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DECAY PROPERTIES OF ZERO-ENERGY RESONANCES
OF MULTI-PARTICLE SCHRODINGER OPERATORS
AND WHY THE EFIMOV EFFECT DOES NOT
EXIST FOR SYSTEMS OF N >4 PARTICLES

SIMON BARTH, ANDREAS BITTER AND SEMJON VUGALTER

ABSTRACT. We consider N-body Schrédinger operators with a virtual level at the threshold of
the essential spectrum. We show that in the case of N > 3 particles in dimension n > 3 virtual
levels correspond to eigenvalues of the system and we obtain decay rates of the corresponding
eigenfunctions in dependence on the dimension and the number of particles. We prove that
in dimension n > 3 the Hamiltonian of N > 4 particles interacting via short-range potentials
admits only a finite number of negative eigenvalues. We extend our results to dimension n = 1
and n = 2 in case of N > 4 fermions.

1. INTRODUCTION

A remarkable physical phenomenon in three-body quantum systems is the so-called Efimov
effect, which was first discovered by the physicist V. Efimov in 1970 [5]. It reads as follows:
The three-body Schrodinger operator of three-dimensional particles interacting via short-range
potentials has an infinite number of negative eigenvalues if every two-body subsystem has non-
negative spectrum and at least two of them have a resonance at zero. As it was predicted by
V. Efimov these three-body bound states should have very unusual properties. In particular,
they accumulate logarithmically at zero with accumulation rate depending on the masses of the
particles but not on the shapes of the potentials.

It became an outstanding challenge to understand this phenomenon, both from the physical
and the mathematical point of view. The first mathematical proof of the Efimov effect was given
by D. R. Yafaev in [31], where he studied a symmetrized form of the Faddeev equations for the
eigenvalues of the three-particle Schrodinger operator together with the low-energy behaviour
of the resolvents of the two-body Hamiltonians. This proof constituted a major step forward
in the understanding of this problem. Later he also proved that such an effect cannot occur
if at least two of the two-body Hamiltonians do not have any resonances [33]. By the middle
of 1990’s a large number of physical and mathematical results were obtained on this topic, e.g.
[23, 25, 24, 19, 18, 28, 29, 30, 27, 26].

A new wave of interest for the Efimov effect came at the beginning of the 215 century with
the experimental discovery of this effect in an ultracold gas of caesium atoms [15] (for a detailed
review of experimental works see [6]). In 2013 the physicists Y. Nishida, S. Moroz and D. T. Son
discovered the so-called super Efimov effect [17], which states that in the case of three spinless
fermions in dimension two the system has infinitely many negative bound states, provided every
two-body subsystem admits a p-wave resonance at zero. Later this was proved by D. K. Gridnev
[11], applying techniques similar to [31] and [23].

It is a fundamental question to ask whether the Efimov effect can be extended to multi-particle
systems with more than three particles. In [18] Y. Nishida and S. Tan predicted that universal
effects similar to the Efimov effect can be found in several types of N-particle systems with
N > 4 in different dimensions. In 2017, Y. Nishida also predicted that a similar effect is possible
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in case of four two-dimensional bosons [16]. Here, the three-body resonances should lead to the
infiniteness of the discrete spectrum of the four-body Hamiltonian. On the other hand, already
in 1973 the physicists R. D. Amado and F. C. Greenwood [2] claimed that in the case of N > 4
bosons in dimension three the Efimov effect cannot emerge if only (N — 1)-particle subsystems
have resonances. The justification of this statement in [2] used several assumptions, which are
difficult to verify.

It was known since the 1980’s that decay of solutions of the Schrédinger equation corresponding
to virtual levels plays a crucial role for the existence of the Efimov effect. The fact that zero-
energy eigenfunctions of the subsystems do not produce the Efimov effect was first proved by
G. Zhislin and one of the authors of this paper in [29], where three-particle systems with two-
body virtual levels were studied on spaces of states with fixed symmetries. Due to symmetry
restrictions two-particle virtual levels in [29] are eigenfunctions and not resonances.

For one-particle Schrodinger operators with short-range potentials in dimension three solutions
of the equation corresponding to virtual levels decay as |z|~! [32], i.e. with the same decay rate
as the fundamental solution of the Laplace operator in this dimension. For a subsystem with
N > 3 three-dimensional particles the dimension of the corresponding space of relative motion of
the particles is 3- (N —1). The fundamental solution of the Laplace operator in this space decays
as |z|~GN=5) which is sufficient for a virtual level to be an eigenvalue and not a resonance for
any N > 3. Due to this heuristic argument combined with [29] it was always expected that
N —particle virtual levels with N > 3 in dimensions n > 3 can not produce the Efimov effect.
However, to implement this argument is a very hard problem, because the sums of the potentials
do not decay in all directions. Even if each of the potentials is compactly supported as a function
of the distance between the particles, the sum of the potentials can not be neglected at infinity.

The first proof that N —particle virtual levels for N > 3 are eigenvalues of the Schrédinger
operator was given in 2012 by D. K. Gridnev in [8] and [9]. Firstly, it was proved for N = 3 [§],
assuming that the pair interactions V;; are non-positive. Later, this result was generalized to the
case of N > 4 particles and it was allowed the potentials V;; to change signs [9]. However, some
strong restrictions on the potentials, such as V;; € L'(R?) N L3(R?) are required in [9] also. The
method of the proof in [8, 9] is based on the analysis of the integral equation for the solution of
the Schrodinger equation, corresponding to the virtual levels. In [10] the results of [8, 9] were
applied to prove the absence of the Efimov effect in N —particle systems with NV > 4.

In the work at hand we present a different and very transparent approach to the study of decay
properties of zero-energy resonances and eigenfunctions of multi-particle Schrodinger operators
at the edge of the essential spectrum. This approach is a further development of the Agmon’s
method of proving the exponential decay of eigenfunctions [1]. It allows us to obtain estimates
on the decay rates of resonances and eigenfunctions at zero energy, which in many cases are
close to the optimal ones. In particular, we establish connections between the rate of decay of a
virtual level at zero and Hardy’s constant in the corresponding space. Since our method is purely
variational it allows us to work with very weak restrictions on the potentials. In addition, as it
is usual for variational methods for multi-particle Schrédinger operators, our approach allows us
to work on subspaces with fixed permutational symmetry. Combining our results on the decay
of virtual levels with the ideas of [29] we give a purely variational proof of the absence of the
Efimov effect for N > 4 particles in all dimensions n > 3. We extend this result to systems of
N > 4 identical fermions on the subspace of antisymmetric functions in dimension n = 1 and
n=2.

The paper is organized as follows. In Section 2, we introduce our notations and give sufficient
conditions for the existence of solutions in the space H YR%), d > 3 of the equation

(~A+ V() =0, zeR?
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without assuming that the potential V(z) decays as |z| — co. We then prove estimates on the
rate of decay of such solutions. The conditions on the potential V(z) are chosen in such a way
that this result can be applied to multi-particle systems. In this case V(x) will be the sum of pair
interactions and d = n(IN — 1) will be the dimension of the configuration space of a system of N
n—dimensional particles. In Section 3, we extend this result to Schrodinger operators considered
on subspaces of states with fixed symmetries. Section 4 is devoted to the applications of the
results obtained in Section 1 and Section 2. In particular, in this section we prove that for NV > 3
in dimension n > 3 the virtual level is an eigenfunction. We give estimates on the rate of decay of
these eigenfunctions in dependence on the number of particles and the corresponding dimension.
In Section 5 we prove the absence of the Efimov effect for N > 4 particles in dimension n > 3.
In Section 6 we extend the results of Section 4 and Section 5 to the case of N > 4 one- and
two-dimensional fermions. In the Appendix we prove several technical results. Some of these
results were known before and are given for the convenience of the reader only.

2. DECAY PROPERTIES OF ZERO-ENERGY SOLUTIONS OF THE SCHRODINGER EQUATION
In the following we consider the Schrodinger operator
h=-A+V (2.1)

in L2(R?), where d > 3. We assume that the potential V' is relatively form-bounded with relative
bound zero, i.e. for every € > 0 there exists a constant C(g) > 0, such that

(VI v) < el VI + Cle)llv]? (2.2)

holds for any function v € C§°(R?). According to the KLMN-Theorem (see [20], p.167) assump-
tion (2.2) implies that h is a self-adjoint operator in L?(R?), corresponding to the quadratic
form

Llg] = Vel + (Ve, ¢) (2.3)
with form domain H'(R?). For any ¢ € (0,1) we denote
he = h + €A (2.4)

Let H'(R%) be the closure of C§°(R?%) with respect to the gradient-norm

(/R |Vl da;>é . (2.5)

For any self-adjoint operator A we denote by S(A), Sess(A) and Sgisc(A) the spectrum, the
essential spectrum and the discrete spectrum of A, respectively. The main result of this section
is the following

Theorem 2.1. Suppose that V' satisfies (2.2). Further, assume that
h>0 and infS(h:) <0 (2.6)
holds for any e € (0,1). If there exist constants ag > 0, b > 0 and vy € (0,1), such that for any
function ¢ € HY(R?) with suppv C {x € R%: |x| > b} we have
(), ) =2l VI* = (aglz[ 74, ¥) > 0, (2.7)
then the following assertions hold:
(1) If ag > 1, then zero is a simple eigenvalue of h and the corresponding eigenfunction pg
satisfies

V (|z]* o) € L*(R?) and (1 + |z))* Lpe € LE(RY). (2.8)



(ii)

(iii)
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Moreover, there exists a constant 6y > 0, such that for any function ¢ € H'(R?) with
(Vip, Vo) =0 it holds
{hp, ) > 8ol Vo], (2.9)
If ap € (0,1) and in addition
([VIp,v) < CVy|? (2.10)

holds for any function ¢ € Hl(Rd) and some constant C' > 0, then there exists a non-zero
function @1 € H(R?) satisfying

IVerll* + (Veer, 1) = 0. (2.11)
Moreover, it holds
V(|z|*p1) € L*(RY)  and (1 + |z))* Ly € L*(RY). (2.12)
If we assume that for some C' > 0
Vel < ¢ (Ivel® + ]?) (2.13)

holds for every function 1 € C5°(R?), then the solution 1 € Hl(Rd) of (2.11) is unique.
Moreover, there exists a constant 6; > 0, such that for any function ¢ € H'(R?) with
(Vip, V1) =0 it holds

(hp, ) > 61| V||, (2.14)
If instead of (2.7) a stronger inequality
(b, ) =0l Vl* — {ad|z| =", ) > 0 (2.15)

holds for some constants ag,vo > 0 and 8 € (0,2), then the function g in part (i) of
the theorem satisfies

exp (k™! |z|") o € L*(RY), where k=1-— g (2.16)

Remark. (i) Note that assumption (2.7) implies that for any 0 < £ < 7y the essential

(ii)

(iii)

(iv)

spectrum of the operator h. is non-negative. Hence, (2.6) implies that for any sufficiently
small € > 0 the operator h. has a discrete eigenvalue.

We assume (2.13) to be able to apply the results by M. Schechter and B. Simon [21]
on the unique continuation theorem, which allows us to prove the uniqueness of ;.
Without this assumption the subspace of functions in H'(R?) satisfying (2.11) is at
most finite-dimensional (see Lemma A.1 in the Appendix).

As it is mentioned in remark (i) the operator h. has negative eigenvalues for small € > 0.
We should not expect that a sequence of the corresponding eigenfunctions ¢, always con-
verges in L2(R?) as ¢ — 0, because we know that for one-particle Schrédinger operators
with short-range potentials in R® this is not the case. However, if we normalize the se-
quence @, with the norm (2.5), condition (2.7) will make it energetically disadvantageous
for ¢, to leave all compact regions. This allows us to prove that the quadratic form of h
has a minimizer in H*(R?).

Function ¢, in part (ii) of the theorem is not necessarily an eigenfunction of h, since it
may be not an element of L2(R?). In this case zero is a resonance of h.

In the proof of Theorem 2.1 we will apply the following localization error estimate, which is
a straightforward modification of [29, Lemma 5.1]. For the sake of completeness we will give the
corresponding proof in the Appendix.



Lemma 2.2. For any e > 0 and any fited b > 0 one can find b > b and functions x1, x2 : R — R
with piecewise continuous derivatives, such that

1, |z|<b
2 2 ) i
1, = - 2.17
X1 T X2 xi1 () {07 2| > b ( )

and
IVx1)? 4 [Vxe|? < elz| 2 (2.18)
Remark. Note that by Lemma 2.2 and Hardy’s inequality

/ V2l dz < 4]V (2.19)

holds for every 1 € H'(R?), where d > 3 and i = 1,2. This estimate shows that if the constant
b is chosen much larger than b, then the localization error can be compensated with an e—part

of [Ve]*.

Proof of statement (i) of Theorem 2.1. By Lemma A.l in the Appendix there exists a
sequence of eigenfunctions 1, € H'(R?), corresponding to eigenvalues £, < 0 of the operator
h, -1, i.e. it holds

— (1 =n"") Ay + Vb, = Epip,. (2.20)
We normalize the sequence (¢,)neny by |[Vib,|| = 1 and take a weakly convergent subsequence,
also denoted by (¢, )nen, which has a weak limit ¢o € H'(R?). Note that by the Rellich-

Kondrachov theorem (i, )nen converges to ¢g in LZ_(RY). We will prove statement (i) of

Theorem 2.1 successively by the following Lemmas 2.3 - 2.8.
Lemma 2.3. The weak limit gy € H'(R?) of the sequence (1, )nen is not identically zero.
Proof. We consider the functional

L.l = (1= e)[IVY]* + (V,v), (2.21)

where ¢ € H*(R?) and ¢ > 0. Let b > 0, such that (2.7) holds. We fix &1 > 0 and construct
functions x1, x2 in accordance with Lemma 2.2, which implies

L, €] > Liypx1,€ + €1] + L{xe, € + €1] (2.22)

for every ¢ € H'(R?) independently of . Since the operator h is non-negative we have

Llpxi,e+e] =1 —e—e)|[Vx)|? + (Vixy, xi)

> —(e+e) IV (@xa)l.
In addition, since supp (1x2) C {x € R%: |z| > b} we conclude by (2.7) that
Llpxz, e +e1] = (1 —e—e1)[[V(ex2) > + (Vioxa, ¥x2)

= (1 =) IVEx2)I? + (Vibxz, ¥x2) + (vo — € — D)V (¥x2) |12 (2.24)
> (10 — & —e)[V(¥x2) |
Hence, (2.23) and (2.24) imply

(2.23)

Llp,e] > —(e +e)[V(@x)|I* + (0 — & — 1) [ V(dx2) |I*. (2.25)
For ¢ = 1, and € = n~!, estimate (2.25) yields
— (e +n HIVEx )P + (0 — 1 =07 H[V(¥ax2)lI” <0, (2:26)

which implies
(o —e1 =17 ) (IV@nx ) + IV @ax2)1?) < 70l V(@ux1)|I*. (2.27)



By the IMS localization formula we have

IV @ax ) 1? + IV (nx2) 1P > [V ]* =1 (2.28)
for every n € N. Hence, by (2.27) we obtain
—€1—n
7o
where €2 > 0 can be chosen arbitrarily small by choosing £; > 0 sufficiently small and n € N

sufficiently large. Due to (2.24) with ¢ = n~! we have L[, x2,n~ 1 + ;] > 0. This, together
with (2.22) and L[i,,n~!] < 0 implies

0> L[wnXIanil +e1] = (1 —n ! - 51) |\V(1/JnX1)||2 + (Vbux1, ¥nx1)

1
IV () lI? > 22 >1— ey, (2.29)

B (2.30)
> (1 —-n T 251) HV(%Xl)HQ - C(El)“¢nxl|‘27
where in the last inequality we used (2.2). Combining (2.30) and (2.29) we arrive at
1—n"t—2e)(1—e9)
xal? > ¢ L : 2.31
||¢ Xl” = 0(51) ( )
Since x1 is compactly supported, |x1| < 1 and (1, )nen converges to g in L2 _(R?), the last
inequality proves the Lemma. O
Remark. Since

IV Oerwn)I? + 11V (x2won) 2 = [ Vn | + / (IVxaf* + [Vxal) [vn|*dz,  (2:32)

inequality (2.19) shows that the last term on the r.h.s. of (2.32) can be estimated as || Vi), || = e.
This implies

IVOevn)l? < (1+¢) = [V Oawa) 1% (2.33)
Combining (2.33) with (2.29) yields ||V (x2¢n)||> < &, where & > 0 can be chosen arbitrarily
small for large b and n. We will use this estimate in the proof of Theorem 2.1.

Lemma 2.4. Assume that (2.6) and (2.7) hold for some ag > 1. Then there exists a constant
C > 0, such that for any eigenfunction v, € H'(R?) corresponding to a negative eigenvalue of
the operator h,—1, normalized by |V, | = 1, we have

IV(z[*¢)l <C and (L + |z 9] < C. (2.34)

Remark. Recall that eigenfunctions v, of the operators h,,—1 decay exponentially with powers
depending on the distances from the corresponding eigenvalues to zero. Since for n — oo the
negative eigenvalues of h,-1 converge to zero, these exponential estimates are not uniform in
n € N. However, Lemma 2.4 shows that if condition (2.7) holds for functions supported far from
the origin, a uniform estimate on the rate of decay of eigenfunctions of h,,—1 exists. This estimate
is of the polynomial type and the corresponding power depends on the parameter o in (2.7)
only.

Proof of Lemma 2.4. For any € > 0 and R > 0 we define the function
||

GE(x) = 1_’_€‘x|a0

XR(T), (2.35)

where g is a C* cutoff function, such that

0, |z| <R,
_ 2.36
Xr(x) {17 2] > 2R, (2.36)



Since for the eigenfunctions 1,, we have
- (1 - n_l)A"/)n + an = En"/’n (237)

with E,, < 0 and each v, decays exponentially, we can multiply (2.37) with G2%,, and integrate
by parts to obtain

(1= n7Y) (Vou, V (G200)) + (Vi G20 = B[ Geton* < 0. (2.38)
Since
Re(Vipn, G2¢p) = (Vo G2¢bn)  and  Re B, [|Getpy||? = By || Gettn|? (2.39)
we have
Re(Vpn, V (G2n)) = (Viu, V (GZ4n)). (2.40)
Note that

Re(Vn, V(G&/’n» = Re(V, G VGe) + Re((V)n)Ge, V(G:ty))
= Re(V(¥nG:), vnVGe) — Re(w, VG, ¥, VG,)

T Re(V(,G.). V(1,G.)) — Re(, VG V(s Gy 4
= Re(V(¥,Ge), V(¥,Ge)) — Re(¥, VG, ¥, VGL).
This implies
(Vs V(C20)) = [V (n Gl — [V G, (2.42)

which together with (2.38) yields

(1 - ;) (IV(z/JnGE)||2 — / |¢n|2|VGE|2dx) +/V|1/JnGs‘2dm <0. (2.43)

For |z| > 2R we can estimate

aglz[* ! -1
W < aglz| |Gl (2.44)

For |z| € [R,2R] the function |VG,| is uniformly bounded in e, which together with Hardy’s
inequality implies

/ |Gel?¢on|? dz < C/ |thn|? dz < CR? / |V, |2 dz =: Cp. (2.45)
{R<|z|<2R} {R<|z|<2R}

Substituting (2.44) and (2.45) into (2.43) we obtain

|VG5| =

G, |2
(1= 0 ) [V (G + (VGCethn, Cetn) — ag/ Gl 4, < 0, (2.46)
(el>2r) |7

where C; > 0 does not depend on n € N or ¢ > 0. Note that the function G, is supported
outside the ball with radius R > 0. For R > b it satisfies (2.7), i.e. it holds

(1- ’YO)HV(GS"/%)”z + (VGepn, Gebn) — a(2)<|x\72G51/)n, Gehn) > 0. (2.47)
For n > 275! estimates (2.46) and (2.47) imply
DIV (Gta)|? < Cu. (2.48)

Taking € — 0 yields ||V (|z]|*vy,) || < C, which together with Hardy’s inequality completes the
proof. O

Lemma 2.5. Assume that (2.6) and (2.7) hold for ag > 1. Then zero is an eigenvalue of h and
the corresponding eigenfunction @q satisfies

V (|z|* o) € L*(R?) and (1+ |z|)* 1 € L*(RY). (2.49)
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Proof. We take a sequence of eigenfunctions 1),, of h,,—1 normalized by ||V, | = 1. This sequence
has a subsequence (also denoted by (¢,)nen) With a weak limit ¢y € H'(R?). According to
Lemma 2.3 we have g # 0. Since (1,)nen converges to ¢o in L2 _(R?) and by Lemma 2.4

we have [|(1 + |z])*~14y,|| < C for ap > 1 and C independent of n € N, we conclude that
(1 + |z|)*~Lpy € L*(R?) holds. Furthermore, this also shows that (Vig, o) is well defined.
Our next goal is to prove (Vg, po) = —1. We write

Vo, wo) = (Vo, po — tn) + (Vo, ¥n)
= (Vipo, 0 — ) + V(90 — ), ) + (Vb ). (2.50)
Due to (2.2) the first term on the r.hs. of (2.50) can be estimated by
[(Vepo, 00 — )| < (IV]2 00, [V |7 |0 — ¥nl)
< (190l + CW)lgoll?)* (ENV (0 — )2 + CE)ligo — wnll?)
< € (2 (IVeoll> + IV all?) + C@)llo — al®) - (2.51)

Note that by the semicontinuity of the norm we have ||[Vyg| < 1. Since ||t — wol — 0 as
n — 00, choosing € > 0 sufficiently small and n € N sufficiently large we can get the r.h.s. of
(2.51) arbitrarily small. Similar arguments show that the second term on the r.h.s. of (2.50) can
be done arbitrarily small as well. Consequently, we have (Vib,, ¥,) = (Vipo, vo) as n — co. By

(L= ) IVel® + Vi, vn) O and  [[Vho|l =1 (2.52)
we conclude (Vg, po) = —1. Since ||Vggl| < 1, we have
IVeol® + (Vipo, po) < 0. (2.53)

Together with h > 0 this implies ||Vggl|| = 1. Hence, g is a minimizer of the quadratic form of
h and an eigenfunction of h, corresponding to the eigenvalue zero. Finally, repeating the same
arguments for pg as we used in Lemma 2.5 to get (2.48) for the eigenfunctions 1, we obtain
V(|z|*pg) € L2(R?). O

Our next goal is to prove inequality (2.9) and the nondegeneracy of pg. We will do it in the
following Lemmas 2.6 - 2.8.

Lemma 2.6. For anye > 0 one can find ng € N, such that for any n > ng and any eigenfunction
Yn with |Viby,|| = 1, corresponding to some negative eigenvalue of the operator h,-1, it holds

[¥n — @oll <e.

Proof. Assume that we have a sequence of eigenfunctions 1, € H'(R?), ||Va,|| = 1, correspond-
ing to some negative eigenvalues of the operator h,, -1 for n € N. Furthermore, we assume that
[#6r, — @ol| > C > 0 holds for every n € N. Proceeding as in the proof of Lemmas 2.3 and 2.5 we
can find a subsequence, also denoted by (¢, )nen, such that (¢, ),en converges to some function
@0 € HY(R?) with pg # 0, ||[V@o| =1 and

IV&oll* + (V@o, @o) = 0. (2.54)

By Vool = IV@oll = 1 and ||, — ol > C > 0 we conclude that ¢y and @y are linearly
independent. According to [7] an eigenvalue of a Schrédinger operator coinciding with the bottom
of the spectrum cannot be degenerate. Consequently, pg and ¢y cannot be linearly independent.

O

Lemma 2.7. For any sufficiently small € > 0 the operator h. has only one negative eigenvalue,
which is non-degenerate.
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Proof. Assume there is a sequence a(n) € (0,1) with a(n) — 0 as n — oo, such that for any
n € N the operator hg(,) = —(1 —a(n))A +V has at least two eigenvalues. Recall that the

lowest eigenvalue of hg(,) is non-degenerate. We consider two eigenfunctions 1/17(11) and w,(f) of
hq(ny, normalized by Hd),(LUH = ||¢£L2)|| = 1, where 1/17(11) corresponds to the lowest eigenvalue.
Now 1/)7(11) and wg") are orthogonal in L?(R?) and by Lemma 2.6 ¢,(11) and wﬁf) both converge to
o € L?(R?), which is a contradiction. O
Lemma 2.8. There exists a constant &g > 0, such that for every function ¢ € H'(R?) with
(V), Vo) = 0 it holds

(1= 0)[VY[* + (Vi 9) > 0. (2.55)

Proof. We prove the Lemma by contradiction. Assume that there is no such constant dg > 0.
Then there exists a sequence of functions g, € H'(R?) with

(Vgn, Vo) =0 and (My=1Gn, gn) < 0. (2.56)
Note that for ¢1,co € C we have

(hn=1(c19n + c290), (c1gn + c290)) = C%(’%rlgn, gn) + C§<hn*1 0, o)

+ 2Rec1E(hp-19n, po)- (2:57)
Further, it is easy to see that
Re(hn-19n; o) = Re(gn, hpo) — ™" Re(Vgn, Vi) = 0 (2.58)
and
(hn-10, p0) = (hpo, po) —n~[Vepo|* = —n ™! (2.59)
hold for every n € N. Hence, we conclude that for any linear combination c¢; g, + ca¢o we have
(hp-1(c1gn + c200), (c19n + c290)) < 0. (2.60)

Since by (2.56) the functions ¢ and g, are linearly indpendent, for any n € N we can find a
linear combination f,, of ¢g and g,, such that f, is orthogonal to the ground state of h,-1.
According to Lemma 2.7 for sufficiently large n € N the operator h,-1 has only one negative
eigenvalue, which yields (h,-1 fp,, f») > 0. This is a contradiction to (2.60). O

Combining Lemma 2.5 and Lemma 2.8 proves statement (i) of Theorem 2.1.

Proof of statements (ii) and (iii) of Theorem 2.1. Note that for ag € (0,1) the sequence of
eigenfunctions v, of the operators h,,—1, normalized by ||V, || = 1, does not necessarily converge
in L2(R9), as for example happens in the case of a one-particle Schrédinger operator in R3. To
ensure that the functional ||V4||? + (V4 4) is well defined for the weak limit ¢, € H'(R?%) and
that (Vipn, ) converges to (Vr,p1) as n — oo, we assume (2.10). We will prove part (ii)
of Theorem 2.1 in two steps. In Lemma 2.9 we prove the existence of a function ; satisfying
(2.11). Then, in Lemma 2.10 we prove the uniqueness of ¢; and the inequality (2.14).

Lemma 2.9. Assume that (2.6) and (2.7) hold for ag € (0,1) and in addition
(VI ) < C|Ivy|? (2.61)

holds for any function ¢ € Hl(Rd) and some constant C > 0. Then, there exists a function
@1 € HY(RY) with

IVorll* + (Vipr, 1) = 0. (2.62)
Moreover, 1 satisfies

V (|z|* 1) € L*(RY) and (14 |z|)* 1y, € L*(RY). (2.63)
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Proof. By assumption (2.6) there exists a sequence of functions v, € H! (R9) satisfying
(1=n"Y) [V |? + (Vibnthn) <0 and  [|[Vi,| = L. (2.64)

Repeating the same arguments as in Lemma 2.3 shows that there is a subsequence, also denoted
by (¢n)nen, which converges in L} _(R?) to some function o, € H*(R?). Let us prove that ¢, is
a minimizer of the quadratic form of h in H'(R%) by showing that (Vy,¢1) = —1. We fix the
constant b > 0 and construct functions x1, x2 according to Lemma 2.2. Since x? + x2 = 1 we

have

(Ver, 1) = (Vor,01x3) + (Ver, o1x3). (2.65)
Note that
Ve, e1xi) = (V(er — ), e1x3) + (Vbn, e1x3)
= <V(901 - wn)a QPIX% + <V¢n7¢n><%> + <V’(/}nv (901 - 1/%))(%) (266)

At first we estimate the first term on the r.h.s. of (2.66). It holds

(V(pr = n), 00X < MIVIExa(er = ¥u)ll - IIVIZe1] < ClIVIEX2 (01 = )| [ Veor |

1
< C (ellV Oaler —wn)) 12+ CE)lIxaler — vn)l*) - (2.67)
Here we used (2.2), (2.10), |x1] < 1 and ||[V¢1|| < 1. Moreover, it holds
IV O (er = a1 < 20Vxa 12l = ¥nllZupp ) + 211V (01 = %) 12 (2.68)
Since ¥, = @1 in LfOC(Rd) and x1 is compactly supported, for fixed e; > 0 and large n € N we
get
IVOxa(er = va)) 1 < 261 + 4V |* + 4l Vea | < 9. (2.69)
For any fixed € > 0 and large n this implies
X ~
[{(V(p1 = n), xden)] < O (9 + C(e)xalpr — n)l*)* <& (2.70)
Applying similar arguments to the last term on the r.h.s. of (2.66) yields
‘<V¢nX17 (@1 - ql)n)XlH < €. (271)
Hence, it holds
(Veixi, eix1) < (Vinxa, ¥nxa) + 2€. (2.72)
Further, by (2.61) we have
(Vorxz, pixa) < C[V(e1x2)|* < 20 (Vi) xel* + 201 (Vxz) o1 |- (2.73)

Since 1 € H'(R%) and 3 is bounded and supported in the region {z € R? : |z| > b}, the first
term on the r.h.s. of (2.73) is arbitrarily small if b is sufficiently large. Due to (2.19) it holds

I(Vx2)erll” < el Ver|* =€ (2.74)

for b > 0 sufficiently large. This shows that the second term on the r.h.s. of (2.73) can be done
arbitrarily small. Hence, we obtain

(Vixz, p1xe) < 2¢. (2.75)
Collecting estimates (2.72) and (2.75) yields

(Veor, 1) < (Vibnxa, ¥nxa) +4€ (2.76)
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for n € N sufficiently large.
Let us estimate the r.h.s. of (2.76). Assumption (2.10) implies
<anX1a wnX1> = <an7wn> - <V¢nX2, ¢nX2> < <an7¢n> + C||V(¢nX2)||2

<~ (1= nY) + O V()2 i

Due to the remark after Lemma 2.3 we can choose n € N and b > 0, such that ||V (¢, x2)|| < e.
Theorefore, we conclude (Vpi,¢1) = —1 and

IVerl? + (Vior, 1) = 0. (2.78)

Now we prove that V (|z|* ;) € L2(R?) and (1 4+ |z|)*~1¢; € L%(RY). Let G. be the function
defined by (2.35). Since ¢; is a minimizer of the quadratic form of (2.78) in H'(R?), it satisfies
the Euler-Lagrange equation in a generalized sense, i.e. it holds

(Ver, Vi) + (Vepr,9) =0 (2.79)
for every function ¢ € H'(R?). By setting ¢ = G2¢; we obtain
(Vp1,V (G§w1)> + (Vip1,GZp1) = 0. (2.80)

Computations similar to (2.41) together with (2.80) yield

HV(golGe)Hz—/|<p1\2|VGE|2dx+/V|¢1G5\2dm:0. (2.81)

By (2.44) we can rewrite (2.81) as

V(@GP + (VerGoy nG) — 2 /

2
5 dxé/ lo12| VG * dz. (2.82)
{loj>2r} || {R<|z|<2R}

Since the function |VG,| is uniformly bounded in ¢ for |z| € [R, 2R], we have
2
/ lo12| VG ? da < Co/ |12 da < C1R2/ |<p1\2 dx
{R<|z|<2R} {R<|z|<2R} ||

< Cq / Vi |? dz < Cs, (2.83)

where the constant Cy > 0 does not depend on € > 0. Similar to the proof of Lemma 2.4,
assumption (2.7) implies

IV(p1Ge)|l < C.
Taking £ — 0 yields |V (|z|*¢1)|| < oo, which together with Hardy’s inequality implies
(1+ Jz))*™ lpy € L2(RY). (2.84)
This completes the proof. (I
Lemma 2.10. Assume that
Vel < (Ivel” + ]°) (2.85)

holds for some C' > 0 and every function ¢ € C{°(R%). Then the solution o, € H'(R?) in
Lemma 2.9 is unique. Moreover, there exists a constant 61 > 0, such that for any function
Y € HY(RY) with (Vih, V1) = 0 it holds

(hap, ) > 6| V|2 (2.86)
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Proof. We will prove the Lemma by contradiction. Assume that there is no such constant é; > 0,
then there exists a sequence of functions (1/17(11))neN in H'(R%), such that

VoD =1, (Vo) Vo) =0, (1—n"1) VoD |2 + (Ve ¢0) <o. (2.87)

Moreover, there exists a subsequence (which by abuse of notation is denoted by (wfll))neN again)
and a function ¢; € H(RY), such that ¥\ — @; in H'(R?) and therefore ¥\ — @; in
LIQOC(Rd). Obviously, ¢1 and ¢, are linearly independent and ¢; is a minimizer of the quadratic
form of h as well. Since (2.79) holds for ¥ = @1, any linear combination of ¢; and ¢, is also a
minimizer of the quadratic form of h. By Hardy’s inequality both functions ¢; and ¢; belong
to the weighted L?-space with weight (1 + |- |)~2. Since the subspace of linear combinations of
1 and @7 is two-dimensional, it contains two functions orthogonal with respect to the weighted
scalar product. At least one of these functions, say f, has a nontrivial positive part f, and
a nontrivial negative part f_, which are also minimizers of the quadratic form of the operator
h and satisfy the corresponding Schrodinger equation. Functions f, and f_ are zero on some
open sets. Since V satisfies (2.85), the unique continuation Theorem [21, Theorem 2.1] yields
f+ = f- = 0. This contradiction completes the proof of statement (ii) of Theorem 2.1. d

The proof of statement (iii) is similar to the proof of Lemma 2.4 and Lemma 2.5 with replacing
the function G. in (2.35) by the function

="
£ = 2'
Je = exp (aofi T €|$H) Xr(7) (2.88)
with xr(z) defined by (2.36). This completes the proof of Theorem 2.1. O

3. RESONANCES AND EIGENFUNCTIONS ON SUBSPACES WITH FIXED SYMMETRIES

Let h = —A + V be invariant under action of a symmetry group G and let o be a type of
irreducible representation of G. Denote by P the projection in L?(R) onto the subspace of
functions transformed according to the representation o. In the following we assume that for
every function 1 € L?(R%) and x € Cy(R?) with x(z) = x(|=|) the condition P?1) = 1) implies
Py = x1b. We denote h® = P°h, h? = P°h., H° = P° H*(R?) and Ho = PP H'(RY).

Theorem 3.1. Suppose that V' satisfies (2.2). Further, assume that
h? >0 and infS(hI) <0 (3.1)

holds for any e € (0,1). If there exist constants ag > 0, b > 0 and o € (0,1), such that for any
function ¢ € H® with suppty C {x € R : |z| > b} we have

(h72,9) =0l Ve[ = {aglz| ", v) >0, (3.2)
then the following assertions hold:

(1) If ap > 1, then zero is an eigenvalue of h® with finite degeneracy. Denote by Wy the
corresponding eigenspace. Then for any pg € Wy we have

V (|z]*¢g) € L}(RY) and (14 |z])* Ly, € L2(RY). (3.3)

Moreover, there exists a constant 5y > 0, such that for any function ¥ € H with
(V, Vo) =0 for all oo € Wy it holds

(h74, by > 6| V|2 (3.4)
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(ii) If ao € (0,1) and in addition
(IVIe,v) < OVl (3.5)

holds for any function ¢ € ?—l" and some constant C' > 0, then there exists a finite-
dimensional subspace Wi C H?, such that for any function 1 € Wy it holds

[Verll® + (Vor, 1) = 0. (3.6)
Moreover, it holds
V(|z|*p1) € L*(RY)  and (1 +|z))* Lo € L3(RY) (3.7)

and there exists a constant 8, > 0, such that for any function ¥ € H° satisfying the
condition (V, V1) =0 for all o1 € Wy we have

(h7, ) = 61| V||, (3.8)
(iii) If instead of (3.2) a stronger inequality
(h73, ) = Yl VI — (oflal ™7y, 9) = 0 (3.9)

holds for some constant ag > 0 and B € (0,2), then each function oo € Wy in part (i)
of the theorem satisfies

exp (apr ™ |z|*) po € L*(RY), where £ =1— g (3.10)

Proof. The proof of Theorem 3.1 is a straightforward generalization of the proof of Theorem
2.1. The main difference between these two theorems is that in Theorem 2.1 we have non-
degenerate minimizers ¢y or ¢; of the quadratic form of the operator h in the spaces H'(R?)
and H'(R?), respectively. In Theorem 3.1 the corresponding subspaces Wy and W, are not
necessarily one-dimensional. However, due to Lemma A.1 (see in Appendix) they are always
finite-dimensional. O

Remark. Theorem 2.1 and Theorem 3.1 require d > 3. We used this condition twice. At
first, we used Hardy’s inequality to compensate the localization error e|x|~2 with a part of the
kinetic energy in Lemma 2.2. Secondly, we used the Rellich-Kondrachov theorem in the proof of
Theorem 2.1 to obtain convergence of the constructed subsequence in L2 (R?). If the dimension
is one or two, but the operator h is considered on a subspace with a fixed symmetry o, such that
Hardy’s inequality

IVl2 > Clllal |2 (3.11)

holds for some C' > 0, the statement of Theorem 3.1 remains true.

4. APPLICATIONS

4.1. Virtual levels of one-body Schrédinger operators. The main goal of our paper is to
study decay properties of virtual levels of multi-particle Schrodinger operators. However, in order
to show how effective Theorem 2.1 is we start with the easiest case of one-particle Schrédinger
operators. Some of the results below are already known.

For ¢ € (0,1) we consider

h=-A+V and he =h+eA (4.1)
in L2(R9), where d > 3 and V satisfies (2.2).

Theorem 4.1. (Short-range potentials) Let d > 3,h > 0 and assume that for any sufficiently
small € > 0 we have
inf Sess(he) =0 and inf S(he) < 0. (4.2)

Further, assume that one of the following conditions is fulfilled:
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(i) d=3 and V € L3 (R3),
(ii) d =4 and V € L*(R*) N L**(R*) for some p > 0,
(iti) d>5 and V € L (RY).
Then there exists a solution vy € H'(R?) of the equation

IVeol® + (Vieo, po) = 0. (4.3)
For any 0 < ap < % function @q satisfies
V (lz]*p) € L*R?Y)  and (1 +|z]))* tpy € L*(RY). (4.4)

Remark. Theorem 4.1 implies in particular that for d > 5 virtual levels of h are eigenvalues.

Proof. According to [20], p.170-171 and Sobolev’s inequality the potential V' satisfies (2.2) and
(2.10). Moreover, conditions (i)-(iii) and Sobolev’s inequality imply that for any € > 0 and
sufficiently large b > 0

elVel* +(Ve,0) > 0 (4.5)
holds for any ¢ € H'(R?) with suppyp C {z € R?: |z| > b}. Applying Hardy’s inequality we
see that condition (2.7) of Theorem 2.1 is fulfilled. This yields the result. O

Theorem 4.2. (Long-range potentials positive at infinity) Let d > 3,h > 0 and assume that for
any sufficiently small € > 0 we have
inf Sess(he) =0 and inf S(h.) < 0. (4.6)
Further, assume that
(i) Ve Léc(Rd) ford# 4 and V € LTH(R?) for some >0 if d = 4.
(ii) There exist constants Ay, Ay > 0,81 > 0 and B3 € (0,2] with
Bilz|™P < V(x) < Ay for |z| > As. (4.7
(iii) V(z) — 0 as |z| — oo.
Then there exists a solution vy € H'(R?) of the equation

IVeol® + (Vipo, po) = 0. (4.8)
If B2 = 2, then for any 0 < ap < \/B1 +4-1(d — 2)2 the function o satisfies
V (|z|* o) € L*(R?) and (1+ |z|)* L € L (RY). (4.9)
If By < 2, then ¢q satisfies
exp (B1]z]%) po € LA(RY), where k=1-— % (4.10)

Remark. Theorem 4.2 implies in particular that for d = 3 zero is an eigenvalue of h for 5; > %
and in case d = 4 zero is an eigenvalue of h for any 3; > 0.

4.2. Virtual levels of N-body Schrédinger operators. Now we consider a system of N > 3
quantum particles in dimension n > 3 with masses m; > 0, ¢ = 1,..., N and position vectors
z; € R™ i=1,...,N. Such a system is described by the Hamiltonian

N
1
Hy = _Z T Z Vij(@is),  wij = xi — x5 (411)
i=1 1<i<j<N
acting on L? (R"N ) The potentials Vj; describe the particle pair interaction and in the following
we assume that V;; = Vigl) + ‘/igz), such that for some constants A, C,v > 0 we have

Vi @i)] < Clais| 7277, if iyl > A and VY € LD (R™), (4.12)

loc
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with p > 2 for n = 4 and p = § for n # 4. Furthermore, we assume that
Vig-2) >0 is bounded and Vigg) (i) =0 as |x;;] = oo. (4.13)

Under these conditions Vj; is relatively form-bounded with relative bound zero, i.e. it satisfies
(2.2), see [20], p. 170-171.

Separation of the center of mass of the system. We will consider the operator Hpy in the center-
of-mass frame following [22]. We introduce the scalar product (-,-),, on R™" by

N
@ m =>_milw,y), |2k, = (@2)m,  2,yeR™. (4.14)
i=1
Here we denote by (-, -) the standard scalar product on R™. Let X be the space R™N equipped
with the scalar product (-, -),, and let

N
on{xz(xl,...,xN)eX : Zmixizo} (4.15)
i=1

be the space of relative positions of the particles and X. = X © X be the space of the center of
mass position of the system. Denote by Py and P, the corresponding projections from X on X,
and X., respectively.

Furthermore, we introduce —A, —Ay and —A. as the Laplace-Beltrami operators with respect
to (4.14) on X, Xy and X, respectively. Then, corresponding to L?(X) = L?(Xy) ® L*(X.) we
have

—A=-A)RI+1®(-A.). (4.16)
Since for every x € X we have
(Pox)i — (Pox); = @5 — xj, (4.17)
it follows that the potential V() =37, ., ;< Vij(2i;) satisfies
V(z) = V(Pox). (4.18)
Hence, Hy is unitarily equivalent to the operator
HeIl+I®(-A.), (4.19)
where
H=-Ag+V. (4.20)

In view of (4.19) the center of mass of the system moves like a free particle and the Hamiltonian
H corresponds to the relative motion of the system. This procedure is known as the reduction
of the center of mass of the system. In the following we only consider the operator H.

Clusters and cluster Hamiltonians. We call an arbitrary non-empty subset C C {1,...,N} a
cluster of the system and denote by |C| the number of its particles. Let

X()[C} = {.’L‘ € Xp : Zmimi =0, Tj = 0,5 ¢ C} (4.21)
ieC
be the corresponding subspace of the relative positions of the particles within the cluster C. Let
—Ay[C] be the Laplace-Beltrami operator on X,[C]. We denote the potential of interactions of
the particles in C by
vicl= Y. Vi (4.22)

i,j€C,i<]
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Then for 1 < |C| < N the corresponding cluster Hamiltonian with its center of mass removed is
given by

H[C] = —Ao[C] + V[C]. (4.23)
The operator H[C] acts on L?(X[C]) and it describes the relative motion of the particles within
the cluster C' ignoring all the other particles of the system. Note that for C = {1,..., N} we
have Xo[C] = Xy, so we set H[C]| = H. For |C| =1 we have X([C] = {0}, so in this case we set
H[C]=0.

Partitions of the system. We say that Z = (C4,...,Cp) is a partition or a cluster decomposition
of the system of order |Z| = p, if and only if for all 4,5 = 1,...,p with i # j we have

p
C;iNCi=0 and [ JC;={1,...,N}. (4.24)
j=1

We refer to C' C Z as a cluster of the partition Z = (C4,...,Cp),if C = C; forsome i =1,...,p.
Let

Xo(2)= €D Xo[Ci] and  X.(Z) = X0 0 Xo(2). (4.25)
CrCZ
This gives rise to the decomposition
L*(Xo(2)) = L*(Xo[Ch]) @ -+ @ L*(Xo[Cy)).- (4.26)

By abuse of notation we denote the operators
I1@ @I (-AC)®I®--®] and I® - @IQH[C]®I® oI (4.27)
acting on L?(X(Z)) by —Ao[C;] and H[C;], respectively. Then the cluster decomposition Hamil-
tonian acting on L?(Xy(Z)) is defined by
H(Z)= Y H[Cy. (4.28)
C,CZ

The operator H(Z) describes the joint internal dynamics of the non-interacting clusters. Let
—Ay(Z) be the Laplace-Beltrami operator on Xy(Z). Then

—20(2) == 3 MGy (4.29)

Cr,CZ

Corresponding to the decomposition L?(Xy) = L?(Xo(Z)) ® L?(X.(Z)) we will sometimes use
the same symbols H[C;] and H(Z) for the operators acting on L?(Xp) as

H[C)®I and HZ)®I, (4.30)
respectively. We denote the intercluster interaction by
I(Z)=V - > VICi. (4.31)
CrCZ

Then the Hamiltonian H can be written as
H=HZ)I+Ix(-A.(2))+I1(2), (4.32)

where —A.(Z) is the Laplace-Beltrami operator on X.(Z). Denote by Py(Z) and P.(Z) the
corresponding projections from Xy on Xo(Z) and X.(Z), respectively. For x € Xy we set

9(Z) = Py(Z)x and &(Z) = P.(2)x. (4.33)
To emphasize the dependence of ¢(Z) and £(Z) we will write
—Ayz) = —Ao(2) and —A¢z) = —Ac(2) (4.34)
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and
H:_Aq(z)—Af(Z)“‘V or HZH(Z)—Af(Z)-FI(Z). (4.35)
Note that the i-th coordinates of ¢(Z) and £(Z) are vectors ¢; and &; given by
qi = T — Ty and gi =Zcy, (436)

where Cj is the cluster of the partition Z with ¢ € C; and z¢, is the center of mass of the cluster
C) given by

! Z mrZg. (4.37)

re, = <=
ZjGCl m] keC,

With regard to ¢(Z) and £(Z) we introduce the following regions, which we will refer to as cones
in the following. For £ > 0 and partitions Z with 1 < |Z| < N let

K(Z,w) = {z € Xo : 4(2) I < IE(Z) I} (438)
For the entire system Z; = ({1,...,N}) we set
K(Z1,k) ={z € Xo : |z|m < K}. (4.39)

Definition 4.3. For an arbitrary cluster C' C {1,..., N} we say that the operator H[C] =
—Ay[C] + V[C] has a virtual level at zero, if H[C] > 0 and for all sufficiently small € > 0 we
have

Sess (—=(1 =€) Ao[C] + V[C]) = [0,00) (4.40)
and

Siiee (= (1= £)A0[C] + VIC]) # 0. (4.41)

Remark. Assume that H has a virtual level. Then condition (4.40) together with the HVZ-
theorem implies that there exists ¢ > 0, such that for any non-trivial cluster C with 1 < |C| < N
we have

S(—(1—=e)A[C]+ V[C]) = [0, 00). (4.42)
In particular (4.42) yields that if H has a virtual level, then the Hamiltonians corresponding to
the non-trivial clusters of the system do not have resonances or eigenvalues at zero.
The main result of this section is the following
Theorem 4.4. Consider a system of N > 3 particles in dimension n > 3. Suppose that the
potentials Vi; satisfy (4.12) and (4.13). Assume that H has a virtual level at zero. Then
(i) zero is an eigenvalue of H and the corresponding eigenfunction g satisfies
Vo (|1’|$;10(p()) c Lz(X()) and (]. + |(E|m)a0_1g00 (S L2(X()) (443)
for any 0 < ap < %
(ii) There ewists a constant &g > 0, such that for every function ¢ € H'(Xo) satisfying
(Voth, Vope) =0 we have

(1= 00) IVt |I* + (Vap,1p) > 0. (4.44)

(iii) If Vigg) satisfies Vlf)(x) > ;x| 7P for some constants a;; > 0 and B € (0,2), then zero
s an eigenvalue of H and the corresponding eigenfunction g satisfies

exp (ulzly,) po € L*(Xo), (4.45)

where Kk = 1 — g and > 0 depends on the coefficients a;; and on the masses of the
particles only.
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Remark. (i) Theorem 4.4 tells us that for n-dimensional particles with n > 3 virtual levels
may be resonances for two-body Hamiltonians only. This is the reason why the Efimov
effect does not occur for n > 3 and N > 4. The proof of the absence of the Efimov effect
will be given in Theorem 5.1 in the next section.

(ii) Note that, as it is usual for variational methods for multi-particle Schrédinger operators,
Theorem 4.4 has very weak restrictions on the decay of the positive part of the potentials.
Part (iii) of the theorem shows that if the interactions of particles for large distances are
long-range and positive, an Agmon-type method can be used to prove the sub-exponential
decay of eigenfunctions at the bottom of the essential spectrum. This idea is due to D.
Hundertmark, M. Jex and M. Lange, see [12, 13].

Before proving the theorem, we will generalize it in two directions: We will give an analogue
of this theorem for systems including a particle of infinite mass and we will consider systems
with symmetry restrictions.

4.2.1. Remark on N-particle systems in an external potential field. Now we consider the operator
Hy of an N-particle system {1,..., N} with an external electric field

Z A, + > Vijlay +ZU ;) (4.46)

1<i<j<N

acting on L?(R"™V).

Formally, this system can be considered as an (N 4+ 1)-particle system with one particle having
infinite mass and positioned at the origin. This particle will have number zero and we assume
that the external potentials U; satisfy the same conditions as V;;. Similar to (4.14) we define
the scalar product (-, ), in R"N and write the operator Hy as

Hy=-No+ > Vy+ Z (4.47)

1<i<j<N

where —/A\ is the Laplace-Beltrami operator on X. Note that for the operator H,, we do not
need to separate the center of mass motion.
Let Hoo > 0. We say that H,, has a virtual level if for all sufficiently small € > 0 we have

Sess(Hoo +£A¢) = [0, 00) (4.48)

and
Sdisc(Hoo + SA()) ?é V) (449)

With the definitions given above assertions (i)-(iii) of Theorem 4.4 hold for N + 1 with H
replaced by H., and X, replaced by X.

4.2.2. Systems with permutational symmetry. Assume now that a system of N particles contains
several identical particles of finite mass. Let S be the group of permutations of identical parti-
cles and o be a type of irreducible representation of this group. Let P? be the corresponding
projection on the subspace of functions transformed according to the representation o. For any
fixed partition Z = (C1,...,Cp), 2 < p < N — 1, we define S(Z) as a group, which permutes
identical particles within the clusters Cy, C Z, k = 1,2,...,p and permutes identical clusters if
such clusters exist in Z. Obviously S(Z) is a subgroup of S. Denote by ¢’(Z) types of irreducible
representations of S(Z). We say that the representation ¢’(Z) of the group S(Z) is induced by
the representation o of the group S and write o/(Z) < o if 0/(Z) is contained in o restricted to

S(2).
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Definition 4.5. We say that H? := P°H has a virtual level of symmetry o, if H? > 0 and for
all sufficiently small € > 0 it holds

Sess (P7(H + £A)) = [0, 00) (4.50)

and
Saise (P7(H +€Ag)) # 0. (4.51)

Remark. Analogously to the remark after Definition 4.3, condition (4.50) together with the
HVZ-Theorem [34] imply that for any partition Z = (C4,...,C,) with 1 < p < N and any type
of irreducible representation o’(Z) < ¢ it holds

PTD(H(Z) +eDyiz) 20 (4.52)
for sufficiently small € > 0.

Theorem 4.6. Suppose that N > 3 and consider the operator H?, where the potentials Vi,
satisfy (4.12) and (4.13). Assume that H° has a virtual level of symmetry o. Then
(i) zero is an eigenvalue of H® with finite degeneracy. Let Wy be the corresponding eigenspace,
then for any ¢ € Wy we have

Vo (|1’|g{](p()) c Lz(X()) and (]. + |(E|m)a0_1g00 (S L2(X0) (453)

n(N—-1)—2
forany 0 < ap < ——5"—.

(ii) There ewists a constant 69 > 0, such that for any function ¢ € P°H'(X,) satisfying
(Yo, Vope) =0 for all wo € Wy, it holds

(1= 80) I Voull* + (Vp,¢) > 0. (4.54)

(iii) If Vigg) satisfies Vigz) (z) > ayjlx|=P for some constants a;; > 0 and B € (0,2), then for
every function pg € Wy we have

exp (ulzly,) wo € L*(Xo), (4.55)
8

where k = 1 — 5 and p > 0 depends on the coefficients a; and on the masses of the
particles only.

Remark. The decay rate of the eigenfunctions ¢y € W, depends on the corresponding Hardy

. 2
constant ¢y, which on the whole space L?(Xy) is given by cy = W. However, if o is
a representation different from the symmetric representation, the Hardy constant can become

larger. This can result in a stronger decay rate of the eigenfunctions.

PROOF OF THEOREM 4.4

The following estimate for the localization error, originally proved in [29], plays a crucial role
in the proof of Theorems 4.4 and 4.6. For the convenience of the reader a complete proof of this
estimate is given in the Appendix.

Lemma 4.7. [29, Lemma 5.1] Given ¢ > 0 and £ > 0, for each partition Z with 1 < |Z| < N
one can find 0 < k' < k and functions uz, vz : Xo — R, such that

1, z€K(Z,K)
2 2 9 )
+ =1, = 4.56
Yz T Yz uz (@) {o, v ¢ K(Z,K) (4.56)
and
[Vouz|® + [Vovz|? < e [|vz||z|, + luzl?lq (2) |,,7] (4.57)

forxe K(Z,k)\ K (Z,K).
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To explain the main ideas of the proof of Theorem 4.4 we start with NV = 3 and extend the
strategy to the case N > 4 afterwards.

Proof of Theorem 4.4 for N = 3 particles and n = 3. Note that in this case we have to prove
(4.43) with ag € (0,2). We will prove that all conditions of statement (i) of Theorem 2.1 are

fulfilled. We will also show that if in addition VZSQ)(x) > a;j|z|™” holds for some constants
a;; >0 and g € (0,2), then (4.55) follows from statement (iii) of Theorem 2.1.
3

Since V;; € L2 _(R?) and it decays at infinity, for any ¢ > 0 there exists a constant C(g) > 0,
such that

(Vijle, ) < ellVay el + Cle)lell? (4.58)
holds for any function ¢ € C§°(Xo). This obviously implies (2.2) for V' = >, _, .oy Vij, see
[20], p.170.
To prove statements (i) and (ii) of the theorem it is sufficient to prove that

Llg] := (1 =0) [Voell* + (Vio, 0) = llao|] el|* > 0 (4.59)
holds for some constant 9 > 0, any ag € (1,2) and any function ¢ € H'(X,), which satisfies
supp (¢) C {z € Xo : |z|, > R} for some sufficiently large R > 0.

The proof of (4.59) follows the ideas of the estimate from below of the quadratic form of a
multi-particle Schrédinger operator in [30] in the easiest case when the corresponding cluster
Hamiltonians do not have bound states or virtual levels. The difference between (4.59) and a
similar inequality proved in [30] is that for the purposes of [30] it was sufficient to prove this
inequality with an arbitrary small g > 0. Now we need to prove (4.59) with ag € (1,2).
Following [28] we will make a partition of unity of the support of the function ¢, separating
regions corresponding to different partitions of the system into clusters.
Let uz be the localization functions defined by (4.56). Recall that for |Z| = 2 the function uz
is supported in the cone in the configuration space, where two particles belonging to the same
cluster in Z are close one to another and the third particle is very far away from this cluster.
Due to Theorem B.2 in the in the Appendix we can choose x > 0 sufficiently small, such that
the cones K(Z, k) for different Z with |Z| = 2 do not overlap on the support of ¢. Then Lemma
4.7 yields

Ligl > > Lilpuz]+ L[V, (4.60)

Z,|Z|=2

where V= /1-37, ,_,u% and the functionals Ly, Ly : H'(Xo) — R are defined by

Lafy) i= (1= 70) IV |1* + (Va, ) — aolel vl — e ||la(2) 719

Lotf] :== (1 = 0) [ Vo> + (Vb, ) — [lao|al; ]2 — e ||| ]| -

We will prove that Li[puz] > 0 and La[pV] > 0, if €,79 > 0 and k > 0 are sufficiently small and
R > 0 is sufficiently large. Here, k > 0 is the parameter in the definition of the cone K(Z, k).
At first we estimate Lq[puz]| for an arbitrary partition Z = (Cy,C3y). Note that by (4.35)

(4.61)

Lipuz] = (H(Z)puz, puz) — Yo |‘Vq(z)(%0UZ)H2
+ (1 =) ||Vg(z)(sﬁuz)”2 + ({(Z2)puz, puz) (4.62)
— llaolzl puzll* — [lg (2) | uz||”.

Without loss of generality we assume that in Z = (C1, Cs) the cluster C; has two particles and
C5 has only one particle. Applying (4.42) we get

(H(Z)puz, puz) > 11o||Vy(z) (ouz) |2 (4.63)
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for some g9 > 0 independent of . For sufficiently small € > 0 and ~y > 0 this yields

(H(Z)puz, puz) — 0 |Vaz) (puz)|* = e ||la (2) ;2 @qu ro 3 IVaz) (puz) 2. (4.64)

Therefore, we arrive at

I?

Lilpuz] > ||Vq(Z (puz)|” + (1 =) va(z)(QOUZ)H2

L (4.65)
+{I(Z)puz, puz) — |laolz]y, puz|*.

On the support of uz we have |¢(Z2)|m < k|€(Z )|m, which by Hardy inequality implies

Va2 (pun) IP = 25 |I2)]5 puz[”. (4.66)

Let B(R) = {z € X : |z|n < R}. Since supp (puz) C K (Z,k)\ B(R) it holds |z;;| > C|¢ (2) |m
for i € Cy, j € Cy and some C > 0. Therefore, by V;; > V;g) and | ig-l)(a:ij)| <ClE2) |2
we can estimate from below the r.h.s. of (4.65) as

8/{2 SIIE2)] puzll® = CIIED) L uzll® = agllié(2)] puzl® = 0 (4.67)

for sufficiently small k > 0. Now to prove part (i) and part (ii) of the theorem in the case of

N = 3 it suffices to show La[V¢] > 0. Note that on the support of V all the distances between

)

the particles are large. Since V;; >V, 5 and due to the support of Vy we have

Vi (i) < Clal, 27" <elal,, d,j=1,2,3, i # ], (4.68)
where € > 0 can be chosen arbitrarily small by choosing R > 0 sufficiently large. This yields
LoVl 2 (1 =70)[IVo (Vo) II” = (af — 2¢) [zl V|1 (4.69)
Since dim Xy = 6, Hardy’s inequality implies
IIVo(W)H2 > 4|Jz]! Vel . (4.70)

For ag < 2 we can choose 0 < ¢ < % and ~o > 0 sufficiently small, such that La[pV] > 0,

which completes the proof of statement (i) and (ii) for d =3 and N = 3.

In order to prove statement (iii) it suffices to note that for 8 € (0,2) and «;; > 0 we have

D Vigg) (zi;) > C|z|;P. Applying statement (iii) of Theorem 2.1 completes the proof for
=3. O

Now we prove the theorem for n =3 and N > 4.

Proof of statement (i) and (i) of Theorem 4.4 for n =3 and N > 4. In this part of the proof

we can assume that Vig-z) =0 holds for 4,5 =1,...,N, i # j.

Let L[-] be the functional defined in (4.59). In the following we will show that L]p] > 0 holds

for every 0 < ap < 35 and every ¢ € H'(X,) with supp(y) C Xo \ B(R), where B(R) = {z €
X :|2|m < R} with R > 0 sufficiently large. Analogously to the case N = 3 we get

Ligl > Y Lifpuz]+ Ly [pVa], (4.71)
Z,|Z|=2

where the functionals Ly, Ly are defined in (4.61) and Vo = /1 =3, -, u%. By repeating

the same arguments as in the case N = 3, one can easily show that Li[puz] > 0 holds for all
two-cluster decompositions Z. We only need to prove La[Vagp] > 0.
Due to Theorem B.2 we can find £(3) > 0, such that on the support of Vap the cones K (Z, k(3))
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and K (Z’,k(3)) do not overlap for partitions Zs, Z4 with |Z| = |Z'| =3 and Z # Z’'. Applying
Lemma 4.7 yields

Ly Vo] > Z Li[uzVap] + Ly[VaVayl, (4.72)
7.12|=3

where V3 =, /1 — ZZ7|Z‘=3 u% on the support of Vo and

L] = (H(Z)Y,¥) — v qu(Z)wHQ + (1 =) ||V;3(Z)¢||2 +{(Z), )
= (af + ) Mzl 1* — e [[vla (2) 15,
Lh] = (1= 0) Vot |I* + (Vb, ) — ozl w2 — 2¢ |||l 1e "
Since for each cluster C; with |C;| > 1 in the partition Z = (C1, Ca, C3) we have (4.42), it holds
(H(Z)$,v) > pol|Vozyl? (4.74)

for some pg > 0, independent of . In addition, on the support of uz)Vs we can estimate
|Vij (zi) | < clé(Z)],,27" for i, j belonging to different clusters in Z. Consequently, by the same
arguments as in the estimate of Li[uzy] with |Z] = 2 we get Lj[uzVayp] > 0 with |Z] = 3.
Repeating this process, we see that to prove the theorem it suffices to show

L[] := (1 = 70) Vot I* + (Vip, ) — [laolal 012 — e ||wlelzt|* > 0 (4.75)

for small &,y > 0 and for functions ¢y € H'(Xy), which are supported outside the ball of the
radius R in Xy in the region, where for any pair of particles 4, j it holds |z;;| > ¢|x|,, for some
constant ¢ > 0. In this region it holds

|Vij (i) | < elz]27. (4.76)

2
)

(4.73)

We choose 0 < ¢ < GW=D=2° a2, such that by Hardy’s inequality in dimension 3(N — 1)

2
(4.75) holds. Now we can apply Theorem 2.1 and conclude that zero is a simple eigenvalue of H
and the corresponding eigenfunction ¢q satisfies

Vo (|z]20p0) € L*(Xo) and (1+ [@]m)* o € L*(Xo) (4.77)

for every ap < 3¥=2. This completes the proof of statement (i) and (ii) of Theorem 4.4 in the
case n = 3 and N > 4. Finally, since Hardy’s inequality holds for every n > 3, the proof of the
theorem can be adapted to the case n > 4 by replacing the Hardy constant in the corresponding
dimension. Statement (iii) of the theorem follows from statement (iii) of Theorem 2.1 similar
to the case of N = 3. (]

Theorem 4.6 can be proved analogously to Theorem 4.4 by applying Theorem 3.1 instead of
Theorem 2.1.

5. ABSENCE OF THE EFIMOV EFFECT IN N-PARTICLE SYSTEMS WITH N > 4

In this section we prove that the Efimov effect does not occur in the case of more than three
particles in any dimension n > 3. The main reason for this is that for such systems the virtual
level is always an eigenvalue, see Theorem 4.4. Our proof is based on the ideas of [29], where
it was shown that in case of three particles, restricted to certain symmetries, the Efimov effect
does not occur as well. We will adapt this technique to arbitrary N-body systems.

Theorem 5.1. Let H be the operator defined in (4.20) withn > 3 and N > 4. Let the potentials
Vi satisfy (4.12) and (4.13). If n = 3 we will assume in addition that V;; € L% _(R3). Further,

loc

assume that for any cluster C with |C| = N — 1 we have H[C] > 0 and for any ¢ € (0,1)
Sess (—(1 =)Ao [C] + V[C]) = [0, 0). (5.1)
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Then the discrete spectrum of H is finite.

Remark. (i) We emphasize that in Theorem 5.1 the cluster Hamiltonian H[C] with |C| =

N — 1 may have a virtual level, which according to Theorem 4.4 is an eigenvalue at zero.
On the other hand cluster Hamiltonians H[C'] for clusters C’ with |C’| < N — 1 are not
allowed to have virtual levels due to the condition (5.1) and the HVZ-Theorem.

(ii) Theorem 5.1 can be easily generalized to the case when one of the particles has infinite
mass.

(iii) The results of Theorem 5.1 can be generalized to the case when the operator H is
considered on a subspace of functions with fixed permutational symmetry. Namely, the
following theorem holds.

Theorem 5.2. Consider the operator H° = P°H with n > 3 and N > 4, where the potentials
Vi satisfy (4.12) and (4.13). If n = 3, we will assume in addition that V;; € L2 (R®). Let the
operators H(Z), the group S(Z) and the inducing of the symmetry o'(Z) < o be defined as in
section 4.2.2.

Assume there exists € > 0, such that for all partitions Z = (C1,Cs) into two clusters C; and Co

with |C1] = N —1 or |C3] = N — 1 it holds
PTOH(Z)>0  and  Ses (PU'<Z> (H(Z)+ 5Aq(z))) = [0,0) (5.2)

for all 6'(Z) < 0. Moreover, we assume that for all partitions Z into two clusters C1 and Cy
with |C1] # N — 1 and |Ce| # N — 1 it holds

S(P7D (H(Z) + 28y 2)) = [0.0) (5.3)
for all 6’'(Z) < 0. Then the discrete spectrum of HY is finite.
Proof of Theorem 5.1. Consider the functional L; : H*(X() — R, defined by

Luf] = (Hy, @) — el ol*. (5-4)

Due to Lemma A.1 (see in Appendix) to prove the theorem it suffices to show that there exist
constants ¢ > 0 and b > 0, such that Li[¢] > 0 holds for all functions ¢ € H'(Xy) with
supp C {z € Xo, |z|m > b}. Applying Lemma 4.7 yields for partitions Z = (Cy, Cs) into two
clusters C1, Cy

Lile] > Y Lolpuz] + Ls[eV), (5.5)
z,|z|=2
where V= /1 =37 7, u% and the functionals Ly, Ly : H'(X() — R are defined by
Lol] := (H,¥) = elllz[5" v 1? — e1llla(2) |5 ¢ 18 z), (5.6)
Ls[y)] == (Hv,¥) — (e +e1)||z], )1, (5.7)
where
Q(Z2) C{z € Xo: |2]m 2 b, K'[E(Z2)|lm < 19(Z)lm < KIE(Z)|m}- (5.8)

The constants €1 > 0 and k£ > 0 can be chosen arbitrarily small and ' > 0 depends on e; and
k. At first we prove that La[puz] > 0. We need to distinguish between two different types of
partitions Z = (C, Cs):

(i) |Cl| < N —1 and |CQ| <N -1,

(li) |Cl| =N-—-1or |CQ| =N-—-1.
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As it was mentioned in the remark after Theorem 5.1 in case (i) the operators H|[C;] and H[C5]
do not have virtual levels, i.e. there exists a constant ug > 0, such that

(H(Z)puz, puz) 2 pol|Vyz)(puz)l? (5.9)
holds for any ¢ € H'(Xp). In this case analogously to the proof of Theorem 4.4 we conclude
that La[puz] > 0.

We turn to case (ii), where the cluster Hamiltonians may have virtual levels. Suppose that
|C1] = N — 1 and that H[C;] has a virtual level. Due to Theorem 4.4 the operator H[C:] has

an eigenvalue at zero. Let ¢g be the corresponding eigenfunction with ||pg|| = 1. We estimate
Ls[puz] by adapting the strategy of [29]. We write
puz(a(2),£(Z)) = vo(a(2)) F(§(2)) + 9(a(2),£(Z)), (5.10)
where
FE&(2)) = Vazypol >V o(z)(puz), Voiz)90)g(2) (5.11)
and
(Va(2)9(-:6(2)), Vg(z)00) = 0 (5.12)

holds for almost every £(Z). Then we have
Lalpuz] = (H[C1] g,9) + (H[C1] @of, o f) + 2Re(H[C1] g, 0 f)
+ Ve (ouz) |l + (I(Z)puz, puz) (5.13)
—elllzlz puzll® — exllla(2) 5! vuz g z)-

Since H[C1]po = 0 the second term and the third term on the r.h.s. of (5.13) are zero. Due to
the orthogonality condition (5.12), Theorem 4.4 yields

(H[C1lg,9) = 60l V(20917 (5.14)
for some dg > 0. We arrive at
La[puz] 260(| Ve 9ll” + IVez) (puz) |? + (1(Z)puz, puz)

N B (5.15)
—elllzl puzl? — eillla(2), euzld z)-
Now since V;; > ‘le), we have
1 1
I(Z)puz,ouz)> Y (VPuzouz) > = 3 (Vi lpuz, puz)
1€Cy,j€Cs i€C,j€C2
J 2
> —CllE(2)m 2 puzl? > —e2ll|Vezypuzl?, (5.16)

where €5 > 0 can be chosen arbitrarily small by choosing b > 0 sufficiently large. Here we
used that on supp (puz) we have \Vig-l)(xijﬂ < ClE(Z);27Y < 226(2)];,2 for i, j belonging to
different clusters. This implies

Lofpuz] = 60[[Ve(z)glI*+(1 — €2)lIVe(z) (puz)|*

_ _ (5.17)
— ezl puzl® = eillla(2)]n uzllt -
Since |z|;;} < [£(2)|;,}, applying Hardy’s inequality yields
(1 = 2) [ Vez) (puz) |* = elllely wuzl® > (1 = €3) [ Ve(z) (puz)|?, (5.18)

where €3 = €9 + 4¢. This implies
Lofpuz] 2 60l Vaz)9ll* + (1 = €3)[Veez) (wuz)|” = eullla(2)]5" puzlly z)- (5.19)
Let us estimate the last term on the r.h.s. of (5.19). Note that
(D)5 uzliéyz) < 2Ma(2)]5" vof 1) + 2llla(2)15" 9l z)- (5.20)
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By combining the terms &o[|Vy(z)9/|? and 2e1]||¢(Z)] ;!
we get for small e > 0

Lofpuz] > (1 = 3)[|Ve(z) (puz)|* = 2e1llla(2) 15 ¢o f 16 2)- (5.21)

Now we estimate the last term on the r.h.s. of (5.21). Note that for x > 0 sufficiently small and
z € Q(Z) it holds [£(Z)|m > 2 and

@il < [ WP [ lalle@l? )

{1&(D)Im>51 Q(Z,£(2))

g H?z(z) and applying Hardy’s inequality

(5.22)
< (W) / BIf121E(2)];2 de(2),
{lE(Z)|m>%}
where (Z,£(2)) = {a(Z) - K1€(Z)lm < 14(Z)lm < KlE(Z)|m} and
B (£(2)) = / po(a(2))? dq(Z). (5.23)
Q(Z,£(2))

Since g is square-integrable in ¢(Z), for fixed £’ > 0 and any ¢ > 0 one can find b > 0, such
that ® (£(Z)) < 6 holds uniformly in [£(Z)|, > 5. Hence, for any fixed £’ > 0 and &4 > 0 we
can choose b > 0 sufficiently large, such that

la(Z) | eof a2y < 64/|§(Z)|;2|f(§(Z))|2d£(Z). (5.24)
This, together with (5.21) yields
Lo[puz] > (1 - &3)[|[Ve(z) (puz)|? — 2c1e4lll€(2) |5 11 (5.25)

In the following we will estimate the first term on the r.h.s. of (5.25). By Hardy’s inequality we
have

—_

Ve (puz)l® > S lleuzl€(2)H* = illsOOfIS(Z)IEQ1 +9lE@) (5.26)

1 (Ieof 61 + lgle(Z2) M1 = 2 [(eo f1E(2) " 91 (2)0)]) -

Note that functions f and g are supported in the region |€(Z)|m > (1 + K2)"2|%|,, where
|Z|,m > b > 0. Hence, f|£(Z)];,} € L2(X.(Z)) and g|£(Z)],,} € L?(Xp). Under the assumptions
on the potentials the domain of the operator H(Z) is given by H?(X(Z)), see [20]. Hence, due
to @0 € H*(Xo(Z)) and (V 290, Vg2 9/£(Z)|7) = 0, Lemma 5.3 in [29] yields

(o fIE(Z) 15" 9l&(2)1m0] < 2711 = w) (leo fIEZ) 1P + 9ls ()15 1) | (5.27)

where w > 0 depends on ||pq||, ||V 4z)poll and [|Agz)@ol| only. Combining (5.27) and (5.26) we
get

| =

Ve (@un)l? 2 5 (ool eI + Igle@)P) 2 SIRE@ 2 (529)

This, together with (5.25) implies La[puz] > 0.

Thus, it remains to prove that L3[pV] > 0 holds for every function ¢ € H'(Xy) satisfying
supp ¢ C {x € Xy, || > b}. For any partition Z = (C4,...,Cp) with p > 3 the corresponding
cluster Hamiltonians H[C;] do not have virtual levels. Therefore, we can estimate the functional
L3[pV)] in cones corresponding to partitions Z into 3 < p < N — 1 clusters, similarly to the proof
of Theorem 4.4. In the region, which remains after the separation of cones corresponding to all
Z with p < N — 1 it holds |V, 1)(xij)| < c|lz|,27¥ for all i # j. Applying Hardy’s inequality
completes the proof. O
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6. SYSTEMS OF N > 4 FERMIONS IN DIMENSION n =1 OR n = 2

We consider a system of N > 3 one- or two-dimensional particles and the corresponding
Hamiltonian given in (4.11), where the potentials V;; satisfy
Vi; € LE(R™)  and  |Vi(2)| < Cla| 727, if |z| > A (6.1)

loc

for some constants A > 0 and v > 0. Further, we assume that all particles are identical, i.e.
m; =m; for 1 <4,5 < N and for ¢ # j, k # | we have

Vij(x) = Vi (=), Vij(z) = Viu(z), xz€eR", n=12. (6.2)

We define the space Xy and the operator H according to (4.15) and (4.20), respectively. Since the
particles are identical, the operator H is invariant under action of the group Sy of permutation
of particles. Let 0,5 be the irreducible representation of Sy, antisymmetric with respect to
permutation of each pair of particles. Let P7»s be the corresponding projection in X, onto
the subspace of the o,. We will consider the operator H on the subspace P°%=L?(X;) and
define H?= = P?»H. Given a cluster C, let S[C] be the subgroup of Sy corresponding to
permutations of particles within the cluster C. We denote by 0,5[C] the irreducible representation
of S[C], antisymmetric with respect to permutation of each pair of particles in C. Let H[C] =
Po=[C1H[C).

Definition 6.1. For an arbitrary cluster C' we say that the corresponding operator H?=<[C] has
a virtual level at zero, if H%*[C] > 0 and for any € > 0 sufficiently small it holds

S (P71 = (1= £)20[C) + VICT]) = [0,00) (63

and

Saise (P = (1= £)Ag[C] + VIC]] ) #0. (6.4)
We are now ready to state the main theorem of this section.

Theorem 6.2. Consider a system of N > 3 particles in dimension n = 1 or n = 2. Assume
that the potentials V;; satisfy (6.1) and (6.2). Further, assume that H?* has a virtual level at
zero and for each cluster C' with |C| > 1 and sufficiently small € > 0 it holds

S (pffas C1] = (1 — 2)A[C] + V[C]D = [0, 00). (6.5)
Then, zero is an eigenvalue of H%»s.

Proof. According to Theorem 3.1, it suffices to show that there exist R > 0, 79 > 0 and g > 1,
such that for any function ¢ € P%sH' (X) with supp(¢) C Xo \ B(R) and B(R) = {x € Xj :
|z|m < R} we have

Llp] = (H™ ¢, 0) — %l Vogl* — aollz]5"¢[* > 0. (6.6)

Note that in dimensions n = 1 and n = 2 Hardy’s inequality holds for antisymmetric functions
[4]. fn=2and N >4orn=1and N > 6 we can repeat the same arguments as in Theorem
4.4 with 0 < o < W Hence, we only need to consider the cases n = 2, N = 3 and
n=1,N=3,4,5.

We start with the case n = 2, N = 3. Since Hardy’s inequality on the space of antisymmetric
functions holds, by the same arguments as in the proof of Theorem 4.4, it suffices to show that
Ls[¢V] > 0 holds for ¢ € P> H! (X,), where La[¢V] and V are defined in (4.61). Multiplication
with V does not change the symmetry property of ¢, the function ¢V is antisymmetric with
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respect to permutations of particles. Hence, it is orthogonal to all functions depending on |z|,
only. Therefore, for ¢V we have (see for example in [14], p. 254)

L.
Vo (@) I* > LIL + Dzl VI?, L=1+ 5 (dim Xo —3) (6.7)

with [ = 1 and dimX, = 4. Substituting this inequality in the formula for Ls[pV] gives the
desired estimate for n = 2 and N > 3.

Now we turn to the case n = 1 and N = 3,4,5. Let N =4 or N = 5. In this case we have
dimXy = 3 or dim X, = 4, respectively. By the same argument as in the case of n = 2, N = 3, we
only have to consider the functional Ls[pV]. Since ¢V is orthogonal to all functions depending
on |x|,, only, applying the Hardy-type inequality (6.7) with { = 1 and dim Xy = 3 or dim X, = 4,
respectively, yields the result for n =1 and N =4, N = 5. To complete the proof it remains to
consider the case n =1 and N = 3. For this case we will prove the following

Lemma 6.3. Let X, be the space defined in (4.15) with n =1 and N = 3 and let ¥ € C} (Xo)
be antisymmetric with respect to exchange of each pair of coordinates (x;,x;). Then we have

IVovll* = 9l |1 (6.8)

Remark. Combining the arguments of the proof of Theorem 2.1 with the estimate (6.8) one can
easily obtain an estimate on the rate of decay of virtual levels in this system. In particular, it is
easy to see that a zero-energy eigenfunction ¢q for a system of three one-dimensional fermions on
the subspace of functions antisymmetric with respect to permutations of coordinates of particles
satisfies (1 + |x]n)? S0 € L*(Xy) for any € > 0.

Proof of Lemma 6.3. Note that for n =1 and N = 3 we have dim X = 2. On the plane X, we
introduce the polar coordinates 1 = 1 (p, 8), where p = \/Z?:1 z? and 6 is the angle between x

and %(17 —1,0). Obviously, the lines 1 = x9, z2 = x3, 1 = x3 cut X, into six sectors, each
sector having angle 7. Since ¢ is antisymmetric with respect to reflection on these symmetry
axes, we conclude that 1 is a periodic function in the variable  with period § and v(p,0) = 0.

We represent 1 as a Fourier series, i.e. we write for almost all p

$(p,0) =Y an(p)sin(3n6). (6.9)
n=1
Differentiating (6.9) we get
ol 2 [ £-2 ] 2 ol (6.10)
0 = p 80 = . .
This completes the proof. O

For the absence of the Efimov effect in systems of N > 4 one- or two-dimensional particles we
get now the following result.

Theorem 6.4. Let n = 1 or n = 2 and consider a system of N > 4 particles. Assume that
the potentials V;; satisfy (6.1) and (6.2). Further, assume that for each cluster C' we have
H=[C] > 0 and if 1 < |C| < N — 1 the operator H=[C| does not have a virtual level at zero.
Then the discrete spectrum of H» is finite.

Proof. The proof of Theorem 6.4 goes along the same line as that of Theorem 5.1. The only
difference is that if for a cluster C' with |C| = N — 1 the operator H?=[C] has a virtual level,
zero might be a degenerate eigenvalue of finite mulitplicity. However, in this case we can find a
decompostion similar to that in (5.10) with a function g which is orthogonal to the corresponding
eigenspace. Repeating the arguments of the proof of Theorem 5.1 proves Theorem 6.4. O
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APPENDIX A.

Proof of Lemma 2.2. Let e > 0 and b > 0 be fixed. Let b > band u € C'(R.), such that u(t) = 1

if ¢ < b and u is non-increasing on [b,00). Moreover, for ¢ — b let v/(¢) (1 —u*(t)) 2 — 0. We

define v := /1 — u?,

xi(@):=u(lz])  and  xa(x) = v (lz]). (A1)
Then, since x7 + x3 = 1 holds we have
[Vxal? u'(|))?
Vxi)? 4 [Vxe? = = ) A2
Vel = g = 1wl 2
Now since v'(|z]) (1 — u2(\x|))7% — 0 as || — b, we can take b’ > b so close to b that
u'(|x)? 2 /
——< b,b']. A3
il <elel %, el b (A3)
This together with (A.2) implies
(IVxal? + |Vx2l?) <elz|2,  |z| € [b,b]. (A.4)

Now we define the function v for t > b’ as

u(t) = u(¥) In (Z) (m (9’))_1, te .5 and w(t)=0, ¢>b. (A.5)

b
Note that w(b') is close to 1, but it is strictly less than 1. As before we set
xi(@) =u(lzl),  xe(z) =v(z)), |z =" (A.6)
We have for |z| > b a.e.
2(p ’ -2
2 2 u”(b') b -2
<————(In(= . A.
Va4 Vel < 2 ((5) (A7)
For fixed b’ we can choose b so large that the r.h.s. of (A.7) can be estimated as e|z|~2. O

Proof of Lemma 4.7. Let k > 0 and let Z = (C4, ..., C,) be an arbitrary partition into p clusters.
For the sake of brevity we write ¢ and & instead of ¢(Z) and £(Z), respectively.
Let v; € C*(R4), such that vi(¢) = 1, if ¢ > k and vy is non-decreasing on [0, x]. We assume

1

vi(t) (1 - v%(t))_% — 0 as t — x and define uq (t) := (1 — v¥(t))2.
For 0 < k" < k and z = (¢,§) € K(Z,k)\K(Z,£") let

dim q|m
u(z) = up (:§:> , v(x) =01 <I£) . (A.8)
Then we have
Voul® + Voo = (1= 02()) " (of (1))” (1+ lal2.[€12) [€]:2, (A.9)
where ¢ = |q|m[é|;,!. Since " < |glmlél5! < £ and |27, = ql7, + [€]7, we have [¢];? <
(14 k?)|z|,,2. Hence, (A.9) yields
IVoul? + [Voul> < (v} (1))* (1= o1 (1)) (14 #2)° |2 (A.10)

_1
Since v{(t) (1 —v$(t)) * — 0 as t — x we can choose " close to k to get

W) () (1 -y (75)2)71 (1+ /12)2 |22 <elz|,? for x€ K(Z,r)\K(Z K. (A.11)
Now we define u and v for x € K(Z,k"). Let 0 < k' < x” and set
v1(t) = v (k") (In (5" /6) " In(t/K), t < K. (A.12)
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Let

= @ T K k") and v(z) =0, z K
o(z) = 1(|§|m>7 € K(Z K \K(Z,x') and v(z) =0, = € K(Z,K). (A.13)

Since v1(t) < v1(k"”) < 1, if t < k" we have
(IVoul? + [VouP) ful = = [Voul* (1 = o) " ful

(A.14)
< |Voul*(1 = v¥(x") 7
and for t = |q|,|¢];F < K
2 - - 2 _
[Voul* = (v1 ()" (1 + lalml€]72) 16177 < (01 ()" (1+ (57)?) [&]52 (A.15)
Note that
o) (8) = vy (k") (In (5" /K1) 0 (A.16)
Hence, combining (A.14), (A.15) and (A.16) yields
(IVoul® + [Voul?) [ul 7 < i (+")? (In (&" /1)) % (14 (")) 2182 (A.17)
Substituting t = |g|,,|¢];,,} implies
(IVoul® +[Vovl?) < elqlz?lul® (A.18)
for |g|m < K"|¢|m and & > 0 sufficiently small. This, together with (A.10) completes the
proof. O

Lemma A.1. Let h = —A+V in L2(R?), d > 3, with V satisfying (2.2). Assume there exist
€ >0 and b > 0, such that
(i, ) — e{jz| 4, 9) 2 0 (A.19)
holds for any v € H*(R?) with suppv C {x € R, |z| > b}. Then the following assertions hold.
(1) inf Sess(h) > 0.

(ii) The operator h has at most a finite number of negative eigenvalues.

(iii) Zero is not an infinitely degenerate eigenvalue of h. .

(iv) If the potential V satisfies (2.10) then the space W of functions ¢ € H'(R?) with

Ve(z) - Vi(z)de+ [ V(z)p(z)p(e)dz =0, ¢ € H'(R) (A.20)
R4 R4
s at most finite-dimensional.
Remark. (i) The Lemma is a slightly modified variant of a part of the proof of the main
Theorem in [35].

(ii) This result can be easily extended to the case where the operator h is invariant under
action of a symmetry group G and we consider this operator on some symmetry space
P?L2(R%), here o is a type of irreducible representation of G.

Proof. We construct a finite-dimensional subspace M C L?(R9), such that (h, ) > 0 holds for
any 1 € H'(R?) (Hl (Rd)> orthogonal to M. Due to Lemma 2.2 we have

(hip,1p) > Llbxa] + Llhxal, (A21)

where the functional L is given by
L[Y) = (hot, ¥) — e{|z| >4, 4). (A.22)
Since 2 is supported outside the ball of radius b > 0, condition (A.19) implies L[yx2] > 0.

Hence, it suffices to show that L[wx1] > 0 holds for any ¢» L M for some finite-dimensional space
M. By Hardy’s inequality and (2.2) it holds

Llpxa] = (1= 5)[IVOaw)|® = Cle)llxav)*. (A.23)
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For k£ € N let
My, :={o1x1,. -, 0rX1}, (A.24)

where {¢1, ...,k } is an orthonormal set of eigenfunctions corresponding to the k lowest eigen-
values of the Laplacian, acting on L? (B(b)) with Dirichlet boundary conditions, where B(b) =
{x € R4 : |z| < b}. For ¢ L Mj, we have ¥x1 L @1, ...k, which for sufficiently large k implies

IV@x)I?* = 2(1 = &)~ Cle) [l (A.25)

Therefore, we conclude L[yx1] > 0. This proves statements (i)-(iii).

In order to prove statement (iv), we consider the operator h; := h — (1 + |x|)~2. The operator
hi satisfies (A.21) for b > 0 sufficiently large. If the space W is not finite-dimensional, then hq
has an infinite number of negative eigenvalues. This is a contradiction to (if). O

APPENDIX B. ANTONETS, ZHISLIN, SHERESHEVSKIJ’S THEOREM

In the proofs of Theorem 4.4 and Theorem 5.1 to show that some regions of the configuration
space of a N-particle system do not overlap we used a result, which goes back to the work [3]
of M. A. Antonets, G. M. Zhislin and I. A. Shereshevskij. Since there is no English translation
of this reference, below we will give the statement and the corresponding proof following the
original work [3].

Consider a system of N > 3 particles in dimension d > 1 with masses my,...,my > 0. Let
(-, )m be the scalar product defined by (4.14). For a cluster C C {1,..., N} let Py[C] be the
projection from Xy on Xo[C], defined in (4.21). We set

and denote by P.[C] the corresponding projection from Xy on X.[C]. We denote
N
MI[C] = th M= Zmi and m= FrlmnN m;. (B.2)
ieC i=1
For P.[Clz = (y1,...,yn) holds y; =0 if j &€ C and
1 o
y; = z.[C] = i ;mimi if j € C. (B.3)

For a partition Z = (C1,...,C,) of order |Z| = p let Xo(Z) and X.(Z) be the spaces defined in
(4.25) and let Py(Z) and P.(Z) be the corresponding projections from Xy on Xo(Z) and X .(Z),
respectively.

In the following we define the constants x’ and x, which will be used later as the parameters
introduced in the definition of the cones K(Z, ) in (4.38). First, we define these constants
inductively as functions in n € N, where later n will correspond to |Z|.

Definition B.1. Pick any x(1) > 0 and any &’ with (1) > /(1) > 0. Provided, x'(l) and (1)
are defined for some [ > 1, set

m3 (k' (1)*
PU+1) = 3153 1J(r(i/)()l))2 (B.4)
and choose k(I + 1) > 0, such that the condition
m® (5 () = (el + 1))
Mk
is fulfilled. Afterwards, choose 0 < &'(I +1) < k(I 4 1).

(kI + 1)) > 21 +1) > (k1 +1))? (1 + (k4 1))2) (B.5)
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Remark. It is easy to see that for fixed x'(l) we can always pick x(I + 1) so small that (B.5)
holds.

Theorem B.2 (Antonets, Zhislin, Shereshevskij). Let 2 < I < N — 1 and let x(I),x'(I) be
dAeﬁnedNaccording to Definition B.1. Assume that Z,Z be two cluster decompositions of order
|Z] = |Z| =1 with Z # Z. Then

K (z H(Z)) nK (Z, H(z)) c U K@zx(2)). (B.6)
Z:|Z|<
Proof of Theorem B.2. In order to prove the theorem we need the following

Definition B.3. Let ' and s be chosen according to Definition B.1 and let Z be a partition.
We define

M(Z7H/7H):K(Z7’€(|Z|))\ U K(Zla'%/(‘ZID)' (B'7)
1Z'|<12|

Lemma B.4. For any cluster C, any partition Z and for any z,y € Xy we have

(1) (Po[Clz, Ro[Cly)m = 53777 'ZE:Cmimj@Ui =T, Y — Yj),
(ii) (Pe(Z)z, Pe(Z)Y)m = 537 . CZ;CZM[C']M[C"K%[C'] = 2[C"],9e[C'] = 5 [C"]).

Proof. Note that for any x € Xy we have
(P()[O]Z‘)l =x; — xC[C} ifieC (B8)
and (Py[Clz); = 0 for ¢ € C. Hence, by definition we obtain

= mi(wi — 2c[C), yi — ye[C))

= gmi@i»?w = > mizelCloy) = Y milwi yelC) + Y mila[Cl,ye[C))
e i iec i
=S mteou) - <xc[0},; miyi> - <ZC mixi,yC[C]> + MIC) Ol welC)
= ;Z;mz‘@uyz) - QM[CK;C[CL.UC[C]) + ;\4[01 (z[C], y[C])
Y o) = MICY €€ (B.9)

icC
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On the other hand,
> mimgwi = xi oy =) = > me Y my (@i y) + (25, 95) — (@0,y5) — (25, )

i,j€C ieC jeC
Zmz 1'17% +M Zm] x]’yj
ieC jec
— <Z m;x;, Z mjyj> — <Z m;Zy, Zmzyz>
ieC jec jeC i€C
] Zmi<xi>yi> -2 (M[C])2 (2[C], ye[C])
i€C
C] (Z mi(zi, yi) — M[C] (wc[CLyc[CD) : (B.10)
ieC

This, together with (B.9) completes the proof of Lemma B.4 (i).
Now we prove (ii). For i € C' C Z we have

(PC(Z)x)i = xc[cl]a (B'll)

which implies

(P Z)a, Po(Z)y)m = D Y mjla[C], y[C"])

c'cz jec
= 3 MIC) e lC). (B.12)
ccz
Furthermore, similar to (B.10) we have
Y MCMIC"we[C'] = z[C"], yelC') = ye[C"))

c,cr'cz

= > M) Y MIC) (el pelC) + (welC”), el

c'cz cr'cz
— (elC'],9[C")) = (@e]C").ye[CD)

=2M Y M ', yelC) —2< > M(Ca[CT], Y M[O"]yc[d’]>. (B.13)

c'cz c'cz cr'cz

Since x € X we have } ., -, M[C']z.[C'] = Zf\il m;xz; = 0, which implies that the second term
on the r.h.s. of (B.13) vanishes. This yields

MICIMIC"(e[C'] = 2[C"],9elC'] = ye[C")) = 2M Y MIC'{ze[C'], 4e[C]). (B.14)
cr.crcz ccz
Hence, combining (B.14) with (B.12) completes the proof of Lemma B.4 (ii). O
Corollary B.5. Let Z = (C4,...,C,) and Z = (C1UCy,Cs, .. .,Cp). Then for any x,y € Xo
we have
(Pe(Z)x, Pe(2)y)m — <PC(Z>$aPC(Z)y>m

_ MG MIC)] (B.15)
= 3[0h] £ (o) FelC1] — welCel el O = we (G
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Proof. The proof follows from Lemma B.4 (ii) and

<|C1 U C: iT4
el el = CIUCQ eczgcmjj

—[01 MG, (mez—i—ijx])

i€Cy JEC:
= (M[Ch] + M[C,)) ™ (M[Ch]z[Ch] + M[Calac[Ca)) - (B.16)
(I

Lemma B.6. Let Z = (C,...,C,) be a partition and let C be a cluster with C € C; for any
i=1,...,p. Then

(1) [Po[Clalm = d(|Z])| Pe(Z)x|m for any x € M(Z, K, ).
(ii) For any partition Z containing the cluster C and satisfying | Z| > |Z| we have

K (Z,ﬁ(\ZD) NM(Z,K(12]),5(2])) = 0. (B.17)

Proof of Lemma B.6. Due to the assumption C ¢ C; for all 1 <[ < p we find clusters C and
C,, in the partition Z with C, NC # () and C,, NC # . Let Z’ be the partition which is created
from Z by considering Cj U C,, as a single cluster. Then |Z'| = |Z| — 1. Let x € M(Z, K/, k),
then by definition x € K(Z,x(|Z|)) and « ¢ K(Z',k'(|Z’])). Therefore, we have

(14 (120)°) 1PAZ)als, < Jolly < (14 (5(120)%) [P 22 (B.18)
Subtracting the term (1 + (H/(|Z'|))2) |P.(Z)x]2, implies
0< (1+ ((12D))2) 1PA(Z)2 2, — (14 ((1Z'D)%) |Pu(Z")al2, (B.19)
= (1+ & 12'0)°) (P(2)els, = 1PA2)al2) = (1 2)° = (5(121))°) 1P 222,
and therefore
(012')° = =012D)) 1Po(2)elsy < (14 (5 (Z'D)°) (PZ)als, = [Po(Z)al2) . (B20)

Dividing by (1 + (n’(\Z’D)Z) yields

WAZD° = GUZD 1 oyt < (ol — 17l -
w2 |Pe(2)x]s < |Pe(Z) 2y — |Pe(Z) 2], (B.21)
According to Corollary B.5 we have
2 APRD) M[Cy]M[Cy] 2
|Pe(Z)x]s, — |Pe(Z2)zl5, < m |e[Cr] — we[Cn]|™ (B.22)
Hence, by (B.21) and (B.22) we obtain
(+'(12')* = (s(12]))* 2 MICMI[C] 2
4 (K/(|Z’|))2 |PC(Z)I m < M[C ] +M[ ] ‘ C[Ok] [CTLH

2
< gim |2[Ch] — z[Ch] 2. (B.23)
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Let us further estimate the r.h.s. of (B.23).
Applying Lemma B.4 (i) for z = y and z replaced by P.(Z)z yields
2

|Po[C)P.(2)al], . Y mim; |(Pe(Z)x); — (Pe(Z)a) (B.-24)

m = 9M[C]

J
i,j€C

Recall that C has at least two particles that belong to different clusters in the partition Z. Hence,
by choosing s € C' N Cy and t € C' N C,, together with (B.11) we get

ﬁ[C] ]ZC mam, |[(PAZ)2), ~ (P Z)a) | > e P2, — (P2 (B25)
= WCT |2[Ch] — z[Cn]? (B.26)
> %2 |2 [Ch] — z[Ch]|” . (B.27)

This, together with (B.24) implies
(relCi] — wlCalP < 2 [RCIPAZ)af?,. (B.28)

Hence, by (B.23) we obtain
(+'(12')* = (s(12)))* ) _ M? 2 _ MP >

1+ (“/(|Z/|))2 |Pe(Z)x m < om |x0[0k] - xc{cn” < 29m3 |P0[C]PC(Z)$‘m' (B.29)

Since Py[C]P.(Z) = By[C] — Po[C|Py(Z), we can estimate
[P [CIPu(Z)aly, < 2| Ro[Claly, + 2| B[CIR(Z)ely, < 2|Ro[Claly, +2[Po(Z)aly,.  (B.30)
This implies that for x € M(Z,x', k) we have
|Po[C)P(Z)zl;, < 2|Ro[Claly, +2 (+(12)))* |Pe(2)aly, (B.31)

By combining this with (B.29) we arrive at
2
m® ((12')* - (s(12]))°

z|? z|? K 21p(2)x . .
N g P < IR, + (O2DY P, B.32)
Hence, applying (B.5) yields
m® (' (12'])* = (s(12]))*

(e —HZ2>PZJ,‘2 d(|Z )2 |P.(2)x|>.
L+ (7 (2Z])° (&(1Z1)” | |Pe(2)z]7, = (d(12]))” |P(Z)x]2,

(B.33)

|Po[Clal?, > <M3

This proves Lemma B.6 (i).
We turn to the proof of assertion (ii). Assume that K (Z, n(|ZD) NM(Z, k' k) # 0, i.e. there

exists © € K (Z7H(|ZD) NM(Z, k', k). Since k(|Z]) > k(|Z]), we can estimate
~ \2 - 2 ~ \2
< (02D) |Pu2)e| < (x012D) Iz, (B.34)

< (=02D)" (14 12D 1Pu(2)2 8 < (W(1ZD)? (1 + ((121))°) [P 2,
Combining inequality (B.34) with statement (i) yields

(@(120)° 1P(Z)al?, < IR(Cal?, < (12D (1+ (:(121)°) 1P 2, (B.35)

- 2
|Ry[C)?, < ‘PO(Z)x‘

m
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For |P.(Z)x|m # 0 this is a contradiction to the definition of x(|Z]). If |P.(Z)z|m, = 0, then
(B.34) implies z = 0, which is not possible, since by definition 0 ¢ M(Z, ', k). Hence, we

conclude K (Z, H(|Z|)> NM(Z,r', k) = 0. This completes the proof of Lemma B.6. O

Now the proof of Theorem B.2 follows from Lemma B.6 (ii). Indeed, consider two partitions

Z=(Cy,...,C})and Z = (Cy,...,C)) with Z # Z and | Z| = | Z| = I. Then there exists a cluster
C; in Z with C; ¢ C; for all j =1,...1. Applying Lemma B.6 (ii) completes the proof. O
ACKNOWLEDGEMENTS

Simon Barth and Andreas Bitter are deeply grateful to Timo Weidl for his support and for the
useful discussions. Their work was supported by the Deutsche Forschungsgemeinschaft (DFG)
through the Research Training Group 1838: Spectral Theory and Quantum Systems.

Semjon Vugalter gratefully acknowledges the funding by the Deutsche Forschungsgemeinschaft
(DFG), German Research Foundation Project ID 258734477 - SFB 1173. Semjon Vugalter is
grateful to the University of Toulon for the hospitality during his stay there.

The authors thank the Mittag-Leffler Institute, where a part of the work was done during the
semester program Spectral Methods in Mathematical Physics.

REFERENCES

[1] S. Agmon. Lectures on Ezponential Decay of Solutions of Second-Order Elliptic Equations: Bounds on
Eigenfunctions of N-Body Schrodinger Operations. (MN-29). Princeton University Press, 1982.

2] R. D. Amado and F. C. Greenwood. There is no Efimov effect for four or more particles. Phys. Rev. D,
7:2517-2519, Apr 1973.

[3] M. A. Antonets, G. M. Zhislin, and I. A. Shereshevskij. Appendiz to the russian edition of the book of Jorgens,
K. and Weidmann, J. ”Spectral properties of Hamiltonian operators”. Moscow: Mir, 1976.

[4] M. S. Birman. On the spectrum of singular boundary-value problems. Mat. Sb. (N.S.), 55 (97):125-174, 1961.

[5] V. Efimov. Weakly bound states of three resonantly interacting particles. Yadern. Fiz., 12:1080-1091, 1970.

(6] F. Ferlaino and R. Grimm. Forty years of Efimov physics: How a bizarre prediction turned into a hot topic.
Physics, 3, 01 2010.

[7] H.-W. Goelden. On non-degeneracy of the ground state of Schrédinger operators. Math. Z., 155(3):239-247,
1977.

[8] D. K. Gridnev. Zero-energy bound states and resonances in three-particle systems. Journal of Physics A:
Mathematical and Theoretical, 45(17):175203, apr 2012.

[9] D. K. Gridnev. Zero energy bound states in many—particle systems. Journal of Physics A: Mathematical and
Theoretical, 45(39):395302, sep 2012.

[10] D. K. Gridnev. Why there is no Efimov effect for four bosons and related results on the finiteness of the
discrete spectrum. J. Math. Phys., 54(4):042105, 41, 2013.

[11] D. K. Gridnev. Three resonating fermions in flatland: proof of the super Efimov effect and the exact discrete
spectrum asymptotics. J. Phys. A, 47(50):505204, 25, 2014.

[12] D. Hundertmark, M. Jex, and M. Lange. Quantum systems at the brink. Existence and decay rates of bound
states at thresholds; Atoms, 2019. arXiv: 1908.05016.

[13] D. Hundertmark, M. Jex, and M. Lange. Quantum systems at the brink. Existence and decay rates of bound
states at thresholds; Helium, 2019. arXiv: 1908.04883.

[14] M. Klaus and B. Simon. Coupling constant thresholds in nonrelativistic quantum mechanics. I. Short-range
two-body case. Annals of Physics, 130(2):251 — 281, 1980.

[15] T. Kraemer, M. Mark, P. Waldburger, J. G Danzl, C. Chin, B. Engeser, A. Lange, K. Pilch, A. Jaakkola,
H.-C. Négerl, and R. Grimm. Evidence for Efimov quantum states in an ultracold gas of caesium atoms.
Nature, 440:315-8, 04 2006.

[16] Y. Nishida. Semisuper Efimov effect of two-dimensional bosons at a three-body resonance. Physical Review
Letters, 118, 02 2017.

[17] Y. Nishida, S. Moroz, and D. T. Son. Super Efimov effect of resonantly interacting fermions in two dimensions.
Phys. Rev. Lett., 110:235301, Jun 2013.

[18] Y. Nishida and S. Tan. Liberating Efimov physics from three dimensions. Few-Body Systems, 51(2):191, Jul
2011.



(19]
20]
(21]
(22]
23]
(24]
25]
[26]
27]
(28]
29]
(30]
(31]
(32]
(33]
(34]

(35]

36

Y. N. Ovchinnikov and I. M. Sigal. Number of bound states of three-body systems and Efimov’s effect. Ann.
Physics, 123(2):274-295, 1979.

M. Reed and B. Simon. II: Fourier Analysis, Self-Adjointness. Methods of Modern Mathematical Physics.
Elsevier Science, 1975.

M. Schechter and B. Simon. Unique continuation for Schrodinger operators with unbounded potentials.
Journal of Mathematical Analysis and Applications, 77(2):482 — 492, 1980.

A. G. Sigalov and I. M. Sigal. Description of the spectrum of the energy operator of quantum-mechanical
systems that is invariant with respect to permutations of identical particles. Theoretical and Mathematical
Physics, 5(1):990-1005, Oct 1970.

A. V. Sobolev. The Efimov effect. Discrete spectrum asymptotics. Comm. Math. Phys., 156(1):101-126, 1993.
H. Tamura. The Efimov effect of three-body Schrodinger operators. Journal of Functional Analysis, 95(2):433
— 459, 1991.

H. Tamura. The Efimov effect of three-body Schrédinger operators: asymptotics for the number of negative
eigenvalues. Nagoya Math. J., 130:55-83, 1993.

S. Vugalter. Absence of the Efimov effect in a homogeneous magnetic field. Letters in Mathematical Physics,
37(1):79-94, May 1996.

S. Vugalter. Discrete spectrum of a three-particle Schréodinger operator with a homogeneous magnetic field.
Journal of the London Mathematical Society, 58(2):497-512, 1998.

S. Vugalter and G. M. Zhislin. On the finiteness of the discrete spectrum of energy operators of many-atom
molecules. Teoret. Mat. Fiz., 55(1):66-77, 1983.

S. Vugalter and G. M. Zhislin. The symmetry and Efimov’s effect in systems of three-quantum particles.
Communications in Mathematical Physics, 87, 01 1983.

S. Vugalter and G. M. Zhislin. On the finiteness of discrete spectrum in the n-particle problem. Rep. Math.
Phys., 19(1):39-90, 1984.

D. R. Yafaev. On the theory of the discrete spectrum of the three-particle Schrodinger operator. Mat. Sb.
(N.S.), 94(136):567-593, 655-656, 1974.

D. R. Yafaev. The virtual level of the Schrodinger equation. Zap. Nauén. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI), 51:203-216, 220, 1975. Mathematical questions in the theory of wave propagation, 7.

D. R. Yafaev. On the point spectrum in the quantum-mechanical many-body problem. Mathematics of the
USSR-Izvestiya, 10(4):861-896, aug 1976.

G. M. Zhislin. An investigation of the spectrum of differential operators of many particle quantum mechanical
systems in function spaces of given symmetry. Izv. Akad. Nauk SSSR Ser. Mat., 33:590—-649, 1969.

G. M. Zhislin. Finiteness of the discrete spectrum in the quantum problem of n particles. Teoret. Mat. Fiz.,
21:60-73, 1974. English translation: Theoret. and Math. Phys. 21 (1974), no. 1, 971-980 (1975).

SIMON BARTH, INSTITUT FUR ANALYSIS, DYNAMIK UND MODELLIERUNG, UNIVERSITAT STUTTGART, PFAFFEN-

WALDRING 57, D-70569 STUTTGART, GERMANY

Email address: simon.barth@mathematik.uni-stuttgart.de

ANDREAS BITTER, INSTITUT FUR ANALYSIS, DYNAMIK UND MODELLIERUNG, UNIVERSITAT STUTTGART, PFAF-

FENWALDRING 57, D-70569 STUTTGART, GERMANY

Email address: andreas.bitter@mathematik.uni-stuttgart.de

SEMJON WUGALTER, INSTITUTE FOR ANALYSIS, KARLSRUHE INSTITUTE OF TECHNOLOGY (KIT), ENGLER-

STRASSE 2, 76131 KARLSRUHE, GERMANY

Email address: semjon.wugalter@kit.edu



	1. Introduction
	2. Decay properties of zero-energy solutions of the Schrödinger equation
	Proof of statement (i) of Theorem 2.1 
	Proof of statements (ii) and (iii) of Theorem 2.1 

	3. Resonances and eigenfunctions on subspaces with fixed symmetries
	4. Applications
	4.1. Virtual levels of one-body Schrödinger operators
	4.2. Virtual levels of N-body Schrödinger operators

	Proof of Theorem 4.4
	5. Absence of the Efimov effect in N-particle systems with N4
	Proof of Theorem 5.1

	6. Systems of N4 fermions in dimension n=1 or n=2
	Appendix A. 
	Appendix B. Antonets, Zhislin, Shereshevskij's Theorem
	Acknowledgements
	References

