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Higher-order finite element methods for the
nonlinear Helmholtz equation

Barbara Verfurth*

Abstract. In this work, we analyze the finite element method with arbitrary but fixed polynomial degree
for the nonlinear Helmholtz equation with impedance boundary conditions. We show well-posedness and (pre-
asymptotic) error estimates of the finite element solution under a resolution condition between the wave number
k, the mesh size h and the polynomial degree p of the form “k(kh)P sufficiently small” and a so-called smallness of
the data assumption. For the latter, we prove that the logarithmic dependence in h from the case p = 1 in [H. Wu,
J. Zou, SIAM J. Numer. Anal. 56(3): 1338-1359, 2018] can be removed for p > 2. We show convergence of two
different fixed-point iteration schemes. Numerical experiments illustrate our theoretical results and compare the
robustness of the iteration schemes with respect to the size of the nonlinearity and the right-hand side data.
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1. Introduction

In various situations, such as for high intensities, linear(ized) material laws are no longer accu-
rate enough and nonlinear constitutive relations have to be incorporated into the models. One
well-known example are Kerr-type materials [11] in electromagnetics, where the permittivity &
depends on the electric field E like e(E) = g9+ 2| E|%. In general, wave propagation in nonlinear
media causes a lot of new possible phenomena such as optical bistability [8].

As simplified model, we study in the following the nonlinear Helmholtz problem

—Au—E*(1+explul®)u=f in Q,
oyu+iku=g on 01,

where D CC 2 is the subdomain where the nonlinearity is “active”. Detailed assumptions on the
domain and the data are given below. Problems of the above form occur in nonlinear acoustics
as well as in time-harmonic and suitably polarized nonlinear electromagnetics.

The nonlinear Helmholtz equation has been studied analytically for instance in [6]. Various
numerical approaches have been suggested as well: [1] and [24] consider layered media and study
a finite volume approach or approximate it as the steady state to a Schrodinger equation, respec-
tively. [25] focuses on different iteration schemes for the nonlinearity and uses a pseudospectral
method in space. A multiscale finite element method is proposed and analyzed for the heteroge-
neous nonlinear Helmholtz equation in [15]. The present work is inspired by [23], where the linear
(i.e., p = 1) finite element method (FEM) is studied and a priori error estimates are shown. The
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main findings of [23] are that, under a smallness of the data assumption between k, ¢, f and g
as well as the resolution condition k3h? sufficiently small, a unique finite element solution exists
and the discretization error is of the order kh + k3h2. We emphasize that both the resolution
condition as well as the a priori error estimate are similar to the well-studied linear case in the
so-called pre-asymptotic regime, cf. [5]. In a similar spirit as [23], the recent work [10] provides
a finite element error analysis of the nonlinear Helmholtz equation with perfectly matched layer
at the boundary and Newton’s method as iteration scheme.

In fact, a major ingredient in the numerical analysis of [23, 10] is the study of an auxiliary
linearized Helmholtz problem which is solved in each iteration step. The finite element error
analysis of the linear Helmholtz equation is much more mature than of its nonlinear counterpart.
Seminal results are the asymptotic hp-FEM analysis of [17, 18] and the pre-asymptotic error
analysis for arbitrary, but fixed polynomial degree of [5]. These results have been obtained for
the constant coefficient case, but recently much progress has been made for the heterogeneous
Helmholtz equation as well. In the asymptotic regime, arbitrary but fixed polynomial degree is
treated in [3] and the hp-FEM in [9, 14, 2]. Pre-asymptotic estimates for the absolute error can
be found in [19], whereas [13] studies the relative error. By the difference between “arbitrary but
fixed polynomial degree” and “hp-FEM” results, we mean that in the first case, constants may
(implicitly) depend on the polynomial degree. By now higher-order- and hp-FEM approximations
are the state of the art — in comparison to linear FEM — for the Helmholtz equation as they allow
a relaxed resolution condition of k(kh)? sufficiently small (pre-asymptotic, fixed polynomial
degree) or kh/p sufficiently small and p = Ink (asymptotic, hp version).

Our main contribution is the rigorous a priori error analysis in the pre-asymptotic regime of
higher-order finite element methods for the nonlinear Helmholtz problem. We essentially show
that under a smallness of the data assumption similar to [23, 10], a resolution condition of k(kh)P
is sufficient for existence and uniqueness of a finite element solution and the discretization error
is of the order kh + k(kh)?P. We also rely on the numerical analysis of a linearized Helmholtz
equation, where we prove a solution splitting (into an analytic and a less oscillatory part) in
the spirit of [17, 18] and pre-asymptotic stability and error estimates. The linearized Helmholtz
equation has a non-constant, discontinuous refractive index, so that we cannot directly apply
recent results for the heterogeneous Helmholtz equation [12, 2, 19]. Instead we use a perturbation
argument that the deviation from the constant-coefficient case is sufficiently small due to the
smallness of the data assumption. Moreover, we show a discrete stability result in the L°°-norm
which causes the tighter pre-asymptotic resolution condition k(kh)? < 1 compared to the linear
case. Along this analysis, we treat two different iteration schemes: the frozen nonlinearity scheme
considered in [23] and a scheme suggested in [25]. For the latter, we provide the first proof of
linear convergence by interpreting it as a fixed-point iteration. This result fills a theoretical gap
in [25] and may be of own interest.

The paper is organized as follows. We present the setting and study the iteration schemes
in Section 2. Section 3 describes the finite element discretization and the main error estimates,
whose proofs are then presented in Section 4. Finally, we illustrate our theoretical results with
numerical experiments in Section 5, where we also compare the two iteration schemes numerically
in detail.

2. Nonlinear Helmholtz equation in the continuous setting

In this section, we formulate our model problem and discuss the solution of the nonlinear problem
via iteration schemes in the continuous setting.

Throughout this article, all our functions are complex-valued unless otherwise mentioned. For
any (sub)domain S, (-,-)s denotes the complex L2-scalar product (with complex conjugate in



the second argument). We use standard notation on Sobolev spaces H*(S) and their norms.

Further, we use the following (semi)norms || - [jo,s := || - |2(s), | - 1,5 = IV [lo,s, and || - |2,5 :=
| - llz2(s)- As usual in the Helmholtz context, we also employ the following k-weighted norm
|- ”ik,s = ﬁs + k2| ”g,S' We will omit the subdomain S in the notation of norms and scalar

products if it equals the full computational domain 2 and no confusion can arise. Last, we use
the notation a < b to indicate that there exists a generic constant C, independent of h and k
but possibly dependent on the polynomial degree p, such that a < Cb.

2.1. Model problem

Let Q C R?, d € {2,3}, be a bounded star-shaped domain with analytic boundary I' = 92 and
outer normal v. In this work, we are interested in approximating the (weak) solution u € H'(Q)
of the following nonlinear Helmholtz problem

B(u,v) := (Vu, Vv) — (k*(1 + xpelu*)u,v) + i(ku,v)r = (f,v) + (g,v)r (2.1)

for all v € HY(D). Here, k is the wave number, ¢ the Kerr coefficient, and xp denotes the
characteristic function of D. We make the following assumptions on the data throughout the
whole article.

Assumption 2.1. We assume that f € L?(Q), g € HY/?(T) and € € Rs(. Suppose that k > 1
in the sense there exists a constant kg > 0 such that & > ky and, subsequently, all constants in
our estimates may depend on kg. Finally, we assume that D CC €} is a non-empty compactly
embedded subdomain with Lipschitz boundary.

In the following, we abbreviate Caata = || fllo+ |9l 1/2(ry- [23] shows that there exists 6 such
that if
k4203, < o, (2.2)

there exists a unique solution u € H'(Q) to (2.1). Further, u satisfies the following a priori
estimates
||u||1,k S Cdata7 ||U||2 5 kcdata7 ||UHL°°(D) S,, k(d_3)/2cdata~ (23)

The (sufficient) condition k%~2eC3,,, < 0o for these results to hold is called a smallness of the
data assumption and it comes from a Banach fixed-point argument, see also Section 2.2 below.
While the exact condition itself does not seem to be sharp in numerical experiments, it is well
known that some condition on k, e, f and g is required for uniqueness. Note that the power of k
in the smallness assumption depends on the stability constant for the linear Helmholtz equation
with € = 0. Throughout this article, we assume this stability constant to be O(1), which is well
established for star-shaped domains (2, see, e.g., [16, 4].

Remark 2.2. For some results, the assumption g € L?(T") instead of g € H'Y?(T') would be
sufficient. For simplicity, we omit to track this and work under Assumption 2.1 and with the
constant Cyata.-

2.2. lteration schemes

We present and discuss two iteration schemes for the nonlinear problem in the continuous setting.
Both schemes will subsequently be combined with the spatial discretization in Section 3.1 to
obtain a discrete solution in practice.

[23] considers the following fixed-point iteration based on a frozen nonlinearity approach.
Given the previous iterate u! =1, the next iterate u") € H'(Q) is defined as

Blin(u(l_l); u(l),v) = (f,v) 4+ (g,v)r forall ve Hl(Q),

2.4
where  Biin(®; 0, w) == (Vo, Vw) — (*(1 + xpe|®|*)v, w) + i(kv, w)r. 24



The iteration starts from some u(®) € H'(Q) N L>(D) with sufficiently small energy norm. For
simplicity, we consider u(?) = 0 throughout. Under the smallness of data assumption (2.2) with
suitably chosen 6, the sequence {u(l)}leN forms a strict contraction in the sense that

1
Ju*D —u® s < Gu® —u e v 25)

This is the main idea in the proof of existence and uniqueness of a solution u to (2.1) in [23].
Precisely, the sequence {u()} converges to u strongly in H'(£).

[25] proposes a different iteration scheme — the motivation stems from Newton’s method, but
it is neither Newton’s method itself nor any variant thereof. Given the previous iterate u(!~1),
the next iterate u() € H'(Q) is defined as

A(u(l_l); ulb, v) = —k25(|u(l_1)|2u(l_1),v)p + (f,v) + (g,v)r for all v e HY(Q),

where A(®;v,w) = (Vv, Vw) — (k*(1 + 2xpe|®|*)v, w) + i(kv, w)r. (26)
Again, we let the iteration start from u(®) = 0 for simplicity. [25] observes numerically that the
scheme converges with a linear rate and that it has the advantage of allowing larger values of
k, € and the data than (2.4). To the best of our knowledge, these observations have not been
rigorously confirmed in theory. In the rest of this section, we will hence address the convergence
of (2.6) and relate it to the convergence of the frozen nonlinearity approach.

2.3. Linearized Helmholtz equation as auxiliary problem

Both iteration schemes (2.4) and (2.6) solve a linear(ized) Helmholtz problem in each step, which
we can formulate as follows. Let ® € H(Q) N L®(D) be given. For (2.4), find w € H(Q) such
that

Biin (®;w,v) := (Vw, Vv) — E2((1 + xpe|®|*)w,v) + ik(w,v)r = (f,v) + (g,v)r (2.7)

for all v € H(Q2). For (2.4), find @ € H'(£2) such that

A(@;,0) := (Va, Vo) — k*((1 + 2xpe| @[*)w, v) + ik(@, v)r = (f,0) + (g, v)r (2.8)

for all v € H'(Q), where f = f — k2exp|®|?®. Note that (2.7) and (2.8) are closely related in
two ways. On the one hand, A(®;®,v) = Byin(v/2®;w,v) and the right-hand side is (slightly)
different. On the other hand, we can re-write (2.8) as

Biin(®;0,v) = (f,0) + (g,v)r + k*e(|®]*(@ — @), v)p.

Consequently, we can deduce many results for (2.8) from their counterparts for (2.7). We em-
phasize that (2.7) is of Helmholtz-type, but with a variable, i.e., z-dependent, refractive index
n =1+ xpe|®|? induced by ®. Moreover, our assumptions on ¢ and D imply that n is discon-
tinuous over dD, i.e., the interface between the nonlinear material and the linear “background”.

[23] shows that there exists a constant #; such that if ksH@HQLo@(D) < 61, a unique solution

w € HY(Q) to (2.7) exists and it satisfies the a priori estimates
lw][1,x < C1Caata, lwll2 < C2kCaata, ||| oo (D) < Cook! ™2 Cqta. (2.9)

In fact, these results on w are the crucial ingredient to establish existence, uniqueness and a
priori estimates (cf. (2.3)) for the solution u to the nonlinear problem (2.1) in [23]. By exploiting



the correspondence between (2.7) and (2.8), we directly obtain that, if k;<€||<I>H2LOO(D) < 61/2, a
unique solution @ € H* () to (2.8) exists. From (2.9) and (2.8), we deduce the a priori estimates

- 0
l@ll,k < Cr(Canta + K223 () |1@1l0) < Cs (Ctaa + 1Bl (2.10)
as well as

- 0 N _ 0
@l < Cok(Canta+ 5 l@le)s ]2y < Cook®"2(Caata+ 5 1@le). (211)

These estimates will play a central role in the convergence proof for (2.6) in Section 2.4 below.

In the analysis of the finite element method for the linearized Helmholtz problem in Section
3.2, we need a splitting of the continuous solution w into an H?-regular and an analytic part. The
recent results on solution splittings obtained by [14, 12] are not applicable since n may exhibit
a discontinuity across 0D in our case, see above. Under a smallness of the data assumption,
we show that the well-known solution splitting of the standard Helmholtz equation with ¢ = 0
already yields the desired result for (2.7) as well. We note once more that the argument then
transfers to (2.8) by the obvious modifications in the scaling of ® and the form of f.

Proposition 2.3. There is a constant 05 such that, if k5||<I>H%OC(D) < 05, the solution w of (2.7)

can be split as w = wy> + w4 with wyz € H*(Q) and w4 analytic. Further, there exist k- and
d-independent constants C,~v > 0 such that

WA|1,E > datas
[wall1,x < CC

IV 2wallo < CHPk ™" max{p, k}*? Caata,
lwgz|l2 + kl|lwgz|1,6 < CCyata-

The proof is presented in the appendix.

2.4. Convergence of scheme (2.6)

We now show that scheme (2.6) satisfies a contraction property and therefore, the iteration
sequence converges to the (unique) solution u of (2.1).

Proposition 2.4. Let {uV}cn, be defined via (2.6) starting (for simplicity) from u(®) = 0. If
C10% kT 2eChua < a(1 - q)° (2.12)

for some g < min{%, 012‘91 } with 61 introduced in Section 3.2, we have for iteration scheme (2.6)

that

||u(l+1) _ u(l)Hl,k < %HU(Z) _ u(l_l)Hl,k

and the sequence {u)}; converges linearly to the solution u of (2.1).

Proof. First step: A priori estimates for u). We show by induction that for all I > 1, u(®) is
well-defined and satisfies

1 1
||u(l)||1,k < mclcdata, ||U(l)||2 < mc??kcdata’
1

(1-4q)

[u®D | Lo (py < Cook =32 Cgata.



The case | = 1 directly follows from u(®) = 0 and (2.10)—(2.11). Let the statement be satisfied

for 1. Since k5||u(l)|\2Loo(D) < O g2k ?eC3 0 < 01/2 by the assumptions, the discussion in

Section 2.3 yields that u(+1) is indeed well-defined. Moreover, we deduce from (2.10) that
Hu(lH)Hl,k < (C1Cyata + Q||U(l)||1,k)a

which recursively yields with ¢ < 1 that

l
. 1
[u D, < Clcdatazq] < ﬁclcdata-
j=0

Employing (2.11), we furthermore obtain

0 1
[z < Cok(Caata + 14D 14 < CohCaniall + ) = —=—CokCatata,

(1-q9)" 1-g¢

1
Il,k) < ﬂcook(d—3)/2cdata’

- 0
4D e () < Cook @72 (Caata + 2 u®

which finishes the first step.
Second step: Contraction property. Direct calculation shows that u(*+1) — u® solves

AwW; Y — 0 ) = B2e(|uY 2 (uY —u®O) + (ju®? = [uD12)u® v)p.

The estimates from the first step yield

Ch . _
D = w1, < K2 (Ju = oy a0 = u®lg

(1—q)
o u® e (o (e ey + 160 oo ) Ju® = w=Dlo)
Ch

< 3Ok T Ol —up < gl —

where we used (2.12) in the last step. The assumption ¢ < 1/6 finishes the proof. O

1,k

The proposition explains the linear convergence observed in practice [25]. However, the re-
quired smallness of the data assumption is more restrictive than for the frozen nonlinearity
scheme. Precisely, following the proofs of [23], we see that the contraction property (2.5) holds
if C’ngokd_zeC’gata < @y for Oy < min{i, 61C4}, which is more relaxed in comparison to (2.12).
Hence, Proposition 2.4 does not explain the better “robustness” of the scheme with respect to
the data observed in [25] as well as in our experiments in Section 5.

3. Nonlinear Helmholtz equation in the discrete setting

In this section, we turn to the finite element approximation of (2.1). We introduce the dis-
cretization using finite elements with higher-order polynomials in Section 3.1. We then present
the results of a priori error analysis, where we first consider the linearized problems in Section
3.2 and then the nonlinear problem in Section 3.3. All proofs are collected in Section 4 and the
appendix.



3.1. Finite element discretization and notation

Since we assume I to be analytic, we will consider curved elements in order to have a conforming
discretization. We follow the typical procedure as outlined in, e.g., [17, Section 5]. We assume
that there exists a polyhedral/polygonal domain Q and a bi- Lipschitz mapping € : Q — Q. Let
'77L denote an admissible, shape regular simplicial mesh of Q. ‘We assume that the restrictions
¢|7 are analytic for all T € T,. We then set 75 = {£(T ) T € T} as our mesh on € with mesh
size h = maxrer;, diamT. Note that for any T = &(T ) € Ty, there exists an affine, bijective
mapping Arp : T — T from the reference element T (the unit simplex). Consequently, we have a
mapping Fr : T = T via Fr = Rr o Ap with Ry = f\T We assume Fr, Ry and Ar to satisty
the smoothness and scaling assumptions of [17, Assumption 5.2].

For such a so-called quasi-uniform regular simplicial mesh 7, we denote the finite element
space of piecewise (mapped) polynomials of degree p by V4, i.e.,

Vip ={v € HY Q) :v|poFr e P,(T) for all T € Ty},

where P, denotes the polynomials of degree p. We now seek the discrete solution uy, € Vi p
such that

B(unp,vn) = (f,vn) + (g, vn)r (3.1)
for all vy, € V4, . This yields a nonlinear system that we can solve via the discrete versions of
the iteration schemes (2.4) or (2.6). As usual, these discrete versions are obtained by a Galerkin

procedure, i.e., ansatz as well as test functions come from the space V}, ,. As already done in the

continuous case, we start the iterations with “Ez ) =0 for simplicity.

We collect further finite element-related notation that will turn out useful in the error analysis.
Let P, : H'(2) — V}, be the elliptic projection as defined by [23] via

(Vop, VPyb) + ik(vp, Pod)r = (Vug, V) + ik(vp, ¥)r for all vy, € V. (3.2)
This projection is well-defined and satisfies
9= Pugllo S by — Pullse S nf o = valle (33
Py, is related to the discrete Laplace operator Ly, : Vy, , — V3, p defined via

(thh, ’L/Jh) = (Vvh, th) + Z'k‘(’l)}“ ’(/Jh)r for all ¥y, € Vh)p. (3.4)
Further, following [5], we introduce discrete H?())-norms on Vj,,. We define the discrete
operator Ay, : Vp p, = Vi p via
(Apvn, ¥n) = (Von, Vibr) + (vn, ¥n). (3.5)
Let
0< )\Lh < )\g)h < ---)\dim Vi poh
denote its eigenvalues, which are all positive, and let ¢;j for j = 1,...dim V} , be the corre-
sponding discrete eigenfunctions. For any real number j, the operator A7, is defined via

dim V}, dim Vj,
P 3P
Ty — § : J — § :
Ah’Uh = /\l,ha“phh for Vp = arpi,n-
=1 =1

The discrete norms on V} ;, are then defined for any integer j via
lonllzn = 147 onllo- (3.6)
For any vy, € V}, p, it holds that (see [5, Lemma 4.1, 4.2])



1. for any integer j,
lonlljn < h ™ Hlvallj—1.m (3.7)

2. for any integer 0 < j <p+1,

i
lonll—jn S >0 onll -
=0

3.2. FEM error analysis for the auxiliary problem

We can now analyze the linear auxiliary problem in the discrete setting. According to the
discussion in Section 2.3, we focus on problem (3.8) below using By, but note that everything
carries over to the discrete version of (2.8) by the relation of A and Byi,. Let ® € L>(D)NH(Q)
be given. Define wy, € V}, ;, as the solution of

Blin(q); Wh, ’Uh) = (fa Uh) + (g7 Uh)l“ (38)
for all vy, € Vj, p.

Lemma 3.1. If k5||(I>H%OC(D) < min{fy, 02} with the constants introduced in Section 2, there
exists a constant Cy > 0 such that, if k(kh)?? < Cy, the finite element solution wy, to the auxiliary

problem (3.8) exists, is unique and satisfies

lw — whllie < 1+ k(ERP) inf  [lw—vallie < (b + (kR)P + k(kR)?P)Caata, (3.9)

VhEVh p
where the constant in < may depend on p. Further, wy, is stable in the following sense
w1,k S Cdata- (3.10)
In the proof of the above lemma, we will also establish the following L2-error estimate
lw —wnllo < (B + h(kh)? 4+ (kh)*)Cyaa- (3.11)

Lemma 3.1 essentially transfers [5] to a case where the coeflicient n in the Helmholtz problem
is no longer constant. In contrast to the approach in [19, Sec. 2.4], we treat n as a sufficiently
small perturbation from the constant coefficient case. Therefore, some of our assumptions are
different, in particular we can allow for lower regularity in n. Further, since we do not have a
coefficient in the gradient part, i.e., A = 1, we can use Robin boundary conditions everywhere,
cf. the discussion in [19, Rem. 2.62]. Concerning the occurrence of kh as first term in (3.9), we
refer to the discussion after Theorem 3.5. For convenience, we include the proof of Lemma 3.1
(along the lines of [5]) in the appendix.

Besides the stability of wy, in the energy norm, we have the following L°°-estimate, which is
important for the nonlinear case.

Lemma 3.2. If I<:5||<I>H%OO(D) < min{#;, 6>} with the constants introduced in Section 2, there
exists a constant Cy > 0 such that, if k(kh)? < Cy, the solution wy, of (3.8) satisfies

[wnllLoe(py S [ AP k9372 Cyapa, (3.12)
where p=1for p=1 and p =0 for p > 2.

The proof follows the lines of [23, 10] using the interior L™ estimates of [20]. The latter only
introduce an |In h|-dependence in the case p = 1. Note that [10] recently showed that even in
the linear case, the |Inh| cna be removed if d = 2.



Remark 3.3 (Why the resolution conditions in Lemmas 3.1 and 3.2 differ). Comparing to the
linear Helmholtz case, the resolution condition in Lemma 3.1 is the known one from [5], while
the condition in Lemma 3.2 corresponds to an older, sub-optimal condition in [26]. To get the
improved result similar to Lemma 3.1, [5] uses suitable discrete H7-norms, cf. (3.6), and negative
Sobolev norms in the estimation of L2-scalar products (between a discrete and a projection
error). In the L>-norm estimate, however, we do not get such L2-scalar products and therefore
cannot use this technique. This is the main reason for the tighter resolution condition in Lemma
3.2. Note that both conditions agree for p = 1.

3.3. Finite element method for the nonlinear problem

We are now prepared to analyze the higher-order finite element method for the iteration schemes
(2.4) and (2.6) applied to the nonlinear Helmholtz equation. We emphasize once more that the
analysis in [23, 10], which partly inspires our proofs, is limited to p = 1 and either iteration
scheme (2.4) or Newton’s method. We start with the convergence of the discrete schemes and,
thereby, existence and uniqueness of the solution wy, , to (3.1).

Proposition 3.4. Let
k(kh)? < Cy

as in Lemma 3.2. Define ~ -
oj = C;| In h|*Pek??Cyata,

where Cy, Cy associated with schemes (2.4) and (2.6), respectively, are some constants. If o < 1,

the associated sequence {ug_)p}leNo C Vh,p starting at ug);) =

Up,p of (3.1) with rate o, i.e.,

0 converges to the unique solution

Huh,P - ung?le.,k S U;'Cdata' (313)
Further, up, p, satisfies the stability estimates
[tunpllie S Caata  and  |Junpllze(py S [InAPEI/2Cqpta. (3.14)

We hence obtain the continuous as well as the discrete solution as limit of a sequence of
solutions to linearized Helmholtz problems. The proposition gives us the convergence of the two
iteration schemes also in the discrete setting as well as existence and uniqueness of the solution
to (3.1). Of course, this unique solution exists as soon as 0; < 1 for j =1 or j = 2. In other
words, we can choose the less restrictive condition when we consider properties of the discrete
solution to the nonlinear problem. Using the error estimates in the linear case (cf. Lemma 3.1),
we can conclude our main result on the finite element error.

Theorem 3.5. If k(kh)? < Cy and |In h|?Pek?2Cqaia < 0 sufficiently small, the unique finite
element solution uy,, to (3.1) satisfies the error estimate

lu = unpllis S (b + (kB + k(kR)?)Caata-

Note that by combining the previous theorem and (3.13) we deduce an error estimate for
u— us)p and any of the two schemes (2.4) or (2.6) by the triangle inequality.

Theorem 3.5 bounds the error between the exact and the discrete solution of the nonlinear
Helmholtz equation, where the dependence on k, h, and p is the same as in the linear case. We
provide a pre-asymptotic error bound with the so-called pollution term k(kh)?P. Note that the

first term kh occurs in Theorem 3.5 since we do not assume more than H?(Q)-regularity of w.



Nevertheless, this term can be interpreted as a higher order term in the sense that it does not
dictate the rate of convergence due to the resolution condition, cf. [19, Rem. 2.40]. As in [5] for
the linear Helmholtz equation, our result assumes a fixed polynomial degree in the sense that
the involved constants depend on p. We strongly believe that the famous hp-error analysis in the
asymptotic regime [17, 18] can be transferred to the nonlinear Helmholtz equation for sufficiently
small data as well. An hp-version of the result in Lemma 3.1 in the asymptotic regime is already
available, see [14], but to the best of our knowledge, nothing is known about an hp-version of
the L*-estimate in Lemma 3.2. One can circumvent the application of Lemma 3.2 as in [15],
but the price to pay is a worse k-dependence in the smallness of the data assumption.

4. Proofs of the results in Section 3

In this section, we prove our main results Lemma 3.2, Proposition 3.4, and Theorem 3.5.

4.1. Proof of Lemma 3.2

Proof. We set wy, = P,w with P, defined in (3.2) and 7, = W, — wy. Further, we introduce
n € H'(Q) as the solution of

(Vn, Vo) +ik(n,v)r = E2((1 + xpe|®|?) (w — wp),v) for all v € H'(Q).
By the triangle inequality, it holds
lwn ooy < 1nllzoe () + 1n = Mnll Lo (D) + [0 = @l oo (D) + lwl Lo (py =2 Th + T2 + T3 + Ty
First step: Estimate of Ty : By elliptic regularity theory and (3.11) we deduce
Inll2 < K lwn — wll < (k*h* + k(kh)P ™ + k*(kh)*) Caata. (4.1)
We observe that n, satisfies
(Lpnn,vn) = k*((1 + XD€|<I>\2)(w — wp),vp) for all v, € Vi,

with Ly, as defined in (3.4). Hence, 7y, is the finite element approximation of 1. Standard finite
element theory then yields

In=mllo < h?[Inll2 < W*K2(|(1+xDe| @) (w—wn)llo < (k*h*+h(hk)"*?+(kh)*"**) Caata, (4.2)
where we used (3.11). Next, we re-write the equation for 1 and observe that it solves
(Vn, Vo) — k*(n,v) +ik(n,v)r = k*(nn, — n,v) + k% (w — dp, v) + k2 (] @[> (w — wp), v)p.
Hence, we obtain by (2.9) together with (4.2) and (3.11) that

7]l oo (py S K928l = nllo + @ — wllo + k™01 [[wn — wllo)
S K2R (2R 4 h(kh)PT2 + (kh)* T2 + 1% + (kh)Ph + kA2
+ k™ h(kh)? + k™' (kh)*) Caata
= K32 (kR + (kh)? + (kh)* + (kh)PT* + k(kh)PH!
+ k(kh)PT + k2 (kh)** T2 + k(kh)*) Caata
S kU201,
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where we used the resolution condition k(kh)? < Cy in the last step.

Second step: Estimate of Ty: Note that H()) can be continuously embedded into L°(Q) for
d < 3. Take a subdomain D; with D C D; and dist(0D, 0D1) = dist(0D1,02) =~ 1. Interior L*°-
error estimates [20, Thm. 5.1], interpolation estimates, interior Schauder estimates for elliptic
equations [7, Thm. 9.11], and the k-weighted Nierenberg inequality from [15, Lemma 2.3] imply

I = nnllpepy < [0hfP 7 — Innll oo,y + I = mnllo
S AP B2~ nllw20(0,) + In = nallo
S AP B2~ (nll ps@) + klwn — wllzs@) + I = mlo
S AP R Y(|Inls + &3 jw — wpll1 k) + 11 = mnllo,
where I;, denotes the nodal interpolation operator. In the first step, we already showed — using
(4.2) — that k%||n — npllo is uniformly bounded under the resolution condition k(kh)? < Cj.
Thereby we easily deduce that under the same resolution condition, || —mnp|o < k=2 < k4=3)/2,
Hence, we only need to bound h?~%/6(||n||y + k'+%/3||w — wy|1 &) in the following. With (4.1),
we obtain
R (Inlle + K3 lw — wp [ g) S B2 VER? fw = wnllo + BT lw — w1 ,r)
g h2_d/6/€1+d/3”’u) _ wh||1,k~
Applying (3.9), we deduce
B2 ORI lw — wy |16 S B2TYORMTY3 (R + (KR)P + Kk (kh)*)Coata
S K2 ((kh)2 YOk 2 (h + (kh)P + k(kh)*)) Cdata

5 k(d_3)/2cdata7

where we used the resolution condition k(kh)? < C; and k 2 1 in the last inequality. Combining
all estimates in this step, we showed

17 = nallze(py S |InAP kD20,

under the resolution condition k(kh)? < Cj.
Third step: Estimate of T3: Take a subdomain Dy with D C D; and dist(0D,0D;) =
dist(0D1,09) =~ 1 as in the previous step. We obtain with [20, Thm. 5.1], (3.3) and (2.9)
lw = Wl e oy S AP w] Lo (py) + lw = dno
S AP [w]l ey + hllw]l1e
S (1A K72 4 ) Caea S [0 AP KO3 C o,

where we used kh < 1 and k 2 1 in the last step.
Combining steps 1-3 with (3.12) for T} yields the assertion.

O

4.2. Proofs from Section 3.3
Proof of Proposition 3.4. First step: Iteration scheme (2.4): As before, let for simplicity uELO,; =

0. From Lemma 3.1 we obtain that a unique solution ug; € V,p to the discrete version of (2.4)

exists and moreover, that it satisfies due to (3.10) and Lemma 3.2

luf) Ik S Caata and [l [l poe(py S (AP K3/2Cgpa.
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The latter implies that ks||uh p||2 y S min{fy, 62} so that the assumptions of Lemma 3.1 are

satisfied. Inductively, we conclude that the whole iteration sequence (2.4) exists. Each ugj ; is
the unique solution of a linearized Helmholtz problem and satisfies the stability estimates

) [l S Caaea and  [Juf)) |z (o) < [ AP K@D/ 2Cqua.

O

(+1) _ (l) and observe that v, solves

Set v,(ll) = U,

Blm(ug)p,v(l) B) = kg(guhp(|u 1 — |uhp1)| ), ¥n)D for all vy, € Vi p.

As we have k5||u§f)p||Loo < min{fy, 62}, we can again apply Lemma 3.1 to obtain

l l l 1
o 1 S Rellus), gy = il ) .o
< kel loe oy (sl Pl o) + i, ey ) ol

S ImA k=20 allvn) -

Hence if o1 := Cy|Inh|?Pek?20C2,, <1, {v,(ll)}leNO forms a strictly contracting sequence or, in
other words, the iterations {Ug,)p}leNo form a Cauchy sequence. Therefore, they converge to some
up,p and it is easy to verify that up , is a solution to (3.1). Further, uy , satisfies the stability
estimates (3.14) as they are satisfied in all iterations (see above). Following the arguments in
the estimate for v}(f) above, we can also conclude the uniqueness of uy . Finally, (3.13) for j =1
follows as in the Banach fixed-point theorem.

Second step: Iteration scheme (2.6): We transfer the proof of Proposition 2.4 to the discrete

setting. We show by induction that for all [ > 1, ug)p is well-defined and satisfies

l
) Ik S Caatar gyl oy S AP k@2 Cypa,

where the constants in < may depend on os.
The case [ = 1 directly follows from ugl ) =0 and (3.10) and Lemma 3.2. Let the statement be

satisfied for [. Since ksHuthLoo(D) < |Inh|#PE4=2:C2

Gata S min{6q,0:} by assumption, we can
(l+ ) s

deduce from Lemma 3.1 that u, is indeed well-defined, see also the discussion in Section 2.3.

Moreover, we have

(1+1) 1,k 5 (Cdata + 02||u(l)||17k>

g g
With the assumption o2 < 1 we obtain recursively
1+1)
H'U'EL’ ||1 kS Cdata Z 02 < Clata-
7=0
Employing Lemma 3.2, we furthermore obtain

P L (p) S 1 AP RS2 (Caaga + aalufy ), l16) S 10 hJP EO=5/2C 00

As in the first step, we define v,(ll) : ugll;;l) ug)p, which solves

1—
Ay oD ) = K2e(—Jug P Polt ™ (uf) 12— Jug PPy n)p.
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The a priori estimates for uﬁl) from above yield with (3.10)
1-1) -
o2l S k2 (lufl, P o o lo

1
12 oo 0 oy + sl e o)l o)

< kel In | k4302, oY

1,k

Hence if 09 := Cy|ln h|2ﬁ5kd_2C§aLta < 1, {Uh)}leNg forms a strictly contracting sequence or,
in other words, the iterations {UELZ,)p}leNo form a Cauchy sequence. Therefore, they converge to
some uy, p, which one can easily identify as the unique solution to (3.1) from the first step. The
stability estimates (3.14) are then already known, and, finally, (3.13) for j = 2 again follows as
in the Banach fixed-point theorem. O

Proof of Theorem 3.5. We proceed as in [23]. Let {u(®};cn, and {U;i)p}leNo be iteration se-

quences for u and up, p, respectively. We bound the error u® — uh P and at the very end, let
Il — oo. Since we eventually consider the limit, we simply work with the iteration sequences
defined according to (2.4). The adaption to (2. 6) is straightforward and yields a similar result.

~(0) _ (0) ~ (1)

(1
We define a sequence {UEL)}ZGNQ via 4y, = w, and 4,," € Vj, , solves

Blin( (-1, ﬂ,g ,Uh) (f, Uh) (g,vh)p for all Vp € Vh,p~

We split the error as u() — ug)p = @w® —a") + @ - ug)p) and estimate both terms separately.
For the first term, we obtain directly from Lemma 3.1 that

[u® — a1 S (B + (kR) + k(kh)?)Caata. (4.3)

It remains to estimate n(l) = ug) ug)p We observe that n,(ll) € Vj,p solves

Bhn(u(j*l);n,gj),vh) = k2 (e(|u j*1)|2 — |u§i;1)\ )uzj;,v )D for all vy, € Vi p.

From Lemmas 3.1 and 3.2, we hence obtain

1
i e < K2l (jul=D 2 = uf D)),
l -1 — -1
< K2elluf |l Lo oy (lu= ||Lm<D>+||u2p’HLoo(D))nu“ Y —ulVo,p

S Ke(I AP 2 00)  u) — ol
< AP k2020 (=Y =@l g+ Il ).
If | In h|?PkI=22C3

.o 15 sufficiently small, we consequently have

(-1 1 -
Ik < 100D = G g S

By induction together with (4.3) and nh = 0, we deduce

-1
I e S 37259 )[u® — a1k S (B4 (kR)? + k(kh)*)Caata + 27 u® — )

S pllLk
Finally, employing the triangle inequality, (4.3) and u(®) = u( ) = 0 yields
lu® = wif) i S (b + (kR)? + (kD)) Caata-
Letting j — oo finishes the proof. O
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Figure 5.1: Relative error in the energy norm versus mesh size for the first experiment. Top row
€ = 0.05, bottom row € = 0.01. In each row from left to right p = 1,2, 3.

5. Numerical experiments

In this section, we investigate the higher-order FEM for the nonlinear Helmholtz problem nu-
merically. We first focus on the discretization error in dependence on the mesh size h, the
polynomial degree p and the wave number k, where we aim to illustrate the theoretical findings
of Theorem 3.5. In the second part of the numerical experiments, we examine the convergence
of the nonlinear iteration, where we aim to analyze the dependence of the contraction factor on
k,h,p,e and the data, cf. (3.13). We also compare the two different iteration schemes presented
in Section 2.2. For all experiments, we set = B1(0) C R? and D = By 5(0). All simulations?
were obtained with NGSolve [21, 22].

5.1. Convergence of the discretization error

As data, we choose g = 0 and

1 e lz—0]
i lOOOOexp(—1'27(|1070250|)2) if le—aol g,

0 else,

with 29 = (—0.55,0). Since an analytical solution is not known, we use the finite element solution
on a mesh with A = 277 and polynomial degree p = 3 as reference solution for the following
error plots. We always depict relative errors in the || - |1 5 norm. Unless otherwise mentioned, we
solve the nonlinear system using the frozen nonlinearity iteration (2.4) until either the (relative)
residual is smaller than 5 - 10~7 or the maximum of 20 iterations is reached.

The results for two different values of € are depicted in Figure 5.1. Firstly, we observe that
the (asymptotic) error behavior is not influenced by € as expected by Theorem 3.5. Moreover,
we confirm the expected convergence rates h? for this smooth right-hand side. Similar to and as
expected from the linear case, we further observe that the plateau of error stagnation is larger

IThe code to reproduce the results is available at Zenodo under DOI 10.5281/zenodo.7016963.
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k=38 k=16 | k=32 | k=64
p=1] 14,560 | 14,560 | —— —

(0.0379) | (0.0582)
p=2| 3,481 | 3,481 | 14,435 | 57,801
(0.0370) | (0.0405) | (0.0259) | (0.0287)
p=3 | 7,746 1,788 7,746 | 32,358
(0.0214) | (0.0590) | (0.0265) | (0.0152)

Table 5.1: Required numbers of degrees of freedom to reach a relative energy error below 0.06.
In brackets the attained relative energy error is given.

(hp) | 2742 | 2—4 5 2—4 1| 2 7 1 [ 2 ; 2 | 2762
it. 15 16
res. | 4.966-1077 4980 10 7 2472 10 7 2960 10 7 3443 10 7| 26711077

Table 5.2: Number of “frozen nonlinearity” iterations and final residuals for different values of h
and p.

for growing wave numbers, but this pollution effect can be reduced by increasing the polynomial
degree. We emphasize that we could always achieve a relative residual of at least 51077 in less
than 20 iterations in the convergence regime. On the other hand, for very coarse meshes (when
the condition k(kh)? < 1 is not met), the fixed-point iteration may not converge. We stress
that this does not contradict our theory.

To compare the error convergence for different p from another perspective, we investigate
how many degrees of freedom are required to obtain a relative energy error below a certain
tolerance, say, 0.06. As Figure 5.1 suggests that the behavior for the two different ¢ values is
quite similar, we fix € = 0.01 in the following. Table 5.1 summarizes our findings, where ——
indicates that we could not achieve the desired energy error with the considered meshes. We
make two important observations. First, for fixed wave number, the required number of degrees
of freedom for the targeted accuracy decreases when we increase the polynomial degree. This
is explained by the better convergence rate and the shorter stagnation phase. Second, for the
wave number k = 8, 16,32, we can obtain the desired accuracy with (at most) 7,746 degrees
of freedom. For this, we need to slightly increase the polynomial degree, which is especially
visible if the results for k = 16 and & = 32 are compared. Note that we expect to reduce the
required number of degrees of freedom for k = 64 if we considered even higher order spaces with
p > 4. These observations agree very well with the hp-FEM convergence analysis of the linear
case where the polynomial degree should be adapted like p > log k, see [17, 18].

5.2. Convergence of the nonlinear iteration

We now turn to the behavior of the iteration schemes and we aim to shed light on their dependence
on k, h, p, e and the data. In our 1nvest1gat10ns we will study (i) the number of iterations required

to reach a (relative) residual of 5- 1077 or (ii) the contraction factor
O ._ ||uhp_uhp ||1k
o -0 ___(-2) l=2
=ty 2l

in the [-th iteration step.
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k | 8 | 16 | 32
iterations 16 7 4
residual | 2.487-1077 | 3.128 - 1077 | 4.591-1077

Table 5.3: Number of “frozen nonlinearity” iterations and final residuals for different values of k.

1.4 4
0.8 1

1.2+

1.0 4

0.6

0.8 ———— |1
0.6 | 0.4
“'lllll —— f=25.0

—— =25.0
0.4

£=50.0 £=50.0
— 1=75.0 0.2 —— 1=75.0
0.2 —=- f=100.0 = 1=100.0
— =125.0 — f=125.0
0ol W —e— f=150.0 . —— f=150.0
: : : : , : 0.0 : : : : : ‘
0 10 20 30 a0 50 0 5 15 20 25 30

Figure 5.2: Contraction factors o; over iteration number for different values of f and the iteration
schemes (2.4) (left) and (2.6) (right).

First, we fix k =8, e = 0.1, g = 0 and f = 50 and investigate the h and p-dependence. We
give the number of iterations till convergence (as explained above) for the iteration scheme (2.4)
in Table 5.2. In the second and third column we see that the iteration scheme does not seem to
be affected by p. This is in good agreement with (3.13) in Proposition 3.4, where the contraction
factor does not contain p. In the fourth to eight column we compare the dependence on h for
p =1 and p = 2. Each time we refine the coarse mesh three times. For p = 1, the number of
iterations increases by 3, while only by 1 for p = 2. Theoretically, we expect only a logarithmic
h-dependence of the contraction factor for p = 1, while for p > 2 the convergence should be
independent of the mesh size, see Proposition 3.4. While our results cannot completely confirm
the theory, they indicate a slightly larger h-dependence for p = 1 than for p = 2.

As next step, we investigate the dependence of (2.4) on the wave number k. We fix ¢, f,
and g as above, set h = 27% and p = 3. Table 5.3 clearly shows a decrease of the required
iterations (until the residual is below 5 - 10~7) with growing wave number. This indicates that
the k-independent contraction factor for d = 2 in Proposition 3.4 seems to be sub-optimal. Our
results would suggest that the contraction factor may even decrease like k~!. However, we also
note that in all the experiments on the h, p and k-dependence of the nonlinear iteration so far,
the contraction factors (V) varied rather considerably over j in each experiment. For this reason,
we gave these results in terms of the required iterations. The results of Tables 5.2 and 5.3 are
qualitatively the same also for the iteration (2.6) and therefore omitted here.

We are mainly interested in how the convergence of the iteration depends on the L2-norm
of f and on the size of e. We fix k = 16, h = 275 and p = 2 and let the schemes (2.4) and
(2.6) iterate until either the (relative) residual is below 5 - 1077 or the maximum number of 50
iterations is reached. Recall that we choose f as a constant function on the whole domain for
this experiment. Figure 5.2 shows the contraction factors ¢(¥) for the iteration schemes (2.4) and
(2.6) for different values of f. We first observe that there is an initial phase with varying o)
before an almost constant contraction factor is reached. This constant limit regime numerically
verifies that both iteration schemes are of linear order like a fixed-point scheme. Additionally, we
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Figure 5.3: Average contraction factors over values of f (left) and of € (right) for the two iteration
schemes.

see that the initial phase seems to be longer for the frozen nonlinearity scheme (2.4). Comparing
the behavior across different values of f, we clearly see that the contraction factor grows with
larger f in accordance with Proposition 3.4.

To make this better visible, we plot the average value of o across all iterations versus the
value of f in Figure 5.3 left. For small values of f, both iteration schemes perform similarly,
but for larger f, (2.6) has better contraction and convergence properties and, in that sense, is
more robust. In particular, for f = 150, the frozen nonlinearity (2.4) seems to be not converging
(after 50 iterations, the relative residual is still 0.15), while the scheme (2.6) converges. In a
similar spirit, we depict the average contraction factors over different values of ¢ in Figure 5.3
right. Again, we see that the frozen nonlinearity is less robust than (2.6). The dependence on &
seems in general to be more severe that the one on f. While the frozen nonlinearity converges
only for e = 0.1,0.2.0.4 in our example, the scheme (2.6) converges for all considered values up
toe = 2. For ¢ = 1.6 and € = 2, 50 iterations did not suffice to reach the residual of 5- 1077,
but the contraction factors clearly suggest that (2.6) should be able to reach that tolerance if
we allowed more iterations. In fact, we obtain a final residual of 5.4 - 10~7 for ¢ = 1.6 and of
2.3-107% for e = 2.

Summarizing, we could confirm the better stability of scheme (2.6) over the frozen nonlinearity,
at least in the dependence on € and the (right-hand side) data, cf. [25]. The theoretical cause
of this behavior is an interesting open research question. Further, our experiments indicate that
the k-dependence of the contraction factor may be relaxed from the theoretical prediction in
Proposition 3.4 and [23].

Conclusion

In this contribution, we studied the finite element method with arbitrary but fixed polynomial
degree for the nonlinear Helmholtz equation. By employing a pre-asymptotic error analysis
for a linearized Helmholtz problem with small perturbation of the wave speed, we showed well-
posedness and a priori error estimates under a smallness of the data assumption and the resolution
condition k(kh)P < 1. In the treatment of the nonlinearity, we considered two different iteration
schemes which can both be interpreted as fixed-point iterations. Our numerical experiments
confirm the theoretical estimates and, moreover, indicate that the results on the hp-FEM can be
transferred from the linear case as well. Additionally, we compared the two iteration schemes
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concerning the performance and robustness with respect to the smallness of data assumption.
The contribution leaves some interesting future research questions, namely on a true hp-FEM
analysis — our constants may depend on the polynomial degree presently — and on the different
robustness of the two iteration schemes.
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A. Proof of Proposition 2.3

Proof of Proposition 2.3. Let Lq, L, Hqo, Hr be the high- and low-frequency filters on 2 and T,
respectively, as introduced in [18, Sec. 4.1.1]. For convenience, we briefly repeat the construction.
Let F be the Fourier transform on R¢ and set

Lga(f) = F "(xouF(f));  Hga(f) = (1= Lga)(f)

for any f € L?(R?), where y,, denotes the indicator function of B, (0) and 7 is a free parameter.
For Q, let E : L*(Q) — L%(R?) be the Stein extension operator and define Hq(f) == (HZE(f))|q
and Lg analogously. For T', let G : H*(I') — H3/2+3(Q) denote the lifting operator with
0,G(g) = g and define Hr(g) := 0, Hq(G(g)) and, analogously Lr.

Denote by Ng, SkA, and Sj the solution operators for the linear, constant-coefficient Helmholtz
equation (i.e., for ¢ = 0) as introduced in [18]. More precisely, for f € L?(2), Ni(f) is the unique
solution to the Helmholtz equation (—A — k?)u = f in R? with Sommerfeld radiation condition.
For g € L3(T), S£(g) is the solution to the “good” Helmholtz equation (—A + k*)u = 0 in Q
with inhomogeneous Robin boundary conditions d,u — iku = g on I'. Finally, Si(f,g) is the
solution of the standard Helmholtz equation (—A—k?)u = f in  with Robin boundary condition
Oyu —iku =g on .

By the linearity of (2.7), it suffices to prove Proposition 2.3 with only volume data f or
boundary data g separately. We show how the assertion follows from the well-known results in
case g = 0, the other case can be proven similar. We set wi‘ := Sk(Laf,0), wfp := Ni(Hqf).
Denoting § := —9,wl;, —ikul,,, we further set w4 := Sj,(0, Lrg) and wtl, := S (Hrg). By the
definition of the solution operators, we deduce that the remainder 7 := w—w’ —wh, —wl{ —wl],
solves

~AF—E* (1 +xpel®)i=f inQ, 9,7f—iki=0 onT,
with  f = k22wl + xpe| @ (whs + wh + wik + wii)).

By the estimates for wggl and wi{” from [18], we obtain

1Fllo < 2kwifalls + kel @l () (1wl v+ wip i + [lwif

< 2q||fllo + kell®[| Lo ) 2C | fllo + 201 flo),

where g can be chosen arbitrarily small by adjusting n above and C' is a k- and ®-independent
constant. Here, we implicitly used that €2 is star-shaped and, hence, the stability constant of the
Helmholtz equation with € = 0 is of the order one, cf. [16, 4]. Clearly, we see the existence of
a constant 3 such that, if k5H<I>||2LOQ(D) < 6, we have ||fllo < q||flo for some § < 1. Tterating
this argument, we can write w as sum of series (one series of analytic functions, one series of
H?2-functions) that can be bounded with the help of the geometric series. O

[k + [l 1)

B. Proof of Lemma 3.1

Proof of Lemma 8.1. We proceed similar to [5]. Let P}, be defined via (3.2) and write w — wy, =
w — Pyw + wp, — Pyw = p+ 1. We have by (3.3) and the solution splitting for w

lplle S inf [lw —vpl[1k S (b + (kh)?)Caata,
Vh€Vh,p

where we used the approximation properties of V4, and Proposition 2.3 in the last step. Hence,
we only have to consider 7, = wp — P, in the following. Observe that 7, satisfies

(V. Vop) — (K (14 xpel®*)nn, vn) + ik(nn, va)r = (K*(1 + xpe|@[*) (Phw — w), vp)
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for all vy, € Vj, p.
First step: Insert v, = m, and consider the imaginary part. We obtain with the standard
L?-projection II;, that

Kl = S{(E* (1 + xpel@)p, i)} < K plli—pnllmllp—1. + K02 pllo [l lo
As in [5, p. 792], we have ||IInpll1—p.n S hP||p||1,x. Further, (3.3) gives ||pllo < hllpll1,x. Hence,

Inall5.c < K2R~ 51 + O3hlInnlI3 + 2l

2
Second step: Recall the definition of Ay, in (3.5). Consequently, we have
(Annn,vn) = (% 4+ 1) (nn, vn) + K2 (e|®*nn, vn) p + ik(nn, vn)r + k2 (np, vn) + k2 (|®)?p, vn) D
for any vy, € Vj, p. For given 1 <m < p, set v, = A;L”_lnh to obtain
7 = (6% + D)llnnl5e—1,n + K (el@ P, A7~ ) p + ik (nn, A7 i)r
+ R (AP0, AT P + K2 (2|20, AT )
From trace inequalities (cf. [5]) and (3.7) we obtain

[(ns A7 )] S lnwllo.e 2™ 2 | =1,
5 (khpimH’rlh“p—Lh + 92h17m||77hH0 + hlime”Lk)H’)’]hH”L_Lh
S (k”nhHmfl,h + ezhl_mthHO + hl—me

L) 170 Nl =1,
Further, we have with (3.7) that

K2 (el®nm, A7 nn) | S KO llmnlol 1 l|2m—2.n S kOallmmllo o'~ [ nllm—1,n
and

K2 (el®2p, A7 'nn) p| S kOalpllo [1nnllzm—2.n S kROl k B 11 lm—1n-
Altogether, we have for 1 < m < p that

[ A Y EAAS | I PR [
+ (kllmnllm—1,n + 92h17m||77h||0 + h17m||p||17k + 92h27m||p

|16 )l =1,

and by Young’s inequality we obtain

9n ]l < Elln 1. + EIThpllm—1.n + 02~ nn]lo + (B2~ + A1) p

l1 k-
As in [5], it holds that k||xpllm—1.n < A" pll1.k, so that we deduce
Ml S Kllmllm—1,n + 020" [mmllo + (B2h*~™ + ™) [lp]l 1,4 (B.1)
Recursively, we obtain
m—1
1 e S K™l llo + D {K 02 R o + K7 (6577 R2 T - RETTH) pll
§=0

where we used kh < 1. Obviously, if k5||<I)H%OO( py < 02 with 05 sufficiently small, we deduce

Innllimn S (6™ + 02"~ lmllo + A~ [lp|

l,kta (BQ)
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Third step: Let z € H*(2) be the dual solution of
—Az — k(1 + xpe|®|?)z = np,
Oyz —ikz = 0.
Multiplying with wp —w = p+np, we obtain with the definition of Pj, and Galerkin orthogonality
(p+nn,mn) = (V(w, —w),Vz) — (2(1 + xpe|®*) (wy, — w), 2) + ik(wy, —w, 2)r
= (V(wp —w),V(z — Pr2)) — (K*(1 + xpe|®*) (wy, — w), 2z — Ppz)
+ik(wp, —w,z2 — Pp2)r
= (Vp,V(z = Pr2)) +ik(p, 2 — Ppz)r — K*((1+ xpe|®*) (1 + p), 2 — Pr2).
Hence, we deduce
Il = (Vo, V(2 = Paz)) +ik(p, 2 — Paz)r — k*((1 + xpel®*) (. + p), 2 — Paz) — (p,1n)
< llpllkllz = Puzllie + kO2llpllo 12 = Puzll + [lpllo 1nnllo 4+ Kf2lnnllo 12 — Pazllo
+ E*[(nn, 2 — Pr2)|.
Using the splitting according to Proposition 2.3 for z and the properties of P}, we have
1Pnz = zll1e S (b4 (Kh)?)[[nnllo
1Pnz = zllo < h(h 4 (ER)?)lmnlo-

Inserting these estimates as well as ||p|lo < h||p|l1,x into the one for ny, we get

Innllg < (1 + 02) (4 (kR)P)||pllk) Innllo + 02(h + (KR)P)n g + &2((mn, 2 — Pr2)|-
As in [5, eq. (5.13)], we have
[(1n, 2 — Pr2)| = |(nn, IInz — Ppz))|

Slnnllp—1.nlUnz — 2 4+ 2 — Przlli—pn
S lnnllp—1.0h? (b + (kh)P)[|nnlo-

Finally, we arrive at
I llo S (1 +02)(h + (h)P)[lpll1 i + O2(h + (kh)P) [l llo + E*hP (h + (kR)P)[[9m [l p—1,1.-

Obviously, if k5||<I>H%M( py < 02 with 05 sufficiently small,
nllo S (h+ (RE)P)llpll1 i + BB (h + (KR)P) |98 [l p—1,1- (B.3)
Fourth step: By plugging (B.2) with m = p — 1 into (B.3), we deduce
Innllo < (h+ (&)l pll1se + K202 (B + (kR)P) (K77 + 030> 77) [ lo + 177 1,k>
< (ot (kh)P) Il + (KR + k(kR)*) [ llo + 03(h + (KR)?)[[m o,
where we used kh < 1 Hence, if k(kh)?P < Cy sufficiently small and 03 < 1 sufficiently small, we
have

Inallo S (b + (kR)P)llplliw S (h* + h(kh) + (kh)*")Caata

by the stability of w and P,. Combining with (B.1) for m = 1, we also obtain the bound for
I8 |1, which finishes the proof of (3.9).

The triangle inequality and the stability of w then also give us (3.10) as well as existence and
uniqueness of the discrete solution. O
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