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ABSTRACT
Meta-generalized gradient approximations (meta-GGAs) and local hybrid functionals generally depend on the kinetic energy density τ. For
magnetic properties, this necessitates generalizations to ensure gauge invariance. In most implementations, τ is generalized by incorporating
the external magnetic field. However, this introduces artifacts in the response of the density matrix and does not satisfy the iso-orbital con-
straint. Here, we extend previous approaches based on the current density to paramagnetic nuclear magnetic resonance (NMR) shieldings
and electron paramagnetic resonance (EPR) g-tensors. The impact is assessed for main-group compounds and transition-metal complexes
considering 25 density functional approximations. It is shown that the current density leads to substantial improvements—especially for the
popular Minnesota and strongly constrained and appropriately normed (SCAN) functional families. Thus, we strongly recommend to use the
current density generalized τ in paramagnetic NMR and EPR calculations with meta-GGAs.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0103898

I. INTRODUCTION

Meta-generalized gradient approximations (meta-GGAs) are
formally the most accurate approach in semilocal density functional
theory (DFT).1,2 The key ingredient is the kinetic energy density τ.
Magnetic properties, such as nuclear magnetic resonance (NMR)
shielding constants and coupling constants, are formulated by gen-
eralizing the kinetic energy with the vector potential of the magnetic
interaction. In turn, this means that τ also needs to be generalized to
ensure consistency and a proper physical behavior, including gauge
invariance.3–10 The most straightforward ansatz is to include the
vector potential of the external magnetic field B⃗ into τ.3 However,
this violates the iso-orbital constraint and is impractical for the vec-
tor potential of magnetic moments, which is employed to compute
NMR spin–spin coupling constants and hyperfine coupling con-
stants in electron paramagnetic resonance (EPR) spectroscopy. A
generalization based on the (paramagnetic) current density accord-
ing to Dobson4,5,11 is a more suitable ansatz.12–14 Matters are simi-
lar for excitation energies7,15 and other electromagnetic properties.

Furthermore, the current density functional framework is also the
method of choice in finite field approaches.16–21

It was shown recently that the current density is also advan-
tageous for NMR shifts of closed-shell molecules in the limit of a
vanishing magnetic field.22 The current-dependent generalization
not only improves the results in practical NMR shift calculations23

but also removes artifacts in the response of the density matrix.22

For instance, the term involving the linear response of the density
strictly vanishes for closed-shell atoms.22 Moreover, the iso-orbital
constraint is restored, which is of great importance for meta-
GGAs and local hybrid functionals (LHFs).24,25 The latter allow for
a position-dependent admixture of exact exchange based on the
iso-orbital indicator,24 the correlation length,26 or more involved
approximations.27

Herein, we extend the current-dependent generalization of τ to
open-shell systems and paramagnetic NMR shielding constants and
the related g-tensor in EPR spectroscopy. This allows us to consider
all NMR and EPR properties of open- and closed-shell systems on
an equal footing.
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II. THEORY
NMR shielding constants and g-tensors depend on the deriva-

tive of the density matrix D with respect to the magnetic field
B⃗,28–31 which is introduced by the minimal coupling and the vector
potential,

A⃗O(r⃗) =
1
2

B⃗ × r⃗O. (1)

This introduces a dependence on the gauge origin O. Yet, all physi-
cal properties need to be independent of O. To ensure gauge-origin
invariance, the kinetic energy density

τσ =∑
j
∇φ∗j,σ ∇φj,σ (2)

of the Kohn–Sham spin orbitals φσ may be generalized as3

τ̃MS,σ = τσ +
1
c

j⃗p,σ ⋅ A⃗O +
1

2c2 ∣A⃗O∣
2ρσ , (3)

with the particle density ρ and the paramagnetic current density32

j⃗p,σ = −
i
2∑j
(φ∗j,σ∇⃗φj,σ − φj,σ∇⃗φ∗j,σ). (4)

This allows for a straightforward differentiation with respect to
the magnetic field in order to compute the first-order perturbed
Kohn–Sham–Fock matrix using

[
∂τ̃ MS,σ

∂Dμν,σ
]

Bu

= [
1
2
∇χ∗μ∇χν +

i
2

A⃗ O(χν∇χ∗μ − χ∗μ∇χν)]
Bu

, (5)

where the superscript Bu denotes the derivative with respect to
the component u of the field and χ are gauge-including atomic
orbitals.33,34 Note that the derivative is formed in the limit of a
vanishing perturbation.

A more rigorous generalization4,5,11 is solely based on j⃗p with

τ̃D,σ = τσ −
j⃗ 2
p,σ

2ρσ
. (6)

This is a more universal approach as the current density does not
depend explicitly on the vector potential, i.e., the dependence arises
due to field-dependent basis functions and the density matrix.22

Herein, we neglect the current density in the ground-state calcula-
tion, i.e., j⃗p vanishes in the limit B⃗→ 0. The magnetic-field derivative
becomes

[
∂τ̃ D,σ

∂Dμν,σ
]

Bu

= [
1
2
∇χ∗μ∇χν +

i
2ρσ

j⃗ p,σ(χν∇χ∗μ − χ∗μ∇χν)]

Bu

, (7)

where both Eqs. (5) and (7) are evaluated numerically on a grid.
For τ̃D, this always requires an iterative procedure for the derivative
of j⃗p,σ , while a one-shot procedure can be used for pure function-
als with τ̃MS. Note that the response of the density matrix DBu is
also used to compute magnetically induced current densities or ring
currents,35–42 as well as magnetizabilities.9 Equation (7) holds for
non- or scalar-relativistic ground-states. It does not hold when con-
sidering spin–orbit coupling self-consistently or when considering
explicit non-vanishing magnetic fields.

III. COMPUTATIONAL DETAILS
The outlined approach was implemented into

TURBOMOLE.43–45 The implementation of local hybrid
functionals12,46,47 was extended to the unrestricted Kohn–Sham
framework by forming the spin-up and spin-down quantities, e.g.,
ρ
↑
= ρ + s and ρ

↓
= ρ − s with the total density ρ and the spin density

s. LHFs use a seminumerical scheme for a simultaneous evaluation
of the semilocal DFT and exact exchange.48–50

First, we assess the importance for non-relativistic pNMR
shieldings of small main-group molecules with the aug-cc-
pVTZus5t51–54 and the def2-TZVPP basis sets.55 Second, g-tensors
of 4d complexes are studied with the local exact two-component
(DLU-X2C) Hamiltonian56–61 and the x2c-QZVPall-2c basis set;62

spin–orbit coupling is treated perturbatively.14 Third, magnetically
induced current densities of [UBi12]3−, prepared in Ref. 63, are com-
puted with the GIMIC code36–41 and the def(2)-TZVP basis,55,64–66

making use of the resolution of the identity approximation.67

Throughout this work, we consider 25 density functional
approximations, namely, TPSS,68 TPSSh,68,69 r2SCAN,70,71

r2SCANh,70–72 r2SCAN0,70–72 r2SCAN50,70–72 Tao–Mo,73 M06-L,74

M06,75 M06-2X,75 M11-L,76 M11,77 MN12-L,78 MN12-SX,79

MN15-L,80 MN15,81 PKZB,82 BMK,83 B97M,84 ωB97M,85 TASK,86

LH12ct-SsirPW92 (LH12ct),87 LH20t,88 LHJ14,26 and mPSTS-
a1.12,27 We refer to the supplementary material for the complete
computational settings and the individual results for the statistical
evaluation.

IV. RESULTS
A. Impact on pNMR shielding constants

The NMR shielding constants of BH2, CH−2 , NH2, C4H4
(triplet), B3, and Al3 are listed in Table I. The largest changes
are observed for the M06 family. The field-dependent generaliza-
tion leads to notable deviations toward the restricted active space
self-consistent field (RASSCF)coupled-cluster singles and doubles
(CCSD) results, whereas the results with the current-dependent τ̃D
are in rather good agreement. Especially for BH2, drastic changes
of more than 100% are found with M06-2X. In contrast, smaller
shifts from τ̃MS to τ̃D are present for TPSS, TPSSh, and r2SCAN.
Yet, τ̃D also significantly improves the results for these functionals.
The impact of τ̃D on pNMR shieldings is distinctly larger than for its
closed-shell counterpart.22 This hints at a more pronounced contri-
bution of the nonphysical artifacts in the paramagnetic orbital part,
which is the leading term for the heavy element shielding constants
of BH2, CH−2 , and NH2. The maximum change is observed for the zz
component of the tensor when placing the molecule in the xy plane.

B. g-Tensors of transition-metal complexes
The dependence of the g-tensor on τ is shown in Fig. 1.

Here, the percent-wise deviation of τMS and τD is shown for
[MoNCl4]2−, [MoOF4]−, [MoOCl4]−, [MoOF5]2−, [MoOBr5]2−,
[TcNF4]−, [TcNCl4]−, and [TcNBr4]−. The largest impact is
observed for TASK with 43.4%; the latest Minnesota functionals
MN15-L and MN15 rank second and third. For TASK, this can be
rationalized as it has been designed to yield a steep change in the
enhancement factor as a function of τ. The Minnesota functionals
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TABLE I. Impact of the current-dependent generalization of τ on the isotropic orbital contribution to the pNMR shieldings with various density functional approximations
and the aug-cc-pVTZus5t/def2-TZVPP basis set. Results with the field-dependent generalization by Maximoff and Scuseria serve as reference. Wave-function based results
(RASSCF/aug-cc-pVTZus5t and CCSD/def2-TZVPP) are taken from Refs. 37 and 54. The nucleus of interest is given in parentheses. See the supplementary material for the
results with all functionals.

Functional BH2 (B) BH2 (H) CH2 (C) CH−2 (H) NH2 (B) NH2 (H) C4H4 (C) C4H4 (H) B3 (B) Al3 (Al)

TPSS −77.95 15.20 26.31 24.62 −137.05 19.33 55.57 24.51 141.49 589.55
cTPSS −98.26 13.89 16.52 24.15 −163.79 18.52 55.12 24.51 142.17 589.77
TPSSh −83.81 14.69 23.91 24.41 −145.45 18.95 55.50 24.47 141.63 591.73
cTPSSh −103.33 13.40 14.65 23.96 −170.94 18.17 55.10 24.46 142.24 591.82
r2SCAN −53.57 16.48 61.35 25.21 −70.56 20.19 64.09 24.21 142.42 607.66
cr2SCAN −89.02 13.88 42.22 24.72 −117.93 19.12 60.18 24.32 141.92 599.54
M06-L −35.21 18.25 45.34 24.86 −80.75 20.30 58.06 24.52 137.91 598.13
cM06-L −52.09 16.44 36.50 24.39 −115.90 19.10 55.27 24.46 138.62 596.79
M06 −244.39 2.81 −35.82 21.15 −277.27 14.36 37.12 24.24 131.09 556.88
cM06 −156.75 9.07 −9.55 22.10 −240.69 15.24 38.83 24.12 131.88 560.12
M06-2X −901.58 −47.61 −147.98 15.02 −541.72 6.14 29.85 23.49 133.23 539.56
cM06-2X −280.87 −0.03 −59.21 19.86 −343.62 12.58 35.41 23.56 134.20 553.39

RASSCF −167.62 7.05 −19.38 19.69 −291.08 12.95 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

CCSD ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 61.06 24.32 141.8/140.7 606

also generally exhibit a large dependence on τ, and accordingly, the
results benefit from the consideration of the paramagnetic current
density. M06 is a notable exception in this regard with relative
changes of about 5%. The strongly constrained and appropri-
ately normed (SCAN) family represents an intermediate case with
τ-dependent shifts between 16% and 9% [mean absolute percent-
wise deviation (MAPD)]. Compared to TASK, indeed, a less steep

dependence of the enhancement factor on τ is expected in SCAN.
The admixture of exact exchange alleviates the impact of τ̃D in
SCAN. A similar picture is revealed for TPSS and TPSSh with
MAPDs of 7.0% and 4.7%. For the hybrid functionals BMK and
ωB97M, τ̃D leads to almost no change, as the MAPDs are below 3%.
This is in striking contrast to B97M with an MAPD of 21.2% and no
inclusion of exact exchange.

FIG. 1. Impact of the current-dependent generalization of τ for various density functional approximations on the isotropic Δg-shift of [MoNCl4]2−, [MoOF4]−, [MoOCl4]−,
[MoOF5]2−, [MoOBr5]2−, [TcNF4]−, [TcNCl4]−, and [TcNBr4]−. Results with the field-dependent generalization by Maximoff and Scuseria serve as reference. We list the
mean signed percent-wise deviation (MSPD), the mean absolute percent-wise deviation (MAPD), and the root mean square deviation (RMSD).
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TABLE II. Ring current strength of [UBi12]3− in nA/T with various density func-
tional approximations. All functionals predict a net diatropic ring current. See the
supplementary material for the results with all functionals.

Functional Ring current Functional Ring current

TPSS 17.3 M06-L 17.5
cTPSS 17.6 cM06-L 18.2
TPSSh 17.4 M06 18.9
cTPSSh 17.7 cM06 17.4
r2SCAN 17.3 M06-2X 15.8
cr2SCAN 17.9 M06-2X 14.8

The local hybrid functionals LH12ct, LH20t, LHJ14, and
mPSTS-a1 show no pronounced dependence on the current density.
This is in line with the observation that exact exchange reduces the
impact of τ̃D. Here, the main benefit of this generalization is the ful-
fillment of the iso-orbital constraint for the local mixing function in
LH12ct and LH20t.

C. Ring current of [UBi12]3−

The cluster [UBi12]3− consists of a U4+ core and a Bi7−
12

radical shell,63 which sustains a strong diatropic (aromatic) ring
current.12,60,89 The ring current strengths of [UBi12]3− are listed in
Table II. Here, the generalization of τ may change the results by
up to 8% for the M06 family. Again, small changes are observed
for TPSS. r2SCAN represents an intermediate case. U4+ is mainly
needed for stabilization and synthetic access, while the Bi7−

12 radical
shell is essential for the net diatropic ring current. Only consider-
ing Bi7−

12 with the TPSS functionals leads to a nucleus-independent
chemical shift90 (NICS) of −10.9 ppm and a current strength of
14.6 nA/T. cTPSS leads to a NICS of −11.0 ppm and a current
strength of 14.7 nA/T, respectively. Compared to the pNMR shield-
ings and the g-tensors, the impact of τ̃D on the ring current and the
magnetically induced current density is less pronounced. Therefore,
both the field-dependent and the current-dependent generalization
of τ can be used to reliably study aromaticity based on the magnetic
criterion.39,91,92

V. CONCLUSION
We have presented pNMR and EPR properties with the

current-dependent generalization of the kinetic energy density. In
contrast to the field-dependent generalization,3 this restores the iso-
orbital constraint7 and removes artifacts in the paramagnetic orbital
shielding contribution.22 Substantial improvements are found for
the Minnesota and SCAN functional families, while the TPSS family
exhibits a moderate dependence on the generalization of τ. Com-
pared to experimental and high-level computational references, τ̃D
leads to more accurate results. This improvement is rather signifi-
cant and strongly suggests that the generalized τ̃D must be employed
for assessing pNMR and EPR properties of paramagnetic systems.
This is especially true if no or a low amount of exact exchange is
mixed in.

As an outlook, an extension of this approach to a relativis-
tic two-component framework61,93–95 seems promising for EPR
g-tensors and hyperfine coupling constants to fully exploit the

potential of meta-GGAs. Here, the paramagnetic current density in
the ground state no longer vanishes and even larger changes are
expected.

SUPPLEMENTARY MATERIAL

See the supplementary material for complete computational
details and data.
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