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Abstract

We study a system composed of a hydrogen atom interacting with an infinite conductor wall. The
interaction energy decays like L™3, where L is the distance between the atom and the wall, due to the
emergence of the van der Waals forces. In this paper we show how, considering the contributions from
the quantum fluctuations of the electromagnetic field, the interaction is weakened to a decay of order L~%
giving rise to the retardation effects which fall under the name of Casimir-Polder effect. The analysis
is done by studying a suitable Pauli-Fierz model associated to the system, in dipole approximation and
reduced to the interaction with 0 and 1 photon.
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Introduction

The intermolecular and interatomic interactions are at the basis of several important phenomena which occur
in our world [35], 13, [4]. If we consider two neutral atoms, it is a well known fact [32] that the fluctuations of
the charge distribution of one atom create an instantaneous dipole which polarizes the other atom, allowing
the emergence of multipole moments which influence back the dipole of the first atom. This process gives
rise to an attractive interaction which is known as the van der Waals interaction. Van der Waals forces have
universal decaying behaviors with respect to the distances between the interacting interfaces, and depend
only on the geometry of the interfaces. There are two paradigmatic simple examples where this is evident:
the interaction between two hydrogen atoms and the interaction between an hydrogen atom and an infinite
surface, perfect conductor (called, from now on, “wall”). If we denote by W™ the van der Waals energy at
distance L > 0 in a quantum mechanical description, i.e., where the interaction is considered instantaneous
and originated only by the static Coulomb potentials, its decay for the aforementioned examples is

C
f—é, for two hydrogen atoms,
wam ~ ) L (1)
L — 02
—I5 for a hydrogen atom and a wall,
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for suitable values of Cy,Cy > 0, see [5l, 2 24]. This description neglects, however, the retardation effects
given by the interference with the quantum fluctuations of the field. If we take in consideration the fact
that the electromagnetic field propagates at the speed of light (which is finite) the interaction is retarded.
The behavior in () holds, indeed, up to a distance L of approximately 100 Bohr radii. At this distance, the
information about the first atom’s electron motion reaches the second interface in a time that is comparable
with the average circulation time of the electron. This breaks the correlation between the two objects and
weakens the interaction [23]. This effect was studied and formalized in 1948 by Casimir and Polder [14],
from which the phenomenon took its name. By perturbation theory techniques they showed how, for the
cases of the two atoms and the atom plus the wall, the behavior of the interaction energy with quantum
fields, now denoted by WSFT, is

D
f—;, for two hydrogen atoms,
wEt s L (2)
—L—f, for a hydrogen atom and a wall,

for suitable D1, Dy > 0 and a distance L > 1 large enough. Despite being a remarkable result of quantum
field theory, the theoretical work of Casimir and Polder is not mathematical rigorous, mainly because they
calculated only the first terms of the perturbative expansions of the interaction energy. Aim of the present
work is to give a rigorous mathematical proof, with precise estimates, of the calculation of the interaction
energy for the case of the atom plus the wall.

The quantum nature of the van der Waals forces was first studied by London [26]. The first mathematical
rigorous result is due to Lieb and Thirring in [25], were they derived an upper bound for the interaction
energy between molecules, giving the universal L=¢ decay. The analysis was completed in [5] for the case of
several atoms, deriving the correct leading order expression. The literature about van der Waals interaction
is extensive and includes results about further order expansions [9] and about interactions between various
types of interfaces [33].

Casimir and Polder studied the retardation in the interaction in a non relativistic quantum electrody-
namics description via a fourth (second) order expansion for the energy for two atoms (atom plus wall). At
the best of our knowledge, there are many results in the physics literature continuing the line of research
of Casimir and Polder (see [2§] for an extensive bibliographic collection), but few ones taking a theoretical,
mathematical rigorous approach. In [29] [30] the two atoms case is studied by the authors, who derived the
decay L~7 using a path integral formulation, making however the strong assumption that the cumulants
over the second order give smaller contributions in terms of the inverse of the distance. In [31] one of the two
authors obtained again the L7 decay using similar techniques and estimating the higher order cumulants
too, but assuming a dipole approximation and strong binding of the electrons to the nuclei (harmonic traps
approximating the Coulomb attraction). Nevertheless, the cancellation of the van der Waals term of order
L6 is not obtained by the contribution of the radiation, which is a fundamental mechanism to explain
the retardation effects, as it is clear from [I4]. The cancellation of the van der Waals term is recovered in
Koppen’s PhD thesis [23]: the author considers a quantum electrodynamics model introducing an infrared
cutoff in the Hamiltonian and studying the fourth order perturbative expansion of the energy in dipole
approximation. To take the infrared limit is however known to be a very difficult problem and the result is
affected by the same problem of considering a truncated perturbative expansion.

Other rigorous results concern only the Casimir effect [I3] where, if the interaction with the matter is
neglected and the radiation is influenced only by the geometry of the classical interfaces, the electromagnetic
vacuum energy is calculated [10] [T11, 19} 20} 211 [12].

In [15] the authors apply the same techniques as [29] to the case of the atom and the wall reobtaining
the behaviors ([{)) and (@), but still lacking full mathematical rigor.

The rigorous proof of the Casimir-Polder effect for the general setting is, thus, still an open problem.

In this paper we study the Casimir-Polder effect for the case of the atom interacting with the wall. In
[2] the van der Waals interaction energy for the electrostatic setting is rigorously computed and is coherent

with the decay (I):
2 2

qm _ & @
Wit =~ + () ®
where L is the distance between the atom’s nucleus and the wall and « is the fine structure constant, whose
approximate value is

o~ — (4)



and in the right units it corresponds to the value of the square of electron charge: e = y/a. It is a common
strategy in quantum field theory to consider this as a small parameter and study expansions of the physical
quantities w.r.t. «, see [8] [7] [6].

In order to prove the appearance of the retardation effects and relative faster decay of the interaction
after a suitable distance for the quantum fields, we consider the Pauli-Fierz model. The Pauli-Fierz model
has been widely used to solve problems in non relativistic quantum electrodynamics [I7, [16, [I8]. We make
the following assumptions:

(A1) the dipole approximation;

(A2) reduction of the action of the Hamiltonian to the interaction with 0 and 1 photons between matter
and field.

Our approach relies on the use of precise estimates for the ground state energies of the interaction and
free systems inspired by the perturbation theory, like in [8], and on the calculation of line integrals on the
complex plane inspired by [14]. This last step allows us to obtain the important cancellation of the van der
Waals term in (B]) generated by the Coulomb contribution and to derive the new leading term, as stated in
the main result in Theorem
QFT a
WL ~ — _Na,Lv (5)

which, for short distances (less than 10 Bohr radii), gives again the decay in (B) because N, 1 ~ aL
while for large distances (bigger than 100 Bohr radii) gives the L=* behavior predicted in (@) because
Nq,r =~ const., and in the intermediate region expresses the transition of the behavior. The techniques used
let us enlighten how the retardation effects are originated from the exchanges of one photon with the matter
and the interaction with the vacuum flactuations (see the calculations in Subsection [Z3]).

At the best of our knowledge, our result is the first one where the Casimir-Polder effect for the model
of the atom plus the wall is proven with rigorous estimates and without recurring to infrared cut-off or to
perturbative expansions. The result is, nevertheless, unsatisfactory in some aspects: one would like to drop
assumptions (A1) and (A2) and obtain the result for the full model. Furthermore, as explained in Section [3]
the result gives the decay behavior of the interaction energy discussed above, but the error produced in the
calculations is smaller than the leading term only up to approximately 165 Bohr radii. After that distance
the expression (B ceases to be the leading term because, for technical difficulties, parts of the error term are
uniform on the distance. In a future paper we would like to give the result for the full, non approximated
model with an error suitably dependent on the distance.

The structure of the paper is the following:

e in Section[Ilwe introduce the Pauli-Fierz model, a quantum electrodynamics model describing the joint
system of the hydrogen atom interacting with the radiation and we recall a result from [§], adapted
to our approximated case, for the estimate of the ground state energy of this free system;

e in Section [2] we introduce a modified version of the Pauli-Fierz model to describe the interaction
between the hydrogen atom and radiation with the wall, whose construction is justified in Appendix
[ and we state our main result in Theorem The proof is given in the following parts: in
Subsections 2.1l and 2.2 we prove upper and lower bounds, respectively, for the ground state energy of
the interaction system. Then, in Subsection 23] we calculate the difference between the ground state
energies of the interaction and free systems with the technical line integral calculations postponed in
Appendix [Bl

e In Section [Bwe discuss the relation between the term in (Bl and the error terms to identify the leading
term in the different regimes of distance.

e In Appendix [Al we collected some useful estimates on the one-photon vector @i useful through all the
paper.

We make a comment here about the notation that is going to be used in the paper: C > 0 is going
to denote a positive constant which is independent of the parameters of interest o and L and which can
vary from line to line. The notation O(-) has to be intended in the usual sense, but we remark that we
did not take track of the dependence on the ultra-violet cut-off A, meaning that we assume A to be fixed,
independent of o and L and we are not interested in studying the ultra-violet problem.
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1 Free hydrogen atom with radiation: Pauli-Fierz model

We consider a non-relativistic, quantum, spinless electron in a hydrogen atom model, therefore interacting
via an electrostatic Coulomb potential with a fixed nucleus. We study the joint system of the electron and
a quantum electromagnetic field with their mutual interaction.

We fix the nucleus of the atom in position 0 € R? and define the position variable of the electron to be
x = (21,72, 23) € R?, so that the Hilbert space associated to the hydrogen atom model is L?(R?;dx). The
radiation is described in a Fock space representation

Ly(h) = GOE) ", (6)
n=0

where the n—th sector is associated to n photons, and the one photon space is
h:= L*(R* C?; dk), (7)

of square integrable functions with two components in complex numbers associated to the two perpendicular
polarization directions of the electromagnetic field. In our chosen notation, we are going to denote by
superscripts the components of the vectors in the sectors of the Fock space:

U el,(h), U= (0@ g® g@ ) (8)
The Hilbert space for the full system is then
H = L*(R%; dz) @ Ts(h). (9)

We can define operator-valued distribution for the creation and annihilation operators {al (k), a- (k)},=1,2
which create or destroy a photon, respectively, with frequency k € R? for each direction of polarization and
have the following canonical commutation relations, for v,§ € {1,2} and k, h € R3,

[as(k), as(h)] = 0 = [al (k). a} ()], [ay(k), a}(h)] = by.6(k — h). (10)
The associated field operators are then, for any A € b,
a(d) = ) J.dkzmav(kz), PYEY Jdk A, (k)al (k). (11)

If the wall is at infinite distance, the system composed by the hydrogen atom and the radiation is unaffected
by it and its dynamics is generated by the so-called Pauli-Fierz Hamiltonian, that we denote by HYYF and
is formally defined by the following sum

HEF = (P@]l—al/QAoo(ac))Q+]1®Hf—%®]l, (12)

where « plays the role both of the square of the charge and of the coupling between matter and field. Here
P =iV, is the momentum operator for the electron and

Hy =dl(w) = )] Jdkw(kz)ag(k:)av(k),

is the free energy operator for the field with the usual dispersion relation for the massless photons

w(k) = |k|. (13)



The vector field potential Ay (z) describes the interaction between electron and field. It can be expressed
as the sum

Ag () = Ag(z) + Ay (2), (14)

where
AL (x) = ' (@),  Ax(2) = a(Ax(2)), (15)

and A} (z) and A7 (z) create and annihilate a photon with state Ay (), respectively, from the interaction
with an electron with position variable . The form factor A\, € L% (R3; h) expression is given by

_ XA(k) e ei x
Aw(m—{—ﬁﬂlk'm (et } (16)

with ya being defined, for a fixed, finite A > 0

XA(’“)ZX(%)a x € Gy’ (Ry), x(r)={

1, if r<1/2

’ ’ e [0,1]. 17
0, if r>1, xe[0:1] (7
In this way xa is a cut-off function for frequencies of the photons over |k| < A. The (ey),=1,2 are the two
polarization vectors which form with k& = % an orthonormal basis for R3. The vector field can be rewritten
in a formal but useful way by means of the operator-valued distributions

xa (k)

A (x) = ——e
0 A R \@ﬂ|k|1/2 Y

(k) (a (k)e™™ + aTy(k)e_““”). (18)

Since |a| < 1 and Ay, w2\ € L*P(R3; ), by [34, Theorem 13.3] and Kato-Rellich Theorem, the Pauli-
Fierz Hamiltonian is self-adjoint on the domain Z(H) = H?(R?) ® 2(dl'(w)) (for more general conditions
see [22]).

Assuming to work in Coulomb gauge, expressed by the condition V, - A(z) = 0, the Pauli-Fierz Hamil-
tonian can be rewritten, calculating the square, in the following way:

Hyp = ho + Hy — 20 ?Re(P Ay () + aA2 (), (19)

where, from now on, we drop the tensor products with the identity in order to ease the notation. The h,
is the hydrogen atom Hamiltonian

a a’/? Ja| a?
ho = —Ap — —, Ug(x) = —e %7, eq = ——, 20
S ) - S . (20)

with u, and e, being the ground state and ground state energy, respectively. When needed, we are going
to use as well the notation hy := hq—1,€1 := €q=1, U1 := Ug=1-

As we anticipated, we are going to work with the dipole approximated Hamiltonian whose action is
restricted to 0 and 1 photons. In order to do that we introduce the projector to the first sectors of the Fock
space

T (3O, 30),

whose action on pure tensors is
NfeV):=fRNV=Ffe WP vW)  fe L2(R3dz), Ve T,(h). (21)

We apply the substitution below on the new Hamiltonian ITH I, called dipole approzimation,

which turns the argument of the creation and annihilation operators to be

Ao 1= Ao (0) = {%ev(k)}vm, (23)



obtaining the new approximated, free Hamiltonian
Hy := ho + Hf — 20Y*ReP Ay + a| Ao |? + 20AL A7, (24)

acting on the space

Hy =11 = L*(R?;dz) ® (C D). (25)

We make the observation that the third term in (24)) is the only one which changes the number of photons.
Let us further denote by
Ey :=1info(Hy), (26)

the ground state energy of the approximated free Hamiltonian. We are now ready to state an adaptation

of the result [8, Theorem]| in our setting with at most one photon. Let us introduce the scalar products on
%w’

Cloog=Clha —ea+ He) |, Clowi=CHy |, (27)
and the vectors

®F :=20"?(ha — o + Hf) ' Pua @ ALQ, @7 := 20" Pu H; ' ALQ,

where the second one is not a vector belonging to the Hilbert space, but it is going to appear only in
expressions which make sense. We also define the following vector

OF = H'PrALH AL ALQ,
where Py := dI'(k) is the momentum operator for the field.
Theorem 1.1. There exists an ag > 0 such that, for any 0 < a < v,
By = ea + a|Ax|? — [0F]% — 40®| @F 3 + O(a’ log(a™)). (28)
Proof. From [8, Theorem 5.1] we get the upper bound, adapted for the Hamiltonian with 0 and 1 photons,
By < e + a|Ax|? — [0F]% — 40®[ @F 3 + O(a’ log(a™)), (29)

by choosing a suitable trial function. We observe that instead of having an error of order O(a*) we get
a O(a*log(a™")) term because of the appearance of the additional term af Ay |?*[®%||* in the calculations
compared to the original version, which is treated in a similar way as its analogous in the interaction model

(see formula ([G3))).

By [8, Theorem 5.2] we obtain the lower bound
By > ea + o Ax|* = |73 — 40®|2F[Z + O(a* log(a™)). (30)
The substitution of @ |3 with [®% 7 produces the error term, thanks to [8, Lemma C.5],
[2Z[% — [9%]% = O(a” log(a™)), (31)

which is reabsorbed in the error term O(a*log(a™1)). O

2 Interaction model: atom and wall

We are now ready to define the interaction Hamiltonian, which shares, except for the presence of the

Coulomb potential with the wall, the same structure with the free Hamiltonian, but in the vector potential

it is clear how the presence of the wall influences the energy. Without loss of generality we can consider the

wall to be parallel to the plane ¢ = {(0, z2, x3) | 22, x3 € R}, translated in the x; direction by a distance

y > 0 in the positive semi-line, so that the conductor wall is described by ¥, = {(y, x2, z3) | x2, z3 € R}.
The space for the particle is set to be

L*(R};dx) where, R} = {x= (v1,22,23) € R’ |21 <y} (32)

We express the distance as a multiple of the Bohr radius, given by the inverse of the fine structure constant
« to make it homogeneous with the physical quantities we are going to introduce in the following, so that

y=La™ ", L>1. (33)



Figure 1: Interaction described by the image charge method.

Therefore, L plays the role of the pure distance. By an abuse of notation, we denote by y both the length
B3)) and the vector
y = (La™',0,0), (34)

the choice of which being clear from the context.
The Coulomb interaction with the wall is equivalent, thanks to the well known image charge method,
to the interaction with a mirror atom with inverted charges:

1 1 1 1 1
V)= |—5—+—+ —T= )7 Ty = (2y — 21,22, 23).
W) =3 ( 2yl -zl e =2y fEy — v !

By [2, Lemma 2.2] we know that V}, < 0. For future purposes, we make the following split of the potential

1
BT T, ey T (%)

and observe that, in [Rz, the following bounds hold: there exists a C' > 0 such that

[V, ()] < g, for any x € IRg, (36)

Y
dx (V, (2))?|u(2))> < C | dx|Pu(x)]? for any u € H&([Rg), (37)
Ry Ry

the second one being a Hardy-type inequality proven in [2, Lemma 3.1].
The electromagnetic field is described by the Fock space with photons with positive frequencies in the
direction normal to the wall:

Ls(hy) = é hE", by = L*(RT x R*; C%;dk), (38)
n=0

where the two polarization directions of the photons are taken into account. The full Hilbert space is, in
this case,

Ay = L*(Ry) ® Ls(b4), (39)
and the Hamiltonian generator of the dynamics is formally given by the expression
HY" o= ha + Hf - 20'2Re(P A, (x)) + aAl(z) + aVy(z), (40)
where the free field energy is
= Y J dkw(k)al (k) as (k). (41)
v=1,2 R+ xR2
Here again we can split A, in creation and annihilation parts
Ay(z) = A; (z) + A, (v), (42)
where
Af (@) =a' (N (2), A, (2) = a(ry(2)), (43)



the form factor A, € L*(R3;b,) this time being

el (k) cos(k1 (1 — y))
(k) sin(ky (21 — ) : (44)

k X
)\y (Z') XA( ) z(k2I2+k313) er(y?
e(vg)(k:) sin(ky(z1 — v))

————e¢
\/§7T|k:|1/2
~v=1,2

Here by e(yj ) is the j—th component of the y—th polarization vector.

In Appendix [C] we give a justification of the definition of this Hamiltonian as the right one to describe
the model of the atom interacting with the wall. Theorem 5.7 in [27] ensures the self-adjointness of the
Hamiltonian, provided that the following conditions are satisfied: following the notation of the mentioned
paper, we choose M = R, x R?; H = H;’F; wk)=1k; A=A V = fﬁ + aVy(z). In particular, recalling
that Z, = (2y — 1, 22, x3),

Vo Ay = ) (k)0 (224w sin(ky (21— y))) + € (k) 0y (/27274979 cos(ky (w1 — y)))+
o €l (k) 0 (¢! 227852 cos(k (1 — ) =
=k - e, (k) e'F2m2tka®s cog(ky (21 — ) = 0, v=12.
Therefore [27, Theorem 5.7] can be applied and H; Fis self-adjoint on
2(H,") = 2((-A")®1) n 2(1® dT(|k])), (45)

where —AP is the Dirichlet Laplacian. As for the free model, we reduce the action of this Hamiltonian to
the 0 and 1 photons space. By an abuse of notation, we denote again by II the projector over the 0—th and
1—st Fock sectors of I';(h4) and apply an analogous dipole approximation as (22)) for the Ayi to HH!F Frof
to obtain

Hy = ho + Hf +aV, — 2a'?RePA,(z) + a| A\ |* + 204 A, (46)
where now the argument of the creation and annihilation operators A;—r has the form
. el (k) cos(kyy)
. XA 2) .
= ={2—=——1 - . 4
)\y )\y (0) \/§7T|k/’|1/2 e’YB (k’) Sln(k’ly) ( 7)
—e$ (k) sin(kyy)
v=1,2
Introducing the ground state energy
E, :=info(H,), (48)

we estimate it in the next theorem.

Theorem 2.1. There exists ag > 0 such that, for any 0 < a < ag, we have, for any L > 1,

2 2
- % +a A |2 — [F]2 + o(%) +0(a*log(a™")) + O(a?Le12). (49)
The proof consists in giving upper and lower bounds, which is the content of Subsections 2.1] and 2.2
respectively.
Joining the estimates for the free energy E,, and for the energy of the interaction system E, from
Theorems [[LT] and 211 respectively, and giving the important estimates from Proposition 27 in Subsection
23] we are able to prove the main theorem of the paper.

E, =eq

Theorem 2.2. There exists oy > 0 such that, for any 0 < a < a9 and any L > 1, we have

o _ _ a? a? _
W;?FT =FE,—FEy = *Na,Lﬁ + O(a*log(a™)) + O(a’Le L/Q) + O(ﬁ) + O(ﬁ log(a 1)), (50)
where
al, if 1<L< 1—36,
1 1
Na L = 3604’% if L= gﬁff“’h ne(0,1), (51)
_ . 16 _
(s — e el i D> e

The interpretation of the result is going to be studied in Section



2.1 Upper bound

In this subsection we are going to prove, in the theorem below, an upper bound for F, providing in this
way the first step of the proof for Theorem 2.1l We use the convention, for f, g € LQ([RZ) and ¥, de b,

GeVlge = 3 | do|  d Tl T w0, (52)

Theorem 2.3. There exists ap € (0,1) and a function ¢, € D(Hy) such that, for any 0 < o < ap and any
L>1,

H a? a?
% < ey — T3 + aH)\yH2 — H@f”i +40®| P12 + O(ﬁ) + O(a*log(a™)) + O(aQLefL/Q). (53)
y | Py
In order to prove the theorem we construct the trial function ¢, in the following way: we define the
vector CIDZE in an analogous way as we did for the relative free version:

@Y :=20"2(ha —eq + Hf ) 7' Pua ® AS Q.
We then introduce the trial function
Oy = Ua ® ( + 2a3/2<i>},<) + &Y,

where the vector i),lk = \/§<I>>1k| rer+ 1S the restriction of ®L to the positive k; frequencies. We calculate the
norm of the trial function.
Lemma 2.4. The trial function @, has the following norm

loyl* =1+ O(a’log(a™)). (54)

Proof. Since the vacuum vector and the last addend composing the trial function live in two different Fock
sectors, since uaL@gﬁ and u, ® Q has norm 1, we can write

loyl? =1+ 40®[D5]1% + [ 9%,
we can conclude by applying Lemma [A1] to the last term. o

In the following we are going to make use of the lemma which states the exponential decay of the ground
state of the hydrogen atom reformulated for our setting. Here x,, € C°(R?) is a smooth, radial characteristic
function, with

1, for |z

(@) -
Xl = 0, for |z|=

which localizes the electron in a neighborhood of the origin strictly smaller than the distance from the wall.

. (55)
Yy

Lemma 2.5. There exists C > 0 such that the following holds, for any L > 1,
Jua(l —x,)|* < CL% . (56)

The proof is a straightforward direct calculation of the norm. Localizing in a neighborhood of zero we
can consider the Taylor expansion of the potential a'V}:

~A\2 2 4
T-y)°+ |z foda(x x
Vy(z) = _( é)3y3 i + 8yi ) + O(ly—l)), for any « € Br(0), R > 0, (57)

where f,qq is an odd function in z such that | foqq(x)| < C|z|3. A direct consequence is that, for the Coulomb
potential of interaction with the wall we have the estimate, recalling that y = La ™1,

(uq | aVy | o) = (Ua | XyaVy |ty + (ua | (1 — Xy)O‘Vy | o)

_@ 0(3—2) + afl(1 = xyJual (V7 wal + %)

N

L3
a?

2
5+ 0(55) + O(a2Le™H2), (58)

where for the localized part we used (), while for the complementary part we used Lemma 25 (B38) and
@), the last one giving

[Vy ual < ClPua| < Co. (59)
We are now ready to prove Theorem



Proof of Theorem[Z:3. Let us calculate the quadratic form of the Hamiltonian on the function ¢,
Hy)p, =(Hy)u.e0 + <I_Iy>ua®2a¢3/2<i>}k + <Hy><l>§ﬁ + 2Reua @ Q| Hyua ® 20‘3/2§)>1x<>
+ 2Re(uq ® Q| H,®Y,) + 2Re(u ® 20°2d | H,®Y,). (60)
For the reader’s convenience, we recall the Hamiltonian expression
Hy = ho + Hf +aV, —2a"*RePAy () + af| Ay + 2047 A, . (61)

Recalling the definitions for the scalar products in ([21) , we define similar ones in the interaction case
and denote them in the same way by an abuse of notation:

Clow=Clha —ea+ HE) [, s = CLHS | (62)
Let us calculate each term separately. For the quadratic form in u, ® 2 we have, using (G8]),
(Hy)u,00 =€a + O‘H)‘yHQ +{(aV)u,

O[2
F+

2

—eq + a A2 — o(%) +0(a2Le~T12). (63)

Let us consider the quadratic form in u, ® 203/2®L:

CHyyu oy, = 46 (e + al Ay P + | (HF )P + 2] 4, L)
= 103BL 2 + O(a’) = 40° |82 + O(a?), (64)

where in the last step we used the definition of ®L and that |®L|2 is an integral over the half plane of an
even function. For the quadratic form in @3# we have

(Hyay, = @415 + (ca + a| Ay D) P47 + alVy)ay, + 20 Ay @42
< [[@%1% + O(a*log(a™)), (65)

where we used (I33]) and we bounded from above V,, < 0.
For the cross terms

2Re(uq ® Q| Hyuo ®20°20L) = —4a’Re(Pug ® AF Q| ua®y) =0, (66)

where the other terms vanished due to the product between objects in two different Fock sectors and the
last one remaining is zero because it is a scalar product between an odd and an even function in position
variable. The same happens for

2Re(uq ® Q| Hy®Y,) = —8a(PuaAf Q| ho — ea + H]}" | Pua A Q)
= 2|24 ]%. (67)

For the last term it holds ~
2Re(uq ® 20°20} | H,®Y, ) = O(a*), (68)

where we used that
207 ReCuady | (A% + AJ A;)PY) = 0,
8a’Re(ua®y | Pua Ay Q) =0
because u, is orthogonal in L? to Pu, and (I)g# and that, by (&),
10”2 [Reua®y | V,@Y4)| < Ca®?| 4[| Vyua||9%] = O(a), (69)

where we also used Lemma [A.]] and the combination of (36]) and (7).

Plugging now (@3), ©4), ©3)), G6), (67) and (G]) in @0) gives the desired lower bound already. Since,
thanks to Lemma [24] the contribution of the norm of the trial function is

[0y =~ 1+ O(a® log(a™)), (70)
we see that it leaves invariant the upper bound on (0] because O(a?log(a™!)) multiplied with the leading

term gives a O(a*) contribution, proving the lemma. O
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2.2 Lower bound

In this subsection we give the second and final step for the proof of Theorem 2.1l giving a lower bound of
E,, content of the Theorem below.

Theorem 2.6. There exists ag > 0 such that, for any 0 < a < ag, we have, for any L > 1,

Oé2

L5

a2

5+ ally |2 = o 13 + | @42 + O

E, > e, ) + O(a* log(a™)) + O(aQLe_L/2). (71)
Proof. Let ¥, denote the normalized ground state of H, so that
Ey = Uy | Hy | ¥y). (72)
We decompose ¥, in the following way:
Uy =ua®Py + Ry, (73)
where
o &y :=(ua | ¥y)r2(rs) and we further decompose

o, = <I>7§O) + 290’20 + Ry, (74)

where @éo) is the component of @, in the zero-th Fock sector and the conditions

R =0, (@ RD)w =0, (75)
define Ry and n.

e ke C and R# are defined by
R, = k®Y, + R, (76)

and the conditions (R | ®% )4 =0 and Rf(o) =0.
We observe that, by construction, for all the following vectors holds
Uy, e ® By, BY, RYF € Z(H,y) < Hy(R)) @ Z(dT([kl)). (77)
We calculate now the quadratic form of Hy, on ¥,.
Wy | Hy | Vy) = (Hy)u.@e, + (Hy)r, +2Re(ua @ Oy [ Ry). (78)
We analyze each term separately. Let us start from the quadratic form in u, ® ®:

<Hy>ua®4’y =<Hy>ua®q>;0) + <Hy>ua®2a3/2’r]q>}k + <Hy>ua®R*
+ 2Re{uq ® D0 | Hyua ® (20°29@))) + 2Re{uq ®@ ) | Hyua ® Ry)

+ 2Re{uq ® Ry | Hy (202 ®L)), (79)
where,
s o’ 27 —L/2 (0)12
CHy), g = (ca+alX|? = 5+ 0(F5) + O(a*Le™ 2) ) @2, (80)
thanks to (B8], and
(Hy)u, 020920, = 40°[07|D4[% + O(a®) = 4a®[n*| @43 + O(a?), (81)

due to B8), (1) and by symmetries in the *—norm. The quadratic term for R, gives

(Hyuo@ry = (€a + oAy ) Bal® + [Rill + alViu, [Re]? + o A7 R |?
> | Ryl3 + Crof Ry, (82)

where we bounded from below [|A; Ry [? by zero, used B8), 7) with (59) and chose C; < [Ay[* +a " eq —
& — CaLe™/2, which gives C; > 0 for ap small enough.
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For the cross terms we have
2Re(uq @ D | Hy(ua ® 20%2n@})) = 0, (83)
because Pu,lu, and by mismatch of Fock sectors, and
2Reuq ® O | Hy(ua ® Ry)) = 0, (84)

)

because Rfko = (0. We use again this last property together with (73)) in

2Re(uq @ Ry | Hy(ua ® 2a3/277<i),1k)>
=4(ea + Xy |? + alVyu, )Re(n(Ry | *2DL)) + 20Re( A, Ry | A, 20’2 DL ). (85)

We now apply a Cauchy-Schwarz inequality, for both the scalar products, weighted with a parameter ¢; > 0
to be chosen later and the standard Fock estimate, for any ¥ € T'y(h),

1Ayl < [Ayllpeewsn,) 11, (86)
to obtain

—Cala " ea + alAy[* + a®Le™ ") |Ry|® — Cater ! [n]?| 94

&3) >
> — Cyasi | Ry|* + O(a?), (87)

where we used also (36), 37) and chose Cy < C(|\y|? + ateq + CaLe™"/2), which is positive for ap small
enough.

This implies that, using 80), &), §2), ®3), (84) and 7)) in ([T9), we get
o2
Hpago, > (ca+all | = T5) 0P + 40’ nP|2LE + |Ral2
a? _
+a(Cy — Coer)|Re? + o(ﬁ) +0(a?Leb/?) + O(a?). (88)
For the quadratic form of the remainder,
(Hyor, = CHyy, + (Hy g + 2ReGe | H, R, (59)
we have

(Hyyay, =|6[*(19%]% + (ea + al Ay D)% + o Ay P4 + (Vi )ay )
=[s[*[®% % + O(a” log(a™)), (90)

where we used (I34), (I35) and (I37). For the quadratic form in R¥ we have
(Hy) g =|R] |5 + (ea + a| A ) IRYI? + ol Ay RE* + alVy) e (91)
We estimate | A, R |*> by zero for a lower bound, and we observe that
a
IR = IPRYE - (), — cal T + IREIE
> (1 -3  @)|PRY|? — (e20 + ea) |RF|* + | RY I3, (92)

where we used a Hardy-type inequality for the Coulomb potential, a Cauchy-Schwarz weigthed with a
parameter €5 > 0, and

2
[0
(@Vgg = = CLIRF? +aV,) ) e
042 —
> — (C% +e50) IRF|? - &3l PRE P, (93)

thanks again to a weighted Cauchy-Schwarz inequality, this time weighted with e3 > 0, and used (B7)). We
conclude that

(Hype = (1= (3" +e5 ) |[PRY|? + (Cs — e2 — ea)a| R |* + | RY |3, (94)
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where we chose C3 < |Ay[? + a'eq — C'%, which is positive for ag small enough.
For the cross term, using the orthogonality of Rj& and @3# in the #—scalar product,

2Re(k®Y | HyR} ) = (ea + oAy [?) 2Re(k® | R ) + 2aRe(A, k@Y | A RY) + 2aRe(r®Y, |V, RY ), (95)
and we observe that, thanks to a Cauchy-Schwarz inequality weighted with a parameter €4 > 0,

20Re(A, KPY, |A;Rf> >— Cam“A;RfHQ Cey talsl’| A, @Y H2
— Ca€4\|RfH2 + O(a ), (96)

where we used Lemma [AJ] and (86]). By a Cauchy-Schwarz inequality, [B6]), (87) and Lemma [AJ] we have

2aRe(r®Y, |V, RE) > — Cacy |V, @ | — Cacs | RF P
> O(a4) — Caes HR;"EH2 (97)

Again by Lemma [AJ] and by a Cauchy-Schwarz weighted with a parameter e¢ > 0, we have, since o~ te, +
IAy[|? is positive for ap small enough,

(ea + alr,?) 2Re(h®, | RE) > —Cea RE|? — Cegal]? |94 2

= —Cesa|R¥|? + O(a* log(a™)). (98)
Collecting (@), [@T), @8)) and plugging them into (@8) we get
2Re(w®Y, | HyRy) = —Cleq + &5 + ee)a|RY | + O(a* log(a™)), (99)

and using this last estimate, [@0) and ([©@4) we get

6
(Hyym, 2|05 5 + [BEIZ +a(Cs— O Y. &) IREI?
j=2
+ (1= Ca)|PR¥|? + O(a* log(a™)). (100)
Now we analyze the last term in (78]

2Re(uq ® By | HyRy) =2Re(uq ® ) | HyR,) + 2Re(uq ® 20° 0@}, | HyR,)
+ 2Reuq ® Ry | HyRy). (101)

Since <I>1(,O) is in the zero-th Fock sector we have, reconstructing the vector @Y,
2Re(u, @ O | HyR,) = 4a*Re(@ (Puq ® AL Q| R,)) = —2Re(@y, k)| ®4 |3, (102)
where we used Lemma [ATland that 20'/2(us ® Q| PA; R¥) = (®Y, | R¥ )4 = 0. For the remaining term
2Re(uq ® 2032 n®L | HyR,) = 2Re(uq @ 20%29dL | aV, dY %)+ 2Re(ua ® 20°2ndL |V, R#> (103)
because uaLij For the first addend we use a Cauchy-Schwarz, ([36), (87) and Lemma [A]] to get
2Reua ® 20720y | aV, @) > ~Clnf*at|®5|? — Calsl*|V, @4 | = O(a?). (104)
For the second addend we use a Cauchy-Schwarz weighted with a parameter e; > 0, (30), (37) to get

- «
2Reuq ® 20 9@L | aV, RY) = — Clufa'e7 ! |8LI — Caer (TIRYI + | PREI?)
> O(a') = Cera|| R¥|? — Cosr | PRY . (105)
We now turn the attention to

2Re{ua ® Ry | HyRy) =20Re(uq ® Ry | VyRy)
=2aRe{uq ® Ry |V @Y) + 2aRe{uq ® Ry | Vy R >, (106)
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where we used that u,lR,. For the first addend we use a Cauchy-Schwarz inequality weighted with a
parameter eg > 0 and Lemma [AT] to get

20Re{uq ® Ry |V, Y, %) = —Caces| Ry 1> — Caeg |k |V, @Y, H2 = —Casg|Rs|* + O(a?). (107)
For the second addend we apply a Cauchy-Schwarz inequality and use (B9) and (36) to get

20Re(ua ® Ry | VyRY) = — o Vyual|| Re[[| RY |

> — Co®||R|* — Co®| R (108)
Collecting then (I02)), (I04), (I0F), (I07) and (DIEI) and plugging them into (I0I)) we get
2Re(uq ® @, | HyR,) = — 2Re( K)|| Y, |% — Caler + a)HR# I?
— Ca(es + a)|Ry|? — Coz&HPRZfHQ + O(a). (109)

We finally collect the inequalities (88)), (I00) and ([I09) and plug them into (8) to obtain the following
lower bound for the quadratic form of the Hamiltonian

042
@y | Hy |9y) > (ea + aldy 2 = 55 )10 + (52 - 2Re(@,” k) |24 15 + 40 nf2| 0} |2

7
+ R + a(Cy — Coer — Ceg — Ca)| Ry |? + a(03 —a- ) ej) |R#|
j=2

2
+ (1 — Ca — Caer)|PRF|? + o( ) +0(a2Le " 2) + O(a* log(a™)).

Choosing o small enough and the €5, j = 1, ..., 8 such that

7
Cy — Coe; — Ceg — Ca >0, Cg—Oé—ZEj>O, 1—-Ca—Cas7 > 0.
j=2
we can bound from below the positive terms involving |Ry|?, |R¥|?, [PR7|* and |R«|%. Using that

|<I)(O)| < 1, we complete the square and bound

(0)

|k[* = 2Re(D, k) = |k — @2 — 002 > -1, (110)

finally making us obtain

0[2
Wy | Hy 19, > (ea+ aldy | = 55 ) 100 = [®4 % + da?n? @112

+O< 2) +0(a 2Le*L/2) + O(atlog(a™)).

Comparing the result with the upper bound obtained in Theorem [Z3] let us bound |<I>1(,0)|2 and |n|? by 1
plus terms which, multiplied with the rest, can be reabsorbed in the error terms, concluding the proof of
the desired lower bound. O

2.3 Evaluation of the norms

Joining together the upper and lower bounds for E, obtained in Theorem 23] and Theorem and sub-
tracting Fo, of which we have an estimate by Theorem [T} we get

2
Q
WP = By — By = — 75t a([ A% = Xeol?) + [@F 12 — [P 1% (111)
2
+ 0( ) +0(a2Le " 2) + O(a* log(a™)). (112)

Introducing the quantity
& = a(|Ay[* = ol?) + [@F 1% — 9% 1%, (113)

our goal in this section is to estimate it by proving the following proposition.
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Proposition 2.7. There exists ag € (0,1) such that, for any 0 < a < ag and any L > 1,

042

£=% - L4N + O(—log( )) + O(atlog(a™1)). (114)
Proof. We split the proof in three parts: we evaluate the norms involving the A terms, then the ones
involving the ® terms and finally we sum the results and give the estimate above by studying some path
integrals.

Let us recall the definitions (23] and @7) of A, and Ay, respectively, for reader’s convenience. Then,

Ml = = f | k| Y {e!2(k) cos? (kuy) + (e 2(k) + e 2(k)) sin®(kry) |
—1,2
where we denoted by R3 := Rt x R2. We now use that {k,e;(k),es(k)} is an orthonormal basis for a.e.
k € R? to have _ .
e?=1-k  j=1,2,3, (115)

v=1,2

and plug in the previous expression, using some goniometric formulas, to get

1 k ) -
Pl =57 | ak X|Ak(| ) {1 = B2+ 2cos(2hiy)) + (2 3 — k)(2 — 2cos(2kay)) }
+

since we have only even integrands in the k; variable, we can turn the integration on the whole R? getting
a factor 1/2, and we separate also the integer from the oscillatory parts:

1 X3 (k) 12 7 1 Xi (k) 1272 12
D) dek K] (3K — k3 — k3)+2 2 dk k] (—1 — ki + k5 + k3) cos(2k1y).

Using that 3 — I%% — l%% — 12:32) =3- |]A€|2 = 2, we recognize the first term to be the expression of the norm for
Ao and therefore we obtain

(017 = Ael?) = | a0 (116

where we denoted by
Ry XA e e ey o 117
fy( )'_ 272 |k| ( 1t R+ 3)COS( 1y)' ( )

We turn now the attention to the ® terms. Let us calculate

Do 3 (k)

+\—1/2 +0l2 =
Hq) H#—4O‘H( eaJer) /Pua®AyQH —404] dk dx (e — o + [R)12 Y

3 o
R3 xR3

Expanding the square, we obtain, by similar calculations to the A terms,

Pu,

(hor — €a + [K]) 12 *

Ao ()

(ko H# = SaJ dkdx
R3 xR3

Pu,
(ha — ea + |k[)1/2

Sa

2T 3 R3
[R+><[R

dkdx Re ’
( 4

2 2
XAl )(71 By ) cos(2k1y)) :

For the first integral we observe that it can be extended to the whole R? dropping a factor 2 thanks to the
even integrand, recovering the expression for [|®%[%. We can therefore write, recalling the expression of

fy(k) in (I17),
Pu 2
% Y% = —4 f dk @
315 = o413 = o [ an | oDt

We use the relation Pu, = i(ho — €q)Tuqs to write

(). (118)

(ha — €0)TUq
PP oY =4 dk
12505 — 12%1% = O‘f ‘(h —ea + [k[)V2],

fy( )- (119)
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Calling

(ho — €0)TUq
G(k) = ’ , (120)
(ha —€q + |k7|)1/2 L2
we can finally write
(0515 — 19415 = —ta | ak Gk, (h) (121)

Let us calculate now the difference between the norms of the A and ® terms. In order to do so, we
observe that, by explicit calculations,

(g | (ha — €a) | 2ua)y = 3. (122)

Therefore, by ([[22)), (I16) and ([I21)),
&= af dk £, (k) (1—4G(k)) =
[R3
- aJ- dk fy(k) <xua (ha — €a) (ha = €a)

3 (h —eq + k)
-« fm dk f, (k) <<xua

e ) (e L)

3(h —eq + |k|)
where we used the second resolvent formula to reduce to a common denominator and perform the calculation
above.

The estimate of the oscillatory integrals are proven in Appendix [Bl We show in Lemma [B.1] how the
second term in the expression above produces an error of order O(%—z), while in Proposition we show
how the first integral is responsible for the cancellation of the van der Waals term coming from the Coulomb
interaction and produces the new leading term. This concludes the proof of Proposition 2.7 o

:Cua> =

— €a)2

3(ha — ea + [K])

This concludes the proof of the main Theorem by Theorem 23] Theorem and Proposition 271
we get

o2 2
WSFT & — ﬁ + O(a ) +O(a? log(a_l)) + O(aQLe_L/Q) =
2 o2

- —24 a,L +O( ) +O( 1og( )) + O(a* log(a™)) +O(a2Le_L/2)’

with R, 1, defined in (GI)).

3 Discussion of the result

In this section we analyze the result of Theorem to get information about the leading term of the
interaction energy in the different regimes in which the distance can be considered.
Let us recall the expression of X, j obtained in the calculations for the proof of Proposition

1 1
N1 = — { aLarctan | ———— , 123
6 <a e (aL(hl - 61)>>m1 (123)

and the expression of the interaction energy WSFT obtained in Theorem for the reader’s convenience

o2
FT o -
WP = By = B = —Rap5 +Olalog(a™) + 0(a’Le™?) + o( ) + o(—1og( 1)). (124)
We want to study this expression and compare the first term with the behavior of the error terms.

The spectral gap value for the spectrum of the hydrogen atom Hamiltonian h; is 16 , 80 that (h;—ep)™t <

w5

Let us consider the regime L > 3 16,=1: in this case, the argument of the arctan in R, 1, is smaller than

1 and by a Taylor expansion and functional calculus it can be approximated by

1 1/2 2 1
Rasz = =l —e1)™ 20w P + 0 =), (125)
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. . . . . 16 —1
which, plugged in (I24)), it gives that the first two order terms are, since L > 2a™",

e _ -
W~ ——— (b1 — 1) "V 2zui |* + O(a’ log(a™)), (126)
6mL
where the second term is dominant and expresses an error bigger than the first term.
For the regime % <L < %ofl, we introduce the parameter n > 0 such that the interval can be
described as 16
L= Eor”’?, ne (0,1). (127)

For these distances, by a Taylor expansion and recalling that |zu|? = 12, we have

8a” 3a™" 16
R =—< ¢ 7> = 2o + 0(a?), 128
LT g e (16(h1 - e1)> oy 30 00T (128)
which, plugged in (I24), gives that the relevant terms in the interaction energy are
16 ot altn
WSFT ~ O(—4) + O(a*log(a™)) + O(a®2). (129)
3 L L
The first term is the leading term for n € (1,1), otherwise the leading term is of order O(a*log(a™")).
For the remaining regime, 1 < L < 1—3?, we recover the expression of the van der Waals term, because,
again by a Taylor expansion, we have
Rt = 2L ew|? + 0(0PL) = oL + O(e>L 130
ap = S lewr]? + 0(0?L) = oL + 0(?L), (130)
and then the leading term reads
2
FT o
W & — 75 (131)

Finally, we can collect here below the expressions of the leading terms of the energy and the associated
values of N, 1, depending on the distance:

al if 1<L< 1—36,
1 1
Ny 1 >~ 3604" if L= §6a_1+", ne (0,1),
1 16
6_7rH(h1 —e)Pou|* i L> 304_1,
and )
e ) 16
*F if 1<L < E,
QFT _ 16 ot , 16 4 1
wp o =~ ~3 Id if nga ’7,77€<§,1),
1 1

O(a*log(a™)) if L> gﬁa*l*?

As a remark, we underline the fact that the expression of the leading term we would have liked to obtain
for W T in the regime L > Latis

o
6mLA

but the precision used in the calculation does not allow to produce an error small enough to make the term
above to appear as leading term. Furthermore, it is really intrinsic in the method used that some terms of
the error obtained are uniform in L. Therefore, whatever the degree of precision of the error in «, one can
always find a distance large enough such that (I32) is no longer the leading term.

In the right units, o' corresponds to the value of a Bohr radius, and expressing the distance y = La™!,
L represents the number of Bohr radii. In conclusion, plugging the numerical values of the parameters

16 16 )
3 = 5.3, ?a—“% ~ 165, (133)

W~ — [(hy = e1) ™ 22uq |, (132)

we see that our result proves the Casimir-Polder effect for all the distances up to approximately 165 Bohr
radii.
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A Technical inequalities

Lemma A.1. The following estimates hold for the vector @iﬁ

[2%]* = O(e” 10g( ) (134)
|45 @4 = O(a” (135)
|P2Y|* = O(a? 10g(a ), (136)
{aVyay = O(a”log(a™)), (137)
[V, 2% = O(a® log(a™1)). (138)

Proof. Let us start by proving (I34):

|94 1? =4a|(ha — ea + HF ) Puo ® Af Q

XA Pua
dx dk
A f f K] ’(ha—emkn

X (egl) cos? (k1y) + (6(2)2 e¥?)sin® (k1))

2

2
Xa (k) 3 -1
<Ca? J- dk— = O(a” log(a™)),
k[ (k] + 7502)?
where we used that the integrand is an even function of k; to extend the integral to the whole space and
that the spectral gap of the hydrogen atom is %aQ

For inequality (I35), we find, by similar calculations and use of symmetries, that

~ k) Pu
AZ9Y| <C f d f ak 20 -
|4y @3] <Co - x( g k[ (ha—ca+[R])

2
X Z 1)2COS (kry) + (gz) +e(3)2)sin2(k1y)))

v=1,2

<Ca Ls dz((he — ea)xua(z))2<f dkxlAk((‘;) )2 = 0(a®).

In order to prove (I36]) we observe that Pu, is odd and on the subspace of antisymmetric functions, for
some g > 0, one has —(1 —y9)A — [a] = €a, which gives P? < y;5 ' (ha — €q). We apply this to

2

2 k ha - Lo 1/2P (]
| PDY, |2 <%—10af dkf dp XalB)(ha = ea) " Pu
R3 R3 |

E|(he —eq + |K|)?
J dz
[RS

|
(k)(hl — 61)1/2PU1
k(16

where we used similar calculations as in the proof of ([I34]).

k|(Za? + |k[)2
We prove now ([I31): by B4, B1), (I34) and ([I38) we have

[aVy)ay | <C—H‘1> I+ aVy Day,

= O0(a”log(a™)),

<y tCa® LS dk

<Cf log(a™") + o @4 || Y] = O(a” log(a™)). (139)
For inequality (I38)) we use again ([B6)), (37), (I34) and (I36):

4
« _
1V, ®% > < C—L2 log(a™ +CHP<I> I = O(a®log(a™)). (140)
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B Estimates of oscillatory integrals

In this technical Appendix we collected the lemmas which prove the estimates of the oscillatory integrals
needed to evaluate the quantity & in Subsection 23]

Lemma B.1. There exists ag € (0,1) such that for any 0 < a < o and L > 1,

11(ho — €q)? al
dk f,(k ol =/—mm—— a)=0—=). 141
o [ 0 009 (o e e ) = 0 (5 i
Proof. Let us first bound the quantity
fy ()
J = dk 142
J;RS a2 + |k| ’ ( )
where we recall the expression
LA
fy(k) = 53 ’|\k| (=1 — k% + k3 + k3) cos(2k1y). (143)

Let us change to spherical coordinates (p, ¢, 8) € (0, +0) x (0,27) x (0,7) so that p = |k|, k1 = pcos(d) and
(=1 —k} + k3 + k3) = —2cos? 0 and then

1 +00 27 T 1
J=—— dpJ dgpj df psin 0 x3 (p) —5——(cos 0)? cos(2py cos ) =
7.(.2 0 0 0 A()(a2+p)( ) ( )
QFOOd 2 (p) —L fﬂde in 0 (cos 0)2 cos(2py cos )
= —— PXA(p) ——— sin @ (cos 0)~ cos(2py cos 0).
™ Jo M a2 +p) Jg

A further change of variables 7 = cosf gives

2 2 P ! 2
dpxa(p J dr 7° cos(2pyT) =
7 Jo Alp) (@ +p) )y ( )
2 ®© p —45sin(2py) + 2(2py)? sin(2py) + S8yp cos(2py

o (a? + p) (2py)?

Changing again variables ¢ = py we have, recalling that y = La ™!,

P— O”Odpxg (5) o (2 sin(20) + <529 _ Sm@”)) —o(%).

TY ya? + o) o 202

From this, using that

(ke —ea)® 11(hy — e1)?
o = , 144
Gm 3(ha = ca + [F) > a<“1 Mhrwn+m>“1 iy
and the spectral theorem we conclude the proof. o

In the next lemma we show by complex line integration techniques, inspired by the original work of
Casimir and Polder [I4], the main integral term gives the fundamental cancellation of the van der Waals
term and produces the new leading term.

Proposition B.2. There exists ag € (0,1) such that for any 0 < a < ag and L > 1,

a Ls dk £, (k) <zua

where Ry, 1, is defined in (I52).

(ha — ea)lK|

0[2 Q 043
e T CaPl e Y=L R — 2 log(a™t 14
3(ha — €a + |K]) “w> L® ’LL4+O<L2 og(a ))’ (145)
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Proof. We write explicitly the expression of the integral and denote it by I

(ha — €a)|K|
3(ha —eq + |K|)

o Xi (k) ) 2 i
I = ﬁ - dk 1|\k/’| (71 - k% + k% + k%) COS(2k1y) <zua

zua> .

Let us pass to spherical coordinates (p, ¢, 8) € (0,4+00) x (0,27) x (0,7) so that p = |k|, k1 = pcos(f) and
(=1 — k2 + k2 + k2) = —2cos? 0,

4+ P27 pm
[=-2 f J- dpdpdf p? sin @ x4 (p) cos? 0 cos(2py cos 0) <xua
o Jo Jo

T2

—(ha ~ €a) Tu
3(ha —ea+p) | /"
By an explicit calculation, the integration in ¢ gives only a 27 factor and the one in the # variable:

f "o _ sinQ2py) | cospy) _ sin(2py) _

df sin @ cos? 6 cos(2py cos 0)
0 ( Py p*y? 2p%y3

—1i 1 i %
=|—+—=5+-—= )Y +hc
<2py 2p%y? 4p3y3> ‘ ¢
where in the last line we used Euler formulas for sine and cosine. Plugging in the original calculation and
making explicit the dependence on o we have

a +o0

I=— dp p* X3
or ), 40P XA(p)'

(hl o 61)1/2
Ty
(o2(h =) +p) 2

Let us define the class of integrals below, for a,b € R:

Lb dz g(2),

=]

Ia,b .

(hl 761)1/2 2

(a2(hy —e1) + 2)1/2

i 1 i sizy
i (zg 22y? 2z3y3>e '

Thanks to this notation, we can rewrite the integral over the half-line as a limit introducing a parameter
€ (0,1):

I= hm( et + 1 1), (146)

For both the integrals, their integrands are analytic in C \ B.(0). Then, integrating over any closed
path in that domain gives zero as result. Let us interpret the interval (¢,67!) as part of two closed paths:

7:,54 =yt v e urd,ui(ele)

Voot = Ve Y (€671 U 15 U —i(e 7€)

0 9€$<0,ig)}, Vg—gctz{z:s_lew

From the picture we see that

el
(e,e=1) (e=1,e) ~&

lnt ext

. U o] o
(8,8*1) Vine  YileThe) Vext

We can immediately observe that the ext terms disappear in the limit of ¢ — 0. Indeed

where

o7 (0, iz)} (147)

+ _ 0
’yint—{Z—se

] dzg(2),

max g z)e 2] =
ZE’Yext
—22i0 “1y2 | (= e)au v 1 i
= max |¢ 5 _— — —— — . <
eer(%,ixg) e xalem) a?(hy —ep) +et <€—1619y £2e2i0y2  25—3¢3ify3 ||

e—0
<0 50,
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Figure 2: Line integral paths

and then, by Jordan’s Lemma,

lim dz g(2)* =0, (148)
e—0 :;t
with g7 covering both the cases g and g.

So it remains to analyze the int and imaginary terms. Changing variables to z = ce? in the integral

over ;. we have

dz g(z) =

+
Yint

™ 2
2 .
= f%fo ice?dn e2e? 3 () '

(hy = e1)"” U
(a2(hy — e1) + gei?)1/2 !

¢ _ 1 _ ¢ 2ieey
ceify  £2e2i0y2  2g3¢3i0y3 :
By the bounded convergence theorem we can switch the limit with the integral and obtain, having in mind

that |zu1|? = 12 and recalling that y = La~!,

s 1 L 12 2
— lim dz g(z) = oz_f 3046 |zuq|? 5.310.3 2 I
=0 J_+ 67 Jo 231043 6r 22y3  2L3
int

A totally analogous calculation yields the same result for ~; ,, so that

2
: — a
— il—{% {J- - dz g(2) + J;.t dz g(z)} = T3 (149)

We show how the term of order 77 comes from the integration on the imaginary axis. For the path in
i(e,e71) we change variable setting u = —iz

1 2

a [ (hy — e1)1/2 1 1 1 .
d = — d il uy _
L(El,a) zg(z) 6 J. idu u? ’ h1 — 61 + w)l/z TUq wy + —— u2 + — 2u3 e
a [ (hi — e1) 1 1 1 _
— d 2.2 L 2uy
61 . uu XA(u) <:CU1 (_ZOCQ(hl _ 61) + U) Tuy uy + - u2y + — 2u y e s

while for the path i(e,e71) we change variable setting u = iz, obtaining

1
—_— « N (hl — 61) 1 1 1 _
d = — du v 2 Sl e S T 2uy
J\Z‘(Elys) #9(2) 67T£ wu”xa () <xu1 (ic?(h1 —e1) + u) T uy * u2y? * 2u3y3 c
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Using that

<ZL"LL1

we sum the two contributions to finally obtain

| aee -] aE-
i(e—1,e) —i(e71e)

-1

(h1 —e1) (h1 —e1)

+ 2u(h1 — 61)
(—ia2(h1 —e1) +u)  (ia2(h1 —e1) + w)

(at(h1 —e1)? + u?)

SCU1> = <ZL"LL1

xu1> (150)

(hl — 61)1/2SCU1
(at(hy — e1)? + u?)l/2

«

[

6my? J.

2
(2u2y2 + 2uy + 1) e 2w,

By a further change of variable v = uy = uLa ™1,

SO IR o
i(e—1,e) —i(e71,e)

—1

R 5 [ QU
- _67TL4J dv x4 (T)

Yye

2
(21}2 + 2v + 1) e

e—0

(hl — 61)1/2.TU1
(at(hy —e1)? + L—2a2v2)1/2

a® [t 5 [QU
=0 767rL4J0 dv X4 (T)

Let us split the region of integration in two parts in order to estimate the last integral: (0,1) u (1, +0).

2
(hl — 61)1/2.TU1

(a2(hy —e1)? + 2—22)1/2

(21}2 + 2v + 1) e 2

e ve (1,400): the following estimates holds

2
3

« o 5 (v (h1 — 61)1/2£CU1
6rL4 L dv XA (f)

(a2(h1 — e1)? + ¥3)1/2

o? 1/2 2 [ —2v ao?
<EH(h1761)/xu1H L dv e :O<ﬁ>'

(21}2 + 2v + 1) e

e ve (0,1): the approximation of x% (2v? +2v + 1)e~2¥ by 1 thanks to a Taylor expansion produces the

following error

DG (5F) @0 4+ 20 + e = 1) < C(FIVxalo + 1) 0, (151)

which, by the functional calculus, implies

ot (!
— | d
6mL4 L v

Therefore we pass to estimate the integral below, where, again by the functional calculus, we can write

ot ’ o 1
- d =2 (aLarctan | —"— :
6mL4 L Y 6mwL4 <a arctan (aL(ln - el)>>m1

Introducing the quantity

2
3
2 [(QV 2 —2v o -1
‘XA (f) (20 +2v+1)e —1’=O(ﬁlog(a ))

(hl — 61)1/2.TU1

(a2(hy —e1)? + 2—22)1/2

(hl — 61)1/21"&1

(a2(h1 —e1)? + 2—22)1/2

1 1
Ny = — { aLarctan [ ——— , 152
£ 6 <a e (aL(hl - 61))>ml (152)

we can finally state that

I dz g(2) dzg(2) b = ——x +o(0‘—31 ( *1)) (153)
lim s zg(z i 29(2) ¢ = —7zRar 77 log(a .
Collecting the estimates (I48), (I49) and ([I53), we conclude the proof of Proposition B2l O
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C Derivation of the model: quantization on half space
For simplicity we consider the half space
[Ri = {.Z' = ($1,.T2,.T3) € [R3|.T1 > O}

with the surface of the conductor being ¥ = {(0, 22, z3) € R3} and we obtain the general result by translation
and reflection. We denote by &(z,t) = (V) (x, t))3_y, and B(z,t) = (B(x, t)(J))J 1» * € R the components
of classical electric and magnetic fields &, B € R3, respectively.

The standard boundary conditions for (£, B) in the presence of a grounded, perfect conductor wall which
can be found, for example, in formula (13.105) from [34]:

a(x) x E(x) =0, n(x) - B(z) =0, for any z € Xy, (154)

where 7 denotes the outward normal versor to the surface of the wall, in our case n(x) = (1,0,0). This
implies that the conditions can be rewritten as

5(2)(0,$2,l‘3) =0= 5(3)(0,$2,$3), B(l)(o,l'g,wg) =0, ($2,$3) € [R2. (155)

We start from observing that, in the classical setting, the electric field function has to be a solution of the
wave equation in the half space with constraints given by the aforementioned boundary conditions for the
conductor surface

8f§(j)(:c,t) = —AEW (x,1), :?1 > 0, (156)
W (0,2, 23,t) =0 j=2,3.
We introduce a new electric field on the full space by an odd reflection
o~ EU)(z,t if 11 >0
EW) (2, t) == (z,¢), B (157)
—EW (—xy, 29,13, 1), if x1 <O.

The field is assumed to be real and its expansion in Fourier modes as solution of the wave equation has the
standard expression

~ . 1 . . . X
5(])(:57 t) = W J[RS dk (ﬂiﬂ) (k)ez(km—wt) n ﬂ(j) (k)e—z(lm—wt))7 (158)
B (k) = FIED(,0](k),  BDk) =87 k), (159)

where we denoted by .Z the Fourier transform in R3. Since £ is odd in z1, its Fourier transform is odd
in k1 and this implies the following relations for the coefficients

B (—ky, ko, k) = —BY) (k), (160)

which gives back, using an odd reflection, an expansion for the electric field (I58)) in terms of sines in the
x1 direction: for j = 2,3,

E0) = oy f dk sin(kym ) (1B (k)ei ke thoma—et) _ g0 (o ilharathurs—ot))

2

= G 2 f de sin(kyay)el)) (k) (B, (k)e'F2rthsms=et) — gl (f)emilkamathoms=wt))

y=1,2

where we projected the Fourier coefficients on the j—th component of the polarization vectors {e(k)}y—1,2
and assumed to work in Coulomb gauge.
Recalling the Maxwell equations in the vacuum

we can recover the expressions of the components of B and of E®)
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We introduce the classical vector potential A on [Ri and its extension A on R3, even for the first

component and odd for the remaining ones. By the equation B =V x A we recover the expression of A as
well. Collecting the previous formulas for the expansions we finally obtain, for all the fields,

cos(krz1)el) (k)
5 2 )
E(x,t) = W 21:2J[R3 dk sin(ky ) (k) (Zﬂ(J) (k)e i(kozathzzs—wt) 4 h.c.), (161)
! sin(ky ) (k:)
cos(klzl)e(vl)(k)
. P
Bt = Gogr 3 [, kx| sinliaane® @) |G eem ot ey, 162)
L sin(klxl)egf)(k:)
cos(kzlxl)e(vl)(k:)
~ 2 : .
) = s 3 [, k™80 | siniaan)el? ) |G (096050 e (16
T sin(kra1)el) (k)

We introduce the rescaled Fourier coefficients {a4 »}y=1,2 by

. w1/2(
B (k) = (2m)*2 =5 = Lold) (k) (164)
These inherit the properties from the 8’s

oM (ki ko ka) = o8 (k) @l (<ka ko, ks) = —a¥) (K), =23 (165)

We further introduce a cut-off x5 € C§°(R?) for the momenta (see the construction of the Abraham model
[34, Chapter 2.4]) and we derive the expansion expression for the original fields (€, B, A) for z € R3,

S(SC,t) = E(zat)|961>07 B(:C,t) = g(zat)|ml>0a A(:L',t) = "Z((zat)|9h>07 (166)
where
cos(klxl)efyl)(k)
e _ XA . (2) (]) i(k2x2+k3137wt)
Az, t) 3/2 2 J{RS dk —=——— \/_77|k:|1/2 sin(kyz1)e? (k) | (e’ (k)e +h.c). (167)

sin(ky xl)egg) (k)

We want to derive the Fourier modes expansion for the electromagnetic energy too. By the usual definition,
this time adapted to the half space,

hy :—f dz (|&(z,t)|? + |B(z, t)[? =—ZJ dz (|9 (z,8))? + |BY (z,1)|?). (168)

Comparing the integral with the odd extensions for j = 2,3 and with the even extension for j = 1, we can
write

_ (J) 2 2y _
s WZJ da (9 (@, )2 + B9 (2,0))

% >, f dk [Klo— y(k)ag (k) = ) J dk |k (K)ory (k)

v=1,27R? y=1,2YRY

where for the second equality we used the usual expression for the electromagnetic energy in the full space
and in the third equality we used the symmetry properties (IGH) to change the domain of integration.

By Wick quantization techniques for polynomial symbols (see [I] for details) we can define (F, B, A)
being the associated quantum field versions of the electromagnetic operators (€, B,.4), respectively. The
theory results into the intuitive quantization rules

ary(k) = al(k), a_y(k) — a (k) (169)

f
Y
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))Wick

substitution that for a polynomial symbol p(ai,a_) we denote as (p(a,a— . In this way we can

write

A(z) = (A, 0))Vick, Hf = (hp)V',,  zeR} (170)

which gives the same expression for the operators A,(z), Hy given in Section [ by a translation and a
reflection in the 21 variable for A(x).
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