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LOW REGULARITY WELL-POSEDNESS FOR KP-I EQUATIONS:
THE DISPERSION-GENERALIZED CASE

AKANSHA SANWAL AND ROBERT SCHIPPA

ABSTRACT. We prove new well-posedness results for dispersion-generalized
Kadomtsev—Petviashvili I equations in R?, which family links the classical
KP-I equation with the fifth order KP-I equation. For strong enough dis-
persion, we show global well-posedness in L2(R2). To this end, we combine
resonance and transversality considerations with Strichartz estimates and a
nonlinear Loomis—Whitney inequality. Moreover, we prove that for small dis-
persion, the equations cannot be solved via Picard iteration. In this case, we
use an additional frequency dependent time localization.

1. INTRODUCTION AND MAIN RESULTS

We consider the Cauchy problem for the fractional Kadomtsev—Petviashvili I
(fKP-I) equation

(1) { Oru — DS 0yu — ('Tlagu =udyu, (t,z,y) E RXxR xR,

x
u(0) = ug € H*1%2(R?),
where 2 < a < 4, and the operator D is given by (D2f)"(€) = |¢|*f(€). For
2<a< %, we only consider real-valued solutions; for o > g we also treat complex-
valued solutions. Note that the solution stays real-valued provided that the initial
data is real-valued. In this paper, we consider initial data from anisotropic Sobolev
spaces H*®!*2(R?), which are defined by

H 2 (R?) = {¢ € LP(R?) : [[¢]lmor ez u2) < o0},
1@l res ez 2y = [H(Em(L+E7) 7 (L + n*) Iz

The following quantities are conserved for real-valued solutions:

() M(u)(t) = / w(zr,y)dzdy,

R2
1 _a 1 1
_ Lips 2, Lia-1 2, 4.3
3) Ea(u)(t) = /R (5103 + 310, 0,0l + L )drdy.
Hence, the natural energy space is given by
B (R?) = {6 € *(R) : [0llmeque) = Ip(E € mlzz . < o),

where
In|

=1 T4
p(&,n) + €] +|£‘

We prefer to study the solutions in the scale of anisotropic Sobolev spaces. The

present analysis yields global well-posedness in the energy space as well; we focus
1
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on the much larger anisotropic Sobolev spaces. Moreover, if u solves the problem
(1) with initial data ¢, then uy given by

un(t, z,y) = A u(A @ A"Lg, A9 y)

also solves the same with scaled initial data

—a — _at2
(4) Pr =AU le, AT y).
We have
_3a4q_g, (& s
(5) H(b/\”HSlez(]R?) = AT EHy 2||¢HH5L52(R2)'
This shows that for « = 3, (1) is L?-critical. For o > 2, which is considered

presently, (1) is L2-subcritical.

By local well-posedness, we refer to existence, uniqueness, and continuity of the
data-to-solution mapping locally in time.

The range of dispersion considered in this paper starts with the classical KP-I
equation

(6)

xT

0w — D20,u — 8_18§u =udyu, (t,z,y) ERXRXR,
u(0) =ug € H*1%2(R?),

which has been extensively studied (see [15, 9, 6] and references therein). Ionescu—
Kenig—Tataru [9] proved global well-posedness in the energy space, and Z. Guo
et al. [6] showed improved local well-posedness in the anisotropic Sobolev space
H'(R?). The derivative loss in case of unfavorable resonance makes the equation
quasilinear. This means it is not amenable to Picard iteration in standard Sobolev
spaces as observed by Molinet—Saut—Tzvetkov [15]. In the works [9, 6], short-time
Fourier restriction was used to overcome the derivative loss in the nonlinearity. We
refer to the PhD thesis of the second author for an overview of short-time Fourier
restriction [20]. Since short-time Fourier restriction also involves energy estimates,
the results in [9, 6] require real-valued solutions. Likewise, the results we prove for
small dispersion require real-valued initial data:

Theorem 1.1. Let 2 < o < 3. Then, (1) is locally well-posed in H*°(R?) for

s > 5 — 2« and real-valued initial data.

We give a technically more detailed version of the above theorem in Section 5.

However, the data-to-solution mapping constructed in the proof of Theorem 1.1
is not analytic. Indeed, we show that for a < %, the data-to-solution mapping
cannot be of class C2?. Previously, Molinet-Saut-Tzvetkov [15] showed that the
data-to-solution mapping cannot be C? for the KP-I equation (see also [12]). This
result was generalized by Linares—Pilod-Saut [14] for o < 2. It turns out that the
argument extends to o < %:

Theorem 1.2. Let o < %, (s1,52) € R2. Then, there exists no T > 0 such that
there is a function space X7 — C([=T,T); H***2(R?)), in which (1) admits a
unique local solution such that the flow-map for (1) given by

Ty tuo — u(t), te[-T,T],
is C?-differentiable at zero from H®:52(R?) to H*152(R?).
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The problematic nonlinear interaction is a resonant High x Low-interaction in
which a free solution with high = frequencies interacts with a solution at low x
frequencies. With the dispersion relation for the fractional KP-I equation given by

”

(7) wa(&an) = ‘€|a§+ 3 , §¢€ R\{O}a ne R,

we find the resonance function to be

(77152 - 77251)2
§1&2(61 +&2)

Due to opposite signs of the terms |§1 + &|*(&1 + &) — [&1]%6 — [€2]*E2 and

2
%, the resonance function can become much smaller than the first term,

which we refer to as resonant case. However, we shall see that in the resonant case,
we can argue that the interaction between the two nonlinear waves and the dual
factor with low modulation is strongly transverse, which we quantify via a nonlinear
Loomis-Whitney inequality. This transversality was already observed in [9], while
in the proof in [9] this is not related to nonlinear Loomis—Whitney. We believe that
pointing out the connection with nonlinear Loomis—Whitney inequalities makes the
proof more systematic.

Nonlinear Loomis—Whitney inequalities were first investigated by Bennett—Carbe-
ry-Wright [3] and quantitative versions suitable for application to PDEs were
proved by Bejenaru-Herr—Tataru [1, 2]. These were all local though. We use a
global version to simplify the argument, which is a result of Kinoshita and the sec-
ond author [11]. We also refer to references in [11] for further discussion of nonlinear
Loomis—Whitney inequalities.

The crucial ingredient in the resonant case of low modulation is to use the non-
linear Loomis—Whitney inequality to show a genuinely trilinear estimate, which
improves on the bilinear estimate. Let f; € L?(R3; R, ) denote functions dyadically
localized in spatial frequency in the x direction around N; € 2% and in modula-
tion L; € 2% with N; ~ Ny > N3. With notations explained below, we have
supp(f;) € Dn,.1,. Moreover, let L; < N{*Ny. Then, we show the estimate

Qo (&15m15€2,m2) = |§1 + &2 (§1 + &2) — [§1]¥E1 — [§2|¥E2 —

o

(o3 —

_3a 4 1 1 1
/(fl s fo) - fs SNy *ENG 2 T L2 | fill o

3
=1

(2

Clearly, for @ > 2 and N3 2 1, this ameliorates the derivative loss. The observation
is that for N3 2 N; " for some x > 0, this estimate still suffices to overcome
the derivative loss, whereas for N3 < Ny ", the bilinear Strichartz estimate gains
additional powers of N;!. The bilinear Strichartz estimate is another consequence
of transversality in case of resonance. It reads for free solutions in the resonant case
with N1 > NQI

1

N3
1P, Ua(t)uo Pn,Ua(t)voll 2 | S 3

1

uo| 22 [lvoll 2

with (Ua () f)" (&, m) = e (¢, n).

By combining the nonlinear Loomis—Whitney inequality and the bilinear Stri-
chartz estimate, we note that the fractional KP-I equations are semilinearly well-
posed for o > % In this range we solve the equations by applying the contraction
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mapping principle in suitable function spaces. This suggests the choice for fre-
quency dependent time localization obtained by interpolating between («, T(N)) =
(2, N71) and (a, T(N)) = (5+,1), which suggests T(N) = N~(22=5=¢_ We shall
choose € = e(a).

Theorem 1.3. Let % < a < 4. Then, (1) is analytically locally well-posed in
H*O(R?) for s >3 — 2.

The analyticity of the data-to-solution mapping is a consequence of applying the
contraction mapping principle and the analyticity of the nonlinearity. By conser-
vation of mass, we have the following corollary:

Corollary 1.4. Let g < a < 4. Then, (1) is globally well-posed in L*(R?) for
real-valued initial data.

We remark that it was well-known that the fifth order KP-I equation

() Ou— D30pu—8;'02u = udpu, (t,z,y) ERXR R,
u(0) — ug € H*152 (R?)

can be solved via Picard iteration as pointed out by Saut-Tzvetkov [18, 19]. Their
result was improved by B. Guo et al. [5] using short-time Fourier restriction and
Yan et al. [22] (see also [13] for an earlier result) recovered the same local well-
posedness result without using frequency dependent time localization.

In the limiting cases of « presently considered, we recover the currently best
local well-posedness results in anisotropic Sobolev spaces. For a | 2 we recover
the result from [6] and for « 1 4 we arrive at the result from [22]. We note that
there is still a mismatch between the range of dispersion, for which we can show
failure of Picard iteration and for which we actually use frequency-dependent time
localization. It is unclear whether one has to improve the counterexample or the
argument to show semilinear local well-posedness.

Moreover, in an upcoming companion paper [8], we consider the dispersion-
generalized KP-I equation (2 < a < 4) in three dimensions in non-periodic, peri-
odic, and mixed settings.

1.0.1. Organization. In Section 2, we introduce the notation and function spaces.
For the proof of Theorem 1.1, we use short-time Fourier restriction spaces intro-
duced by Ionescu—Kenig-Tataru [9] and for the proof of Theorem 1.3, we use stan-
dard Fourier restriction spaces (cf. [4]). We also recall linear Strichartz estimates.
In Section 3, we show that the data-to-solution mapping fails to be C? for a < 7/3
as stated in Theorem 1.2. In Section 4, we quantify the transversality in case of
resonant interaction. This allows for the proof of bilinear Strichartz estimates and
a trilinear estimate based on the nonlinear Loomis—Whitney inequality. In Section
5, we prove Theorem 1.1 by showing short-time nonlinear estimates and energy
estimates in short-time function spaces. In Section 6, we show Theorem 1.3. In the
Appendix, we provide details of the proof of the trilinear estimate as a consequence
of the nonlinear Loomis—Whitney inequality.

2. NOTATION AND FUNCTION SPACES

We use a+ to denote a £ € for € > 0 sufficiently small. Also, we use notation
A < B for A < CB with C a harmless constant, which is allowed to change from
line to line. Dyadic numbers are denoted by capital letters N, L, ... € 2%,
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2.1. Fourier transform. Spatial variables are denoted by (z,y) € R?, and the
time variable by ¢t € R. The corresponding Fourier variables are denoted by (£,7)
and 7, respectively. We use the following convention for the space-time Fourier
transform:

(r ) = (Frnu)(r &) = [ TP (e ) dhdody
R3
We shall also use notation & = F, ,u for the purely spatial Fourier transform, which
should be clear from context. The Fourier transform is inverted by

1 . .
U(t7 xz, y) = W ,/]R3 el(t7—+l§+yn)u(7—a §7 n)defdn

2.2. Function spaces. We introduce the short-time X*? spaces now and state
their properties. The proofs of the forthcoming results can be found in [9], and we
refer to [20, Section 2.5] for an overview of the properties.

Let ¢1 € C°(—2,2) be symmetric and decreasing on [0, 00) with ¢1(§) = 1 for
¢ €[-1,1]. For N € 2 let ¢n(€) = ¢1(£/N) — ¢1(2¢/N). We have

$1(&)+ D on(E) =1

N>2

Let Ny := NU {0}. We define Littlewood-Paley projections: For f € S’(R%) and
N € 2o et

(PN F)M&m) = on(€)F (& ).
For N € 2V let

ay={Emer: T <ld<sn},
with the obvious modification for A;. Moreover, for N € 2%, we let
Av={Eener?: 5 <lg <8}
Additionally, for N € 2V I, € 2V, we define

L
Dy ={(r&m eRxRxR: (6n) € Ay, T < |7 —walém)| <AL},

L
Dy« = U Dy,rr,
L'=1

DN,I = {(7'75,77) ERXxRxR: (5777) € AN7 |T_wa(§,'f])| < 2}
For N € 22, L. € 2, we define
DN,L = {(Tvgan) GR XRxR: (5777) eANv IT_wa(EanN NL}

with the obvious modification for L = 1.
In the following we write for notational convenience, in order to distinguish
modulation and spatial frequencies, np(7) = ¢r(r) for L € Ny, no = ¢1 and

n<r(r) = Zilzl np (7). We let
Xy ={f € L*(R x R?) : f is supported in R x Ay, ||f]lxy < o0},

and

Ifllxy = D L2Ine(r = wal€&m)fllzazz -

]
Le2No
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Note that
| [1senpiar
R
and we record the estimate
9)
> L r - walen) [ 1A L @+ L = )t

L'>L Tem

n<L(T*wa(ﬁ,n))/If(T',E,n)\L*1(1+L*1|T*T'I)fﬁldT'

I 5 HfHXNa
&m

1
+ L2 S ||f||XN

2
L‘n&-,n

We find for Schwartz functions v € S(R), M,N € 2% t, ¢ R, f € Xy, the
estimate

1 F ey Y (M (E = t0) Fray (xS 1 lxn-
We define
Exy ={¢:R*> 5 R : ¢ is supported in Ay, ||¢]lzy = ||6]|12 < ool
For a € (2,5/2] and dyadic frequency N € 2N, we choose the time localization as
N—(5=20)—¢(®)  Next, define
Fy ={uny € C(R;Ey) :

lunllry = sup | Foaylun -0 (NO20H (1t — t3)llxy < 00}

tNyER

The dependence on « is suppressed. We place the solution into these short-time
function spaces after dyadic frequency localization. For the nonlinearity, we con-
sider correspondingly

N ={uy € CR En) : unllwy = sup [I(7 = wa(€m) + N2
tn€E
X Fraylun - no(NCT20TE( — )] xy < oo}

We localize the spaces in time by the usual means: For T € (0, 1], let

Fn(T) = {un € C([-T, T En) = Nlunlleyer) =

inf ) HaNHFN < OO}7
=upn in
[T, T]xR?
Nn(T) ={un € C([-T,TL Ex) : llunllayr) = inf lay|yvy < oo}
UN=unN In
[T, T) xR?
Let H*(R?) = (\,59 H**(R?). We assemble the spaces F**(T), N*°(T), and
E*%(T) via Littlewood-Paley decomposition:

F*T) = {u € O[T, T); HO(R?) « Jullfuory = Y N*|Pyullfyr) < oo},

Ne2No
NT) = {u € C([-T,T); H*(R?)) : |[ullRreoery = Y N**[IPyuliryy < oo},
Ne2No

E*T) = {u € C([-T,T); H*°(R?)) :

[l B0y = Z N* sup ||Pyu(t)||g, ) < oo}
Ne2bo tel-T.71
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We state the multiplier properties of admissible time-multiplication. For N €
2No | we define the set Sy of N-acceptable time multiplication factors:

10
Sy={mny :R=R:|my|sy = ZN_((5_2“)+E)j||8ij||Loo < oo}
§=0

We have, for any s > 0 and T € (0, 1]
12" Nearo MmN (t) Py (u )| Fo0(T) sup yeatio M || sy ) [l 7s.0 (1),

S
(10) 13- wvezo My (O PN (u)llaoery S (Supyeato [Imavllsy)llullaocr),
I nvezvo ma () Py (u)llpocry S (supnearo [mnllsy ) lullgeocr).

Next, recall the embedding F*9(T) — C([-T,T); H*?) and the linear energy
estimate for short-time X spaces. The following statements were proved for the
KP-I equation in [9].

Lemma 2.1 (cf. [9, Lemma 3.1]). Let T € (0,1]. Ifu € F*°(T), then

(11) sup |u(t)|| a0 < [ull peocr).-
te[—=T,T]

Lemma 2.2 (cf. [9, Proposition 3.2]). Let T € (0,1], u € C([-T,T]; H*°) and
Oy — DG Oyu — 0, Ogu = udpu, (x,y) €R?, t e (-T,T).

Then, the following estimate holds:

(12) ol

reo(ry S lullgocry + [[udeull ot

2.3. Linear Strichartz estimates. We define the linear propagator U,(t) as a
Fourier multiplier acting on functions ¢ € S(R?) whose Fourier transform is sup-
ported away from the origin

(13) (Ua(H)d)NE,m) = etaE (e, ) = HIETEE) Ge ).

Since U,(t) is a linear isometric mapping on H*°2, the above extends by density.
We state the linear Strichartz estimates. These enable us to handle the non-resonant
interactions. Furthermore, we observe the smoothing effect pertaining to the higher
dispersion for o > 2. The following Strichartz estimates are due to Hadac [7] for
dispersion-generalized KP-II equations, but it is easy to see that the argument
transpires to KP-I equations, as pointed out for a = 2 by Saut [17].

Theorem 2.3 (Linear Strichartz estimate, cf. [7, Theorem 3.1]). Let o > 2, 2 <
q < 00, and

1+1_1 ._(1 2)(1 a)

q r 2 T r/\2 4/
Then, we have

(14) 1D Ua®uollpore , < luolles

with (D37 f)"(&,m) = €]~V f(&,m) for v € R.

We record a second linear Strichartz estimate for low = frequencies whose proof
is simpler:
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Lemma 2.4 (Strichartz estimates for low frequencies). Let N, K € 22, I C R be
an interval of length |I| ~ K, and || ~ N for any € 1. Suppose that to(§,m) =0
if € ¢ I. Then, the following estimate holds:

(15) 1Ua()uollLao,13;04 , (r2)) S KN ||ug|| 2.

Proof. We use Bernstein’s inequality in z, Plancherel’s theorem, and Minkowski’s
inequality to find

H/ i(zEyn+t(€1€]1+ 7 ))uo(g n)déd n‘

(yn+t ’
/ uoin 1 L([01;L4L2)

1
1 i ) s 2 :
<Ki (/IdgH /e (y77+tn5 )“0(5"7>d77HL;%([o,1];Lg(R))2'

Hence, it suffices to prove

(16) H/ei(y"” o(&,m) 17‘

By a change of variables and Hoélder in time, we find

iyt
H/e(yn Dio(&mdnll . go,1:25m)

L([0,1];L2  (R2))

SK:

< N .
sy S VHIE i

1 i(yn+tn?) 4
< N1 /e ynTen uo(&ﬁ)dn’ LA([0,6- ;L4 (R))
1 7,( —+t
< N¥ / yn+in® Uo(f n) 77’ L3([0,6-1;L4 (R))
S N#lio(€, ) ze-

The ultimate estimate is an application of the L?L;-Strichartz estimate for the
one-dimensional Schrédinger equation (cf. [21, Section 2.3]). O

As a consequence of the transfer principle (cf. [21, Lemma 2.9]), we have the
following:

Corollary 2.5. Let u € Xy be supported in DN,L' Then

~

(17) IF )llps S (max(1, N)]5 5 L3 |[ul| 2.

3. C? ILL-POSEDNESS

In this section, we prove that (1) cannot be solved via Picard iteration for « close
to 2 as stated in Theorem 1.2. This is a consequence of the derivative nonlinearity
in case of resonance.

Recall that the resonance function is given by

(& — mé&r)?

Qa ) 9 ) = « - * - ¢ T T ¢ e N
(&1, &2,m1,m2) = |&1 + &l ¥ (& + &) — [&]7& — 1&2]%E £6(6 + &)
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This will quantify the time oscillation in the Duhamel integral. To estimate the
size of the resonance function, we separate €2, as Q, = QL — Q2 where

QL& &,mume) = & + &% (6 + &) — |&]*& — |&]*&,

o (n& —m&)?
o€, &,m,me) = §&(6 + &)

Proof of Theorem 1.2. We define the functions ¢; and ¢- via their Fourier trans-
form

$1(&1,m) =72 1p, (&1.m),
ba(E2,m2) = 7_%N_51_(1+%)521D2 (&2,m2),

where D; = D; U (—li) and D; are defined as follows:

(18)

D1 :=[v/2,9] x [-VI+a ¥, \/1 a7,
Dy = [N.N+7]x [VITa N VIta N 42,

Here N,~ > 0 are real numbers such that N > 1,7 < 1 and will be chosen later.
A simple computation gives ||¢;||gs®2) ~ 1,7 = 1,2. We consider the initial data
Uy = @1 + ¢2 and to disprove that I'; is C? at the origin, it suffices to show that

(19)

— 0
Hs1:52

H/ (t = 5)0:(Ua (S)Uan(S)uo)ds‘

as N — co. We show the above for the contribution, which comes from the interac-
tion of a high with a low frequency. This is denoted by us below. For more details,
we refer to the proof of [14, Theorem 3.2] for fractional KP-I equations with weaker
dispersion (see also [15] for KP-I). We can write the Fourier transform of

us(t) = /0 Unlt — 8)0a(Un(5)61Un (5)2)ds

as

’&2@75777) =

cfe” [€]% &+ %) e—itQa(E1,62,m.m2) _ |
%ﬁl,m)eDl, d&ydny.

s1+(14+%5)s
|D1|%|Da|2 N* P Je el Qa(61,62,m,m2)

We estimate the size of the resonance function as follows.

Lemma 3.1 (Size of the resonance function). Let (&,n;) € D;, i = 1,2, then
1924,(€1,62,m,m2)| ~ N*y.

Proof. We carry out a case-by-case analysis:
(i) & > 0,& > 0: Using the mean value theorem,

(G +&)" —gH = (a+ 1&g, &€ (& e+&)
This gives
98] ~ & ((a + 1) (EF = €M) ~ Ny
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(ii) [é1] < [€2],€1 > 0,&2 < 0: Define new variables by & = —, & > 0. We have
& =& — (& — &). Hence,
Q) (&1, &a,m,m2) = [&1 + & (6 + &) — 1616 — [&]7E
= (& - &)™ - + ()T
= (&)°T! — (& — &) — gt

This is the same form as obtained in case (i). Hence, we can conclude the same for

this case.
O

Remark 3.2. The above argument can be used to determine the size of the reso-
nance function in other cases.

Proof of Theorem 1.2 (ctd). Using Taylor’s theorem, we have
9461, &2, m2)| = Ny + O(N12),
and |7 (61, €&2,m,m2)| = Ny + O(N247).
Since Q, = QL — Q2 for a > 2, we obtain,
|Qa (&1, &o,m,m2)| ~ NOT1H2

We choose v = N*QTA*O, 6 > 0, which makes the resonance small. The H*(R?)
norm of us(t, -, ) is given by

3 7_3a_30
Hu2(tv’v')”H§(R2) ~ nyz = N2~ 1 2,
For T; to be C?, we require

7_3a_ 36
L~ H¢1||H5(R2)||¢2||H§(R2) Z Ni7a 72

ie., a> % This completes the proof. ([

4. RESONANCE, TRANSVERSALITY, AND THE NONLINEAR LOOMIS-WHITNEY
INEQUALITY

In this section, we analyze the resonance function and use it to obtain trilin-
ear estimates via the nonlinear Loomis-Whitney inequality. Moreover, we employ
transversality in the resonant case to obtain genuinely bilinear estimates. We recall
that the dispersion relation for the fKP-I equation is given by

7]2
z.

We also recall that the resonance function is given by

wa(&;m) = [§]°€ +

(m& — mé&r)?

0 _ a _ e ag )
a(81,82,m,m2) = [&1 + &2 " (61 + &2) — [&1]“E1 — [§2]"E2 S6E +6)

We say that we are in the resonant case, if

Qo] < |[€1 + &2 (&1 + &2) — &1 & — |2/%E2.
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Suppose that we have Npax ~ €1 + &] ~ |&1] 2 |€2] ~ Nmin, then from the
computation done in Lemma 3.1, we get that the right-hand side in the above
equation has size N, Nmin. We find in the resonant case

(m& — mér)?

N Nonin = &&(&+ &) I

max
This can be further simplified to

ayq
(20) [mé&s — noéa| ~ N2 Noin.

We consider the gradient of the dispersion relation next:
2
n-o2n
vwa fan = (504_777)-
(&m) = (&l 2R
Using (20), we have
(21) [Veoal€,m) = Vera(a,m)| 2 |F = ] ~ N

The above relation we shall employ to obtain precise multilinear estimates via the
nonlinear Loomis—Whitney inequality and bilinear Strichartz estimates.

4.1. Nonlinear Loomis—Whitney inequality. In this section, we state the set-
ting and prove the trilinear estimate in the resonant case via the nonlinear Loomis—
Whitney inequality from [11]. We recall the assumptions on the parametrizations.

4.1.1. Assumption: For i = 1,2,3, there exist 0 < 8 < 1,b >0, A > 1, F; €
CP(U;), where U; denote open and convex sets in R? and G; € O(3) such that
(1) the oriented surfaces S; are given by
Si = Gigr(Fy), gr(F)={(z,y,2) € R®| z = Fy(x,y), (x,y) € Ui}.
(2) the unit normal vector field n; on S; satisfies the Holder condition

wp [0 =@ | o) —5)
A

(3) the matrix N(o1,09,03) = (n1(01),nz2(02),n3(03)) satisfies the transver-
sality condition

A7 < det N(oy,09,03) < 1,
for all (01,09,03) € S1 X S2 X S3.
For € > 0, by S;(e) we denote
Si(€) = Gi{(x,y,2) €Uy xR : |z — Fy(z,y)| < €}

Theorem 4.1. [11, Theorem 4.3] Let A be dyadic and f; € L*(Si(e)), i = 1,2.
Suppose that (S;)}_, satisfies Assumption J.1.1. Then, for ¢ > 0, we find the
following estimate to hold:

3 1
(22) 1% fall2(ss (o)) S €2 A2 fillL2(sy (ol f2ll L2 (s56))
where the implicit constant is independent of 5 and b.

In the following, we apply Theorem 4.1 in the resonant case to obtain a trilinear
estimate:
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Lemma 4.2. Let o > 0, and N1, Ny, N3 € 27 be such that N <Ny ~N3, Ny 21
and Ly, Ly, Lz € 20 such that Ly, Ly, Ly < N{*Ny. Let f,g,h : R x R?Z — R be
L? functions supported in Dy, <1,, DN, <1, and Dy, <15, respectively. Then

_3a 1l 1 1
@) | (o) b S NTFEN @LaLa) I lglae o

Proof. Taking into account the localization of the functions, for No <« Nj ~ Ng,
we write the left-hand side of (23) as

‘/(le,Ll *gN2,L2) ’ hNS;LB :

We shall estimate the above in the resonant case, where Li, Ly, Ly < CN{*Ns.
Furthermore, we can decompose f, g, and h into Lq, Lo, L3 number of pieces, re-
spectively. This means f = )", f;, where f; is supported on

a; T —wa(§n) <a;+1

for some a; € Z, similarly for g and h. To lighten the notation, we still denote the
decomposed pieces by fn, 1., gNy,L, and by, .. After a harmless translation, we
can suppose that these are supported in the unit neighborhood of the characteristic
surface. Then it suffices to prove (23) with L;, i = 1,2, 3 replaced by 1 because the
sum over the additional decomposition is handled by the Cauchy-Schwarz inequal-
ity. We consider the characteristic surface S;, i = 1,2 given by

2
S; = {(Tuﬁi,m) ERXRXxR:7=&|&|™ + %}

with surface normals (not necessarily of unit length)

n, = ((a+ DI&|* — Z;, 23,1).

A lengthy, but straight-forward computation for which details are provided in
the Appendix yields

B = |det(n1,n2,n3)| ~ NlaTa_lNQ.

We make an additional inhomogeneous decomposition in the 7-support with |n;| <
N; or "177,| ~ K; € 2Z for K; z N;:

/(fN17L1 *gNz,Lz)hN37L3 < Z /(fN17K17L1 *9N27K27L2)hN3,K3,L3

K;2N;

Let K > K3 > K3 denote a decreasing rearrangement of K5, Ky, K3. By convo-
lution constraint, we have

E /(fN1,K1,L1 *JNy, Ko, Lo )ANg K5, Ly = § /(fN17K1,L1 *GNo, Ko, Lo ) ANg K, Ly
K;>N; Ki K32 KS

Let e.g. K = K, K5 = Ky. We subsume

Z /(leyleLl *gN27K27L2)hN3,K3,L3

Ky <RI~KS,
(KI#K;):(K%K2)

= Z /(le,Khlq *gNzsz,Lz)hNg,gKl,Lg-

Ki~Ko
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Now, it suffices to prove

‘/ le,Kl,L1 *9N27K27L2)hN3,§K1,L3
Ki~Ko

S Z C(N17N23N3)||fN1 K, L1||L2||9N2 Ko, L2||L2HhN3,<K1,L3HL2
Ki~K2 >Ny

(24)

because the sum over K; ~ K5 is estimated by the Cauchy-Schwarz inequality.
Henceforth, we suppose that [(&;,7;)] ~ K;. We define to normalize the surface
normals to unit length

&i / i ’_ Ti
o T (K95t Ti = (K*)e+l

Let B’ = det(n},nb,n%), where n, i = 1,2,3 are computed for the normalized
variables. For these we have |n;| ~ 1. By rescaling, we find for A as in Theorem
4.1

é'_

. B
(K*)%
To ease the notation, we denote the decomposed functions in (24) by f, g and h
and define

a/(ﬂ&n) = a((K*)a+lT7 K*¢, (K*)%+177)7 a € {f7g7h}'

Then f, g, h are supported in a (K*)*(“H) neighborhood of the characteristic sur-
face. Using Theorem 4.1, we obtain

‘/ %) h‘ 2(30+3)‘/ g")

3— -3 @
S (KB (K T2 a9/ 2 1] 2
304 1 _3 a * 3 3a
S (KPR ()2 (K T3 £ gl 2 |l 2
_3a 1
SN ETENG Al llgl e 1A e

This suffices to establish (23) by the almost orthogonality argued above. The proof
is complete. (Il

4.2. Bilinear Strichartz estimates. We employ transversality in the resonant
case to derive bilinear estimates. We first note a trivial result.

Lemma 4.3. Let I,J be intervals and f : J — R be a smooth function. Then,

- i
o He S IS S

Proof. The estimate is a consequence of the mean value theorem. Let z1,25 € J
be such that f(z1), f(z2) € I. Then, for £ € (1, x2),
|f(z1) — f(z2)] < 1] )

11(&)] infy [f(y)]

|z1 — 22| =
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Proposition 4.4. Let a > 0, suppose that u,v € L?(R x R?) have their Fourier
supports in Dy, 1, and Dn, 1,, respectively, and that for (t1,&1,m1) € supp(@) and
(12,&2,m2) € supp(D), the resonance condition holds. Then,

Il’liIl(]Vl7 Ng)%
—— = lull 2 vl 2.
max(Ny, Na)1

Proof. Let L = max(Ly,Ly), L = min(Ly, Ly). Using Plancherel’s identity and
Cauchy-Schwarz inequality, we have

[uv]z2 = H/ (71, 60,m)0(T — 71,6 — &1,m — 771)d71d§1d771H )
RxR2 LY em

1 1
S L2 EE )| ull 2ol 2,
where the set E is given by
E(f»n) = {(517771) S ANl . |T - wa(élu”l) - WO&(S - 51777 - 771)| S -Z/a
(€—&,n—m) € An, }.

The measure of this set can be estimated by Fubini’s theorem. From (21), Lemma
4.3 and almost orthogonality, we have

|E(&,n)| = ‘/dﬁl/dmlE(m)(ﬁlﬂh) < min(Ny, Na)

Substituting this in (27), we obtain

(26) luwvllzz S (IaLo)®

L
maX(Nl,NQ)% ’

IIliIl(Nl, NQ)

— < ||U v .
e el

wle| =

luvl|z2 < (L1Ls)*
[}

Remark 4.5. The estimate (26) remains true if we replace the functions on the
left-hand side of (26) by their complex conjugates.

The next lemma allows us to handle the non-resonant case when the smallest
frequency has size < 1.

Lemma 4.6. Let o > 0, Ny, No, N3 € 2% be such that N1 < Ny ~ N~3, and
Ly, Ly, Lz € 2%, If f; : R® — R, ,i = 1,2,3 have their Fourier supports in Dy, 1,
and max(Ly, Lo, L3) 2 Ny N§, we have

(LyLoL3)'/?
(28) /W(ﬁ xfo) f3 < maX(Ll)L%LS)MNz

—a
2

1
N fallz2 1 f2l 22 f3ll 2

Proof. The proof is a generalization of the proof of [6, Lemma 3.1] to the case
a > 2. We provide the details for the sake of completeness. Define

fi#(Tvé\an) = fi(T+wa(§7n)a§7n)ai = 1a273'

Then, fori =1,2,3, ||f1#||L2 = || fillz= and fz# are functions supported in {(7;, &, m;) :
|7i| ~ Li, (&,m) € An,}. The left-hand side of (28) can be bounded by

/]RG FE L &am) £ (72,6, m0)
2
< T (m 4+ 7o+ Q6L m), (2,m2)). &+ Soom + o) [ [ dridéadn,

i=1
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where

(m2&1 — m&2)?

Q(&,m), (§2,m2)) = —1&1 + &l (&1 + &2) + [&1] &1 + [€2] &2 + G+ 6)66

By using Cauchy-Schwarz inequality, it is sufficient to prove
(29) /4 91(&§1,m)92(2,m2)g(Q2(E1,m), (€25m2)), &1 + &2, M1 + m2)dErdEadnidne
R
1 _a 1
S Linax Ny 2 N{' [|g1] 2|92l 2|9l 2,
where g; : R?> = R, are L? functions supported in lei, i=1,2and g:R® = R,
is an L? function supported in [~ Lmax, Lmax] X An,. After a change of variables,
=& —&, n2—ne—mn,

and using the Cauchy-Schwarz inequality, we find that the left-hand side of (29) is
dominated by

2

/R4 g1(&1,m)g2(62 — &1,m2 — m)g(QU(Ex,m), (&2 — &1,m2 — m)), &2,m2) [ [ déadmi

i=1

: /]R2 (/]R2 191(€1 )92 (8 = 12 = ’h)lzd&dm)%

N

X (/]R? lg(Q((§1,m1), (&2 — &1,m2 — 771)),527772)|2d51d771> d&adns.
Define
Bi(m) = Q&1 m), (§2 — &1,m2 —m))
16— 61— &) — a6 + f [ + I
&6 &)

B2(&1) = —(|& — &u|“(&2 — &) — |&2|“E + [&1]76).
We have |81] < Limax; |82] < Lmax, |82] < N$'Np and using

(mé& — m2&1)?

Pt = §1&2(6 — &)
we have
drdiy = Gl -G dBrdfs.
2+ 1)(B1 + B2)2&5 [(§2 — &)™ — &7
Using |&2] ~ |&2 — &1| and Fubini, we get
YN[ Lo
(/R2 19(Q((&1,m), (&2 — &1, m2 —771))752,772))\2d§1d771) S INTHQ(',&JD)HL%
2

This completes the proof. (I

5. QUASILINEAR WELL-POSEDNESS

This section is devoted to the proof of the theorem below, which yields Theorem
1.1.
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Theorem 5.1. Let ug € H*(R?) and s > 5 — 2. Then, there exists continuous
T =T(|luo|lgs0r2)) > 0 such that there is a unique solution

(30) u =S () € C(I=T, Tl H*(R?)
of (1). In addition for s’ > s
sup 157 (o) (D)l g+ 0wy S C(Ts ", uoll gror.0m2))-

Moreover, the mapping given by (30) extends uniquely to a continuous mapping
S5 HYO(R?) — C([-T, T); H* °(R?)).

Existence of local-in-time solutions for initial data in H?*° to the KP-I equation
was proved by Molinet—Saut—Tzvetkov [16]. The proof is a non-trivial variant of
the energy method, which relies on commutator estimates. Also, persistence of
regularity is discussed in [16]. These arguments transpire to the fKP-I case and
show the existence of a mapping S%°.

5.1. Short-time bilinear estimates. In this subsection, we prove short-time bi-
linear estimates which we need to control the nonlinearity.

Proposition 5.2. Let 2 < o < 2, T € (0,1]. There is € = e(a) such that for the
time localization T(N) = N—0=20=¢sych that for ' > 0, and u,v € Fsl’O(T),
the following estimate holds:

B 0z(wv)ll oy S lull ooy vl porory + 1ol Foocyl[wll ooy

Remark 5.3. As a particular case of the above proposition, we obtain
[0z (wv) | aoo(ry < llullpo.ory vl Fo.o(ry.

Proposition 5.2 will be proved by means of dyadic estimates which we prove in
the following. We first consider the High x Low — High interaction. In this case,
we can choose the time localization T(N) = N~(=2%)=¢ for any € > 0 to prove a
favorable estimate.

Lemma 5.4. Let ¢ > 0 and the time localization given by T(N) = N~(>—2a)—¢,
Let N1, No, N € 2% be such that Ny < Ny ~ N and un, € Fn,, vn, € Fn,. Then,
the following estimate holds for some c(g) > 0:

(32) | Py (@ (e, om)) e € Ny Ol [y, lloms |, -

Proof. Using the definition of the Ny norm, we can bound the left-hand side of
(32) by

sup [|(7 — wa(€,n) +iNCT2H)TIND L () Fluw, - mo(NC2HE(t — 1))

tnER
x Flon, - no(NO20T (8 —t3))]|| xx
Let
fay = Flun, mo(NO20 e (t—tn))]  and gy, := Flon, mo(NC2F (1t y))].

Using the properties (9) and (10), it suffices to prove that if Ly, Ly > N(®-20)+e
and

_ 2
INLL ONa e t RXR® = Ry
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are functions supported in Dy, 1, and Dy, 1, and for L; = NG—2a0)+e iy Dy <r;s
respectively, then
(33)

_1 _ 1 1
N S Ly (fvezatgne)llze S Ny COLE v llze L3 lgns. ol 2z
L>N(5—2a)+a

We also note that by duality, it suffices to prove:
(34)
—1— 1 1 1_
| / (Frria *9Naza) B | S NUTUOLE v nallie L3 l9n 2ol e L2 |z,
where hy 1, is supported in Dy 1.
Let Liax = max(Lq1, Lo, L). In case N = 1, we make an additional dyadic decom-

position in the low frequencies. Now we abuse notation, and let Ny € 2% denote
the dyadic frequency. We consider two cases:

_sa
® Liax < NoNf: For the case Ny 2 N1(3 2 )+52, using the estimate (23), the

~

left-hand side of (34) can be bounded by
N_%OH_%N_%L% 3 1
1 o 2Li e llee L3 llgns, ool 2 L2 (| ol 22
—1-e2/27 % 3 1
SNTTRPLE v e llze L3 llgns Lo [l L2 A 2.
a+1

To decrease the power of L by €3, we use that L < N7, which yields

1 1 1 1_
SNy s p e pllee L 9w zall 2 D20 b e

This is acceptable choosing e3 = e3(e2).

3a
In the case N2 S N1(3 2 )+52, using the bilinear Strichartz estimate (26), we
have
sy e N7 1 1
LHS of (33) § NN 5 L v l22L5 9 a1
1
We obtain

2 _e 1 i
LHS of (33) 5 N7 2Lf ||fN17L1 ||L2L2z HgNz,Lz HL2,
which is acceptable for Ny 2 1 choosing 5 < e. If No < 1, we interpolate with the
estimate (note that the power of N; is positive, whereas the power of N is negative)

3_¢

1 3a 1 1
LHS of (33) S Ny NF 27 5L | fn,.pall 22 L3 | gna.zall 2

to find
, . 1 1
LHS of (33) S Ng" O Ny L | fa L.l 2 L3 g, 2122
for ¢1,co > 0, which is acceptable for No < 1 because the additional factor Ngl(s)
can be used to carry out the summation in Ns.
® Linax = NENo: In the case Ny 2 1, we assume that L > NN, (other cases give
improved estimates). We use (17) as follows:

_a _1
LHS of (33) S NNy * Ny 2 |F (fny ) o I F " (9,2l s
2—a 2 _a 1 1 1
SNN;® Ny® Ny 2N, 2L12||fN1,L1||L2L22||9N2,L2||L2

5a  _1_a 1 3
8 N2 * 8L12 HfN1,L1||L2L22||gN27L2||L2'

5
— 1
= N
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In case Ny < 1, we assume Ly.x = L (the other cases are similar). We use the

~

estimate (28):

‘/(leaLl *gN27L2) ! hNaL

1 —a 1.1
S NS Ny 2 (LiLe)2 L || fny Lo |2 |gns. o | 2 1w, 2l 22

i e 1, o4 1 1 1_
SNG Ny 2Ny * Ny P LE vy Ml L3 gNs, o lle L2 ||y, Ll Lz

< NTET N0+ 3 3 3
SNy PNy LTy el L3 llgng, polle L2 [[hn Ll e,

which is sufficient to obtain (32) after summing up. O

Next, we consider the High x High — Low interaction. In this case we have to
increase time localization to match the localization of the input frequencies. This
will give a constraint on € because the larger € becomes, the more we lose when
adding time localization.

Lemma 5.5. For any « € (2, 2] there is e(a) > 0 such that for the time localization
T=T(N)= N—(5=22)=¢ e have the following: Let Ny, Na, N € 2Y0 be such that
Ny =20 N < Ny ~ Ny, and uy, € Fn,,vn, € Fn,. Then, the following estimate
holds for some c(g) > 0:

(35) 1P (0 (uny o)l S Ny fJum, [y, 1o |y, -

Proof. Let v : R — [0, 1] be a smooth function supported in [—1,1] such that

ZWQ(t—n)El, teR.

ne”Z

We need to further localize the nonlinearity to intervals of size Nl(hf‘r’)*. Moreover,

we carry out an additional decomposition in case N = 1 into very low frequencies.
By abuse of notation, let now N € 22 and N, = max(N,1). Using the definition
of the Ny norm, the left-hand side of (35) is dominated by

sup [|(T — wa(€,m) + NP2V TINT (€n)
tnER

(36) > Fluny - mo(NE22 (1t — ty)y (NP 2HE (@ — ty) — m)]

|| S(Fk) -2+
w Flon, (N2 (8 — )y (NP2 (0 — ) = m)] |-

Hence, it suffices to prove that if fn, r,,9ny.0, : R x R? — R, are functions
supported in Dy, 1, and Dy, 1,, respectively, then

N (5—2a)+e L
N(§) S Loy, (o * o)
(37) i LeNE 20t

—C £ . l l
< N O min(N,1)]2OLE |y p N2 LS 9ns, 2ol
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By duality, it suffices to show:
(38)

(5—2a)+
N(&) [e3 €
Ny

/ (fnu,on * 9Naza) - Bovop| S Ny @@ min(N, 1)]2E) (L Ly L1 7)3

| fnynallzz 9N, Lol 2 1A Ll 22,

where hy,r, is supported in Dy 1. For Liyax = max(L, L1, La), we again consider
two cases:
® Lmax < N*N: We consider two subcases:

“3a

* N < Nf 2. Note that since o > 2, we have N < 1. We assume Ly, = Lo
(if Limax = L, we obtain the same estimate without using the dual term). Using
the bilinear Strichartz estimate (26), we find €2, €3 > 0 for any € > 0 such that

’/(le,L1 * Ny, Ls) - AN,
1
< A

~

1
(LL1)2 || fny na 2 Ao c

E3 |L2H9N2,L2HL2
1
1 3a

1 -2 Cean L
SN2ZN 2 (L Lo L )2 | vy oy Nl n2 |9, Lol 2 |1, | e

This gives

NN1(5720¢)+5

/(fN17L1 * gNz,Lz) : hN7L

5 _ba
SNENP T L Ly o) | vy 22 g, 2 22 1,2 22,

which is sufficient since a > 2, which leads to a negative power of N7 and summation
over N is possible because N < 1.

_ 3«
* N > Nf 2: For N <1, we use (23) to bound (38) to obtain
_on _Bay1 1
NNC2 I NTE 2 N3 (L Lo L)% | fvy 1 22 l9a o 22 v, 2 | 2

1Al ey 1
SN2NZ? T (LileL)2 | fny oy |2 |9 Lol 2 | A L] 22

SNENE OIS p 18| iy D s g,z e 2l e
This is acceptable if we choose 0 < € < I}T‘l — % and e3 = e3(¢).
If N 2 1, we use (23) to bound the left-hand side of (38) by
N O N E N (L Lo L) v, g, 2 2 D
S NC =N T (L Lo D) vy D2 g a2 e L 2
SNE T (LiLoL %) 3| fny 14 2 g, call o2 1A, 2

3_3a 4 (q41)es _ 1
S NETETORDS (LD )3 g N2 9N, a2 v | -

The above is sufficient for a > 2 by choosing €3 small enough.
® Linax = N{*N: First, we consider the case N 2 1.
If L > N{*N, we can apply two linear Strichartz estimates to find for the left-hand
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side of (37):
5—2 _ _ _1 _ _
< NP2 N RO (NN T F T (fy ) 20 F 7 (9,20l 20
—2 _ _ 1« 2—a 1 1
S NPTPOFENCAROENTINTENTT L2 vy ll2e L3 9z 22
_9 _ il _llay, 1
< N3P0 N (L LoVE | vl (lgma.zallze.
For f% + 2a < 0, we have to choose 0 < € < HTO‘ — 12—1 to find
< n—en—cle) 1
SNTENy T (LaL2)? || g, L2 19N, pa [l 22 s
which is sufficient. For o > %, we find
_ 1-32y4 1
SNENSTEIL L) vy 2]l a2
e Aar— B4 1
SNTENy (L L) 2 || vy o |22 |l 98a. 2o M 22

which is acceptable for £ < %.
For L < Nf*N, we suppose that Ly.x = Lo (note the symmetry between Ly, =
L, and this case) and bound the left-hand side of (38) by

N1\ (5-2a
N(Wl)(s ’ )+E|/(fN17L1 *gNQ,LQ)hN,L’

SN2 N2 F vy ) e | FH (hv) 2 g, o N 2

4 ar2zo 5 oo a1 1
SNPTIENTE N TN S N PN (L Lo L) ? | v 22 |9, L 22 v, | 2

15 _ 17 _ 2L 2la gy 1
SN TN T T (L Lo L) ? | v 22 |9 e 2o L 22 v 2 22
For 1%‘1 — % < 0, this gives

%—21—”‘—&-8 1
SN (Ll L)z fny 2 llgns, Lol 22 1w Ll 22

-2 tet(atl gy
SN L L L) 3 v el el v
which is acceptable if we choose 0 < e < & — 2L and e3 = e5(¢).
If 1%“ - % > 0, which means o > ‘;’—‘51, we find

S NN (LL Lo L) R | fvy ol g a2 e L 2

S NN (L Lo L) 3 | v e g,z 2 1w, 2

< NTEN] O (L L 1) g e g ol e B e
This is acceptable for € < 7/10 and choosing £3 = €3(¢) small enough.

In case N < 1, we use the estimate (28):
_e 31 1 1 1
’/(le,Ll *gNy, Ly - hv,L)| S Ny F N1 L Lt || Ny L[l 22 L3 |98, Lo [ 22 L2 (A 2]l 22

< N A0t 3 3 5-
SNy TONTLE SN e L3N, polle L2 (ALl 22,

which is sufficient to prove the required estimate. O

The case of three comparable frequencies is treated in the following lemma:
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Lemma 5.6. Letc > 0 and the time localization given by T = T(N) = N~(5=2a)—¢,
Let Ny, No, N € 2%0 be such that Ny ~ No ~ N > 1. Let uyn, € Fy,, vn, € Fi,.
Then, we have for any 6 > 0

(1-3¢)+0
(39) HPN(aCE(uNIUNQ))”NN § Nl * ||U’N1||FN1 ||UN2||FN2'
Proof. Using the same reductions as in the previous lemmata, we require to show
(40)
)

1 1— 4+ 1 1
N Y Ly, Unvestgnaz)llie S N OV LR xale L3 s,z 2.
L>N(5—2a)+

For L..x as before, we consider:
. M : We invoke duality and use (23):

_ 3o 1
’/(le,Ll *GNy.Ly) | SNy " (LaLeL)? | fny o L2 llgns, ol 2 (a2

e Loy = Nf‘“: For L > N{”l, using the L* Strichartz estimate and the size of
L, we have

a4l 2o 2—a 1 1
LHS of (40) S NN™"2" Ny ® No® Li|[fny alle L3 Mg, ol

1—3a 1 1
SNl * leHho[q”LQ L22||gN27L2||L2'

For N1(5_20‘)+6 < L < Nf““, we find the above estimate up to N{ by two L*
Strichartz estimates involving the dual function and a logarithmic summation loss.
|

Finally, we consider the very low frequency case:

Lemma 5.7. Lete > 0 and the time localization given by T = T(N) = N~(>=2)—¢,
Let N1, Ny, N € 2% bpe such that Ny, Ny, N S 1. Let un, € Fy, and vy, € Fi,.
Then, we have

(41) 1PN (B (un, on, )l wvw S luny low, [0, |, -

Proof. This estimate is a direct application of (17). Using the definitions of the
function spaces, it is sufficient to prove that for Li,Ls > 1 and fn, 0., 9Ny, Lo ©
R x R? — R, supported in Dy, 1., DN, L,, respectively, we have

1 1 1
(42)  NY L7 :[1p,  (Fvens *9nno)llze S LEllfny e llee L3 119w, o e
L>1

Using (17), we have
1 1
LHS of (42) S NL} ||fN17L1 ”L2 L3 ||gN27L2||L2’

which is sufficient. O

Proof of Proposition 5.2. Given « € (2, %], we choose £ = () such that the esti-

mate from Lemma 5.5 is valid. Note that the High x High — Low interaction is the
only interaction, which imposes a constraint on time localization. We decompose
the nonlinearity d,(uv) as follows:

s =(X 4 ¥ Y e ¥ oy )
N1<KNa~N  NoKNi~N N&LNi~Nz Ni~No~N>1 N,N;,Ny<1
X PNaw(PN1u~PN2v).
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Of the first two summands above, it is sufficient to consider the first by making the
assumption that the derivative hits the high frequency. Each of the terms can be
then separately handled by Lemma 5.4, Lemma 5.5, Lemma 5.6, and Lemma 5.7,
respectively. We multiply each of the estimates in the lemmata by N 25" and sum
up dyadically over the spatial frequencies to obtain the required estimates.

O

5.2. Energy estimates. We prove the energy estimates for the solution and the
difference of the solutions in this section. The former is crucial to conclude an a
priori estimate for the solution while the latter is required to prove the continuity
of the data-to-solution map.

To begin, we assume that 7' € (0,1], Ny, No, N3 € 2% with max(N;) > 1, u;, €
Fyn,(T),i=1,2,3. Without any loss of generality, we assume that N1 < Ny < Ns.
Let v : R — [0, 1] denote a smooth function supported in [—1, 1] with the property
that

ZWS(t—n)zl, teR.

We fix extensions @; of u; such that ||@;[|py, < 2||uillpy, (7). Then, we use the
function v to divide the time interval to sub-intervals of size N??O‘_5_E:

(43)
‘/ U ULU3 dxdydt’
[0,T] xR2

< / OO = )y (9 (VST = )0 (1)72)
|n\<CN<5 2a)+e x

X (VNS T2 2 — )10 (1)) d:cdydt‘

_ / (Y (NE244 )10 14 ()in))

|n\<CN<5 20)4e o RXRZ

« (O 01 (082)) (€ 7)F (1 Yoy (07) €, m, ) declner|

- [ e s g dedna],

|n\<CN<5 200+e  JRXR?
with
(44) Jii= FONG 25— )1y (D)), = 1,23,
In the above summation over n € Z, we consider the two sets:

A={n€eZ,n| < CN?E5 2a)te 7(N35572O‘)+€t —n)lgn(t) = 7(N§572a)+6t —-n)},

A={nezZ,nl < CNPSS*QO‘) :0€e supp(v(NéEHm)ng -=n))

VT e supp(w(N?EkMHE -—n))}.

Since T € (0,1] and ~ is supported in [~1,1], we have that [A] < N$°72*)7¢ while
|A¢] < 4. On the physical side, the temporal support of f;, i = 1,2,3 is of size
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~ NéQ‘X—5)_E. We can further decompose

(45) fz = Z fi,lu:'

Li>N§5_2a)+5
with'
2 _ T No . T 5—2a+e
DN,th, L—IIIELX{LEQ 0 L<N3 « },
DN,-,,L, else.

(46) supp(fi,z) C {

In the following computations, we shall assume that we have already made the
above reduction. For n € A¢, we use the following estimate to substitute for (9)
(cf. 9, p. 291)),

1
sup L2 |0 (1 — wa(&m) - fillz S 1 fnllxy,
L>1
where fL = F(1;(t)fx-F~1(fn)) for an interval I C R (in our case [ is an interval
of length min(1, Ngf,fs)fs). Since in the estimates below, we can spare a small
power of L.« and gain a factor ]\f??Jr compared to N§572a)+6 = |A|, we can also

handle the contribution of A°. We shall focus on n € A in the following.

5.2.1. Energy estimate for the solution. In this section we shall prove energy esti-
mates

(47) [ull B0y S NollFraro + lullpeocrylullFo o -

for solutions to (1) for some s > ¢’ > 0 with s’ = §'(a). If « is large enough, we
can reach s’ = 0. Also, the time localization will depend on a.

Proposition 5.8. Let 2 < a < 2 and T € (0,1]. Let 0 < e < mTO‘ -2

e 2 < ac< %: Then, for the time localization, T = T(N) = N—(-20)~¢
§>2s>6-—42+e anduc Fs"O(T), the estimate (47) holds for smooth
solutions u to (1).

° % < a < % Additionally, we suppose ¢ < 6 — 1}7"‘. Then, for the time
localization T = T(N) = N~0720)=¢ ' > 5 > 0, the estimate (47) holds

for smooth solutions u to (1).

Proof. We consider equation (1) on (=T, T) x R? for Littlewood-Paley pieces Pyu.
Multiplying this equation with Pyu and integrating, we obtain

sup || Pyu(ty)|Z: < | Pruolz:
tNG[fT,T]

+ sup ‘/ PyuPn(u0zu) dtdxdy|.
tnye[-T,T] "' J[0,t n] xR2

After proving suitable bounds for the last term, (47) follows from multiplying (48)
with N2¢" and summation in N.
We consider the integrand:

PNUPN<PN1U' PN26IU).

n (45) we abuse notation: L; is a dyadic number, when we write L; = N this refers to the
largest dyadic number smaller than N¥, as defined in (46).
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Using the notation from (43) and (44), we define
fr = FONSET2t = n) 10 1y () P, w),
(49) fo = FOUNGRE Tt = n)Lio 1y (8) Py, Ou),

max

f3 = F(y(NEL2Tt — n)1pg 1y(t) Pyvu),

max

and consider following cases:

(i) N < N7~ No,

(i) Ny < N1 ~ N,

(iii) Ny < N ~ N,

(iV) N ~ N1 ~ NQ.
As is the case with the bilinear estimates, at first, we have N € 2N to take into
account the definition of the function spaces. For N = 1, we carry out an additional
dyadic decomposition into very low frequencies N € 2% to take advantage of the
derivative, which is smoothing for N < 1. Note that in the estimates proved below,
we always have summability for N < 1.

In case (i), the resultant frequency N is low. We divide the time interval of
integration into sub-intervals of size max(Ny, Na, N)(2a=5)=¢ ~ N2*75)7¢ yia the
technique elucidated above. With N < Ny and Lyax = max(Lq, Lo, L), we consider
the following;:

® Liax < N{N: Using notation from (44) and (49), we have
> [ (et deran
RxR2

< NNp—2ete > ‘/ (fi,L, * f2,0,) - f3,0,dEdndT|,
2
NO-2eteC L KNON RxR

(50)

where

fo = FON2 5 = m) 1o 1y (6) P )
and we use the notation from (45) for the decomposition in modulation of f;. Using
the nonlinear Loomis—-Whitney inequality (23), we obtain that (50) can be bounded
by

NN1572a+sN1—37‘1+%N—% H Z
(51) =1, 5 NG+

1 — =% 4e
. N"‘Nf s [y () 1uns Ty (0 llun (| Fy o)

Note that for ¢ < 2};’ — 2L the exponent of N1 is negative. For N < 1, we have

easy summation in N for any s’ >s>0. For 2 ﬁ <a< % and € accordlng to the

assumptions, we have

lla

S N i, oy o g, el L -

Since 6 — 110‘ + ¢ < 0, we have easy summation for s’ > s > 0 and N 2> 1. For

2<a< We estimate

11’
,117(1
S N luw, oy, o lus Ly, (0 1o |y (1)

with easy summation.
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Remark 5.9. We note the bilinear Strichartz estimate (26) gives the same result
_3a
if NS NTE

® Liax = NP*N: We assume that Ly.x = Lo (since the estimate below becomes
better if L,.x = L). Using the same notation as in the previous case and the linear
Strichartz estimate (17), we obtain

“/[Ot a2 PNuPN(PNlu-PNzaxu)‘
S EN X

SNNPTEEE S / (Fres * fo.r,) - fa.r, drdédn
Ly L>NO—200+e RxR?2
Ly>NON
SNNP2ete N F T (o) I F T () e | fo,a e

L17L>N1(5720¢)+E
Ly>NIN

3
—a 2—a o 1
SNNPPHENSINE NN Y L funlee

=1 Li>N1(5*2D<)+E
3_a 2l _2la .
SNATsNF  unll ey ) llun | my, o) lluns |y ()
Note that for ¢ < mTO‘ — % the exponent of Ny is negative. For N < 1, we have
easy summation in N for any s’ > s > 0. For % <a< % and ¢ according to the
assumptions, we have

_lla
S N un, |, (o lums | ey, () lun [y (1) -

Since 6 — % + ¢ < 0, we have easy summation for s’ > s > 0 and N 2> 1. For

2<a< %, we estimate

_lla
S N lun, |y, (o s | () lun (| o

with easy summation.

Case (ii) can be handled in a similar way as case (i) as the derivative hits the
low frequency. For case (iii), we use a commutator argument, see [9, Lemma 6.1]
and [10, Remark 5.9] to transfer the derivative to the low frequency. We can then
use the same argument as in case (i) to obtain the required estimate. Case (iv) can
be handled similarly. O

5.2.2. Energy estimate for the difference equation. Let uq,us solve (1) with initial
data ¢1 and ¢s, respectively. The difference of the solutions, v = u; — uy satisfies
the following:

(52) { v — DOy — 01020 = 0p(v(ur +u2))/2, (tz,y) € RXR xR,

v(0) =¢1— g2 =: ¢.
Proposition 5.10. Let 2 < a < 2, T € (0,1] and u,us be solutions to (1) with
initial data ¢1 and ¢o, respectively. Then, for 0 < e < QlT‘" — %, g’ > e, the time

localization T(N) = N=020)=¢ s > 5 _2a + ¢ and v = u; — up a solution to
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(52), the following estimates hold:

(53) Ivloocry S NOIZ2 + vl (lusllpeor) + luzll peocry),
(54) N[vllBeocr) S 0150 + Ilv]
+ (llvl

3
Fs:0(T)

%S‘O(T)||u2”FS«0(T) + ||U||F0=0(T)HU||FSv0(T)||u2||F25«0(T))'

Proof. We use the fundamental theorem of calculus to obtain from (52):
(55)

sup ||Pyu(tn)|z: < [1Pvélz:
tNE[-T,T)

+ sup }/ PnvPn (05 (v(ur + u2))) dedydt|.
tnel-T,T) ! J[0,tn] xR

We require to handle the last term in the above display. For the proof of (53), we
treat the term PnvPy(0z(vuy)) since the second term, namely PyvPn(0g(vug))
can be estimated similarly. We have

Pn(vu1) = Pn(Penv - ur) + Py (P>yv - ur)

56
( ) NPN(P<<NUPNU’1)+PN(PZN’UPZNU/I)

Corresponding to the integrand in the last term of (55), we need to consider
(57) Py - 8$PN(P<<NU . PNul) = Pyv- (9;5P<<NU - Pyuy + Py - P<<N’U . 8chN'UJ1
and

(58) Pyv-0,Py(Psyv- Poyur) = Y Pyv-0.Py(Pyn,v- Py,us).
No~Ni 2N

The first term on the right-hand side of (57) and (58) can be estimated like in
Proposition 5.8 because the derivative hits the low frequency term. However, for
the second term, the derivative hits the high frequency term and the resulting term
is not amenable to an integration by parts argument to transfer the derivative to
the low frequency term. We treat (58) as follows: Fix extensions of Pyv, Py,v
and Pp,u; and still denote them by Pyv, Py, v and Py,u; to lighten the notation.
Then, using Parseval’s identity and using the reductions explained before, we have

‘ / Pynv - 9y Py (Py,v - Pyyur) d:cdydt‘
[0,t 5] XR2
SN| [ Pvv (Paox Pyu) dedndr|
RxR2

)

SN[ i) fodednr

|n‘<CN1(5—204)+5

where, now,
fr = FOWE 2T n) 1o, (6) Py, v),
fa= ]:(’Y(N1(5_2a)+et —n)1p,1)(t) Pnyur),
fa = FO (N>t = )10, (8) Pr).
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After summing up in n, we need to control the following term:

(59) NN1(5—2a)+e

/ (f1 % f2) - f3 d&dndr|, where N < Ny ~ Na.
RxR2

For the decomposition in modulation for functions f;, ¢ = 1, 2, 3, we use the notation
(45) and consider the following cases:

® Liax < NNJ* : We further consider two subcases depending on the size of
the hlgh and low z frequencies:

37
*x Nz < Ny 3 : After decomposing the functions in modulation, an ap-
plicatlon of the bilinear Strichartz estimate (26) to a high-low interaction

gives
(59) 5 NN1(57206)+6 ’ /R - fl Ly * f2 Lz) f3 L3d§dnd7-
L;<KNN¢ X
(60)
(5— 2oz)+s
SNN H )
i i=1p, > NE-200+e

If N 21, we find
7-Ixe 3 1
SN H Z L |l fii 2.

This suffices for € < 7o — 14, which is ensured by hypothesis. For N < 1,
we interpolate (60) with the estimate in the above display, to find

3
1
SNCleCZH Z L'i2||fi,Li||L27

=1 Li>N1(5—2a)+5

which allows for summation in N < 1.

3_3a
* N7 ° < N2: In this case, an application of (23) gives

3
(59) < NN(5 2a)+e py JTQ"‘%Nf% H Z

Li>NG—2+

If N 21, we find

6_11a+ 1
: H > LEfizdee

=15 NG-200+

which yields (53) for s > 6 — 2% 4+ ¢. This suffices. If N < 1, we have

straight-forward summation if & < 110‘ — 12—1



28 AKANSHA SANWAL AND ROBERT SCHIPPA

® Lyax = NN For Ly = L3, using the L* Strichartz estimate, we obtain

69 SNNPPE S (s far) - usdrdsds
Li>NN& X
Ly Ly>N{° 2+

[=3
8

=
ot
“M—‘
oa\s)

SNNP 2NN TN

3
1
H Z L2 || fiz, | e
i=1 (Za)+€

1

Lyt
SNzN; ||PNU||FN(T)||PN2U1||FN2(T)HPN1U||FN1 (T)-

This suffices for N < 1 because the exponent of N is negative. If N 2 1,
we can estimate

< NS p P j2
~ 4V | NUHFN(T)H N2U1||FN2(T)|| NIUHFNI(T)-

If Liax = Lo, we apply the L* Strichartz estimate to fi,0, and fs3r, and
utilize the modulation gain from f5 1, as follows:

3
N | D A

i=1 LL2N1<5_2“)+5

o3
8

ot
N\Q

(59) < NNE2OTENT-§ NI T3 N,

3_«a 24—1721T‘°‘+6
SNiTEN, ||PNUHFN(T)||PN2“1HFNQ(T)”PNWHFN1 (T)-

1, we have straight-forward summation for 2 < a < 4 because

<
> 0, and the exponent of N; is negative. If N 2 1, we obtain

@
£
< 6_11Ta+5
SN | Pn vl ey (1) 1Pt | ey () | Py V] oy, ()5
which suffices. The case Lyax = L1 can be treated similarly.

The proof of (53) is concluded by summing up in the x frequencies. Note that for
these terms we cover the same regularity as in Proposition 5.8. The term which
leads to worse estimates is the following;:

PNU-PvaﬁwPNzul, Ny < Ny ~ N,

which corresponds to the second term in (57). Using the notation and reductions
explained in the beginning of this section, we define

fi = Fly(NO20%eg — n) 1,1 (t) PN, v),
fo = F(y(NC72e)0Feg - n) 10,71 (t)0z Pn,u1),
fs = F(y(NO2%<t — )1 7y(t) Pyv),

After considering the derivative in fg, carrying out summation in n, we require to
handle the following term:

NN(57204)+6

/ (Fo% fo) - fodrdgdn |,
RxR2

where
fo = F(y(NG2e0Feg — n) 1,7 (t) Pnyur).
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Furthermore, decomposing f; in modulation L;, ¢ = 1,2, 3, we reduce to estimating
a term of the form

o) NNC ST | [ (s ) -, drdeds,
N2t nay R
1 iV
Depending on the size of Ly,.x, we consider the following cases:
o Ly < N*Np: We further consider two subcases:
T 3_
* N2 < N3
gives

Ny

: An application of the bilinear Strichartz estimate (26)

wlo

3
I > Lifie

1
o1 v 2 )
N24 i=1 Li>N2(572a)+5

L2-

Summation in Ny gives
N NG-2a)+5 HPNWHFN1 (T)||PN2U’1||FN2(T)HPNU”FNI (T)-

1
< N2: We use (23) to obtain

3
a _1 1
(61) SNO2NN=FHEN ] Y Lllfinlee
=1 L_>Né5—2a)+s

iz

S NO2% Pro| gy (1) || Py |, (1) | P 0| i, () -

Now we handle the non-resonant case.
e Lyax = N*Ni: We apply the estimate (28) by assuming that L. = Ls.
Note that in this case the small frequency N; can have size < 1.

3
1 a -1 1
(61) SNNO2NIN- S T Y L2 lfi,

i=1 Li21\7(5*2<¥)+57
Liax>N1 N

L2

_lla
S NO5% Py py () | Py | gy (1) | Py 0l oy, () -
This suffices if N1 2 1. If N7 < 1, we can interpolate with the prior estimate
to find
_lla
SNPN©= )+26||PNU||FN(T)||PNZU1HFN2(T)||PN1U||FN1 (T)-
with straight-forward summation The other assumptions, namely Ly .x =
Ly or L. = Lo lead to the same conclusion.

The proof of (53) follows by substituting the obtained estimates in (55) and carrying
out a summation in the x frequencies. For (54), we multiply the same by N2* and
sum up. Noting that u; = v + ug leads to (54). O

5.3. Proof of Theorem 5.1. We conclude the proof of Theorem 1.1 in this section.
In the first step, we show a priori estimates.
A priori estimates: Let o € (2, %], e >0,e=¢e(a,¢), and

lla ’ 24
s>{6—4+5, a€(2,ﬁ],

0, ae (3,3,
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and ug € H>?. We can suppose by rescaling and subcriticality that ||ugl|zs0 <
g0 < 1 with gy determined later. By the local well-posedness in H?°, we have
existence of solutions in H*? for Tyyax = Tmax(||uol z2.0)-

By Lemma 2.2, Proposition 5.2, and Proposition 5.8, we have the following set of
estimates for 7' < min(Tjax, 1) and time localization T(N) = N~6-22)=¢ provided
that € is chosen small enough:

H“”QF&O(T) S Hu||129s»0(T) + [102(u?) | a0 7y,
||8$(u )”NS’O(T) 5 HUHFS‘O(T),
Il Ze 00 S llwollzreo + lullfeo(ry-
This yields
(62) ”uH%&U(T) < Mol Freo + HUH%‘W(T) + HUH%&O(T)'

Secondly, we have (cf. [9, Lemma 4.2, p. 279] )
. . 2
i [l 5oty S oo i 102 (62)llv-oc) = 0

Hence, by choosing ¢y small enough, we find by (62) and a continuity argument
that

(63) lull ps.0(ry S lluoll g0

for T'= min(1, Tiyax). Another application of Lemma 2.2 and Propositions 5.2 and
5.8 yields

||UH2F2,0(T) < lullg2o¢ry 4+ 102 (u?) |20 (1),
[0 (w 2)|INM(T) S IIUHF;O(T)HM Pe0(T),
[ul E2.0(T) S lwollzrzo + ”uHF"’vU(T)HUJHFS’O(T)'

This set of estimates yields
[ullF200ry S lollzo + llullpsocryllullFeocry + lulFeo ) lullFeo ).

and therefore, for |u||pso(ry S €0 we have [[ul| 2.0y S [[uollg20. Consequently,
we have existence up to T" = 1 choosing ¢y sufficiently small only depending on
||U0||Hs,0 S £0-

Remark 5.11. Since s = 0 for a > %, by the above a priori estimates and the

conservation of mass (2), we conclude the global ezistence of solutions in F%°(T).
By persistence of regularity, the solutions also exist globally at higher regularities.

Now we prove the continuity of the data-to-solution map. In the first step, we
show Lipschitz continuous dependence of the solutions in L? for small initial data
of higher regularity.

Lipschitz continuous dependence in L?: Let s > 5— 2« and u;, us denote two local-
in-time solutions with initial data ||u;(0)||gso < €9. By the above argument, we
have for s’ > s

(64) [l

Fs'0(1) S llwoll g0
Let v = w1 — us denote the solution to the difference equation

O — DZ0yv — 0, 1020 = O (v(ug + u2)) /2.
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From Lemma 2.2, Proposition 5.2, Proposition 5.10, we have
(65)
[v]l Fo.0(1) S vl ooy + [0z (v(ur + u2)) a0y
102 (v(ur +u2)) a0y S lvllrooy(lutllmeoqy + luzllpso)),
101 %0.0(1) S o0)1Z2 + [vllzo.0qy (lutll ooy + [luz]

Fs,O(l)).
This enables us to conclude

(66) [ollmoq) S I0(0) ]2,

since [|u;||ps.0(1) S €0 are chosen sufficiently small.

Continuity of the data-to-solution mapping: Also, from Lemma 2.2, Proposition
5.2, and Proposition 5.10, we have

[vllp=.0(T) S lllg=ocry + 102 (v(ur + u2))l|arso(r)
(67) 1|0 (v(uy +2U2))HNS»0<T) S ||v||F5102<T)(||U1| Feo(r) + l[wsllpeo(r))
||U||E3,0(T) S o010 + HUHF&O(T)

vl roomyllvllpso ) luzll F2so(r)-

From the above set of estimates, we can conclude a priori estimates for ||v||ps.0(7y:

(68) vl

%‘Sv"(T) N ||’U(0)||i1s,0 + ”UH%&O(T) + ||U||F070(T)HU| FSyO(T)”uQ”FQSvO(Ty

We use the smallness of ||u;|| gs.0 to absorb the term from the nonlinear estimate
into the left-hand side.
For s > 5 — 2, let ¢ € H*? be fixed and {¢,,}5°; € H*" be such that

(69) Tim ¢y, = ¢.

By rescaling and subcriticality, we can again assume that ||| gs0 < g < 1 and
ldnllgso < 269 < 1 for all n € N. Let uy be the solution corresponding to initial
data ¢, and us be the solution corresponding to initial data P¢n¢,. We construct
the data-to-solution mapping as an extension of the data-to-solution mapping for
smooth initial data. Let

S7(¢n) € C([-1,1]; H*?)

denote the solution corresponding to smooth initial data. We can take the existence
time as 1 by the a priori estimates and persistence property argued above.

To prove the continuity of the data-to-solution map, we need to show that the se-
quence S (¢,,) € C([-1,1]; H>*Y) is a Cauchy sequence in the space C([—1, 1]; H*),
$>5—2a.

Hence, it suffices to show that for any § > 0, there exists My € N such that

1S5 (¢n) — ST (dm) | c((=1,1]; 120 < 6 for all m,n > Ms.
For K € 2% let ¢& := Pcg,. We have
157 (6n) — ST (dm)l (=11 120y < ST (D) — SF(DE ) o ((=1,1): 150
(70) + 1S5 (6m) — S (dm)le-1.a3:m00)
+ 197 (65) = ST (D) le(=1,17:m00)-

The third term can be handled by using the continuity of the data-to-solution map
for smooth data in H??:

(71) 15 (05 ) = SF(Dp)llo(-1.13:m00) < ISF () = ST (D) 20 — 0
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for m,n — oo because [|¢X — @&/ 20 — 0. Let v = S¥(¢y,) — SF(pK). We
observe that v is the solution corresponding to initial data Ps g ¢,. From (66), we
have

[vllFoocry S lldn — 85 22 S K| Ps kbl g

From (64), we have for us:

(72) luzllp2eoery S llgm lmzeo S Kl dnll oo

Combining the above with (68), we conclude an a priori estimate for v which now
depends on the profile of the initial data, namely on Ps ik ¢,,. We have

157" (¢n) = ST (dm)llc(—1,13150) S 1P>kPullp=o + | P>k dmll =0 + C(m,n, K).
By the convergence of ¢,, and choosing K large enough so that

P> dnllmso + [Pk Pmllreo <e,

we conclude that {S2°(¢,)}nen is a Cauchy sequence in C([—1,1]; H*?). This
shows that S3° extends to a continuous map Sy : H*° — C([-1,1]; H*?). O

6. SEMILINEAR WELL-POSEDNESS

For o > 2, we observe via estimates (23) and (26) that we can remedy the deriv-
ative loss completely without having to use frequency-dependent time localization.
We show local well-posedness through a fixed point argument. This we carry out
within the standard Fourier restriction spaces as our auxiliary spaces. Let s,b € R
and wq(§,n) = |£]%¢ + "5—2 The space X corresponding to the fractional KP-I
equation (1) is defined as the closure of Schwartz functions with respect to the norm
[ull xe @ xk2) = [(€)° (T = wa (&) a(, )] L2

7,6,7

(®xk2) = IUa(=t)ullgpm;  mxr2);

where U, (t) denotes the solution operator corresponding to the linear equation.
We localize in time as usual by setting

X3P ={f:[0,T]xR?* - C|3feXx>": flom = F}

endowed with norm

||f||x;vb = inf Hf”xsvlh
f

|[0,T]:

With the function spaces introduced, we give a precise version of Theorem 1.3.

Theorem 6.1. Let a > % and s > % — 5. Then, there is b > 1/2 such that for
T = T(||uollgs0), (1) is analytically locally well-posed in H*° with the solution

lying in X3" — C([0,T]; HP).

The section is devoted to the proof of Theorem 6.1. We begin with a reminder on
the basic properties of X spaces, which show that for the proof of the theorem,
it suffices to show the bilinear estimate

100 (uv)|| xo0-1 S [lullxen [0]lxe0

for some b > 1/2. The bilinear estimate is proved in Subsection 6.2.
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6.1. Properties of X*? spaces. Proofs of the following basic properties can be
found in [21, Section 2.5]. First, recall that free solutions are in X*° locally in
time. Recall the linear propagator of (1) from (13).

Lemma 6.2 (cf. [21, Lemma 2.8]). Let s € R, ug € H*°(R?) and n € S(R). Then,
the following estimate holds:

(&) Ua(t)uoll x=0 Son luol meom2)-

This yields the following transfer principle for b > 1/2, stating that properties
of free solutions are inherited by X *°-functions:

Lemma 6.3 (cf. [21, Lemma 2.9]). Let b > 1/2 and s € R. Let Y be a Banach
space comprised of functions in R x R? with the property that

€ Ua(®) flly S | Fllzzewo
for all 7o € R and f € H*Y. Then, we have the embedding
[ully Sp llullxs
By Duhamel’s formula for solutions to

Oyu— DGOpu — ;' 02u = F(u),
u(0) = uy,

we can write
(73) u(t) = Uqy(t)ug +/0 Un(t — s)F(u(s))ds.

The following energy inequality for X*® spaces becomes evident:

Lemma 6.4. Let u be like in (73) andn € CX(R), s € R, and b > 1/2. Then, the
following estimate holds:

In()ullx=r S luoll ooy + [1F ()]l x0-1-

For the frequency and modulation localization operators we use same notations
like in Section 2.

6.2. Bilinear estimate. To prove Theorem 1.3 via the fixed point theorem, we
require to control the nonlinearity in the X**~! norm which we do in the following.
We prove the estimate in a fixed time interval [0, 1] so that we do not have to keep
track of additional decomposition in modulation or gain of small powers in T'. For
brevity, we also omit the subscript 1 for the length of the time interval in the X5
norms.

Proposition 6.5. Let % < a<4. Then, for s > % — 5, there is some b > % such
that the following estimate holds:

102 (wo) [ xe0-1 S [lullxen [0l x00-

Proof. By duality and Plancherel’s theorem, we can reduce the above to proving

—

(74) E(w) - @ drdédn| < |lullxeo

‘ "U”Xsyb”wHst,l—b.
R3
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Let N; € 22, L; € 2Yo. For functions fn, 1,,9n,.1, and hy,z supported in

DNI, Ll,f) Na,L, and DN) L, respectively, we focus on dyadic estimates
(75)

1.1 1
’/(le,Ll*gNg,Lz)'hN,L S Li L3 L27 C(Ny, Noy NI fny el 2|9, no [ 2 [hnv Ll 22

We turn to a case-by-case analysis depending on the size of the = frequencies.

High-High-Low (N3 < Ny ~ N): We first treat the High x Low — High inter-
1_a
action and prove (75) with C'(Ny, Na) = N1(4 2 )+N20+. Summing up the above in

L,Li,Ls, N,Ny, and Ny proves (74) for s > g — § after taking into account the

additional derivative loss. For Ly,.x = max(Li, Lo, L), two cases arise:
l1-a
® Linax < N{*Ny: For Ny < N; 2, we use Cauchy-Schwarz inequality and the bi-

linear Strichartz estimate (26). Note that since o > g, we have Ny < 1 necessarily.

(76)

N o

1 .
‘/(le,Ll * gNy.Ly) - hvp| S (LiLz)? ~I 5y Lo llz2lgns, ol 22 1P 2
1

1 1_ay_
S (L) N DTN v 1 o2 98 [ 2 o, 2 -

l—a
For Ny 2 N; 2 | we use the nonlinear Loomis-Whitney inequality (23):
1 _Bag1l 1
LHS of (75) S (LL1L2)2 Ny * "2 Ny 2| fny Lo 22 9o, Lo [l 22 1hv. L 22
L3NG

Nl=

$)+
S (Lnlz) DN vl 9w oz 1A, 22

® Linax = N{¥*Ny: For Ny 2 1, we use the embedding (17). Without loss of general-
ity, we assume that Lya.x = L (other assumptions give same or improved estimates).
Using Plancherel’s identity and Cauchy-Schwarz inequality, we have

LHS of (75) S IF (2l sl F " (gng.za )l o llhw, Ll 2
1_a 1l a —a _l_;’_ 11
SN SNy SNy 2Ny 2 (LiL2)2 L2 || fny o 22 lgns. ol 22 1P | 2

= NN (L L) LA v e s gl o
For Ny < 1, we use the estimate (28):
LHS of (75) S (LiLa) LENT N v, e g 2 v 22
S (LaLo) LA Ny F NG vy 2 g, el v, 2
which is sufficient since 1 — ‘%‘"—I— < 0 for a > %
The High x High — Low interaction (N < Nj ~ N3) is treated as follows: We

can argue dually to the previous case, but arguing like in (76) we find

1 1
|/(fN1,L1 *gNQ,Lz)'hN,L‘ < (LL) 3 NOF N7

—a
2

A AR

To lower the modulation of h, we interpolate with the following estimate, which we
find from two L* Strichartz estimates:

2—«
4

1
| [ gwane) v | S LN el Vv o
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Very low frequencies (N1 ~ Ny ~ N < 1): After using Plancherel’s identity and
Cauchy-Schwarz inequality, we use the linear L* Strichartz estimate via (17):
‘/(le,L1 * Ny, L) ° hN,L‘ = ’/]:_1(fN1,L1)f_l(gNz,Lz)]:_l(hN,L)
SIF v e ) el F g o)l | 2
S (LaL2) L3 || fvy oy 2 9 o 2 o2 2,
which is sufficient for (75).

Three comparable frequencies (N; ~ Ny ~ N 2 1): We shall prove the
estimate (75) with C'(Ny, Ny, N) = N~ %+ by considering two cases:
® Liax < Nf‘“: We use the estimate (23):

— 3oy 1.1
LHS of (75) S Ny * " (L1L2)2 L2 || fny 1y lL2llgns o L2 [|an L]l 22

® Liax = Nf‘“: We assume Ly,.x = L and employ the linear Strichartz estimate
via (17)

LHS of (75) S IIF (fnvo) sl F~ (g L)l e llhn,ll 2
2—a  2-a 1
SNy ® Ny ® (LiLe)?|fny oy lle2llgns, mo [l 2| A Ll 2
—3a 1.1
SNy P (LaLe)2LE || fny no Mz l9ny o 2 (A Ll e -

In all the cases considered above, we can sum up the dyadic estimates in frequency
and modulation for o > 2 owing to C(Ny, N2, N). This proves the estimate (74).
O

6.3. Proof of Theorem 6.1. We give a short proof of Theorem 6.1 by using
Lemma 6.4 and Proposition 6.5. We first prove the result on a fixed time interval
[0,1] for small initial data. Thereafter, we argue by scaling and subcriticality that
the solution also exists for large initial data on a time interval [0, 7] where T =
T(J|uo||grs.0). With n as before, we define I" as follows:

D(u)(t) = n(t)Ua(t)ug + 77(15)/0 Un(t — s)(u0zu)(s)ds.

We shall prove that u is a fixed point of the map T in a closed ball B C X; b
of radius R for initial data with sufficiently small norm. We first show that I' is
well-defined. For w € Bpg, using Lemma 6.2, Lemma 6.4 and Proposition 6.5, we
obtain

t
Tl < IO Ouoll o+ [a®) [ Ut = ) wr)(s)as
< ol gs0 + Hu@xuﬂxf,(b_l)

< C(JJuol| s + ||U||§(s,b).
1

s,b
Xl

If we choose the radius R of the ball such that C|lug| srs0 = £, then

R , 1
(77) IC(W)llxzo < 5 + CR* < R, if C2C]uo]laro0) < 3,
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which shows that I is well-defined. To show that T is a contraction, for u,v € Bg,
we have, using Lemma 6.4 and Proposition 6.5

WWQ—FWMXwSHMQA%AQ—$WﬁMr—w@WX$%‘

S 1102 (w1 + uz)(ua — U2)||Xf,<b—1>

s,b
Xl

< flun + sl s — wall e

< 2ClRH’LL1 — UQHX;J”

Hence, I' becomes a contraction on X3 if |jugl| o is such that
(78) 2C1(2C|ug || gs0) < 1.

Using Banach’s fixed point theorem, we conclude the existence of a unique solution
to (1) in X** where the norm of the initial data is chosen as the minimum of that
given by (77) and (78).

Now suppose that ||ug||g=0 < € for ¢ < 1 and we have obtained a solution cor-

responding to this small initial data on the time interval [0,1]. For a > 2 and

2
s > % — &, from (5), we observe that the anisotropic Sobolev regularity (s,0) is
subcritical. Thus any large initial data, say ||ug||gs0 > €, can be scaled to small
data via (4). We then invoke the above argument to obtain a unique solution to
(1) on a time interval [0, 7] where T' depends only on the norm of the large initial

data, s, and «. The proof is complete. ([

APPENDIX: CALCULATION OF THE DETERMINANT

Let S;, i = 1,2 be the hypersurface given by

2
Si = {(Tiafi,ﬁi) ERXRxR:7=§&|6+ %}

The normal to the hypersurface S; is given by

nw:Oa+UmW—g;i?J)

Due to the convolution constraints, the third hypersurface will have a normal vector
given by

(m +n2)* 2(m1 +12) 1)
(&1+6)? &L+& 7

We compute the determinant of these normals. Let

ny = ((a+ Dl + &l -

2 2 2
(@+ DG =8 (a+DIel* -5 (a+1)(& +&l)* - e,
B = 2m1 2n2 2(m+mn2)
&1 &2 &1+862
1 1 1
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3H : R _ §182(61+82)B,
We compute by multilinearity for B = >=>*>5=2=:

@+Dlal* -4 @+DIG -5 (a+ (& +&) - B

B= B4 & (€1+€2)2
| mé(&+&2) n2&1(&1 +&2) (m +n2)&1&2
1 1 1
eaviar - T @rier -G @rDia el - jaln) - @5+ 3
| mé&(&+E2) n2€1 (&1 + &2) &2(n2é1 — m&2)
1 1 0
2 2 2 2
Cerntar -l -F+ g @rb@lr - g @rDla+el - lalh) - G
- (mé2 —m2&1) (&1 + &2) n261 (&1 + &€2) E2(n2é1 — mé2)
0 1 0
2 2
s —men| @ DG 01+ B B (et Dl + 617 ) + B
&1+ &2 —&2

(mé&2 — n261)? )

=—(mé — n2£1)<(a+ D(1€11%61 + [€2]¥2 — [€1 + &2]¥ (&1 + &2)) — AGET)

This gives
2(77152 - 77251) « o a (7]152 - 7]2&-1)2
= 22 TRR 1 - ERRVEL /L IY )
b e (@FDlalra +lalre - 6 +elt @+ &) - T2 )
From (20), we have that the first factor is
mé& — n2é1 Nz Nain o NS

§162(&1 + &2) N2 Nmin
By the resonance condition, we find for the second factor

la(|&1]%E1 + €| — [&1 + &2| (&1 + &2))
« « _ «@ _ ("7152 - 77251)2
+ (1617 + 16]“& — 16 + &1 (6 + &) AR )|

~ [l € + €208 — €1 + & (61 + &)| ~ NaxNmin-

Hence, the size of this determinant becomes

a1
B~ Nmax Nmin

in the resonant case. O
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