<n, 0<i<m}. (7.3)

Errors of the low-rank approximations are measured w.r.t. numerically computed reference solutions,
unless the exact solution of the respective problem is known. Since we are only interested in the time-
discretization error, reference solution and low-rank solutions are computed on the same spatial grid.
Moreover, we always compute relative global errors at t, =T,
orp — 1Ak = Axl

[Akll
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between the reference solution A and the low-rank approximation A, as these approximate the relative
discrete L?-norm of the respective functions.

For the rank-adaptive dynamical low-rank integrators, the computation of the tolerance threshold as
presented in Section 6.2.1 is performed with M = 100, i.e., every 100 steps we perform four additional
steps with step size 7. This increases the computational effort by 4%. Choosing smaller values for M
improves the estimation of the time-discretization error, but also increases the computational cost. In
one of our experiments, we found that M = 10 was necessary.

All algorithms have been implemented in Python. The codes for recreating the figures in this chapter

are available from [Schrammer, 2022].

7.1 Stiff first-order matrix differential equations

In this section, we consider stiff first-order matrix differential equations of the form (3.12). For such
problems, a dynamical low-rank integrator has already been proposed in [Ostermann et al., 2019], see
also the prsistiff scheme (cf. Algorithm 4) in Section 3.3. The purpose of this section is to test the

rank-adaptive variant of the prsistiff method as it has been designed in Section 6.3.

7.1.1 Nonlinear fractional Ginzburg—Landau equation

The cubic Ginzburg-Landau equation is used to describe a variety of physical phenomena, e.g., super-
conductivity, superfluidity, and others, cf. [Aranson and Kramer, 2002]. In [Tarasov and Zaslavsky,
2005], the authors derived a fractional generalization of the Ginzburg-Landau equation. Discretization
in space by the second-order fractional centered difference method proposed in [Celik and Duman, 2012]
and homogeneous Dirichlet boundary conditions yields the stiff semilinear first-order matrix differential

equation
A'(t) = —DyA(t) — A(t)Dy — (K + i§)|A(t)|2A(t) +~A(t), tel0,T], A(0) = Ay, (7.4)

where D, and D, are symmetric Toeplitz matrices with first columns

v+in
hg

]T and l/+177|:5 B

B T
3 90,917-~~79m72]
hy

[ggaglaa"' agg—Q

)

cf. Definition A.17. Here, i=v—1, v,k >0, n,£,7 € R, and 1 < o, 5 < 2 denote given parameters, and

w (=D*T(1 + p)
ke = T2 —k+ )T (n/2+ k+1)

ne {Oé, ﬁ}a ke Z)
where I'(-) denotes the Gamma function.

Remark 7.1. Since I'(z) — 0 for z — —oo and I'(z) — oo for z — oo, respectively, the computation

of the denominator of gj is numerically unstable if k& becomes large. By using the property
[(z+1) =2I(2) for —z¢N
for the Gamma function one obtains the alternative representation

w241

k
D(a/2 = k+ DU(/2+k+1) = T*(a/2+ 1) [ T
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Figure 7.1. Fractional Ginzburg-Landau equation, first experiment with Ao from (7.5). The left picture shows
the relative global error at 7' =1 for («, 8) = (1.2,1.9), where the fixed-rank approximation (yellow) is computed
with » = 5. The rank-adaptive approximation was computed with M = 100 (orange) and M = 10 (blue). The
trajectories of the ten largest singular values of the reference solution (gray), the singular values of raprsistiff
(M = 10) for 7 = 107 (blue), and the computed tolerance threshold (red, dashed) are displayed on the right.

The computation of the denominator based on this representation was observed to be more stable in our

experiments. o

In [Zhang et al., 2020], (7.4) was solved approximately with the linearized second-order backward
differential scheme (LBDF2). A fixed-rank dynamical low-rank integrator for (7.4) based on the con-
siderations from [Ostermann et al., 2019] was proposed in [Zhao et al., 2021]. We compute low-rank
approximations to the exact solution of (7.4) with the prsistiff and the raprsistiff schemes. The
solution of the linear subproblem in (7.4) is of the form (3.15) with Ly = —D,, and Ly = —D,, respec-
tively. Since D, and D, are both Toeplitz matrices, we use the method proposed in [Lee et al., 2010] for
computing the action of the matrix exponential, see also Section 5.2.2.

For our tests, we use the parameter sets from [Zhao et al., 2021]. The first one is given as L, = L,, = 10,
m=n=512,v=n=k={=7=1,T=1, (o, f) = (1.2,1.9), with initial value

(Ap)i; = 2sech(z;) sech(y;) exp (i(z; + vi)), i,j=1,...,m—1. (7.5)

The reference solution is computed with the LBDF2 method and step size 7 = 107%. The relative
global errors of the low-rank approximations at time 7' are displayed in Figure 7.1. For large step
sizes, the approximations computed with the raprsistiff method show large errors. This is due to
an overestimation of the time-discretization error, which causes a tolerance threshold so large that the
second largest singular value is discarded. This unfortunate behavior does not appear for M = 10.

For the second experiment, the parameters are chosen as L, = L, =8, m =n =512, v = k = 1,
n=05E&=-5~v=3T=1, (o, 8) = (1.2,1.9), with initial value

(AO)ij = exp ( — 2(.%? +y12)) exXp (i(So)ji), (So)ij = (exj-i_yi +e_xj_yj)_1, i,j = 1, e, — 1. (76)

Figure 7.2 shows the relative global errors at time T' = 1. The curves for the fixed-rank and rank-adaptive
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Figure 7.2. Fractional Ginzburg-Landau equation, second experiment with Ao from (7.6). The left picture
shows the relative global error at 7' = 1 for (o, 8) = (1.2,1.9), where the fixed-rank approximation is computed
with r = 8. The trajectories of the ten largest singular values of the reference solution (gray), the singular values
of raprsistiff for 7 = 10™% (orange), and the computed tolerance threshold (red, dashed) are displayed on the
right.

integrators now align almost perfectly.
Similar results for both experiments were observed for the parameters (o, ) = (1.5,1.5),(1.7,1.3),

and (1.9,1.2) and are available from [Schrammer, 2022].

7.1.2 Nonlinear fractional Schrodinger equation

The nonlinear fractional Schréodinger equation, cf. [Zhao et al., 2014], is a special case of the nonlinear
fractional Ginzburg-Landau equation with v = kK = v = 0. In the limit «, 5 — 2 it becomes the classical
Schrédinger equation.

For our experiment we take the parameters and the initial value from [Zhao et al., 2014], namely
L,=L,=10,n=m=512,n=1,(=-2,T=0.2, (o, ) = (1.2,1.9), and

(Ap)i; = sech(x;)sech(y;) exp (i(:cj + yz)), ,j=1,...,m—1.

We compute low-rank approximations to the exact solution of the problem again with the prsistiff and
raprsistiff methods. A reference solution is computed with the LBDF2 method, using the step size
2-1075. The results of our experiment are displayed in Figure 7.3. Again, the relative global error curves
of the fixed-rank and rank-adaptive schemes match nearly perfectly and clearly indicate convergence of

order 1. The results for other choices of o and § are provided in [Schrammer, 2022].

7.2 Second-order matrix differential equations

We proceed with second-order matrix differential equations of the form (4.1). We here use all dynami-

cal low-rank integrators stlo, stlotwostep, stlostiff, gautschilr, and stlotangent constructed in
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Figure 7.3. Fractional Schrédinger equation. The left picture shows the relative global error at T = 0.2 for
(a, B) = (1.2,1.9), where the fixed-rank approximation is computed with » = 5. The trajectories of the ten largest
singular values of the reference solution (gray), the singular values of raprsistiff (M = 100) for 7 = 4 - 10~*

(orange), and the computed tolerance threshold (red, dashed) are displayed on the right.

Chapter 4 to compute low-rank approximations to the exact solutions of (4.1). Moreover, we apply their

rank-adaptive versions rastlo, rastlostiff, and rastlotangent.

7.2.1 Homogeneous wave equation
For our first example of a second-order differential equation we consider the homogeneous wave equation
dfa(t,,y) = Aa(t,z,y), te[0,T], (z,y) €,

subject to periodic boundary conditions and suitably chosen initial values

a(O,amy) = @0(.’13,:(]), ata(ovxay) = Eo(.’ﬂ,y), (:E,y) €

The domain Q is given in (7.1) with L, = 3007 and L, = 6007. For the discretization in space we follow
the approach in [Schweitzer, 2008, Section 4.1.3] and use fourth order finite differences in z-direction and a
pseudospectral method in y-direction. The motivation for this particular discretization is the application

in the next experiment in Section 7.2.2. We thus end up with the linear second-order matrix differential

equation
A'(t) = LAt),  A(0)= Ay, A(0) = B, (7.7)
with
A 0.12 v B 295\ (& =1 =1
( 0)7,]_ . exp<_E_w7%>7 ( 0)7/]_(_ﬁ>( O)l]a t=1,...,Mm, J=4...,n.

The parameters are chosen as [y = 107 and wy = 100w. The discrete Laplacian £ acts on A(t) via

LA(t) = F,' DiFm A(t) + A(t) D,
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Figure 7.4. Homogeneous wave equation. Left: Relative global error in A between exact solution of (7.7) and
low-rank approximations computed with the projector-splitting integrator for ¢ € [0,457] and different step sizes,
shown from the first time step. Right: Relative global error in A between exact solution of (7.7) and low-rank

approximations at 7' = 457. The stlostiff scheme allows for larger step sizes compared to the stlo scheme.

where D, € R"*™ denotes the symmetric Toeplitz matrix (cf. Definition A.17) with first column

—W[zao, -16,1,0,...,1,-16]7,

and D, € C™*™ ig given by
im m m
D, = -~ di (0,...,f—1,—f,...7—1).
v=1, 2 2

Projector-splitting integrator applied to the equivalent first-order system

In the following, we first study the performance of the projector-splitting integrator when it is applied to
the equivalent first-order system (4.2) of (7.7). For m = 4096 and n = 512 discretization points in y- and
z-direction, respectively, we compute a numerical approximation with ro = 20 and different multiples of
the step size 79 = L,;/(160m). The results are displayed in Figure 7.4 (left picture). While for 7 = 7 the
relative global error remains small, the error for the larger step sizes grows rapidly w.r.t. t. Also, the larger
the step sizes, the earlier the numerical approximation with the projector-splitting integrator becomes
unstable. Hence, even for the homogeneous case, the naive approach for computing a dynamical low-rank
approximation based on the first-order formulation (4.2) of (7.7) and the projector-splitting integrator
fails. This emphasizes the necessity of designing dynamical low-rank integrators for second-order matrix

differential equations differently.

Behavior of stlo and stlostiff for larger step sizes

A second aspect we examine is the behavior of the stlo and stlostiff schemes for larger step sizes,
without effects caused by nonlinear terms. For the same number of discretization points as above, we
compute the relative global error in A between the exact solution of (7.7) and the low-rank approximations
computed with ra = rg = 20 at T = 457. The results of this experiment are shown in Figure 7.4 (right

picture). Clearly, the stlostiff scheme does not only yield significantly smaller errors, but also allows
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for larger step sizes compared to the stlo scheme. Hence, the application of a dynamical low-rank

integrator which exploits the structure of the right-hand side of (7.7) is beneficial in this experiment.

7.2.2 Laser-plasma interaction

As a second example for second-order problems, we consider a reduced model of laser-plasma interaction
from [Karle et al., 2006, 2008; Schweitzer, 2008]. It is given by a wave equation with space-dependent cubic
nonlinearity on a rectangular domain € given in (7.1) with periodic boundary conditions. Discretization

in space as is Section 7.2.1 yields the second-order matrix differential equation
1
A"(t) = LA(t) —0.3x e (A(t) — §A(t) e A(t) e A(t)) = F(A(t)), A(0) = Ag, A'(0) = By. (7.8)
As initial values we use
2 g2 2u;
(140)”:0126){13(—yf1—wfé—‘rlyz)7 (BO)zj:(_l%_l)(AO)zga 2:1,,m, ]:17,’[7,
0
As pointed out in [Karle et al., 2006], this choice of initial conditions turns the solution to the problem
(7.8) highly oscillatory in longitudinal direction. Equation (7.8) models the propagation of a laser pulse
of wavelength A\ in the direction of the positive y-axis through vacuum and through a strongly localized

plasma barrier. The plasma is located between y = 507 and y = 3007 and has constant density 0.3. The

localization is modeled by the matrix x € R™*" with entries

1, 507w <vy; <300m,
Xij =
0, else,
and is thus of the form as in Section 5.1.3 with ¢ = 1 and v = n. The interaction between the pulse and
the plasma is modeled by a cubic nonlinearity. As in [Karle et al., 2008] we use the parameters \g = ,
lo = 107, wg = 1007, L, = 3007, and L, = 600.

For m = 8192 and n = 1024 discretization points in longitudinal and transversal direction, respectively,
we compute fixed and variable low-rank approximations to the solution of (7.8) for different step sizes.
The reference solution was computed with the Gautschi-type method studied in [Schweitzer, 2008] and
step size 19 = L, /(80m). For the low-rank approximations we used 7 = 2¥7, k = 2,...,6. All fixed-rank
integrators were performed with 1o = rg = 4. For the methods stlostiff and rastlostiff we used

the weights

which is motivated by the fact that the pulse mainly travels along the y-axis, i.e., in longitudinal direction.

The top row in Figure 7.5 shows the relative global errors in A and B at T = 6007 between the
reference solution and the low-rank approximations. For comparison, we also computed approximations
with the leapfrog scheme. As one can observe, all integrators show convergence of order 2. For the
convergence in A, the curves for the stlo, rastlo, stlotangent, rastlotangent, stlotwostep, and
leapfrog schemes align almost perfectly, whereas the leapfrog method yields slightly smaller errors in
B for small step sizes. The accuracy of the low-rank methods and the leapfrog scheme is comparable,
but the dynamical low-rank integrator provide the results with significantly less storage requirements.

Instead of storing arrays of size m x n, we only need to store matrices of dimension m X ra, n X ra, and
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ra X ra. For the chosen values for m,n, and ra this means that the low-rank schemes require less than
0.5% of the memory the leapfrog scheme needs. The rank-adaptive dynamical low-rank integrators choose
approximation ranks up to r = 3 (stlo and stlotangent schemes) and r = 4 (stlostiff scheme).
The gautschilr scheme yields smaller errors than the methods listed above, and the stlostiff
and rastlostiff methods, whose curves are almost indistinguishable, yield even smaller errors. This
behavior is explained by the construction of these methods, where the structure of the right-hand side is

better taken into account than in the other schemes, cf. Section 4.3 and Section 4.4.2.

100 10°

10! 10!

1072

103 103

7/70 7/70

1073
10~4
1075
1076
1077
1078

107°

\ \
0 3007 6007

=== 0O(1?) stlo —4—rastlo -8 stlotangent —= rastlotangent
—— leapfrog —@— stlostiff —¢— rastlostiff —4— stlotwostep —@— gautschilr

Figure 7.5. Laser-plasma interaction. Top: Relative global error in A (left) and B (right) between reference
solution and low-rank approximations at 7' = 600w. Bottom: Relative error in the maximal intensity for 7 = 479.

The fixed-rank methods were computed with ra = rg = 4, the rank-adaptive methods with M = 100.

In physics, the maximal intensity

max | Ag;(t)]?
,]

of the propagating pulse over time is sometimes of higher interest that A itself. The bottom picture
of Figure 7.5 shows the relative error between the maximal intensity of the reference solution and the
maximal intensity of the low-rank methods and the leapfrog scheme.

Figure 7.6 shows the absolute value and the real part of the reference solution and the low-rank

approximations computed with the stlo and stlostiff schemes with step size 7 = 471y at t = 37.57
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and x = 0. The left picture shows the laser pulse, which moves to the right, while the right picture
shows a small reflection moving into the opposite direction. In both pictures, the high oscillations are
clearly visible. The curves for the three methods in the left picture are nearly indistinguishable. The
right picture shows very small differences in the approximation of the reflection (note the scale of 10~7
which is below the tolerance threshold): Neither the stlo nor the stlostiff scheme compute a reflection
of the same absolute value as the Gautschi reference solution. However, the phase of the oscillations is

captured well by the stlostiff scheme, while the stlo method shows some phase drift.

1077
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0.1
5,
5.1072 I
0 04
~5.1072 1
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Figure 7.6. Laser-plasma interaction. Absolute value and real part of reference solution and low-rank approxi-

mations computed with the stlo and stlostiff schemes at t = 37.5m, x = 0, and step size 7 = 47p.

The fact that the accuracy of the rank-adaptive integrators is comparable to the one of their fixed-rank
variants indicates, that the heuristics for determining the tolerance threshold also works nicely for this
experiment. The trajectories of the singular values of the rank-adaptive integrators together with the
first ten singular values of the reference solution and the respective tolerance thresholds are presented in
Figure 7.7.

7.2.3 Sine-Gordon equation

In our last experiment we consider the two-dimensional sine-Gordon equation on the domain  from
(7.1) with homogeneous Neumann boundary conditions, cf. [Bratsos, 2005]. Using finite differences of
order two on the grid (7.3) with L, = L, = 7 and m = n = 1001 discretization points in both z- and

y-direction, we obtain the semi-discretized second-order matrix differential equation
A"(t) = DA(t) + At)DT — desin(A(t)), te[0,T],  A(0)= A, A'(0)=D,.

Here, we denote by sin(A) the entrywise evaluation of the sine function. The matrix D is given by

D= — eR(m+1)><(m+1)’ h =
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Figure 7.7. Laser-plasma interaction. Trajectories of the ten largest singular values of the reference solution
(gray) together with the trajectories of the singular values of the rank-adaptive dynamical low-rank integrators
(left: rastlo, middle: rastlotangent, right: rastlostiff) for 7 = 479 and the respective computed tolerance
thresholds (red, dashed).

According to [Strang, 1999], D is diagonalizable by the discrete cosine transform (DCT-1). This allows an
efficient implementation by diagonalization of the matrix functions in the stlostiff and rastlostiff

methods. For these we use the weights

1
2 _ 2 _ 2 1
Wy = Wy = Ws 3’
since there is no preferred direction of propagation.
For our first experiment, we use the initial values
xj —3.5 z; — 3.5
Ap)i; = 4arctane ) By)i; = 0.629sech | —2—= |,
(A0);j = 4arctan exp ( 0.954 ) (Bo)is ( 0.954
and
®;; = 1 + sech? 1/3:? + 92,
i,7 =0,...,m. This particular choice yields a line soliton in an inhomogeneous medium [Bratsos, 2007,

Section 3.1.3]. The reference solution is computed by the leapfrog scheme on the same spatial grid with
step size 79 = 2.5 - 1075,

The top row of Figure 7.8 shows the relative global errors in A and B between the low-rank ap-
proximations and the reference solution. Convergence order two is observed for all methods. For the
approximations in A, the fixed-rank integrators are slightly more accurate than their rank-adaptive pen-
dants, probably because they use a higher rank. For the approximations in B, the approximation quality
of the rank-adaptive versions is as good as for the fixed-rank integrators. For comparison, we also com-
puted approximations with the leapfrog scheme. As in the laser-plasma interaction the errors induced by
the leapfrog scheme are not significantly smaller than the ones by the low-rank methods.

The bottom row of Figure 7.8 displays the evolution of the approximation rank ra for 7 = 1607 and
T = 47y, respectively. As one observes, the rank is small at the beginning but grows with ongoing time.
Also, for 7 = 1607 approximations are computed with at most 10 singular values, and hence the storage

effort is roughly halved compared to the fixed-rank schemes.
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Figure 7.8. Sine-Gordon equation, first setting. Top: Relative global error in A (left) and B (right) between
reference solution and low-rank approximations at 7' = 9. Bottom: Rank evolution of the approximations A
computed with the rank-adaptive dynamical low-rank integrators for 7 = 16070 (left) and 7 = 479 (right). For

the fixed-rank integrators, we used ra = rg = 20, for the rank-adaptive methods M = 100.

In a second setting, we consider the symmetric perturbation of a static line soliton [Bratsos, 2007,
Section 3.1.2] with ®;; =1, (By);; =0, and

2 2
cosh(y; +7) cosh(y; — 7)

Ap)i; = 4arctanexp [ x; + 1 , ,7=0,...,m.
J J

Figure 7.9 shows a similar behavior of the methods as in the first setting. For the rank-adaptive schemes
and 7 = 4719 however, the initial rank is rather large, and drops significantly after a few steps. As
explained in Remark 6.2, the initial guess r; = 5 is doubled repeatedly until the criterion for continuing
the integration beyond the first v steps is satisfied. In this particular experiment, an initial rank of ~ 23
is sufficient. The guesses 5, 10, and 20 are hence rejected, until ry = 40 is accepted and rank-reduction

applies in the subsequent integration steps.
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Figure 7.9. Sine-Gordon equation, second setting. Top: Relative global error in A (left) and B (right) between
reference solution and low-rank approximations at 7= 11. Bottom: Rank evolution of the approximations A
computed with the rank-adaptive dynamical low-rank integrators for 7 = 16070 (left) and 7 = 479 (right). For

the fixed-rank integrators, we used ra = rg = 50, for the rank-adaptive methods M = 100.
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APPENDIX A

Collection of results from linear algebra

In this chapter, we briefly collect some definitions and results of linear algebra we use throughout this
thesis. If not stated otherwise, the following definitions and theorems are taken from [Trefethen and Bau,
1997] and [Horn and Johnson, 1990].

A.1 The singular value decomposition

We start this section with the definition of the rank of a matrix:

Definition A.1. The column rank of a matrix is the dimension of its column space, e.q., the space

spanned by its columns. Similarly, the row rank of a matriz is the dimension of its row space.

For each matrix, column rank and row rank are equal, so that we mostly do not distinguish between
column and row rank. We call a m x n a matrix of full rank, of is has the maximal possible rank

min{m,n}. For the rank of the sum and the product of matrices, the following theorem holds:
Theorem A.2. Let A, B € C™*" and C € C"** with arbitrary m,n,k € N. Then
1. rank(A + B) < rank(A) + rank(B)
2. rank(AC) < min{rank(A), rank(C)}

We now introduce the singular value decomposition, which is often referred to as “full” singular value
decomposition in the literature. In the following, we call a matrix U € C"™*"™ unitary if its columns are

orthonormal.

Definition A.3. Let m and n be arbitrary natural numbers. Given A € C™*"™ not necessarily of full

rank, a singular value decomposition of A is a factorization

A=UxVH (A1)
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where

U eC™™ s unitary,
VeC™™ s unitary,

S e R™" s diagonal.

In addition, it is assumed that the diagonal entries o; of X are nonnegative and in nonincreasing order,

e.g., 01> ...> o >0 where k = min{m,n}.
For the singular value decomposition, the following uniqueness property holds:

Theorem A.4. Every matriv A € C™*™ has a singular value decomposition (A.1). Furthermore, the
singular values {o;} are uniquely determined, and, if A is square and the o; are distinct, the left and
right singular vectors {fj\'j} and {‘7]} are uniquely determined up to complex signs (i.e., complex scalar

factors of absolute value 1).
Besides the full singular value decomposition, there is a reduced variant:

Definition A.5. Let m > n and consider A € C™*™ with rank A = p < n. Then the reduced

singular value decomposition of A reads
A=UxVH, (A.2)

where U € C™*P and V € C™*P are unitary matrices, and ¥ € RP*P is a square diagonal matriz with

positive real entries.
Next, we introduce the Frobenius and spectral norm for matrices:
Definition A.6. The Frobenius norm of a matrizc A € C™*"™ is defined as

DD 1Ayl

i=1 j=1

1Al =

and the spectral norm norm of A is defined as

[A]l2 = max |Az]l2, zeC"

llz|l2

In the following theorems we collect some properties of the Frobenius and the spectral norms.

Theorem A.7. Let A € C™*" and let p < min{m,n} denote the number of nonzero singular values
o; of A. Furthermore, denote by span{z,y, ..., z} the space spanned by the vectors x,y,...,z. Then the
following holds:

1. The rank of A is p.
2. |A||% = tr(AH A) = tr(AAH).
3 ||AlG =0+ ...+ 02

4. HA||2 =01.
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5. range(A) = span{Ui, ..., Uy}, where U; denotes the jth column of U in (A.2).

6. A is the sum of v rank-one matrices:

p
A= oUvif

j=1
7. For any unitary U € C*™*™, ¢ > m, and any unitary V € C"**, n >k, we have

IUAVH | = |All2,  [UAVT|[F = [[A]lF.

8. For any B € C"™*",
|A = Bl% = | A% — 2Retr(A"B) + || B[

Given a matrix A € C™*™ and an approximation rank 7, the singular value decomposition allows to

determine the rank-r best-approximation to A:

Theorem A.8. For any r with 0 < r < p =rank A, define

A, = zrjo—jUjVjH.

j=1

A=Al = inf A= Bllp=\/o2, +...+ 02
BeC™m™”*™

rank(B)<r

Then

A, is also called the rank-r best-approximation to A.

A.2 The QR factorization

Definition A.9 ([Trefethen and Bau, 1997, Lecture 7]). Let A € C™*™. Then there exists a factor-
1zation

A=CQR,

where QQ € Vi and R is an n X n upper triangular matriz. Such a factorization is called o reduced

QR factorization/decomposition of A.

The QR factorization is not unique:
A= Q1R = (Q1D)(D"Ry) = Q2Rs,

where D € C™*™ is diagonal and satisfies DD = DDH = 1.

A.3 Kronecker products and sums

This section is devoted to the Kronecker products and sums, and related topics.
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Definition A.10. Let A € C"™*™ and B € CP*4, The Kronecker product A ® B is the mp X ng

block matriz

AnB  ApB - AB

Ay B ApB .- Ay,B
A®B= . . _ .

AmlB AmZB o AmnB

If A e C"™*™ and B € C™"*™, the Kronecker sum is defined as
AeB=1,3 A+ B® L.

Theorem A.11 (Properties of the Kronecker product, cf. [Van Loan, 2000, Section 1]).

1. Let A,B,C € C™*" and ¢ € C a scalar. Then the following identities hold:

A®(B+C)=A®B+A®C,
(A+B)®C=A®C+BC,

(cA)® B=A® (cB) =c(A® B),
(A®B)®C=A® (B®C),

(A® B)T = AT @ BT,

(A® B)H = A" @ BH,

If A and B are square and invertible, we also have
(A B '=A"1te B "
2. Let A, B,C and D be matrices of such sizes that the products AC' and BD can be formed. Then
(A® B)(C ® D) = (AC) ® (BD).

Definition A.12. Let A € C™*"™. The map vec : C"™*"™ — C™™ which maps A to a vector by stacking

the columns of A above each other,

T
VeCA:[An o A A o Ape e A e Amn] 5

is called vectorization of A. Its inverse map vec!, : C™" — C™*" is called devectorization. Note

that for the devectorization the dimension of the output matriz needs to be stated explicitly.

Theorem A.13. Let A,B € C™*"™ and o € C. The vectorization map vec satisfies the following

properties:
1. vec(A+ B) = vec A + vec B,
2. vec(aA) = avec A,
3. [|All = [[ vec Allz.

The Kronecker product and vectorization are compatible:
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Theorem A.14 ([Henderson and Searle, 1980/81, Section 2.3]). For arbitrary matrices A € C™*™,
B e Ck C e Ck*P, it holds

vec(ABC) = (CT ® A) vec B.

The Kronecker sum plays an important role in the solution of particular matrix equations, e.g., the

Sylvester equation:

Definition A.15 ([Van Loan, 2000, Section 2]). Let L; € C™*™, Ly € C**", and A, X € C™*".

The Sylvester equation is a matriz equation of the form
X =LA+ AL,.
With the vectorization operator vec, this equation can be written as
veceX = (L1 ® LY)vec A= (I, ® Ly + LY ® I,,,) vec A.
We end this section with a theorem concerning the eigenvalues of a Kronecker sum.

Theorem A.16 ([Horn and Johnson, 1994, Section 4.4]). Let A € C™*™ and B € C"*" have the
eigenvalues Ni, i =1,...,m and pj, j = 1,...,n, respectively. Then the Kronecker sum A ® B has the

eigenvalues A\; +pj, i =1,...,m, j=1,...,n.
A.4 Special matrices

Next, we consider special matrices which appear in this thesis.

Definition A.17. A Toeplitz matrix is a matrizc A € C™*™, in which each diagonal from left to

right is constant. If m =n, then A has the form

ag a_1 Q_g -+ - G_ i1
aq Qo a_1
A= a9 aq
a_1 a_o
a1 ap a_1
A1 - - as ay ag

A circulant matrix C(z) € C"™*™ is a square Toeplitz matriz which is fully specified by the first column

z. The remaining columns of C(z) are cyclic permutations of z:

20 Zm—1 T 22 21
21 20 Zm—1 2]
C(z) = z1 20
Zm—2 " . Zm—1

Zm—1 Zm—2 e z21 20
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Theorem A.18 ([Golub and Van Loan, 2013, Theorem 4.8.2]). A circulant matriz C(z) € C™*™ is

Fourier-diagonalizable, i.e.,
C(2) = F . AFo, A = diag(F,n 2).
Here, F,,, denotes the discrete Fourier transform matriz.

Definition A.19. An upper Hessenberg matrix is a matric H € C™*™ whose entries are zero

below the first subdiagonal, i.e.,

hii hig higs e him

hoi hoo hos . ham

H=| 0 hza hss hs,m
0 e 0 hm,m—l hm,m

We call H unreduced, if the matriz has no zero subdiagonal entries.

A.5 Matrix functions

We end this chapter with some notes on matrix functions.

Definition A.20 (Matrix functions). Let the power series

g9(z) = Z apz”
k=0

possess the radius of convergence ¢ > 0. Assume
p(L) = max{|\| | X eigenvalue of L} < o,

where p(L) denotes the spectral radius of the matriz L € C™*™. Then we define the matrix function
g(L) = ZakLk.
k=0

In the next theorem, we collect some properties of matrix functions.

Theorem A.21 ([Higham, 2008, Theorem 1.13]). Let L € C"™*™ and let

g(z) = Z apz”
k=0
be the power series of g with radius of convergence o > p(L). Then the following holds:
1. The matriz function g(L) commutes with L, i.e., g(L)L = Lg(L).
2. g(L)" = g(L").
3. If a € R for all k € Ny, then g(L)? = g(LH7).

4. If L is an upper (or lower) block triangular matriz, so is G = g(L). In addition, Gy = g(Ly;).
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5. Let
L=5/LS,, LeC™, g ecm™t §,eCtm,

where S951 = Iy. Then g(L) = Slg(E)Sg.

Theorem A.22 ([Higham, 2008, Section 2.1]). Let @ € C™*™ be a Hermitian, positive semidefinite

matriz. Then it holds
; 0 I
ex =
P -02 0

Corollary A.23. Let Q € C™*™ be a Hermitian, positive semidefinite matriz and w > 0 a scalar.

Then
exp (t

Proof. We rewrite the argument of the matrix exponential as

w2
exp (t _(;22 OI] ) = exp ((oﬂt)

The assertion now directly follows from Theorem A.22. O

—tQ%sinc(tQ)  cos(t92)

cos(t2) t sinc(tQ)]

0 W) cos(wt€) w?t sinc(wtQ)
-2 0 —t0%sinc(wt))  cos(wtf))
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APPENDIX B

A short note on splitting methods

A fundamental concept which we use throughout this thesis in order to solve first-order or second-order
matrix differential equations are splitting methods. They are essential in the construction of all dynamical
low-rank integrators. Here, we give a brief overview of the two most relevant splitting schemes and their
derivation. More details on (general) splitting schemes can be found in [Hairer et al., 2006, Section I1.5].

We first introduce the notion of a flow over time:

Definition B.1 ([Hairer et al., 2006, Section 1.1.1]). Consider the first-order differential equation
d(t) = f(a(t)), tel0,T], a(0) = ag, (B.1)

where a(t) might be a scalar, a vector, or a matriz. The flow of this differential equation is the mapping,
which associates the value a(t) of the solution with initial value a(0) = ag. This map, denoted by p; is
thus defined by

oi(ag) = a(t) if a(0) = ao.

Assume now that the right-hand side of the first-order differential equation (B.1) can be split into

a'(t) = fi(a(t)) + f2(a(t)),
[f1]

and the exact flows ;" and ¢£f2] of the equations @’ = fi(a) and @’ = fa(a), respectively, can be
calculated explicitly. Then, for a given step size 7 > 0, starting from the initial value ag, one can solve
the first subproblem in [0, 7] to obtain a value ag, and from this value solve the second subproblem in

[0, 7] to obtain an approximation a; =~ a(7). The flow ¢; of the resulting numerical method reads

67 = gl o gl

and is often called the Lie-Trotter splitting. This method gives approximations of order 1 to the exact
solution of (B.1), which is easily seen by Taylor series expansion. Alternatively, one could exchange the
flows, which yields

¢ = il o 2],
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LAl
TSN
i a(r)
ao

Figure B.1. Graphical illustration of the Lie-Trotter splitting (left), its adjoint (middle), and the Strang splitting
(right).

which is the adjoint of the first method:

Definition B.2 ([Hairer et al., 2006, Section II.3, Definition 3.1]). The adjoint method ¢% of a

method ¢, is the inverse of the original method with reversed time step —7, i.e.,

hr = gb:l.
In other words, a1 = ¢%(aop) is implicitly defined by ¢_,(a1) = ag. A method for which ¢ = ¢, is called
symmetric.

A symmetric version is defined via
Bl = ot o plfel o ),

which is known as Strang splitting. It can also be seen as a composition of the Lie-Trotter splitting with
its adjoint with halved step size, since

63 005 = P o ol o L2l NI — g8,

z
2

Due to its symmetry, the Strang splitting yields approximations of order 2.
Both approaches for constructing the Lie-Trotter splitting and the Strang splitting, respectively, can
be generalized: Firstly, if the exact flow of say the second subproblem is not known, it can be replaced by

[f2]
t

the numerical flow ¢;'* of an arbitrary numerical method applied to a’ = f3(a). The Lie-Trotter splitting

then reads
¢r = o2l o plh), (B.2)

If the flow qﬁy 2] yields approximations of at least order 1, (B.2) still is a first-order method.
If the right-hand side of (B.1) is given as

/

a = fi(a) + fala) + ...+ fn(a),
for some N € N, the Lie-Trotter splitting takes the form

¢T = SD-[rfN] o... O@Lfﬂ OSDE—fl],



107

while the Strang splitting then reads

[fn-1] o (P[Tfl].

e
2 2

ol = oo oMl oplinl o
In order to perform a splitting scheme for solving a second-order differential equation of form
a’(t) = f(a(t)) = fi(a(t)) + ...+ fx(a®)), te[0,T], a(0) = ag, a’(0) = by, (B.3)
approximately, we rewrite the differential equation into an equivalent first-order system,
a®)] _[ e ] _ b(1)
h@]_LMmLWhMW+W+MMW}

The right-hand side can now be rewritten into

[ b(t) ] _ [alb(t) L e ]
fi(a®) +. 4 in(a®)]  Laa@)] 0 ()]
where we introduced scalar weights a;, i = 1,..., N, which satisfy

o+ ...+tay =1.

Then, the Lie-Trotter splitting and the Strang splitting are defined as above. Formally, the weights are

allowed to be any real or complex number. A natural choice for the «; however is
oy =

Another way of performing a splitting for the second-order differential equation (B.3) is to rewrite the

right-hand side of the first-order formulation as

o) L
Fa)] ~ [sa)

It can be viewed as a special case of the above, where

0

b(t)] . (B.4)

fl(a):f(a)v f2(a):O; Ck1:0, 042:1.

The leapfrog scheme can be derived by performing a Strang splitting based on (B.4), cf. Section 4.1.
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