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WELLPOSEDNESS FOR A (1+1)-DIMENSIONAL WAVE EQUATION
WITH QUASILINEAR BOUNDARY CONDITION

SEBASTIAN OHREM, WOLFGANG REICHEL, AND ROLAND SCHNAUBELT

ABSTRACT. We consider the linear wave equation V(2 )us (z,t) — . (2, t) = 0 on [0, 00) X [0, 00)
with initial conditions and a nonlinear Neumann boundary condition u,(0,t) = (f(u(0,t))); at
2 = 0. This problem is an exact reduction of a nonlinear Maxwell problem in electrodynamics.
In the case where f: R — R is an increasing homeomorphism we study global existence,
uniqueness and wellposedness of the initial value problem by the method of characteristics and
fixed point methods. We also prove conservation of energy and momentum and discuss why
there is no wellposedness in the case where f is a decreasing homeomorphism. Finally we
show that previously known time-periodic, spatially localized solutions (breathers) of the wave
equation with the nonlinear Neumann boundary condition at x = 0 have enough regularity to
solve the initial value problem with their own initial data.

1. INTRODUCTION AND MAIN RESULTS

In this paper we study the initial value problem for the following 1+ 1-dimensional wave equation
with quasilinear boundary condition:

V(z)ug(x,t) — uge(x,t) =0, x € [0,00),t € [0, 00),
(1) uz(0,t) = (f(u(0,2)))s, x=0,t €[0,00),

u(z,to) = ug(x), us(x, tg) = ui(x), z €[0,00),t=0.
This initial value problem has two main features: the wave equation on the half-axis [0, c0) is
linear with a space-dependent speed of propagation and the boundary condition at x = 0 is a

rather singular, quasilinear, 2nd-order in time Neumann-condition. We show wellposedness on
all time intervals [0, 7] with T' > 0, and preservation of energy and momentum.

Our interest in (1) stems from the fact that it appears in the context of electromagnetics as an
exact reduction of a nonlinear Maxwell system. We recall the Maxwell equations in the absence
of charges and currents

V-D =0, VxE =-09B, D =¢,E + P(E),

VB:O, VXH:@D, B:,uoH
with the electric field E, the electric displacement field D, the polarization field P, the magnetic
field B, and the magnetic induction field H. Particular properties of the underlying material
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are modelled by the specification of the relations between E, D, P on one hand, and B, H on
the other hand. Here, we assume a magnetically inactive material, i.e., B = poH, but on the
electric side we assume a material with a Kerr-type nonlinear behaviour, cf. |1, Section 2.3,
given through
P(E) = cox1(x)E + goxn (¥)g(|E[*)E

with x = (z,y, 2) € R3 and |-| the Euclidean norm on R3. For simplicity we assume that x1, Y1
are given scalar valued functions instead of the more general situation where they are matrix
valued. The scalar constants e, jo are such that ¢ = (50u0)_1/ 2 is the speed of light in vacuum.
Local existence, wellposedness and regularity results for the general nonlinear Maxwell system
have been shown on R? by Kato |3] and on domains by Spitz |7, §].

In its second order formulation the Maxwell system becomes
) 0=V % ¥ x B+ 27 (uoco(L + xa()E + pocoxse (x)g (EP)E).

We assume additionally that x;(x) = x1(z), xnn(X) = xnn(2) and that E takes the form of a
polarized traveling wave

(3) E(x,t) = (0,0,U(z, 'y — t))".
Then the quasilinear vectorial wave-type equation (2]) turns into the scalar equation
(4) V(2)Uy — Uy + T(2)(g(U*)U)y, = 0O

for U = U(x,t), where V(x) = uoeo(1 + x1(z)) — 72 and T'(z) = pocoxni(z). Note that (H)
is an exact reduction of the Maxwell problem, from which all fields can be reconstructed. E.g.,
the magnetic induction B can be retrieved from V x E = —0;B by time-integration and it will
satisfy V - B = 0 provided it does so at time ¢ = 0. By assumption the magnetic field is given
by H = ﬁB and it satisfies V x H = 9,D. It remains to check that the displacement field D
satisfies the Gauss law V - D = 0 in the absence of external charges. This follows directly from
the constitutive equation D = g(1 4 x1(x))E + goxnw(x)g(|E[*)E and the assumption of the
polarized form of the electric field in (3]).

In the extreme case where I'(x) = 2dp(x) is a multiple of the J-distribution at 0 and where
U(z,t) = w(z,t) for an even function u(x,t) = u(—x,t), by removing one time derivative (4
becomes

(5) wn(0,) = (£(r(0,8)))s, x=0,t€[0,00)

with f(s) = g(s*)s. Clearly () is the initial value problem for (B).

{V(x)utt(x,t) — Upa(7,8) =0, z €[0,00),t € [0, 00),

Problem (Bl) with f(s) = +s* has been considered in [4]. Under specific assumptions on the
linear potential V' the existence of infinitely many breathers, i.e., real-valued, time-periodic,
spatially localized solutions of ([B]), was shown. Typical examples of V' were given in classes
of piecewise continuous functions having jump discontinuities. Under different assumptions on
V and T, but still including J-distributions, problem (Hl) was considered in [2] and real-valued
breathers were constructed. Our goal is to study the initial value problem () from the point of
view of wellposedness, to derive the conservation of momentum and energy, and to verify that
known time-periodic solutions from [4] satisfy (1) with their own initial values. Note that the
boundary condition in (I]) becomes u,(0,#) = +3u;(0,t)?us(0,t) in the model case f(s) = 4s>.
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Hence, (1) is a singular initial value problem which is not covered by typical theories like, e.g.,
energy methods or monotone operators. Instead, our approach will be to prove existence by
making use of the method of characteristics. Uniqueness, wellposedness, global existence, and
the conservation of energy and momentum will build upon this.

Our basic assumptions on the initial data ug, u; are:
(A0) ug € C1([0,00)), uy € C([0,00)).

Here C*([0,00)) = C*(]0, 00),R), and in general all function spaces consist of real-valued func-
tions unless the codomain is explicitly mentioned. Motivated by the results from [4] we are
interested in the case where the coefficient V' may have discontinuities. In particular, we con-
sider piecewise C*' functions V.

Let I C R be a closed interval. We call a function ¢: I — R piecewise C* if there exists a
discrete set D C I such that ¢ € C*(I'\ D) and the limits ¢\)(z—) and ¢\ (2+) exist for all
x € D(¢) and 0 < j < k, although they do not need to coincide. If I is bounded from below
(or above), in addition we require ¢V)(min I+) (or ¢V)(max I—)) to exist for all 0 < j < k.
Let PC*(I) denote the set of piecewise C* functions on I, and for ¢ € PC(I) := PC°(I) let us
denote by D(¢) the set of discontinuities of ¢.

For the coefficient V' and the nonlinear function f we assume

(A1) V e PCY([0,00)),V,V' € L®,inf V > 0,
(AQ) 1nf{|d1 — d2| with dl, dy € D(V) U {O}, dy 7& dg} > 0,
(A3) f: R — R is an increasing homeomorphism.

The main theorem of this paper is given next.

Theorem 1.1. Assume (AQ)—([A3). Then [{) admits a unique and global C*-solution. More-
over, ([{l) is wellposed on every finite time interval [0, T] with T > 0.

In Proposition our concept of continuous dependence on data is stated precisely. In the
above result the assumption (A3) is crucial. For a decreasing homeomorphism f the result
of Theorem [L.T] does not hold, see Remark [[L7. Since we have already used the notion of a
C'-solution, we are going to explain it in detail next. As the notion of a C'-solution will also
be used for subdomains of [0, 00) X [0, 00) we first define the notion of an admissible domain.

Definition 1.2 (admissible domain). We call a set Q C [0,00) x [0, 00) an admissible domain
if it is of the form

Q={(z,t) € [0,00) x [0,00) | t < h(x)}
where h = 400 or h: [0,00) — R is Lipschitz with |h,(x)] < /V(z) for almost all x. We

denote the relative interior of ) by

Q° = {(z,t) € [0,00) x [0,00) | t < h(z)}.

In order to explain the notion of a C''-solution let us first mention that we cannot expect that
a solution of (Il) has everywhere second derivatives uy or wu,,. This is essentially due to the
nonlinear boundary condition and the discontinuities of second derivatives which propagate
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away from z = 0. However, if we denote by c¢(z) = \/ﬁ the inverse of the x-dependent wave

speed, then we can factorize the wave operator as

o o

c(x
ot? (2)° a2
It is then reasonable for a C'-solution to have almost everywhere a mixed second directional

derivative 02 , with directions v = (1, —c(z)) and p = (1,¢(z)). This is the basis for the
following definition.

= (0y — ¢(x)0:)(0y + c(x)0y) + c(x) ()0,

Definition 1.3 (solution). A function u € C*(2) on an admissible domain Q is called a C*-
solution to () if the following hold:

(i) FmE C)LZZ ((:c), t) € §2\ (D(c) U D() x R) we have (0y — c(x)0,)(us + c(x)ug)(x,t) =
(i) (0. ) a0.) for all 0,8) € 5
(iii) u(z,0) = uo(x) for all (x,0) € Q, u(z,0) = uy(x) for all (z,0) € Q°.

Problem (I]) has a momentum given by

(6) M(u,t) = /0 TV dz + Fu(0,4))

and an energy given by

(7) BE(u,t) =1 /OOO (V(z)ue(z,t)* 4 ug(z, 1)?) da + F(u(0, 1))

where F(s) = sf(s) — [; f(o)do. If, e.g., f is continuously differentiable, then F(s) is a

primitive of sf’(s). The conservatlon of momentum and energy is stated next.

Theorem 1.4. Assume (AQ0)-(A3) and that u is a C*-solution of (M) with uy(z),us(x) — 0 as
x — o0. Then the momentum given by (IEI) and the energy given by () are time-invariant.

Remark 1.5. Note that F(s fo o)do goes to +00 as s — £00, so that due to
Theorem [L4], u,(-,t) and ut( ,t) are bounded in L?(0,00) and u;(0,¢) is bounded as well.

Another common notion of solution for () is the notion of a weak solution, which we only give
for Q = [0,00)?. The fact that a C'-solution to () is also a weak solution to (Il) holds true an
will be proven in Proposition in Section

Deﬁnition 1.6 (weak solution). A function u € W21 ([0, 00) x [0, 00)) is called a weak solution
to (@) if f(ue(0, -)) € Lloc [0 00)), u(-,0) = up, and u satz’sﬁes

A V(@) un () (. 0) d + (s (0))0(0.0)

for all ¢ € C°(]0,00) x [0,00)).
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Remark 1.7. Due to assumption (A3]) we have only considered increasing functions f. If we
instead allow f: R — R to be a decreasing homeomorphism, then (1) will not be wellposed in
general and can have multiple solutions. Consider for example the cubic term f(y) = —y® with
constant potential V' = 1 and homogeneous initial data:

U (2, t) — uge(x,t) =0, € [0,00),t € [0, 00),
(8) uz(0,1) = —(ug (0, 1)3),, x=0,t € [0,00),
u(z, to) = 0,u(x,to) =0, = €[0,00),t=0.

By direct calculation one can show that the right-traveling wave

uy(z,t) = {(%(t—x))%’ x <t

0, x>t

is a nontrivial solution to (§). In fact, u is a C'-solution of (9, + d;)u = 0. But (8] also has the
trivial solution u = 0, or u(z,t) = xu,(z,t — 7) for any 7 > 0. However, due to the continuity
of f~1 one can still show existence of solutions to (I]) in the case where f grows at least linearly,
cf. ([Adl). This follows from the arguments in Sections Bland @l Theorem [[4 also holds when f
is decreasing, but now the quantity F(y) tends to —oo as y — 400, so that (7)) does not give
rise to estimates on u. Lastly, also in this case C'-solutions to (Il are weak solutions.

In addition to the problem being posed on the positive real half-line z € [0, 00), we can also
consider the same quasilinear problem posed on a bounded domain z € [0, L] where we impose
a homogeneous Dirichlet condition at x = L:

V(z)ug(z,t) — uge(z,t) =0, x € |0,L],t € [0,00),
(9) uz(0,) = (f (ue(0,2)))s, t € [0, 00),

u(z,0) = ug(x), u(x,0) = uy(z), x€|0,L],

w(L,t) =0, t € [0, 00).

Both Theorem [[.1l and Theorem [[.4] remain valid when making the obvious adaptations to this
setting.

Theorem 1.8. Assume (AQ)-(A3). Then @) admits a unique and global C*-solution u. More-
over, the energy given by

E(u,t) =1 /0 (V(z)ue(z,t)* + ug(z, 1)?) dz + F(u(0,1)).

18 time-tnuvariant.

Remark 1.9. For Dirichlet boundary data, momentum is in general not conserved.

The paper is structured as follows. In Section [2] we provide a change of variables which turns
the wave operator with variable wave speed in (II) into a constant coefficient operator with a
convenient factorization. In Section [3] we collect all results on the linear wave equation that
is obtained from the change of variables in Section 2l Section M contains the proof of the
existence and uniqueness part of the main result of Theorem [L.I] under an extra assumption
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which will removed in the subsequent Section Bl This section also contains the proof of energy
and momentum conservation as stated in Theorem [[.4] and the fact that C'-solutions of () in
the sense of Definition are also weak solutions, cf. Proposition The wellposedness part
of Theorem [[.1] can be found in Section [6 Finally, in Section [1 we verify that the breather
solutions from [4] satisfy (D) with their own initial values. The Appendices [Al and [B] contain
some technical results used in the proofs of the main results.

2. A CHANGE OF VARIABLES

It will be convenient to normalize the wave speed to 1. To achieve this, we introduce a new
variable z = k(z) = [ ﬁ ds, and thus a new coordinate system (z,t). Avoiding new notation

we denote the functions V¢, u, ug, u; transformed into this new coordinate system again by
V,c,u,ug, u;. The relation between the two coordinate systems is given by

0z 1

— =—— or c¢(x)0,=0, or dx=c(x)dz.

o o) (z) (z)
From now on until the end of Section [5 we will exclusively work with the coordinate system
(z,t). As before we denote the points where ¢ is discontinuous by D(c) and the points where

¢, is discontinuous by D(c,).

Formally the initial value problem () transforms into

(2, t) — uy,(2,t) = —Ccz(—f))uz(z,t), z €10,00),t € [0,00),
(10) o u=(0,1) = (f(w(0,)))s, t €10, 00),

u(z,0) = up(2), ur(2,0) = uy(2), z € [0,00).

where we need to take into account that u, = %uz is continuous (and not u, itself) and that
the differential equation does not hold at the discontinuities of ¢ and ¢,. A detailed definition
of the solution concept is given below in Definition 2.3l

We begin by rephrasing Definitions and [L3] for the new coordinate system.

Definition 2.1 (admissible domain). We call a set Q C [0, 00) x [0, 00) an admissible domain
iof it is of the form

Q={(z,t) €0,00) x [0,00) | t < h(z)}

where h = 400 or h: [0,00) — R is Lipschitz continuous with Lipschitz constant 1. We denote
its relative interior by

Q° = {(z,t) € [0,00) x [0,00) | t < h(2)}.

Next we introduce function spaces that capture the condition of the continuity of %uz.

Definition 2.2 (z-dependent function spaces). Let the transformation between (x,t) and (z,t)-
coordinates be given by k(x,t) = (k(x),t) = (2,t). For Q C [0,00) X [0, 00) we write

C(1$7t)(Q) ={u: Q=R |uok e CY & HQ)}
where we understand u to be a function of (z,t) variables, and 4 = uok is the (x,t)-dependent
version of u, i.e. u(x,t) = u(z,t) holds. Note thatu € C(1$7t)((2) if and only if u, uy, 2u, € C().
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Similarly, for an interval I C [0,00) we define
CHI)={v: I =R|vorec C'(x (1))}
where again we understand v to be a function of z.

Definition 2.3 (solution). A function u € C(lx’t)(Q) on an admissible domain § is called a
C'-solution to ([IQ) if the following hold:

(i) For all (z,t) € Q\ (D(c) UD(c,) x R) we have (0; — 9,)(us + u,)(z,t) = —cg((zz))uz(z, t).
(i) f(ue(0,t))s = Tlo)uz((),t) for all (0,t) € Q°.
(iii) u(z,0) = ug(z) for all (2,0) € Q, u(z,0) = uy(z) for all (z,0) € Q°.

Remark 2.4. Note that u: Q — R is a C''-solution to (1)) in the (z,t)-coordinates if and only
if it is a C'-solution to (I0) in the (z,t)-coordinates.

3. AUXILIARY RESULTS ON THE LINEAR PART

In this section we gather some auxiliary results and estimates on the linear wave equation.
These will prove useful for the study of the nonlinear boundary condition. All results of this
section hold under the assumptions (A0)—(A3).

We first note that the wave equation has finite speed of propagation; if we know its behavior at
time o on an interval [zg — r, zo + r|, then we can defer its accurate behavior on the space-time
triangle with corners (29 — 7, %o), (20 + 7, to) and (zo, to + 7).

Definition 3.1. For (z0,t9) € R? and r > 0 we denote the triangle with corners (zo — r,tg),
(20 + 7, to) and (zo,to + 1) by

A(zo,to,7) = {(2,t) €ER* | t > to, |2 — 20| + |t — to] <7},

its base projected onto the z-axis is given by P,A(zy,to, ) = [20 — 7, 20 + 1] with projection
P,(z,t) = z. Similarly, we define left and right half triangles

A_(zg,to,7) = Alz0,t0,7) N {2z < 20}, AL (z0,t0,7) = A(20,t0,7) N {2z > 20}
whose bases are given by

P.A _(29,to,7) = [20 — T, 20], P.A_(z9,t0,7) = 20,20 + 7]

Recall the solution formula for the 1-dimensional wave equation:

Theorem 3.2. Let (zp,ty) € R% r > 0, A = A(zo,to,7) and B = P,A. Assume that
up € CY(B), uy € C(B), and g € L*(A) is continuous outside a set L consisting of finitely
many lines of the form {z = const}. Then the function
ZHt—to

uy(y) dy + %/ g(y, 7)d(y,7)

u(z,t) = Lug(z +t —to) + uo(z —t + 1)) + 5 /
z A(z,to,tfto)

—t+to
belongs to C*(A) and is the unique C*-solution of the problem

{(@t —0.)(us +us) = g, (1) € A,
u(z,to) = up(2), wu(z,to) =ui(z), z€B
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in the following sense: u(-,tg) = uo(+), u(-,to) = ui(-) on B and the directional derivative
(0p — 0,)(uy + u,) exists and equals g on A°\ L.

Remark 3.3. For every C'-solution u of (9; — 9,)(u; + u,) = g on a domain we have that
(0 + 0.)(uy — uy) = (0 — 9.)(uy + u,) wherever g is continuous, cf. Schwarz’s theorem in
[6, Theorem 9.41]. As a consequence, any of the two factorizations of the wave operator
(O — 0.)(0y + 0,) or (0 + 0,)(0;y — 0,) can be used and yields the same solution.

By combining the above Theorem with a fixed point argument, we can treat the initial
value problem for (0; — 0,)(u; + u,) = —cg((;))uz on sufficiently small triangles A. In order to
have a slightly more general situation available we work with a piecewise continuous function

A instead of %Z

Corollary 3.4. Let (2,t9) € R? and A = A(z,t0,7), B = P,A forr > 0. Assume ug €
CYB), u1 € C(B) and A € PC(B) such that r|\||, < 1. Then

(0 — 0.)(uy +uy) = =A(2)us, (z,1) € A,
(11) {u(z,to) = ug(2),u(z,t9) =ui(2), z€B

has a unique solution u € C'(A) in the sense of Theorem[3A with g = —Au, and L = D(\) xR.
We denote this solution by ®(ug,uy) = u.

Remark 3.5. If additionally wug,u; are odd around z = z5 and A is odd around z = z;, then
the solution of (1) is odd around z = z,. To see this, notice that under these assumptions the
odd reflection of the solution u of (II) again solves (1) — but with the opposite factorization
of the wave operator. Hence, by Remark [3.3] and uniqueness of solutions, u coincides with its
odd reflection.

Proof of Corollary[3.. W.lo.g. we assume (zp,ty) = (0,0). Let v € C'(A). Then by Theo-

rem [3.2] u is a solution if and only if

(12)  ulzt) = 5(uo(z +1) +uo(z =) + 3 /

z—1

z+t

un(y) dy — & /A L Mot 7) )

holds for (z,t) € A. Taking the derivative w.r.t. z we obtain
(2, 1) = L(up(z + 1) + (= — 1) + Hun(z + ) = ua(z — 1)
13 t t
(13) — %/ )\(z—l—t—s)uz(z—irt—s,s)dst%/ Mz —t+s)u(z —t+s,s)ds.
0 0

We consider (I3) as a fixed point problem for u, € C(A). If we denote the right-hand side of
(@3) by T'(u,)(z,t), then clearly T'maps C(A) into itself. Furthermore, one has

loc

—/O )\(z+s)[uz—wz](z+s,t—s)d3+/0 Mz —s)[u, —w,](z —s,t —s)ds

_ 1
=5 sup

(z,6)eA

< Moot - e = w2l

so that by Banach’s fixed-point theorem there exists a unique solution u, of (I3]). With the
help of u, we define u as in (I2)) and thus get the claimed result. U
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In the setting of the above proof, we can obtain estimates on the solution u. First, if we set
q =r||A|l,, then by Banach’s fixed-point theorem we have

lu. = 0]

oo —

1
< quT(O) — 0l

Using ||T(0)]| o, < [Jugllo + [Ju1]| o, we obtain

1
[zl < fq(llu{)lloo +llull)

From
z+ +(t— ’T)
u(z,t) = %(u0(2+t)+u0(z—t))+%/ y)dy — —/ / y)u.(y, 7)dydr,
Uiz, t) = B+ £) — (= — 1)) + Sun(z + 1) + (2 — 1))

t t
3 [ Gt sds =} [ G- unte -t - s)ds

we also obtain
lulloo < luollse + 7llunllee + 57 Mo lslle, Nuellog < uglloe + Nunlle + 7N [l
Combining these estimates, we get the following result.

Corollary 3.6. In the setting of Corollary[3.4), the following estimates hold with q = r||A|| -

rq / T<1_%q>
U)o < ol + = llupllo + ——— 11|l
il < ol + 57 s Wl + =2 ]

1
[zl < ﬂ(”u/o”oo + llusll),

1
[l < 1fq(lluéllm + lluall)-

In particular, there exists a constant C' = C(r,||||) such that the operator-norm of the linear
solution operator ® : C'(B) x C(B) — CY(A), which maps the data (ug,u,) € C*(B) x C(B)
to the solution of (1), satisfies

o] <.

Recall that in Definition we required “= to be continuous. Since ¢ may have jumps, e.g. at
zo, we also need to treat the jump condition

uz<20+7t) _ uz<20_7t)
c(z0+) c(z0—)
We prepare this in the following lemma by adding to (II]) the inhomogeneous Dirichlet condition

u(z, 1) = b(t) at the spatial boundary z = z.
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Lemma 3.7. Let (z,ty) € R? and A, = Ay (20,t0,7), By = P,A, forr > 0. Assume uy €
CI<B+), Uy € C<B+>7b € Cl([to,to + 7’]) with b(to) = U()(Z(]),b/(to) = Ul(Zo) and \ € PC(B+>
such that r||\||, < 1. Then the problem

(0 — 0)(ur + uy) = —A(2)u,, (2,t) € AT,
(14) u(ZOa t) = b(t)7 te [th tO + ’I"],

U‘<Z7t0) = UQ(Z),Ut<Z,t0) = U‘l(’z)7 S B+7

has a unique C'-solution u: A, — R in the sense of Theorem [3.3 with g = —Au, and L =
D(\) x R. We denote this solution by ®, (b, ug, u1) = u. The assertion also holds for the right
half triangle A_ = A_(zg, to, ) with corresponding solution operator ®_.

Proof. Note that the function G° defined on A, by

Gb(Z t) — {b<t0) _'_ (t - to)lf(t(]), Z— 29 > t _ tO Z 07

15
(15) b(t+ 20— 2)+ (2 —20)V(ty), t—to>2—29>0

belongs to C1(A), solves the homogenous wave equation (9; — 9,)(0; + 9.)G® = 0 on A, and
satisfies G®(29,t) = b(t). Setting v := u — G, problem (I4)) can be rewritten as

(0 — 0.) (v +v.) = =A(2) (v + GY),  (2,1) € A2,

v(zp,t) =0, t € [to, to + 7],
(16) v(z, 1) = to(2) — blto) =: v0(2), - €B.,
vz, t0) = ui(2) — V' (to) = vi(2), z € B,.

Note that vy(29) = v1(20) = 0 by assumption. If we extend the functions vy, vy, and X in an
odd way and G’ in an even way around z = z,, we can consider the problem

(8t — 82’)(615 —+ ’172) = —)\Odd(z) . (’f}z + vaen,z) (Z, t) - AO,
(17) 0(z,t0) = v0,0da(2), z € B,

Uy(z,t0) = Ul,odd<z)7 z € B,
where A := A(zg,tp,7) and B := P,A. Arguing as in the proof of Corollary B4 we see that
due to the Banach fixed-point theorem, (I7) has a unique solution, which must be odd, cf.
Remark 35 Now, on one hand the solution of (IT) solves (after restriction to A, ) (I8 and,

on the other hand, after odd extension around z = z, every solution of (1)) solves (I7). This
shows existence and uniqueness for ([I6]) and hence for (I4]). O

Remark 3.8. One can show that there exists a constant C' = C(r, || A]|,) such that
(I):l: : Cl([to,to +7’]) X Cl(Bi) X C(Bi) — Cl(Ai)
satisfy ||P4| < C.
When treating the nonlinear problem (II), the operators ®1 play an important role and the

estimate in Remark will be used. However, we need to investigate the dependency of &
on the datum b more precisely. This will be achieved next in the case where ug = u; = 0.
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Lemma 3.9 (Estimate on @ in the case ug = u; = 0). Let AL, and X\ be as in Lemmal 37 with
q =r|All, < 1. Assume b € C'([to, to +1]) and b(ty) =V (to) = 0. Then for u = ®4(b,0,0)
one has

ue,t) £ ¥(m) < ale = 2ol )|+ 5 [ (0]

and B =

o0’

where m = max{ty,t — |z — 2|}, == 4%q||)\|| mﬂ)\ﬂw.

Proof. We only give the proof in the “4"-case and for (zg,%y) = (0,0). We revisit the proof of
Lemma [3.7 where & is defined. From ([3]) we know that v, satisfies

t
v, (z,t) =—1 / Aodd(2 + 8) + (Glien.(z+ 5, —5) +v.(z+ 5t —5))ds
0

t
+1 / Aodd(z2 — 8) - (vaenvz(z — s, t—s)+v.(z—s,t—s))ds.
0

We denote the term on the right-hand side by T'(v,)(z,t) and already know that 7" is Lipschitz

continuous with constant ¢ < 1. Therefore we may write the solution as v, = lim 7™(0) and
n—oo

thus have to study oM™ =T "(0). The claimed inequality for u, will follow once we have shown
that

vz, )] < alz — 2l [b/(m)] + B / V()] dr.

Due to v, := lim T™(0) it is sufficient to show that this estimate holds for all o™ Since
n—o0
0 = 0, there is nothing left to show for n = 0. Now assume that the estimate has been shown

for some fixed n. Recalling the definition of G° from (), we have
G? (2, 1) = —sign(2)V (max{t — |z|,0}).

even,z

Notice that G%,.. _(z,t) vanishes for |z| > t. Therefore, if v!™ vanishes for |z| > t then also

o™ = T(u{") vanishes on this set. So in the following we may assume |z| < t. We will
only consider z > 0 as z < 0 can be treated similarly. For z > 0 and ¢ > z the expression
m = max{t — |z|,0} simplifies to m = t — z. We begin by estimating the terms which are

independent of v{™:

t
| Aotz )Gl (2 5= ) s
0

_ ’_ /Ot Noad(= + ) (max{t — = — 25, 0}) ds

t—=z m
< %HAHOO/O V' (7)| dr = %HAHOO/O V() dr,

t
| Aotz = )Gz = 5= ) s
0

_ '_ /0 Noa( — $)W(t — 2)ds + /: Noa(z — $)b (max{t + = — 25, 0}) ds
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t—=z m
< |MHooz|b’(t—Z)\+%!M|!oo/0 V' (7)| dr = |MHOOZ\6’(m)|+%|MHOO/O V()| dr.

The remaining two summands are treated by

t
/ Xoad(z + 8) v (2 + 5, — 5)ds
0

t max{t—z—2s,0}
< H)\Hoo/o (Oé(z + 8)|b'(max{t — z — 2s,0})| + 5/0 |6'(7)] dT) ds

5 t—z—2s
~I | (a<z+s>|b'<t—z—2s>| v [ |b'<f>|dr) s
<Pl [ (55w 22045 [ Wolar ) as

t t— m
- (a2 +6557) [MWiolan
0

/t Aodd (7 — S)vgn)(z —s,t—s)ds
0
< ||)\|| /t | ||b/( {t | | 0})|+B/max{t—s—z—870}|b,( )|d 1
alz — s||b/(max{t — s — |z — s Mar | ds
<l | |
_ )\ z B b, B t—z b, d d
e [ (a=siwte= 2045 [ W@lar) as
ZTH t+2z—2s
A —2)| —2 V(r)dr ) d
AL [ (ats = s 29008 [ Wilar) as
2 m
< IX Z_b/ bl d)
< Il (a3 oI+ 52 [ Wiolar

t—z t—z "o
(a5 457 [Twenar
0

Summing up all four estimates, we obtain

2[00 (2, 1)
< LAl / V()] dr
ALz (m) + LA / b7 dr

t+ t— m
; ||A||oo(a ° g ) [ Wl
4 2 ) ),

+ L (0 W)+ 52 [ ar)

t—z t—z "o
(52 4550 [Twenar
0
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= Al (1 + a3 )2l (m)]
t+z t—=z t—=z t—2z m
(b b el 6 s gl 22 60 [T
0

2 4
=: 20 z|/(m)| + 202/ b/ (7)| dr.
0

It remains to verify Cy < a and Cy < . In fact, using t, 2 < r, we obtain

201 < |\ + 30 = 20,
205 < |\l + S0+ a8 = 20+ g8 = 25,
where the equalities hold by definition of a and [, respectively. O

4. PROOF OF THEOREM [I.1]

In this section, we will prove the existence and uniqueness part of the main Theorem [T under
the additional assumption that f grows at least linearly, i.e., for some A, B > 0 we have

(A4) If(x)| > Ajz| — B forz € R.

In Section [l we will show how to remove this assumption. The wellposedness part of Theo-
rem [[.T] will be completed in Section [6l

We will again use that the wave equation has finite speed of propagation so that we may argue
locally. To be more specific, we will work on the following types of triangular domains:

o A jump triangle is a triangle A = A(z,0,7) with base B = P,A C (0,00), where

2o € D(c) and B intersects D(c) in no other point. These are useful for the study of
uz(z+,t) _ us(z— t)

the jump condition ) )

e A boundary triangle is a half-triangle Ay = A,(0,0,r) with base B, = P,A; = [0,r]
where B, does not intersect D(c). These are used to study the nonlinear Neumann
condition & = (f(ug))e-

e A plain triangle is a triangle A = A(z,0,r) with base B = P,A C (0,00) not inter-
secting D(c). These are used to cover the remaining space.

< 1. Then ([IQ) has a
OO) such that the solution

Cz

unique C*- solutzon w on A and there exists a constant C' = C(r,
operator ®: C'(B) x C(B) — CY(A), (ug, u1) — u satisfies ||®| <

Proof. This follows immediately from Corollary [3.4] and Corollary U
Lemma 4.2. Let A be a jump triangle with base B. Assume r % o < 1. Then () has a
unique C'-solution u on A and there exists a constant C = C(r, ||%|| ) such that the solution
operator ®: C1(B) x C(B) — C(lm (A), (ug, ur) — u satisfies | @] < C.
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Proof. Let A = A(zp,0,7). If u: A — R is a solution of (I0), then by defining b: [0,7] —
R, b(t) = u(zo,t) and using Lemma 3.7 we have

(18) u(z,t) = {(I)+(b’ “0’“1)(2‘,2,

O _(b,ug,u1)(z,t), z< 2.

On the other hand, if b € C([0,7]) with b(0) = ug(z0) and ¥'(0) = uy(2) is given, then the
function u defined by (I8]) satisfies u,u; € C(A) as $4 (b, up,u1) and Py (b, ug, uy); coincide
with b resp. b at the boundary z = z5. Hence, u solves ([I0) if and only if u, is continuous, i.e.

uz(20+7t) uZ(ZO_at)

(19) c(zo+) a c(z0—)
holds for all ¢ € [0,r]. Using (I8]), we can write (I9) as
C(zi—) (b_(b, Ug, Ul)z(ZO, t) = C(gi—k) (I)+(b, Uo, Ul)Z(ZQ, t)
/ 1 / /
v(t) = 7(0(,20—) (b'(t) — D_(b,up, u1),(20,t)) + o) (b'(t) + D4 (b, ug, u1)-( 20, t)))
with

T (cé)_) i c<zi+>)_l

We denote the right-hand side by T'(b)(¢) and show now that W: b — ug(z9) + fo(.) T(b)(r)dr
is a strict contraction in the space X = {b € C'([0,7]) | b(0) = up(20)} with norm ||b||, =

sup{e [/ (t)|: t € [0, r]}, where ;1 > 0 will be chosen later. So let b,b € X and write b := b—b.
Next we estimate

W) 1)~ v @)(0)

s (0 = 20,0001 +
B

1 t
<
ce=t]
¢, R t

— 5/ b’(T)’ dr < 5”5” / o dr < Ze

0 X Jo H

where (3 is the constant from Lemma [3.9. If we choose p > [, then ¥ is a strict contraction
so that b = W(b) has a unique solution by Banach’s fixed-point theorem. Using Remark [3.8]
the fixed-point theorem also shows that b linearly and continuously depends on uy and u;.
Moreover, boundedness of the linear solution operator ® then follows from (IS]). 0

o < 1. Then (I0)

=7

oo (sz(t) + @, (h,0,0), (20, t)) ’

6/(7)) dT)

)| ar + C(; l /O t

~

b

)

HX

Lemma 4.3. Let A, be a boundary triangle with base B, . Assume r

Cz
c

has a unique C-solution on A .

Proof. As in the previous lemma, we write b(t) = u(0,t), Then u is a solution on A, if and
only if u = &, (b, ug, u;) and

df(u(0,1)) uz((),t).
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We may rewrite the latter equation as

df'@®) 1
— D, (b (0, 4).
dt C(O) +( 7U‘07u1> (0 )
Replacing b(t) with d(t) := f(¥/(t)), where b can be reconstructed from d via by(t) == uo(0) +

fg f7Yd(7)) dr we are left with solving

1
c(0)

Therefore, it suffices to show that (20)) with initial datum d(0) = f(u1(0)) has a unique solution.

(20) d'(t) = —— D (bg, g, 1), (0, ).

Uniqueness: Assume that d, d are solutions to (20) that coincide up to time ¢, > 0, but not

at time t,, for some t,, > 0 with ¢, | t, as n — oo. Define §(t) = ’f‘l(d(t)) — f7Y(d(t))|. For
€ > 0 consider the function

he(t) == (14t —t,) + ﬁ/:(—a(s) +5/:5(T) dT) ds,

where [ is the constant from Lemma 3.9

Claim: The inequality )d(t) - J(t)‘ < he(t) holds for all t > t,.
Clearly, the claim holds true for ¢t = ¢,, and thus by continuity for ¢ close to t,. Assume the
assume that d(t;) > d(t;). Since d(t) —d(t) < h.(t) for t, <t < t;, we get d'(t;) —d'(t;) > h'(t;)

which implies

Lq>+<bd, 0,0).(0,¢;) — i@(bg, 0,0).(t;) > e+ L (—6<t@-) + / ’ o(7) dr)

claim is false. Then there exists some minimal ¢; > ¢, such that ‘d(ti) —d(t;)

c(0) c(0) c(0)
and hence
(21) P, (bg —b4,0,0).(0,t;) +6(t;) > B/ti d(r)dr > 0.

On the other hand, setting b := by — b; we have
t;
1B, (5,0,0).(0, ) + ¥(t)] < 5/ ¥(r)] dr
T

due to Lemma 39 Since ¥ (t;) = f~'(d(t;)) — f~(d(t;)) and since f~' is increasing, we see
that b'(t;) = §(¢;). Combining these facts, we find

ti
©4(6,0,0)-(0,8) + 56 < [ 6(r)dr
t
which contradicts (2I]). So the claim holds.

Letting € go to 0, we obtain

() — d)| < Tlo) /:(—5(5) + 8 /:5(7) dT) ds
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for any ¢t > t,. Fubini implies that the term on the right-hand side is negative for t € (t,,t,+ %),
a contradiction.

Existence: Let D, > 0. Consider the set
K = {d e Wh>([0,7]): d(to) = £ (u1(0)), |d(t)| < De,|d ()] < Duet for t € [0,7]},
which is a convex and compact subset of C(]0,7]), as well as the operator
¢
ﬁ /t D (bay g, ur)-(0, 7) dr.
We choose D = max{|f~!(u;(0))],1}, so that K is nonempty as it contains the constant
function d = f~(u1(0)). To see that T is continuous, let d, € K with d, — d in C([0,7])

as n — oo. As f~! is uniformly continuous on [—De*", De*"], we have f~tod, — f~lod in
C([0,7]), from which it follows that

()
ba, = 1o(0) + /O S do (7)) dr

T: K — C([0,r]), T(d)(t) = f(ui(0)) +

converges to

()
ba = up(0) + i fH(d(r)) dr.

in C1([0,7]). Due to Remark[3.8, the operator @, (-, ug, u1): C1([0,7]) — C*(A,) is continuous.
Hence T'(d,) — T'(d) in C(]0,7]) as n — oo.

To check that T" maps into K, we need to verify that for any d € K one has
(22) T(dY (1)] < Dyt

Notice that |d(t)] < Det follows from (22) by integration. By assumption ([A4]) on the growth
on f we have |f~(y)| < 22 and in particular |b,(t)] = |f~1(d(t))| < PLHE. We use this
inequality, |ba(t)] < |uo(0)| + ¢8|l as well as Remark 3.8 to estimate

/ 1
T(d) ()| = @\CI)JF(bd,uO’ul)Z(O’t)‘
C
< @(Hbd"[o,t},cl + JJuollcn + HUIHOO)

C
< oy (0 Dl + 2N0llcr + )
¢ De' + B
< G (0252l + il )
C
0

Sﬁ((ljw“)

Therefore T" maps K into itself if we choose

C D+ B
s (a2 ol + ).

Hence existence follows by applying Schauder’s fixed-point Theorem. O

D+ B

+ gl n + Hulum)em-

po=
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With these auxiliary results finished, we are able to prove the main theorem.

Proof of Theorem [ with additional assumption (Ad).
Step 1 - Constructing a solution:

Denote by C the set containing all jump, boundary and plain triangles where the heights r have
to satisfy r||=|| < 1. As we have just shown in the previous three lemmata, (I0) admits a
unique solution on each A € C. Since C is closed with respect to finite intersection, we obtain
a solution u of (I0) on UaecA. Note that [0,00) X [0, h) C UperA where

-1
b= %mm{H%H Jdy — dy|: dy,ds € D(c) U {0}, dy # dQ}.

By restriction, we therefore obtain a solution u™® of () on [0,00) x [0, k] for any 0 < h < h.
Restarting with initial data u(()Q)(z) = uM(z,h) and uf)(z) = ugl)(z, h), the above method
yields a solution u® on [0, 00) x [0, h]. We repeat this argument to construct solutions u®) for
k € N. Finally, we define the map u: [0, 00) x [0,00) = R by u(z, (k — 1)h+7) = u™(z,7) for
7 € [0, h), which solves ().

Step 2 - Uniqueness:

Assume that u, @: € — R are two different solutions to (I0)), where Q = {(2,¢) | t < h(z)} is an
admissible domain. So there exists (2, tp) € Q with u(zo, tg) # @(z0,to). Consider the (possibly
cut-off) triangle A = A(z9,0,%) N {z > 0} and define the set N = {(z,t) € A | u(z,t) #
a(z,t)} and ty,¢ := inf P;(N), where P, denotes the projection onto the second variable. Choose
some sequence (z,,t,) € N with ¢, — tir and 2z, — 2z, € [0, 00).

For € > 0 consider the (possibly cut-off) triangle A, := A N A(2x, ting, €) N {z > 0} with base
B..

Claim: u(z, tin) = (2, ting) and ug(2, ting) = Ue(z, tine) hold for all z € B..

If tiny = 0, this holds because both u and u satisfy the same initial conditions. If ¢, > 0, by
assumption we have u(z,t) = u(z,t) for z € B, and t < ty,r as (z,t) € A and therefore also
u(z,t) = uy(z,t), so that the claim is obtained by taking the limit ¢ — ;.

If we choose € small enough, then A, is a jump (if 2o, € D(c)), boundary (if z,, = 0) or plain
triangle (otherwise). By the previously established uniqueness results on these triangles, u and
@ must coincide on A.. But since t,, > ty,¢ for all n, we have (z,,t,) € A, for n sufficiently
large, so that u(z,,t,) = U(z,,t,). This cannot be since (z,,t,) € N. O

Remark 4.4 (Modifications for the bounded domain version). In order to capture the homo-
geneous Dirichlet boundary condition for the bounded domain version of the theorem, we also
need to consider "Dirichlet” triangles A_ with center zo = L. Problem (II) is well-defined on
the domain A_ assuming r{|%|| < 1. In fact the solution on "Dirichlet” triangles is simply
given by u = ®_(0, ug,u;). We can then proceed as in the above proof to show existence and
uniqueness of solutions.
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5. ENERGY, MOMENTUM, AND COMPLETION OF THEOREM [ 1]

We recall that the energy of (Il is given by

BE(u,t) =1 /000 (V(z)ue(z,t)? 4 ug(z, 1)?) da + F(u(0, 1))

_1 /OOO (C<i>2ut(z, 02 + (“Z(é’)t)f) co(2) dz + F(u(0, 1))

_ %/OOO (et (1) =+ F(0.1)

where F'(y) — [ f(v)dv. In (z,t)—coordinates the momentum reads

M(u,t) = /000 %ut dz + f(u(0,1)).

We now show that both quantities are time-invariant.

Proof of Theorem[1.4) Let © C [0,00) x [0,00) be a Lipschitz domain such that ¢ is C' on Q.
Recall that (0; F0.)(u¢ £ u.)u+ “u, = 0. In the following, for a term a(4, ) which may have

£ or F signs, we write Zia(i, F) =a(+,—) +a(—,+).
Part 1: Energy. With v being the outer normal at 02 we calculate

O—Z / 8t:|:8 utj:uz)u—l——uz]~1(utiuz)d(z,t)

=> /89(1/2:}:1/1)—(ut:i:u2)2d0
+ /(Cu (ur £ uz) — 1(utiuz) (8t:F83)(utiuz):F%(utﬂ:uz)Q) d(z,1).

The sum Z over the boundary integrals can be simplified to

+ 1 9 2 4
Z (o Fu1)—(u £u,)*do = “vy(u? 4 u?) — —vuu, | do.
o0 ¢ o0 \C c

The sum Ei of the integrands in the integral over {2 vanishes as can be seen by the following
calculation using once more the differential equation (9; F 9. )(uy £ u.)u + “u, = 0:

+ C, 1 C, 2
> Sus(u £ us) — = (up £ ) (9 F 0:) (w & ) F = (u £ u2)

+/c, 1 C, C, 9
= Z <02uz(ut +u,)+ Z(Ut + uz)zuz F g(ut + u,) )

(e +
=3 (2uz(ut +u,) F (uy £ uZ)Q) =0.

2 4
(23) / (—VQ(Uf + ug) — —Vlutuz) do = 0.
o0 c

C
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Since D(c) and D(c,) are discrete sets, we find an increasing sequence 0 = a1 < ag < ag < ...
with a;, — oo as k — oo such that D(c¢) U D(c,) C {ax: k € N}.

Now let t; <ty € R and K € N. We choose Q = [ag, ar1] X [t1,12] and sum (23] from k = 1
to K. As terms along common boundaries cancel, we obtain

2 4
0= / (—Vg(uf + uz) - —V1Utuz) do
8([0,&K+1}X[t17t2}) ¢ ¢
or equivalently

aK+1 /] 1
%/ (—uf + —ui) dz
0 ¢ ¢ t=t2
aK+1 [ 1 t2 1 2
= 1/ (—uf+—u§) dz —/ —ugu, dt "‘/ —uyu, di
0 ¢ ¢ t=t t1 € €

The estimates established in Corollary and the assumptions on the initial conditions wug, u;
show that u;(z,t) and u,(z,t) converge to 0 as z — oo uniformly on [t1, t5]. In the limit K — oo,

we thus obtain
* /1 1 2
= %/ (—uf + —ui) dz + / —uzu, di
t=ts 0o \¢ ¢ t=t; 6 C

<1 1
/ (Zu? + Zuz) dz
0 -

Switching back to (z,t)-coordinates, we infer

to to
/ gt dt = / u(0, t)u, (0, ) dt
t1

=0 t1

- / (0, ) F(ua(0,8)), dt = F(uy(0, 1)) — Flus(0, 1))

t1

|

z:aK+1 z=0

N[

2=0

where the last equality is due to Lemma [A.1l This shows the claimed energy conservation:

%/OOO (V(x)uf + Ui) dx + F(u(0,1)) = %/OOO (V(x)uf + ui) dz + F(u(0, 1))

t=to t=t1

Part 2: Momentum. We calculate

+ 1 C,
0= Z /Q - [(@ +0.)(us Fu,) + ;uz] d(z,t)

+ 1

= Z / (o £ 11)—(uy Fu,)do
o0 ¢
+ C, C,
+ Z /Q<i§<ut Fu,)+ ?uz) d(z,t)

1 1
= 2/ (Vg—ut — yl—uz) do.
80 C C

Again we choose Q = [ak, ary1] X [t1,t2], and sum ([24) from & = 1 to K. As before all terms
along common boundaries cancel, whence we obtain
to 1
— / —u, dt
t1 c

K+t ] L] =1
/ —uydz = / —up dz +/ —u, dt
0 ¢ t=to 0 ¢ t=tq 1 €

z:aK+1 z=0
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to 1
/ —u, dt
t1 c

in the limit K — oo we find the claimed momentum conservation:

<1 <1
/0 gutdx+f(ut(07t)) :/0 ?utderf(ut(O,t)) : O

t=t1

Since

/ﬁﬂm@wwhzﬂm@wn—ﬂm@h»

z=0 t1

t=to

In Section @], we required an extra growth condition (A4)) on f in order to prove a first version
of Theorem [L.T. We now discuss how to exploit the energy conservation to eliminate this extra
growth assumption and prove Theorem [[T]in full generality.

Lemma 5.1. Fort > 0 the estimate
1(0)
F(u(0,1)) < F(uy(0)) + 5 / (V(2)ui(2)? + ugu(x)?) do
0
holds, where k(x) = [ ﬁ ds = [ /V(s)ds.

Proof. Fix t; > 0, let € > 0 and define modified initial data g, @, : [0,00) — R by setting

U/{)(Z), z S t17 U1<Z), ¥ S tlv
tUg(z) = ¢ BE=2uf(ty), t <2<t +e, Uy(z) = ¢ BE=2uy(ty), t <z<t +e,
07 22t1+€a Oa ZZt1+€>

and 7y(0) = up(0). Denote the solution to (1) corresponding to these initial data by @. By
uniqueness of the solution, u(z,t) = u(z,t) for |z| + [t| < ¢;. In particular, @, (0,¢;) = u:(0,t1).
This yields

F(Ut«), tl))

= F(@(0,0)) + 3 /OOO V()i (z)* + ty(z)?) da

K1(t1) KL (t1+e)
= F(u1(0)) + % /0 (V(ac)ul(:zc)2 + u'o(:p)Q) dx + %/ (V(x)ﬂl(:p)Q + ﬂ'o(:p)Q) dz.

K71(t1)

Letting ¢ — 0, the last term goes to 0. O

Proof of Theorem [L1 without additional assumption (Ad]).
Fix T'> 0 and let

(T
ComFO)+4 [ V(e +un (o)) da

Since F(y) = [} f(y) — f(z)dx we see that F(y) — oo as y — £oo. Therefore the set
{y: F(y) < C} is contained in the interval [—K, K] for some K > 0. Now consider the cut-off
version of f given by

y—K+f(K), y=K

y+ K+ f(=K), y<-K,
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which satisfies the growth conditions from Section [l Therefore, Theorem [LI] can be applied
to () with f replaced by fx and we obtain a solution ux on [0, 00) x [0,7]. Lemma [5.1] gives
Fr(ug+(0,t)) < C, so that ug(0,t) takes values in [—K, K| where the functions f, F' and
fx, Fx coincide. Hence ug solves the original problem () up to time 7. U

Next, we verify that C'-solutions to (I]) are indeed weak solutions in the sense of Definition [l

Proposition 5.2. A C'-solution to () is also a weak solution to ().

Proof. Let u be a C'-solution to (). We have to show that
| [ @ - we)draes [ o n)a.0
o Jo 0

0=
+A V(@)ur(@)p(z,0) dz + f(us(0))0(0,0)
holds for all ¢ € C°([0,00) % [0, 00)).

Let Q C [0,00) x [0,00) be a Lipschitz domain such that ¢ is C' on Q. Denoting the outer
normal at 02 by v, we obtain

0= /ﬂ[(at — 9 (g +uy) + %u} - %(p d(z, 1)

= /BQ %(ut +u)g - (1, — 1) do + /Q (%uzw — (ug + u.) (0 — 0,) E@D d(z,1)

1 1 1 1
= / (—uthQ — —uzwyl) do + / (—uzwz — —ut%) d(z,t)
90 \ C C o\ C C
1 1 1 1
+/ <—uzg01/2 — —utcpm) do + / (utaz [—cp} — u,0 l—cp}) d(z,t).
a0 C C Q C C

We next show that the sum of the last two integrals equals zero. First, we calculate

1 1 1 1
/ (—uchl/g — —utgm/l) do + / (utaz {—gp} — u,0 [—gp}) d(z,t)
90 \ C & Q & &
1 1 1 1
= / (—uZwJQ — —uppry + ud, {—go] Vo — U0y {—(p] Vl) do
90 \ C & C C

= / (l/Qaz — Vlat) |:lug0:| dO'
0 ¢

Let v: [0,]] — R be a positively oriented parametrization of 92 by arc length. As v is the
outer normal at 9, the identity 4 = (2, —v1)" holds. Hence,

/m(VQ@ — 110)) Eus@} do = /8 (_”i) Vv [%ugp] do = /Ol +(s) -V EW} (v(s))ds = 0

as v is closed. Thus we have shown

1 1 1 1
(25) 0= / (—utcpug — —uchyl) do + / (—uchz — —utcpt) d(z,t).
a0 C C Q C C
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As in the proof of Theorem [[.4l we choose an increasing sequence 0 = a1 < as < az < ... with
ar — oo as k — oo such that D(c) U D(c,) C {ay: k € N}. We take Q = [ag, ags1] X [n,n + 1]
in (25) and sum over k € N and n € Ny. Using that boundary terms along common boundaries
cancel out, the fact that ¢ has compact support, and (II), we obtain

1 1 1 1
0= / (—uth - —uzwl) do +/ ( Uzpz — —ut%) d(z, 1)
8[0,00)2 \ € c [0,00)2 \ €
<11
_ [ utcp} (z, O)dz+/ [ Zgo} (0,1) dt+/ / ( Uy, — —utgot) dzdt
0 0

/Ooov ©)ug(, 0) (xO)der/ (0, ) (Otdt+/ / (s — V(@)ugy) de dt
= [Vommew o [TGwooee0as [ [ e Ve

0 0

Z—/wW@mU($0M—/‘meW%mﬂ&—ﬂm@Mﬂm

/ / (Uppr — V()uppy) d dt

which finishes the proof. U

6. WELLPOSEDNESS

The section completes the proof of the wellposedness claim stated in Theorem [[LII To be
precise, () is wellposed in the following sense. The spaces C’(m ([0,00) x [0,T7), CL([0, 00)),
and C([0, 00)) are endowed with uniform convergence on compact sets.

Proposition 6.1. Assume that u{”,u\" are initial data with u” — ug in C1([0,00)) and

W™ = uy in C([0,00)), and denote by u™ and u the solutions of ([0) corresponding to these
initial data. Then for any T > 0, we have u'™ — u in C’(lxt ([0,00) x [0,T]).

Sketch of proof. We proceed similar to the proof of Theorem [L.Il Choose some

O<r<min{(5—\/1_7>

Cy || ™

1
|21 — 22]: 21,20 € D(e) U{0}, 21 # zz}.

o0

and let § be as in Lemma 8.9 with » = 7. The choice of 7 implies 57 < ggfj%ﬁiﬁ) =1as

=r[=|, <L
¢ lloo

Denote by C the set containing all triangles A that are of jump-type or plain-type and such
that their base-radii r are at most 7. Then by Lemmas 1] and [£.2], there exists a constant
C > 0 such that

C([O,OO))}

ugn) — Up

< Cmax{”uén) — u0’

(n)
=l .

holds for each A € C.

o(A)
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We also consider a single boundary-type triangle A, with center zy = 0 and height 7. Writing
b(t) == u(0,t), 6™ (t) = u™(0,t), d(t) = f(u,(0,t)) as well as d™ (t) == f(ugn)((),t)), as in the
proof of Lemma [£.3] we obtain

L 1
c(0) c(0)

Setting b(t) := u(()n)(O) —up(0) + t(ugn)(O) — u1(0)>, we find
c(0)(d'"™(t) — d'(t))
= o, (b™ — b, u(()n) — Uy, uﬁ”’ —u1).(0,1)
=, (b, u — ug, ul™ — u1).(0,8) + ®.(B™ —b—1b,0,0).(0,1)
= 0 (bl — o, ul” = w).(0,0) = [F7(d(1) = £ (@) — (u”(0) = w (0))] + p(n, 1)

where Lemma gives

d(t) = —, (bug,w,).(0,8),  (d™)(t) = —&, (6™, uf", u{™).(0,1).

() = (D) = u(0) +w (0)| .

Multiplying with sign(d™ (t) — d(t)) and integrating, we obtain

c(0)[d™(t) — d(t)|
< ¢(0)[d™(0) — d(0)]

+/t(

"
+B// }f d"™(r)) — f (T))y+)u§">(0)—u1(0)‘)d7ds

ds + (1 +708)t|ul™

<I>+(lA) ) _ uo,ugn) —uy),

= [f7Hd™(s)) = £7H(d(s))| +

u{M(0) — ul(O)D ds

L™ (7)) — fHd(r)) — ™ (0) + u1<0)) dr ds

<6u0 =g, uf” = ) (0,8)| = [S7Hd(s)) ~ £ (d(s))] +

u{(0) — u, (0) )) ds

(b,u — uo,ug ) _ u1).(0,s)

0

—(1-7B) / £ (s)) — £ (d(s))] ds

< /t)@(z}, ul® = g, ™ — 1), (0, s>) ds + (1+ 78)t|u™ (0) — u1<o>)
0

<2 mos{ i~y 7}
€ lloo ) C([0,00))

This shows the uniform convergence of d™ to d on [0,7] as n — co. Since

! -1 (n _ ("
+/Of (d(r)) dr, b = up(0 /f (d

C([0,00)



24 SEBASTIAN OHREM, WOLFGANG REICHEL, AND ROLAND SCHNAUBELT

for t € [0,7], it follows that ™ — b in C*([0,7]) as n — oo, and therefore we see that
u™ =@, (b™), uo ,ug )) — @, (b,ug,uy) = u in CH(A,).

Combined, we find that that u™ — u in C(lm)(D) where D := UpaccA. Note that [0,00) X
[0,3] € D, so in particular u™ — u in Cf, ,([0,00) x [0, §]). Applying this result repeatedly
k times, we see that u™ — u in C’(lm ([0,00) x [0,k%]) where k € N is chosen such that
K> T 0

7. BREATHER SOLUTIONS AND THEIR REGULARITY

One can also consider ([dl) in the context of breather solutions, where a breather is a time-
periodic and spatially localized function. With time-period denoted by 7', the time domain
becomes the torus T := R /7 and after dropping the initial data, (I reads

(26) uz(0,t) = (f(u(0,1)))s, teT.

In [4] the case of a cubic boundary term f(y) = 37vy* (v € R\ {0}) and a 27-periodic step
potential V': R — R given by

(A5) Vi) = {a, |z| < 70,

{V(x)utt(a:, t) — upp(z,8) =0, x €[0,00),¢€ T,

b, Om <|z| <m,
where b > a > 0 and 6 € (0,1) was discussed. It was shown that if V' satisfies

(AG) 4y/abw € 2Ng+1 and  4vVbh(1 — 0w € 2Ny + 1,

where w = 2% is the frequency, then there exist infinitely many weak breather solutions u of

(26]) with time-period T'. A weak solution of (26]) is defined next.

Definition 7.1. Let f : R — R be an increasing, odd homeomorphism. A weak solution of
6) is a function u € H'([0,00) x T) with u(0,-) € WH(T) and f(u(0,-)) € L*(T) which
satisfies

/ —V(2)uppr + uzpy d(, t) — / J(ui(0,))(0,2) dt = 0
[0,00)XT T

for all test functions p € C([0,00) x T).

Remark 7.2. We require that the trace u(0,-) of u at x = 0 has an integrable weak first-order
time derivative in order to give a pointwise meaning to u:(0,¢) and, in particular, to define
f(ug(0,t)) pointwise almost everywhere.

In the setting of [4] where f(y) = 37y*, one requires u(0,t) € L*(T) and

2/ —V(z)ugpr + uppe d(x, t) — v | uy(0, t)?’got(O, t)dt = 0.
[0,00)xT T
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In |4, Theorem 4| it was furthermore shown that weak solutions to (26) constructed in [4] lie

5 1
in H17°(T, L*(0,00)) N H1~*(T, H'(0,00)) for € > 0. Here, the Bochner spaces H*(T, X) are
defined by

2 sl 112
lellFre oy = D (1K)l

keZ

In this section, we will show the following improved regularity result for breather solutions of
)
Theorem 7.3. Assume (A3), (AR), (AG) that f~! is r-Hdlder continuous with r € (0,1) and

that u is a weak solution to ([26). Then u is L-antiperiodic, lies in C*"([0,00) x T) and is
a C'-solution to (0l) with its own initial data, i.e. up(x) = u(x,0) and ui(x) = us(z,0). In

addition, there exists C' > 0 such that |u(x,t)| < Ce " where p := w.

Note that in the setting of [4], the assumptions of Theorem [7.3] are satisfied with r = % In the

following, we are going to prove Theorem [7.3] and we will always assume the assumptions of
Theorem [7.3]

7.1. Fourier decomposition of V (z)9? — 9%. We denote by e (t) :== %ei’“t the orthonormal

Fourier base of L?(T) and decompose u in its Fourier series with respect to ¢:

t)=> p(x)ex(t) = F'(a)

keZ
with

U (x) = Fru) = /Tu(a:,t)ek(t) dt.

Writing L := V(2)0? —0? and L; = —0? —k?w?V (x), we see that any solution u of (26]) satisfies
0=Lu
and therefore also
(27) 0=FpLu= Ly Fru= Liuy
for all £ € Z. Since
HuHLQ(Ooo)X’]I‘ + ”umHm(oOo xT) ZHukHL2(0m + | ()2 HL2 0,00)°
keZ
each 4y, is an H'((0,00), C)-solution of 7). As V (and therefore also L) is given explicitly,

we can characterize the space of solutions of (27)) as follows.

Proposition 7.4. If k € Z is even, then the only solution i, € H'((0,00),C) to [21) is
Uy, = 0. If k is odd, there exists a fundamental Bloch mode ¢, € H?((0,00),R) such that a
function 4y, € H'((0,00),C) solves 7)) if and only if Uy = \dy, for some X € C. Furthermore,
o satisfies

O =1, 64(0) = CH-1)2, gufar t4m) = Ly(x)
for x > 0, where C' = C(T,a) € R is a constant independent of k.
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A proof of Proposition [[ 4] for k£ odd can be found in |4, Appendix A2|. The nonexistence result
for even k can be obtained using similar arguments: For k& # 0 the monodromy matrix for Ly is
the identity matrix so that (27) only has spatially periodic solutions. For k = 0, the solutions
of ([27)) are affine.

7.2. Bootstrapping argument. Assume that u is a weak solution to (20) in the sense of
Definition [Z.Il By Proposition [4] all even Fourier modes of u vanish so that there exists a
complex sequence &y such that

(28) u(z,t) = Z o r(x)ex(t).
k€Zoaa

where Zggq = 27 + 1. In particular, u is %—antiperiodic. Choosing z = 0 in ([28), we find

u(0,t) = Y pez., rer(t) = a(t). As B = f(u(0,-)) € LYT), we can define its Fourier

coefficients fj == F x(5). The functions « and [ are related in two ways, which we will exploit

to construct a bootstrapping argument.

Firstly, we have

o/ (t) = u(0,1) = f7H(f(ue(0,2))) = f(B(1)-
We can apply ;' to both sides and obtain
(29) a=0,"f(B)

Here 0, 'g = F! ((ﬁgk)kezwd) for a %-antiperiodic function g € L'(T). Secondly, by using

Definition [T1] with ¢(z,t) = 1 (x)e(t) for k € Zoaq, where ¢ € C°([0,00)) and ¥(0) = 1, we

obtain

0= /mm)m[—V(x)uﬂ/f(:c)% + uxw/(:c);(t)] d(z,t) — /Tf<ut<0,t))w<0)%dt

= /O ) [~V (2)ikwéndr (2)ikwip(x) + ddly(2)y (2)] dz + ikwpy

= /O ) [—ak’w?V (2) () () — andf()d(z)] dz — Gl (0)1(0) + ikwfy

= — ¢, (0)y, + ikwph,
or

(30) B = QZ)IIZJ((S) Q.

Since (0, -) is Z-antiperiodic, the even Fourier coefficients of a = u(0, -) vanish, and since f is
odd the even Fourier coefficients of 5 = f(u(0,-)) also vanish.

We next investigate the properties of the maps defined by (29) and (B0), which we consider
as maps between the fractional Sobolev-Slobodeckij spaces W#®P(T). The definition and all
employed properties of the spaces W*?(T) can be found in Appendix [Bl In the following we
use the suffix “anti” to denote that the space consists of functions which are %-antiperiodic in
time.
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Lemma 7.5. The map
B0 fH(B)
is well-defined from WEP(T) to WATPI"(T) for any s € [0,1) and p € [1,00) as well as from

anti anti

CO5(T) to CL7(T) for any s € [0,1].

anti

Proof. If 3 € C2%(T), then f~1(3) € C%"*(T) since f~* is r-Holder regular, and thus 9; ' f(5) €

anti

CL™(T). If B € WSP(T), then f~1(8) € W/SP/"(T) by Lemma B2 and thus 9;'f(3) €

anti anti anti

Whtrse/r (T, O

anti
ikw Ty

is well-defined from W P(T) to WP (T) for all s € (0,00) and p € [1,00) as well as from

anti anti
CE5(T) to C(T) for all k € Ny and s € [0, 1].

Lemma 7.6. The map

Proof. We begin by taking a closer look at the Fourier multiplier M, = % which is defined
for k € Zoaa and extended by 0 to the whole of Z. By Proposition [7.4] we have ¢} (0) =
Ck(—1)*=D/2 for a real constant C' depending only on T and a. From this we obtain

w
for all k € Z. Now, Mj, is the Fourier series of

= %(%M(t) — 0_7a(t))

where §, denotes the Dirac measure at x. In particular, M is a finite measure. For a € L ..(T)

we calculate antd
F%%M*a) = %/T/Ta(t—s) AM (s)en(t) dt
= /T/Ta(t — S)en(t — 5) dten(s) AM(s) = My,

M(t) :

so that F (k — Mkdk> exists and equals —=M *«. To see that %M*( -) maps W (T) into

VT anti
WEE(T) and C&%(T) into C&2%(T), let || - || be || - [lyyew oF || - ||k (or any translation invariant
norm). Then
|7 (Ohnnez) | = || a1 o] = | [t ~sjanrcs
o = E— (0% = — ol — S S
kCk ) k€Zoqa \/T \/T T

| _Mm,
gﬁ/jrna(-—s)ndwus)——ﬁ lof. O

With the previous two lemmata, we can complete the bootstrapping argument stated next.



28 SEBASTIAN OHREM, WOLFGANG REICHEL, AND ROLAND SCHNAUBELT

Lemma 7.7. If the pair (o, 8) satisfies 29) and @0) with o, 8 € L. ;(T), then o, B € CL7(T).

anti

Proof. By Lemma we have a € W/(T), and therefore 8 € W-/"(T) by Lemma [70.

anti anti

Applying Lemmas and again, we get «a, 3 € WHT_E’UTQ(']T) for any € > 0. Repeating

anti
24+n

this n times, we obtain o, € WHT*E’I/THR(T). If n € Nis large enough, then Lt/ (T)

anti anti

embeds continuously into C!_.,(T) by Lemmal[B.3] so in particular we have «, 8 € CL .(T). Now,

a

applying Lemmas and one last time yields o, 3 € C2"(T). O

anti

Proof of Theorem[73. Note that a, 8 € L! ..(T) by Definition [T} so Lemma [7.7] is applicable
and yields a, 8 € CL%(T).

By dy = 0r,dy = (2 —0)m,ds = (2+ 0)m,... we label the discontinuities of V. We start by
showing that u € C%.([0,dy] x T). To do this, consider

anti
1

31)  wlet) = %(a(t +a) +alt = Var)) + 5o (5t + Var) - 5(t — Var))

Note that w is %—antiperiodic in time. The k-th Fourier coefficient of w is given by

wk(l‘) _ %(eikw\/ax + e—ikw\/aa:) + Bk (eikw\/ax . e—ikw\/ax>

2 2v/a

= dy, cos(kwy/ax) + % sin(kw+v/azx).

We see that 1y, solves Ly, = 0 on [0, d;] and at x = 0 it satisfies

Wg(0) = ég = apor(0) and Wy, (0) = B—jak;w\/a = a; ¢ (0),
where we have used ([B0). So wg(x) = ag¢r(z) must hold, and from this we obtain

wiz,t) = Y ip(z)er(t) = Y dpdp(a)e(t) = u(w,t).

k€Zoda k€Zoaa

As w is given by BI), u=w e C"

anti

([0, d;] x T) follows immediately.

L7 ([0, d,,] xT) holds for some n € N. We aim to show u € C%. ([0, dpy1]),
denote by v € {a,b} the value of V on (d,,d, 1) and define a function w by

(32)

W (1) = 5 (ulda, /(e — d)) + uld, t — Vol — d,)

Now assume that v € C-"

| rVaa—dn)

+ -
PAVATEN YT
for z € [dn,dpi1] and t € T. Then w € C1 ([dy, dnyq] x T) follows immediately from (32).
Arguing as above, one can show Ly (z) = 0 for all k € Z. Since wy(d,,) = Ux(d,) = drdr(dy)

and Wy (d,) = ard)(d,), we again get wy(x) = dgor(z) and thus w = u on [d,, dp 1] X T.

Uy (dp, ) dT
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Next we need to show the uniform bound |u(z,t)] < Ce™** with p = W. By Propo-

sition [Z.4, u satisfies u(x + 4m,t) = $u(x,t) for all x € [0,00) and ¢ € T. Hence we can
choose

C = max e”u(z,t)|
2€[0,4n],t€T

To show that u is a Cl-solution to (), first from (BI)) it follows that the directional derivative
(O — (@) 0a) (ug + c(@)us)
exists and equals 0 for x € (0,d;) as ¢(x) = ﬁ here. Similarly, using (32) we obtain
(O — c(x)0y) (ur + c(x)uy) =0
for x € (d,,, dp11) as c(x) = % Lastly, due to ([28), (B0) and the definition of 5 we have
Fr(uz(0, ) = ¢4 (0)dy = ikwpy = Fr(B) = Fil(f(us(0, -)))

for all k € Zoga, 50 uz(0,t) = (f(us(0,¢))); for all ¢ € T. This shows that u is a C'-solution to
(1) with its own initial data. O

APPENDIX A.

Lemma A.l. For tg,t; € R with to < t; and g € C([to,t1],R) with f o g is C'([to,t1]), the
equation

Flg(t)) — Flg(to)) = / 9D

holds.

P'mof Assume first that f and g are both C' in which case the definition F(y) = yf(y) —
fo s) ds and integration by parts yield the result

[ o0 a— g, - [ gosewa

(33)

g(t1)
) / v = Figt) ~ Flatt)

For the general case, choose a sequence of non-negative smooth mollifiers ¢, : R — [0, 00)

converging to &y, each with support in [—%, %] and with average [, ¢n(z)dz = 1. Since f
is strictly increasing, so is f, = ¢, x f. In particular, f, is bijective and we may define

= (fa) o fogsothat f,og,=fog.

Clearly, f,, — f uniformly on compacts. To see that g, — ¢ uniformly on compacts, it suffices
to show H(fn)_1 — f*1H00 < L for n € N. Note that

he-b=[ Wb~ —y)dy < / @)~ L —y)dy = f(z).

If we choose & = f~'(y) for arbitrary y € R and apply (f,)”" to both sides of the above
inequality, we get f~1(y) — 2 < (f.) ' (y). Similarly, f~'(y) + L > (f,) "' (y) holds so that the
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estimate ||(f,)"' — f7!||, < % is shown. Letting F,(s) = sfu(s) — [y fu(o)do, by @3) we

have
Fuanlt) = Fulantt) = [ 00 e~ | 1gn<t>w at.

For n — oo, the desired result follows. O

APPENDIX B. SOBOLEV-SLOBODECKIJ SPACE

Definition B.1. Denote the distance on the torus T by d. Then, for s € (0,1) and p € [1,00)
define the Sobolev-Slobodeckij space W*P(T) := {u € LP(T): [ulyeny < oo} with
P |u(ty) — u(ty)]” d
sp(T) — tpdt
s /1r rod(ty )t

Also let WOP(T) := LP(T) and W=P(T) = {u € W*P(T): u¥) € W*P(T)} for k € N, s €
[0,1) and p € [1,00).

Lemma B.2. If g: R — R is r-Holder continuous, then the map
WHP(T) — W™P/"(T),u +— gou
is well-defined for s € [0,1) and p € [1, 00).

Proof. By assumption, there exists C' > 0 such that |g(z) — g(y)| < C|z —y|" holds for all
z,y € R. First, let u € LP(T). Then

o) gy = [ loa®)P” e <2771 [ (lgtut) = gOF" + o) dt

<o/t / (P lu®)l +19(O)P"") at = 2/ (CPful, ) + TIg(O)F").

so g(u) € LP/"(T). Now let u € W*P(T) with s € (0,1). Then
(t1) t))[P/"
[g( )]%:s p/r - / / |g 1 ( 2))| dtl dtQ

tl t2 1+sp

p/T —
//C u(t) — u(tz)]” dty dty = CP"[ulfy o). -

tl t2 1+sp

Lemma B.3. W!T*?(T) — C’LS_E(T) for s € (0,1),p € (1,00) with sp > 1.

Proof. Consider the fractional Sobolev-Slobodeckij space W*P([0,T|) which is similarly defined

using the seminorm
T |’U tl — ’U t2)|p
Vliys, »([0,7]) / / . (Ltsp d1 dty
|11 — 2]

We have [W/[f.pq00p) < [W]ipen(ry < 00, so that ' € W*P([0,T]) and from [5, Theorem 2] it
follows that u' € C*P=V/P([0, T)). O
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