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COMPLEXITY ANALYSIS OF STOCHASTIC GRADIENT METHODS FOR
PDE-CONSTRAINED OPTIMAL CONTROL PROBLEMS WITH UNCERTAIN
PARAMETERS

MATTHIEU MARTINY*, SEBASTIAN KRUMSCHEID? AND FABIO NOBILE?

Abstract. We consider the numerical approximation of an optimal control problem for an elliptic
Partial Differential Equation (PDE) with random coefficients. Specifically, the control function is a
deterministic, distributed forcing term that minimizes the expected squared L? misfit between the state
(i.e. solution to the PDE) and a target function, subject to a regularization for well posedness. For the
numerical treatment of this risk-averse Optimal Control Problem (OCP) we consider a Finite Element
discretization of the underlying PDE, a Monte Carlo sampling method, and gradient-type iterations to
obtain the approximate optimal control. We provide full error and complexity analyses of the proposed
numerical schemes. In particular we investigate the complexity of a conjugate gradient method applied
to the fully discretized OCP (so called Sample Average Approximation), in which the Finite Element
discretization and Monte Carlo sample are chosen in advance and kept fixed over the iterations. This
is compared with a Stochastic Gradient method on a fixed or varying Finite Element discretization, in
which the expectation in the computation of the steepest descent direction is approximated by Monte
Carlo estimators, independent across iterations, with small sample sizes. We show in particular that
the second strategy results in an improved computational complexity. The theoretical error estimates
and complexity results are confirmed by numerical experiments.
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1. INTRODUCTION

Many problems in engineering and science, e.g., shape optimization in aerodynamics or heat transfer in
thermal conduction problems, deal with optimization problems constrained by partial differential equations
(PDEs) [8,13,25,27,34]. Often, these types of problems are affected by uncertainties due to a lack of knowledge,
intrinsic variability in the system, or an imprecise manufacturing process. These uncertainties could appear for
instance in the material properties or boundary conditions and are often described probabilistically in terms of
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random variables or random fields. Such Optimal Control Problems (OCPs) are sometimes also referred to as
problems of Optimization Under Uncertainty (OUU).

In this work we focus on the numerical approximation of the problem of controlling the solution of an
elliptic PDE with random coefficients by a distributed unconstrained control. Specifically, the control acts as
a deterministic volumetric forcing term, so that the controlled solution is as close as possible to a given target
function.

While there is a vast literature on the numerical approximation of PDE-constrained optimal control problems
in the deterministic case (see, e.g., [8,27] and the references therein), as well as on the numerical approximation
of (uncontrolled) PDEs with random coefficients (e.g., [4, 23, 35]), the analysis of PDE constrained control
problems under uncertainty is much more recent and incomplete, although the topic has received increasing
attention in the last few years.

The different frameworks of PDE-constrained OCPs under uncertainty considered in the literature can be
roughly grouped in two categories.

In the first category, the control is random [1,6, 10,32, 43, 48]. This situation arises when the randomness
in the PDE is observable hence an optimal control can be built for each realization of the random system.
The corresponding optimality system might still be fully coupled in the random parameters, e.g., if the random
objective function also involves some statistics of the state variables (e.g., deviation from the nominal response).
The dependence on the random parameters is typically approximated either by polynomial chaos expansions or
sampling-based Monte Carlo (MC) techniques.

This is, for example, considered in [32] where the authors prove analytic dependence of the control on the
random parameters and study its best N-term polynomial chaos approximation for a linear parabolic PDE-
constrained OCP. In [10] the authors combine a stochastic collocation method with a Finite Element (FE)
based reduced basis method to alleviate the computational effort. The works [6,43, 48] address the case of a
fully coupled optimality system discretized by either Galerkin or collocation approaches and propose different
methods, such as sequential quadratic programming or block diagonal preconditioning, to solve the coupled
system efficiently. Sampling-based Monte Carlo and Multilevel Monte Carlo approaches are considered in [1]
instead, where the case of random coefficients with limited spatial regularity is addressed.

In the second category, the control is deterministic [2,7,22,28-30,49]. This situation arises when randomness
in the system is not observable at the time of designing the control, so that the latter should be robust in the
sense that it minimizes the risk of obtaining a solution which leads to high values of the objective function.
The precise notion of a risk is problem dependent and thus has to be modeled appropriately. In this context,
risk typically refers to a suitable statistical measure of the objective function to be minimized, such as those
involving expectations, expectations plus variances, a quantile, or a conditional expectation above a quantile (so
called Conditional Value at Risk, CVaR [42]). The corresponding OCP often leads to a fully coupled optimality
system of equations in the random parameters. It is noteworthy that the idea of minimizing a risk to obtain a
solution with favorable properties goes back to the origins of robust optimization [47].

Numerical methods for OCPs of the second category typically depend on the choice of the risk measure. For
example, in [2] the authors consider a risk measure based on the mean and variance of a scalar objective function
and they use second order Taylor expansions combined with randomized estimators to reduce the computational
effort. The work [49] contains a study of a risk measure that involves the expected squared L? misfit between
the state and a target function, with an additional penalty term involving the squared L? deviation of the state
form its mean value. The authors propose a gradient type method in which the expectation of the gradient is
computed by a Multilevel Monte Carlo method. In [7], the authors also consider a similar risk measure and
propose a reduced basis method on the space of controls to significantly reduce the computational effort. A
more general class of risk measures (including the CVaR) for OCPs has been considered in [31], where also
the corresponding optimality system of PDEs are derived. The subsequent work [29] introduces a trust-region
(Newton) conjugate gradient algorithm combined with an adaptive sparse grid collocation as PDE discretization
in the stochastic space for the numerical treatment of these more general OCPs. For the robust OCP with the
CVaR as risk measure the study [30] introduces derivative-based optimization methods that are build upon
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introducing smooth approximations to the CVaR. Finally, in [22] the authors consider a boundary OCP where
the deterministic control appears as a Neumann boundary condition.

In this work, we follow the second modeling category and consider a similar risk averse OCP as in [7,49]
which consists in minimizing the expected squared L? misfit between the state and a given target function
as objective function, additionally equipped with an L? regularization on the (deterministic) control. For this
setting we consider numerical gradient based methods, either deterministic or stochastic, where adjoint calculus
is used to represent the gradient of the objective function. Both the primal problem and the adjoint problem
are discretized by finite elements and Monte Carlo estimators are used to approximate expectations defining
the risk measure. The reason for studying sampling-based Monte Carlo approximations instead of polynomial
chaos type methods is to develop methods that can potentially handle many random parameters and possibly
rough random coefficients.

Our main contribution is to provide a full error and complexity analysis for the considered gradient based
methods, accounting for the three sources of errors, namely, the Finite Element approximation, the statistical
Monte Carlo error, and the error due to the finite number of gradient based iterations.

We note that other error analyses have been presented before, such as [10] for the case of a random control
with a discretization in the physical space by Finite Elements and in probability by a stochastic collocation, as
well as [22] for the case of a deterministic boundary control that minimizes a quadratic risk measure, using a
Finite Element discretization both in physical space and in probability. Finally we mention the recent work [24]
where the authors consider as a risk measure the same expected quadratic loss function as in this work and study
a quasi-Monte Carlo approximation (i.e., a deterministic quadrature in the probability space) of the expected
loss which may offer a further complexity improvement, provided that the system’s state equation is sufficient
regular with respect to the uncertain parameters. In contrast, here we focus on the subtle interplay of Finite
Element discretization errors, Monte Carlo sampling errors and different numerical optimization techniques in
the context of general-purpose methods.

The first method that we consider is a gradient based method (e.g., conjugate gradient) on a fully discretized
version of the OCP (so called Sample Average Approximation — SAA), in which the Finite Element discretization
and the Monte Carlo sample are chosen initially and kept fixed over the iterations. If N is the sample size of the
Monte Carlo estimator, this method entails the solution of N state and N adjoint problems at each iteration of
the gradient method, which could be troublesome if a small tolerance is required, entailing a very large N and
small Finite Element mesh size.

We then turn to stochastic gradient methods in which the gradient is re-sampled independently at each
iteration and the Finite Element mesh size can be refined along the iterations. At each iteration this corresponds
to taking an independent Monte Carlo estimator with only one realization (N = 1) or a very small, fixed sample
size (N = N) independently of the required tolerance, with possibly a finer Finite Element mesh. We follow, in
particular, the Robbins—Monro strategy [39,41,44] of reducing progressively the step-size to achieve convergence
of the Stochastic Gradient iterations. These Stochastic Gradient (SG) techniques have been extensively applied
to machine learning problems [14,16,19,33], but have not yet been used much for PDE-constrained optimization
under uncertainty. Here, we show that a Stochastic Gradient method improves the complexity of the conjugate
gradient (or equivalent) method applied to the fully discretized OCP by a logarithmic factor. Although the
computational gain is not dramatic, we see potential in this approach as only one state problem and one
adjoint problem have to be solved at every iteration of the gradient method. Moreover, we believe that the
whole construction is more amenable to an adaptive version, which, in combination with an appropriate error
estimator, allows for a self-controlling algorithm. We leave this for future work, but mention the related recent
work [20] on mesh refinement approaches in the context of a stochastic gradient method for PDE-constrained
OCPs subject to uncertainties.

The rest of the paper is organized as follows. In Section 2 we introduce the optimal control problem under
uncertainty and recall its well posedness as well as the corresponding optimality conditions. In Sections 3-5
we then introduce the Finite Element discretization, the Monte Carlo approximation, and the gradient based
methods, respectively, including their full error analysis. In particular, Theorem 5.2 in Section 5 provides an error
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bound for the conjugate gradient (or equivalent) method applied to the fully discrete OCP, whereas Corollary 5.4
gives the corresponding computational complexity. In Section 6 we analyze the Stochastic Gradient method with
fixed finite element discretization over the iterations (with error bound given in Thm. 6.1 and the corresponding
complexity result in Cor. 6.3), whereas in Section 7 we analyze the Stochastic Gradient version in which the
Finite Element mesh is refined over the iterations (the main result being stated in Thm. 7.1 and Cor. 7.3). In
Section 8, we discuss a 2D test problem and confirm numerically the theoretical error bounds and complexities
derived in the preceding Sections. Finally, in Section 9 we draw some conclusions.

2. PROBLEM SETTING

We start introducing the state problem that will be part of the OCP discussed in the following. Specifically,
we consider the problem of finding the solution y: D x I' — R of the elliptic random PDE

(2.1)

—div(a(z,w)Vy(z,w)) = ¢(z,w), €D, wel,
y(z,w) =0, xe€odD, werl,

where D C R" is open and bounded, denoting the physical domain, (I", F, P) is a complete probability space,
and w € T is an elementary random event. The diffusion coefficient a is an almost surely (a.s.) continuous and
positive random field on D, and ¢ is a possibly stochastic source term (which could include a deterministic
control term).

Before addressing the optimal control problem related to the random PDE (2.1), we will first recall the well
posedness results for (2.1). We begin by recalling some usual functional spaces needed for the analysis that
follows. Let LP(D), 1 < p < 400, denote the space of p-Lebesgue integrable functions. Throughout this work,
we will denote by || - || = || - [|2(p) the L?(D)-norm induced by the inner product (f,g) = [}, fgdz for any
f,g € L*(D). Furthermore, we introduce the Sobolev spaces

H'(D)={y € L*(D), 0O,yeL*D), i=1,...,n}
and
Hy (D) = {y € H'(D), ylop =0},
on which a Poincaré inequality holds: 3C, > 0: ||ly|| < C,||Vyl|, Yy € Hj(D). We use the equivalent H'-norm
on the space H{ (D) defined by 1yl 20y = [[Vyl| for any y € H} (D), and we denote by H=(D) = (H&(D))*
the topological dual of Hg (D). For r € N we further recall the subspace H" (D) of L?(D) composed of functions

with all weak partial derivatives up to order r in L*(D) with norm ||y||g+(p) and semi-norm |y|g-(py given by

2 2

olely olely
W0 = 3 | and [yl ) = ,
v |§<:r 9% N2y ) az—: 9% Nl o)
respectively, where o = (a, ..., a,) € N is a multi-index. Finally, we introduce the Bochner spaces LP(T', V),

which are formal extensions of Lebesgue spaces LP(I'), for functions with values in a separable Hilbert space V
as

LP(T, V) = {y -V, vy measurable,/ ly(w)|5dP(w) < +oo} ,
r

equipped with the norm [|y|| 1 vy = (Jp ly(w)[[5dP(w))7; see, e.g., [18] for details.
As it is common for the well posedness of the elliptic PDE (2.1), we assume that the diffusion coefficient a
in (2.1) is uniformly elliptic.

Assumption 2.1. The diffusion coefficient a € L*°(D x T') is bounded and bounded away from zero a.e. in
D xT, e
3 Gmin, Gmax € R such that 0 < amin < a(z,w) < amax  a.e.in D x T
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Now we are in the position to recall the well posedness of the random PDE (2.1), which is a standard result,
see e.g., [3,35].

Lemma 2.2 (Well posedness of (2.1)). Let Assumption 2.1 hold. If ¢ € L*(T', H-*(D)), then problem (2.1)
admits a unique solution y € L*(T, H3(D)) s.t.

1
(-, w)llzp Dy < . léC,wllg-1(py for ae wel
1
and [yl 2 mi(py) < ——9ll2 0, m-1(D))-

Finally, as we will occasionally need H?-regularity in the following Sections, we also introduce the following
sufficient conditions on the domain D and on the gradient of a.

Assumption 2.3. The domain D C R™ is polygonal convex and the random field a is such that a(-,w) €
C%Y(D) for a.e. w € T with esssup,, |la(-,w)| co.1(p) < o0.

Then, using standard regularity arguments for elliptic PDEs, one can prove the following result [18,21].

Lemma 2.4. Let Assumptions 2.1 and 2.3 hold. If ¢ € L*(T", L?(D)), then problem (2.1) has a unique solution
y € L*(T, H?(D)). Moreover there exists a constant C, independent of ¢, such that

Iyllz2(r.m2(D)) < CllollL2(r,22(D))-

We are now ready to introduce the optimal control problem linked with the PDE (2.1), which we will study
in the rest of the paper.

2.1. Optimal control problem
We define the state problem for the OCP as the elliptic PDE (2.1), by specializing its right hand side to:

y(z,w) =0, r€ID, werT, (22)

{ —div(a(z,w)Vy(z,w)) = g(x) + u(z), x€D, werl,
with source term g € L?(D) and control u € L?(D). Hereafter, we use the notation U = L?(D) to denote the
set of all admissible (deterministic) control functions, and Y = H{(D) to denote the state space of solutions
0 (2.2). To emphasize the dependence of the solution of the PDE on the control function and on a particular
realization a(-,w) of the random field, we will use the notation y,,(u). When the particular realization of a is
not relevant, or when no confusion arises, we will also simply write y(u) from times. In this work, we focus on
the objective functional

: 1 B
J(u) =E[f (w,w)] with  f(u,w) = Sllys(u) = zal* + Zllull?, (2.3)
where z4 is a given target function which we would like the state y,(u) to approach as close as possible,
in a mean-square-error sense. The coefficient § > 0 is a constant of the problem that models the price of
energy, i.e. how expensive it is to add some energy in the control u in order to decrease the first distance term
E [[|gw(u) — z4]|?]. The ultimate goal then is the unconstrained OCP, of determining the optimal control u, so

that
Uy € argmin J(u), s.t. y,(u) €Y solves (2.2) as. (2.4)

uelU

It is noteworthy that the random PDE setting (2.2) above could be generalized by using a formalism similar

to the one presented in the recent work [37]. In particular, two of the authors of the present work consider
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a general class of OCPs, for which the randomness may appear in the source term or in the control to state
operator. Furthermore, that formalism may allow for randomness to appear in boundary conditions.

As we aim at minimizing the objective functional J, we will use the theory of optimization and calculus of
variations. Specifically, we introduce the optimality condition for the OCP (2.4), in the sense that the optimal
control u, satisfies

(VJ(uy),v) =0 YveUl. (2.5)

Here, VJ(u) denotes the L?(D)-functional representation of the Gateaux derivative of J at u € U, namely

Y 6u € L*(D).

e—0 €

/ VJ(u)du dz = lim J(u+ edu) — J(u)
D

Existence and uniqueness results for the OCP (2.4) can be obtained as a particular case of the more general
results in, e.g., the work [31]. We state the result in the next Lemma, without proof.

Lemma 2.5. Suppose Assumption 2.1 holds. Then the OCP (2.4) admits a unique control u, € U. Moreover
VJ(u) = Bu + E [pu(u)], (2.6)
where p,(u) = p is the solution of the adjoint problem (a.s. in T)

—div(a(-,w)Vp(-,w)) =y(-,w) — z in D,
(et =u) —a D 27)

One can derive a similar expression as (2.6) for the gradient of the functional f for a.e. w € T', namely:
Vf(u,w) = Bu + p,(u). Consequently, in the setting of problem (2.4), we have

VJ(u) = VE[f(u,w)] = E[Vf(u,w)].
For notational convenience, we introduce the weak formulation of the state problem (2.2), which reads
find y,(u) € Y s.t. by (yo(u),v) = (g +u,v) YweY for a.e.w €T, (2.8)
where by, (y,v) := [}, a(-,w)VyVodz. Similarly, the weak form of the adjoint problem (2.7) reads:
find py,(u) €Y s.t. by (v,p,(w) = (v, y,(u) —24) YvEY for a.e. w €T (2.9)
We can thus rewrite the OCP (2.4) equivalently as:

minyerJ(v) = SE[|ly (u) — zal|?] + 5 lul?
st. yo(u) €Y  solves (2.10)
by (Yw(u),v) = (g +u,v) Yvey for a.e.w eT.

3. FINITE ELEMENT APPROXIMATION IN PHYSICAL SPACE

In this section we introduce the semi-discrete OCP obtained by approximating the underlying PDE by a Finite
Element (FE) method and recall an a-priori error bound on the optimal control. Let us denote by {75}r>0 a
family of regular triangulations of D. Furthermore, let Y be the space of continuous piece-wise polynomial
functions of degree r over 7, that vanish on 8D, i.e. Y" = {y € C°(D) : y|x € P.(K) VK € 7,,ylop =0} C
Y = H}(D). Finally, we set U" = Y*. We can then reformulate (2.10) as a finite dimensional OCP in the FE
space:

mingnegn I (u*) = SE[Jh(ut) - a2 + & ]2
s.t. yP(uh) € Y" and (3.1)
bo (YR (uh),v") = (uh + g,0") Vot € YP forae weT.
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Remark 3.1. The choice U" = Y is natural for this problem. In fact, one could consider the OCP in which
the PDE is discretized in Y", whereas the control v € U is not discretized. It is not difficult to show that the
optimal control for such OCP is actually finite dimensional and belongs to Y", thus leading to the equivalent
formulation (3.1).

For the discrete OCP (3.1) we have analogous well-posedness and optimality results as those stated in
Lemma 2.5 for the continuous problem.

Lemma 3.2. The discrete OCP (3.1) admits a unique solution u € U" and VJ" can be characterized as
VJ" (") = gu" + E [pl (u")] (3.2)
where pl (ul) is the solution of the FE adjoint problem

find p; (u") € Y™ s.t. b, (0", pl(u")) = (Yl (W) — 24,0") V" € Y

w

Notice, in particular, that, since U" = Y, it follows that E [p"(u")] € U" for any v € U", hence VJ" (u") =
pul + E [p"(uh)] € U

Following similar arguments as in (Theorems 3.4 and 3.5 of [27]) and using the optimality condition and the
weak form of the state and adjoint problems, we can prove the following.

Lemma 3.3. Let u, be the optimal control solution of problem (2.10) and denote by u” the solution of the
discrete OCP (3.1). Then it holds that

Sl = w2+ 5B [l = " @DI7] < 508 (o) = B )IP] + 5B [luw) " @], (33)

where, p(uy) = " (us) is such that
bo (0", Pl (uy)) = (0", g (uy) — zg) Vo € Y for ae. wel. (3.4)

Moreover, there exists a constant C > 0 independent of h such that

Juw = w2+ E [lly(u) = o (@)]2] + B2E [ly(u) = " () I, ]
< C{E [Ip(u.) = 7" (w)?] + B [ly(e) = y" o)) + BE [Jy(w) — " w3 [} (35)

Proof. The result in the deterministic case is detailed in (Theorems 3.4 and 3.5 of [27]). We can thus write the
inequalities (3.3) and (3.4) for almost every realization w € T, and then take the expectation to conclude. O

The FE error ||u, — u”|| on the optimal control is thus completely determined by the FE approximation
properties of the state and adjoint problems. The next result also follows by standard arguments (see e.g., [27])
and shows that, for smooth data, the L? error |lu, — u”|| on the optimal control converges at rate < h™*1.

Lemma 3.4. Let Assumptions 2.1-2.3 hold and suppose that y(uy), p(u.) € L?(T, H"t1(D)). Then we have

e —ul|* +E [[ly(us) — " (@)I°] +1°E {Hy(u*) —y" ()
< O {E [Jyo (w) 3] + E [[pw(w) i ] } - (3.6)
In view of the analysis that will be presented later, we state a Lipschitz and a strong convexity result for the

functional f(u,w) for a.e. w € T, as well as its discrete version f"(u”,w) := 1||yf(u") — 2q|? + g||uh||2 Proofs
of these results can be found in [36].
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Lemma 3.5 (Lipschitz condition). For the elliptic problem (2.2) and f(u,w) as in (2.3) it holds that:
IV f(ur,w) — Vf(ug,w)|| < Llluy —ug|| Yui,uz € U and a.e. w €T, (3.7)

4
CP
2

—=—, where C), is the Poincaré constant. For the corresponding Finite Element approzimation

with L = 8+ —*

leading to (3.1) the same inequality holds with the same constant:
IVl w) — VP (ul, )| < Liju? —ub|| Vub',ul € UM and ae. w € T.

Lemma 3.6 (Strong Convexity). For the elliptic problem (2.2) and f(u,w) as in (2.3) it holds that
l
§||u1 —us||? <V f(ur,w) — Vf(ug,w),u; —uz) Yui,us € U and a.e. w €T, (3.8)

with | = 283. The same estimate holds for the corresponding Finite Element approzimation that yields (3.1),

namely:
l

§||u'f —ub|? < <th(u’f7w) — Vb, w), ul — u§> Vull, ul € U and ae. w € T

4. APPROXIMATION IN PROBABILITY

In this section we consider the semi-discrete (i.e., approximation in probability only) optimal control problem
obtained by replacing the exact expectation E[-] in (2.3) by a suitable quadrature formula E [-]. Specifically, for
a random variable X : T — R, w — X (w), let E[X] = Zivzl (i X (w;) be a quadrature formula, where (; denote
the quadrature weights and w; € ' the quadrature points. The semi-discrete problem then reads:

mingeo J(w) = $E[||y(w) — zal|?] + 5l
st Yo, (u) €Y and (4.1)
bo, (Yo, (w),v) = (g +u,v) YveY i=1,...,N.

The quadrature formula E [[] could either be based on deterministic quadrature points or randomly distributed
points leading, in this case, to a Monte Carlo type approximation. In the following, we detail the case of a
Monte Carlo type quadrature, whereas the case of a deterministic Gaussian-type quadrature is addressed in
Appendix A. Tt is noteworthy that, although we present the results only for the semi-discrete problem (i.e.,
continuous in space, discrete in probability) for the sake of notation, they extend straightforwardly to the fully
discrete problem in probability and physical space. Indeed, the fully discrete problem is obtained by replacing
the (spatial) functions and corresponding functions spaces in (4.1) by their finite dimensional Finite Element
approximations.

In the case of a Monte Carlo (MC) approximation, the quadrature formula reads Ego[X] := + Zfil X (wi),
where @ = {w;}¥, is a collection of independent and identically distributed (i.i.d.) points drawn randomly
on I' according to the probability measure P. We recall that the use of MC type approximations might be
advantageous over a quadrature/collocation approach in cases where the state and adjoint solutions are rough
or highly oscillatory, which is, for example, the case when a(-,-) is a rough random field and/or has a short
correlation length. Moreover, the Monte Carlo quadrature formula has always positive weights, which is an
important feature to guarantee that the approximate functional J preserves the strong convexity property.
We stress that, when using a Monte Carlo quadrature formula, the optimal control @, is a stochastic function
since it depends on the N i.i.d. random points W = {w;}¥ ;. The next theorem gives an error bound on the
approximate optimal control of the OCP (4.1).

Theorem 4.1. Let u, be the optimal control of problem (4.1) with E = El\w/[)C and u, be the exact optimal
control of the continuous problem (2.10). Then we have
p

SE [l - w ] +E [Eﬁc\ly(u*) = y(@)I?| < 5 55Elp(uw)]?).
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Proof. The two optimality conditions for OCPs (2.10) and (4.1) read
(VJ(ux),v) =0, and (VJmc(Ux),v)=0 YoeU (4.2)

respectively, where V.Jyc(U,) = B, + Efelp(@,)] and p(@,) = p.(@,) denotes the solution of the adjoint
problem
b (V, 00 (Un)) = (0, Y (Uy) — 24) YW EY fora.e. weT.

Choosing v = U, — u, in (4.2) and subtracting the two optimality conditions, we obtain:

(Blu. = @) + Elp(us)] - Exic[p(@.)], @, — u.) =0,
which implies
Bllus = al|* = (Elp(u.)] — Eyiolp(us)], e — ) (4.3)
+ (Enic[p(u)] = Exiclp(t)], tx = uy).
The first term on the right hand side of (4.3) can be bounded as

&

(Elp(us)] — ENiolp(us)]. @, —u) < %nmpw — Biolp(u)l® + 518 —ual* -

To bound the second term, we first notice that for any i =1,..., N

<a* — Ux; Pw; (u*) — Puw; (a*» = bwi (ywi (a*)  Yw; (u*)vaqt (u*) — Puw; (a*))
- <yw7: (u*) ~ Yuw; (a*)vywl‘ (a*) — Yuw; (u*)>
= [l () = Yo, (@)1

which leads to

(@ — s, Eifolp(u)] = Bifolp(@)]) = ~Eiiolly(u) — y(@)[1°].
Finally we take the expectation of (4.3) with respect to (w.r.t.) the random sample & = {w;}}¥, and exploit
the fact that the Monte Carlo estimator is unbiased, that is E [Eﬁc [X]} = E[X] for any random variable
X € LY(T). We thus find

CElA — il + B [Bfcly(u) - y(@)I?] < %E Blp(u)) = Eiclp(e)]IP)

1 [ 1 &

— %E I ;pw (us) — E[p(“*)]”Q]

1 B [ 1 & E 2

=55 m;pri(w) — Elp(u)]ll
11 2

= 25 v E lIp(w) — Elp(u)]l”]
11 2

< 5y Ellp(u) ).

which concludes the proof. H

Theorem 4.1 shows that the semi-discrete optimal control @, converges at the usual MC rate of 1/v/ N in the
root mean squared sense, with the constant being proportional to /E[||p(u4)||?].
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5. NUMERICAL SOLUTION OF THE FULLY DISCRETE PROBLEM

Now we focus on a class of optimization methods to approximate the fully discrete minimization problem
obtained by using the Monte Carlo estimator to approximate the expectation in (3.1) and a FE approximation
of the state and adjoint equations, as discussed in the previous two sections. That is, here we consider the fully
discrete OCP: _

ming: epn e (W) = 3 Eggelllyl (@) — zal*] + 5 llu||?
s.t. yzl (u) e Y" and (5.1)
bwi(yzl(uh),vh) =(g+ul ") whevh i=1,... N

The N constraints in (5.1) can be written in algebraic form as
Ain‘ =g+ Mu )

where u € RM is the vector of the N}, degrees of freedom corresponding to the control u® € U”, y; € RM: is
the vector of degrees of freedom corresponding to the finite element state solution y” (u") € Y, M € RNw*Nn
is the FE mass matrix, and A; € RV»XNr is the FE stiffness matrix corresponding to the diffusion coefficient

a('7 wi)'
Defining the block matrices and vectors
Ay M Iy,
A = . R M = . , 1= .

AN M In,,

Y1 P1
Y= ) b= ) g::ﬂgv Zd:]lZd,

YN | Y

where the p; solve the adjoint systems AT p; = My, — z4, the optimality condition for (5.1) reads SMu +
% Ef\il Mp; = 0, which leads to the coupled linear system

A 0 |-M1| 1y g
- M| AT | 0O Pl = | —zd|- (5.2)
0 |17Mm|NpgM | LY 0

By eliminating the state and adjoint unknowns, this can be recast into a linear system in the control variable

only
Gu = x, (5.3)

with G = NSM + 1T MA"TMAT'MI and x = 1T MA™T (24 — MA™g).

System (5.3) can, for example, be solved by an iterative method such as gradient or conjugate gradient type
methods. At each iteration, a matrix-vector multiplication will involve the solution of N state and N adjoint
equations, resulting in 2N PDE solves per iteration.

Both iterative solvers are examples of solution schemes that offer an exponential convergence in the number
of iterations. Alternative to the formulation (5.3) one could rewrite system (5.2) in the form

T
ClB 2 withw= Y], (5.4)
B| 0 g9 u

which could be solved, e.g., by GMRES or MINRES iterative methods. In the next Theorem 5.2 we analyze the
complexity of the fully discrete problem in terms of computational work needed to achieve a given tolerance.
Instead of particularizing the result to one specific iterative solver, we make the assumption that an exponentially
convergent iterative solver is employed. More precisely:

w

p
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Assumption 5.1. Let 0" be the exact solution to (5.1). Furthermore, let ﬂ? denote the approrimate solution to
the OCP (5.1) obtained after j iterations of the iterative solver used to solve (5.1). We assume that the chosen
iterative solver satisfies

E[[a" —a"|?] < Cre™™, VjeN, (5.5)
for some constants Cy,p > 0 that are independent of h and N.

This assumption is sound since the condition number of the matrix G in (5.3) can be bounded uniformly in
h and N and scales as 3~ !. Similarly, the system (5.4) can be optimally preconditioned, so that the exponential
convergence rate does not depend on the discretization parameters.

Based on Assumption 5.1 concerning the iterative solver, we now provide an error bound for the approximate
solution ﬂ?, as a function of all discretization parameters j, h, and N.
Theorem 5.2. Let u, be the solution of the optimal control problem (2.10). Moreover, let ﬂ;’ be the j-th iter-
ation of a linear solver applied to (5.3) and suppose that the solver satisfies Assumption 5.1. Then under the
assumptions of Lemma 3.4, there exist constants Cy,Co,C3 > 0 independent of h and N such that

. C
E ([} — u’] < Cre™? + 2 + Csh® 2. (5.6)

Proof. The global error can be decomposed as follows:

E (|2} — w?] < 3E[[[a} —a}|*] +3E[lay — ull*] +3Efluy — u.]?].

linear solver MC FE error

The first term E [Hﬂ? — @"||?] quantifies the convergence of the finite dimensional optimization algorithm, which
is exponential w.r.t. the iteration number thanks to the hypotheses.

The second term E[||@" — u”||?] accounts for the standard MC error and can be controlled as in Theorem 4.1
(applied to the FE approximation) leading to

Eflla? - uy|’] <

< Ellp@)I)

Finally, the term E[||u® — u,||?] can be controlled by the result in Lemma 3.4, namely by
[uf — uu]|? < O(E [y (we) |31 + Ellpw () 3] ) B2,
so that the claim follows. O

We conclude this Section by analyzing the computational complexity of solving the fully discrete OCP (5.1),
or equivalently (5.3), using an exponentially convergent iterative solver. We assume that the state and adjoint
problems, using a triangulation with mesh size h, can be solved in computational time Cp < h~"™7. Here,
v € [1,3] is a parameter representing the efficiency of the linear solver used (e.g., v = 3 for a direct solver and
v =1+ e with € > 0 arbitrarily small for an optimal multigrid solver), while n is the dimension of the physical
space. Hence the overall computational work W of j gradient iterations is proportional to W ~ 2N jh~"7.

Remark 5.3. We briefly recall the asymptotic boundedness notation “<” (also known as (a.k.a.) the Landau

big O(-) notation) as well as “~”, a.k.a. @, which will be useful for stating the complexity results that follow.
That is, we write

(x)asz — o0 < IM,x0 >0 s.t. |f(z)] < Mg(x) forall z > xg,

g
g(x)asz — o0, < f(x) Sg(x) and g(z) < f(x) as ¢ — 0.



1610 M. MARTIN ET AL.

Corollary 5.4. In order to achieve a given tolerance < tol, i.e. to guarantee that E [Hﬁ? —u?] £ tol?, the
total required computational work W is bounded by

W < tol 2777 | log(tol)].

Proof. To achieve a tolerance < tol, we can equidistribute the precision tol® over the three terms in (5.6). This
leads to the choices: )
Jmax ~ —log(tol), h~tol™1, N ~ tol 2.

Hence the total cost for computing a solution ﬂ?max that achieves the required tolerance is W ~ 2N jpaxh ™™ =

tol "2~ 77T | log(tol)| as claimed. O

6. STOCHASTIC GRADIENT WITH FIXED MESH SIZE.

In the previous Section, we have considered an approach to approximately solve the OCP (2.10) in which the
Monte Carlo sample size NN is fixed a-priori, based on accuracy requirements, the sample is generate once and
for all, and then the coupled system (5.2) is solved by an iterative scheme, each iteration involving the solution
of N primal and N adjoint problems.

As an alternative, in this section we consider an approach based on stochastic optimization ideas. Specifi-
cally, we will use randomized methods known in the literature as Stochastic Approximation (SA) or Stochastic
Gradient (SG) [16,40,41,46,47]. At the basis of these methods is a steepest decent algorithm to tackle the
optimization problem. For example, the classic version of such a method, the so-called Robbins—Monro method,
works as follows. Within the steepest descent algorithm the exact gradient VJ = VE[f] = E[Vf] is replaced
by a single evaluation V f(-,w,), where the random variable w; is re-sampled independently at each iteration of
the steepest-descent method:

wjp1 = uj — 75V f(ug,wj)- (6.1)

Here, 7; is the step-size of the algorithm (also called learning rate) and decreases as 1/7, over the iterations, in
the usual approach.

Alternatively, the single evaluation V f(-,w;) can be replaced by a sample average over N; i.i.d. realizations
(so called mini-batches [12,15,17]) at every iteration, which are drawn independently of the previous iterations.

More precisely, let 447; = (le), e ,w;N'j)) ~ P®Nj then we define the recursion as

uji1 = uj — 75 Eyio [V f(uy, )], (6.2)
where Ey/o[Vf(u,-)] = N% ZZV:JI V£ (u, wj(»i)) is the usual Monte Carlo estimator using a sample of size N; at
iteration j. Notice that the Robbins-Monro method is a special case of this scheme, namely with N; = 1

for all j. In what follows, we investigate optimal choices of the sequences {7;}; and {N;};, and the overall
computational complexity of the corresponding algorithm. We first analyze the convergence of the Stochastic
Gradient algorithm (6.2) when applied to the OPC (2.10) in the continuous setting, i.e. with no Finite Element
discretization. The proof of the next theorem follows closely the general one in Sect. 5.9 of [47], although here
we do not assume uniform boundedness of E [[|[V f(u,-)||?] with respect to u, nor do we project the control u
onto a bounded set at each iteration, which leads to slight technical modifications. For the sake of completeness,
we give the full proof of the theorem.

Theorem 6.1. Let u, be the solution of the continuous OCP (2.10) and denote by u; the j-th iterate of (6.2).
Then it holds that

272
E [tys1 — wal?) < B [l — wsl?) + SZ B[ s 0)]), (63)
J

with ¢j == 1—15l +I? (1 + %)Tf and L, the convexity and Lipschitz constants defined in Lemmas 3.6 and 3.5,

respectively.
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Proof. Using inequalities (3.7) and (3.8), we can derive a recursive formula to control the error between successive
iterations. Let us introduce the filtration F; = o {0, k < j — 1}, i.e. the sigma algebra generated by all random
variables used up to iteration j — 1. Notice that u; is measurable with respect to F;. Moreover, we introduce
the notation E[-|F;] to denote conditional expectation with respect to such filtration. Using the fact that
E[V f(u4,)] =0, we have:
Ujr1 — Us = Uj — Uy — T BNV f(ug, )] + TE[V f (uy, )]

=uj — uy — TE [V f(uy, )| F5] + TEV f(ur, )] + 75 (E [V f (u, )| F] = Exio[V £ (uy,)])

= Uj — Uy —TjTl — TjTQ,
with 71 := E [V f(uj,)|F;] — E[V f(us,-)] and T := Eyio[V f(uj, )] — E[V f(uj,-)|F;]. Hence,

lujrr = wll® =Ny — wl* + 77| T3] + 77| T2
- 2Tj<uj' — Ui, T1> - 27’j <UJ‘ — Uy, T2> + 27']~2<T1, T2>.
Concerning the terms containing 77, we find:
ITL* = B[V f(uz, )| F5) = B[V f (us, )]
= [E[Vf(uj,) = V()| F] |

:/D(E[Vf(uj,~)—Vf(u*,'ﬂ]:j])de

< [ BI9H.) - Vi )PIF] da
D
=E [[IV£(us,) = Vf(us, ) |*|75]
< L?E [||luj — w?| 7], [Lipschitz condition (3.7)]

where we have used Jensen’s inequality for conditional expectation: ¢(E [X|F;]) < E [¢(X)|F;] for ¢ convex;
see, e.g., [50]. Taking now the full expectation yields:

E[|71]%] < LE [E [[luj — u.l*|#;]] = LElllu; — u.]?),
and
E[{uj —us, Th)] = E[{uj — u, E[Vf(uj, ) = V [ (us, )| F5])]
=E [E [<’LL] T Us,s Vf(uj’ ) - vf(“*? )>|‘7:JH
>E []E BMJ - u*||2|.7-"j” [Strong Convexity (3.8)]

l
= SElllu; - u. ).

We now focus on the term 75 and notice that it can be written as

1 N N;

L= 2 (9 i) ~ BV s, W) = 3 3%

i=1 J =1
with Y; = Vf(uj,wj(-i)) —E [V f(uj,-)|F;]. We have then

2

9 B i J ‘ B L J ‘ B L J . ‘
E[|Z:)?) = E /D v =B /lefZ:jnn - /DszE[YZYM]

i=1 J =1
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Observe that, conditional upon Fj, the random variables Y;, ¢ = 1,..., N;, are mutually independent and have
zero mean, i.e. E[Y;|F;] = 0 and E [Y;Y;|F;] = 0 when i # . Therefore it follows that

J i=1

Bl <E | [ 1 3B

- /D T E[(VF ) BV A5, ) D) 15 dx]

J

<E[ [ FE[Vr.0) 15 ]
1

= EE (19 f (s, )117]
2
< B IVF () = Vi )P+ 1V 5 ()]
J
9L 2 ) o .
< —E[lu; — ul’] + =E[[IVf(ue, )] - [Lipschitz condition (3.7)]
N;j N;j
Finally, we have that
E[(uj — s, T2)] = E[E [(u; — us, To)|Fj]]
= E[(u; — us, E[T2]F;])]
1O
=~ 2_ Bl —u, E[Yi|F5])]
N =
= 0’
and, similarly, E[(Th,T»)] = E[E [(T1, T)|F;]] = E[(T1, E [T5|F;])] = 0, which concludes the proof. O
We now consider the FE version of (6.2):
u?_H = u;-l - TjE;J/fb[th(u?,w)] , (6.4)
with @; = (wﬁl), e ,w§Nj)), and focus on the particular setting (;, N;) = (70/j, N).

Theorem 6.2. Suppose that the assumptions of Lemma 3.4 hold and let u;L denote the jth iterate of (6.4) with
T >1/l, ;= 770 and N; = N, Vj. Then we have

E[[lu} — u,l?] < D1~ + Doh®+2, (6.5)
for suitable constants D1, Dy > 0 independent of j and h.

Proof. 1t follows from Theorem 6.1 that the factor ¢; in (6.3) for the particular case of (;, N;) = (70/j, N)
becomes:

Next we use the recursive formula (6.3) and set, as in Section 3, u” to be the exact optimal control for the
FE problem defined in (3.1). We emphasize that (3.1) has no approximation in the probability space. Setting
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2 : -
a; = E[||lu}} —ul|]?] and §; = %]E[HVf(uf, J)|[2], from (6.3) applied to the sequence of Finite Element solutions
{u?}j>0 we find
aj+1 < cjaj + G
<cjcj_raj-1+¢;Bi—1 + B;

<..
J
(H )a1—|—ZﬁZ H [ (6.6)
i=1 =1 l=i+1
——
=Kj =B;
For the first term x;, computing its logarithm, we have,
J
Tol M T()l
o) = St = 2 2 < 3= 5,
i=1 i=1

Where we haVe set M 30L2(1 -+ ) ThuS
lo —71ollo + M with M/ E -5
g(K’j) 0 gj 1 ‘ i2 b

and r; < j7l For the second term B; in (6.6) we have:

J J J J 2712 2
=36 Il as> 5 [T (-2 +30), with s = Z2R)IVs0d )]

For the term K;; we can proceed as before

J Tol M
log(Kij) = > log(1- =tz

k=i+1

J I M
<> (-%+»)
k=i+1

< —1pl(log(j +1) —log(i+ 1)) + M (1 — j) ,

which shows that L1
Kij < (5 +1)7™ 6+ 1)™ exp (M < — >> .

? J
It follows that

MY\ < M
) < . 1 7T0l _ '7‘0172 I
Bj<(j+1) exp( j)ZSZ exp(i>

N ,i=1 N ,
<1 <exp(M)

J
< Sexp(M)(j + 1)—7—0l ZiTol—Q Sj_la

i=1
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for 79 > 1/1. Eventually, we obtain the following upper bound, for two constants D3 > 0 and D4 > 0 independent
of h and j:
G541 S ng_mlal + D4j_1. (67)

From the condition 79 > %, we conclude that
aj41 < Dijt, (6.8)
with D; possibly depending in ||uf — u”||. Finally splitting the error as
Elllu} — ull?) < 2E[lluy — ull|*) + 2E[]|u) — u.]|?],
and using (3.6) in Lemma 3.4 to bound the second term, the claim follows. O

Algorithm 1 contains a detailed pseudo-code description of the SG method (6.4) with a fixed FE mesh size
h applied to the OCP (3.1).

Algorithm 1: Stochastic Gradient algorithm with fixed mesh size.

Data:
Given a desired tolerance tol, choose % < 70, Jmax = tol ™2, and h ~ tolm1
initialization:
u = 0;
for j =1,...,jmax do
sample N realizations a =a(-,w 1)) i=1,...,N, of the random field;
solve N state problems — y( ;Z) u), i = N using FE on mesh h;

solve N adjoint problems — p(agl w), i = ., N, using FE on mesh h;
VJ = Bu +j Zi:l p(aj ),u)
U=u-— %VJ

end

We conclude this section by analyzing the complexity of the method described in Algorithm 1.

Corollary 6.3. To achieve a given tolerance < tol in a root mean squared sense, i.e. to guarantee that ]E[Hu? -
u||?] < tol®, the total required computational work W is bounded by

W < tol 2771

Here, we recall that the state and adjoint problems can be solved, using a triangulation with mesh size h, in
computational time Cp, S h™™Y, v € [1,3], and r is the degree of the polynomial FE space.

Proof. To achieve a tolerance < tol® for the error Ef|Ju? — u,|[?], we can equidistribute the precision tol? over
the two terms in (6.5). This leads to the choice:

Jmax =~ tol_Q, h ~ tolﬁll.

The cost for solving one deterministic PDE with the FE method is proportional to Ah~"7. Hence the total cost
for computing a solution u? that achieves the required tolerance is

W ~ 2Njh~™" < tol 2771

as claimed. O
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TABLE 1. Complexity analysis overview for different optimization methods.

MC with linear solver SG — Variable step-size =~ SG — Variable step-size and N
i =To T =T0/] T =T0/]

N ~ tol 2 N;=N N; = jmo!i=t

h =~ tol 71 h =~ tol 71 h =~ tol 71

Jmax = — log(tol) Jmax = tol 7 Jmax ™ tol 70 ‘ log(tol)|%

W < tol 2771 |log(tol)] W < tol "2~ 7F1 W < tol 2771 | log(tol)|

Remark 6.4. We have investigated also other choices for (7;, N;) in the SG method (6.4). However, among

the cases considered, we have found that (7;, N;) = (TJ—O, N) leads to the best complexity. For example we have

studied the SG with step-size 7; = 70/j, 7ol > 1 and increasing the MC sample size as N; ~ j7!=1 across
iterations. With this choice the estimate in (6.5) becomes

aj41 < Dyj =™ log(j), (6.9)

which leads to the choice jmax =~ tol 70! | log(tol)|% and a final complexity

J
W ~2 Zz’ml*lh*m ~ 25700y~ =< tol "2 | log(tol)|,
i=1

which is analogous to that of the full optimization algorithm discussed in Section 5. The proof of the bound
(6.9) is detailed in Appendix B for completeness.

Remark 6.5. In general convex stochastic optimization problems, the constant [ may be challenging to estimate
in practice, which makes it difficult to fulfill the condition 7 > 1/I. To bypass this difficulty, one could consider
the so-called Averaged Stochastic Gradient method [46] instead, in which the step size 7; = 79/4"7, n € (0,1), is
chosen with N; = N and the averaged control % 321 u; is considered. The analysis of this alternative method
is postponed to a future work. We remark, however, that in our setting the constant [ is directly related to the
regularization parameter, namely | = 23, so the need for averaging the control is not so compelling.

Table 1 summarizes the complexity results for the SG method in both the fixed sample size and increasing
sample size regimes, as well as the complexity of a linear solver (e.g., CG) applied to the fully discretized
OCP. There, the total work (W) to achieve a given tolerance (tol) is presented. We see from the table that
the SG version with fixed sample size N (second column) improves the complexity only by a logarithmic factor
compared to the MC method in conjunction with a linear solver for the optimization problem (first column).
The advantage we see in this SG version compared to the MC method with linear solver is that we do not have
to fix the sample size N in advance and can, instead, simply monitor the convergence of the SG iterations until
a prescribed tolerance is reached. However, in Algorithm 1, we do have to choose the FE mesh size in advance.
It is therefore natural to look at a further variation of the SG algorithm in which the FE mesh is refined during
the iterations until a prescribed tolerance is reached. This is detailed in the next Section.

7. STOCHASTIC GRADIENT WITH VARIABLE MESH SIZE

In this section, we discus a variant of the stochastic gradient (SG) method that also refines the FE mesh size
across iterations of the steepest decent optimization routine. That is, the new mesh size h; is now depending
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on the current iteration j. Here we study only sequences of nested meshes of size h; = 270) with £: N — N
being a non-decreasing function. The complete SG procedure with decreasing FE mesh size then reads:

uply =y = T B[V (), (7.1)
with uT; = (w;l),~-' ,w;Nj)). Notice that if non-nested meshes are used across the iterations, a projection

operator has to be added in (7.1) to transfer information from one mesh to another. We first derive a recurrence
formula for the error in the spirit of (6.3).

Theorem 7.1. Let u?fll be the approximated control obtained from the SG with variable mesh size (7.1) and
Uy the exact control for the continuous optimal problem (2.10). Then, under the assumptions of Lemma 3.4, we
have:

. v 472 2 1
h; h; r
Bps —wl?] < Bl — )+ SRV ()P + 47 (04 o) + )R, (1)
J J

where ¢; = 1 — %l + T]2L2 (2 + N%), [ and L are the convezity constant and the Lipschitz constant of f, resp.,
and C > 0 is a constant that depends on the H™'-semi-norm of y(u.) and p(uy).
Proof. Subtracting the optimal continuous control u, from both sides of the recurrence formula (7.1), we get

=y — T B[V ()] £ HEV 7 (uy, )]

£ 7E [V () )|F ]+ mEIV £ ()

u

=l =+ (BIV S )~ B [V 0,015))
+ 7 (E [V @ F ] = BV )P ) + 75 (BIVF () = V" ()

Then setting, similar as in the proof of Theorem 6.1,

Ty =B [V () )IF] - BV (),

Ty i= Byl [V (ul, )] — E [thﬂ' (u;”»-)lfj} :

Ty := B[V f(uy,-) — V1 (uy, )],
we can rewrite the last equality as

hjy1

h:
iy — U = Uyt —ue — 70 — 7T + 7T,

h;
We compute the mean of the squared norm of u;1}" — u, as

hjt1 hj
Eflluyi — wel?) = Efluy’ — wd*] + 77E[|T0|*] + 77E[| T2 (%] + 77E[|| T3
— 2 B(u) — u,, T1)] — 215 E[(u) — w, To)] + 275 E[(u})’ — u,, T3)]

+272E[(Th, To)] — 277E (T2, T3)] — 2r2E[(T1, T5)] . (7.3)

Next, we bound each of these ten terms on the right-hand side. First, the term 77E[||T1*] can be bounded as
in the proof of Theorem 6.1 leading to:

hj
TPE(|T1 1) < 77L7 Ellluy” — ],
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with Lj; being the Lipschitz constant for the function f hi which is bounded by L (see Lem. 3.5). For the term
7']42IE[||T3||2]7 we find,

TIE( T3] = 72 |E[V f (e, ) = V9 (s, )1
= 7} |Elp(u) — p" (w)]]?
< T7E[lIp(u) — p" (u) ]
< 277 E[llp(u.) — B (uwa)lIP] + 277 E[|P" (u.) — p (wa)|?]
<2CT 2E[|p(u*)\Hr+1]h2T+2 + QCTQE[|y(u*)|Hr+1}h2r+2 [using Lem. 3.4]
< 272C(y(us), plus) 272,
Next, for 77E[||T2(|?] we use the same steps as in Theorem 6.1 to find

27-2L2 27’2
2 2 Jhy h; 2 J h; 2
BT IP) < =B [}’ — walP] + TEE[I9% (us, )
The second term of the right hand side can be further bounded uniformly w.r.t. h; as

E[| V" (e, %] < 2E[IV S (s, ) = Vf (e, )|1?] + 2E[| V f (s, ) 17]
< AC(y(un), plun) 52 + 2E[[[V f () [17],

where we have used the same steps as for T3 to bound E[||V f7 (u,, -) — V f (us, -)||?]. Finally, for the cross terms
we have

20 Bl(u” — we, T1)] = 2Bl — B [V (), ) = VP (s, )| ])]
= 20E[E (u)’ — e, V" (u),) = V™ (s, DI

> leE[Hu;” —u,|?], [using Strong convexity]

and as in Theorem 9,

2mE[(u — u,, Tp)] = 2r2E[(T1, Tp)] = 272E[(Ty, T3)] = 0.
Moreover
27l — s T] < 275 TE[? — w2 + [T )
< 2 TE{lu w2 + T2 Oy, plu ),
and finally
277E[(Th, T3)] < T7E[||T1[°] + 77 E[|| T3]
< T7L7 Ellluy’ — wl’) + 277 Cy(u.), plu.))h> 2.

Putting everything together, we finally obtain (7.2), as claimed. O

A natural choice to tune the parameters 7;, N; and h; would be to set, guided by the usual Robbins-Monro
theory, 7, = 70/j, Nj = N and balancing all terms on right hand side of (7.2). This leads to the following.
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Theorem 7.2. Suppose that the assumptions of Lemma 3.4 hold and let u;-” denote the j-th iterate of the SG
method with variable mesh size (7.1). For the particular choice (1j, N;,hj) = (10/4, N, ho2~D)), with £(j) =

ng&)—‘ , and assuming 1o > 1/1, we have:

h; .
EflJu;” —ud?) < Fij ™t (7.4)
for a suitable constant I independent of j.

2
Proof. With the choice of 7;, N; and £(j) in the statement of the theorem, the two last terms %E[Hthj (us, )%
and 47; (Tj(]. + Nl) + %)Ch?”‘2 in the inequality (7.2) have the same order < j72. Then, we apply the same
J
reasoning as in Theorem 6.2 to conclude the proof. (I

Algorithm 2 details the SG Robbins-Monro method with variable mesh size (7.1) applied to the OCP (2.10).

Algorithm 2: Stochastic Gradient algorithm with variable mesh size.
Data:
Given a desired tolerance tol, choose 1y > %, ho and jmax =~ tol ™2
initialization:
u=>0
for j=1,...,Jmax do
Ing j
update mesh size to h = ‘h027[ﬁ1
sample N realizations ay) =a(-, wj(»l)), i=1,...,N, of the random field
solve N state problems — y(aéi), u), i=1,...,N, on mesh h
(4)

solve N adjoint problems — pla;’u), i=1,... ,N, on mesh h

VJ = fu+ % Zfil p(ay),u)
u=u-— ?VJ

end

Concerning the complexity of the Algorithm 2, one can derive the following complexity result.

Corollary 7.3. With the choice (1;,Nj,,h;) = (10/j, N, ho2=tD)) as in Theorem 7.2, in order to achieve a
given tolerance < tol in a root mean squared sense, i.e. to guarantee that IE[HUSLJ —u,|?] < tol?, the total
required computational work W is bounded by:

W < tol 2771 |

Proof. To guarantee that the mean squared error tolerance is met, in view of Theorem 7.2 it suffices to ensure
that tol? < j-L1 | which holds for jmax ~ tol 2. Then the total work required is bounded by

max?

j[I)aX j]!]ax
W=3 2Nn" =2N Y omlaE
p=1 p=1

o Inp p Ins p .
But since ’—2T+2—| < 5225 + 1, one can bound:

Jmax Jmax
W<aN Y o (535+1) < gy > priz

p=1 p=1
2r+2

ny
y < 1 27‘+2+1 .
2T+2+n7(]ma +1)

< 2n'y+1N
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IsoValue

(4) (B)

FIGURE 1. Mesh and target function z4. (A) Structured mesh triangulation with h = 273.
(B) Target function z4 for the optimal control problem.

AS Jmax =~ tol 72, we finally bound the computational work by

W < tol 27771,
O

Notice that the asymptotic complexity remains the same as for the Stochastic Gradient algorithm with fixed
mesh size (6.4); c¢f. Corollary 6.3. However, as the SG method with variable mesh size uses computations on
coarser meshes for the first few iterations, we nonetheless expect a practical improvement due to reducing the
proportionality constant. We will assess such improvement by numerical experimentation in the next Section.

8. NUMERICAL RESULTS

In this section we verify the assertions of Theorems 5.2, 6.2 and 7.2, as well as the computational complexity
derived in the corresponding Corollaries 5.4, 6.3 and 7.3. Specifically, we illustrate the order of convergence for
the three versions of the iterative optimization method presented in Sections 5-7 respectively. For this purpose,
we consider problem (2.2) in the domain D = (0,1)? with g = 1 and the random diffusion coefficient

a(xy,x2,&) =1+ exp (var (&1 cos(1.1mxq) + &2 cos(1.2mxq)

+&38in(1.3mxg) + &4 sin(1l.47zs))) (8.1)
with (1,22) € D, var = exp(—1.125) and &€ = (§1,...,&) with & R U([-1,1]). Figure 2 shows three typical
realizations of the random field. The target function z; has been chosen as zq4(x1,22) = sin(wz) sin(mxs) (see
Fig. 1b) and we have taken 8 = 10~* in the objective function J(u) in (2.3). For the FE approximation, we have
considered a structured triangular grid of size h (see Fig. 1a) where each side of the domain D is divided into
1/h sub-intervals and used piece-wise linear finite elements (i.e. r = 1). All computations have been performed
using the FE library Freefem++ [26]. This relatively simple setting, with only 4 uniform random variables, has
been chosen to be able to compute an accurate reference solution by a stochastic collocation method on a fine
FE mesh.

8.1. Reference solution

To compute a reference solution of problem (2.2), we use a full tensorized Gauss-Legendre (GL) quadrature
formula with 9 points in each direction (i.e. with a total number of knots N = 9?) and a fine triangulation with
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()

FIGURE 2. Three realizations of the diffusion random field (8.1). (A) & = 0.261619 & =
—0.903332 &3 = —0.687648 &4, = —0.782205 (B) & = 0.403356 & = 0.400192 & = —0.306743
&4 = —0.951377 (C) & = 0.432194 & = —0.584671 &5 = 0.0566697 &4 = —0.512156.

IsoValue

m30.4321
W34.7795

FIGURE 3. Optimal control reference solution computed with A = 272 on tensorized Gauss-
Legendre quadrature formula with N = 9% nodes.

h =279 see, e.g., references [9,45] and Appendix A for estimates of the quadrature error. As this approximated
problem with fixed Gauss nodes is now deterministic, we have used a stopping condition based on the norm of
the gradient, and have chosen the conjugate gradient (CG) algorithm applied on the linear system (5.3) as the
iterative optimization scheme. In Figure 3 we show the optimal control obtained after j = 16 iterations when
the stopping criterion ||E8{;)’979) [VJ(u)]| < 107® was met, where u! is the jth CG iterate and E = E(%?g’g’g)

denote the tensor Gaussian quadrature used in (4.1) to approximate the true expectation. The L?-norm of the

final control using this Gaussian quadrature is [|@"=7 *|| = 16.4128.
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FIGURE 4. L?-error on the optimal control of the fully discretized OCP with mesh size h = 279
and increasing MC sample size Nyic. Mean and std of the error estimated by sample averages
over 10 independent realizations.

8.2. Conjugate gradient on fully discretized OCP

We investigate here the convergence of the method described in Section 5, with the particular choice of the
CG method applied to the linear system (5.3) as iterative solver. We recall the error bound (5.6) in the case of
piece-wise linear FE (i.e. r = 1):

~h 2 —pj & 4
Ef|u} — ul]"] < Cre™* + N + C3h*. (8.2)
MC
For each tolerance tol, using formula (8.2), we compute the optimal mesh size h = h(tol), the optimal sample
size in the MC approximation Nyic = Nyc(tol), and, finally, the minimum number of iterations required in
the iterative optimization method, j = j(tol). To optimally balance the error contributions in (8.2), we need
further to estimate the constants C7, Cs, C3, p. This is detailed hereafter.

— In order to estimate the constant C5, we used the same finest mesh as the one used to compute our reference
solution, namely h» = 279 and ran the CG method up to 20 iterations on the linear system (5.3) discretized
by Monte Carlo with a sample of increasing size Ny = 29,21, -+, 210, For every sample size Nyc we
repeated the simulation 10 times (with 10 independent MC samples) and averaged the final L?(D) error
on the control. We numerically found Cy =~ 0.430527. Figure 4 presents these results, where the mean and
standard deviation (std) of the L? error have been approximated by sample averages using the 10 independent
realizations.

— To estimate the constant Cs, we have discretized the OCP by a Gaussian quadrature with N = 2% knots
(2 Gauss—Legendre points per random variable) and a sequence of decreasing mesh sizes h = 271, ... 278,
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FIGURE 5. L2-error on the optimal control of the fully discrete OCP with N = 2* Gauss-
Legendre quadrature knots and decreasing mesh sizes.

The optimal control has been computed by sufficiently many CG iterations and the error estimated with
respect to a reference solution with h = 279 and the same Gaussian quadrature with N = 2% knots. We
found C3 ~ 436.516. Figure 5 shows the convergence of the error on the control (in the L?-norm), versus
the discretization parameter h. We observe a convergence rate of h2, which is consistent with the theoretical
result in (8.2).

— To estimate the constants C; and p, we have discretized the OCP by a Gaussian quadrature with N = 5%
tensorized Gauss-Legendre knots and h = 272, We have run the CG algorithm and recorded the L? error
on the control, computed with respect to a converged solution, over the iterations. We found p = 4.941 and
C1 = 17.9140.

Figure 6 shows the computational complexity of the considered method, i.e. the fully discretized OPC solved
by the CG algorithm, with optimally chosen parameters Ny, h, and j. Here we plot the mean L? error on
the optimal control versus the computational cost model W = 2Nycj (% —1)% (we assume here an optimal
ideal linear algebra solver which achieve v = 1 for the FE discretized PDE). The mean error and its standard
deviation have been estimated by repeating the whole procedure 20 times.

The observed slope is consistent with our theoretical result W ~ tol™® up to logarithmic terms.

8.3. Stochastic gradient with fixed mesh size

We implement here the Stochastic Gradient method described in Section 6 using N = 1 samples at each
iteration (recall that the complexity does not depend on N) and learning rate 7; = j%@? with 7o = % It is
noteworthy that there may be applications for which a mini-batch approach with N > 1 may provide additional
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FIGURE 6. Mean relative L2-error on the optimal control versus the computational work model
W =2Nnmce j(% —1)2 for the fully discretized OPC solved by the CG algorithm (with optimally
chosen parameters Nyo, h, j). Mean and standard deviation of the error estimated over 20
repetitions.

benefits. However, for the OCP problem considered in this work we did not observe any performance benefits by
using N > 1, so that we used N = 1 throughout. We have first assessed the convergence of the SG iterations on
the FE discretized OCP (3.1), using a mesh size h = 27%. The reference solution was computed using the same
FE mesh size, a Gaussian quadrature with N = 5% knots to approximate the expectation and CG iterations up
to convergence. Figure 7 clearly shows the % convergence rate of the SG algorithm w.r.t. the iteration counter
J, as predicted by Theorem 6.2.

We have then studied the complexity of the SG Algorithm (where the error is computed with respect to the
solution of the continuous OCP (2.10)). For convenience, we recall the error bound (6.5):

El|u? — w.|?] < D1j~" + Db 2.

To optimally balance the two error contributions, we have estimated the constants D; and Dy as described
next.

— The constant D; can be inferred from the results in Figure 7. A least squares fit of the mean L? error versus
the iteration counter j gives Dy ~ 2.143.
— The constant Dy is the same as the constant C5 in (8.2), hence we kept the same estimate Dy = 436.5.

With these constants estimated, for a given required tolerance tol we can estimate the correct number of SG
iterations j(tol) and mesh size h(tol) to fulfill the accuracy requirement. Figure 8 shows the estimated mean L2
error, using SG Algorithm 1, as a function of the computational cost model W = 2j(% —1)2. The slope is the
one predicted in Corollary 6.3 (with » = 1 and v = 1), namely W < tol 3.
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FIGURE 7. SG Algorithm applied to the FE discretized OPC (3.1) with h = 2%, Mean L?
error as a function of iteration counter, estimated by sample average over 100 independent
realizations.

8.4. Stochastic gradient with variable mesh size

We present here the results for the Stochastic Gradient method described in Section 7 with N = 1 and
learning rate 7; = jl—f’w, with 79 = % The mesh refinement strategy over the iterations is the one described in
Algorithm 2 with hg = 27%.

The rational behind this choice of hg is the following: from (7.2) we have that

Efllu} — wl’] < ¢jE[lu}’ — u.]|*] + MC + FE

2
where the Monte Carlo error behaves asymptotically for j — oo as MC = 4%]E[HVf(u*, I|12] ~ %302 with

O3 ~ 0.43 estimated in Section 8.2, and the Finite Element error behaves as FE = 47; (7;(14 %) + %)Cgh?”’? ~

1
L@‘F’)C’ghé, with C5 &~ 436.5 estimated in Section 8.2. Equilibrating the two error contributions M C' and

FE, leads to an hg of the order of the chosen one.

We have run the algorithm for j,.x = 10000 iterations, and repeated the simulation 100 times to estimate
the mean error and its standard deviation.

Figure 9 shows the mean L? error computed with respect to the same reference solution described at the
beginning of this section, versus the iteration counter. Figure 10 shows, instead, the mean L? error at iteration
j versus the computational cost model W; = >>7 _, 2(h—1k —1)%, as well as one particular realization of the
algorithm. In both plots, the observed convergence rate of the mean error is consistent with the results in
Theorem 7.2 and Corollary 7.3, resp. In Figure 10 we have also added, for comparison purposes, the complexity

results of the other two methods, namely CG on the fully discretized OCP and SG on the semi-discretized
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FiGURE 10. Comparison between the three different solution methods: CG with fixed mesh
and MC sample; SG with fixed mesh, SG with variable mesh. The estimated mean relative L?
error E[||u — uy||] is plotted as a function of the theoretical computational work W. Upper error
bar corresponds to 3 standard deviations. For the latter method, also one particular realization
is shown.

OCP, with optimal choices of discretization parameters. It is clear from this plot that all methods perform very
similarly for the problem at hand.

9. CONCLUSIONS

In this work, we have analyzed and compared the complexity of three gradient based methods for the numerical
solution of a risk-averse optimal control problem involving an elliptic PDE with random coefficients, where a
Finite Element discretization is used to approximate the underlying PDEs and a Monte Carlo sampling is
used to approximate the expectation in the risk measure. The first version considered is when the OCP is
discretized upfront, using a fixed finite element mesh and a fixed Monte Carlo sample, and then solved by an
efficient iterative method such as a Conjugate Gradient. The second version is a Stochastic Gradient method in
which the finite element discretization is still kept fixed over the iterations, but the expectation in the objective
function is re-sampled independently at each iteration, with a small (fixed) sample size. Finally, the third version
is again a Stochastic Gradient method, but now with successively refined FE meshes over the iterations. We
have shown in particular, that the stochastic gradient methods improve the computational complexity by log
factors, compared to applying the CG (or equivalent) linear solver to the fully discretized OCP. Our complexity
analysis is based on a-priori error estimates and a-priori choices for the FE mesh size, the Monte Carlo sample
size, and the gradient iterations to obtain a prescribed tolerance. We stress that the complexity bound derived
in Corollary 6.3 is tight, as for a given control u, computing the value of objective functional J(u) only using
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MC and FE methods has a complexity of tol - (METatetFErate) a)r0ady where MC-rate = 2 and FE-rate = S
which is the asymptotic complexity stated in Corollary 6.3. One could potentially obtain a better complexity
by considering higher order discretization schemes, either for space or for probability, by exploiting ideas from
our recent work [37] or considering a hierarchical /multigrid discretization in probability [38].

In addition to the improved complexity, another benefit of the stochastic gradient methods is that they are
more amenable to adaptive versions, in which, e.g., the mesh size and possibly the Monte Carlo sample size are
refined over the iterations based on suitable a-posteriori error indicators. The study of such adaptive versions
is postponed to future work.

Another interesting direction for future work is the extension of stochastic gradient methods to more general
risk measures. For example, we mention that Stochastic Gradient methods have been already used in combination
with the CVaR risk measure [5], although not in the context of PDE-constrained optimal control problems. One
way of introducing more general risk measures in our context could be to consider the objective functional

1

3w =5 [ o)) ) )do + Gl

In this work we have focused on the “mean-squared” risk measure o(-) = E[(-)?] but this could be replaced by any
other coherent and more risk averse measure. Indeed, since every coherent risk measure o satisfies the monotonic
and convexity assumptions, the objective functional u — J(u) will be convex provided the solution map from
u to y is convex. Therefore, the theory developed here could still be applied thanks to the regularization term
that ensures that the strong convexity assumption is satisfied.

APPENDIX A. REFERENCE SOLUTION BY STOCHASTIC COLLOCATION

In this appendix, we briefly describe the computation of the reference solution used in the numerical result
of Section 8, which is based on a stochastic collocation method on a tensor grid of Gauss Legendre points.
Moreover, we provide an error estimate for such an approximation based on stochastic collocation. While the
numerical example in Section 8 only depends on 4 random variables, here we show that the stochastic collocation
approximation is exponentially convergent and that a highly accurate solution can be obtained with a moderate
number of collocation points; recall that 9* points were used in the numerical experiments. We suppose that
quadrature to approximate the expectation is not random, but uses deterministic points &;, for i = 1,..., N.
The estimated optimal control u is then deterministic as well. The following theorem then provides an error
bound.

Theorem A.l. Denoting by u, the optimal control solution of the exact problem (2.10) and by u the solution

I~

of the semi-discrete collocation problem (4.1) using a deterministic quadrature formula E as approzimation for
E, we have

g\lﬂ = we® + Ellly(u) — y(@)]%) < %IIE[P@)] - Elp(@)]|*. (A1)

Proof. The expressions of the gradient of J and J are given by V.J(u,) = Bu, +E[p(u,)], VJ (@) = Bi+ E[p(@)],
respectively, and the corresponding optimality conditions read

(VJ(uy),v) =0, (VJ(@),v)=0, VYveUl. (A.2)
Then choosing v = U — uy in (A.2), and combining both we find
(Blux = @) + Elp(us)] = Blp(@)], @ - u.) =0,

that is, R
Bllu. —al|* = (Elp(u.)] - E[p(@)] + E[p(@)] - E[p(@)], @ — u.). (A.3)
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In order to bound the first part of the error in (A.3), (E[p(us)] — E[p(@)], & — ux), we can write for any w € 2

o~

<’L’i - U*va(u*) 7pw(a)> = bw(yw(a) - yw(u*)apu(u*) - pw(u))
= (Yo (tx) = Yoo (U), Yo (@) — o ()
= |y (us) = yu (@)%

Then, taking expectation, we find
(Elp(u.)] = Elp(@)], @ - ur) = ~E[ly(u.) — y(@)|]-
For the second contribution, (E[p(@)] — E[p(@)], @ — u.), Cauchy-Schwarz and Young’s inequalities yield
~ S e 1 ~ B B~
(Elp(w)] = Elp(@)], @ - w) < o5 |Elp(@)] - Elp@]I* + 5117 = w.?,
from which the claim follows. O

The quantification of the quadrature error E[p(%)] —E [p(w)], i-e., the right hand side in (A.1), heavily depends
on the smoothness of the adjoint function in the stochastic variables. The numerical example considered in
Section 8 has a diffusion coefficient that is a particular version of the more general class of diffusion coefficients
of the form

M
a(z,§) = ao(x) + Z VAigibi(x)

with ag > 0 ae. in D, ||bi]|z=(py = 1, S, VA < essinfep ag(x), and & ~ U([~1,1]) i.i.d. uniform random

variables. We denote by £ = (&1, -+ , &) the corresponding random vector. Hence, in this case the probability
space (I, F,P) is ' = [-1,1]M, F = B(T) the Borel o-algebra on I', and P(d¢) = @M, dgf‘ the uniform

product measure on I'. Moreover, as & ~ U([—1,1]) here, we chose as a quadrature formula the tensor Gaussian
quadrature built on Gauss-Legendre quadrature points. In particular, we consider a tensor grid with g; points
in the ¢-th variable and denote the corresponding quadrature by E(?L[-], where ¢ = (q1, -+ ,qu) € NM is a
multi-index.

To any vector of indexes (k1,...,ka) € {1, ,q1} x -+ x {1,--+ ,qm} we associate the global index

k=k+aqks—1)+qq(ks—1)+...,

and we denote by yi the point yx = [Y1,ky, Y2,kes - UM kp ] € I'. We also introduce, for each n =1,2,..., N, the
Lagrange basis {l,,;}7, of the space P,

n—17

l’ﬂ;j € Pqn—l(l—‘n)a ln,j(yn,k) = 5]'1@7 Js k=1,..., Adn,

where &, is the Kronecker symbol, and P,_1(I') C L*(T") is the span of tensor product polynomials with degree
at most ¢ —1 = (q1 — 1,...,qp — 1), that is, P,_(T") = ®f\i1 P,._1(T;). Hence the dimension of P, is
Ny = vazl g;. Finally we set l;(y) = Hfj:l L ke, (Yn)-

For any continuous function g : I' — R we introduce the Gauss Legendre quadrature formula E(?L[g] approx-
imating the integral [ g(y) dy as

N, M
ESMg =S wng(mn), wr = [k wh = / 2 (y) dy . (A4)
k=1 n=1 n
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We now analyze the error introduced by the quadrature formula. The first step is to investigate the smoothness
of the map & — p(u, £). For this, it is convenient to extend the state and adjoint problems to the complex domain.
To do so, with slight abuse of notation let

M
a(z,z) = ap(x) + Z \/)\Tzlbl(x)

with 2 = (21, -+, 2n) € CM and let
Uy = {z € CM : Re(a(z,2)) >0 ae. in D}.

We consider the state and adjoint problems extended to the complex domain: Vz € Uy find y(-, 2) € H}(D;C)
such that

/ a(x, z2)Vy(z, z)Vo(z)dr = / (@(x) + g(z))v(x)dz Vv € Hi(D;C), (A.5)
D D
and find p(-, 2) € H}(D;C) s.t.
/ a(z, z)Vp(z, 2)Vu(z)dr = / (y(,2) — za(z))v(z)dx Vv € Hy(D;C). (A.6)
D D

It is well known that problem (A.5) and (A.6) are well posed in Up. Let now X C Uy be

M
Y= {z cCV: Z\/):|zl| < amin}
i=1

2

with amin = essinfyep ag(z). The next lemma states that both z — y(-, 2) and z — p(-,2) are holomorphic
functions in Uy with uniform bounds on X. The result for z — y(, z) is well known and can be found in reference
[11] for example, so that we only give the proof for z — p(-, 2).

Lemma A.2. Both functions z — y(-,z) and z — p(,2) are holomorphic on Uy, and both have a uniform
bound on X, in the sense that

+u
maxecs (- 2)ll g < Cpll 2l (A7)
min
an leall s g+l
Z2d g+u
max.ex||p(-, 2)| g <Cp = + P — (A.8)
min min

Proof. Tt is well known (see e.g., [11]) that the function z — y(-,2) is holomorphic on Uy with bound (A.7).
This property translates to the adjoint function z — p(-, z) € Hg(D;C) which is holomorphic in Uy as well with
bound

wR) — Z4
maxzex||p(-, 2)||m < CPmaXZGEM
Amin
coplzal o o2l
Gmin Gmin
z +u
Gmin min

O

Based on the last regularity result and following [4], we can state the following error estimate for the quadrature
error.
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Theorem A.3. Denoting by u the solution of the semi-discrete (in probability) optimal control problem (4.1)
with E = E(?LH and p(@) the corresponding adjoint function, there exist C > 0 and {ry,--- ,rp} independent
of q s.t.

IE[p(@)] - By p@)|* < CZ T

with g, the number of points used in the quadrature in direction n.

APPENDIX B. PROOF FOR INCREASING MONTE CARLO SAMPLING IN SG

Here we detail the proof of the bound (6.9) in Remark 6.4. In that case the factor ¢; in (6.3) becomes

2 l Tol 0
cjzzl—le+L2(1+Fj)Tj2:1_ +L2(1—|—21 0)327
for 7; = 79/j and N; ~ j7=1 with 79l — 1 > 0.
We use the recursive formula (6.3) and set, as before, u” to be the exact optimal control for the FE problem
defined in (3.1). We emphasize that (3.1) has no approximation in probability space. Setting a; = E[HU? —ul|?]

2
and §; = QNLjE[HVf(uf,w)Hﬂ, we have from (6.3) applied to the sequence of FE solutions {u?}j>o that

aj+1 < cja; + B
<cjcjraj—1 + ¢;Bj—1 + B;
< ...

J
S( )a1+Zﬂl H c (B.1)
=1 =1 l=i+1
——
=kj =B;

For the first term ~;, computing its logarithm, we have

J / J J /

T()Z M —Tol M

log(r;) < ) lo (1—*+7)§E - +) -
i=1 i=1 i=1

where we have set M’ = 372 L% as we have 1 — 15l < 0 and thus j'~7! < 1 for every j > 1. Therefore

o0 M/
log(k;) < —Tollogj + M", with M" = Z —
=1

and r; < 77l For the second term B; in (B.1) we have

4 d B I 3722
Bj:;@'kg <ZS/ ol—1 H (1_1 722 )a

k=i+1

=K
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with S" = 272E[||V f(u?, w)||?]. For the term K;; we find that

k=i+1
J /
Tol M
< _
<> (-F+%)
k=i+1
) , (11
< —ol(log(j + 1) — log(i + 1)) + M | = — 7 )
which shows that L
Ky <(G+1)7 i+ 1) exp <M/ ( - >> '
? J

It follows that

/! J U
B < (j+1)"™ exp (—M> STl (5 4 1)l exp (M )

_ i
\ ,1=1 R ,

<1 <exp(M’)

J
< Sexp(M)(G+ 1)) (i + 1) S5 log(3),

i=1
for 79 > 1/I. Eventually, we obtained the following upper bound for two constants D3 > 0 and Dy > 0:
aj41 < Dsj~™lay + Dyj~ ™ log(y). (B.2)

We conclude that
“7! log(4), (B.3)

with D, possibly depending on ||uff — u”||. Finally, splitting the error as

aj+1 < Dyj

Efluf — ull*) < 2E[[luf — ul|*] + 2E[||uf — u. ]

and using (3.6) to bound the second term, the claim follows.
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