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ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER
OPERATORS

SILVANA AVRAMSKA-LUKARSKA, DIRK HUNDERTMARK, AND HYNEK KOVARIK

ABSTRACT. We study sufficient conditions for the absence of positive eigenvalues of magnetic Schrodinger
operators in R?, d > 2. In our main result we prove the absence of eigenvalues above certain threshold energy
which depends explicitly on the magnetic and electric field. A comparison with the examples of Miller—Simon
shows that our result is sharp as far as the decay of the magnetic field is concerned. As applications, we
describe several consequences of the main result for two-dimensional Pauli and Dirac operators, and two and
three dimensional Aharonov—Bohm operators.
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1. INTRODUCTION AND DESCRIPTION OF MAIN RESULTS

The question of the absence of positive eigenvalues of Schrodinger operators has a long history. In 1959
Kato proved that the operator —A + V in L?(R%) has no positive eigenvalues if V' is continuous and such
that

V(z) =o(jz|™") 2] = oo, (1.1)

by deriving suitable lower bounds on solutions of the Schrédinger equation. His lower bound showed that
for positive energies these solutions decay so slowly at infinity that they are not normalizable, see [20]. It
is known that condition (1.1) is essentially optimal since there exist oscillatory potentials of the Wigner-
von Neumann type, decaying as |z|~!, which produce positive eigenvalues of the associated Schrodinger
operator, see [31, 37] or [30, Ex. VIII.13.1].
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Kato’s result was generalized by Simon [31], who considered, for d = 3, potentials of the class L? +
L which are smooth outside a compact set and allow there a decomposition V = V; + Vo with V; =
o(lz[~"), Va(z) = o(1), and

wo = limsup z - VVi(x) < 0. (1.2)
|z]—o0
Under these conditions Simon proved the absence of eigenvalues of —A + V in the interval (wg, 00). Note
that wy > 0 since Va(z) — 0 as |z| — co. Later it was shown by Agmon [1] that under similar assumptions
the operator —A 4+ V, in any dimension, has no eigenvalues in the interval (wp/2, 00).

By exploiting a clever exponentially weighted virial identity, Froese et al. proved the absence of all
positive eigenvalues of —A + V under relative compactness conditions on V and x - VV, [12, 13]. Their
conditions on the regularity and decay on V and x - VV were still global but much more general than
the pointwise conditions of Kato, Simon, and Agmon. Yet another approach to the problem is based on
Carleman estimates in LP-spaces. This method allows to further weaken the regularity and decay conditions
and to include rough potentials, see the works of Jerison and Kenig [18], Ionescu and Jerison [18], and the
article [21] by Koch and Tataru.

Much less is known about the absence of positive eigenvalues for magnetic Schrodinger operators of the
form

H=(P-A?+V, P=-iV, (1.3)

in particular in dimension two. In the above equation A stands for a magnetic vector potential satisfying
curlA = B. The results obtained by Koch and Tataru in [21] cover also Schrdédinger operators with
magnetic fields. But they impose decay conditions on the vector potential A which are not gauge invariant
and which imply, in the case of dimension two, that the total flux of the magnetic field must vanish.
Therefore they cannot be applied to two-dimensional Schrodinger operators with magnetic fields of non-
zero flux.

Certain implicit conditions for the absence of eigenvalues of the operator (1.3) in R? were recently
found by Fanelli, Krej¢ifik and Vega in [10], see also [11]. However, their result guarantees absence of all
eigenvalues of H, not only of the positive ones. Consequently the hypotheses needed in [10] include some
smallness conditions on V' and B which are not necessary for the absence of positive eigenvalues only. In
[11] Ikebe and Saito proved the limiting absorption principle for H under certai pointwise decay conditions
on V and B, see Remark 1.5.

In this work we develop quadratic form methods which are an effective tool to rule out positive eigenvalues
for a large class of magnetic Schrodinger operators while at the same time allowing the existence of negative
eigenvalues, which one does not want to rule out a priori. In addition, intuition from physics and experience
from the rigorous study of Schrédinger operators without magnetic fields clearly show that while eigenvalues
depend on global properties of the potential and the magnetic field, energies in the essential spectrum
depend only on asymptotic properties. Thus, the nonexistence of eigenvalues embedded in the essential
spectrum should depend only on the asymptotic behavior of the potential and the magnetic field, as long
as the local behavior of the potential and magnetic field is not so singular such that it destroys the self-
adjointness of the magnetic Schrodinger operator. Our results make this intuition rigorous: the local
behavior of the magnetic field and the potential is largely irrelevant for the non-existence of positive
eigenvalues. Our results also cover cases where the magnetic field decays so slowly that no choice of vector
potential satisfies the conditions in [21]. Moreover, the famous Miller-Simon examples show that our
results are sharp concerning the decay of the magnetic field at infinity.

In dimension two we identify the magnetic field with a scalar function which, in turn, can be interpreted
as a vector field in R? perpendicular to the plane R?. In general dimensions the magnetic field is an
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antisymmetric two—form, which can be identified with an antisymmetric matrix—valued function on R?
satisfying, in the sense of distributions, the condition

8jBk7i + 8kBi’j + 8Z'Bj7k Vd € {1, e d} . (1.4)

Here B;x(z) denotes the entries of B at a point z € R%. If d = 3, then B can be identified with a vector
field with components By = B3 2, By = Bi 3, and B3 = By 1. Equation (1.4) thus coincides with the usual
divergence free condition

V-B=0 [d=3] (1.5)

dictated by Maxwell’s equations. It is well known that there exists a vector potential A, a one—form, such
that B = curlA or B = dA, with the exterior derivative.

1.1. The method. Let us briefly describe our method and its most important novel features. As already
mentioned above we build upon the technique invented by R. Froese and I. Herbst and M. and Th.
Hoffmann-Ostenhof [13] and further developed in [12]. The latter is based on weighted virial identities
which require working with dilations and their generator. For non-magnetic Schrédinger operators this
is facilitated by the fact that the momentum operator P has very simple commutation relations with
dilations. In particular, the domain of P is invariant under dilations. This is not true anymore for the
magnetic operators, since the vector potential spoils the dilation invariance of the domain of P — A. One
of the crucial new features of our approach shows that to overcome this difficulty one has to work with
a vector potential A in the Poincaré gauge and exploit its connection with the dilations and the virial
theorem. This connection, which enables us to develop a quadratic form version of the magnetic virial
theorem, is explained in Section 3. We also show that the rather different conditions of Kato and Agmon—
Simon are, in fact, just two sides of the same coin. Kato’s condition for the absence of positive eigenvalues
can be easily recovered from the quadratic form version of the virial of the potential, see Section 3.3 for
details. Moreover, the use of the Poincaré gauge leads to very natural decay conditions on B required for
the absence of positive eigenvalues. The well-known example by Miller and Simon then shows that these
conditions are sharp, see Section 6.

1.2. A typical result. In order to describe a typical result with general and easy to verify conditions
on the magnetic field B and the potential V', we need some more notation. We denote by LP = L? (]Rd),
1 < p < oo the usual scale of Lebesgue spaces. Moreover, we need their locally uniform versions

Lfoc,unif = {V : sup / |V(y)’p dy < OO} (1.6)
zeR? J |[z—y[<1
with norms
1
Wl =5 ([ vPay' (1.7)
oc,uni z€Rd Ix—y\ﬁl

when 1 < p < oo and the obvious modification for p = oco. Clearly these spaces are nested, that is,
Ll . CLV . when1l<p<qg<oo. Moreover, we need

loc,uni loc,uni

Definition 1.1 (Vanishing at infinity locally uniformly (in L?)). A function V' € Lfoc’unif with
Jim [[LgVllp =0 (18)

p
loc,unif*

Here 15 is the characteristic function of the set {z € R? : |x| > R}. In fact, we will only need the
p = 1,2 versions of vanishing locally uniformly in L? at infinity.

vanishes at infinity locally uniformly in L
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Given a magnetic field B and a point w € R? let B, (z) := B(z 4+ w)[z]. More precisely, B, is a
vector—field on R? with components

d
(Bw)j(z) = B+ w)z])j =Y Bjm@+w) am, j=1,....d. (1.9)

m=1

Using translations, we will usually assume w = 0, in which case we will simply write B. In dimension two,
identifying the magnetic field with a scalar, the vector field B, is given by By(z) = B(z 4+ w)(—z2, 1)
and in three dimensions it is given by the cross product By (z + w) = B(z + w) A z.

The simplest version of our results is given by

Theorem 1.2 (Simple version). Given a magnetic field B assume that B, € leooc,um'f for some p > d and

some z € RY. Then there exists a vector potential A € L2 C(]Rd RY) with B = dA. Moreover, let V be a
potential with V € Li unif for some q > d/2 which allows a splitting V = V; + Vo such that xVy € L}

for some q1 > d and x - VVs € LloC uni
locally uniformly in L? and V, V1, and x - VVa vanish at infinity locally uniformly in L'.

Then the magnetic Schridinger operator (P — A)2+V , defined via quadratic form methods, has essential
spectrum equal to [0,00) and no positive eigenvalues.

loc,unif

if for some g2 > d/2 and assume that B and V4 vanish at infinity

Remarks 1.3. (i) The decay condition on xV7, respectively = - Vo, are generalizations, in terms of local
LP conditions, of the pointwise conditions of Kato [20], respectively Agmon [!] and Simon [31]. For a
generalization using only natural quadratic form conditions, see Theorems 1.6 and 4.8 below.

(ii) Even in this simplest version the conditions on B and V allow for strong local singularities and
the decay condition at infinity is rather mild: for example, if one splits V' in such a way that Vj is
compactly supported. Then xV; is zero outside a compact set, so clearly vanishing at infinity. The
condition zV; € L{! e unif for some q; > d allows for rather large local singularities. In particular, the virial
x - VV has only to exist in a neighborhood of infinity in order to be able to apply Theorem 1.2. One can
also include a long range part of V in V. Moreover, since | By (z)| < |B(z 4 w)]|z|, the magnetic field can
have strong local singularities, in particular at w. The decay of the magnetic field B has to be faster than
(x —w)~!, which is in line of what one expects from the Miller-Simon examples, see Section 6.1.

Let us now briefly describe our main results in full generality.

1.3. Full quadratic form version: absence of all positive eigenvalues. It turns out that the absence
of positive eigenvalues depends, in a sense, only on the behavior of B, xV and x-VV at infinity with respect
to the operator (P — A)2. The latter are to be understood in a weak sense according to the following

Definition 1.4 (Vanishing at infinity). We say that a potential W vanishes at infinity with respect to
(P— A)? if for some Ry > 0 its quadratic form domain Q(W) contains all ¢ € D(P— A) with supp(p) € Ug,
and for R > Ry there exist positive ag,yg with ar,vg — 0 as R — oo such that

{0, W)l < arll(P = A)gll3 +rllells for all ¢ € D(P — A) with supp(y) C Uf; (1.10)
Here Ur = {z € R?: |z| < R} and U§ = R4\ Up is its complement.

By monotonicity we may assume, without loss of generality, that arp and g are decreasing in R > Ry.
This definition is inspired by Section 3 in [19]. It allow us to effectively treat magnetic fields and
potentials which can have severe singularities even close to infinity.
In order to guarantee that there is a locally square integrable vector potential A with dA = B, we need
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Lemma 1.5. Given a magnetic field B and w € R let By, be given by (1.9) and assume that
R \2 -~
/ z — w|2—d(1og ) By (@) da < oo
|z — w)
|lze—w|<R

for all R > 0. Then there exists a vector potential A € L2 (R, R?) with B = dA in the sense of
distributions.

We then have

Theorem 1.6. Given a magnetic field B assume that it fulfills the condition of Lemma 1.5 for some
w € R and that Eﬁ, given by (1.9) is relatively form bounded and vanishes at infinity with respect to
(P — A)2. Moreover, assume that the potential V is form small and vanishes at infinity with respect to
(P — A)? and allows for a splitting V = Vi + Va, such that |xVi|? and x - VVa are also form small and
vanish at infinity with respect to (P — A)?.

Then the magnetic Schridinger operator (P — A)2+V , defined via quadratic form methods, has essential
spectrum [0,00) and no positive eigenvalues.

Remark 1.7. Some comments concerning Theorem 1.6: (i) We only need relative form boundedness of
Eﬁj with respect to (P — A)2. Its relative form bound does not have to be less than one.

(ii) While the conditions on the potential V' and the magnetic field B with respect to (P — A)? might
be difficult to check, the diamagnetic inequality shows that it is enough to check them with respect to the
non-magnetic kinetic energy P2, see [3].

(iii) One can again absorb strong local singularities of the potential in a suitable choice of Vj. Thus the
local behavior of the potential V' and the magnetic field B is largely irrelevant for the non-existence of
positive eigenvalues. Moreover, the virial z - VV5 has to exist only in a weak quadratic form sense, see
Lemma 3.7 and the discussion in Section 3.3.

(iv) An inspection of the proof shows that in Theorem 1.6 it is enough to assume that z - VV is bounded
from above at infinity by zero, see Definition 1.8 below for the precise meaning. Classically the force is
given by ' = —VV. Thus z - F = —z - VV is negative, i.e., the force is confining, if x - VV is positive,
otherwise the force is repulsive, i.e., it pushes the particle further to infinity. Thus in order to prevent
localization of a quantum particle only the positive part of x - VV should have to be small at infinity.

(v) We would like to stress that unlike all other results on the absence of positive eigenvalues for magnetic
Schrodinger operators that we are aware of, with the exception of [10], we impose only conditions on the
magnetic field B and not directly on the vector potential A. Decay and regularity conditions on the vector
potential A are not invariant under gauge transformations and thus unphysical. The conditions of [10], on
the other hand, are quite restrictive. For example, in [10] the authors need that various global quantities
related to the magnetic field B and to the potential V are absolute form bounded with respect to (P — A)2,
i.e. without allowing for lower order terms in the respective bounds and and they need an explicit smallness
condition for the various constants involved in their bounds. This makes their conditions difficult to check
and the resulting assumptions turn out to be so strong that they rule out existence of any eigenvalue.

However, for a large class of physically relevant potentials and magnetic fields one expects that the
corresponding magnetic Schrodinger operator has negative eigenvalues, while it typically should not have
positive eigenvalues, at least when the magnetic field and the potential vanish in a suitable sense at infinity.
This is exactly what our Theorem 1.6 and its generalizations below provide.

(vi) In order to prove invariance of the essential spectrum, one usually assume that the potential V' is
relatively (P — A)? form compact. We do not assume this! In fact, we show in Theorem 4.8 that if the
potential V' is form small, i.e., form bounded with relative bound < 1, and vanishes at infinity with respect
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to (P — A)2, then gess((P — A)? + V) = gess((P — A)?). This shows invariance of the essential spectrum
under a large class of perturbations. In particular, it confirms the physical intuition that local singularities,
as long as they do not destroy form smallness, cannot influence the essential spectrum, at least as a set.
For example, one can have a potential with local Hardy type singularity and even a sequence of suitably
decreasing Hardy type singularities moving to infinity. Moreover, using ideas of Combesure and Ginibre
[1] and Maz’ya and Verbitzky [26], we can allow perturbations with rather strong oscillations, both locally
and at infinity.

(vii) Theorem 1.2 above is the most general formulation of our results, when one considers magnetic fields
and potentials vanishing at infinity, in a suitable sense. We can allow for much ore general condition on
the potential V' and the magnetic field B, see the following section and Section 2.3 below for more general
assumptions.

1.4. Full quadratic form version: absence of eigenvalues above a positive threshold. If EQ, EA%IR
and x - VV4 do not vanish at infinity with respect to (P — A)2, we can still exclude positive eigenvalues
above a certain threshold. For this we need

Definition 1.8 (Bounded at infinity). A potential W is bounded from above at infinity with respect to
(P— A)? if for some Ry > 0 its quadratic form domain Q(W) contains all ¢ € D(P— A) with supp(¢) € Ug,
and for R > Ry there exist positive ar,yr with limp_,.c agp = 0 and liminfg_,,, Y < 0o such that

(¢, We) < arl(P—A)¢ll3 +rllellz for all p € D(P — A) with supp(y) C U, (1.11)

By monotonicity we may assume, without loss of generality, that ar and yg are decreasing in R > Ry in
which case we set 71 (W) := limg_, Y = infg Vg, the asymptotic bound upper bound of W (at infinity).
A potential W is bounded from below at infinity with respect to (P — A)? if —W is bounded from above
at infinity. We set 70 (W) = v (—W).
A potential W is bounded at infinity with respect to (P — A)? if £W are bounded from above at infinity.
We set Yoo (W) := max(vL (W), v (W)), the asymptotic bound of W (at infinity).

Using the diamagnetic inequality, one can replace (P — A)2 by P2 in the definition of the asymptotic
bounds vE (W) and v (W).
We split V = V; + V5 and set

/82 = Yo (§2), w% = ’yoo((l“/l)z), wo = ’y:o ($ : v‘/2) (112)

Under mild regularity conditions the magnetic Schrodinger operator (P — A)2+V has [0, 00) as its essential
spectrum and our main result, Theorem 4.8, implies that it has no eigenvalues larger than

1 2
AB,V) = A= <ﬁ+w1+\/(6+w1)2+2w2> (1.13)
While the 3, w1, and we might be difficult to compute directly from the definition it is easy to see
8 < limsup |B(z)], w1 < limsup |z|[Vi(x)], wo < limsup (z - VVa(z))+ . (1.14)

once the limits are well-defined and finite. We would like to point out that Theorem 4.8 can be applied
also in situations in which the limits in (1.14) might not be defined. Morally, 7o, (W) is the bounded part
of W at infinity, modulo terms which are small uniformly locally in L': If W is in the Kato—class outside
a compact set, which, in particular, is the case if W € L{’O e unif outside of a compact set, and if W — W,

vanishes at infinity locally uniformly in L' for some bounded function W3, then

Yoo (W) < [Whlloo (1.15)
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and a similar bound holds for 71 (W), see Section 5. This allows to effectively compute upper bounds on
B,w1, and we when the limits in (1.14) exist not.

1.5. Relation to previous works. If B = 0, then by choosing V; = V and V5 = 0 we obtain a generaliza-
tion of the result of Kato [20]. On the other hand, by choosing V; such that V;(z) = o(Jz|7!), and setting
Vo =V —Vj we get A = wp/2, see equation (1.2), and recover thus the results of Agmon [1] and Simon
[31]. Moreover, Theorem 4.8 extends all the above mentioned results to magnetic Schrédinger operators
with magnetic fields which decay fast enough so that g = 0, see Section 5 for more details.

Vice-versa, if V' = 0, then we have A = 8 which is in agreement with the well-known example by
Miller and Simon [27], cf. Section 6 if one corrects a calculation error in their examples. The Miller—Simon
examples show that our condition on the magnetic field for absence of eigenvalues above a threshold is
sharp.

It is tempting to split V' = sV + (1 — s)V and to optimize the resulting expression for the threshold energy
(1.13) with respect to 0 < s < 1. This minimization problem can be explicitly done. It turns out that the
minimum is always given by the minimum of the two extreme cases s = 0 and s = 1, see Corollary B.2 in
Appendix B.

Ikebe and Saito proved in [14] the limiting absorption principle, and hence also the absence of eigenvalues
of H under the condition that V allows the same decomposition as above with |V ()| < Clz|™17°, [Va(x)| <
Clz|79, |z|- VVa(z)| < C|z| 7%, and that B is continuous and satisfies |B(z)| < C|z|~'~. Here C and 6 are
positive constants. These conditions are easily covered by Theorem 4.8. Indeed, if V' an B satisfy these
upper bounds, then § = w; = wo = 0. Hence there are no positive eigenvalues.

1.6. Essential spectrum. In Section 7 we establish new sufficient conditions on B under which
Uess((P - A)Q) = [07 OO)

Roughly speaking we require that B(z) — 0, in a mild way, as || — oo along only one path connecting to
infinity, see Theorem 7.5 and Definition 7.3 for details. As a consequence of this result we show that under
the assumptions stated in section 2.3 we have gess((P—A)?) = [0,00) , cf. Corollary 7.7. We also show that if
the potential V' is form small and vanishes at infinity w.r.t (P—A)?, then oess((P—A)?+V) = 0ess((P—A)?),
see Theorem 7.8. For this one usually assumes that V is relative form compact w.r.t. (P — A)? which is
a considerably stronger assumption, excluding, for example, Hardy—type singularities. Our result proves
invariance of the essential spectrum under a conditions which includes all physically relevant examples,
even exotic one with strong singularities or oscillations.

2. MAGNETIC SCHRODINGER OPERATORS AND THE POINCARE GAUGE

First let us fix some notation. Given a set M and two functions fi, fo : M — R, we write fi(m) < fao(m)
if there exists a numerical constant ¢ such that f(m) < ¢ fo(m) for all m € M. The symbol fi(m) 2 fa(m)
is defined analogously. Moreover, we use the notation

film) ~ fa(m) & film) < fa(m) A fa(m) S fr(m),

and
lim f(zx)=L < lim esssup f(z)= L. (2.1)

|z| =00 T g|=r

The quantities lim sup,|_,o f(2) and liminf}, |, f(z) are defined in a similar way. We will use 9; = %
for the usual partial derivatives in the weak sense, i.e., as distributions.
For any u € L"(R?) with 1 <7 < oo we will use the shorthand

[ullr = [lull o )
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for the L"-norm of u and
1Tl == HT”LT(Rd)—wT(Rd)

for a norm of a bounded linear operator T : L"(R?) — L"(R?). The space Li,.(R?) is the space of all
complex valued functions f such that flx € L"(RY) for al compact sets K C R%. Here 1 stands for the
indicator function of K. By Lfoc(Rd, R4) we denote the space of all vector fields v which are locally in L7,
that is, |v| == (Z?Zl v]z)l/2]lK is LT (R%).

The space C§° = Cgo(Rd) is the space of all complex valued test—functions f which are infinitely often
differentiable and have compact support. Given measurable complex valued functions f,g € L?*(R?) we
denote by

(.9) = [ T@)-g(w)ds
Rd
the usual scalar product on L?(R%). By the symbol
Ur(z) = {y €R? : |z —y| < R}
we denote the ball of radius R centered at a point = € R%. If z = 0, we abbreviate

Up = Ur(0).

2.1. The magnetic Schrodinger operator. Given a magnetic vector potential A € L120 C(Rd,Rd), the
magnetic Sobolev space is defined by

HU(RY) = D(P — A) = {u e *RY) : (P—A)ue L*R)}, (2.2)
equipped with the graph norm
) 2\ 1/2
lullser = (0P = Al + ull3) (2.3)
Here P = —iV is the momentum operator. Note that for u € D(P — A) one has Au € L} (R%,RY). So

we only know that Pu € LL (R?) for a typical u € D(P — A), which is one of the sources for technical
difficulties of Schrodinger operators with magnetic fields. Nevertheless, Kato’s inequality shows |¢| € D(P)

for any ¢ € D(P — A) and the diamagnetic inequality [15, 31] yields
(P = A)? +X) o < (P2 +0) gl (2.4)
for all A > 0 and ¢ € L?(R%). Tt is well-know that
qa0(p) = (P — A)p, (P — A)p) = [|(P — A)pll3 (2.5)
is a closed quadratic form on H!(R?) for any magnetic vector potential A € L2 (R, R?), and that Cg°(R?)
is dense in D(P — A), see [33, Thm. 2.2]. Since every closed positive quadratic form on a Hilbert space

corresponds to a unique self-adjoint positive operators, the quadratic form g4 defines an operator, which
we denote by Hao = (P — A)%.

A potential V is a locally integrable, measurable function V : R* — R. Hence its quadratic form domain
Q(V) = D(|V|'/?) contains C3°(R?). The quadratic form gy corresponding to V is given by
v (e, 0) = (V[0 58n(V)[V[?0). (2.6)

With a slight abuse of notation, we will often write gy (¢, ¢) = (p, V).
The potential V is form bounded w.r.t (P — A)? if its form domain Q(V') contains D(P — A) and there
exists a, f < oo such that

o, V)| < al|(P— A)pl3 + Bllell3  for allp € D(P — A). (2.7)
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The infimum
ap = inf{a > 0: there exists 8 < oo such that (2.7) holds for all p € D(P — A)}

is called the relative form bound of V_ with respect to (P — A)2, and similar for other pairs of positive
operators and their quadratic forms.
We say that V is relative form small w.r.t (P — A)? if the relative bound ag < 1, i.e., the bound (2.7) hols
for some 0 < @ < 1 and B < oo and if ap = 0 one says that V is infinitesimally form small w.r.t. (P — A)2.
It is well-known, see [30] and [30], that V is relatively form bounded w.r.t. (P — A)? if and only if the
operator

Cr=(P—=A?+ N2V (P =A%+ N1/ (2.8)

is bounded on L?(RY) for some (and then all) A\ > 0. More precisely, Cy is the operator given by the
quadratic form

{p,Crp) = qv ((P = A2+ N) 20, (P — A)? + X)) (2.9)
and one can choose
a=[|Cxllan,  and B = A[|Crll52
for any A > 0 and
ap = lim [[Cy[lo

If the potential V is relatively form small with respect to (P — A)2, the KLMN Theorem, see e.g. [36,
Theorem 6.24], [30], shows that

qav (e, @) = (P = A)pl3 + qv (e, ) = (P = A)p, (P — A)p) + (¢, V) (2.10)

with domain D(qa,v) == D(P — A) is a closed quadratic form which is bounded from below. It corresponds
to a unique self-adjoint operator, which we denote by Hqy = (P — A)? + V. We will sometimes drop the
dependence of H 4y and simply write H for the full magnetic Schrodinger operator.

The diamagnetic inequality implies that if V is form bounded, respectively form small w.r.t P2, then it
is also form bounded, respectively form small w.r.t (P — A)? with the same constants, see [3].

One could extend the above setting by allowing a splitting V' = V. —V_, where the positive and negative
parts of V are given by V4 = max(+V,0). The discussion in [33] shows that for arbitrary Vi € L , the
quadratic form

aav, (¢, 0) = (P — A)pl3 + (¢, Vip) = (P — Al + |V Vil (2.11)

is well defined and closed on the form domain D(Qa,v,) = D((P — A)) N Q(V,.), where Q(V) = D(v/ Vi)
and that C§° is still dense in D(Q 4y, ) in the graph norm ||¢|| 4y, = (Qa v, (¢)+]¢]|3)1/2. Again this closed
quadratic form corresponds to a unique self-adjoint operator H,y, and in order to define a self-adjoint
operator H 4,y via the KLMN theorem. it is enough to assume that V_ is form small w.r.t. Ha v, .

More important for us is the observation due to Combescure and Ginibre [1] that rather singular poten-
tials V can be form bounded with respect to P2, and by the diamagnetic inequality then also with respect
to (P — A)2. Assume that V = V - ¥ + W, where ¥ is a locally square integrable vector field on R? and
W is locally integrable. For ¢ € C§°, an integration by parts shows

(¢, (V- X)p) = —Im (S, Pp) = —2Im (S¢, (P — A)p)
Thus
(@, (V- D)) < 1Bl [Pell and (¢, (V- Z)p)| < [[Ze|| [|(P — A)ell
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and this shows that if ¥ and W are form bounded w.r.t. (P — A)2, respectively P2, then the quadratic
form

<g0, V(,p> =—2Im <E<p, (P — A)<p> + <<p, W (2.12)

is also form bounded w.r.t. (P — A)2, respectively P2. Using Cauchy-Schwarz with epsilon, one can also
relate the coefficients in the quadratic form bounds. This allows to treat singular potentials.

Moreover, at least in the non-magnetic case, the beautiful work of Maz’ya and Verbitsky [27] shows that
all potential V which are relatively form bounded w.r.t. P? are of this form.

2.2. The Poincaré gauge. The magnetic field at the point 2 € R? is given by an antisymmetric two-form
B(z) : R? x R* — R, which we identify with a matrix valued function B given by

B(x) = (Bjm())fm=1,

which is antisymmetric, Bj,(x) = =By, j(z) for all 1 < j,m < d,z € R%.

Any vector potential A, or more precisely a one form, generates a magnetic fields via the exterior
derivative B = dA, in the distributional sense. In matrix notation, Bj,, = 0;A,, — OnA;. In three space
dimensions, one can identify the two form B with a vector valued function B = curlA.

For a given magnetic field B and a point z € R? we define the vector field Ew by equation (1.9), and put

1 1
Ay () ::/0 B(tz) dt:/o B(tz)[tz] dt, (2.13)

which is the vector potential in the Poincaré gauge. Using translations, it is no loss of generality to assume
w = 0, in which case we will simply write A for the vector potential given by (2.13). By going to spherical
coordinates, one easily checks at least for nice, say continuous or even smooth, magnetic fields B, that the
above vector potential is well defined and that dA = B in the sense of distributions.

Since B is antisymmetric the vector B(z) = B(x)[z] is orthogonal to z. Hence, when w = 0 the vector
potential A given by (2.13) satisfies the transversal, or Poincaré, gauge

z-Alz)=0 VazeR? (2.14)

which will be very important in our discussion of dilations and the virial theorem for magnetic Schrodinger
operators in Section 3. It is easy to see that for A given by (2.13) one has A € L%OC(Rd,Rd) for bounded
magnetic fields B and this extends to a large class of singular magnetic fields, see Lemma 2.9 below.
Except otherwise noted, we will always use the Poincaré gauge in the following. For a nice discussion of
the Poincaré gauge from a physics point of vies see [17] and from a more mathematical point of view, but

still for rather regular magnetic fields, see [35].

2.3. Hypotheses. We will use the following hypotheses on B and V:

Assumption 2.1. The magnetic field B is such that for some w € R? and with By(z) := B(z + w)|z]

B R \ =
RS 2 e |z — w2 log2 <M) Bu(z)? € LL (R%) (2.15)

for all R > 0.

As already remarked, there is no loss of generality assuming w = 0 by using translations. Together with
Lemma 2.9 the above mild integrability condition then assures that the corresponding vector potential in
the Poincaré gauge is locally square integrable, which is essential in order to define the magnetic Schrodinger
operator. The magnetic field B can have severe local singularities, while Assumption 2.1 still holds.
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Assumption 2.2. The scalar field | B|? is relatively form bounded w.r.t. (P — A)?2, where A is the Poincaré
gauge vector potential corresponding to B, That is,

(0:1Bl¢) =1Bel3 S (P = A)els+llel3 Ve eDP - A). (2.16)

Assumption 2.3. The potential V is relatively form small w.r.t. (P — A)?, that is, there exist constants
a < 1 and v > 0 such that

(o, Vo)l < al(P=A)els+llell; Ve e HI(RY. (2.17)

We also need similar conditions on the virial -VV of the potential. Since we don’t want to impose strong
differentiability conditions on V', one has to be a bit careful: The virial x - VV is, at first, a distribution
given by the quadratic form

(p,z-VV)=—d{p,Vo) —2Re(Vp,z- Vo)

when ¢ € C5°(RY). We assume that this form extends to all ¢ € D(P — A). A careful discussion when this
is the case, is given in Lemma 3.7 and in Section 3.3.

For the assumptions which give us control of virial z - VV, we decompose the potential V = V; + V5 How
one splits V' = V; + V5 is quite arbitrary, as long as the conditions below are met.

Assumption 2.4. If the potential is split as V' = V; + V5, then Vl,x2V12 and x - VV, are are relatively
form bounded w.r.t. (P — A)2.

It will turn out that under this condition the virial z- VV is also relatively form bounded w.r.t. (P — A)2.
See the discussion in Section 3.3.

These above assumptions are all we need to prove a quadratic form version of the virial theorem, which
allows us to treat rather singular magnetic fields and potentials V' and to avoid having explicit conditions
on the magnetic vector potential A which are not gauge invariant.

Behaviour at infinity. We need to quantify the notion that the magnetic field B, the potential V' and
the virial x - VV are bounded, or even vanish, at infinity.

From physical heuristics, one expect that that ‘smallness’ should not be measured pointwise, but only
relative to the kinetic energy (P — A)2. The following conditions make this physical intuition precise.

Assumption 2.5. (Vanishing at infinity) The potential V vanishes at infinity w.r.t. (P — A)? in the
sense of Definition 1.4. Moreover, if we split V = V; 4+ V5 as in assumption 2.4, then also V; vanishes at
infinity w.r.t. (P — A)? in the sense of Definition 1.4.

The precise notion of being bounded at infinity w.r.t. (P — A)? is given by

Assumption 2.6. (Boundedness of the magnetic field and the virial at infinity) There exist
positive sequences (¢;);, (5;); and (R;); with e; — 0 and R; — oo as j — oo, such that for all ¢ € D(P—A)
with supp(p) CUS = {z € R?: |z| > R;}

1Boll3 < &5 I(P = A)ells + 55 el (2.18)

For the decomposition V' = Vj + V5 of the potential, we also assume that there exist positive sequences
(w1,j); and (wo,5); such that for all ¢ € D(P — A) with supp(y) C U

IN

5 (P — A)oll3 +wij lloll3 (2.19)
(p,2-VVap) < g ||(P—A)p|3+ws; el (2.20)

|z Vigl[3
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By monotonicity we may assume, without loss of generality, that the sequences 3;, wy j, and ws; in
assumption 2.6 are decreasing. We define
g = lim G, wi = lim wg;, k=12 (2.21)
j—o0 j—oo
the relative bounds of E, etc., at infinity, which give a precise quantitative notion on how large, relative
to (P — A)?, the magnetic field B, respectively the virial 2 - VV, are at infinity w.r.t. (P — A)2. These
assumptions above are inspired by Section 3 in [19] and allow us to effectively treat magnetic fields and
potentials which can have severe singularities even close to infinity.

Unique continuation at infinity. For a unique continuation type argument at infinity, we also need a

quantitative version of relative form bondedness.

Assumption 2.7. If V = V; + V5, then we assume
2

1Bl + laVagl} < %L I(P — A)l3 + Cillel (222)
(.2 TVa) < azll(P— Al + Callgll, (2.23)
(e Vi)l < az (P = Aull3 + Csllel3 (2.24)
for some o, C; >0, j=1,2,3, all ¢ € D(P — A), and
a1 + ag + das < 2. (2.25)

Remarks 2.8. (i) In the conditions above, one can use the diamagnetic inequality in order to replace
P — A by the nonmagnetic momentum operator P in all relative form boundedness conditions, see [3].

(ii) In Section 5 we show that the above assumptions are satisfied under some mild and, more importantly,
easily verifiable regularity and decay conditions on B and V, see Corollaries 5.5 and 5.6.

2.4. Regularity of the Poincaré gauge map. Note that the Poincaré gauge map (2.13) is a—priori only
well-defined when the magnetic field B is sufficiently regular, say, continuous. Our first result shows that
the map (2.13) can be continuously extended to all magnetic field satisfying Assumption 2.1.

Lemma 2.9. Let B be the vector space of vector fields B satisfying

2
/ \x!zfd <log E) ]B(x)\Qd:c < 00
Ug |z|

for all R > 0. The continuous vector fields are dense in B and the map B A= T(E) given by

1 ~
A(z) =T(B)(z) = /0 B(tz)dt for z € RY,

extends to map from B into L2 (R R%). In particular, the Poincaré gauge map given in (2.13) is well
defined for all magnetic fields satisfying assumption 2.1. Moreover,

2 ~
/ 224 | A(z) 2 dx < 4/ |x|2_d<log£> |B(2)|? de, (2.26)
Ur x

Un |z

for any R > 0.
Proof. Given B € B and R > 0 let

N R2 - 1/2
B = / z)>~4(log—) |B(z 2dac) .
Bl ( [ 1o (108 ) 1)



ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER OPERATORS 13

Also let A be the space of vector potentials A for which

1/2
Mlani= [ 1o AR )
Ur

is finite for all R > 0. This makes A and B locally convex metric spaces and by construction, A C

L%OC(Rd, R%). The metrics consistent with the topologies on A and B are, for example,

—n A1 = Azl aom . 2|B1 — Bollpn
Al,AQ 2 ’ and dB Bl,BQ n = —
Z 1+ [[Ar — Azfla2n nz% 1+ 2| By — Ba||gan

The usual arguments show that A and B are complete metric spaces. Moreover, the usual cutting and
mollifying arguments show that the continuous functions are dense in B. In addition, 7'(B) is well defined
and locally bounded when B is continuous, so T'(B) € A, when B is continuous. The bound (2.26) then
gives

7 = - I|T(B1 — Ba)

da(T((B)1), T(Ba)) =Y 27" T
ATBTED =2 2" 5 E

< dg(B1, Ba)

so T is uniformly continuous, thus it extend to a map from B into A which we continue to denote by
T. This shows that the Poincaré gauge map (2.13) is well defined for all magnetic fields B satisfying
assumption 2.1.
Hence it is enough to prove the bound (2.26) and by density, it is enough to prove it for continuous
vector fields B. Let g be a radial function, which is positive and finite for almost all || < R. Since
fo (tx) dt, we have using symmetry

2 — X B X B o X
/u o)A dr = /0 /0 /u ollel) Bt Bltye) dodsit
= 2/A<t1<t2<1 /|$<R (’CL‘D (tll‘) (tz:ﬂ) dCL‘dtldtQ

1—-d
= / / /u (ol )¢~ Blu) B dyu
1-d o
_2/uR </|y/R (lyl/t)t dt) A(y)B(y) dy

1/2 1 2
2 -1 1-d ~ 2
§2</L{R9(!yI)A(y)\ dy) /L{Rg(ly\) </|y/Rg(|y\/t)t dt) 1B(y)|? dy

where we also used the substitution t; = ute and y = tex and then Cauchy-Schwarz inequality. Thus as
soon as f|m|<Rg(|x|)|A(:v)|2 dz is finite, we arrive at the a-priori bound

1 2
/ ()| A d < 4 / g(lz) ! ( / g<|xr/t>t1—ddt> B(a)? dr. (2.27)
Ur Ur |z|/R

82_d

1/2

Choosing g(s) = , one easily calculates

S g\ a1y BV
(lz) (LVRQ(‘IW dt) = laf~ (108 1)
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Plugging this into (2.27) gives (2.26). We note that A(z) = fol B(tx) dt is locally bounded as long as B is
locally bounded. Thus for the above choice of g

[ 1Pt A@P da
Ur
is, as required, finite for all continuous B. Hence the a-priori bound (2.26) holds for all continuous B and
extend by density to all of B. [ ]
Together with the quadratic form Q) 4,y we will also need the associated sesqui-linear form

gay (u,v) = (P = A)u, (P — A)v) + (u,Vv) = qaou,v) + (u, Vo), u,v € HY(RY). (2.28)

and denote by H = H 4 v the self-adjoint operator associated with Q4 v .

3. DILATIONS AND THE MAGNETIC VIRIAL THEOREM

We will write Hqy = (P — A)? + V, even though, strictly speaking, the operator is only defined via the
sum of the corresponding quadratic forms.

3.1. Dilations and the Poincaré gauge. In this subsection we will study the behavior of the magnetic
Schrodinger form @ 4, under the action of the dilation group.

Let Dg be the operator defined on C$°(R?) by

Dy = % (P-xtz-P),  D(Dy) = C(RY). (3.1)

Remark 3.1. Note that Dy = 5 (P — A) -z + 2 - (P — A)), when A is in the Poincaré gauge (2.14), since
then - A(x) = 0 for all « € R%. This is one of the reasons why dilations and the Poincaré gauge work well
together. A deeper reason is the representation (3.14) which connects the Poincaré gauge with dilations.

Lemma 3.2. Dy is essentially self-adjoint.
Proof. For t € R define the unitary dilation operator U; by
(Uf)(x) = e!¥? f(etx) = e RY (3.2)

It is easy to see that Uy is unitary on L?(R%) and forms a group, U;U, = U(t + s), for all t,s € R. In
particular, the adjoint is given by U; = U_;. Moreover, each U; leaves C$°(R?) invariant and a direct
calculation shows that t — U, is strongly differentiable on C§°(RY) with

(%Utf) | =iDofs ¥ [eCERD. (3.3)

The claim now follows from [29, Thm. VIII.10]. ]

We denote by D the closure of Dg, which is self-adjoint, and by D; the operator given by
Ut — Uft

2t
Dy is bounded and symmetric. We will use it to approximate D in the limit ¢ — 0.

1Dy =

Let ¢ € D(P). It is easy to check the commutation formula
PU; = 'Us P, (3.5)

since (PUp)(x) = —iV(e!?p(elx)) = —iete!¥2(Vp)(etz) = e'(Usy(Pyp))(z). In a similar way, one checks
that for a multiplication operator V' the commutation formula

V(U = UVoy(-) = UV (e™") (3.6)



ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER OPERATORS 15

holds on its domain, i.e., for all ¢ € D(V) we have (V(Up))(x) = '¥2V (z)p(e'z) = (Uy(V_ip))(z) for
almost all z € R%. A similar result also holds for vector valued multiplication operators, for example,

A()Ut = UtA_t(~) = UtA(eit') (37)

For the virial theorem, we want to define the commutator [H4 v,iD], where D is the generator of
dilations. Since the two operators involved are unbounded, this usually leads to involved domain consider-
ations. Even worse, in our case we do not know the domain D(H 4,1/) exactly, nor do we intend to know it,
since we prefer to work only with quadratic forms. This seems to make a usable virial theorem impossible
to achieve, however, a quadratic form approach turns out to be feasable.

Assume that u € D(H4,1) and we approximate the unbounded generator of dilations D by the bounded
approximations D;. A slightly formal calculation, for u € D(H 4 1) N C5° which might be empty, however,
gives

(u, [Ha,v,1Diu) = (Havu,iDyu) + (iDyu, Ha yu) = 2Re((Ha,vu,iDiu)) (3.8)
since ¢D; is antisymmetric. Assume that D(P — A) is invariant under dilations. Then, since D(Hay) C
D(qayv) C D(P — A), we have iDyu € D(P — A). So the right hand side of (3.8) can be written as
2Re(ga,v (u,iDu)) and this extends, since D(Hy v ) is dense in D(ga,v) = Q(Ha,v), to all of Q(Hay),
the quadratic form domain of H4y. So we simply define the commutator [Ha v ,iD;] as the quadratic
form

(u, [Ha,v,1D¢u) = 2 Re (qa,v (u,iDu)) (3.9)

on Q(Ha v ). Moreover, we can define the commutator [H, D], again in the sense of quadratic forms, by
i [H, D =1 H D = lim 2 D 1

<ua ? [ 3 ]u> tg%<u’ [ AV, t]u> tg% Re (QA,V<'UJ7 ? tu)) ) (3 0)

provided the limit on the right hand side exists. In the remaining part of this section, we will deal with
the calculation of the right hand side of (3.10) and, in particular, the claim that D(P — A) is invariant
under dilations under a natural condition on the magnetic field.

By (3.5), the Sobolev space D(P) is invariant under dilations. To see how one can also get this for the
magnetic Sobolev space D(P — A) let ¢ € D(P — A). Then, as distributions,

(P — A)Uyp = 'UyPp — Ui App = 'Up(P — A)p + Up(e'A — A_y)p. (3.11)

Since Uy : L2(R%) — L?(RY) is unitary and (P — A)p € L*(R%), we have e!Uy(P — A)p € L*(R?) for all
t € R. So in order that Uyp € D(P — A) we have to check if (e!A — A_;)p € L?(RY). This is the content
of the next proposition.

Proposition 3.3. Suppose that the magnetic field B satisfies assumption 2.1, the vector potential A cor-
responding to B is in the Poincaré gauge, and B2 s relatively form bounded w.r.t. (P — A)?.

If o € D(P — A) = H'(R?), then (e!A— A_y)p € L*(R?) for allt € R and the map R >t (e!A— A_y)p
is continuous. In particular, D(P — A) is invariant under dilations.

The main tool for the proof of Proposition 3.3 is the following

Lemma 3.4. Under the assumptions of Proposition 3.3, if ¢ € D(P — A) = H'(R?), then
t t(,Calt 2C;
(" A= A_p)gl| < e (e l—l)”(P—A)@”*‘@

for allt € R and z > 0, where the + sign holds for t > 0 and the — sign for t < 0 and the constant C, is
given by

(=D — 1) g (3.12)

_1
?||
2—2°

C.=Vd ||B((P— A)* + 2?)

Remark 3.5. In the above bound we use the convention &(6(02*1)“' — 1) = |t| when C, = 1.
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Given Lemma 3.4, the proof of Proposition 3.3 is simple.

Proof of Proposition 3.3: Given ¢ € D(P — A), Lemma 3.4 shows that (e!A—A_;)p € L?(R?) for all t € R
and then (3.11) shows that Uyp € D(P — A) for all t € R. Thus D(P — A) is invariant under dilations.

Moreover, the bound (3.12) shows that the map ¢ — (e!A — A_;)¢p is continuous at ¢ = 0. Since, for any
s,t € R,

et A — A4 =€° (PA—Ay)+eA — (A =€ (fA— Ay) + U (" A— (A_y))U;  (3.13)

and Upp € D(P — A) for any ¢ € D(P — A), continuity of t — (etA - A,t)w at ¢ = 0 implies continuity at
all t € R. ]

Proof of Lemma 3.4: First of all, it is enough to prove (3.12) for ¢ € C{°(RY), since this is dense in
D(P — A) in the graph norm: If (3.12) holds for ¢ € C$°(R?), then given ¢ € D(P — A), choose a sequence
on € C3°(RY) such that (P — A)p, — (P—A)p and ¢, — ¢. By taking a subsequence, if necessary, we can
also assume that ¢, — ¢ almost everywhere, hence (e!A — A_;)p, — (e!A — A_;)¢ almost everywhere,
in particular, [(e!A — A_)p| = lim, o0 [(!A — A1)y | = liminf, o |(e!A — A_;)p,| almost everywhere.
Then Fatou’s Lemma and (3.12) imply

("4 — Aol = I tmminf [(e'4 — A—r)pulll < limint (!4 — A-)n

C
< ot (Cltl P_ A “hz ((CoED

for all ¢ € D(P — A).

Let t € R. Since A is in the Poincaré gauge, using the change of variables t = e™*, we have
A= / e *B(e™®)ds = / e U BUds. (3.14)
0 0
From the definition of A_; and (3.14) we get
e A—A_ = et/ e Uy EUS ds — / e U U; éUsUt ds
0 0
= et/ e U BUsds — et/ U BU, ds
0 t
t ~
= et/ e *U; BU,ds. (3.15)
0
Let ¢ € C$°(R?). The above identity then gives
t ~
v = ("A—A_p)p = et/ e *U; BUs pds. (3.16)
0
Define the operator R, : D(P — A) — D(Hy) by
R,:=((P—A?+d*) " (P—-A—i2). (3.17)

Here ((P — A—iz)) is a vector operator, which maps ¢ € D(P — A) to the vector function (P — A —iz)p =
((P; — Aj —i2)¢)j=1,..a- Then R.(P — A+iz)p = ¢, so

EUSQOZERZ(P—A+iZ)U5()O:ERZUS[GS(P—A)QO+(GSA—A_S)(,O+iZQO]
zéRZUS[eS(P—A)gO—i-US—i-izgo],



ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER OPERATORS 17
which in view of (3.16) implies
N :/Otet_s US*ERZ Us(es(P—A)<p+vs+iz<p) ds. (3.18)
Hence, if £ > 0,

w(t) = MM<1¥/ e (*[(P = A) plla + w(s) + zllgl]) ds

—l—K/

= |BR. |22, (3.19)

where

and
zr/ =5 (e |(P — A) gllz + 2llgll2) ds

Of course, any upper bound on K, can be used, we will derive a suitable bound on K, at the end of this
proof. The Gronwall-type Lemma A.1 in the Appendix yields

t
w(t) < B(t)+ K, / eIHTEI(E=9) B(s) ds . (3.20)
0

Note

t
/ (1+K2)(=) p(s) ds =

_ K, // A+ o5 s (P — A) lls + 2K // A+ (=)o =5 gsdd! (o]l

O<s<s'<t O<s<s/'<t
¢
_ (€ [ K.t t K,+1)t t
= (" =1 =t )P = A)pllo 2 (g (T = 1) = (¢ = 1))l

and a straightforward calculation gives
B(t) = Kxte'|[ (P — A)pll2 + 2K (e" = 1)[[oll2
Inserting this into (3.20) gives

2K,
I(e"A = A_p)pl = w(t) < e (e = 1) (P~ A) gl + fra o (€ =1l

which is , at least for ¢ € C$°(RY).
If ¢ < 0, then setting 7 = —t > 0, we get from (3.18)

w(T) = [lo-rll2 <K/ TP = A) el + w(s) + 2lll2) ds
+K / S— ’T’"’

zr/ T (NP — A)glla + 2ligll2) ds

and the second Gronwall-type bound from Lemma A.1 now gives

with

w(t) < E(r) + K, / eU==1=9) B(s) ds . (3.21)
0
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Similarly as above one calculates

/ K== Fi(5) ds =
0

— Kz // e(Kz—l)T—Kzs’ deS/ ”(P— A)SOHQ —|—ZKZ // e(Kz—l)T—Kz8/+8 deS, HWHQ

0<s<s'<T 0<s<s'<t

= (T =) =7 )IP = Aol + (g (B = 1) = (1= ) )

1
K, K,—-1
and
E(r) = K.1e7[|(P = A) glla + 2K.(1 — e )|z,

and plugging this back into (3.21), using ¢t = —7 < 0 we arrive at

~ zK, _
I(e'A = A-ellz = @(r) < e (X = 1) (P = A)plla + == (7D — 1) ]2

Recalling that we can replace K, by any upper bound in the above arguments, this proves (3.12), we only
have to bound K. Let ¢ € C§°(R%). From the definition (3.19) one easily gets

K. =B R.[ls2 < [|B((P = A)* +d2%) "% a2 (P = A)? + dz2) "2 (P = A = i2)||30.
On the other hand, letting T = ((P — A)? + sz)fé(P — A —iz) one sees
TT* = (P — A% +d22)"2(P—A—iz)- (P— A+i2)((P— A)? +d2?)"2
=1.

1 1 (3.22)
(P A 4 d2)H(P — A+ d) (P — AP+ d2?)
Hence by duality ||((P — A)? + dz2)_%(P — A —i2)|252 = ||T||2—2 = 1 and thus
K. < |B(Ho+2%) 3|20 = Cs. (3.23)
|

The next result concerns the calculation of %(etA - A_t)go‘ . for ¢ € D(P — A). Recall that given a
~ t=
magnetic field B, the vector field B is given by equation (1.9).

Proposition 3.6. Suppose that the magnetic field B satisfies assumption 2.1, the vector potential A cor-
responding to B is in the Poincaré gauge, and B? is relatively form bounded w.r.t. (P — A)?. Then for all
@ € D(P—A) the map R> t — (¢! A — A_y)p is differentiable and

d

.1 =
%( tA—A_t)cp’t:O :}gr(l) E(etA—A_t)ga: By (3.24)

where the limit is taken in L?(RY).
Proof. Assume that for ¢ € D(P — A) the map t — (etA — A,t)go is differentiable in ¢ = 0 with derivative
given by (3.24). Then (3.13) shows that it is also differentiable in any point ¢t € R with derivative

d -
7 (e"A—A_)p=("A— A_y)p+ U BUpp (3.25)

By assumption, B2 is relatively form bounded with respect to (P — A)2, that is, B : D(P — A) — L2(R%)
is bounded. Thus the right hand side of (3.25) is in L?(R¢) by Proposition 3.3.
Hence it is enough to show differentiability at t = 0. We will prove, for all ¢ € D(P — A),

1
lim —————

toq ot nalo—o 2(mod
H0|€t_1|HeA A — (e 1)BH¢ 0 in L2(RY), (3.26)
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which is equivalent to (3.24). First assume that ¢ € C§°(R%). Using (3.15) we have
t ~ ~
vpr= (" A— Ay — (' — 1)B)g0:/ e S U BUgpds — (¢! —1) By
0

t ~ ~
_/ e (U; BUs; — B)pds. (3.27)
0

Using (3.11) we rewrite the integrand as
(U: BUs; — B)yp = U:B(Us — 1) + (U —1)By

=U!BR,((P— A+i2)Us — (P — A+iz))p+ (U —1)By

— UBR. [Us ((P—A)+e"A— A +iz)p— (P—A+ iz)go} (U —1)By

= U'BR, [Us((es —1)(P — A)p + (¢* = 1)Bp +vs) + (Us — 1)(P — A +i2)p| — U (Us — 1)Byp .
Setting w(s) == ||vs||2, and recalling || BR, |la—2 < Vd||B((P — A)? + 22)~1/2|| = C., see (3.23), we get

I(U; BUs = B)¢ll2 < C: [!68 —1(I(P = Aellz + 1 Bell2) +w(s) + |(Us = (P — A+ iz)gl|2

+(Us = 1)Be|l

This implies the integral inequalities

t
w(t) < E(t) + CZ/ e Sw(s)ds fort>0
0

and
It]
w(t) < E(t) + Cz/ S w(—s)ds fort <0,
0

where now

t o~

B() = [ ¢ [ClW = 1P = A+ i2)glla + U = 1) Bl ds
t o~
+ /0 =5 (e = 1)C(I(P = A)glla + | Bella) ds,

for t > 0, and

] _
E(t) = /O elts [CZII(US —1)(P - A+iz)o|s+ ||(Us — 1)B<,0H2} ds

+ /0Iltl e (1= e*)CL(II(P = A)¢llz + | Bell) ds,
for t < 0. Lemma A.1l then yields the upper bounds
w(t) < E(t)+ C, /Ot eUTCI=9) B(s)ds for t >0 (3.28)
and

Itl
w(t) < E(t) + Cz/ elC==V=9) B(_s)ds fort <0. (3.29)
0
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To continue it is convenient to use, for 7 > 0,
k(1) == sup ||(Us — 1)By|l2 + C; sup ||(Us — 1)(P — A +1i2)g)2,
s|<t [s|<T

so that for t > 0
t

) < /O e~ n(s)ds + ([|(P = A)gll> + | Bell2) /0 e (¢* — 1) ds

< w(t)(e = 1) + ([P — A)pll2 + [ Bell2) (e = 1)%,
since k is increasing. Analogously, for ¢ < 0 we have

[l _ It
B = [ (s ds+ (1P = gl o+ [1Boll) [ e 1) ds

< K([E)(1 =€) + (II(P = Aplla + [ Bell2) (1 - €')?.
So by monotonicity, for ¢ > 0,

t B t
/ (1+C2)(t—s) E(s)ds < (Fc(t)(et —1)+ (H(P — Al + ”BQOHQ)(€t . 1)2> / e(1+C2)(t=5) 1o
0 0

(e(1+Cz)t o 1)(6t o 1)

= o [5(6) + (¢ = ) (I(P = Al + |1 Bplz)

and, similarly, for ¢ < 0 we have

‘t| — e(C - )t — et ~
/ e(C==1(=9) B(_g) ds < ( C 1_)1(1 ) [n(yty) + (1 =eH(I(P = A)ell2+ HBsz)}
0 z

which in combination with (3.28) and (3.29) implies
w(t) _ et A—A_,

et —1] et —1
Cz|e(czi1)t —1] . B
cr ) [ +1e = 11(1P = gl + | Bl (3.30)

where the + sign holds when ¢ > 0 and the — sign when ¢t < 0. Since P — A : D(P — A) — L*(R%) and
B :D(P — A) — L*(R%) are bounded, (3.30) extends to all ¢ € D(P — A), by density. Since x(t) — 0 as
t — 0, this proves (3.26). |

so—BsaH

§(1+

We will need a similar version for the electric potentials. Recall that iD; = (U — U—_)/(2t).

Lemma 3.7. Let A, B, and B satisfy the same assumptions as in Proposition 3.6 and let V' be any electric
potential, with form domain D(P — A) C Q(V), such that the distribution x - V'V extends to a quadratic
form which is form bounded with respect to (P — A)2. Then with V_y = UVU; = V(e t.),

1

lim — (o, (V = V_4)¢) = (g, 2 - VV 1) (3.31)
t—0 ¢t
and
71111(1)2Re(<p, ViDyp) = —(p,x - VV ) (3.32)
-

for all p,vp € D(P — A).

Remark 3.8. By a slight abuse of notation, we use the symbol (p, V) for the sesqui-linear form
(V|Y2p,5gn V|V|/24) with domain D(qy) = D(|V['/?) and (p,x - VV¢) for the (extension of the) form
corresponding to the distribution x - VV.
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Proof. We always have V € L{_(R?). Given ¢ € C§°(R?) we denote by V4 the distribution
CF®Y ¢ (9. V0) = [ G@V(@)i)da.

Then the distributional derivative Wy := %V_ s is given by

d
<§0,WS¢>:£<QD,V,SQ[)> ( 5P, S@ZJ) < s, T - VVUS¢>

and, by assumption, the sesqui-linear form ¢ extends to sesqui-linear form with a domain containing
D(P — A) and which is relatively form bounded with respect to (P — A)2. With a slight abuse of notation,
we will write also ¢ for this extension.

We claim that for any ¢, € D(P — A) the map
R > s+ q(Usp,Ustp) is continuous. (3.33)

Assuming this for the moment, the fundamental theorem of calculous shows

t d t
(v =V = [ e Vewds = [ W Uy ds (334
for any ¢, € C°(R?) C D(P — A) and, by density, this extend to all p,% € D(P — A). But then (3.34)
implies

%@,v_ﬂp)\to }1m1< (V= Vo)) = alp, ¢)

which proves (3.31). For (3.32) we note
2t Re(p, ViDy) = Re ((, VUp) — (Ui 0, Vo))

and
t
(0, VUrp) — (Ui, Vo) = (U o, (Ve = V)g) = /0 q(UsUf ¢, Usp) ds

again by (3.34). By a simple continuity argument this shows

. 1 [t .
2Re(p, ViDyp) = t/o Req(UsUf @, Usp) ds = q(@, ) = —(p,x- VV )

as t — 0, which yields (3.32).

It remains to prove (3.33): The sesqui-linear form ¢ being relatively (P — A)? form bounded is equivalent
to

~1/2 1/2

@, q(((P — A)? + d2?) b)

extending, for z > 0, to a bounded sesqui-linear form to all ¢, € L?(R?). Recalling the definition (3.17)
for R, and (3.22), this is equivalent to

¢, — q((R.p, Rp) = ql, ¥)

being a bounded quadratic form, more precisely, extending to a bounded quadratic form on all of L? (]Rd),
for all z > 0. Using sesqui-linearity, it is easy to see that for all continuous maps s — s, s — 1), € L?(R%)
the map s — §(s,s) is continuous for any bounded sesqui-linear form ¢ on L?(R%).

For ¢, € D(P — A) we have
q(Usp,Ustp) = Z]v((P — A —iz)Usp, (P —A- Zz)Usw)

o, (P —A)? +dz%)
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and
Usp = R.(P — A—i2)Usp = R,Us(e°(P — A) + (e°A — A_,) —i2)) .
The map s — e*(P — A)y is clearly continuous for all ¢ € D(P — A) and so is the map s — (e®A — Ag)p
by Proposition 3.3. Thus s — @, = (e*(P — A) + (eA — A_,) — iz))p is continuous for all ¢ € D(P — A).
Using s — Us being strongly continuous and unitary, and
Ut&t - Us&s = (Ut - Us)&t + Us(at - §5S)
one sees that the map s +— ¢, = Us@s is continuous. Similarly when ¢ is replaced by ¥ € D(P — A). Thus

R > s = qUsp,Usth) = q(ps, 1))

is continuous, since ¢ is a bounded sesqui-linear form. This proves (3.33) and hence the lemma. [}

3.2. The commutator as a quadratic form. This section deals with one of our main results, the
rigorous identification of the right hand side of (3.10).

Theorem 3.9 (Magnetic virial theorem). Let B and V satisfy assumptions 2.1- 2.3 and A be the vector
potential in the Poincaré gauge corresponding to the magnetic field B. Assume also that the distribution
x - VV extends to a quadratic form which is form bounded with respect to (P — A)2. Then for all ¢ €
D(P — A), the limit limy_0 2 Re (qAVV(ga, Z'Dtga)) exists. Moreover,
(¢, [H,iD] o) := lim 2Re (¢4 (¢, iDip)) = 2|(P — A)p||3 + 2 Re (B, (P — A) p) — (p,2- VVip).
(3.35)
Remark 3.10. See Remark 3.8 and the proof of Lemma 3.7 for the precise meaning of the quadratic form

Proof. Recall that, as a quadratic form, we defined (p,[Hav,iD¢|p) = 2Reqav(p,iDip), using the
notation from (2.28). See (3.9) and the discussion before it. We show that the limit exists for all u €
D(P — A) and is given by the right hand side of (3.35). By (3.11)

(P— A)Uyu=e'Uy(P— A)u+ X, u, (3.36)
where
Xiu=U(e" A—A_))u, (3.37)
where we recall A_; = Uf AU, = A(e™!:). Since
2tRe (qa,v (¢, iDrp)) = Re (qa,v (0, Urp) — aav (U=t ¢,9)) ,
and
aa0(, Up) = (P = A)p, Upe' (P — A)p) + (P — A)p, X)),
40Ut ) = (P — A)p, Ure (P — A)p) + (X_p, (P — A)p) ,

we get
t_ ot

. e 1 1
2Reqao(p,iDyp) = (P = A)p, U(P = A)p) + (P = A)p, 7 Xep) = (5 X—vp, (P = A)p)
— 2((P — A)p, (P — A)p) + 2Re(Bp, (P — A)p)
as t — 0, because by Proposition 3.6 we have

1 ~
lim = X4;u=4+Bu in L*R%).
t—0 ¢



ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER OPERATORS 23
Lemma 3.7 gives lim;_,o Re{p, ViD,p) = —(p, z - VV ) and since

qa,v (p, iDyp) = qao(p, iDip) + (p, ViDyp)
this finishes the proof. [}

An immediate consequence of our magnetic virial theorem is

Corollary 3.11. Let the assumptions of the magnetic virial Theorem 3.9 above be satisfied. If ) € D(P—A)
is a weak eigenfunction of the magnetic Schrodinger operator Hay corresponding to the energy E € R, in
the sense that

E{p,v) = qav(p, ) (3.38)
for all p € D(P — A), or all ¢ € C°(R?), then
0=2E +2Re((P — A) ¢, By) +d (1, Vi) —2 — (¢, 2V +z - VV)) (3.39)

Now, of course, the question is for what class of potentials V one can calculate the virial z - VV in
a simple way. If z - VV is given by a function which yields a nice quadratic form, then (p,z - VV) is
given by the classical expression. On the other hand, the virial (¢, x - VV(p) exists even if V' is not at all
classically differentiable. A typical example is given in the next section.

3.3. The Kato form of the virial.

Lemma 3.12. Assume that the magnetic field B satisfies assumptions 2.1 and 2.2, A is the magnetic
vector-potential in the Poincaré gauge, and V and |x|?V? are relatively form bounded with respect to
(P — A)2. Then for all ¢ € D(P — A) the virial of V, i.e., the quadratic form corresponding to the
distribution x - VV , is given by

—({p,z-VVy)y==2Im(zVe, (P — A)p) + d(p, V) (3.40)
for all ¢ € D(P — A).

Remark 3.13. We call (3.40) the Kato form of the virial. Kato did not consider magnetic fields and used
the pointwise conditions V' bounded and lim,_,~ |z|V (z) = 0 to conclude absence of positive eigenvalues for
non-magnetic Schrodinger operators. Lemma 3.12 allows us not only to extend this to magnetic Schrodinger
operators but to replace Kato’s pointwise condition by a rather weak and natural smallness condition on
the quadratic form (i, |2[2V2¢) at infinity.

Of course, since the vector potential is in the Poincaré gauge z - A(z) = 0, so (zV, (P — A)p) =
<Vg0,af . Pg0>, hence the right hand side of (3.40) does not depend on vector potential A. This form is
useful, however, see the proof of Lemma 4.4, in particular, the proof of (4.16).

Proof. By definition, the virial is given by —(p,z - VV¢) = lim;_,o Re(p, ViD;p). We will calculate this
limit slightly differently than in Lemma 3.7. As distributions

t t t
2it Dy :/ UsiDpds :/ Usix - Ppds + ;Z/ Uspds
t

—t —t

and

1 i . ' t . i . . ) )
m/_tUS”:'P‘PdSZZ/ eUs(m~Pgo)ds:z/ Uy (& - (P — A)p) ds

—t —t
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since any vector potential in the Poincaré gauge is transversal, that is, = - A(z) = 0 for all z € RY,
Altogether, we have

iDyp = 2t|:13|/ (P— Ay )ds +/ Uspds

at least when ¢ € C3°(R?). Thus, in this case,
. . I L. d 1t
(¢, ViDyp) = i(|z|Vep, % te Us(m (P —A)p)ds) + §<Vgo, % Uscp ds) . (3.41)

Since ﬁ (P — A)p € L2(R?) for all ¢ € D(P — A), the maps s — U, (| |(P A) ) and s — Usyp are
continuous. Moreover, the map s — Ugp is continuous in the graph norm corresponding to P — A for
any ¢ € D(P — A) by a similar argument as in the proof of Lemma 3.7. Also |z|Vy € L%(R?) for any
¢ € D(P — A), since 2V is relatively P — A bounded, that is, |z|>V? is relatively (P — A)? form bounded,
by assumption. But then (3.41) also extends to all ¢ € D(P — A) by continuity.

Since for ¢ € D(P — A) the map s — Us is continuous in the graph norm of P — A, we also have
% f Uspds — ¢ in the graph norm. In addition, 5 I LU (& (P—A)p)ds — L - (P— A)p in L*(R?)
as t — 0. Then (3.41) yields

[2] \wl

. . ‘ . d d
lim(p, ViDip) = i(|e|Vip, 177 - (P = A)p) + 5(Vip, ) = i(@Vip, (P = A)p) + 5 (Vip, )
which, taking real parts, finishes the proof of Lemma 3.12. [}

Remark 3.14. Slightly informally, an alternatively way to derive (3.40) is as follows: For u,w € C§°(R%),
which is dense in the domain of P — A, the quadratic form <u, T - VVw> is given as a distribution by

(u,z-VVw) =(u,z-V(Vw) = Va - Vw) = —(V - (zu), Vw) — (Vu,z - Vw)

= —d<u, Vw> — <Vu,a: . Vw> — <$ -Vu, Vw> (3.42)
= —d{u,Vw) —i({(zVu, (P — A)w) — ((P — A)u,zVw))
since the vector potential A is in the Poincaré gauge and P = —iV. Under the conditions on V this extends

to all p € D(P — A).

Corollary 3.15. Assume that the magnetic field B satisfies assumptions 2.1 and 2.2, A is the magnetic
vector-potential in the Poincaré gauge, and the potential V' splits as V = Vi + Vo where V1 and |:c]2V12 are
relatively form bounded with respect to (P — A)? and the distribution x - VVa extend to a quadratic form
which is form bounded with respect to (P — A)?. Then the virial of V is given by

—{p,z-VVy)==2Im(zVip, (P — A)p) + d{p, Vi) — (¢, z - VVap) (3.43)
for all p € D(P — A).
Proof. Simply combine Lemma 3.7 and Lemma 3.12. [ ]

3.4. The exponentially weighted magnetic virial. The proof of our main result, see Theorem 4.8
below, is based on finding two different expressions for the commutator <eF Y, [H, D]eF ¥), when F'is a
suitable weight function and v is a weak eigenfunction. This is done in

Lemma 3.16. Assume that the magnetic field B and the electric potential V' satisfy assumptions 2.1, 2.2,
and 2.3, and A is the vector potential corresponding to B in the Poincaré gauge. Moreover assume that
the distribution = - VV extend to a quadratic form, which is fom bounded with respect to (P — A)?. Let
F :R? = R be a smooth and bounded radial function, such that VF(x) = g(x)z, and assume that g > 0
and that the functions V(|VF|?), (1+]-]?)g, z-Vg and (x-V)?g are bounded. Let 1 € D(P — A) be a weak
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eigenfunction of the magnetic Schrodinger operator Ha v, i.e., E{p,v) = qa v (p, ) for some E € R and
all p € D(P — A), where qa,v 1is the sesqui-linear form corresponding to the magnetic Schrédiner operator
Hay and set Yp = e’ . Then

($p,i [H,D]¢p) = ($r, (E+|VF?) ¢r) + 2Re (P — A) ¢op, Byr) — 2Im (P — A) ¢p, 2V br)
+[[(P = A)rl3 + (Yr, (dVi = V)p) — (Yr,2 - VVathr), (3.44)

and
($r,i[H,Dl¢r) = 4|9 DYrl3 + (Yr, ((x - V)?g =z - VIVF?)r). (3.45)

Remark 3.17. This is a quadratic form version of the bounds of [13], who considered only the nonmagnetic
case. Also note that the conditions in [13] are stronger, since they work with operators and not with forms.
To get an idea why the bounds from Lemma 3.16 are useful for excluding eigenfunctions for positive energies
E > 0, think of (¢p, (E+|VF|?) ¢p), respectively —4 ||,/g D ¢ ||, as the main terms in (3.44) and (3.45),
and the other terms as lower order. Then (3.44) and (3.45) contradict each other when E > 0 unless ) = 0.

Before we prove Lemma 3.16 we first collect some auxiliary results, to simplify the calculations. First

note that as distributions,
(P— App = e (P— Ay —ief' VFy. (3.46)

Hence since F' and VF' are bounded we have ¢y € D(P — A) for any ¢ € D(P — A), so <17ZJF, i[H, D] ¢F>
is well-defined.

Secondly, note that the operators VF - P and P - VF are well defined on D(P — A). Indeed, since F'
is radial we have VF = gx for some function g depending only on |z|. This implies VF - A = 0, see also
(2.14). Hence, as distributions,

VF-Pu=gz-Pu=gz-(P— Auec L*R?) (3.47)
for all w € D(P — A). Similarly,
P-VFu=P-(gz)u=gP-2u—i(x -Vg)u=gzr- (P— Au—igdu—i(x-Vg)u e L*R?),

2 Du= (. )= L Pu——u= () e (P— A)u— ——u € L*(R?
(@) Du=grv(e P+Pa) @>P. 2y = @) (é Au— gryu € LR,
gDu:g(fc-P—l—P'x)u:‘ga:-Pu—Z;u:gx'(P—A)u—ggueLQ(Rd), (3.48)
VgDu=/gx- (P —A)u— %u € L*(RY),
(xygDu = (z)gr - (P — A)u— 2<:;>gu € L*(RY),
and .
Dyru = %(VF P+ P-VF)u=gDu— %(a: -Vg)u € L*(R%) (3.49)

for all u € D(P — A), by the assumptions on g. Note also that Dy is symmetric.
The next result is needed also later, so we single it out.
Lemma 3.18. Under the conditions of Lemma 3.16 we have
qav(u,v) = qav(e Fu, efv) + 2i(Dyp u,v) + (VFu,VFv) (3.50)

for all u,v € D(P — A). In particular, if 1 is a weak eigenfunction corresponding to the energy E of the
magnetic Schrodinger operator H 4y, then

qay (Wp, ¥r) = (Yp, (E+ |VE)Yr) (3.51)
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Proof. A straightforward calculation using the above equations and (3.46) yields
qapole Fu,efv) = (P - A+iVF)u,(P - A—iVF)v)
= qao(u,v) —i((VFu, (P — A)v) + (P — A)u, VFv)) — (VFu,VFv) (3.52)
=qa0(u,v) — 2i<DVF u,v> — <VFu, VFU> .

In particular, since <e*F u, Vel U> = <u, VU> and ga,0(u,v) = qao(u,v) + <u, VU> this gives (3.50).
If 4 is a weak eigenfunction of H4y then gav(v,v) = E(¢,v) for all v € D(P — A). Since Dy is
symmetric, <DVF1/)F,1/JF> s real and (3.50) implies

qav(Vr,¥r) = Reqay(¥r,vp) = Reqay (¥, e’ Yr) + Re (VFyp, VEYF)
=Re E(¢, " p) + Re (VFyp, VEYF) = Re (¢, (E + |VF|*)¢p) n

Proof of Lemma 3.16. From (3.46) we know that ¢y € D(P — A) = Q(Hy,y). Thus for any ¢ € Q(Hav)
our magnetic virial Theorem 3.9 shows

(Yp,i[H,D]Yp) = 2qa0(¥r, ¥r) + 2 Re (Bp, (P — A)u) — (Yp,x- VVE).
with ga0(¢Yr, Yr) = <(P — A)p, (P — A)¢F> If 1 is a weak eigenfunction of H, y with energy E, then
(i [H,D)Yr) = 2qav (¥r, ¥r) — 2(dr, Vibr) + 2 Re (Bipip, (P — A)u) — (Yp, 2 - VVp)

= 2(¢p, (E + |VFP)r) — 2(¢p, Vibor) + 2 Re ( Bopip, (P — A)u) — (Yp,z - VVir)

by (3.51). This proves the first claim of Lemma 3.16.
Applying (3.50) with u = ¢ and v = iDy)F one sees
q(Vr,iDypp) = q(, " iDypp) + 2i(Dypipp, iDpr) + (VF ¢p, VF iDypr)
= E (¢, iDi) — 2(Dyppr, Dibp) + (Yr, |VF|*iDyr)

where we again used ga v (¢, v) = E(¢,v) for all v € D(P — A) and any weak eigenfunction 1 with energy
E. Notice that (¢p, iDyp) = i(r, Dytop) is purely imaginary since Dy is symmetric, so taking the real
part above shows

2Req(Yr, iDwr) = —4Re(Dyr r, Dipp) + 2Re(yr, |VF|*iDir). (3.53)

Lemma 3.7 gives 2Re(vp, |VF|?iDypr) — —(¢p,x - V(|VF|[})r) as t — 0. Hence (3.53) implies (3.45)
as long as

lim Re( Dy e, Db = |[VgDwrl3 — e, (& 9}, (3.54)

Using Dypu = gDu — %(z - Vg)u for all u € D(P — A), we get
1
(DvrF u, Dyu) = <gD u, Dtu> + §<(:c -Vg)u, iDtu>
and we already know from Lemma 3.7 that 3 Re {(z-Vg)u,iDyu) — —1(u, ((z-V)%g)u) ast — 0. Moreover,

_ 1t _ 1 [M et
(z) 1Dtu—§t _t<$> 1US(D“)dS_Zilt ¢ ()

initially for « € C3°(R?), but by density and since (x) 1D : D(P — A) — L?(R?) is bounded, this extends
to all u € D(P — A). Thus, by continuity, (x) "' Dyu — (z)"'Du in L?(R?) as t — 0 and

(9D, Dyu) = ((x)gD u, ()~ Dyu) — ((z)gDu, {x) " Du) = ||\/gDull3
as t — 0 for all u € D(P — A). This completes the proof of (3.54) and of the Lemma. ]

Us((ac>_1Du) ds



ABSENCE OF POSITIVE EIGENVALUES OF MAGNETIC SCHRODINGER OPERATORS 27

For a type of unique continuation at infinity argument, we will also need the follwing

Lemma 3.19. Let B and V satisfy assumptions 2.1, 2.3, and 2.7. Assume that 1y and F' satisfy conditions
of Lemma 3.16. Then there exists k > 0 and ¢, > 0 such that

(Yp,i[H,D)Yp) > & (¢p, [VFPYr) — callvprl3 . (3.55)

Proof. In what follows the value of a constant ¢ might change from line to line. Since 1r € H!(R?), Lemma
3.16, the Cauchy-Schwarz inequality and assumption 2.4give

(Y, i [H,D)yp) > 2|(P = A)gr|5 — 2| (P — A)prll2(|Berl2 + [2Vige|s)
— (a2 +daz)[| (P = A)ppll3 — cllvrl-
Therefore using (3.46) and assumption 2.3 we find that for any £ > 0

(r,i[H,Dlvr) > (2= 8)|(P = A)por|l3 + 5 (¢r, [VF[ Yr) — (02 + Kao) [|(P — A)r|3

—2[[(P = A)gprll2 (1Bl + l2Vivell2) — cll¢rls.
On the other hand assumption 2.4implies that

2/(P = A)prlla (I Boorllz + [aVivrl) < ail(P— Ar|3 +2ell(P — A)els [¢rl
(a1 + 1) (P = Al + = ([l

IN

Hence
(Yp,i[H,D]Yr) > (2 -2k — kg — ay — ag — dag) (P — A)Yr|3 + £ (Y, [VF|* ¢F)
— (c+w"ter) lyrl3,
and the result follows upon setting
2 — e —
o — (65} a9 dOzg > 0’
2 + (674}
see (2.25). |

4. ABSENCE OF POSITIVE EIGENVALUES

We will give the prove of absence of positive eigenvalues in two steps. The first is that putative eigen-
functions corresponding to positive energies have to decay faster than exponentially. In a second step, we
prove that any such eigenfunction has to be zero.

4.1. Ridiculously fast decay. We set (x)) == /A + |z]2 for z € R X\ > 0. For A = 1, we write simply
(x)1 = (x). We have

Proposition 4.1 (Fast decay). Assume that B and V' satisfy assumptions 2.1- 2.6 and that the magnetic
field A corresponding to B is in the Poincaré gauge. Furthermore, assume that v is a weak eigenfunction
of the magnetic Schrodinger operator H 4y corresponding to the energy E € R, and that there exist i > 0
and XA > 0 such that z +— eP @ y(z) € L2(RY). If E 4+ 12 > A with A given by (1.13), then

2 e M(@)x Y(x) € L2<Rd) Yu>0, VA>0. (4.1)

Before we start with the proof, we make some preparations. Obviously it suffices to prove the statement
for A = 1. We will first consider the case 7i = 0, i.e., we only know that ¢» € D(P — A) C L?*(R%). The
choice

Flo(z) = g (1 et <$>> , (4.2)
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for the weight function, for some p > 0 and € > 0, will be convenient. We have F, .(x) — u(z) as e — 0.
Also, since

VF, = piz) " te =) g (4.3)
we have

Gue (@) = p(x) e (4.4)
Moreover, let

pe=sup {p>0: ey e LR}

the maximal exponential decay rate of the weak eigenfunction ¢). The bound (4.1) is equivalent to p, = oo,

so we have to exclude 0 < p, < oo. If 0 < py < 00, then there exist sequences i, \( tx, €n \¢ 0 as 1 — 00,
i.e., both sequences are decreasing and p, — p«, €, — 0, as n — oo, with

an = ||ef"lls = 0o as n — oo, (4.5)

where we put F), = F},, ... Moreover, we let g,(x) = gu, ., and define ¢, by

B
e
= ) 4.6
o e o)
Since

Fo(z) < pp(z), (4.7)

the function ef” is bounded uniformly in n € N on compact subsets of R%. So for each compact set K C R¢
we have

<90n,ﬂKg0n>—>O as n — 00. (4.8)
This also implies that for any bounded function W with W (z) — 0 as x — oo one has

(en,Wepn) =0 asn— oo. (4.9)

In order to use Lemma 3.16 to derive a contradiction, the following is useful.

Lemma 4.2. Let F,,, gn, ¥, and @, be given as above. If 0 < u, < 0o, then

ILm (efmap, en(x)ef ™) = 0. (4.10)
Moreover, if 0 < p, < 0o, then
. _ 2
nh_)ngo (VEnpn, VEuon) = 1 (4.11)
and
lim (¢, z, ((z- V)G, — - V|VF|2)g0n> =0 (4.12)

n—o0

Remark 4.3. If pu, > 0, then 9 decays exponentially and since Fj, is bounded for fixed n € N we have
(efrap, (z)efn)) < oo for all n.

Lemma 4.4. Let 0 < p, < 00 and Fy, gn, and o, be given as above. If the potential V is relative form
small and vanishes at infinity w.r.t (P — A)?, i.e satisfies assumptions 2.5 and 2.5, then

nlirgo<¢n, Vn) =0 (4.13)
lim (P — A)gpn, (P — A)pn) = B + 1. (4.14)

Moreover, if the magnetic field B satisfy assumptions 2.2, and 2.6, then
lim sup {5 gn, (P = A) pn)| < B(E + i) /2. (4.15)
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and if one splits V.= V1 + Vs, with V1 and Vs satisfying assumptions 2./ and 2.6 then

limsup (¢n, 2 - VVi,) < 2w (E + 122 4wy (4.16)
n—oo
Remark 4.5. For the proof of similar results in [13], the assumption that V' and z - VV are relatively

form compact with respect to P? is made. Thus they only deal with potentials which are relatively form
bounded with relative bound zero. They also do not consider conditions on the Kato form of the virial
x-VV.

We will prove these two Lemmata later in this section.

Proof of Proposition /.1. Assume that 0 < p? < oco. It is easy to check that Fj, and g, satisfy the
assumptions of the exponentially weighted magnetic virial Lemma 3.16. Thus Lemma 3.16 and Lemma
4.2 show

limsup {¢y,i[H, D] ¢,) < 0. (4.17)

n—oo

On the other hand the first equality from Lemma 3.16 together with Lemma 4.4 shows
timinf (i (H, D] on) 2 2(E + ) = 28 + w)(E + 1) /2 — wy

2 2
(VErE -2y () —“;2]>0

if /E+p2> 3(B+wi++/(B+w)? +2ws) = VA. Clearly, (4.17) and (4.18) contradict each other. Thus
x = oo, which is equivalent to (4.1). [

(4.18)

=2

It remains to prove Lemma 4.2 and 4.4.
Proof of Lemma 4.2. Clearly, for any § > 0
(bnsenlT)on) = (Pns Lic, (wy<sy On) + (Pns Lie, ()63 EnT)Pn) < 8 + (Pns L, ()56} En(T)on)
One easily checks that 0 <t — l%e_t is decreasing. Thus

l—et 1-—¢79

= su = <1 4.19
% = Sup — 5 (4.19)
which shows
F, = pn (@) (1- 6_5<“>) < ppys{z) for all z with e,(z) > 4.

en(T)
Choose any 75 < k < 1. If 0 < py < 0o then 9 decays exponentially with rate kuy < py, by the definition
of . Thus

lim sup <eF"w, Lic, @)>6) <x)€Fn¢> < lim sup <€NH’Y§<3)>'¢7 <x>eunw<x>¢> < 00

n—o0 n—o0
since, fnYn — Ysix < Kits as n — 0o. This implies (4.10).
For the proof of the remaining part of Lemma 4.2, we note that from (4.3) one gets
IVE,|> = p2(1- (x>*2)e*2€"<x> : (4.20)
Since @, is normalized this gives
Hi = (VEapn, VEapn) = (@ns (1 = IV Eal*) )

-
4.21
=12 ({gm (1 - ) 4 (s 2 e0g) O
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Recall that pi, N\ ps. If g = 0, then (4.21) shows
},ufl — <Van0n,Van0n>’ < 2,u721 —0 asn— o00.
If 0 < p1s < 00, then using 0 < 1 — e~27(%) < 2¢, () in (4.21) gives

due to (4.10) and (4.9). This proves (4.11).

Using the definitions of F;, and g, a relatively short calculation shows
(@ V)P — 2= VIVEP| S pialptn + 1) [(@)2 4 () 4 enle) +2(@)] 0 (422)
Since 0 < t + te~! is bounded, (4.22) implies, if . = 0,
‘<<,0n, (- V)ig, —x- V’VF’Q)QDH>‘ Spn(pin +1) =0 asn— oo
If 0 < ps < 00, then (4.22) shows

[(en, (- V)29 — - VIVEP)on)| < (on, <<m>*2 + <x>*1>g0n> + {Pnsen(@)pn) =+ 0 asn — oo
using again (4.10) and (4.9). This proves (4.12). ]

In the proof of Lemma 4.4 we need the following auxiliary tool.

Lemma 4.6. Assume that the potential V is relatively form bounded w.r.t (P — A)%. Then for any family
of real-valued bounded function &; € C*(R?), j € I, for which supjes [[€jlloo and supjc; [VEjlloo are finite,
we have

supsup |[(P — A){jpon|| < 0o (4.23)
j€I neN

where @, is the sequence defined in (4.6). Moreover, if ¢ € C3°(RY) is a real-valued function with compact
support, then
limsup [|[(P — A)ép,| = 0. (4.24)

n—oo

We give the proof of this Lemma after the

Proof of Lemma /.4. One easily checks that if £ is an infinitely often differentiable cut—off function with
bounded derivative, then {p € D(P — A) for any ¢ € D(P — A).

Let x; : [0,00) — R4, I = 1,2, be infinitely often differentiable on (0, 00) with xi(r) =1 for 0 < r <1,
x1(r) > 0 for r <3/2, x1(r) =0 for r > 7/4, and x2(r) = 0 for r < 5/4, x2(r) > 0 for r > 3/2, x2(r) =1
for r > 2. Then inf,>o(x3(r) + x3(r)) > 0 and thus

. X1 ) X2
&1 =

— s, =

VXTI +x3 VXE+ 3

are infinitely often differentiable with bounded derivatives and &7 + &5 = 1. Given R > 1 we set
{<r(z) = &(|z]/R), &sr(w) = E&(|2]/R)

which yields a family of infinitely often differentiable real-valued localization functions on R? with bounded
derivatives. Note that {<g has compact support and supp(§>r) C U = {z € RY: |z| > R}
By construction, we have

<80n7 V@n> = <§iRSOn7 V@n> + <§§R90n7 V90n>
and, recalling that V is form bounded with respect to (P — A)2, we have for fixed R > 1
|<63R()0n7v()0>’ = |<§<R§0na V€<R(Pn>| 5 ”(P - A)§<R‘PnH% + H5<RSOnH§ — 0; asn — o0
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by Lemma 4.6 and (4.9), since £« has compact support.
Moreover, since V vanishes at infinity w.r.t. (P — A)?2, there exist ag,yg with eg, B — 0 as R — oo
such that

(€2 Ren, Vion)| = [{€2rPn, VEsrOn)| < arll(P — A)ésrenlls + YrlIE=rnll3 -
Lemma 4.6 then shows
limsup [(€2 gen, Von)| S ar+vr — 0, as R — oo,
n—00 -

which proves (4.13).
Moreover, from Lemma 3.18, we get

S E+p?2 asn— o

using also (4.13) and (4.10). This proves (4.14).

For B2 one can argue exactly the same way as above for V' to see that for fixed j € N
lim sup <g0n, |B|2g0n> < lim sup <§2,js0n|B|252,j%0n> <Ce;j+ ﬁ?
n—oo n—oo

where we also used assumption 2.6 and put C' = sup, ey limsup,,_, . [|(P — A)&jn3, which due to Lemma
4.6 is finite. Since €; — 0 and §8; — 3, as n — 00, we get

limsup || Ben|| < 8,
n—oo

Because of [(B ¢n, (P — A) )| < | Boal|(P — A) ¢ul and (4.14) this proves (4.15).
If the potential splits as V = V; + V5 with Vi, V5 satisfying assumptions 2.4 and 2.6, then one can argue
exactly as above to see

limsup |[(2Vign, (P — A)pn)| < wi

n—oo

and

lim sup ]<<pn, T - VVQQDnN < ws2.
n—oo

Moreover, if V4 and (xV7)? are form bounded w.r.t. (P — A)? and ¢ € D(P — A) with supp(p) C {|z| > R},
then

— — — 1/2
(Vi o)l = [l Y, 2V | < lllel 2 llllzVagll S R el (1P — Al + llel3)

so Vi vanishes at infinity w.r.t. (P — A)2. Thus lim, 0o <<pn, i <pn> = 0 and using the mixed form of the
virial from Corollary 3.15 yields

limsup (p,z - VV) < 2w1(E 4 p2)? 4 ws . ]

n—o0

Remark 4.7. Note that A < §+ w as soon as w > 0.
Now we give the

Proof of Lemma 4.6. Let b € D(P — A) be a weak eigenfunction of the magnetic Schrédinger operator
Hyuy with eigenvalue E and F,, ¥, = ey and ¢, = ¥, /|¢n] as in (4.6). In particular, we have
sup,, [[VE,| < sup,, un < 0o. Since V is relatively form bounded with respect to (P — A)?

(P —A)pll3 = qavie, o) — (o, V) < aav(p, ) +aol (P — Ayl + Cllell3
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for some 0 < a9 < 1, C' > 0, and all ¢ € D(P — A). Thus

I(P = A)¢l3 < (1 —a0)™ (aav (2. 9) + Cllvll3)
From the IMS localization formula (C.1) we get

qayv (E¢n, En) = Reqa v (£2e* ™, v) + (1, |V (&™) )
< E||&nll3 + 211 (VU3 + 2[(VE)EWn3

since 1) is a weak eigenfunction with energy E. Thus

I(P — A)&jenll3 < N1€50nll3 + 1(VE)enll3

where the implicit constant is independent of j € I and n € N. Since ¢, is normalized, this proves the
first claim.

On the other hand, if £ has compact support then so does V&. Thus, from (4.9) we get ||{¢n]| — 0 and
(V&) pn| — 0, as n — oco. Hence,

1(P = Aépnll3 < €enll3 + 1(VE)@nllz — 0,

as n — 00. [ |

4.2. Absence of positive eigenvalues. Now we can prove our main result.

Theorem 4.8. Let B and V' satisfy assumptions 2.1- 2.6. Then the magnetic Schrodinger operator Hay
has no eigenvalues in the interval (A, o0), where A is given by (1.13).

Moreover, if E < A is an eigenvalue of Hay then any weak eigenfunction ¢ with energy E cannot decay
faster than eV>~El=l in the sense that if  — eflelp(z) € L2(RY) for some i > /A — E, then 1 is the

zero function.

Proof. Let g4, be the quadratic from corresponding to H 4y and assume that E<cp, ¢> = qav(p, ) for
all ¢ € D(gav) = D(P — A). Furthermore, assume that either £ > A or E + i2 > A for some 77 > 0 and
x — eFlel(z) € L2(RY). Then from Proposition 4.1 we know that
x> e () € LEHRY) V>0, VA>0.
where (z)y = (A + 22)1/2.
Let > 0, >0, > 0, and define

F(z) = Fyea(z) = 5 (1 —e W) ’

so that
/"[’ 6_6 (Z‘>)\

VFuen®) =29u:0(7), Gue(®) = TW

Denote 1, .\ = efierah. Lemma 3.19 and equation (3.45) then give
k <¢w—:,/\v WF;L,E«\P wu,s,/\> < <¢u,€,/\v ((37 ’ V)zguﬁ)\ - V’VFu,e,/\ 2)1/}%57)\> +C ”wu,e,/\ ’% (4.25)

for all p,e, A > 0 and some constant C independent of u, A and €. Moreover, a direct calculation shows

lim - VIVFE, (@) =223 (z) ' (1 — (z)}?) >0 (4.26)
E—
and
lir% (2 V) guen(®) = —22u(z)*|2|* < 0. (4.27)
E—
Since

lim FH@)\(JJ) = FH’)\(:B) = ,U,<$>)\,

e—0
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in view of Proposition 4.1 we can pass to limit ¢ — 0 in (4.25) to obtain

2

K p? <¢#,>\, 5 ¢u,>\> <O |Yua

e 2 Yu,A>0, (4.28)

where
Yur(x) = et {T)x ().

Using Proposition 4.1 again and the monotone convergence theorem we finally obtain, by letting A — 0,
ki [9ull3 < Cllvulz  Yi>0, (4.29)

where 9,,(z) = el 4p (). This is of course impossible for u large enough. Hence Y, = 0 and the claim
follows. ]

Remark 4.9. Notice that in view of Corollary 7.7 we have (A, 00) C 0ess(H ). Hence Theorem 4.8 excludes
the presence of all embedded eigenvalues of H strictly larger than A.

On the other hand, the possibility of A being an eigenvalue of H cannot be in general excluded. Indeed,
if B is continuous and compactly supported with | fRQ B| > 2x, and if V = —B, then by the Aharonov-
Casher theorem, see e.g. [7, Sec. 6.4], A = 0 is an eigenvalue of H = (P — A)? — B. Sufficient conditions
for the absence of positive eigenvalues of the Pauli operator are proved in section 6.4 , see 6.5.

Remark 4.10. In [5] it was proved that if the magnetic fields has the form
B(z) = —2, 1z =(rcosf, rsinf), be L>(Sh),

then the operator H,, has no eigenvalues above Hb||%oo(Sl). Note that in this particular setting A =
2
0112 -

Remark 4.11. One of the authors of the present paper established in [22] dispersive estimates for the
propagator e~ in weighted L?—spaces under the condition that H has no positive eigenvalues, see [22,
Assumption 2.2]. Theorem 4.8 implies that the latter assumption can be omitted. This was, in fact, one
of the main motivations for the present work.

5. KATO-CLASS, LOCAL LP, AND POINTWISE CONDITIONS

Below we show that Assumptions 2.1-2.6 are satisfied under mild explicit regularity and decay conditions
on the magnetic field B and the potential V. In particular, we give local LP conditions, which in a natural
way extend the pointwise bounds on the potential from in [1, 31].

5.1. Potentials vanishing at infinity. Recall the Definitions 1.4, respectively 1.8, for a potential V' to
vanish, respectively being bounded, at infinity w.r.t. (P — A)2. We have

Proposition 5.1. a) IfV = Wi+ W, and W1 and Wo vanish at infinity w.r.t. (P — A)?, then V vanishes

at infinity w.r.t. (P — A)2.

b) If V. = Wi+ Ws and Wy and Wy are bounded from above at infinity w.r.t. (P— A)?, then V is bounded
from above at infinity w.r.t. (P — A)%. Moreover, v (V) < vL (W1) +~vL (Wa).

c) If V=V -S+W for some real-valued vector field ¥ and some potential W and ¥? and W are form
bounded with respect to (P — A)?, then V is form bounded with respect to (P — A)2.

d) If V=V X+ W for some real-valued vector field ¥ and some potential W and X% and W vanish at
infinity w.r.t. (P — A)? then V wvanishes at infinity w.r.t. (P — A)2.
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Remarks 5.2. (i) Again, the diamagnetic inequality implies that one only has to check form boundedness
and vanishing w.r.t. P2.

(ii) The second result is already observed in the work of Combescure and Ginibre [1]. The beautiful
work of Maz’ya and Verbitsky [26] shows that V is form bounded w.r.t P? if and only if one can split
V =V -% + W such that 2 and W are form bounded w.r.t P2.

(iii) It is not true, in general, that 2 bounded at infinity implies that V - ¥ is bounded at infinity
w.rt (P — A)2

(iv) The choice X(x) = z(z) ¢ sin(e’/1*l) = O((z))~¢, for some € > 0, yields a potential V = V - ¥ with

V(z) = —|z| "t 1#l(2) == cos(eM 171y + O ((z) %) (5.1)

which has a severe singularity at zero. Since ¥.2 is infinitesimally for bound and vanishing at infinity w.r.t
P2, the above result shows that so does V. That V vanishes at infinity w.r.t. P2, which might not be too
surprising, since the singularity is local.

(v) The choice ¥(z) = z(x) = sin(el*) = O((z))~, for some € > 0, yields a potential V = V - ¥ with
V(x) = |z|e (2) ¢ cos(el™) + O((x) %) (5.2)

which has again severe oscillations, now at infinity. Nevertheless, it is infinitesimally form bounded and
vanishes at infinity w.r.t. P? since 2 does. In particular, despite the severe oscillations of V at infinity,
our Theorem 7.8 below shows that the perturbation V' does not change the essential spectrum.

Proof. The first two claims follows directly from Definitions 1.4 and 1.8.
For the third claim let ¢ € C§°, which is dense in D(P — A) for any real-valued locally square integrable
vector potential A and note that by an integration by parts the distribution V - X is given by

<g0, V- Ecp> =—2Im <Zg0, P<p> =—2Im <Zg0, (P — A)<p>

since <Zg0, Ago> is real. Thus the right hans side above extend to all ¢ € D(P — A) if ¥? is form bounded
wrt. (P —A)? and (¢, V- Zp)| < [Zp||[|(P = A)gll. So if B¢l < all(P — A)el3 + vll¢l3, then

(0. V- Sp)| < 2(all(P = A)¢l3 +Allel3) 2P = Al
< (eTra+e)ll(P — A)ellz + e Mllel3

(5.3)

for all € > 0, which proves that V - ¥ is form bounded w.r.t. (P — A)2. If W is also form bounded w.r.t
(P — A)?, then so is their sum V =V - X + W.

Lastly, because of the first part, we only have to show that V - ¥ vanishes at infinity as soons as %2
vanishes at infinity w.r.t (P — A)2. So assume that there exist ar and vg decreasing with ar,ygr — 0 as
R — oo and

IZ¢l3 < arll(P — Aell3 +rllell3
for all p € D(P — A) with supp(yp) € Ug. Setting ¢ = max(ag,yz)"/? in (5.3) yields
(i, V- D) < max(ar, vr) /2 (21(P = A)¢l3 + l3)

for all ¢ € D(P — A) with supp(y) C Uf; and large enough R. This shows that V - ¥ vanishes at infinity
w.r.t. (P — A)2. ]
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5.2. Local LP conditions for vanishing at infinity. An efficient route to local LP conditions is via the
so—called Kato—class, which we recall.

Definition 5.3 (Kato-class). A real-valued and measurable function V on R? is in the Katoclass K if

i swp [ gule —p)|V()ldy =0 (5.4
=0 perd J|z—y|<a
where
|zt if d>3
9a(x) '_{ \Injz|| if d=2 (5.5)
One also defines the Kato—norm
Vlk, = SUPgzcRrd f\z—y|§1 |z — y|d72|V(y)] dy, if d>3 (5.6)
’ SUPzeRr2 f\x—y|§1/2 |In(|z —y)[|V(y)ldy, if d=2 '

There is also a definition for the Kato—class in dimension one, but we do not need it. It is well-known
that any Kato-class potential is infinitesimally form bounded with respect to P?, thus also with respect
to (P — A)? for any vector potential A € L2 (R R%). Tt is also clear that K4 C Li (R%) and using

loc loc,unif
Holder’s inequality one easily sees L C,unif(]Rd) C Ky for all p > d/2.
Lastly, we say that a potential V is in the Kato—class outside a compact set, if there exists a compact
set K C R? such that 1x.V € K,;. Here 1 is the characteristic function of the complement of K.
For potentials which are in the Kato—class outside of a compact set, we have a simple criterium for

vanishing.

Proposition 5.4. Let 1sg be the characteristic function of {x € R? : |z| > R}. Given a potential W
assume that it is in the Kato—class outside a compact set and that it vanishes at infinity locally uniformly
in L', that is,

[ a—" (5.7)

lim
R—oo loc,unif
Then W wvanishes at infinity w.r.t. P? in the sense of Definition 1./.

Moreover, if V.=V - X+ W for some vector field ¥ € L2 . and a potential W € L} and X% and W
satisfy the above assumptions, then V also vanishes at infinity w.r.t. P? in the sense of Definition 1./.

We prove it later in this section. Useful corollaries are

Corollary 5.5 (Pointwise asymptotic bounds). Given a magnetic field B and potential V.= Vi +V;, assume
that B2, V,Vi,2V1, and x-VVa are bounded outside of a compact set and limyg| oo V(z) = limy| o0 Vi(z) =
0. Then assumption 2.5 and 2.6 are satisfied and we can take

8 < limsup |B(z)|, w; < limsup|zVi(z)|, andws < limsup (z- VVa(z)),. (5.8)

Of course, the above pointwise conditions are way too strong, in general. Assuming V € Llloc’unif let
Z(V):={W € L*®: V — W vanishes at infinity locally uniformly in L'} (5.9)
Z(V):={W € L>®: (U~ W), vanishes at infinity locally uniformly in L'} (5.10)
Ta(V) = i {UsrWleo : W € Z(V)}, FHU) = mf{MsrWiloo: W€ ZL(V)}  (5.11)
Yoo = lim & = inf ¥ o = lim ~}(v) = inf 7% 12
Yoo((V) i= Jim Fp(V) = Inf 7p(V), 3oc(V) = lim 55 (v) }%WR(V) (5.12)
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Corollary 5.6. Given a magnetic field B and a potential V. = Vi + Va assume that EQ,(QJVQQ, and
(x-VVa)y € Kq are in the Kato—class outside a compact set. Then the asymptotic bounds from assumption
2.6 are bounded by

82 <30 (B?), w} <Auo((2V1)?), and wy <FL (- VV3). (5.13)
Proofs of Corollaries 5.5 and 5.6: If W is bounded, then 7o (W) < limp o0 |[15>rWhloo = infr>1 [[1>rWeWp||oo
and v (W) < infp>q H]IZRWI;FHOO. Thus, for any W;, € Z(W) Propositions 5.1 and 5.4 show

Yoo (W) < Yoo (W = Wh) + Yoo (W) = Yoo (Wh) < inf [Whl[oo

Since W — W}, vanishes at infinity w.r.t. (P — A4)2, i.e., Yoo (W — W}) = 0. Thus
Yoo (W) < inf inf |[Wylleo = ;zgﬁ Yr(Wp) = Yoo (W)

WyeZ(V) R>1
and similarly for I (W), which proves Corollary 5.6.

For Corollary 5.5, note that if C' = limsup|,|_,, W(z) < 00, respectively C' = limsup|,|_,o W+ (7) < o0,
then for any £ > 0 the functions (|W|— C — )4, respectively (W — C — ¢), have compact support, so
Yoo (W) < Yoo (|W]) < +C + &, respectively vI (W) < C + ¢ for any € > 0, which proves Corollary 5.5. R

In the proof of Proposition 5.4 we need

Lemma 5.7. Given a potential W assume that there exist Ry > 0 and agx,vrx = 0 for Ry > 0 and
R > Ry, A > 0 such that

(. W) < arl|(P = A)ellz + vrallell (5.14)
for all p € D(P — A) with supp(p) € Uf,. Moreover, assume that Ry < R — apr x,Yrx are decreasing for
fized A > 0 and limy_,oc gy = 0 for fired R > Ry.

Then W is bounded from above at infinity w.r.t (P — A)? with asymptotic bound

YL (W) < liminf lim g . (5.15)
A—o0 R—o0

Remark 5.8. The order of the limits in (5.15) is important, since typically one has liminfy_,o vr) = 00
for any fixed R.

Given any ap », Vg, for which (5.14) holds, one can, by a simple monotonicity argument, replace them
with a’R’)\ = infp,<r<rar ) and ’Y}z,)\ = infry<r<R,7YL,), i-e., the required monotonicity in R in Lemma
5.7 is not a restriction.

Proof. Let v\ = limpr_o Yr,x. Pick any Ao > 0 and given R,, A, for n € Ny choose inductively \,41 >
An + 1 with ag, A, < %H and then Ry,11 > R, +1 with yg, ., 2,0, < %H + Vs -

Take a subsequence n; with ; := ﬁnj — liminf,, o 7\ as j — oo and set agp = ﬁ and yg = ﬁ-i—%
for R € [Ry;, Ry;,,). With this choice Definition 1.8 is satisfied, so W is asymptotically bounded at infinity
w.r.t. (P — A)? and Yoo (W) = Iimp_y00 7r = lim; 500 7; = liminfy o0 imp o0 YR - ]
Proof of Proposition 5.4. Given a locally square integrable magnetic vector potential A we abbreviate

Hy = (P — A)? for the free magnetic Schrodinger operator defined by quadratic form methods. Given a
potential W in the Kato—class, ¢ € D(P — A) = Q(Hp), and A > 0 let f = (Ho + \)'/?p € L?. Then

{0, W) < (o, [We) = (f,(Ho + N)TV2WI|(Ho + \)Y2f) < [[(Ho + X)W |(Ho + X) 72|20l £113
= [|(Ho + X\)"YAHW|(Ho + X) " [lam2 (II(P = A)%0]13 + Al3)

By duality, [|(Ho + \)"Y2[W|(Ho + N2/ s = [[W[Y2(Ho + \)"|W|¥2[> 5. Assume that [W] is
bounded, then for 0 < Re(z) < 1 the operator family T, = |W|*(Hy+\)~|W|'=* is analytic and bounded.
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Using the diamagnetic inequality and duality we have
W1 (Ho + )" s = [[(Ho + X)W [loomsoo = [(Ho + A" HWlloo < (P2 4+ X)W ||loo

which is finite for any A > 0 and bounded W. Thus T} is bounded from L! — L! for Re(z)(z) = 0 and
from L — L* for Re(z) = 1 and as in [7] one can use the Stein interpolation theorem [29] to see

1(Ho + N2 W [(Ho + X) 72 lasz < [[(P* + )7 W] |loo -
at least for bounded W. If supp(y) C U, one can replace W by Wr = 1>gW. Thus
(0, Wo)| = (o, Wre)| < arall(P — A)ells +vrallels
for all ¢ € D(P — A) with supp(¢) C U, choosing
apy = [[(P? + X)) Wglloo,
vrA = Al(P2+2) " Wa[loo

If Wg is unbounded, replace Wg by min(|Wg|,n) and take the limit n — oo to see that the above bounds
work also for unbounded W, as long as the right hand side of (5.16) is finite.

Clearly, ag » and g are decreasing in R for fixed A > 0. One even has limy_,c0 [|(P? +A) 7} W|||oo = 0
if and only if W is in the Kato—class, which is well-known, see [7, 31]. However, we also clearly have
limy—00 YR\ = [|[WR||oo, Which is finite, if and only if Wg is bounded. Nevertheless, if W is in the Kato

(5.16)

class for some, hence all, large enough R and limp_, ||Wk|| rp =0 then
lim [|(P? 4+ X) "' Wg|||le =0, (5.17)
R—o0

which together with Lemma 5.7 shows v (/W) = 0. This proves the first part of Proposition 5.4. The other
claim of Proposition 5.4 follows from the above since by Proposition 5.1 W = V- vanishes w.r.t (P — A)?
as soon as %° does.

For the proof of 5.17, we claim that for any potential W and any 0 < o < 1

—VAa/4

_ e
1(P? + X)W < sup / gala — )W)l dy + W] (5.18)
|m—y|§a \/XOC oc,uni

zCRd
where the implicit constant depend only on d. This clearly proves (5.17), since replacing W by Wgr = 1>gW
it yields
fmsup (P2 + ) Wallow < Crasup [ gula = ) Way(w)
R—o0 z€eR4 J|z—y|<a

for any fixed Ro, A\ > 0 and all 0 < a < 1 as soon as limp_, [|[Wr| 12

loc,unif

= 0. Since Wg, is in the
Kato—class, we can then take the limit o — 0 to get (5.17).
It remains to prove (5.18). Note

(P2 2) W o = sup [ Gla VW () dy
z€R JRY
where G(x,y),\ = (P? + \)~!(z,y) is the Green’s function, i.e., the kernel of (P? + \)~!. We split the
integral above in the two regions | — y| < a and |z — y| > «. The bounds
G2,y A) S A —y| eVl (5.19)
and for |z —y| <1/2and A > 1

2—d
< J lz—yl it d>3
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are well-know. The second bound immediately gives
swp [ Gy MWy S swp [ gue— )W)l dy
zER? J |z—y|<a zER? J |z—y|<a
at least for all 0 < a < 1/2 and the first one shows
[ Gy W@y 3 [y e R () ay.
T—y|>a T-Yylza

Integrating over shells an < |z —y| < a(n + 1) leads to

et d d
- —VAan/2 (a(n + 1)) - (an)
swp [ Gl MWy S e Wi,
recRd |m,y|>a ne=1 (an)d Lloc,umf
00 —VAa/2 —Va/4
< )1 —VAan/2 _ e < €
~ )\ 7; € HWHLlloc,unif A(l _ 6—\/XO¢/2) ”W”Llloc,unif ~ \/XO[ HWHLlloc,umf

since 0 < t — % is bounded. This proves (5.18).
We sketch the proof of the bounds (5.19) and (5.20), for the convenience of the reader: The kernel of

|z—y|?
the heat semigroup is e~ F*t(x,y) = (4nt)~¥2¢~ "1 . Since (P2 + \)~! = I e P*s=2s 45 we have

o d/2 le—y|? A\ o d 00 5 L \ )
Gla ) :/ (4ms)” PPemme T ds = 2 —y|*” / (4mu)™ 120~ 1a e~ Az—yl"u gy,
0 0

Moreover, = + M|z — y|?u > V/Alz — y| for all u > 0, so

G(z,y,A) < |z — y|2_d8_ﬁ|z—y/2/ (47ru)_d/26_$e_)‘|$—y|2u/2 du
0

o ’fI: — y’fdef\/xufy'/Q
N A

_ y|—de—VAlz—yl/2
/00(47TU)_d/2e_81u)\|33—y|2ue—/\$—yl2u/2d“ < |z — 1y e)\ |z—yl/
0 u

since 0 < t — te~! is bounded and ¢4 = fooo(47ru)*d/2e_ﬁ du < o0 for all d > 1. This proves (5.19).
On the other hand,

(o]
G(z,y,\) = |z —y[>~ / (dmu) =¥ 2em e Mool gy < Gyla — y[24
0

where ¢4 = fooo(47ru)_d/26_i du < oo if d > 3, which proves (5.20) when d > 3.
If d = 2, then for 0 < |z —y| < 1/2, one has

1 lz—y| 2
G($,y,)\) _ (47‘()_1 /oo eie_)\\x—yﬁu dﬁ 5 / eﬁ @ n /ﬂc Y dﬁ N /00 e_A\x—y|2u dﬁ
0 1 lz—y|~2

0 U U u U

Since fol etu %” < 1 and f@oiy‘_rz e_Mx_yP“%“ = [ e_M%U < 1 for A > 1, this proves (5.20) when
d=2. |

6. EXAMPLES

We recall a couple of examples which show that the decay assumptions on B and V stated in Theorems
1.2, 1.6, and 4.8, and Corollary 5.5 cannot be improved.
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6.1. Miller-Simon revisited. In [27] Miller and Simon considered, in dimension two, the case V' = 0 and
radial magnetic field B(x) = b(r), r = |z|. They proved that

1) Ifb(r) =7~ + O(r~—17%) with 0 < @ < 1 and € > 0 then the spectrum of H is dense pure point,

2) If b(r) = bor~—! + O(r~17%) for some € > 0 then the spectrum of H is dense pure point in [0,b3) and
absolutely continuous in [b3, c0),

3) If b(r) = O(r—®) with @ > 1 then the spectrum of H is purely absolutely continuous in (0, 00).

Remark 6.1. Note that 8 = limsup,_ |B(z)| + oo in the case (1). On the other hand, Theorem 4.8
guarantees the absence of eigenvalues in the interval (82, co) for the case (2), and in the interval (0, co) for
the case (3), even for non—radial magnetic fields. In particular, the Miller-Simon examples show that our
result on absence of eigenvalues is sharp. These examples even have dense point spectrum in [0, 3%].

Since there is a calculation error in the original Miller-Simon paper and also in the book [7], we sketch their
argument: Assume that the radial magnetic field b is reasonable, e.g., bounded and use z,y as coordinates
in R? and r = (22 + y2)'/2.

The first observation of Miller and Simon is that if the magnetic field, radial or not, B goes pointwise
to zero at infinity, then egs((P — A)?) = [0, 00) (this is sharpened in Theorem 7.5).

For radial magnetic fields B(z) = (—y, 2)b(r), so the Poincaré gauge the magnetic vector potential is

1 p—
Az,y) = (—y,a:)/ b(tr)t dt = (Z:x)h(r)
0
with h(r) = r—1 Jy b(s)s ds. Expanding (P — A)? one sees

L

(P —A)? = (Py— Ag)* + (P, — Ay)? = P2+ h(r)? - zhsf“)

where L = zP, — yP, is the angular momentum in the plane. It is well-known that L has eigenvalues
(0,41,42,...) and it commutes with P? and with the radial potential h(r)2. So restricted to the angular
momentum channel {L = m}, the operator (P — A)? is given by

_ 2mh(r)

H,, = (P - A)2‘{L:m} = (P2 + Vm)|{L:m} with Vp,(r) = h(r)2

Due to the angular momentum barrier the divergence of V,,, for small » when m # 0 is irrelevant.

If bg = lim, 0o 7 'b(r) = o0, then h(r) — oo, so Vj, is trapping and all operators H,, have discrete
spectrum. But if also b(r) — 0 as r — 00, then gess(Ha) = [0,00), so (P — A)? has necessarily dense point
spectrum in [0, 00), proving the first claim (1) above.

If by = lim, 00 77 16(r) < oo, then h(r) — by and Vp,(r) — b3 as r — oo, so Hy, has only discrete
spectrum below b3 for any m € Z. Since b(r) — 0 for r — oo, the operator has essential spectrum [0, oc],
which must be dense point spectrum in [0,b3]. (or any reasonable choice of radial magnetic field b, the
effective potential V,,, is smooth with decaying derivatives for large r, so the spectrum of H,, above b% is
absolutely continuous for all m € Z. Thus (P — A)? has absolutely continuous spectrum in (b3, c0), which
proves the last two claims.

Remark 6.2. In [27] the choice of the vector potential contains a wrong factor of 1/2 and in the example
in [7] there is a mistake in the calculation of the magnetic field. Thus in their examples they concluded
incorrectly that the effective potential has the asymptotic V,,(r) — b3/4 for large 7.
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6.2. Wigner-von Neumann potential. Suppose that B = 0. Wigner and von Neumann showed that
the operator —A + V in L?*(R3) with the radial potential

32sinr[g(r)3 cosr — 3¢*(r)sin® r + g(r) cosr + sin®(r)]

V(r) = (EYIGHE , g(r) = 2r —sin(2r), (6.1)
has eigenvalue +1, see [31, 37] and [30, Ex. VIIL.13.1]. As pointed out in [31] for large r
in(2
V(r) = —88”;( ") L op-?), (6.2)

Theorem 4.8 implies that —A +V = —A 4+ V; + V5 has no eigenvalues larger than

1
A= §(w1 + wa + y/wi + 2wiws ),

with wy and wy defined by equation (1.14). We can thus optimize the splitting V' = V; + V5 in order
to minimize A. A quick calculation using (6.2) shows that the optimal choices are V; = V| V5 = 0 and
Vi =0, Vo = V. In both cases we get A = 8 which coincides with [, Thm. 4]. Note that [31, Thm. 2]
implies absence of eigenvalues in the interval (16, c0).
For each |k| > 2 Arai and Uchiyama constructed in [2] bounded radial potentials which are asymptotically
of the form
k sin(2
Viz) = SH|1(”$|) +O(|z|717%)  as |z| = o (6.3)
x
for some € > 0 such that P? 4+ V has eigenvalue 1. In these examples also = - VV is bounded and
w1 = M Sup 00 (2 - VV(2))4 = 2|k|. Thus we can conclude that P? +V has no eivenvalues E > |k[*/2.

6.3. Aharonov Bohm vector potentials. In two dimensions the prototypical Aharonov Bohm magnetic
vector potential is given by

A,y = Ly o (@ g2y (6.4

for some By € R. This yields a locally square integrable on R?\ {0}, it corresponds to a singular magnetic
field, which is concentrated in zero, i.e., B@zAZb — GyA‘;:b = 0 outside zero, but for any smooth curve S
circling once around zero, the line integral along S is given by

/(Axdx + Aydy) =27 By
S

that is, the ‘magnetic field’ corresponding to A has total flux 2w By. The corresponding magnetic Schrodinger
operator Hg’ is now defined as the closure of the quadratic form g, defined first on C5°(R? \ {0}) as

Gabo(,9) = (P — A®)p, (P — A)¢))

and for any potential V' which is form small w.r.t. Hgb, the operator H “}b is defined as the form sum

ab,v (@, 0) = qavo (0, 0) + {p, Vo).

For such type of singular magnetic Schrodinger operators we still have a virial theorem and a result on
absence of positive eigenvalues for the follwing simple reasons:

For dilation, it makes no difference of one works on R? or on R?\ {0}. Thus we can still use dilations
to derive a virial theorem. In fact, this is easy.

The first thing one has to check if D(P — A%) is invariant under dilations. Recall equation (3.11), which
for the Aharonov Bohm vector potential reads

(P — A®YUyp = U Pp — Up AfPp = ' Up(P — A®)p + Uy (e' A% — A% = ' Uy(P — A% (6.5)
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since, the Aharonov Bohm vector potential is homogeneous of degree —1, we have et A% — A‘ibt = 0 for all
t > 0. That is, the Aharonov Bohm magnetic momentum operator P — A% has the same commutation
properties with dilations as the free momentum P, which drastically simplifies the analysis!

Theorem 6.3 (Aharonov Bohm magnetic virial theorem). Let A® be the Aharonov Bohm vector potential
and V' satisfy assumptions 2.3. Assume also that the distribution x-VV extends to a quadratic form which
is form bounded with respect to (P—A®)2. Then for all p € D(P—A%), the limit lim;_,0 2 Re (qab(gp, iDtgp))
exists. Moreover,

<807 [H‘a}ba ’LD] 90> = %g% 2Re (Q(zb,V(Sov ZDtSD)) = 2H(P - Aab)@”% - <<pa €T VVSD> . (66)

This is proven exactly as Theorem 3.9, the extra term from the magnetic field disappears because of the
scaling of the Aharonov Bohm vector potential.

Of course, this theorem then also implies absence of positive eigenvalues under the same conditions
on the potential V' as in Theorem 4.8, now with 8 = 0. For the Aharonov-Bohm Hamiltonian H“}b no

eigenvalues F with
1 2
E > i <w1 + 4/ w? + 2w2) (6.7)

exist.

Remarks 6.4. (i) One can also allow for an angular dependence in the Aharonov—Bohm type potential
as in [24].

(ii) In addition to the Aharonov—Bohm potential, one can also allow for an additional regular magnetic
field B satisfying assumptions 2.1 and 2.2. One has to modify the right hand sides of (6.6) and of (6.7)
accordingly.

(iii) On can also consider the Aharonov-Bohm effect in R? where the magnetic field is singular along a
line [ through the origin.

We leave the straightforward modifications of the technical details to the interested reader.

6.4. Pauli and magnetic Dirac operators. In this section we state two consequences of Theorem 4.8
and Corollary 5.5. Let B : R? — R be given and consider the Pauli operator

_ ((iV+A)?+B 0
P(A)_( 0 (N+A)2—B>

in L?(R?,C?). It is well-known that the operator P(B) is non-negative, and that if | [p2 B| > 2, then zero
is an eigenvalue of P(B), see also Remark 4.9.

Corollary 6.5. Assume that B € L (R?) for some p > 2 and that B(z) = O(|z|™!) as || — oo. Let
A € L2 _(R?) be such that curl A = B. Then the operator P(A) has no eigenvalues in the interval (43%, 00),

with B given by (1.14).

If moreover there exists a compact set K C R? such that B € C*(R?\ K), then the operator P(A) has no
etgenvalues in the interval (Ap, oo), with

Ap := min{4/?, i(ﬁ +w+ V(B +w)?+2w)?} (6.8)

and
w = max { limsup z - VB(z), —liminf z - VB(a:)} .
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Proof. The first part of the statement follows from Theorem 4.8 and Proposition 5.5, respectively 5.6
applied to the components of the Pauli operator with the splitting V), = +B, Vo, = 0. The second part
follows from the first part and from the application of Theorem 4.8 and Corollary 5.5 with the splitting
Vi=0,Vy==B. [ |

Remark 6.6. A couple of comments are in order: (i) The example of Miller and Simon [27], see Section
6.1, applies to two-dimensional Pauli operators as well. In particular, a quick inspection shows that if
B(r) = byr~1 +O(r~2), then the spectrum of P(A) is dense pure point in [0, 3) and absolutely continuous
in [b3,00). Note that in this case Corollary 6.5 guarantees the absence of eigenvalues for P(A) in the
interval (b3, 00), so this result is sharp.

(ii) Under the hypotheses of Corollary 6.5 the essential spectrum of P(A) coincides with [0, 00), see
Corollary 7.7 below.

(iii) Absence of positive eigenvalues of the Pauli operator in R? will be treated elsewhere.

The second application of Theorem 4.8 concerns magnetic Dirac operators in L?(R2, C?) which in the
standard representation have the form

D= <$ _?n> : Q= (P —A)+i(P— Ag), (6.9)

where m is the mass of the particle. We have

Corollary 6.7. Let B satisfy the assumptions of Corollary 6.5 and let A € L% _(R?) be such that curl A =
B. Then the Dirac operator D defined on D(P — A) has no eigenvalues in

(—OO,—\/Ap+m2 ) U (\/Ap+m2, OO)
Proof. Note that
D? = P(A) + m*1 (6.10)
in the sense of sesqui-linear forms on D(P — A) & D(P — A). Hence if Dy = Ev for some ) € D(P — A) &

D(P — A), then 1 is a weak eigenfunction of P(A) relative to eigenvalue E? —m?. In view of Corollary 6.5
we thus have E2 — m? < Ap. ]

Remark 6.8. Sufficient conditions for the absence of the entire point spectrum of Pauli and Dirac operators
with electromagnetic fields where recently found in [0], see also Remark 1.7.(v).

7. THE ESSENTIAL SPECTRUM
We have the following dichotomy.
Lemma 7.1 (Dichotomy). Let A € L2 (R% R?). Then either inf o((P—A)?) > 0 or o((P—A)?) = [0,00).

Remark 7.2. The Landau Hamiltonian, where the vector potential A corresponds to a constant magnetic
field, provides an example where inf o((P — A)?) > 0, see [23].

Proof. Write Hy = (P — A)2. Tt suffices to prove the implication
0€o(Hy) = o(Hpy) =][0,00). (7.1)

Let D(Hy) denote the domain of Hy. To prove (7.1) suppose that 0 € o(Hy). Hence there exits a sequence
{@}nen C D(Hp) such that ||@y]l2 = 1 for all n € N and

|Ho @nll2 = 0 n— oo, (7.2)
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Now we define
On(x) = 0 Gy (x), (7.3)
where k € R is arbitrary. Then in the sense of distributions
(P —A)du(a) = ™ (P — A+ k) Gl2),
and
Hy gn(x) = (P — A)? ¢n(z) = €™ Ho Gn (@) + 26"k - (P — A)u(a) + [k[*du(@).

Since ||@,||2 = 1, it follows that Hy ¢, € L*(R?). Hence ¢,, € D(Hp). Moreover the above calculations and
the Cauchy-Schwarz inequality show that

I(Ho — |k[*) énll2 < [[Ho @nll2 + 21| |(P — A)@ullz = [[Ho @nll2 + 21kl 1/ (@, Ho n)

~ ~ 1/2
< |[Ho Bnllo + 21| | Ho @nll3

By (7.2) we thus have ||(Ho — |k|?) ¢nll2 — O for any k € R%. Hence [0,00) C dess(Hp) and since Hy > 0,
we conclude that o(Hg) = dess(Ho) = [0, 00). ]

Next we formulate a condition on B under which o((P — A)?) = [0,00) for any locally square integrable
vector potential A with B = dA.

Definition 7.3 (Vanishing somewhere at infinity). We say that that the magnetic field B vanishes some-
where at infinity if there exist sequences {Ry,}neny C R and {z, }neny € RY such that R,, — oo, |z, — oo

as n — 0o, and
lim Rd/ ('y‘)w <log R")2 |Ban + )yl dy =0 (7.4)
n—oo " |y—zn|<Rn R, ’y| " . .

Remark 7.4. This vanishing condition is quite weak. For example, if one has the pointwise bound
|B(x)| < d,, for |x — z,| < R, and dy, /R, — 0 as n — oo, then B vanishes somewhere at infinity, since

R, <‘y|>2d (10g Rn)Q | Bz +y)y)|” dy < dn ly[*=* (log |y|)* dy — 0
" |y—zn|<Rn Ry, lyl ! TR ly[<1

as n — 0o. Also, we do not require that the magnetic field B = dA exists as a classical vector field outside
the sequence of balls Ug, (z,).

Theorem 7.5. Suppose that A is a locally square integrable magnetic vector potential such that the mag-
netic field B = dA vanishes somewhere at infinity in the sense of Definition 7.3. Then

a((P = A)?) = dess((P — A4)%) = [0, 00).

Remark 7.6. In case that the magnetic field goes to zero pointwise at infinity, the above result was already
shown by Miller and Simon, [27, 7]. As pointed out in [27] the invariance of the essential spectrum is quite
remarkable, since the the vector potential A corresponding to the magnetic field B might not have any
decay at infinity, i.e., the magnetic kinetic energy (P — A)? is not a small perturbation of the non-magnetic
kinetic energy P2, in general.

Proof. Let R, and x,, be the sequences defined in Definition 7.3 and let

1
Ap(z) = /0 B(xy + t(x — xy)) [t(x — x,)] dt (7.5)
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be the vector potential related to B via the Poincaré gauge centred at x,. Then curl A,, = curl A = B for
all n € N, at least on U, = Ug, (x,), and therefore there exits, at least locally on U,, a scalar gauge field
Xn : Un — R with Vy,, € L?(U,,) such that
A, =A—-Vyx, onlU, (7.6)

and for all ¢ with supp(¢) C U, and (P — Ax)p € L? we have eXp € D(P — A) and (Pq)eXp =
eX(P — A,)p, see [25].

Due to the Dichotomy Lemma 7.1 we only have to show that 0 € o((P — A)?). To this end we will
construct a sequence {¢y,}, C D(P — A) with supp(¢n, € Uy,) and ||¢y||2 = 1 such that

I(P=A)gull3 = 0 n— oo (7.7)

We choose ¢, = e*X™ p,,, where

—d |z — x|
n =CyRp? (1- )
eule) = €y (1= )

where the constant Cy depends only on d and is chosen such that ||¢,]| = ||¢n|| = 1. Then by the above
gauge invariance

(P = 4) $nll3 = (P = An) ul3 < (I1Peall + [Angall)* (7.8)

We have
|Pval? < R,2 = 0 n — 0o.

~

Moreover, using the fact that (1 —#)2 < 1 < ¢~ for all 0 < ¢ < 1, inequality (2.26) and equations (1.9)
and (7.5), we obtain

2
vl S Rt (1 = ‘“J’”‘) An(2)P da
Rn(xn) Rn

2 2—d
e <1 - 'y') Ao+ )Py S Ry ('y) A (n + )2 dy
uRn Rn uRn Rn

IN

n

2—d
it [ () g/l |G+ )l (7.9

Thus the assumption that B vanishes somewhere at infinity implies ||Apvn|l2 — 0 as n — oco. By (7.8)
this shows

I(P — A) ¢ull3 — 0

as n — 0o, which proves (7.7). Since ||¢p]l2 = ||vn|l2 = 1 for all n € N, it follows that 0 € o(Hyp) and
applying Lemma 7.1 then shows oess((P — A)?) = [0, 00). [ ]
Corollary 7.7. Suppose that the magnetic field satisfies assumptions 2.1 and 2.2. Then for any locall;y
square integrable magnetic vector potential A with dA = B we have

Jess((P - A)Q) = [Ov OO) . (710)
Proof. We apply Theorem 7.5. Let R, — oo as n — 0o, and let {z"},, C R? be a sequence with coordinates

given by
zf=Mnm+1)R, Vi=1,...d, VneN (7.11)

—d |y’ 2d Rn 2 n 2
Cn:=R, /u o logm ]B(a: +y)[y]‘ dy.

and let
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We have to show that ), — 0 as n — oco. If we write z = y + 2™, then for every y € Ug, we get, in view
of (1.9) and the Cauchy-Schwarz inequality,

(Ba" +y)l)); = (i Bjom(®) T yj;) < mmfn (B(@)la)); Iyl* = n;% (B()la]))] Iyl
Hence -
C, < n;R% (tm | B2 ), (7.12)
where

Up(x) = |x—xn|2_% <10g B ) .
+

|z — x|
A quick calculation now shows that ||u,||3 + [|Vu,||3 < R}, which together with (2.16) and (7.12) further
implies
C iJFL@ A uy) (7.13)
n ~o 5 mn/ - .
n?  n?R}
We now estimate the last term on the right hand side as follows

R 2
sl AP ) = [ o=t (log”> A(2)P da
URr (l’n)

|z — x|

4—d |z — @ o Ry ? 2
=R, log |A(x)|* dx
o)\ T 7= o]

2—d
srct [ (M)l aPay S BC.
Z/{Rn n

where in the last step we have used again inequality (2.26) and equation (1.9). Plugging this estimate into
(7.13) gives C,, — 0 as n — N, and therefore, by Theorem 7.5, oess((P — A)2) = [0, 00). [ ]

Theorem 7.8. Suppose that A is a locally square integrable magnetic vector potential and the potential V
is form small and vanishes at infinity w.r.t (P — A)%. Then

Uess(HA,V) = Uess((P - A)Z) (714)
Remark 7.9. We do not assume that V' is form compact w.r.t (P — A)?!

Proof. Since V is form small with respect to (P — A)2, the quadratic form ga,v is closed and bounded
from below on the form domain D(P — A). Hence there exists s > 1 such that the operators Ha o+ s and
Hyuy + s are invertible in L2(R%). We are going to prove that the resolvent difference

(Hao+s)™' = (Hay +s)~' is compact in L*(R%). (7.15)

for some large enough s > 1, which by Weyls theorem implies that the essential spectra of H 4y and
(P — A)? coincide.

In the following, we will abbreviate Hy = H4 0. Let Cs == (Ho + s)~ Y2V (Hy + s), more precisely, Cs is
the bounded operator associated with the bounded form

(9. Cop) 1= ((Ho+5)" 20,V (Ho + )7/ 20) = av (o + dN) 2, (Ho + 5)7/%9).



46 SILVANA AVRAMSKA-LUKARSKA, DIRK HUNDERTMARK, AND HYNEK KOVARIK

and the relative form bound of V w.r.t (P — A)? is given by lim,_,« ||Cs|l2s2 < 1, see [36, Theorem 6.24],
[30]. Choose A large enough, such that ||Cy|| < 1. Then Tiktopoulos’ formula, [32, Chapter II1.3], [30,
Theorem 6.25] shows

(Hay +5)"' = (Ho+ s)"V2(1 — C) 7Y (Hy + 5) /2.
Hence
(Ho+s)™ = (Hay + s)" = (Ho + s)"Y2(1 — C5) L Cs(Hy + 5)~1/2
so we only have to show that
Cs(Ho+ s)™Y? = (Hy + )" V?V(Hy + )"

is a compact operator. For this let {<g,{>r the smooth partition from the proof of Lemma 4.4 with
E2p 4+ 25 = 1, supp(E<r) C Usr, supp(éxr) C UK, and [[VER|loo, [[VEsRllo S R™'. With

Jer = (Ho+5) Y262V (Hy 4 5) 7 (7.16)
Jsp = (Ho+s) 22 RV (Hy +5) 7! (7.17)
we obviously have (Hy + s)~"/2V (Hy + s) ™' = Jop + J>r.

We will show that limg_ o || J>rll2-s2 = 0. So (Ho + d\)~Y2V (Hy 4+ d)\)~" is the norm limit of J_g as
R — oo, in particular, it is a compact operators if J.g is compact for all large R. Since

silasa = sup Kf:J2nf)] (7.18)
=1

and with ¢ = (Ho + s)~'/2f
[(f, Jsrf)| = (&re, VEsrY)| < ar|(P — A)ésrell3 + vrIIE RIS

2
< ar (P~ Al + IVEsrlllel) +mllel < (an(l + B + 1) 113

since (P — A)snp = Exn(P — A)g — i(Vésr)p, (P~ A)pll < ]l and g < s~ From this and
(7.18) one immediately gets ||J>g|l2—2 < ar(l+ R71)2 +~r — 0 for R — oo.

To prove that J.p is compact, we first note that the domain of Hy = (P—A)? is given by all ¢ € D(P—A)
for which with ¢ = (P — A) the distribution (P — A) is also in L. Thus for all ¢ € D((P — A)?) we have

(Ho+5) " (P—A+i\) - (P—A—iNp=(Ho+s) (Hy+d\)p=¢

when s = d\2. Moreover, when ¢ € D((P — A)?) and x is a bounded C? function such that Vy and Ay
are bounded, then

(P—A—id)xp=x(P—A—iNe—i(Vx)p e L?,
(P—A+id)- (P-A—iNxp=x(P—A+i\)- (P—A—iNp—2i(Vx) - (P—A)p— (Ax)p
= x(Ho + dX\*)p — 2i(Vx) - (P — A)p — (Ax)p € L*

so also xp € D((P — A)?).
Use ¢ = (Ho + s)~1f with f € L? and choose d\? = s. Then the last equality yields

X(Ho+s)"'f =xp=(Ho+s) " (P—A+i))-(P—A—i)\xy
= (Ho + )" 'xf — 2i(Ho + 5)"'(VX) - (P — A)(Ho + )™ f = (Ho + 5)" ' (Ax)(Ho + 5) "' f -

Setting x = fiR one sees that J.p can be written as

Jep = Cs (J1 ~2idy - (P — A)(Ho +8)"! — Js(Ho + s)*l) . (7.19)
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where we abbreviated J; = (Hg + s)~ Y2y, Jo = (Hg + s)~Y/2(Vx), and J3 = (Hy + s)~1/2(Ay).

Note that C is bounded and so are (P — A)(Ho + s)~! and (Ho + s) . Moreover, since x = 2, has
compact support, it is well-know that the operators x(P2+s)""/2, (Vx)(P?+5)~ /2, and (Ax)(P%+s)~1/?
are compact operators on L2, see [3, Thm. 5.7.3], for example. The diamagnetic inequality and the
Dodds-Fremlin-Pitt theorem [0, 28] then imply that the operators x(Ho 4 s)~ /2, (Vx)(Ho + s)~'/2, and
(Ax)(Hg 4+ s)~/? are also compact, and by duality so are .Ji, Jo, and J3. Thus by (7.19) the operator Jp
is a compact operator for all R > 0. [}

Corollary 7.10. Suppose that B satisfies assumptions 2.1, 2.2, and that V is satisfies assumptions 2.3
and 2.6. Then

Gess(Hav) = [0, 00). (7.20)

Proof. Combine Theorem 7.5 and Corollary 7.7. [}

APPENDIX A. GRONWALL TYPE BOUNDS

Lemma A.1. Let T > 0 and let w, E : [0,T] — [0,00). If for some ¢ > 0

t
w(t) < E(t) + c/ e~ w(s) ds, (A.1)
0
for all t € [0,T], then
w(t) < E(t) + ¢ / t UHIE=) p(s)ds  Vitel0,T)]. (A.2)
0
Moreover, if
t
w(t) < E(t) + c/ st aw(s) ds, (A.3)
0
for allt € [0,T], then
w(t) < E(t) + ¢ / t e N B(s)ds  Vtel0,T). (A.4)
0

Proof. Put v(t) := fot e!~* w(s)ds. Then v(0) = 0 and, assuming (A.1),
o' (t) = v(t) +w(t) < E(t) 4 (14 co)v(t)

Hence

%(e*l“o)tu(t)) = e (Ot /(1) — (1 + cp)u(t)) < eI+t B(¢),

It follows that

eyt [T (1he)s L (ten)s
e v(t) = e v(s) ) ds < e E(s)ds.
o ds 0

This implies
t
v(t) g/ e1+e0)(t=9) B(5) ds,
0

and (A.2) follows. ]
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APPENDIX B. OPTIMIZING THE THRESHOLD

It is tempting to split the potential V' = V; + V5 at infinity in order to optimize the threshold above
which one can exclude existence of eigenvalues. Using V) = sV and Vo = (1 — s)V, Theorem 4.8 shows the
non—existence of eigenvalues with

2
E> i(ﬁﬁ-wls 4 \/(ﬂ + w18)? + 2wy (1 — S))2 = %(9(3))2

where for 0 < s <1 we set

g(s) =b+s+/(b+ )% +2c(1 — s) (B.1)
with b = B/w; and ¢ = wa/w?. The goal is to minimize g over s € [0, 1].

Lemma B.1 (Bang-Bang type Lemma). For g given in (B.1) we have minp<s<i g(s) > min(g(0), g(1)).
More precisely,

min
0<s<1

C(g(0) if c<2b+2
9(5)_{ g(l) if ¢>2b+2 (B-2)

and g is constant if ¢ = 2b + 2.
Proof. Write ¢ = 2b+ 2+ 7. Then (b+ s)? +2¢(1 —s) = (b+ 2 — 5)? + 2r(1 — s), hence
g(8) =b+s+/(b+2—35)2+2r(1—s)

for all 0 < s < 1. Note that g is clerly constant on [0, 1] if » = 0. On [0, 1] the derivative of g is given by
g) =1+ ((b+2—s)2+2r(1—3) "2 (s—(b+2+7)).
Fix 0 < s < 1. A calculation shows
(((b+ 2—5)2+2r(1—s)V2(s— (b+2+ r))>2 >1

if and only if 0 < r(r +2b+ 2) = rc. Since ¢ > 0, this implies that if » < 0, i.e., ¢ < 2b+ 2, we have ¢’ > 0
on [0,1], i.e., g is strictly increasing on [0, 1].

On the other hand, if ¢ > 204 2, then also c—b >b+2>2and r < 0,s0 ¢ < 0 on [0,1], i.e., g is
strictly decreasing on [0, 1]. This proves the lemma. [

Corollary B.2. Setting
B2 =70 (B?), W =0 ((2V)?), wei=AL(z-VV) (B.3)

the threshold A(B,V') defined in (1.13) optimized for splitting the potential as V = Vi + Vo with V; = sV,
Vo=(1-=5)V and 0 < s <1 is given by

~ 1 (32 / ; <
A(B,V): { 2 (5 +w2+ﬂ 2ﬂ+2w2) Zf w2 _2W1(ﬂ+W1) (B4)
(B4 wi) if wa > 2w (B + wi)
Proof. Given Lemma B.1 this is just a simple calculation. ]

APPENDIX C. IMS LOCALIZATION FORMULA

In one step in the proof of Lemma 4.6 we need a quadratic form version of the well-known IMS localization
formula under minimal assumptions on the quadratic form of the magnetic Schrédinger operator. This
should be well-known, but we could not find the version we need in the literature.
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Theorem C.1 (IMS localization formula). Let A be a locally square integrable magnetic vector potential
and V form small w.r.t. (P — A)?. Then for all bounded real-valued ¢ € C®(RY) such that V& is also
bounded and all ¢ € D(P — A), also £&p and £2¢ € D(P — A) and

Re qa,v (&0, ¢) = qav(&p, &p) — (¢, |VE[Pe) (C.1)

Proof. As before, one easily checks that £ and £2¢ are in the domain of P — A when ¢ is. Moreover, the
potential V' commutes with the multiplication operator £, so as quadratic forms <§2<,0, V<p> = <£<p, V§<,0>
and we only have to check the kinetic energy term. Since (P — A)(£2p) = &£(P — A)(£p) + (P€)Ep a short
calculation reveals

(P —A)(&), (P —A)p) = ((P—A)&p), (P — A)(&p)) + ((PE)p, (P — A)(&p))
— (P = A)(&p), (PE¢)) — (@, |VEIPp),

SO

Reqao(€ ¢, 0) = Re (P — A)(E%), (P — A)p)
= ((P = A)(&p), (P — A)(Ep)) + (9, |VEIp)
which proves (C.1). n
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