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A parallel matrix-free finite element solver for phase separation
in electrode particles of lithium ion batteries
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We consider a Cahn–Hilliard-type phase field model for phase separation in electrode particles of lithium ion batteries. For
the numerical solution we employ a finite element solver together with a variable-step, variable-order time integration method.
To overcome the large computational requirements we use a parallel matrix-free approach with a specialized preconditioner.
Numerical experiments demonstrate the capabilities of our solver. In particular, we show the dependence of the phase mor-
phology on the applied insertion rate in a two-dimensional circular particle example.
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1 Introduction

Nowadays lithium ion batteries (LIBs) are well-established energy storage systems with a wide field of applications. However,
the performance of LIBs is strongly influenced by coupled chemical and mechanical processes in single electrode particles [1].
For example, special electrode materials, like lithium iron phosphate LiFePO4 (LFP), are known to undergo a phase separation
during (dis-)charge [2]. When coupling this effect to mechanics, critical stresses may be generated due to large concentration
gradients, which eventually may cause particle fracture [1–3].

In the brevity of this article, we neglect the mechanical coupling and focus on the Cahn–Hilliard-type phase field model
for phase separation. Due to the high computational effort in solving the model equations, previous studies in literature were
limited to either spherical symmetric solutions for spherical particles, e. g., [4], or adapted material parameters, e. g., [5], [2].
Thus, for the simulation of phase separation in arbitrary particle geometries and particularly in crucial parameter regimes we
see a high demand for efficient numerical methods.

2 Phase Field Modeling of Phase Separation

Following [2, 3] and the references cited therein, we formulate the dimensionless model: Let Ω ⊂ Rd, d ∈ {1, 2, 3}, be
a bounded domain representing an electrode particle and let T > 0 be a final simulation time. We define the free energy
density ψ : [0, 1]×Rd → R composed of a homogeneous chemical part ψch : [0, 1] → R and an interfacial part ψint : R

d → R:

ψ(z,p) = ψch(z) + ψint(p), ψch(z) = α1z +
1

2
α2z

2 + z log(z) + (1− z) log(1− z), ψint(p) =
1

2
κ|p|2,

(1)

with the material parameters α1, α2 ∈ R and κ > 0. The resulting dimensionless Cahn–Hilliard-type phase field model seeks
the normalized lithium concentration c : [0, T ]× Ω → [0, 1] and the chemical potential µ : [0, T ]× Ω → R satisfying

{
∂tc = ∇·

(
m(c)∇µ

)
in (0, T )× Ω,

µ = ∂zψ(c,∇c)−∇·∂pψ(c,∇c) in (0, T )× Ω,
(2)

with the nonlinear isotropic mobility m(z) = Dz(1 − z), D > 0. As boundary conditions we neglect surface wetting,
meaning ∇c·n = 0, and assume a given particle surface fluxNext < 0 modeling the lithium insertion by −m(c)∇µ·n = Next.
At initial time we prescribe a constant concentration profile c(0, · ) = c0 ∈ (0, 1).

3 Parallel Matrix-Free Finite Element Solver

According to [2, 3], we discretize the model equations (2) in space with fourth-order Lagrangian finite elements and perform
the time integration with the NDF(k) family of linear multistep methods, k ∈ {1, . . . , 5}, in a variable-step, variable-order
algorithm [6]. Advancing one time step requires solving a nonlinear problem using Newton’s method. To solve the linear
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(a) SOC = 0.20 (b) SOC = 0.26 (c) SOC = 0.50 (d) SOC = 0.70 (e) SOC = 0.95
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Fig. 1: Concentration profile for Next = 1C at various SOCs.

(a) SOC = 0.13 (b) SOC = 0.19 (c) SOC = 0.50 (d) SOC = 0.76 (e) SOC = 0.88

0

0.2

0.4

0.6

0.8

1 C
oncentration

c
/
c

m
ax

Fig. 2: Concentration profile for Next = 10C at various SOCs.

systems with the GMRES method in each Newton step we have proposed a specialized preconditioner in [2, 3], which incor-
porates the nonlinear mobility and, in particular, allows the parallel matrix-free implementation with the functionalities of the
finite element library deal.II [7].

4 Insertion-Rate Dependent Phase Morphologies

We simulate the lithiation of a two-dimensional circular LFP particle choosing the material parameters from [2, Sect. 6.2.2]
with two different insertion rates Next ∈ {1C, 10C}.

In Figs. 1 and 2 we visualize the concentration profile at various state of charges (SOC). Note the relation SOC(t) = c0+ t
between time and state of charge in our case. We observe different phase morphologies for the two insertion rates. Starting
from a symmetric concentration profile, an intercalation wave develops in Fig. 1. On the other hand, in Fig. 2 we see a core-
shell scenario forming. This dependence of the phase morphology on the insertion rate is in qualitative accordance to the
recently developed scaling law in [8], even though we neglected the mechanical coupling here.

Both simulations are performed on a node of parallel computer with 96GB RAM and 20 Intel Xeon Silver 4114 CPUs
with 2.2GHz. In particular, matrix-free computations used the 256 bit AVX register. The computational time depends heavily
on the developing phase morphology. For Next = 1C, the coarsening process, the generation and traveling of the intercalation
wave needs approx. 2000 time steps and the computation takes approx. 18 hours. The formation of the core-shell scenario
requires approx. 1000 time steps and is calculated in approx. four hours. In both cases our matrix-free preconditioner is robust
and allows us to avoid storing matrices, thus saving the assembly time and a large amount of memory. In average, we need
approx. 80 (for Next = 1C) and approx. 50 (for Next = 10C) GMRES iteration steps without restart.
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