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We consider quantum chromodynamics with external vector, axial-vector, scalar, and pseudoscalar
currents and compute three-loop corrections to the corresponding vertex function taking into account
massive quarks. We consider all nonsinglet contributions as well as those singlet contributions where the
external current couples to a massive quark loop. We apply a seminumerical method which is based on
expansions around singular and regular kinematical points. They are matched at intermediate values of the
squared partonic center-of-mass energy s which allows one to cover the whole kinematic range for negative
and positive values of s. Our method permits a systematic increase of the precision by varying the
expansion depth and the choice of the intermediate matching points. In our current setup we have at least
seven significant digits for the finite contribution of all form factors. We present our results as a
combination of series expansions and interpolation functions which allows for a straightforward use in

practical applications.

DOI: 10.1103/PhysRevD.106.034029

I. INTRODUCTION

Form factors are important building blocks for a number
of processes. For example, they constitute the virtual
corrections for lepton pair production via the Drell-Yan
process, for Higgs boson production in gluon fusion, and
for Higgs boson decay into heavy quarks. For many
processes there are precise experimental results such that
higher-order corrections have to be included in the theory
predictions. This is particularly true for QCD corrections,
the topic of this paper.

There is a rapid increase in complexity when increasing
the number of loops for a given process, and often one has
to rely on approximations valid in certain regions of phase
space, in case one wants to perform analytic calculations.
Alternatively, it is possible to use numerical methods,
which, however, are less flexible in practical applications
of the results.

In this paper we consider three-loop corrections to
massive form factors in QCD. We use a method which
leads to compact expansions of the bare three-loop
expressions around kinematical points with high-precision
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numerical coefficients. Their numerical evaluation is fast
and their combination covers the whole kinematic range.
The counterterms are known in analytic form and allow for
a flexible construction of finite expressions in different
renormalization schemes.

We define the external vector, axial-vector, scalar, and
pseudoscalar currents via

Ju =W,

Ju =Wrasy,

J=myy,

JP = imipysy. (1)

The heavy quark mass m has been introduced in the scalar
and pseudoscalar currents for convenience such that all
currents have vanishing anomalous dimensions [1].

The three-point functions with an external quark-
antiquark pair, which result from the currents in Eq. (1),
can be decomposed into six form factors given by

i
Ti(a1,2) = F{(¢°)1, = 5, F5(47) 0",

1
I'%(q1.q2) = F?(qz)ws—%FZ(qz)qﬂys,
(g1, q2) = mF*(q?),

I7(qy,q5) = imF?(q?)ys. (2)
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Here the momentum ¢; (g,) is incoming (outgoing) and
g = q, — g, is the outgoing momentum at the current j°
with ¢> =s. The external quarks are on-shell, i.e.,
g3 = g5 =m?, and we have o* =i[y*,y"]/2. We note
that in all cases the color structure is a simple Kronecker
delta in the fundamental color indices of the external quarks
and not written out explicitly.

We distinguish singlet and nonsinglet form factors. In the
first case the external current couples to a closed quark loop
which is connected to the quark line in the final state via
gluons. In the nonsinglet case the external current couples
directly to the final-state quarks. In this paper we consider
the complete nonsinglet contributions as well as those
singlet contributions where the closed quark loop has the
same mass as the external quarks. While we consider all
four currents in the nonsinglet case, we only consider the
vector, scalar, and pseudoscalar currents in the singlet case.
The proper treatment of the axial-vector contribution
requires the singlet contributions with a massless closed
quark loop, which is postponed to the future.

We define the perturbative expansion of the scalar form
factors as

F=S F0 (“i”)) (3)

n>0

where at lowest order we have F© = F¢(0 = ps.(0) =

Fr® =1 and Fy = F#% = 0. The three-loop non-
singlet form factors can be decomposed into the ten
color factors

{C3 s Cpci, C%:CA, C%Tpn], C]:CATFI’ZZ, CFT%nZZ,
CFT%nlnh, C%TFnh, CFCATFnh, CFT%:I’li}, (4)

where Cp = Tp(N%—1)/N¢ and C4 = 2TpN are the
quadratic Casimir operators of the SU(N.) gauge group in
the fundamental and adjoint representations, respectively,
n; is the number of massless quark flavors, and T = 1/2.
For convenience we introduce n, = 1 for closed quark
loops which have the same mass as the external quarks.
The singlet form factors start at two-loop order. Due to

Furry’s theorem the vector form factor is nonzero only at
5,(2)

three-loop order, but there are nonzero results for F
and F7'%)

sing
the color factors

. For the three-loop singlet form factors we have

{CETpny,, CpCuT pny, CpTing, CpTEmny, ny (d*€)? /N ¢},

(5)

'Also the two-loop singlet axial-vector form factor is nonzero.
However, it is not considered in this paper.

where (d“%¢)? = (N2 —1)(N% —4)/(16N¢) arises from
Feynman diagrams in which the closed fermion loop
is connected to the external quarks by three gluons [see
v,(3)

1,sing

Fig. 1(d)]. This is the only color structure present in F

and F ;iifg
form factors do not have this color structure.

Two-loop corrections to the vector form factors have
been computed about 20 years ago, first in the context of
QED [2,3] and later also for QCD [4] (see also Ref. [5]
for the fermionic contributions). Several groups have
provided cross-checks and computed higher order terms
in € [6-10]. Higher order perturbative contributions in the
high-energy limit of the form factors have been predicted
in Refs. [6,8,11] using renormalization group equations.
Two-loop axial-vector, scalar, and pseudoscalar contribu-
tions have been computed in Refs. [9,12—-14].

Analytic three-loop corrections to the form factors
have first been considered in the large-N limit [7,15-17]
where only planar integrals have to be computed. The first
nonplanar contributions appear in the light-fermion con-
tributions which are available from Ref. [10]. In Ref. [18]
all contributions with a closed heavy quark loop have been
considered and around 2000 expansion terms around s = 0
have been computed. Let us also mention that all-order
corrections to massive form factors in the large-f, limit
have been considered in Ref. [19], where f3, is the one-loop
correction to the QCD beta function.

In Ref. [20] we computed the first complete results to our
knowledge for the vector form factors Fj and F'} taking into
account all color factors and covering the whole s range. In
this work we present details of the computational method
and extend the results to the axial-vector, scalar, and
pseudoscalar currents. We present results for the nonsinglet
contributions, where the external current couples to the
quarks in the final state. In this case it is possible to use
anticommuting ys. Furthermore, we consider the singlet
contributions, where the external current couples to a
closed massive quark loop. For the treatment of ys in
the pseudoscalar singlet case we follow Ref. [21]. Sample
Feynman diagrams for the heavy-quark form factors are
shown in Fig. 1.

Form factors with massless external quarks are available
to higher order in perturbation theory. They have been
computed to three-loop order in Refs. [22-27]. Recently
even four-loop corrections became available [28-37]. In
Ref. [38] three-loop singlet corrections to massless axial-
vector form factors have been considered where the
external current couples to a massive closed quark loop.

The remainder of this paper is organized as follows: In
Sec. I we describe the setup used for the computation of
the amplitudes for the form factors. In Sec. III we describe
our approach for the construction of the approximations
of the master integrals. Section IV is dedicated to the
singlet form factors and the renormalization and infrared

On the other hand, the scalar and pseudoscalar
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(a)

(d)

FIG. 1.

(©

®

In (a)—(f) sample diagrams contributing to the form factors are shown. Solid, dashed, and curly lines represent massive quarks,

massless quarks, and gluons, respectively. The blob refers to one of the external currents given in Eq. (1). In (d) a representative for the

singlet contribution. Here the quark in the closed loop is massive.

subtraction is discussed in Sec. V. Our results are presented
in Sec. VI. We conclude in Sec. VII. Supplementary
material is relegated to the appendixes. In Appendix A
we provide results for the three-loop on-shell integrals with
special emphasis on the higher order terms in the e
expansion, which we needed as boundary conditions to
determine the master integrals. Appendix B contains the
collection of the plots which show the accuracy of the pole
cancellation, and in Appendix C we present semianalytic
expansions around s = 0, 4m?, and oo.

II. REDUCTION TO MASTER INTEGRALS
AND CHOICE OF BASIS

In this section we provide details for the nonsinglet
form factors; the discussion for the singlet form factors is
postponed to Sec. IV.

We generate the amplitudes with QGRAF [39] and use Q2E
and Exp [40-42] to rewrite the output to FORM [43] notation
and map each diagram to a predefined integral family.
In this way we can express the form factors as linear
combinations of scalar Feynman integrals with 12 indices
where 9 correspond to the exponents of propagators and the
remaining 3 to the exponents of irreducible numerators.
In total we have 34 different integral families.

Before performing the reduction of the Feynman inte-
grals contributing to the form factors, we improve the basis
by getting rid of those denominators in the coefficients of
the master integrals which are multivariate polynomials.
Since the ratio s/m? is the only kinematic variable, it is

possible to find a basis such that the denominators
completely factorize into univariate polynomials of either
s/m? or d [44,45]. Moreover, it turns out that we can
choose a basis such that all polynomials of s/m? in the
denominators are linear polynomials raised to some power.
We call this basis good in the following. To construct this
basis we first reduce all integrals up to the top-level sector
and with up to two dots for every integral family individu-
ally with the help of KIrRA [46,47] employing FERMAT [48].
As the initial basis we simply take the default master
integrals found with the integral ordering 6 of KIRA; i.e., the
sectors are primarily ordered by the number of lines, and
dots are preferred over scalar products. These reduction
tables then serve as input to search for a good basis for
every family with the help of an improved version of
ImproveMasterm developed in Ref. [44].2 The construction
of a good basis takes about three hours for the most
expensive families, and almost all of that runtime is spent
for the reduction.

The actual reduction of the integrals for the form factors
is also performed with KIRA employing FERMAT. First,
we reduce the integrals for every family individually to the
good basis of this family. The most expensive families run
for about a week on eight cores and require about 200 GiB
of memory. The resulting reduction tables, especially the
denominators, are simplified by using Mathematica to

*We thank A.V. Smirnov and V. A. Smimov for giving us
access to their development version.
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factorize the expressions which is not done by KIRA and
FERMAT. Second, we employ symmetries between the
families to reduce the number of master integrals. To this
end we sort the families by the ascending number of master
integrals and use KIRA to reduce the good master integrals
for every family to those of easier families if possible. This
reduces the number of master integrals from 3131 to 422.
Of these master integrals, 136 are needed for the fermionic
contributions with at least one closed massive or massless
quark loop. This step takes about one day and can be done
in parallel to the individual reductions of all families since
the nonminimal good basis is already known.

We set up the differential equations for the master
integrals by differentiating the master integrals with respect
to s/ m? with the help of LITERED [49,50] and reducing the
resulting integrals again to master integrals with KIRA. Also
this step is performed on a per-family basis, and the already
known symmetry tables are only inserted in the very last
step. The construction of the differential equations takes at
most a few hours per family. The only complication at this
point is that a few blocks on the diagonal of the system of
differential equations contain unfavorable pole structures
that prohibit a solution of the master integrals as series in €.
However, this problem can be solved by searching the
available reduction tables for integrals in the affected
sectors with a pole in front of one of the master integrals
of the same sector. Inverting the relation, i.e., switching
integral and master integral, thus introduces a positive
power of € and improves on the pole structure [51]. By
repeating this step all sectors can be made solvable. For our
problem this can be achieved without spoiling the good
properties of the basis. Let us emphasize that we explicitly
did not try to get rid of all poles in our reduction tables
because this would most certainly spoil the good properties.

III. METHOD

In order to (numerically) solve the master integrals we
apply the method of analytical expansions and numerical
matching introduced in Ref. [52]. Let us briefly summarize
the basic idea:

(i) After establishing a system of differential equations

for the master integrals, we calculate initial values at
a kinematic point where the integrals simplify.

(ii) We construct an analytic series expansion around
this kinematic point by inserting a suitable ansatz
into the system of differential equations, reexpand-
ing in € and around the special kinematic point,
establishing a system of linear equations for the
expansion coefficients, and solving it in terms of a
small set of boundary coefficients. We use the
information from step (a) to fix these coefficients
analytically.

(iii) Construct an analytic expansion around a neighbor-
ing kinematic point. Here we cannot fix the boun-
dary constants analytically, but we can evaluate both

expansions at a kinematic point where the radii of
convergence of both expansions overlap and use
these values as numerical initial conditions.

(iv) Repeat this procedure until the whole kinematic
interval of interest is mapped out with partially
overlapping series expansions.

In the following we give details on how we applied this
method to the calculation of the massive form factors. We
concentrate on the nonsinglet form factors; details for the
singlet form factors are provided in Sec. IV.

A. Calculation of initial values

For our initial expansion we choose the value s = 0. At
this point the master integrals simplify to on-shell propa-
gator integrals which are well studied in the literature
[24,53,54]. However, one obstacle in obtaining the initial
values for our system of differential equations is the
appearance of high spurious poles in the dimensional
regulator € in the physical amplitude and the differential
equation. This requires the knowledge of some master
integrals beyond the order given in Ref. [24]. The same
problem was also encountered in Ref. [18], where a subset
of integrals was already obtained to sufficiently high order
in €. We extended the calculation of the remaining integrals
to the order in ¢ needed in our approach. Details on the
calculation and the results are given in Appendix A. We
note that due to the spurious poles of O(1/e®) we need
some integrals up to transcendental weight 9; however, in
the physical amplitude all contributions with weight higher
than 5 cancel.

B. Construction of series expansions

In order to construct series expansions around specific
values of s we insert a suitable ansatz into the differential
equation, reexpand in € and around the chosen value of s,
and construct a system of linear equations for the expansion
coefficients of the ansatz by equating coefficients. The
suitable ansatz can be found from physical considerations.
We only have three kinematic points with nonanalytical
expansions. They correspond to the two-particle threshold
s = 4m?, the four-particle threshold s = 16m?, and the
high-energy expansion s — 4-c0. For these three expansion
points we have to use a power-log ansatz. Since the
threshold expansions are governed by the particle veloc-
ities, we use the variables z = v4 — s and z = /16 — s for
the two- and four-particle thresholds, respectively. The
ansatz for a master integral /, is then given by

© ito

In = i Z Z Cn,i,j,meizj lnm(z)' (6)

i=—0 j=—k m=0

For the present three-loop problem we have 0 = 3, and we
choose k = 10 as a conservative lower bound. In principle
both lower values depend on the master integral and can be
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determined beforehand. In practice, we choose them uni-
formly for all master integrals for simplicity. The high-
energy expansion can be performed in the variable
z = 1/(—s), but one has to allow for Sudakov-like double
logarithms in the ansatz. The upper summation variable of
the sum over m in Eq. (6) therefore has to be modified to
i+ 20. All other expansions are given by simple Taylor
expansions in the variable z = sy, — s, with s, the value we
want to expand around. Thus, the sum over m can be
dropped and k£ = 0.

The resulting system of linear equations, which does not
contain any variable anymore, is solved by KIRA together
with FERMAT or FIREFLY [55,56]. For the use with FIREFLY
we use a special version of KIRA which allows the efficient
use of finite field methods and rational reconstruction even
for systems without variables. We make sure to prefer
boundary constants corresponding to low powers of z and €
in the ansatz when solving the system.

C. Numerical matching of neighboring expansions

Once we have found the symbolic expansion around
s = 0, we can use the previously calculated initial values to
fix the remaining boundary constants. This results in an
analytic expansion of the master integrals around s = 0,
where we calculated 76 terms in the expansion. In the next
step we construct a symbolic expansion around s = 1. For
s =1 the boundary constants cannot be easily fixed
analytically. However, since the radii of convergence for
the expansion around s = 0 and s = 1 overlap, we can use
the numerical evaluation of the expansion around s = 0 at
s = 1/2 to obtain numerical boundary conditions for the
expansion around s = 1.

In practice, we equate the expansions around s = 0 and
s = 1 after setting s = 1/2 to obtain a linear system of
equations for the remaining boundary constants in the
s = 1 expansion. For analytical values at s = 1/2 this
system has a unique solution. However, due to the finite
numerical precision this is not the case anymore, and we
have to be careful in solving the system. We proceed in the
following way:

(1) In order to get numerically more stable results we
rationalize the numbers in the system with a preset
accuracy.

(i) We sort the equations with an ascending number of
appearing boundary constants, start by solving the
equations one by one, and insert the solutions back
into the remaining equations. After inserting we
rationalize again to the preset accuracy in order to
avoid bigger and bigger rational numbers. Further-
more, we set numbers with absolute values smaller
than a threshold to zero. This is important, since
sometimes boundary conditions in the system are
multiplied by very small numbers of the order of the
preset accuracy. If we accidentally solve for these
constants, we introduce large values into the system

of equations which render the solution of the
system unstable.

(iii) Sometimes after reinserting relations, which have
been found before, back into the system, equations
with no boundary constant remain. In an analytic
matching these numbers would be identically zero.
We use the absolute value of these remaining
numbers to judge the accuracy of the matching.

To evaluate the stability of the final solution we solve the
systems twice: once with rationalized coefficients with an
accuracy of 500 digits and setting all numbers smaller than
1071 to zero and once with rationalized coefficients with
an accuracy of 100 digits and setting all numbers smaller
than 107" to zero. We find agreement of both runs with the
expected accuracy of ~100 digits.

D. Mapping out the kinematics

In previous calculations of the form factors the variable x
defined by

(7)

has been used. This choice of variable maps the special
points of the physical amplitude corresponding to low
energy (s = 0), production threshold of two heavy quarks
(s = 4m?), and the high-energy limit (s = £o0) to the
points x = 1,0, —1, and, up to two-loop order, allows one
to express the final result in terms of harmonic polylogar-
ithms. However, in our approach it turns out that the
variable x is not a good choice. One problem we encounter
is that the production threshold of four heavy quarks, which
starts contributing at three-loop order, is mapped to
x =4/3 -7~ —0.072. As a consequence the expansion
around x = 0 has a very small radius of convergence and
large numerical coefficients appear in the expansions,
making the numerical solution less stable. In addition,
we also have to construct expansions around the value of
the new threshold. In principle this can be achieved by
defining the square root as a symbol before passing the
system of equations to KIRA. However, this complicates the
solution of the system considerably. We therefore choose to
do the expansions in the variable s.

To obtain the results for the nonsinglet3 form factors
over the whole real axis we construct expansions at the
values of
So

— = {—00,-32,-28,-24,-16,-12,-8,-4,0,1,2,
m

5/2,3,7/2,4,9/2,5.6,7,8,10,12, 14, 15,16, 17,
19,22,28,40, 52} (8)

The information for the singlet form factor is provided in
Sec. IV.
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starting from our initial expansion at s = 0.* The numerical
matching between two neighboring expansions is always
done close to the center of the interval. Some of these
values are chosen to correspond to additional, unphysical
poles in the differential equation which we observe at

= {4, -2,-1,-1/2,1/2,1,2,3,16/3}.  (9)
m

However, it turns out that these additional poles are all
spurious and do not spoil the convergence of the series
expansions. Thus, expansions around s/ m? = 4,16, co are
in principle sufficient to construct the form factors at
arbitrary values of 5. However, we find that this approach
suffers from a slow convergence of the individual series
expansions close to the singular points, which means that
very deep expansions are required to get decent accuracy
at the matching points. Since very deep expansions are
expensive in our approach, we trade the expansion depth
with more expansions at intermediate points with a default
expansion depth of 51 terms. These intermediate points
are all Taylor expansions and therefore quite inexpensive
to calculate.

For series expansions close to a singular point we
employ Mobius transformations, which have already been
discussed in Ref. [57]. Assume we want to expand around
the point x; and there are singular points of the differential
equations at x;_; and x| with x,_; < x; < x;. Naively
the radius of convergence is limited by the distance to the
closer singular point. However, the variable transformation

_ (x = x) (Xpes 1 = X41)
= (20 = 201) (o = X)) + (X =202 1) (X1 — ) (10)

maps the points x,_;, x, x4 to —1, 0, 1. The radius of
convergence of the series expansion is therefore extended
into the direction of the farther singularity although the
convergence at the boundaries can be quite slow. For
example, we construct the expansion around s/m? = 7/2
in the difference x = 7/2m? — s, but afterwards reexpress
the result in

_ Tm* —2s
25 —9m?*’

y (11)

While the expansion in the variable x converges for
s € (3,4), the convergence for the expansion in y is
increased to s € (—o0,4), making the evaluation at the
matching point s = 15/4 much more precise.

Let us comment on the resources needed to construct
the series expansions in our approach. To set up the system

4Compared to Ref. [20] we have added an expansion for
s/m? = 52.

of linear equations for the construction of the series
expansions we use Mathematica and can trivially paral-
lelize this step over all master integrals. For the most
complicated master integrals this step takes around 1h on a
single core. The solution of the resulting system for a
simple Taylor expansion over one prime field takes around
6 h and requires about 50 GiB of memory. In total around
50 evaluations are needed which can all run in parallel. The
power-log expansions are more expensive to compute. Due
to the Sudakov-like double logarithms the high-energy
expansion is the most involved. Here the solution of the
linear system of equations over one prime field takes
around 10d with a memory requirement of 250 GiB, but
again the evaluation over 50 prime fields is enough to
reconstruct the full result.

The idea to utilize the associated system of differential
equations to obtain expansions or numerical evaluations of
the master integrals has received a lot of attention especially
in the recent past [57-63], and there are even public
packages available which implement different algorithms
[64—67]. However, most of them have restrictions on the
structure of the system of differential equations (e.g., it has
to be triangular for SeaSyde [67] or Fuchsian without
resonances for DESS [64]) or on the solution (e.g., only
formal power series [60]). Some methods also lack the
proof that they can handle complicated physical problems
with a few hundred master integrals. Here, we show that the
method laid out above can be used to compute a nontrivial
quantity, namely the massive form factors at three-loop
order in QCD, and we obtain precise numerical results over
the whole parameter space.

IV. SINGLET CONTRIBUTIONS
TO THE FORM FACTORS

In this section we discuss the calculation of the singlet
contribution to the three-loop massive QCD form factors,
i.e., contributions of the type shown in Fig. 1(d) where the
current couples to a closed heavy-quark loop. We present
results for the vector, scalar, and pseudoscalar cases. The
axial-vector contribution is anomalous and needs the
inclusion of singlet diagrams where the current couples
to a closed light-quark loop. Since many of the technical
details of the calculation closely follow the nonsinglet
case, we only discuss them briefly. We put special
emphasis on the computation of the boundary conditions
in the limit s — O since the calculation is different from
the one in the nonsinglet case. Results for the singlet
contribution are shown in Sec. VI together with the
nonsinglet case.

To generate the amplitude in the singlet case we need
17 different integral families. The resulting list of scalar
integrals is again reduced with KIRA and FERMAT where we
find 316 master integrals after symmetrization over all
families. In this case we not only make sure to reduce to a
good basis, but in addition reduce the number of spurious
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poles in ¢e. This is achieved with an improved version of
ImproveMasters.m. Afterwards we again establish a closed
system of differential equations with the help of LITERED
with subsequent reductions using KIRA. Overall the reduc-
tion of the singlet diagrams is significantly simpler than the
one in the nonsinglet case.

In principle the whole method discussed in Sec. III can
be directly applied to the singlet diagrams. However, the
calculation of the boundary conditions at s = 0 is more
involved, since the singlet diagrams can possess massless
cuts. Hence, a simple Taylor expansion around the limit
s =0 is not sufficient, but we have to perform an
asymptotic expansion. We realize the asymptotic expansion
by the method of regions [68,69], where the relevant
regions can be found with the program Asym [70].

Applying ASYM to the singlet master integrals we find
that there are regions with three different scalings:

(i) region 1: I ~y~0¢

(i) region 2: I ~y=2¢

(iii) region 3: I ~y™4
with y = \/—s/m?. Region 1 corresponds to the hard
region, where we can naively expand the integrands around
s = 0 and apply the same procedure as for the nonsinglet
diagrams to obtain the boundary conditions.

The expansions in the two soft regions 2 and 3 do not
permit a straightforward diagrammatic expansion. In
order to calculate the boundary conditions in these
regions we perform the expansion on the level of the
integral representation in terms of a parameters and use
direct integration methods to solve the occurring inte-
grals. Let us exemplify the calculation of the boundary
conditions for the two soft regions for the most involved
master integral J we encounter. The corresponding graph
is shown in Fig. 2.

The Symanzik polynomials ¢/ and F for this diagram are
given by

U = as((as + ag)ag + ar(as + ay + ag)
+ ay(a3 + ay + ag)). (12)

FIG. 2. The graph corresponding to master integral J. Full
(dashed) lines correspond to massive (massless) scalar propa-
gators. The dot represents the influx of the external momentum gq.

F = maqasag(—s) + as((a; + ay + ag)ag
+ (a% + ((15 + 2(16)(13 + (15((14 + aﬁ))al
+ ((Z% + 5003 + (1405)(16

+ a3 + asaz + as(ag + ag)))m?, (13)

and the master integral can be written as

w /.6
J = da; \ U2~ F/M, 14
J;" (e a9

With the help of AsyM we find the possible scalings of
the a-parameters to be {0,0,0,0,0,0} or {—1,-2, -1, -2,
0,—2}. The first scaling corresponds to the hard region,
which we can calculate with the same method as in the
nonsinglet case. We obtain

7 1 72 797*  Tn?
Jo=eeed Ty 2o 1 T peg, 4+ 8 T
e {662+€<CS+2>+ S 360 T 6

572 797 522
+€< ”3§3+14§3+36§5+—”+i>

120 2

1774375

2 2 2
te <6C3 + 5L + 300 + 10885 + oo

553z*  31x? 3
+360+6)—|—O(€ )} (15)

The second scaling corresponds to region 3, which can be
seen by applying the scaling relations to the integrand in
Eq. (14). In this region the ¢/ and F polynomials reduce to

F3 = as(agas + ax(ag + ag)), (16)

Uy = as(masag(—s) + ((as + ag)ai + 2a3a5a1:

+ (03 + aya5)ag + ap (03 + as(ay + ag)))m?). (17)

To obtain our boundary condition in region 3 we therefore
have to solve the integral

Iy = Am Cl dai) (Us)2 2 exp (—Z—j) (18)

The a parameters «a;, a,, and as can be integrated using
the formulas

/oo daa’exp (—Aa) =T (1 +a)A7'7¢,  (19)
0

/Dodaa“(l oy _T(1l+al(-1-a-b) 20

0 [(=b)

together with suitable rescalings of the integration varia-
bles. In the end we are left with

034029-7
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I'(e = 1)I"(2 © ©
J3:y_4e—(€ 2) (G)A da3[) day

o aag (s + ay(1 4 ag))*!
X dag 5 .
0 ay + as + 20306 + a5(1 + a)

(21)

The remaining integrals cannot be further reduced by
applying the formulas in Egs. (19) and (20). We find it
convenient to integrate Eq. (21) with the help of the
program Hyperlnt [71], since the divergent pieces for
€ — 0 are already factored out into the I" functions and
the integrand can be simply expanded in €. After perform-
ing the integrals the result is given by

T = yden2p-3rse 17 13”2_£
3= 62 6e ' 72 6
50, 259 9172
P i B i il
6 6 ' T
413¢, 1555 55972 3767
2 _ O 3
+€<6 6 72 tgea0 ) TOE) [

(22)

Region 2 does not contribute to the master integral J, so we
have J, = 0. The complete boundary condition can be
obtained by adding up the contributions of all regions:

Note that for regions 2 and 3 for all other boundary
conditions the formulas in Egs. (19) and (20) are sufficient
to obtain the boundary in terms of I" functions and therefore
exact in e.

After all boundary conditions for all three regions are
found we again obtain analytic series expansions around
s = 0. In the singlet case we calculate symbolic expansions
at the values of

S—02 = {—00,-32,-28,-24,-16,-12,-8, -4, -3, -2,
m

~1,0,1,2,3,7/2,4,9/2.5.6,7.8,10,12, 14, 15,
16,17, 19,22,28,40, 52} (24)

and match numerically again starting from our initial
expansion at s =0. The singular points at s/m”>=4,16,c0
are shared among the singlet and nonsinglet cases. For the
singlet diagrams also the point s = 0 is a singular point,
and we need to perform a power-log expansion. Let us
mention that in the singlet case the differential equation has
the additional unphysical poles

= {=4,-2,-1/2,0,1,2,4,4 £ 8i,16/3,12,16}. (25)
m

V. ULTRAVIOLET RENORMALIZATION AND
INFRARED SUBTRACTION

The form factors develop both ultraviolet (UV) and
infrared (IR) divergences. To account for the UV diver-
gences we have to renormalize the quark mass, the strong
coupling constant, and the wave function of the external
quarks. We denote the UV-renormalized form factors by
FUYVrn which still have poles in e of IR nature. They are
taken care of with the help of an IR renormalization factor
in minimal subtraction, Z, which is constructed from the
QCD beta function and the cusp anomalous dimension
(see, e.g., Ref. [7]). It is convenient to consider log Z which
is given by

logZ
_ )Ty | (@) (Aol _Taw
T 2e P 16€2 4e
(6N (_PiPes | AT + 4Pl _ T
7 96¢3 96¢? 6e )’
(26)
with
11 4
bo = ?CA - §TFnl»
34 20
b= 3 Ci —4CpTpn; - 3 CaTpny. (27)

ng)sp are the expansion coefficients of the cusp anomalous
dimension defined through

i QA i
Fcusp = Zrc(:u)sp (77:) . (28)

i>1

The cusp anomalous dimension in QCD is available to
three loops from Refs. [72-75].
Using Z, we can define a finite form factor via

FOVren — 7/, (29)
Spelling out this equation leads to

Ff — Z—lFUVren

_ Z—](F(l+2+CT) + F(3)), (30)
where FU+2+CT) contains the exact one- and two-loop
expressions (including higher orders in ¢) and the three-
loop counterterm contribution. The quantities Z and
FU+24CT) are expressed in terms of harmonic polylogar-
ithms, which depend on the quantity x defined through
s/m?>=—(1-x)*/x. F® is the

bare three-loop

034029-8
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contribution, the main result of this paper. We construct
numerical approximations valid in the whole s/m? range.

The one- and two-loop results for the form factor

are available to orders ¢ and €', respectively (see, e.g.,
Ref. [15]), which is necessary to obtain the finite contri-
butions at order a’. One has to take into account the
following counterterms, which are well established in the
literature (see, e.g., Refs. [76-79]):

(1) a4 in the MS scheme up to two loops. This is a
multiplicative renormalization. Since the one- and
two-loop form factors and the counterterms are &
independent also the induced three-loop terms are &

independent. We express our final results in terms

of a&"’ ), the strong coupling constant with n; active

quark flavors.

(ii)) Wave-function renormalization in the on-shell
scheme to three loops. This is a multiplicative
renormalization. Note that Z9S has a ¢ dependence
at three loops in the color factors CpC% and
CFCA TFI’lh.

(i) Quark-mass renormalization in the on-shell scheme
to two loops. Since we have for the external
(anti)quark momenta ¢ = g5 = m?, a multiplica-
tive renormalization in the bare one- and two-loop
expressions is not possible. Instead, one has to
generate and compute one- and two-loop counter-
term diagrams with explicit mass insertions. While
the mass counterterms themselves are £ independent,
linear and quadratic £ terms are generated from the
mass insertions nonetheless.

(iv) The anomalous dimensions of the vector and axial-
vector currents vanish, and thus no renormalization
is needed. The anomalous dimensions of the scalar
and pseudoscalar currents only vanish because of
the additional factor m in Eq. (1), which has to be
renormalized. We choose to renormalize this factor
in the MS scheme.

The MS renormalization constants only contain pole
parts, whereas for the on-shell quantities also higher order ¢
coefficients are needed since the one- and two-loop form
factors develop 1/€ and 1/€? poles, respectively.

We use the results from Ref. [15] and obtain exact results
for the three-loop counterterm contributions. We expand
the expression for s — 0 and check the cancellation in this
limit analytically.

In principle we have to expand the counterterm con-
tributions also around all other values of s for which we
perform expansions. However, this can be quite tedious
since we have to expand the iterated integrals around quite
involved arguments. Instead, we check the pole cancella-
tion numerically using the approximated bare three-loop
form factors, the exact results for the counterterm contri-
butions, and the exact result for the cusp anomalous
dimension. We observe that the poles cancel with a relative

precision of at least nine digits in the whole s range. This is
discussed in more detail in Sec. VI A.

Note that the singlet contributions start at two loops.
Apart from that the renormalization proceeds in the same
way as for the nonsinglet case. Since the singlet contribu-
tions to the vector form factors vanish at two loops due to
Furry’s theorem, its three-loop amplitude is already finite
and does not need to be renormalized.

VI. RESULTS

In this section we present our results for the three-loop
corrections of the massive form factors. First, we discuss
how we estimate the uncertainty of our numerical results
and which cross-checks we have performed to validate
them. We then discuss the static and high-energy limits as
well as the two-particle threshold and present the leading
terms of these expansions. Furthermore, we comment on
the behavior of the four-particle threshold. Finally, we show
plots for the form factors over the whole kinematic range.
This is accompanied by a numeric package to evaluate the
form factors as the main result of this paper. Unless stated

otherwise we choose for the renormalization scale > = m?.

A. Estimation of the accuracy and cross-checks

We estimate the precision of our result from the
numerical pole cancellations of the renormalized and
infrared-subtracted form factors: At each random sample
point, for every color factor, and for every order in €, we
add the numerical bare results and the numerical evalua-
tions of the counterterms as well as Z defined in Eq. (29)
and divide by the absolute value of the counterterms and Z:

FO)|, + FCT+2)|,
S(F o) = F(CT+2)| : (31)

el

This corresponds to the precision of the pole terms. Real
and imaginary parts are checked separately.

For illustration we show the cancellations for the three
nonfermionic color structures Cy, C3C,, and CpC}

of F f'(3> in Fig. 3. Figures for the nonfermionic color
structures of the five remaining form factors can be found in
Appendix B. Since the precision of the fermionic color
factors is much better, we refrain from showing the
associated plots. In general we observe a progression in
the orders of ¢; i.e., the 1/e73 poles cancel with the highest
precision, and we lose some digits with every higher order.
Sometimes, this general progression is violated, usually if
the value of the color factor changes sign and crosses zero.
These zero crossings are visible in the plots, because the
precision slowly decreases and then slowly increases again;
see for example the region around s ~ —20m? for the real

part of the color factor C3 of F"/ %) in Fig. 3(e).
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FIG. 3,
of F/"®) [cf. Eq. 31)].

Let us now analyze the four physical regions s < 0, 1)
0<s <4m? 4m?> < s < 16m?,and 16m> < s separately in
more detail. In each region we provide the minimal precision
over all color factors and form factors. Since the form factors
are very small close to zero crossings, we also provide the
minimal precision when removing all points for which the
size of the coefficient is smaller than 2.5% of the average in
the region. In addition, we discard all points close to the (i1)
Coulomb singularity, i.e., 3.95m? < s < 4.05m>.

034029-10
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Relative cancellation of the real, (a), (¢), (e), and imaginary parts, (b), (d), (f), of the poles for the nonfermionic color structures

In the region s < 0 we sample over 250 randomly
chosen points for —100m? < s < 0. The poles gen-
erally cancel with at least 15 digits for the 1/e73
poles, at least 10 digits for the 1/e~2 poles, and at
least 10 digits for the 1/e poles. Removing the
points close to the zero crossings, this improves to
15, 12, and 11 digits, respectively.

The region 0 < s < 4m? is the most precise one: For
the 1000 random sample points, the poles cancel
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(iii)

(iv)

with at least 17, 14, 12 digits for the 1/e73, 1/e72,
1/e poles, respectively. Removing the points close to
zero crossings with the threshold chosen above does
not improve the precision. However, these reported
worst pole cancellations all belong to the power-log
expansion around the two-particle threshold at
s = 4m?. For 0 < s < 3.75m? our precision is well
beyond 20 digits as can be seen in the figures.
The region 4m?> < s < 16m? between the thresholds
at s = 4m? and s = 16m? is least precise: For the
1000 random sample points, the poles of the real part
only cancel with at least 11, 11, 8 digits for the
1/€73, 1/€72, 1/e€ poles, respectively, and the poles
for the imaginary parts with 12, 6, 6 digits. Remov-
ing the points close to zero crossings mildly im-
proves the precision of the real part to 13, 12, 9
digits. The imaginary part, on the other hand,
significantly improves to 14, 11, 9 digits.

The region 16m” < s becomes more precise again,
since it is matched from +oo. For the 250 random
sample points between 16m> <s < 100m?, the
poles cancel with at least 14, 13, 8 digits for real
parts of the 1/e3, 1/e72, 1/e poles, respectively,
and with 15, 11, 8 digits for the imaginary parts.

CACFTFnh
1
~—~ —10 A €
—
-
<z 7197
iF
— 20
= }
S~——
= 95 e o
] oo R P S S —
0 .t
2 —30 1
-
—100 —50 0 50 100
s/m?
(a)
C%Tpnh
1
~—~ —10 A1 &
—
-
2
:%a —15 1
— 901
~
S~——
= 951 : £
3 4N 5%
o e [ YRR ) | -
g _304 . SR
/
—100 —50 0 50 100
s/m?

This improves to 14, 13, 10 digits for the real part

and to 15, 11, 9 digits for the imaginary part when

removing the points close to zero crossings.
Extrapolating these numbers to the finite terms, we expect
that our result is correct up to at least 7 digits away from the
zero crossings, with a much better precision for most color
factors and form factors over most parts of the real axis.

We have performed the calculation of the form factors
for general QCD gauge parameter £ and have checked that &
cancels in the renormalized form factors. Note that the mass
counterterm contributions depend on & which cancels
against the bare three-loop expressions. We have checked
the cancellation numerically and observe that the coeffi-
cient in front of & is of order 10~!® or smaller in most of the
phase space.

After specifying to the large-N limit via Cp — N/2
and C4, —» N we can compare the N3C terms against the
exact results from Refs. [7,10]. In this limit only about
90 planar master integrals contribute, and we observe a
significantly increased precision of our result. In fact, in the
whole s/m? region we can reproduce the exact result with
at least 14 digits. with the exception very close to
the singularity at s = 4. For example, for s = 3.9m” and
s = 4.1m*> we have an agreement of about 12 digits.

CACFTFnh
—1
~— —101 B
—
f\
Sy 151
:Léi 20
E _
=
Y ] P S N
0
S 301
0 20 40 60 80 100
s/m?
(b)
CIQFTFnh
—1
~—~ —10 1 -
—~
i—\
Sy 151
E
E _
= :
= 95
S K
g @ s wome anenm =B emsmes moae
< -301 vy g =
0 20 40 60 80 100
s/m?

(d)

FIG. 4. Relative cancellation of the real, (a), (c), and imaginary parts, (b), (d), of the poles for the color structures C,CrT rn, and
C2Tpny, of F:I) [cf. Eq. 31)].

sing
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We observe similar results for the light-fermion color
factors C%n;, C4Cpn;, Cpnyn;, and Cpn?, which we
compare against the exact results from Ref. [10], and the
n; terms where the exact expressions can be found
in Ref. [18].

For the singlet contribution there are no 1/¢* and 1/€3
poles from the counterterms. For the 1/¢ pole we have a

much higher precision as can be seen in Fig. 4 for the color

structures C4,CrTpn;, and C%Tﬂlh of ng.g'é(s).

We observe that the poles cancel with at least 20 digits,
and with several more digits for most regions of the phase
space. The cancellation for the other two color factors with
a second fermion loop is even more precise. Due to the high
precision we refrain from showing plots for these two color

factors and F’ g}i];;@)- As a conservative estimate we claim a
precision of at least 10 digits for the €” terms of the singlet
form factors. Since contributions to Fg, . only start at three-
loop order, we cannot check the pole cancellation in this
case. However, we do not observe any difference in the
behavior of the master integrals which only contribute in

this case and, thus, assume the same precision.

B. Analytic and numeric expansions

Next we present expansions around the special kin-
ematic points s =0 and s = toco0. For s=4m?> we
construct expansions for the cross sections and decay
rates, respectively. Such expansions around s = 0, 4m?,
and oo may serve as input for approximation procedures
as those based on Padé approximations (see, e.g.,
Refs. [80-82]).

1. Static limit: s — 0

In the static limit we construct an analytic expansion
including’ s% from the boundary values at s = 0. We
restrict ourselves again to the five color structures which are
not known analytically. All color factors as well as higher
orders in the expansion are available in the ancillary file
accompanying this paper [83]. For illustration we show the
results for F{ and F* in the main part of the paper and
relegate the remaining four form factors to Appendix C. For
the nonsinglet form factors the expansions up to s/m?” are
given by

pef @ _ 8 [ a1 171250 wGySSEy 70748295 347
[ v A R ) 3456 9 32 ' 288 10368 17280
195 97 ,, 29 40458, TR, 5Cs 7876
2ol opy 27 oy e, |- : 3_255 1070
48 720" 2T g0 | TCACE | T T S5 T o6 T ea 2187
1722852 67z% 14 67 ,, 51312%L] 18367¢; 17226,
_2 2l pp 20BN g5, - -
186624 ' 8640 24 ' 360 2880 1728 24
2505 13135 24463z> 303774 515 19 ,, 4957 324,
- _22 2 p o T, | -
8 20736 7776 25020 8 40" 2T g M| T CHF | T g
14412, 2273 105722 13z% 4 4 L 2 17a,
- S S Y Y R BV |
1728 1296~ 2430 1620 27 [ 277 2T g™ | T Crlalirm | =
17750, ¢ 5C; 23089 4813r% 803x' 1705 17 ., 149
864 18 ' 12 5184 ' 5184 ' 51840 ' 144 144" 27 108" 72
2
+ O<S—4> + n;,n?, and n} terms, (32)
m
. 4a, 491¢, 19726, 45¢5 26117 11932 6524 4 31 43
Fs.f.03) —C,Cx|=4 : 3 _ _ _ 2 Ty oy
o CACF| T3 T g 16 16 74608 " 576 43 18 37 2tigth
lla, 947¢, S17%¢, 6505 584447 3011z> 17974 114 11 49
C2C - — — — _ I 212 - 2[
e F[ 3 T 28 64 |32 124416 | 3456 | 3456 72 36" 2 1T
870, %0, S0 55 63x0 at B 1 15
C3 | 12q, + 2253 L 83 265 | 20 T2 _Spp_ 2y
N F[ “T e "6 T8 To6 102 Tag T2 2T TR

>We have a deeper expansion of the master integrals. However, there are spurious poles (in the nonsinglet case up to 1/s”) in the

amplitude which reduce the expansion depths for the form factors.
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17¢, 2083 5222 At B 8
CiTrn, |8 - — -2 2
TCF F”h[ WS Tam s 7073 3 BTk
1990, ¢y SC5 209857 43512 At B 1L, 32,
T —6a, — T53_ 055 _ it
+CrCa F”h{ 04 =4y T8 T8 Tiss2 1296 288 4 4t Tl
S [ o[ Ba 25156 29, 95¢s 11191 151012 374t 1 12592°  14094°L
ACFITT9 T304 T 144 48 41472 62208 4320 27 2160 | 1440

s [Sas 86750 T3rCy 125 851465 130417 | 689x' S 1 ,, 122532
+CICr |5 - - + - y22 o TR
4 710368 T 1152 ' 384 279936 186624 | 103680 ' 96 20 8640

3 [29as 124015 67°Ly | 85(s | 22613 6935527 1727 295 104375 | 40137l

o9 3456 288 | 32 | 41472 31104 ' 25920 216 1080 1080

8a, 9889(; 8059 42612’ 7xt log(2) 1 ,
T — — 12 2[
+Cilpn "[ o " 6912 5184 25920 1620 27 217 23T
Say 16570, 20y 5¢s | 2257 136637’ 121zt 5B 5, 55

CrC,T — — _ 2 12 - 2[

+CrCa F’”’{ 8 T 1728 T 06 96 ' 3888 25920 51840 432 432" 2 108" "
2

—|—(9< ) + ny,n? and n} terms, (33)

where [, = log(2), ay = Lis(1/2), and ¢, is Riemann’s zeta function evaluated at n. For s = 0 our results for F4(0) and
F¢(0) agree with Refs. [84,85], respectively. Note that for s = 0 the cusp anomalous dimension in Eq. (26) vanishes and

we have Z = 1.
The n,-singlet contribution to the scalar form factor reads

s.f.(3) 2
F = C,CyT - —— 2l
oo CARFLFT 36 4 4 54 7781 T30 T 36 36 g 7R

sing

{22514_'_113(3 n*¢y  5¢s 643 466z 187x* 1115 11 21 61 }

+ CETremy, [—% % % S;Zf—%—%é—l-gﬂzlz —%ﬂzlz]

+ CrTin; [—83& + 196 + 216%] + CpTony,n, [290 - %;[2]

+ E {CACFTFnh [E” Ly=m+ ;F; 246‘;”21 ] + CiTeny, L;} + CpTinym [% - éﬂzl\/—_s/m:| }
—%{CACFTFnh {_1?g4+ 3¢6—/m 18” ot - 11511£/,n_% %

429¢; 36617 12708229ﬂ2+2494529 13l§+ 13 , 2Jr29297:212
800 259200 6804000 518400 240 ' 240" 1350

34ay; l/=m  15083¢;  29z* 1568948377 3190951
15 8 172800 ' 2400 27216000 1036800
174 17 ,,  141772%, T 15314; 1661 3977
180 1807 2 1350 FUFM 1708 T 2592 7 8505
1 13l =/m 89 485 ars
- v=sim | 897 Hﬂo( m3s>, (34)

, 1 DNEs/m
+CFTFnhnl|: 9l¢—_s/m+ 54 972 648

+ C%:Tpl’lh |:

with [ =/, = log(\/=s/m). This logarithm as well as the expansion in powers of y/—s/m, instead of s/m? as for the
nonsinglet contributions shown above, originate from the massless cuts through singlet diagrams discussed in Sec. IV. The
results for the vector and pseudoscalar form factors can be found in Appendix C.
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2. High-energy expansion: s - —

Also for the high-energy expansion we focus on the color factors C3., C3Cy, CrC3%, C+Tpny,, and CpC4 T pny, and refer to
the literature [10,15] for the remaining fermionic contributions. The high-energy expansions of the nonsinglet form factors
up to m?/s read

Fud =8.3501C3C —20.762C4C% + 10.425C,C1Tpny, +4.7318C3 — 3.2872C2 T pm,,

+ [6.3561C2Cf — 4.0082C, C2 + 7.6917C,C Ty, + 3.4586C3 — 2.8785C2 T pny ]l

+ [<2.2488C2C + 0.51078C4 C2 + 2.2962C,C Ty, + 1.4025C3 — 1.8900C2 T ] 2
+ [<0.42778C2 C 4 0.90267C4 C2 + 0.33008C, C Ty, + 0.062184C3 — 0.55727C2 Ty, ) B
+ [0.035012C2 C 4 0.20814C4 C2 + 0.025463C, C - T pny, — 0.075860C3. — 0.086806C3T o1 |1+
+[0.019097C,C2 — 0.023438C3. — 0.0069444C2.T 1, |15 + [~0.0026042C3) 16

2
+ T (47.821C2Cp + 123.65C,C% — 52.115C Cp Ty — 92.918C — 5.2612C2 T e,
—S

+ [17.305C% Cpr + 2.3223C, C3 = 25.912C, Cr T gy, — 10.381C3 + 3.3633C2 T oy 1,
+ [8.0183C3Cyr — 19.097C,C% — 7.8739C,Cr-Tpny, + 4.9856C3. + 8.4570C3T |12
+ [1.9149C% Cpr — 6.8519C, C2 — 1.4464C, C Ty, + 3.0499C3 + 2.3758C2T oy |13
+[0.24069C% C — 0.91213C, C2 — 0.067130C,C Ty, + 0.67172C3 + 0.48843C2 T oy |14
+|

0.0043403C2 C- — 0.051389C, C2 — 0.0034722C 4 C; Ty, + 0.13229C3, + 0.0069444C.T | 13

4
+ [<0.00052083C2 Cf. — 0.0010417C, C3 + 0.0041667C3]16} 4 O (&) +n;.n? and n? terms,  (35)

§——00

2
Fol® = ’f—s {38.118C% C — 45.924C4 C3 + 32.493C,CrTpny, + 22.519C3 — 2.2135C3Tpn,,

—6.6042C3Cr — 29.110C,C2 + 11.444C4CTpny, + 13.611C3 + 0.099988CT pny )L
0.95557C5Cr — 7.0847C,C% + 1.4122C,CTpny, + 5.1299C3 — 1.2305C%Tpn,, )12
0.31532C%C + 0.16787C4C% + 0.037037C, CpT pny, + 0.90641C3. — 0.44444C2T pny ) 13
0.065972C,C% + 0.031250C3 — 0.069444C%T pny It + [-0.031250C3] 15}

m4

+ O(W) + ny,n? and n} terms, (36)
—s

+
+
+|
+|

Fa-f-(g’)

| = 8.3501C5Cr — 20.762C4C% + 10.425C,CTpny, + 4.7318C3 — 3.2872C%Tpn,

§—>—00

6.3561C%C — 4.0082C, C% + 7.6917CoCT gy, + 3.4586C3 — 2.8785C2T py)l;
2.2488C%Cp + 0.51078C, C% + 2.2962C 4 C T pnj, + 1.4025C3 — 1.8900C%T pny, )12
0.42778C5C + 0.90267C4C% + 0.33008C4 C T gy, + 0.062184C5 — 0.55727C:T gy |3
0.035012C%Cr + 0.20814C, C% + 0.025463C 4 C - T pnj, — 0.075860C3 — 0.086806C% T pn ] I1*
0.019097C,C% — 0.023438C3. — 0.0069444C%T pny ) I3 + [-0.0026042C3] 16

+
+|
+
+
+|

2
+ T 1257.129C2Cp + 113.95C, C2 — 59.667C,Cp Ty, — 59.120C% + 8.8792C2Tm,
—S

+ [10.011C2C + 41.904C, C2 — 35.338C,CTrny — 39.202C3 + 13.451C2Tpny)l,
+[2.2965C2 C + 8.6681C,C3 — 9.8312C, CTrny — 13.759C3 + 9.8343C2 T ony | 2
+ [=0.24620C2 Cy- — 0.66843C, C2 — 1.3242C,CTrny — 0.50775C3 + 1.8351C2T oy |13
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+ [~0.064891C%C — 0.17408C, C% + 0.011574C4C T pny, — 0.057746C3 + 0.40046CLT pny ] 13
+ [-0.0085069C% C. + 0.022222C, C3 + 0.0034722C 4 C T pny, + 0.067708C3 — 0.0069444CLT pny| 3

+ [0.00052083C2 Cr +0.0010417C,C% — 0.0041667C3] 15} + (9(

F§~f~,(3)

F5./.3)

Fpf.(3)

S§—>—00

§—=>—00

S——00

mt

(=s)?
{ —5.2743C3C + 34.122C,C% + 60.378C, CyTny, + 0.51545C3 — 14.591C2 Ty,

) + n;,n? and nj terms,

+ [ —44.280C%Cr + 6.7642C, C% + 32.524C4 CpTrny, + 8.6355C. — 16.414C%Tpny 1

+ [~9.8090C3 C - + 6.8860C,C% + 6.4028C4CrTpnj, — 0.26335C3 — 6.2035C3T pny) 2
+[-
+ |

—0.84028C2 C + 4.3484C,C% + 0.61111C4CpTrny — 0.32065C3 — 1.5556C2 T rny] 3

0.57292C, C3 — 0.34375C3. — 0.20833C3T |1+ + [<0.093750C3]15}

m4

+O<( B > + n;,n? and n? terms,
—s

= 25.519C2Cy — 16.796C,C2 — 3.3697C,CTpny, — 0.82112C3 + 0.46640C3T 1),

+

++++

[4.7139C3Cr — 5.0600C 4 C2 — 0.43937C4CrTpny, + 0.73034C3 + 2.0176CET pny)l
[0.20351C3Cr — 2.3029C,C% + 0.69548C,C T gy, + 1.0101C3 — 0.23908C%T pny, | 2
[-0.21771C%Cr — 0.26083C4C% + 0.17730C4C T pny, + 0.14235C3 — 0.14060C%T pny | 13
[~

[

~0.035012C2Cy + 0.064915C, C2 + 0.025463C, CTrny, + 0.041327C3. — 0.034722C2 T )| 1*

0.019097C, C2 — 0.0069444C2T pn, |15 + [~0.0026042C3] 16

+ m {~40.495C2 C- — 37.175C4C2 — 33.918C,CrTpny, + 32.272C3 + 1.5879C2 T,
—S

N
N
+
+

31.911C2Cr + 5.1716C,C3 — 28.235C,CTrny — 14.201C3 + 0.60352C2 Tyl
6.9504C2%Cyr + 20.896C4 C2 — 3.5948C,C;-T ), — 6.8796C3. + 0.96287C T vny,) 12
0.20466C2 Cr — 0.065462C, C% — 0.69163C,C T pny, + 1.1505C3 — 0.24638C3T oy | 3

[
[
[
[0.052838C3 C — 0.76691C, C3. — 0.69218C} + 0.27778CHT pmy 1% + [0.12500CH] 13 }

m
+O +n;,n? and n2 terms,
( 1 h

s)?

= 25.519C2Cy — 16.796C4C2 — 3.3697C,CTpny, — 0.82112C3 + 0.46640C3Tn,,

+

++++

[4.7139C% Cpr — 5.0600C, C3 — 0.43937C4C T rny, + 0.73034C3 + 2.0176C3T )1,
[0.20351C3Cpr — 2.3029C, C3 + 0.69548C,C Ty, + 1.0101C3. — 0.23908C3T -y |12
[~0.21771C3C — 0.26083C4C2 + 0.17730C, C5 Ty, 4 0.14235C3 — 0.14060C2 T ] 3
[~

[

—0.035012C3C. + 0.064915C,C2 + 0.025463C, C5 T pny, 4 0.041327C3 — 0.034722C2 T oy ] 14

0.019097C,C2 — 0.0069444C2 T 1n, |13 + [—0.0026042C3]16

+ ’f—s {=23.466C3Cy + 0.55954C,C% + 0.60203C,C T pny, + 50.838C3 — 0.95432C%Tyom,,

4
T
+
+

[10.183C2Cy — 15.480C,C% — 11.531C,CTpny, + 7.4435C3 + 4.5632C3.T py )
[4.6124C2C: + 4.9688C,C2 — 0.78449C, C Ty, — 9.1395C3. + 2.5514C3.T pn,,) 12
[0.17134C3Cpr — 0.029534C, C3 — 0.45089C,CTrny, + 1.3184C3 — 0.30193C2T oy | 13
[0.052838C2 Cyr — 0.50996C, C3 — 0.19218C3 + 0.13889C2 T ] 14 + [0.062500C3]15}

mt
O(W) + ny,n? and nj terms,
—s
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with I, = log(m?/(—s —i5)). The leading logarithmic
contributions of order ! log?*(m?/s) are given by the
Sudakov exponent [86,87] exp[—Cra,/(4r) x log?(m?/s)]
for FU/3) a8 psf3) and FP/3). Our numerical
results (shown above with lower precision) are sufficiently
precise to reconstruct the analytic coefficient

v.f.(3) _ pafi(3)
Fl m0/(—s)0.18 - Fl |m0/(—s)0.1§?

— psifi03) |mu/(_x)“,l§’

: ;
— (3 - :
= FPP Oy = =357 (41

Similarly, we can reconstruct the analytic coefficients for
the leading logarithms of the first mass corrections and find

v.f.(3) _ a.f,(3)
Fl 2 (s)) 18 = _Fl |m2/(—s)1,l§
:C_%_%_CFC% (42)
240 960 1920

The latter agree with Refs. [88-90] where the results in
Eq. (42) have been obtained using an involved asymptotic
expansion of the three-loop vertex diagrams. Moreover, we
confirm that there are only subleading contributions from

the nonsinglet diagrams to the remaining form factors.
While Fg'f‘<3)|mz/(_s>1_,? and F;‘f‘(3)|mz/(_s)1.,§, vanish com-
pletely, F*/()| ., i and FPHO)| o, o1 should
receive contributions only through the singlet diagrams

which is discussed below.
Our numerical results also allow the reconstruction of the

analytic result for the quartic mass corrections of F. ;f ()
which is given by (not shown in numerical form above)

F0) __CiCr | CaCt
2 m*/(=s)2,18 180 160

7C3
720

+ (43)
This result disagrees with Ref. [91]. However, we can make
both results agree by modifying Eq. (2.14) in Ref. [91] to®

f(z):l——§+---. (44)

The correctness of our result has been confirmed by the
authors of Ref. [91].

Finally, we show the reconstructed analytic coefficients
for the remaining leading and first subleading logarithms
for the first two terms in the high-energy expansion for all
currents:

Fv’f"(3) _ IICAC% _ ﬁ _ C%-TFnh _ C%TFl’ll
S P 576 128 144 144

£l 0 _5CiCr _31C4Ch _ CuCrpTpny, _ CaCrTeny | 127C;  CiTeny | CiTem
VoIt 1152 720 288 288 960 144 144
v C;

szfv(3) _ _F

mz/(—s)',l*? o § ’

FI0) _13C3Cr _TICACE CaCpTpny, _ CoCrTrm N 101C3.  CiTpny, N CiTpn,

: m*[(=s)%.13 1440 360 72 72 240 36 36
Fa’f"@) - IICAC%— _ ﬁ _ C%TFnh _ C%—TFnl

! m/(-s)08 576 128 144 144
Fa'f’(3) . _49CiCF CAC%: CACFTFnh CACFTFI’I] 13C§: _ C%TFnh _ C%TFI’II

! m (=)L 5760 45 288 288 192 144 144

3

Fg’f’a) m?/(=s)".3 - _33%,
Fat ) _CiCr  CuCE C}

2 wtespae 480 T 240 60°
Fa'f’(B) . _49CiCF 4CAC2F CACFTFnh CACFTFI’II C_?: _ C%TFnh _ C%-TFI’ZZ

2 mt (=25 1440 45 72 72 48 36 36
Fs’f’(?’) _ IICAC%— _ C%-Tpnh _ C%TF”l

m® ) (—s)0,5 576 144 144
C3

Py =8

®0Our method does not provide the squared and cubic terms in this equation, and we cannot make any statement about them.
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FpS(3

i IICAC%: _ C%;Tpl’lh _ C%Tpl’ll

)|m°/(—s)0,l§ - 376

_GCi

S0
FrSo )‘mz/(—s)‘,l% ST

Apart from the leading and subleading logarithms dis-
cussed above, our approach provides the whole tower of
logarithms and also higher order contributions in m?/(—s).
We estimate the accuracy of the nonlogarithmic terms in
Egs. (35)—(40) to ten digits. For the subleading terms the
accuracy decreases. Note, however, that we use the s — oo
expansion only for |s/m?| > 45 and that 1/45° ~ O(107%).

For the scalar and pseudoscalar singlet contributions we
obtain the following results for the leading logarithmic
contributions of the power-suppressed term

5.1.3) _ ppl0® _ CoCrTp  CiTp
SIS 2 (=s). 18 SIE |2 /(=) 06 960 240 °
(46)

which is in agreement with Ref. [90].

3. Threshold expansions: s — 4m* and s — 16m>

Let us next discuss the two- and four-particle thresholds at
s = 4m? and s = 16m>. Close to the two-particle threshold
F develops the famous Coulomb singularity with negative
powers in the velocity of the produced quarks,
B =+/1—4m?/s, up to third order multiplied by log(5)
terms. In this limit real radiation is suppressed by three
powers of f and it is thus possible to construct physical
quantities from the square of the form factors. For the four
currents under consideration we follow Ref. [15] and define

|(1—ﬁ2)Fi’+F5|2>

R’ = ﬂ(|Ff + F31> +

2(1-p7)
R = IFSP,
RS = ﬁ3|FS‘2,
RP = p|FP|2. (47)

The three leading terms in f# for the four currents read

1

144 144

(45)

These quantities form building blocks for, e.g., cross sections
of heavy quark production in electron-positron annihilation
or decay rates for scalar or pseudoscalar Higgs bosons (see
also Ref. [15]). For reference we provide the (exact) leading
order results which are given by

g0 _ 3P (1 _ ﬂ_2>,

2 3
Ra,(O) — ﬂ3,
Rs,(O) — ﬂS’
RO = g, (48)

where we adapt the notation from Eq. (3). We parametrize

the QCD corrections to R® with the quantities A%() which
we introduce as

R® — ROO) & Kéﬁnﬁz<ax_m)> A (49)

i1 z

with K, =3/2, K,=K,=K, =1, n,=n, =1, and
n, = ny = 3. For convenience we set y = m. In contrast

to Ref. [15] we present results parametrized in terms of a§"’ )

(and not aﬁ”f*”). Furthermore, for the scalar and pseudo-

scalar current we keep the factor m in the definition of the
currents [see Eq. (1)] in the MS scheme and refrain from
transformation to the on-shell scheme. Note that this is the
natural choice for Higgs decays where the factor m takes
over the role of the Yukawa couplings.

2.47 1 1
AT®) = {c% [— 32470 | 5 (14.998 — 32.470@)} + CACl [ﬁ (=29.7641,; — 7.7703) + 5 (—12.516155 — 11.435)]

ﬂZ

1
+C2C [ﬂ (16.58613, — 22.5721,5 + 42.936)} + O(ﬁo)}
1 1
+ {czern, [ﬁ (~1.1101 + 10.823L) + 5 (17.275 = 10.692L5) + 10.357 + 59.3451,5 — 4.386515[,]

1
+ CoCpTrn, [ﬂ (=33.609 + 19.83115; — 12.063135) + 52.985 + 26.5931y; — 6.5797@]
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2.4792

+ C3Teny, { —2.0339 — 1.3159124 + CoCpTpn;,[—0.20495]
+ CpTin? [/1(5.1308 — 3.65541, +2.193213) — 4.9367} + CpT2nn,[-0.54050]
+ CpTEn3[0.10248] + O(p! )} (50)
A%B) = {c} [12;576—21;27()+;(64.060—40.58712ﬁ)] +C,C3 [;2(48.861 —38.8111) —i—;(—32.967—|— 1.859412ﬁ)]
+C3Cp [%(82.095 —55.7450,5+ 16.586@)} +0(p°) }
+ {C%TFnl [%(—22.90% 14.1131,5) +%(13.71 1-4.11231,5) —22.0814-59.9371 —5.4831154

1
+CyCrTrn, [#—65.503 +43.956155— 12.06303) +24.409 + 1471315 2.1932134

0.28599

1
+C%TFnh{ —|—1.7363]+CACFTFnh[ 0.43382] + CpT2n? [ﬂ(lo 979—8.04191;+2.193213,) 2.2646]

+ CpT2nn,[—0.24958] 4 CpT2n2[~0.022729] + O(B") } (51)

12.176 10.585 1 1 1
ASB) = {c; {ﬂ—3+7+5(90.512—64.93912,3)] +C,C2 [E(48.861 —38.8111y) —1—/;(39.492—25.282125)]

1
+C3Cr [5(82.095 —55.7450,5+ 16.58615/,,)] +0(p°) }
1 1
+ {C%Tpn, [F(—22.900+ 14.1131y) + E(_25'009 +5.75731,5) —4.5086 4 69.53215 — 8.7730154
1
+CuCrTen, [E(—65.503 +43.956155— 12.06313,) —5.3053+ 14.713155 2. 193212/,}

2.2364
+C%:Tpnh |: ﬂ

1
+1 4814] + CoCpTrny[1.8511)+ CpTon? [ﬂ(10.979—8.041912ﬂ+2.19321§ﬂ) +3.6357}

+ CpT2nyn,[—0.087673] 4+ CT2n2[0.39896] + O(5') } (52)

8.1174 1 1
Av~<3>:{c}[—77(19.153—97.409@)]+cAc2[ﬂ( ~7.7703 —29.7641,5) + ﬁ(17.393—39.65712ﬂ)}

1
+CCy [5(42.936 ~22.572L,+ 16.58615/,,)] + O(ﬁo)}

1 1
+ {CZFTFn, [ﬁ(—l.nm +10.8231,) +B(—11.575—0.8224712ﬂ) +45.228473.1881,5 — 13.159@]

1
+CyCpTpn, [E(—33.609—|— 19.831155— 12.06313) +27.382+26.5931, —6.57971%,,}

4.4296

+C2Tpny, [ +4.0027 - 1.315912,3] +C,CrTn,[0.80851]
+ CpT3n? [ﬁ(5.1308 —~3.655415+2.193283) +o.96364}

+ CpT2nn,[—0.37860] 4 CrT%n2[0.52417] + O (! )} (53)
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with I,; = log(2p). Note that the fermionic contribu-
tions are suppressed by one additional power of f# and,
thus, we can show the term ° for them in contrast to
the nonfermionic contributions. The nonfermionic part
of A”®) has already been shown in Ref. [20]. In
Egs. (50) to (53) we only show five digits for each
coefficient; however, our results for A%®) contain more
significant digits. For example, in the vector and

15F 7
10} R
5k -
—
8 O
= 5t
>+ m C
-10f A
m CiCy
—15F CFC,Z -
—20k CrCann |
W C?np
_ | | | 1
2506 =80 =60  —40 =20 0
s/m?
(a)
15F ]
10 - g
5 | - -
8 Of
= 5} /]
o m
_10 = ) -
m C3C,
15 F oo I
20} CrCamn |
W Ciéngy
—25 1 1 1 1
2100 -80 -60 -40  -20 0
s/m?
(c)
15F g
10 - .
5| |
)
& 0
‘;Z -5
L 10 - c
W CiCy
-15} CrC2 A
20k CrCanp i
W C?npy
_25 1 1 1 1
2100 -80 -60 —40 -20 0

s/m?

(e)

FIG. 5.

pseudoscalar case our numerical results reproduce the
analytic expressions from Ref. [92] (see also
Refs. [82,93]) with at least 13 digits accuracy. The
light-fermion contributions can be compared with the
analytic results of Ref. [15] and agreement is found for
19 digits. Similarly, after specifying to the large-N,
limit we can reproduce the first 14 digits of Ref. [15]
for all four currents.

2.0
15} B
1.0} B
6 0.5 F J
w 0.0 F —
> 3
' -0.5 k\- Cr _
m CZCy
-1.0F CeC3
J1st CrCam J
W Cény
_20 1 1 1 1
-100 -80 -60 -40 -20 0
s/m?
(b)
4
3 =
2 =
D
W 1+
© N m C
\
ok ~— m C2C4 A
CrC2
-1r CFCAFI/-, n
W C?np
) I I I L
-100 -80 -60 -40 -20 0
s/m?

(d)

Fp.f.(3)
b o
T
g
2
1 1

-10 - m C2C,
-15}+ CrC2 A
CeCanp
—20 m Cny
_25 1 1 1
-100 -80 -60 —-40 -20 0

s/m?

(f)

Nonsinglet form factors as a function of s for s < 0 in (a)—(f).
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The four-particle thresholds are much less pronounced in
the results for the form factors. For the individual master
integrals we observe behaviors of the form (34)* x log'(84)

with k = 3 and [ = 5 where 8, = \/1 — 16m”/s. However,
all form factors have a smooth behavior for s — 16m?. In
fact, in all cases there are no log(f,) terms in our
expansions for , — 0. Furthermore, we observe the first
nonanalytic terms, i.e., terms where f, is raised to an odd

40
30 - B
20 - B
0 10f i
W
> 0 \ = CE -
m CAC,
-0} A
CrC2
20} CeCanp |
m C?np
_30 1 1 1 L |
0 1 2 3 4
s/m?

40
30 - b
20 B
®
= 10f .
ool m
m CiCy
10} CrCR A
CrCanp,
-20 [ Cénp A
1 1 1\
0 1 2 3 4
s/m?
()
40
30 b
20 b
D
Z 10F 1
L e m C
—_— m CCy
—10} CCZ 4
CrCanp
=20 | Cgﬂh —
1 1 AN
0 1 2 3 4

power, at order (f34) for the axial-vector and scalar form
factor and (f3,)° in the vector and pseudoscalar case. This
statement is true for both the nonsinglet and the singlet
form factors. Such a high suppression can partly be
explained by the fact that the massive four-particle phase
space, which is one of our master integrals, already
provides a factor of (f,)”. Due to the more divergent
behavior of the master integrals it is nevertheless necessary

40
30 B
20 B
o
Z 10 ]
o, mc |
m C#Cy
10} CCZ 4
CrCanp
=20 | | Cgﬂh —
1 1 1\
0 1 2 3 4
s/m?
(b)
40
30 B
20 B
o
I 10 .
W of <= CP
m CiCh
-10} CrCR A
CrCanp,
-20 m Cinp
1 1 1 A |
0 1 2 3 4
s/m?
(d)
40
30 B
20 B
o
= 10 / /'\ |
d / 3
WL ok ——
m C#Cy
—10} CCZ 4
CrCanp
-20 W Cinp A
1 1 1 1
0 1 2 3 4

s/m?

(f)

FIG. 6. Nonsinglet form factors as a function of s for 0 < s < 4m? in (a)—(f).
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to perform a careful matching to s = 16m?, from both
above and below. This means we have to go quite close to
s = 16m? using Taylor expansions around regular points
(in our case we chose s=15m?> and s = 17m?).
Furthermore, we constructed 100 terms for the expansion

in ﬂ4.

v, f,(3)

a,f, (3)

Fs.f.(3)

c2c,
CrC2
CrCanp -
anh

100

-80

20

40

60
s/m?

(e)

C. Numerical results for finite three-loop form factors

For illustration we show in Figs. 5-7 the finite non-
singlet form factors [see Eq. (30)] for negative s, for
0 < s <4m? and above the two-particle threshold,
respectively. Only in the latter case are the imaginary
parts different from zero. We restrict ourselves to the

3
2
1
0
T
L.
S~n=-21t
L
_3 L
_4 L
_5 L
—6

a,f,(3)

Fp.f,(3)

-80

|
'
\ — —

—
—

m C?

W CiCh
CeCc3
CeCanp,

m Cinp
| | 1

1
40 60 80 100
s/m?

(f)

FIG. 7. Nonsinglet form factors as a function of s for s > 4m?. Real and imaginary parts are shown as solid and dashed lines,

respectively in (a)—(f).
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nonfermionic color factors and the contributions contain-
ing a closed heavy quark loop. In total we present results
for the color factors C3, C%Cy, CpCi, CiTpn,, and
CrC4Tgn;,. The remaining fermionic contributions are
available in the literature [10,15,18]. Our calculations
have been performed for general renormalization scale y;

in the plots we choose u> = m?.

For s =0 we have F’f'f‘m =0 as can be seen in
Figs. 5(a) and 6(a); however, the other form factors have
in general a finite nonzero value in this limit. For negative s
one observes that in general the non-Abelian color struc-
tures C%C, and CpC3 have large coefficients. For the
vector and axial-vector contributions the n;, terms are
numerically smaller, whereas for the scalar and pseudo-
scalar cases they have a similar order of magnitude as the
other color structures.

In Fig. 6 one can clearly see the Coulomb singularities
for the nonfermionic contributions close to s = 4m?. In the
n;, contributions the closed heavy-quark loop regularizes

0.0
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(c)
FIG. 8.

the 1/ behavior and leads to a finite limit for s — 4m?; see
also Sec. VIB 3.

Figure 7 shows the results for s > 4m” where the
form factors develop imaginary parts; see the dashed
curves. One again notices the Coulomb singularity on
the left part of the plot and the logarithmic behavior for
large values of s.

Results for the singlet form factors are shown in Figs. 8,
9, and 10 for the three regions s < 0, 0 < s < 4m?, and
s > 4m?, respectively. In each figure we show plots for the
two vector-current form factors and for the scalar and
pseudoscalar currents. Note that nonzero results for the
vector form factor are only obtained from the color factor
proportional to (d*’¢)?, whereas in the scalar and pseudo-
scalar cases the other four color factors have nonzero
coefficients.

It is interesting to note that for s - 0 we have

F9(0) = 0 and F*/"%)(0) = const, whereas the scalar

1,sing 1,sing
and pseudoscalar currents behave as log?(—s/m?). The

0.40
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Singlet form factors as a function of s for s < 0 in (a)—(d).
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FIG. 9. Singlet form factors as a function of s for 0 < s < 4m?.

respectively in (a)—(d).

logarithms, which are present in higher expansion terms for
all form factors and color factors, are the reason for the
imaginary parts for s > 0.

The behavior around s =4 is smoother than for the
nonsinglet form factors. In particular, there are no 1/4°
or 1/p? singularities. The two vector form factors have
a smooth limit and only the color factor C%Tyn;, of the
scalar and pseudoscalar form factors develops 1/ and
log(f)/f singularities, for both the real and the imaginary
parts. The other three color factors have a finite limit
for s — 4.

0.5
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Real and imaginary parts are shown as solid and dashed lines,

In the high-energy region all form factors vanish except
v.f.(3)
F

1,sing
there are logarithmic contributions; see also the discussion
in Sec. VIB 2.

As the central result of this paper we provide a package
which allows for the evaluation of both the bare and finite
(FT) form factors on the publicly accessible website [94].
The package is based on expansions combined with
interpolations. For the latter we evaluate all six form factors
at about 4500 s/m> values.

which approaches a constant. At subleading order
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FIG. 10. Singlet form factors as a function of s for s > 4m?. Real and imaginary parts are shown as solid and dashed lines, respectively

in (a)—(d).

VII. CONCLUSIONS

In this paper we compute three-loop corrections to
massive quark form factors with external vector, axial-
vector, scalar, and pseudoscalar currents and provide
precise numerical results in the whole s/m” range. We
apply the method developed in Ref. [52] to obtain expan-
sions around regular and singular points. It is based on
differential equations which are used to construct the
expansions. Two neighboring expansions are numerically
matched at an intermediate value of s.

We consider both the nonsinglet and the singlet con-
tributions, with the restriction that the external currents
couple to a closed massive quark loop in the latter case. The
main difference between the two contributions is the
computation of the boundary conditions at s = 0. While
we have simple Taylor expansions in the nonsinglet case, it
is necessary to perform an asymptotic expansion for the
singlet contributions. Our expansions around s =0 are
analytic; the expansions around the other s values have
precise numeric coefficients. In some cases the precision is
sufficient to reconstruct coefficients analytically as, e.g., for
leading and subleading logarithmic contributions in the

high-energy limit. We also provide expansions close to
threshold and make the Coulomb singularity explicit.

Our results can be downloaded from the website [94]
where an easy-to-use routine is provided which provides
numerical results for all six color factors, for both the
singlet and the nonsinglet contributions. We provide results
for each individual color factor which makes it straightfor-
ward to specify to QED.
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APPENDIX A: THREE-LOOP ON-SHELL
INTEGRALS TO HIGHER ORDERS IN ¢

For the expansion around s = 0 we can analytically fix
the boundary conditions, since in this case all integrals
reduce to massive three-loop on-shell propagators. The
most recent calculation of these integrals is given in
Ref. [24] and extends to weight 7, formally enough for
four-loop calculations. However, since we encounter spu-
rious poles in our reductions of the full system, this is not
enough to fix all boundary constants. Some integrals have
to be calculated up to weight 9.

A subset of the integrals can be found in the appendix of
Ref. [18]. Translating to the notation of Ref. [24] we can fix
I, = Gys, I} = Gy, and 19 = Gs,. But we still need the

expansions of the integrals G43, G5y, Gg;), Ge1, Gég), Gy,
Gge up to weight 9 [integrals with a (x) actually only to
weight 8]. In the following we will describe the steps of
the calculation and provide results for all master integrals
which cannot be expressed in terms of I'-functions up to
weight 9.

In a first step we use the Mathematica package
SUMMERTIME [97] to calculate the needed integrals up to
the necessary order in ¢ with 5000 digits accuracy, and for
the integral Gg we only obtain with 3000 digits accuracy.
This is the input we use to apply the PSLQ algorithm [98] to
fix the analytic form of the expansions. In order to apply
this algorithm we need a basis of constants. In all the orders
obtained by now, the basis of constants given by harmonic
polylogarithms evaluated at argument 1 was sufficient. We
use the basis given in Ref. [99]. This basis is convenient
since the harmonic polylogarithms can be calculated to (in
principle) arbitrary precision with GINAC. For the usage in

the PSLQ algorithm we have calculated them with 7500
digits accuracy. Since we are not dealing with integrals of
uniform transcendentality one has to use all products of
constants up to the desired weight in the ansatz. Therefore,
the number of unknown constants from weight 1 to weight
9 is given by 2, 4, 7, 12, 20, 33, 54, 88, 143. After the
successful reconstruction we change to the notation of
SUMMER [100]. This has the advantage that most of the
transcendental constants are known to Mathematica. The
additional constants are given by

56 = S00.0.01.1(00) = 0.9874414264. ..,
570 = S000.0-1.1.1(00) = —0.9529600758...,

57 = S0.000.1-1-1(00) = 1.029121263...,

Ssa = S0.0.00.1.00.1(00) = 1.041785029...,

Ssb = 800000011 (00) = 0.9964477484. ..

Sse = S00.001-1.-11(00) = 0.9839666738...,
S50 = S0.0.00.1.-1.1.1(00) = 0.9999626135. .,

Soa = S0.0.00.00.1.-1.1(00) = 1.006401963....,

Sob = S0.0.0000.-1.-1.1(00) = 0.9984295251...,
Soc = S0.00.0.01.01-1(00) = —0.9874751576....
Sod = S0.0.0.011.1.1.1(c0) = 1.002198174. .,

590 = S0.0.00-1.-1.-1.1.1(c0) = 0.9859117196...,
Sop = S0000.1~1-1.1-1(c0) = 0.9784811713....

— ~—

[Se]

(A1)

Finally, the new results read’

Gy =T+ €>3{% +%+% +% ? e(—%+ 107* — 82%1, + 28@)
+ e <— 1469417 14;”2 - 6ig4 +192a, — 60721, + 16721 + 813 + 210@)
+é <— 141420815 383”2 2 13”4 + 14404, + 1152as — 290721, + 12‘;’5’412
+ 1202282 — 3272 + 6014 — @ +1015¢; — ?;;253 - 93055> bt <— %

n 828172 3 89974 3 562x°
12 18 135

124
+ 5807%15 — Tn“lg — 240713 4 29013

8085
, 8085C

"The analytic expressions can be obtained from the website [83].
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APPENDIX B: POLE CANCELLATION PLOTS

In Figs. 11-15 we present those pole cancellation plots that we did not show in Sec. VI A.
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FIG. 11. Relative cancellation of the real, (a), (c), (e), and imaginary parts, (b), (d), (f), of the poles for the nonfermionic color
structures of F;‘f ® [cf. Eq. (31)]. Note that the 1/€* pole of the color factor C3Cy is zero.
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FIG. 13. Relative cancellation of the real, (a), (c), (e), and imaginary parts, (b), (d), (f), of the poles for the nonfermionic color
structures of F;‘f ) [cf. Eq. (31)]. Note that the 1/¢ pole of the color factor CiC F 18 zero.
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FIG. 14. Relative cancellation of the real, (a), (c), (e), and imaginary parts, (b), (d), (f), of the poles for the nonfermionic color

structures of F*/-G) [cf. Eq. (31)].
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FIG. 15. Relative cancellation of the real, (a), (c), (e), and imaginary parts, (b), (d), (f), of the poles for the nonfermionic color
structures of F7/-G) [cf. Eq. (31)].
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APPENDIX C: ANALYTIC RESULTS FOR s — 0

In the following we present analytic expansion s — 0 of the three-loop term for the nonsinglet form factors F3, F{, F¥,
and FP. The results for F'{ and F* can be found in Sec. VIB I. Our results read
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The result for F*®) is given in Eq. (34).
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