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Wellposedness and regularity for linear Maxwell equa-
tions with surface current

Benjamin Dorich and Konstantin Zerulla

Abstract. We study linear time-dependent Maxwell equations on a cuboid consisting of two ho-
mogeneous subcuboids. At the interface, we allow for nonzero surface charge density and surface
current. This model is a first step towards a detailed mathematical analysis of the interaction
of single-layer materials with electromagnetic fields. The main results of this paper provide sev-
eral wellposedness and regularity statements for the solutions of the Maxwell system. To prove the
statements, we employ extension arguments using interpolation theory, as well as semigroup theory
and regularity theory for elliptic transmission problems.
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1. Introduction

In the past few years there has been an extensive study of the properties of single-layer materials
(or 2D materials) such as the semimetal graphene and the semiconductors called transition-metal
dichalcogenides (TMDCs). This is mainly due to the large area of possible application such as opto-
electronics, spintronics, energy storage, lubrication, and catalysis. We refer to the reviews [I] and [36]
on graphene and TMDCs, respectively, for a detailed discussion.

In order to study the optical properties of such materials, the sheet is placed on top of a thin
dielectric and a metal plate and ultrafast optical pulses are sent towards the material. The behavior
of the light pulses is described by Maxwell equations which interact with an interface induced by the
2d material. In the general model, the 2d material itself has a dynamic often described by a quantum
mechanical model [7123]34], influencing the electromagnetic waves via induced surface currents, see
for example [6] and Section 3 in [25]. In graphene models, the surface current satisfies in frequency
domain

Jswt(w) = o(w)[ning x E(w)]
where o is the surface conductivity associated with the 2d material, [-] denotes the jump at the

interface, E is the electric field and n;,; denotes the unit normal vector associated with the interface,

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID 258734477 — SFB
1173.



2 B. Doérich and K. Zerulla

see for example Chapter 1 in [I3], [20], [24], [40]. This is a special case of the linear response theory
which makes the ansatz

jsurf(k7 W) = U<k> w)E(k’ w)

corresponding to Ohm’s law, see [I9], Chapter 6 in [3I]. In order to understand the physical model
better, there is also put a large amount of work in the numerical treatment of Maxwell equations with
inhomogeneous interface conditions, which are usually referred to as current sheets. For the finite
volume method, this was considered in [2§], for the discontinuous Galerkin method in [38H40] and for
a finite difference method in [BI30].

As a first step towards the full model, we consider in this work linear time-dependent Maxwell
equations on a cuboid @) composed of two homogeneous cuboids (); and ()2 with an interface Fi,; =
Q; N Q,, see Figure Il On this we assume an abstract external surface current jg,+ only depending
on space and time which replaces the dynamics of the 2d material. We note that in the full Maxwell-
Schrodinger model one usually has, combining the approach in [6I25] with the minimal coupling
discussed in Chapter 5 of [32], the dependency

jsurf = jsurf(ta 1#, A),

where A is the magnetic vector potential and v is the wave function on the 2d material. We consider
the Maxwell equations

) 1 ) 1 . ) 1 )
= N () O (@)

oEY = - curl H E(i)JZ , oHY = iG] curl VY, (1.1a)

div(eWE®W) = p®, div(pWH®W) =0, (1.1b)

on Q;, i € {1,2}, for t > 0. Throughout we denote by f() the restriction of a function f € L?*(Q) to
the subcuboid Q;. The vector E = E(t,z) € R? is the electric field, H = H(¢,z) € R® the magnetic
field, Jx = Jx(t,z) € R models an external current, and p = p(¢, ) denotes the volume charge. The
material is described by the scalar electric permittivity € > 0 and the scalar magnetic permeability
w>0.

We accompany the Maxwell system with perfectly conducting boundary conditions

Exv=0, pH-v=0o0n0dQ
and interface conditions
[[,U/H . nint]] = O, [[E X nint]] = 07 [[EE ' nint]] = Psurf, [[H X nint] = jsurf on Enta (12)

involving the surface charge pgu .+ and the surface current jgu,f, see Section 4.12 in [35], Section 1.1.3 in
[4] and Section 1.5 in [22]. Note that v denotes the exterior unit normal vector on the boundary 9Q,
and that the inner normal vector nj,; points from @1 to Q. For the jump [-], we use the convention

If] = fP|p,, — fY

whenever the traces of f are welldefined at the interface. The parameters € and p are assumed to be
positive and constant on each subcuboid, modeling a piecewise homogeneous medium. After coordinate
transformation, we can assume the identities

Q = (*la 1) X (03 1)23 Ql = (*130) X (Ov 1)23 QQ = (07 1)3

To the best of our knowledge, there is so far no detailed regularity and wellposedness theory
available for our model problem 7. On the one hand, Maxwell equations with discontinuous
material parameters on more general and complicated polyhedral Lipschitz domains are studied in [2]
JU8HTOIT2] for instance. These papers, however, assume homogeneous transmission conditions, meaning
the surface charge density and the surface current are zero. Note that one of the authors analyzes
a similar model problem with nontrivial surface charge density but zero surface current, see [41]
42]. On the other hand, a nonlinear time-dependent Maxwell system is recently studied in [33] with
discontinuous material parameters. On the interface, the analysis allows nonzero surface charge density

Fing»
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FI1GURE 1. Sketch of the domain Q.

and surface current. Note, however, that the boundary of the domain in [33] is regular, and that the
interface between the two submedia has a positive distance to the boundary.

Recently, a nonlinear transmission problem on the full space is analyzed with homogeneous trans-
mission conditions at the interface {x1 = 0}, see [14]. The results are also applicable to time-dependent
Maxwell equations. In [I5], transverse magnetic wave packets are studied and approximated for a non-
linear time dependent Maxwell system on the full space with discontinuous material parameters at
the interface {1 = 0}. The surface current is assumed to be zero, and the surface charge is nonzero
and time independent.

Structure of the paper. We present our main results in Section |2} Depending on the regularity of
the initial data for as well as the regularity of the surface current jg.,t and the external current Jy,
we establish three wellposedness and regularity statements for the solution (E,H) of . Among
others, the initial data and the surface current have to satisfy certain compatibility conditions at
t =0, see also [33]. In (3.1)), we additionally show that the assumed compatibility conditions are in
fact necessary. An overview of the involved function spaces is given in Figure [2}

To achieve our results, we first transform the Maxwell system with interface conditions
into an evolution equation with zero surface current jgu,s, see . To be more precise, we construct
suitable regular extensions Jg and Jg of jsu,r and 9y jsu,r in Section @ by means of interpolation theory
involving analytic semigroups. This turns out to be quite sophisticated. Here we also use ideas and
techniques from [I6/4T].

For the Cauchy problem , we can employ semigroup theory on appropriate function spaces,
see Section To conclude the desired piecewise Sobolev regularity of the solutions of (and thus
eventually )7 we show that elements of the arising function spaces are piecewise H'- and H?2-
regular. Here we use regularity theory for elliptic transmission problems, see Section [3.2] and compare
[LTI2IT6/2TATI42].

2. Framework and results

In this section, we present our main results, i.e. wellposedness and regularity analysis of the system
(1.1) under precise assumptions on the regularity of the initial data and the surface current.

Spaces. We first introduce the relevant spaces which are necessary to state our main results. For a
Lipschitz domain O, we denote for k € N by H*(O) the space of functions with weak derivatives up
to order k in L%(0). By H}(O) we mean the closure of test functions C2°(0) in H(O). To define
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Sobolev spaces of fractional order, we use real interpolation spaces, see Section 1.1 in [27] for instance.
For s > 0, we define the fractional Sobolev spaces

H*(0) = (L*(0), H*(0)), ;,,,  Hob*(0) = (L*(0), H}(0))
Hy*(0) = (H}(0), H2(0) N HY(0))

1/2,20

1/2,2°

see [26l37]. For the electric volume charge, we also need the space
Hio(Q:) = {p € H'(Q)) | trrp € HééQ(F) for each face F of Q;},

H‘PH%{&O(Q,;) = el + Z H<P|FH§{1/2(F),
Ffféce 00
o i

for i € {1,2}. For the disjoint union Q = @1 U Q2, we define the piecewise Sobolev space of order
s >0 by

PH*(Q) = {u e L*(Q) | u') € H*(Q:), i = 1,2},
and use the notation
Xo = 12(Q)° = PH(Q)".
The space Xy is equipped with the weighted inner product
((E,H), (E,H)) ::/ ¢E - E + pH - Hdz,
Q

inducing the norm ||-||. (Note that this norm is equivalent to the standard L2-norm, due to the
assumption on £ and p.) In addition, we make use of the maximal domains of the rotation curl and
divergence div

H(curl,Q) ={p € Lz(Q)3 | curl cp(i) € L2(Qi)3, i=1,2, [¢ X ] =0},
H(div,Q) = {p € L*(Q)* | dive® € L*(Q), i = 1,2,  [p-nim] = 0},

and the corresponding spaces Hy(curl, @) and Hy(div, Q) with vanishing tangential or normal bound-
ary traces, respectively. With this, we define the extended Maxwell operator M

— 1
M = (iocurl ) (i)uﬂ)
on its domain
DM) ={(E,H) € X, | curlE®  curl H? € L*(Q;), [E x nine] =0, Ex v =0 0n dQ, i=1,2}
=Hy(curl, Q) x {H € L*(Q)? | curlH® € L2(Q,)3, i = 1,2},
which neglects the magnetic transmission conditions. In particular, the curl in the second component

is only applied piecewise on the subcuboids @;. Including the magnetic conditions, we obtain the usual
Maxwell operator M on

D(M) = D(M) N {(E,H) € Xo | [H x nin] = 0} = Ho(cwrl, Q) x H(curl, Q)

via the restriction
M:M|D(M). (2.1)

Remark 2.1. We note that M cannot be the generator of a strongly continuous semigroup on D(M)
since this would imply that for some p > 0 the map pI — M: D(M) — Xy is bijective. However, by
and the generator property of M, also pI — M: D(M) — X is bijective. This is a contradiction
though, since D(M) is a strict subspace of D(M) O
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Additionally, we require more structure in order to prove regularity statements for (1.1} in
piecewise Sobolev spaces. Inspired by [16/41], we consider the Hilbert space

Xo:={(E,H) € L*(Q)° | div(E?) € L*(Q;), uH € Ho(div,Q), [¢E - mine] € Hoy* (Fiue)},

B, )%, = 1 B + div (D) 3 gy + B - a1 (2:2)

which is intersected below with domains of certain powers of the Maxwell operator. For the surface
current, we identify Fj,; with the square S = (0,1)? and use the two Laplacians

D(As) = {u e H*(S) | u(0,-) = u(l,-) =0, dou(-,0) = dou(-,1) = 0}, (2.3a)

D(A3) = {u € H*(S) | u(-,0) = u(-,1) = 0, du(0,-) = dyu(l,-) = 0}, (2.3b)

which are both positive definite and selfadjoint on L?(S). We can thus define the fractional powers
(—A;)7/2 on domains

X = D(—-A;)"/? (2.4)

for v € R. These spaces are used to formulate the assumptions on the surface current. We elaborate
further on the fractional domains in the following remark.

Remark 2.2. The domain of (—Az)'/2 can be represented via
D(—Ay)'? = {u € H'(S) | u(0,-) = u(l,-) = 0}.

Using the trace method in interpolation theory, see Section 1.3.2 in [26], we can express the other
arising fractional domains of —A, as images of the trace operator trg,, on Fiy (with equivalence of
norms). We have for I'; = {z € 0Q | z; € {0,1}}, j € {2, 3},

D(=2)"* = trp,, ({u € H'(Q2) | w=0onTs}),

D(—Ay)¥* = trp

int

<{u € H(Q2) | u=0=01uon Ty, d3u=0onTs3,

1
| Qo))+ 10vuan. s < o03).

D(—A2)%* = trp, ({u € H'(Q2) | u=0=01u=Auon Ty, d3u=0,03u=0onTs;,

int

1
| 18t s+ 1801uar. s < o03).

(The arising traces in the spaces on the right-hand side of the above equations are understood in the
following sense: In the first line, u(z1,-) = 0 on {0,1} x [0, 1] for almost all z; € (0,1). Analogous
interpretations hold for the other lines.)

There is also a less precise but easier way to interpret the arising fractional domains. Avoiding
technicalities regarding the regularity issues in taking traces, we have for ¢ > 0

{ue HYV2(S) [u(0,-) = u(l,) = 0} C D(~A)/* C HYZ(S)
and similarly for the Neumann traces
{u e H3*7<(S) | u(0,-) = u(1,-) = 0,du(-,0) = dou(-,1) = 0} C D(—=A,)%* C H?(S).
Since we only work on a convex Lipschitz domain, we further may only conclude
{u e H**(S) | u(0,) = u(1,-) = 0, Apu(0,-) = Agu(l,-) = 0,
Dyu(-,0) = Dyu(-,1) = 0} C D(=A2)*/" C H(S).

For Az, we only change the boundary conditions and obtain the same observations. O
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2.1. First-order regularity result

In order to state the wellposedness and regularity statements for (1.1]), we introduce the necessary
spaces for the surface current given by

1
Vry = CHU([0, 7], 2%, je{2,3}, T>0, (2.5)
1=0
and several state spaces for the solution, which we collect in Figure[2] For the lowest order we introduce
X1=DM)NXo, Xi=XinDM), |5 =% =%, + Mg (2.6)
This enables us to formulate our first main result which shows existence and uniqueness of piecewise
H'-regular solutions. We elaborate on the appearing compatibility conditions between the initial
values in Section Bl
Theorem 2.3. Let the initial data satisfy (Eg,Hp) € )N(l, [Ho X nine] = jsurs(0), and assume for
the currents that (jfwf,jfurf) € Vrs x Vra, (135,0) € CY([0,T], Xo) + C([0,T), X1). Then there is a
unique solution (E,H) € C'([0,T], L*(Q)) N C([0, T}, PH(Q)) of (L.1) with
1

Z H(E7H)HCJ'([O.,T],PHl*J'(Q)) <cC ||(E07H0)||5(’1
J=0

+C(1+T) (H@JE’ 0)"cl([o,T],)?g)+C([0,T],X1) + H(jgwf’ jg’wf)HVT,sxVT,g)

involving a uniform constant C = C(g, u, Q) > 0.
Proof. We combine Lemma [3.1] Proposition and Corollary O

Remark 2.4. The regularity of jsu.f is used below to construct regular extensions from Fi,; to @, see
Section Certain combinations of spatial and temporal derivatives and the extensions then have
to satisfy similar regularity requirements as the external (volume) current é.] ». This leaves several
degrees of freedom in the choices for the regularity of jq.,.t. However, for the sake of presentation, we
only elaborate on the notionally most convenient variant. O
2.2. Second-order regularity result

In the second result, we aim for solutions which are piecewise H?2-regular. We emphasize that due
to the Lipschitz regularity of the boundary, in general one cannot expect the existence of higher
order spatial derivatives. In order to derive such a result, we assume more regular surface currents, in
particular in the spaces

2

5/2—1
Wr; = () ([0, 17, 27, 2.7)

1=0

for T > 0 fixed and j € {2,3}. In addition, we need the spaces

X, ={(E,H) e X, | div(ED) € HY(Q)), [E - mint] € HY*(Fuy), div(pH) € PHY(Q)}, (2.8)
X = {(E,H) € D(M?) N X, | div(E®) € H}o(Q:), [€E - mine] € HY'*(Finy), div(uH) € PH'(Q)},
X, == X1 ND(M?), (2.9)

where the latter one allows for an embedding into PH?(Q), see Proposition The spaces )A(l and
X5 are equipped with the norms

2
IEH)Z, = I8, + Y (IdvED) 3 ) + I [g,) + NEE - na 2,

i=1

1B, 1%, = |8, H)[%, + [IM*(E,H)|>.

The norm on )?2 is defined in an analogous way. With this, we state our second main result.
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Theorem 2.5. Let the initial data satisfy
(E07 HO) S )?Qa [[HO X nintﬂ = jsurf(o)) II% curl EO X nint]] - _8tjsu7f(0)a
and assume for the currents that (jfurf,jfmf) € Wrs x Wra, (1J5,0) € C*([0,T], )/(\'1) Then there is
a unique solution (E,H) of with
(E,H) € ¢*([0,7], L2(Q)) n €' ([0, 7], PH'(Q)) N C([0,T], PH*(Q))
and it holds
2
S H) o om0y < € (Bo, Ho)l 5,
§=0
1 -2 -3
+ O+ D) ([I5:0lor o 11,50 + 10 Bl )

with a uniform constant C = C(e, u, Q) > 0.
Proof. We combine Lemma, [3.1] Proposition [3.4] Proposition and Corollary [4:4] O

As explained in Remark @, we do not state all admissible settings for jsu.t and Jy which lead
to the same result as above.

2.3. Higher-order regularity result

Our last main result is motivated from the error analysis of second-order time integration schemes for
Maxwell equations. Here, it is necessary to control derivatives up to order three in space or time. For
the surface current we introduce the spaces

3 2
Yo, = (OO0, 11, X7, Zpa = () CH(0,T), 25777 % 2,270, (2.10a)
=0 =0
2
Zro = [ CH([0,T), 2,27 x 23271, (2.10D)
=0

for T > 0 and j € {2,3}. As state spaces for the electric and magnetic fields we employ
X;=DM*)N Xy,  Xs=X3NDM?). (2.11)
Additionally, we use the sum
{ = Ve + FP)Fes (212)

for a function f with welldefined traces at the interface Fj,;. We are now in the position to state the
final main result.

Theorem 2.6. Let the initial data satisfy

(Eo, Hy) € X3, [Ho X 1ine] = Jours(0),

[[i curl Eg X nne] = —0¢Jsurf(0), [[i curl L curl Hy X ngp] = — 07 surf(0)
and assume for the currents that (jfurf, jg’wf) € Y3 x Yro, (2J35,0) € C1([0,T], X2) N C2([0,T], Xo).
In addition, let div jsus € C1([0,T], Hg/z(Fmt)) and further

11 vs o 1lpe 3 922 C(_AN1/25 3

= (S ii— Smasiy o) <7 =1 (oo i) <2
Then there is a unique solution (E,H) of with

(B, H) € C3([0, T, L*(Q)) n C*([0,T], PH(Q)) N C* ([0, T}, PH*(Q)) N C([0, T], X3)
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X37 " X?a " Xla " XO = L2(Q)6
- <
= =}
M M, S M, S
? I .% Ul % Ul
= 5
el o
< 9]
Xs, [29) X1, 23 Xo, 22)

FiGURE 2. Connection of spaces. Vertical lines are restrictions and diagonal lines
indicate the domain of the operator, i.e. for M; on ground spaces X; it holds D(M;) =
Xit1, see Lemma [3.5

and it holds

[V

Z ||(E,H)Hcl+j([0,T]7pH2—j(Q)) + ||(E»H)Hc([o,T]’)~(3)
j=0

< C ”(EO, HO)”)’Z,s + C(]' + T) (H(%JE, 0)HCl([O,T]7X2)002([O,T]7§O)
1Y sl e oy 272 gy + 1 T Ly s * 1902, + 1311 2,,)
with a uniform constant C = C(e, u, Q) > 0.

Proof. We combine Lemma [3.1] Proposition [3.4] Proposition [3.8] and Corollary [£.5] O

3. Transformation and analytical framework

In this section, we replace the original system (1.1) by a (nonphysical) shifted version for which we
can show wellposedness and regularity results by means of semigroup theory. To motivate the shifts,
we consider the interface condition in (1.2)) for a smooth solution of (1.1). We differentiate in time
and obtain

Otfsurt(t) = [OH X nypt] = —[[i curl E X njpt], (3.1a)
2 jsurt(t) = —H curl E X njn] = —[[% curl l curl H X njy], (3.1b)

where we used the continuity conditions of -Js across the interface. The shifts are chosen in Such a
way that we can work with homogeneous mterface conditions, i.e., the modified fields satlsfy 3.1)) with
zero left-hand side, which means in particular using the state spaces X instead of XZ, see Sectlon I
Eventually, this enables us to conclude wellposedness of the system ([1.1)) in piecewise Sobolev spaces.

3.1. Transformation to homogeneous interface conditions
Let (E, H) be a solution of (T.1)), and define the modified fields (E, H)

H=H-Jy;, E=E-J, (3.2)
with piecewise sufficiently regular currents Jg, Jgz. The latter are chosen such that in particular
[[ﬁ X nint]] =0= [[E X nint]]

on Fiy, meaning that (E(t), H(t)) satisfies the transmission conditions in P(M) for ¢ > 0. We formally
derive the evolution equations for the modified fields in the following, and make these calculations
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rigorous in Section [4] We insert the modified fields into (|1.1)) and obtain

O,E® = 5%) curl H® — 340, OH® = —ﬁ curl E® — 320 (3.3a)
div(sED) = 5@, div(uHO) = 5, (3.3b)
on Q; with currents J and charges p given by
JL0 = 5(11)']%) — % curng) + 37:.]%), J20 = @Jg) + ﬁ curng), (3.4a)
P = p — divI®), P = —divaly. (3.4b)

Further, the modified solutions satisfy the boundary conditions
EXVZ*JEXV, ITI~1/:7JH'1/ on 0Q.

Depending on the regularity of the surface current jgu,f, we discuss transmission and regularity prop-
erties of the modified solution. To employ a semigroup approach, we formulate (3.3) as an evolution

equation. We define the vectors
E - (3
W—<ﬁ>’ J‘(P)’

and consider the Maxwell operator M defined in on D(M). This yields an equivalent formulation
of in Xo = L*(Q)° as

w/(t)=Mw(t)—J(t), t>0. (3.5)
In the following, we discuss wellposedness for and consider J as a given quantity. From the
regularity of jsuf and the extension results in Section@ we can then conclude the results in Section

3.2. Functional analytic framework for shifted Maxwell system
Recall the spaces X7, X5 defined in Section [2| We next show that fields in the space X are piecewise
H'-regular.

Lemma 3.1. The space X, embeds into PH(Q)°.

Proof. 1) Let (E,H) € X;. In view of Proposition 9.8 in [41], it suffices to analyze the magnetic field
component. We next use a well-known technique to deduce the existence of a function ¢ € PH?(Q)
with Ay = div H® and Vi) - v =0 on 9Q from Proposition 8.2 in [41].

Set V := {w € HY(Q) | [w] = 0}, where [-] denotes the mean of an integrable function on Q.
Note that V is a closed subspace of H(Q). Combining the generalized Poincaré inequality with the
Lax-Milgram Lemma, there is a unique function v € V with

/ (V) - (Ve)dz = —/ div(uH)pdr, € V.
Q Q
Using that the mean of div(yH) is zero on @, we then infer

[ n(v) (Voo = [ u(0)- o~ lehds =~ [ divlubD)e ~ [pldo =~ [ div(uB)pds
Q Q Q Q

for all ¢ € H'(Q). In particular, the formula
/Qu2¢<p +u(VY) - (Vo)dw = /Q(M21/’ —div(uH))pdz, o€ H'(Q),

is valid. We then set U := up € PHY(Q). Let also ¢ € HY(Q), and put ® := pup as well as
f =" —1/udiv(uH). By construction, the identities

2
[L¥] =0, Z/ v 1 (v\Iﬂ“).(vqﬂi))dx:/Qf@dx
i=1 i
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are then valid. Since ¢ € H'(Q) is chosen arbitrarily, we infer the last formula for all functions
® € PH'(Q) with [[i(b]] = 0. Now Proposition 8.2 in [4I] implies that ¢ belongs to PH?(Q) with
Vi v =0 on 0Q, and [pd1¢] = 0 on Fiy. The construction of ¢ additionally implies the desired
formula div(pVe) = div(uH) on Q. Together with Proposition 8.2 in [41], we additionally obtain

[llpr2) < CINL2 Q) + Idiv(eH)| L2 (g)), (3.6)

with a uniform constant C' = C(u, Q) > 0.
2) We next estimate 9|/ z2(q). Using the generalized Poincaré inequality as well as an integration
by parts, we conclude

1911220y < FIVAVYIIL2(q) = —Cf/QdiV(uﬁ)wdx < G ||div(pH)|| 2 ) 1¥]] 2 (@)
where Cp is the Poincaré constant on @, and § > 0 is a lower bound for . We hence conclude
[¥llz2@) < G lldiv(ED | 2(@)- (37)
3) Due to the choice of 9, the difference H- V4 belongs to the space
{H € H(curl, Q) | div(uH) =0, zH v =0 on 9Q}.
Proposition 9.7 in [41] consequently yields that H — V4 belongs to PH(Q)? with
[F— Vol sy < C(IE ~ Vo) + el B 12 )

Combining 1' and 1) we conclude ||ﬁ||PH1(Q) < C)1(0,H)||x, . O

We next establish piecewise H2-regularity for fields in X5. To that end, we start with the first
component of the magnetic field. Note that we only sketch the relevant arguments here, as we modify
the proof for Lemma 9.15 in [41] in a straightforward way, see also Lemma 3.7 in [21].

Lemma 3.2. Let (E,H) € X,. Then Hy belongs to PH2(Q) with
IHullprre(g) < CII(B.H)||x,,

involving a uniform constant C = C(g, u, Q) > 0.
Proof. 1) We define

Vi={pe PH'(Q) | [ne] =0, ¢ =0o0nT1},

W= {p eV | p® is smooth on Q;, supp(p) C (—1,1) x [0,1] x [0,1]}.
Note that W is dense in V in the norm of PH!(Q). We also use the subcuboids

Quu= (145, - ) xGHl=3)%  Quai=(1-3)°

for n > 3. Moreover, we denote by ;Z” for j € {1,2,3} and i € {1,2}, the boundary parts of Q; .
with normal vector e;. We note that His H 2_regular on Qi.n- (This is a consequence of curl curl HO ¢
L?(Q;) and standard elliptic regularity theory.)

2) Let ¢ € W. Integrating by parts, we first obtain
2

Z / (VEY) - (VeO)dr = Tim 3 ( / —u@ (AR ) dr + / p (VA /D) do).

=1 in aQi.n
We next analyze the last summand on the right-hand side. Inserting curl H and div(uﬁ), we infer

2
Z/{)Q VH(Z V(Z))gp(l)da' :Z (/F(i) Vfb)(le(MH(’L)) _ MazHgZ) _ ,U/agHéZ))QD(Z)dU

i=1
- / ) el HO Vo + [ g el B2V
. T30

(i
2n
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+/(‘) uuéi)(alﬁg))gp(i)da—i—/ /W3 (8 H( ) (i)da).
ry r{

2,n 3,71,

Taking the boundary condition curlH x v = 0 on 0@ into account, the second and third integral
terms on the right-hand side converge to zero as n — co. Combining Green’s formula for curl with
Lemma 9.14 in [41], one can moreover show that

nh—{lc}o Z (/ ,u32H( Qs uagH( ))gpdo + /m uuéi)(alltlgi))goda + /m uyéi)(alﬁg))goda) =0.

Fin 2,n 3,n

Altogether we conclude

Z/ H( ) (VoD dz = Z/ H( )) O — / [ div(uH)]pedo.
Fing .

By density of W in V, this formula is also valid for all ¢ € V.

3) We next use the Neumann-Laplacian Ay on Fy, = (0,1)2. Note that I — Ay is positive
definite and selfadjoint on L?(F,). As a result, it has well-defined positive definite and selfadjoint
fractional powers (I — Ax)7, v > 0. The latter generate analytic semigroups (e *(/=4~)"),5 .

Let x : [-1,1] — [0,1] be a smooth cut-off function with x = 1 on [-1/4,1/4] and supp x C
[—1/2,1/2]. We put
¥ (@) = x(@)ar (e A ) my,ag), () =0,
with g := —[[ﬁ div(uH)] € HY2(Fy,) = D(I—Ay)'/*. Similar arguments as in the proof of Lemma
then imply that v € PH?(Q), ¥ = 0 on I'1 U Fiy, [V¥ - nijng] = —g, and
1Yl prz@) < Cllgla/zir,) < Clldiv(eH)|| pr(q),

with a uniform constant C' > 0.
4) Proposition 8.1 in [41] provides a function ¥ € PH?(Q) with ¥ =0 on I'y, [u¥] = 0 and

Z/ N(VID) (Ve )da = Z/ i)AITIgi) + 1D AP N Ddz,  peV.

By uniqueness, H, =0 +1 € PH%(Q). The asserted energy estimate is a consequence of the estimate
in Proposition 8.1 for ¥, the bound for 1, and the identity curlcurlH® = —AH® + VdivH®. 0O

We continue with the remaining magnetic field components.
Lemma 3.3. Let (E,H) € X,. Then Hy and Hs belong to PH2(Q) with
(H, Hs)[| prr2 (@) < CII(E, H)||x,,
involving a uniform constant C = C(g, u, Q) > 0.

Proof. In presence of Lemmas the proof for Lemma 9.16 in [4I] implies also in our setting
that Hy and Hj are elements of PH?(Q) with

2
IH; | pr2q) < C(Z\\AH§Z)||L2(Qi) + [lewl H| pr1 () + ||H1||PH2(Q))-
i=1
(Note here that (X curl H,0) € X;.) Lemmab as well as the identity curl curl H®) = —AH® 4
V divH® then yield the asserted inequality. O

In view of Theorem 9.17 in [41], the electric field component of each vector (E,H) € X, is
piecewise H2-regular, and the PH?-norm can be estimated in terms of the Xs-norm of (E,0). We
have consequently established:

Proposition 3.4. The space Xy embeds continuously into PH?(Q)S.
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3.3. Wellposedness of the shifted Maxwell system

Let M, denote the part of M in )?1 for i € {0, 1,2} defined in Section with the notation )?2 = X5. We
first show that the domain of M; coincides with X;11. This turns out to be useful for the formulation
of the wellposedness statements for .

Observe first that M(D(M)NXy) C Xo, and hence D(Mg) = X;. We further note that D(M;) C
D(M2) N X; by definition of X;. Additionally, M(D(M2) N X;) ¢ D(M) N X; = X;, and thus
D(M;) = X5. The remaining claim can be verified in the same way.

We next derive wellposedness of the shifted Maxwell equations (3.5]) in )?0, X 1, and Xy = )/52.
To that end, we modify arguments in the proofs of Proposition 2.3 from [I7] and Proposition 9.22
from [41].

Lemma 3.5. Let j € {0,1,2}. The part M; of M in )A(j generates a contractive Cy-semigroup on
X;. It is the restriction of (e™);>¢ to X;.

Proof. 1) We first deal with the case j = 0. It suffices to show that M is dissipative on )A(o. By the
Lumer-Phillips Theorem, M then generates a contractive strongly continuous semigroup on )?o. Note
that Proposition 3.5 in [2I] shows that M is skewadjoint and generates a unitary Cp-semigroup on
Xo = L%*(Q)®. Due to the unique solvability of the shifted Maxwell equations, we then consequently
infer also the asserted restriction statement. R

As M(D(M) N Xy) C Xo, we conclude that (Al — M)~! leaves X, invariant for A € R\ {0}.
Hence, AI — My : D(My) — X, is bijective for A € R\ {0}.

Let (E,H) € D(My), and put (u,v) = Mo(E,H). We denote by (-,-) g the canonical inner
product inducing the norm in (2.2). Note that div(cu) = div(uv) = 0 on @, and [eu - njy] = 0. In
view of the skewadjointness of M on Xo, we then infer that (Mo(E, H), (E,H))¢ = 0, whence M,
is dissipative and the asserted generator property is shown.

2) We next restrict ourselves to the case j = 1, as the remaining one j = 2 can be obtained by a
straightforward modification. In view of subspace theory for semigroups, see Paragraph I11.2.3 in [I§],
it suffices to show that (e'™);>q leaves )?1 invariant and that it is continuous on it. Let (u,v) € )A(l,
and put (E(t), H(t)) == ¢™(u,v), t > 0. Then (E,H) € C(]0,00), D(M)) N C*([0, %0), L%(Q)®) by
standard semigroup theory. The shifted Maxwell system furthermore leads to the formulas

9, div(cE(t)) = div(curl H(t)) = 0, 8, div(uH(t)) = — div(curl E(t)) = 0
in H~(Q). This shows that
div(eED (1)) = div(eu) € H}y(Q:),  div(uH(t)) = div(uw) € PHY(Q).

Using the continuity of the normal trace operator from H(div,Q) into H~'/2(0Q) and H~'/?(F.),
we furthermore conclude in the same way

[EE - nine] = [eu - nine] € HY?(Fine),  pHE(t) - v =0 on 9Q.

As a result, (E(t),H(t)) belongs to X;. The above arguments furthermore imply that (E, H) is an
element of C([0,00), X1). O

Lemma yields the following direct consequences for the inhomogeneous problem (3.3]).

First-order regularity result. The first result is the shifted analogue of Theorem and yields a
classical solution of the system (3.3).

Proposition 3.6. Let the initial values of the modified fields (3.2)) satisfy (Eo,ﬁo) € X; and the
current from ([34a) J € C'([0,T],Xo) + C([0,T],X1). Then, there is a unique solution (E,H) €
CL([0,7), Xo) N C([0,T), X1) of (B-3). In addition, it holds the energy estimate

1
ZH(EvH)ch([o,T],XI,j) = C(H(EOvHO)HXl +(1+ T)HjHcl([o,T],)?O)+C([o,T],X1))
j=0
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with a uniform constant C = C(e, p, Q) > 0.

Proof. By the standard results, see e.g. Theorem 4.2.4, Corollaries 4.2.5 and 4.2.6 in [29], and the
condition on the initial value and the current J, we immediately obtain that there is a unique (classical)

solution which satisfies w(t) € C*([0,T], Xo) N C([0,T], X1) . For the energy estimates, we consider
the variation-of-constants formula

t
w(t) = eMwy — /e(t_S)M J(s)ds. (3.8)
0

Note that by the integration-by-parts formula, we can exchange spatial for temporal regularity via

t t
M / =M J(5)ds = ™ J(0) — J(t) + / =M J'(s5) ds
0 0

in case of J € C1([0,T], Xo), and the energy estimate is shown. O

Second-order regularity result. Next, we turn to the shifted analogue of Theorem 2.5 which yields
derivatives up to order 2.

Proposition 3.7. Let the initial values of the modified fields (3.2]) satisfy (Eo,ﬁo) € X5 and the
current from ([B.4a) J € Cl([O,T],Xl). Then, there is a unique solution (E,H) of (3.3) with
(Ev ﬁ) € 02 ([Oa T]a )?0) n Cl ([07 T]7 )?1) n C([Oa T]a X2)

In addition, it holds the energy estimate

2
ZH(E’H)HCJ([O,T],Xz,j) = C(H(EO’HO)HX2 +(1+ T)Hj||01([o,T],)?1))
j=0

with a uniform constant C = C(e, u, Q) > 0.

Proof. By the standard results, we immediately obtain that there is a unique (classical) solution which
satisfies w(t) € C*([0,T], X1) N C([0,T], X2). The additional regularity in time of the solution follows
from the identity

t t
0} /e(t_s)M J(s)ds = J'(t) + ™M MI(0) + /e(t_s)M MJ’(s) ds. (3.9)

0 0
In particular, we deduce from (3.8)) and (3.9) the desired energy estimates. (Il

Higher-order regularity result. In the last wellposedness result we establish solutions with deriva-
tives up to order 3, roughly speaking. This enables us to show Theorem

Proposition 3.8. Let the initial values of the modified fields (3.2) satisfy (Eo,Ho) € X3 and the
current from ([3.4a)) satisfy J € C’l([O,T],Xg). Then, there is a unique solution (E,H) of (3.3|) with

(Eaﬁ) € Cz([ovT]a)?l) N Cl([OaT]aXZ) N C([OaT]7X3>
If in addition, the current satisfies J € C2([0,T], Xo), then we further obtain (E, ﬁ) € C3([0,T7, Xo),

and it holds the energy estimate

3
Z’|(E’H>ch([0,T],X3_j) = C(H(EO’HO)ng + 1+ T)HJHCI([O,T],X2) + (1 T)HJHCZ([O,T],XO))
j=0

with a uniform constant C = C(e, u, Q) > 0.
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Proof. We obtain immediately the existence and uniqueness of a solution (E,H) € C([0,T], X2) N
C ([07T]7X3), and we have to establish the additional regularity. For the differentiability in X7, we
employ 7 and the fact that M maps X5 to )?1. The additional regularity of J, as well as the
evolution equation 9;(E, H) = M(E, H) +J, imply the desired regularity (E, H) € C3([0,T], Xo). O

4. Extension of the surface current

In this section, we establish the connection between the surface current jg.t and the volume currents
J , Jg and Jg, used in the transformation in Section The results are essential to prove our main
findings presented in Sectio To extend jgu.r from the interface Fiyy to @, we proceed in two steps.
First, we provide two stationary extension results in Section (The proofs of the statements are
postponed to Section ) By means of our stationary findings, we can then establish time-dependent
extension results in Section .21

4.1. Stationary extension results

Our first extension statement is crucial to construct mappings Ju and Jg so that the tangential
components of the shifted fields H and E from are continuous across the interface Fi,, see
Section In view of the regularity results in Propositions [3.6 it is also important that the
mapping J from fulfills additional boundary, transmission, and regularity conditions. As a result,
we furthermore study the transmission relations of our extension operators. For the statements, recall
the spaces X] = D(—Aj)“f/Q from . For the sake of presentation, we denote by curl the piecewise
defined curl-operator.

Lemma 4.1. There are bounded linear mappings Ly : X3_1/2 ></"(2_1/2 —{0}xL?(Q)? and Ly : X3_3/2 X

X;g/Z — {0} x L%(Q)? satisfying the following statements.
a) Let v € X?,l/z and vy € X;/z. Then

IILI(’UD/UQ) X nint]] = (0,’1}1,’[}2)7 Ll(Uh/UQ) -v=20on 8Q7
LQ(Ul,Ug) S Ho(curl,Q), [[i CurlLQ(Ul,UQ) X Ilmt]] = —(0,111,1}2),
curl Lo(vy,v2) - v =0 = VLy(v1,v2) - v on 0Q, Lo(v1,v2) =0 on Fipg.

b) Let vy € X33/2 and vy € X23/2. Then écurl Ly(v1,v2) € Ho(curl, @), and

0
[[% curlicurl Lo(vy,v9) X nyp] = {{%}} —(—Ag)l/Qvg
(—A3)1/2v1

¢) Let vy € X;’/Q and vy € X25/2. Then

0
[[i curl % curl Ly (v1, v2) X ] = % f{{g}}ag divg, ,(v1,v2) + {{ﬁ}}ASfUl
—{ 5 103 divp,, (v1,v2) + {5} Az0n

Additionally, L1 is bounded from X§/2_j xX25/2_j into {0} x ﬂ?:_g PHM(—1,1), X377 x X;ijfl)
for g € {0,1,2}. Ly is bounded from X33/2_] X X;’/Q_J into {0} x ﬂ?:_g PH'((—1,1), ngfjfl x X270
for 5 € {0,1,2}.

As indicated above, the mapping J from has to satisfy several transmission conditions
to apply the regularity results in Propositions [3.6H3.8] To account for the higher order transmission
conditions and to shift away the contributions from the operators L; and Ly in Lemma [4.1p)-c), we
still need a second stationary extension result.
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Lemma 4.2. There are bounded linear operators L : /’Vgg/2></'\,’273/2 — {O}XH;:O PH'((=1,1),X; 'x
X7y and Ly - X737 < 25737 5 {0} x oy PHY((—1,1), X2~ x X271 with,

I~/1(v17v2) =0= curlfq(vl,vz) on Fi,, ﬂl(vl,vg) v =20 on 0Q,

[[% curl % curlil(vl,vg) X Nt = (0,01, v2), curlil(vl, vg) X v =10 on 0Q,

EQ(’Ug,’U4) =0= curlig(v3,v4) on Fipns, [[% curl i curl ig(vg, v4) X D] = (0,03, v4)
Ly(vs,v4) € Hy(curl, Q), curl Ly(vs,v4) - v =0 on 8Q,

for vi,vs € XB}/Q and va,v3 € XQI/Q. Moreover, both operators are bounded as mappings
. ) 3—j _ _
L 770 < 2127 = {0} x () PHI((1,1), 5777 x 777,
1=0
. ) . 3—j _ _
Ly = 370 25177 o {0} x () PHY(=1,1), 2587 25707,
1=0
for j €{0,1,2}.

For the sake of readability, we move the proofs of Lemmas to Section 4.3

4.2. Time-dependent extension

The next three corollaries provide useful extension results for the surface current jg,,¢. The statements
are implications of Lemmas 4.1 Recall the function spaces Vr j, Wr ;, Yr ;, and Zp ; from (2.5)),

ED. and £10).

Corollary 4.3. Let T > 0, jfurf € Vrs and jfwf € Vra. There is a function

0 1
Jua = |Juz | € () CH([0, 7], PH*(Q)?),
JH)3 =0

with [Ju(t) X Ny = Jsurs(t), and Ju(t) - v = 0 on 9Q for t € [0,T]. Choosing Jx, = Jg = 0, the
function J from (3.4al) satisfies the conditions in Proposition . Moreover, the energy estimate
1

ZHJH lorveqo,m,pr2-1Q)) < Cll(Gur Jourp) Vs x Vo
=0

is valid with a uniform constant C = C(e, pu, Q).

Proof. We choose Jy == L ( jfurf, jsurf). The statements then follow from Lemma a) and by choosing
7 = 2 in the addendum. (Il

For the next statement, we denote by Ag the two-dimensional Laplacian on the square S = [0, 1]2.

Corollary 4.4. Let T > 0, jfurf € Wrs and jfurf € Wra. There are two functions

0 0
Ju=|Ju2 |, Je = |Je2 | € C%([0,T], PH*(Q)?),
JH73 JE,B

IIJH(t) X nint]] = jsu?“f(t)v JH(t) -v=0on 8Q7 curl JH(t) € HO(CUIL Q)a
Je(t) € Hop(curl, Q), [[/% curl Jg(t) X Nipe] = =04 Jsurs(t), curl Jg(t) - v =0 on 9Q,

with curlJﬁ? € CH[0,T), HY(Q:)?), As curlJﬁ) € CY([0,T), L*(Q;)?), and
1
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for t € [0,T]. Choosing Js, = 0, the function J from (3.4a) then satisfies the conditions from Propo-
sition[3.7. Moreover, the estimate

2
e, o)l o2ory. Pz + D (101 crl I o om0 @y + 1A carl I e o.71.22(@0))
i=1
< OH (jfurfv j?urf) ||WT,3><WT,2a

is valid with a uniform constant C = C(e, u, Q).

Proof. We choose Jg = L1 (52,4, 72..¢), and Jg = Lo(0:52 4, 0¢j3 ;). Then all statements follow from
Lemma [£.1} (We choose j € {1,2} in the addendum of Lemma [4.1] ) O

We finally provide an extension of jgut that meets the conditions in Proposition @ Recall also

definition (2.12)).

Corollary 4.5. Let T > 0, jfmf € Yra, jfurf € Y7, and divp,

o Jsurf € CH((0,T), Hy *(Finy)). Let
further

i 11 e o ) PO
2 {{ a }}83 leFmt jsurf - 32 {{ % }} A]surf - at ]Surf ’

~ 1 _(_AQ)l/Qathurf

g = {{g}} ( <_A3)1/28tjszurf € Zra.

Then there are two functions

2
Ju, Jg € (| CMH(0,7], PH*7(Q)*) N C([0, T], D(M?)),
=0
satisfying the following properties. The statements in Corollary [{.) are valid,

[[% curl i curl Jg X n;] =0, [[i curl % curl Jg X n] = —afjmf,

and the mapping J from (3.4a)) with Jx, = 0 satisfies the conditions in Proposition . The mappings
J,Ju,Jg can be estimated by
2
13l or1,x2) + 1Tl o.17,x0) + 3N T Ten) i po,10, pr2-1(@)) + 1T, Je)ll o0 7,030
1=0
< C(”(]?’u,’rf? jgurf)HYT,.aXYT,z + ”divaf, jsurfncl([07T],Hg/2(pmt)) + ”g”ZT,l + ||§||ZT,2)a
with a uniform constant C = C(e, u, Q) > 0.

Proof. We choose Jg = L1 jsurt + INzlg and Jg = L20;jsurt — igg. The asserted statements then follow
from Lemmas 4.1 as well as the relation [eurl Jgr - nit] = divp,, jsure (With curl denoting the
piecewise defined curl-operator). O

4.3. Proof of the stationary extension results

Proof of Lemma[/.1 In the following, we use ideas and arguments from [I6/41]. Recall the Laplacians
Ay and Az on Fiy from 1) as well as the notation X;’ = D(—Aj)”f/2 from 1] Set a :=

min{1,eM /e?}, and let additionally y : [~1,1] — [0,1] be a smooth cut-off function with supp y C
[3a,3a] and x =1 on [~ 3a, 3al.
1) Let v1,1 € X371/2, V1,2 € X271/2, V21 € X;B/?, and V22 € X;
(O, ‘bj,% (I)j73) for _] € {1, 2} with
1 L@ g (L AL)L/2 _
%) (@) = —ox(@n) (~Ag) (o7 AT (L Ag) T R0y ) (w2, ),

(1)
(b:(l%%(x) = _(I)g?)(_z(i;)xla x2, 1’3),

32 We put L;(vj1,v52) :=
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1 .
<I>§2§(x) — ix(xl)(ng)l/zl(675(2)w1(7A3)1/2(fA3)71/4’01,1)(CL’Q,$3),
(1)< ) _(I)§2Z2)( Egixlal‘27m3)7
(2) ) 1
@;2%(93) = *%X(Il)xl(*ﬁza)dﬂl(ef‘rl(*AS) /2(*A3)73/4U2,1)(5027I3)7

(€]
1 K 2
@;7%(93) = (2) (I)g %( 931,1‘2,1173)

#<2>

2
PP () 1= =

S X (@)@ (—Ag)Y 4 (07 A (C Ag) T b0y ) (22, 23),

(1)
1 143 2
@é’g(x) = (2) ‘I’ég( T1, T2, T3),

where <I>§ 2),<I>(2) are defined on (0,00) x (0,1)2, and <I>§12),<I>§1?3 are defined on (—o0,0) x (0,1)? for
je{1,2}.

By Remark 2 in Section 6.1 of [27], L; is then bounded from X3_1/2 X X2_1/2 into {0} x L?(Q)2.
Proposition 6.4 in [27] implies that Ly is bounded from X§3/2 X X;S/Q into {0} x L*(Q)%.

2) Let now v1,2,v22 € Xg’/Z. We calculate

1 )z 1/2

8197 = §(_X/Jr€(2>x(_A2)1/2)( a8y ) (4.1)
1

8%@%2% _ 5( '+ QE(Z)XI(_Az)l/Q + (5(2))2XA2) . (e—a(Z)xl(—A2)1/2 U1,2)7
1

RBY) = J (= X"+ 3PN (= 00) /7 +3(eP)Px Ay + (7)) *x(~22)"%)

(2) 1/2
—€ —-A
: (e 21(=A2) 1)172)7

) /
614’%?:)’) = _MT(X +z1x' — 9171)((—A2)1/2)('3_9“(_A2)1 ’ V2,2),

(2)
3%‘5&2% = —MT(QX/ + a1y = 2x(—A2)Y? — 221 (—A2) Y2 — z1XA2)
. (e—au(—Az)l/2 02’2)7

(2)
3?‘1’% _ _%(SX// + xlXW _ 6X/(_A2)1/2 _ 3$1X//(—A2)1/2 _ 3XA2 . 3$1X/A2

_ xlx(_Az)?)/Q)(e—xl(—A2)1/2 ’0272)

on 3. Using Proposition 6.4 in [27], we derive the estimates

3 1
> [ 1ot s e
1=0"0 2

1
By
0

S C”'UQQ”X;/z.

o (— AN/
+ ||$1(—A2)3/2€ 1(—Ap)t/2 ((O,l)g)d]}l

((0,1)%)

Arguing similarly for the remaining mappings in the definition of Ly, we conclude that Lo is bounded
from X§/2 X X;’m to {0} x ﬂ?:o PH'((—1,1), 237" x 237", The remaining boundedness statements
for L; and Ly are obtained with analogous calculations.
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3) It remains to verify the asserted interface and boundary conditions. For vq 1,v21 € X3/ and

1/2
V1,2,V22 € XQ/ , we calculate

0 0
[L1(v1,1,v1,2) X Ming] = ‘I’%(O )= ‘P§1§(0, ) =|v1], Ly(va,1,v22)|Fy, =0,
—(@0,) - @10,)))  \viz
0 0
[[i curl L2(U2,17U2,2) X nint]] = (12> 51@%( ) <11> 5‘1<I>§1%((), ) = — 1 "v21
<2) 5‘1<I>g2§( )= (11) (I)(l)(oa ) V2,2

We next combine the analyticity of the semigroups (e*S(*AJ‘)l/ 2)320 for j € {2, 3}, the choice of
X, and Lemma 2.1 in [I7]. In this way, we infer the identities
02®o 3 — 03P 9

Li(vi,v12) v =0, La(va1,v22) xv =0, curlLy(vay,v22) v = —01P3 3 =0,
01P2 2
0
VLQ(UQJ,’UQ)Q) V= 82‘1)272 -v=0
03®3 3
on 0Q). In case vy,1,v2,1 € X33/2 and vy 2,v22 € XQB'/Q, we furthermore infer
0
[[é curl Ly (v1,1,v1,2) X Dine] = 8%2)5)1{)%(0, )= 8(1)31<I> (0, )| =0,
1
_5(711)81(1)5,%(07 ) (z)alq)l %(07 )
0
[[é curlicurl LQ(UQJ,’UQ}Q) X nint]] = |:|: Eﬂa2(1)2 3 :|i| = {{%}} *( A2)1/21}272 s
slual (I)2 2 ( )1/21)2)1
1 (i) L[ ?%q)gg
w curl Ll(U171,1}172) Vxy= E(i) 781@;,1)3 xv=>_0 on 3QZ n 8@, RS {1, 2}
81(1’1,2
Let finally vi; € X35/2 and vp € X25/2. With Lemma 2.1 in [I7] and |i we then obtain

0
ﬂi curl L curl Ly (vy,1,v1,2) X nine] = H (?253431 2 —0i® 5 — 8331,3)) H
— 2 (0205D1,3 — 03P1 2 — 07 D1 2
0
—s{ i B0z dive,, (v11,v12) + 5 {5 B Asv1,
—3 {5 B0s dive,, (vi1,v12) + 3{{ 2 B Az

O

Proof of Lemma[{.3 1) We argue similarly as in the proof of Lemma whence we only sketch our
reasoning. In particular, we use the smooth cut-off function x from the proof for Lemma Let

V1,01 € Xy 3/2 and Vg, V3 € X273/2. Set il(vl,vg) = (0,P12,P13) and ig(vg,m) = (0, P29, Do 3)
with

O () = Ty (11)a (—Ag) (7 A (LAY T ) (g, w5), @) =0,

O () = — T (1) (— Ag)P A (e AV (L AG) T 0y ) (g, w5), Y1) =0,

B () = “A y (w1)a (—Ag)Y A (e AV (L AG) T ) (g, ws), @YD =0,
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£ ,2) 1/2
2

Y () 1= — S x ()2} (— Ao)*/H (T A (CAg) T ) (w0, 35), @45 1= 0.

)

We calculate

@, —a(—
010 = Sl (X ad + 2m1x — Xt (— D) 2) (—Ag) M (e (A2)
o)

1/2

2;1 (—A2)73/4’02)a
(2)
S — (X2 + dwa) + 20 — (22T + dxan) (—Ag)'

+ xxl(—Ag))(—A2)3/4(e*“(*&)”"‘(—A2)73/4v2),
@, (
2

920(’) =

g0 = "ad 4+ 6ax" 4 6% — (3x"af + 12X w1 + 6x)(—As)"/?

+ (3X27 4 6x21)(—As) — xaf (—A2)%?) (- A2)3/4(e_rl(_AQ)m(—A2)_3/4U2),
and analogously
alcp?; — = (a4 2y — a3 (— D) V2) (~Ag)Y (e (A (LA /My,
32 13 - %( "} 1z +2x — (QX/I% +4Xf171)(*A3)1/2

+ Xxl(iAS))(7A3)3/4(efw1(7A3)1/2(7A3)73/4,U1),

), (
2

o) = — X"+ 6z1x” + 6% — (3 2% + 12X 71 + 6x)(—A3z)"/?

+ (3X2F + 6x1) (—As) — xa] (—A35)Y?) (—Ag)¥* (e (72 " (—As)” 4y).

Note that the derivatives of @52% and <I>52§ have the same structure. By means of Proposition 6.4 in
[27], we then conclude the stated boundedness results for L; and L.

2) Let v1 € X31/2 and vy € le/z. We only analyze the traces of il(vl,vg) at the interface and
the boundary faces. The mapping Ls(v3,v4) can be handled in the same way. In the following, we
combine the analyticity of (e’zl(’AJ')l/Q)mlzo with Lemma 2.1 in [I7] several times. We then note the
identities

:cf(fAz) o1 (=A2)1? Vs = 0= 21(—Ay) o—T1(=A2)

1/2 1/2

(—Az)fl/zv2 _ x1(7A2)1/2 e (=82)/2

on Fiy. Analogous statements are true for the summands in the formulas for &7 @% Altogether, we
conclude

Do ® (2) 83 (2)
Li(vy, v2)(2) =0= 781q>(ﬁ% = curl Ly (vy, ’l)g)(z),
010
0

- 1
curl curlLl(vl,vg)(g) X Nijpy = 82334)(2) 82‘1)12% - 834’52%

1
@@

(2)¢(2)
HEET \ —(0u0500) — 2201 — 0201%)
1 . 2) 0
_ _ 92 _
m 07 ‘1)2173 =1,
207 vz
on Fi;. On the boundary, the relations il(vl, vg) - v =0, and curl Ly (v1,v2) X v = 0 are finally also
valid. O
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