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Abstract

Transport in the frame of the Landauer formalism for the single particle case is examined for

carbon nanotubes decorated with magnetic molecules. Non-standard ab-initio calculations using

constrained density functional theory to ensure the correct charge and magnetization densities

are performed. Density functional calculations are performed on magnetic molecules in different

spatial configurations: gas phase, crystal phase, and compound; the latter configuration type

corresponds to a close-to-experiment system in which magnetic molecules are attached to a

non-magnetic one. Based on the magnetization of the sitting molecules, two different magnetic

states are examined. They are termed as antiparallel and parallel cases. They correspond to the

experimental realizations shown elsewhere. The Kohn-Sham matrices, which are the result of the

density functional simulations, are then used as an input for the transmission simulations which is

performed using the Landauer formalism. Two transmission spectra are calculated corresponding

to the alpha and beta spin channels per simulation. Differential conductance maps show a higher

conductance for the parallel case compared to the antiparallel one for all the gate voltages where

the conductance is different from zero. An empirical model is presented which mimics the real

systems’ behaviour. It consists on a spin polarized tight-binding chain with two atoms per site

where two defects are added to the central region simulating the real magnets. To model the

CNT small bandgap, two orbitals per atom site were used. Similar results to those of the real

system are calculated. It was found that the reason of the difference in conductance between

one spin state and the other is that in the parallel case, the transmission for alpha and beta

spin channels around the region of interest overlap giving a total transmission (which is the sum

of both spins’ transmissions) larger to that of the antiparallel case where the alpha and beta

transmissions are separated.





Zusammenfassung

Diese Arbeit befasst sich mit dem spinabhängigen Transports durch Nanosysteme. Insbesondere

fokussieren wir uns dabei auf die Leitfähigkeit von Kohlenstoffnanoröhren, auf welchen Einzelmo-

lekülmagneten angebracht wurden. Das Ziel dieser Arbeit ist den Spin-Ventil-Mechanismus, wel-

cher in Kohlenstoffnanoröhren und Einzelmolekülmagneten gemessen wurde, zu erklären. Hier-

für benutzen wir die Dichtefunktionaltheorie in einer ihrer verschiedenen Formen: Beschränkte

Dichtefunktionaltheorie. CDFT schränkt die Elektrondichte sowie die Magnetisierung eines oder

verschiedener Atome eines Moleküls ein. Diese Berechnungen erzeugen die Kohn-Sham Matrizen,

welche den eingeschränkten Zustand des Moleküls enthalten. Die Matrizen dienen als Eingabe

für den Landauer-Formalismus, wo der Transmissionkoeffizient für jeden Spin-Kanal berechnet

wurde.

Zu diesem Zweck wird Kapitel zwei eine kurze aber dennoch vollständig Einführung zu allge-

meinen Konzepten und Formeln beinhalten, welche für die Behandlung von Transport in Nano-

systemen notwendig ist. Hier stellen wir unter Anderem den Landauer Formalismus mit seinen

Hypothesen, Formeln und der Verbindung zu Greensche Funktionen vor. Letztendlich präsen-

tieren wir die sogennante Matrixformulierung der Greenschen Funktion, mit der die Transport-

Berechnungen duerchgeführt werden.

Kapitel drei befasst sich mit den Grundlagen der Dichtefunktionaltheorie, welche für Ab-initio

Berechnungen benötigt werden.

Der Kern dieser Dissertation ist in Kapitel vier zu finden. Wir beginnen mit der Beschreibung

der genutzt Methoden (CDFT + NEGF) für die Berechnung der elektrischen Ströme. Danach

beschreiben wir eines der wichtigsten Konzepte für Quantumchemiesoftware, nämlich dem Ba-

sissatz, welcher im Rahmen dieser Arbeit untersucht wird. Der Einfluss des Spektrums von

Kohlenstoffnanoröhren wird diskutiert.

Danach, eine Einleitung zur Molekularen Elektronik, Feldeffekttransistoren und Einzelmolekül-

magneten sowie DFT Ergebnisse von den Magnetenarten, welche in dieser Arbeit untersucht wer-

den. Terbium/Yttrium Phthalocyanine SMMs in Gasphase sowie deren Kristallstruktur werden

präsentiert und ihre geometrische und magnetischen Eigenschaften dargestellt. Hier veranschau-

lichen wir, wie die CDFT die Konvergenz einer üblichen DFT-Rechnung verbessert.

Danach werden die Transport-Simulationen von echten Systemen, die aus (9, 0) CNT + 1 SMM

und (9, 0) CNT + 2 SMMs bestehen, beschreiben. Zwei Simulationsarten werden untersucht: die

erste entspricht einer antiparallelen Orientierung (FE-AF) von den Magneten Spin Liganden. Die



zweite zeigt eine parallele Orientierung (FE-FE) desselben Spins. Wir berichten, dass der Spin-

Ventil-Mechanismus eine Konsequenz der unterschiedlichen Energieniveauanordnung zwischen

den FE-AF und FE-FE Zuständen ist. Im Fall von FE-AF, der Transmissionkoeffizient für Alpha

(‘Spin hoch’) und Beta (‘Spin runter’) Kanälen innerhalb das sogennante Fermi Fenster zeigen

Spitzen bei verschiedenen Energien, wogegen im FE-FE Fall beide Spitzen bei derselbe Energie

überlappen. Dieses Verhalten bleibt für die meisten Steuerspannungen bestehen, bei denen die

Leitfähigkeit nicht verschwindet. Zu diesem Zweck, haben wir ein Spielzeugmodell entwickelt,

welches einer Tight-Binding-Kette mit zwei Defekten in die zentrale Umgebung entspricht. Um

die Bandlücke des CNT nachzuahmen, wurden zwei Orbitale pro Stelle benutzt.
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1. Introduction

Molecular electronics is the miniaturization of the components of electrical circuits, and hence

the electrical currents through systems are modulated by single atoms or molecules [1]. Molecular

electronics have been an active field of reasearch for almost 50 years [2, 3]. As per-se, molecular

electronics is a big branch of nanotechnology, it includes the design, synthesis, characterization

and theoretical explanation of nanoelectronics such as switches, transistors, memory devices,

rectifiers and a whole bunch of other interesting electrical components [1, 4, 5].

Even though the ideas of using single molecules as the building blocks of electronics is not new,

the technological capabilities to fabricate as well as the computational resources to simulate them

has been reached only in the past 20 years. For instance, the first system in which the transport

on a molecular junction was measured that consisted on a metal-molecule-metal structure in

which benzene-1,4-dithiol sticked to gold electrodes separated ∼ 8 Å and in which the current

as well as the conductance were measured as a function of a bias voltage, dates from 1997 [6].

On the other hand, spintronics, which is another branch of nanotechnology, is a relatively

young branch dating from 1985 when Johnson and Silsbee [7] measured spin transport in a

paramagnetic-ferromagnetic metal interface. Another great advance towards using the electronic

spin as a degree of freedom in nanosystems was the observation of giant magnetoresistance in

antiferromagnetic coupled (001)Fe/(001)Cr superlattices by Baibich et al. [8].

In the present work, we adress the problem of spin modulated transport in carbon nanotubes.

The magnetic properties of the system are given by the magnetic molecules attached to the

carbon nanotube. Thus, the transport is a spin polarized, ballistic problem which is treated in

a mean-field level using first principles calculations and Landauer formalism.

The thesis is organized as follows: Chapter 2 is dedicated to give a rough but to certain extent

complete idea of the type of systems we are going to work with; it also underlines basic con-

cepts necessary for understanding the charge transport in systems where the quantum effects

predominate. Landauer formalism is also introduced in this section and three central quanti-

ties are defined and explained: the Green’s function, the density of states and the transmission

coefficient.

Chapter 3 deals with the ab-initio method used to simulate our nanosystems in an atomistic

scale: the density functional theory. Three different schemes are presented to understand the

advantages and limitations of them.

1



1. Introduction

Finally, chapter 4 presents the results of the DFT simulations in single molecule magnets in

several configurations that go from gas phase to crystal arrangements. The ab-initio as well as

the transport simulations performed on several systems ranging from bare carbon nanotubes to

decorated (with magnetic molecules) carbon nanotubes. An explanation to the spin-valve effects

on such a systems is provided using an empirical model which mimics the real systems.

2



2. Electrical current through nanosystems

This chapter introduces the concepts of electronic current through nanosystems. The way we

attack the problem of electron transport in nanosystems is by first presenting general ideas /

justifications of why our systems fall into the category of nanosystems and thus, why we will be

able to use the formalism described in later chapters. Afterwards, a general picture of the type

of physical configurations we are going to deal with in this thesis is presented together with a

physical explanation of the current through a nanosystem. Then, fundamental concepts such as

the density of states for different dimensions as well as its interpretation is shortly discussed.

Once we have establish some preliminary concepts, we explore the Schrödinger equation for single

particle Hamiltonians which introduces naturally the concept of bands and channels. Then, using

all that knowledge, the quantization of the conductance is studied in a heuristic level.

This completes the part of fundamental concepts in electronic transport which we then can use

for the upcoming sections: the Landauer approach and the Green’s function formalism from

which the transmission can then be calculated.

1. Nanosystems: characteristic lengths

To begin with a study of how the electric currents behave in nanosystems, we must first give

a picture to what we refer to a nanosystem. The obvious answer is: a physical system whose

spatial dimensions range from the size of an atom to the nano scale regime (1× 10−9 m) [9], but

we can say a bit more about it. When talking about nanosystems, characteristic lenghts have

to be discussed. A big difference between conductors in the macroscale and nanoscale is that

the formers present ohmic behaviour while the laters don’t. In order for a conductor to show

non-ohmic behaviour, its physical dimensions have to be shorter than 3 characteristic lengths:

the de Broglie wavelength, the mean free path and the phase-coherence length [9, 10, 11]. The

de Broglie wavelength is defined as the inverse of the Fermi wavenumber [10]

λ =
2π

k
. (2.1)

At the same time, the Fermi wavenumber can be obtained from the Fermi velocity (which can

be calculated using the energy dispersion relation of a system)

vf =
ℏkf
m∗ (2.2)

3



2. Electrical current through nanosystems

with ℏ the reduced Planck constant and m∗ the effective mass of the electrons in the system

under consideration and depends on the energy dispersion relation.

As an example, let us take carbon nanotubes (which are in principle 1 dimensional structures);

in this case, the effective mass is related to the bandgap of the carbon nanotube as follows [12]

m∗ =
Eg

7.3eV
me (2.3)

with me the electron mass. The value for the Fermi velocity on graphene, as well as for carbon

nanotubes (which can be regarded as folded graphene nanoribbons), can be calculated from

tight binging approaches [13, 14] or from experiments like ballistic electron resonance [15]. In

the low energy regime its value is vf = 8.0 × 10−5 m/s [12, 14, 16]. Substituting the values

for the electron mass, the Fermi velocity and ℏ into equation 2.2 we get a value for the Fermi

wavenumber for carbon nanotubes of kf = 1.36× 106 m-1 which finally gives a value for the de

Broglie wavenumber of λ = 4619 nm.

The mean free path (λm) is defined as the average distance that a particle travels through a ma-

terial before its energy and momentum change with respect to its initial values. Mathematically

is expressed as

λm = vfτm (2.4)

where τm is energy (or momentum) relaxation time. In the case of quasi-metallic cabron nan-

otubes, the mean free path can have values up to λm = 20000 nm [15].

Finally, a somehow more complicated concept is the phase-coherence length λϕ. It can be

regarded as the distance over which the electron wavefunction retains its phase coherence and it

can be expressed as

λϕ = vfτϕ (2.5)

where τϕ is the phase relaxation time.

For example, when we refer to phase coherent transport, we are assuming that the time-dependent

wavefunction of the electron has a simple oscillatory behaviour over the whole time evolution

(with constant frequency) [9]. Of course, such a situation could only happen on a perfect crystal

with no impurities, no lattice vibrations (which also interact with electrons thus changing their

phases) and electron-electron interactions. Hence, one can say that, the phase of an electron

is just altered by fluctuating scatterers [10]. In the case of metallic carbon nanotubes, τϕ can

be measured by four probe transport experiments which give estimate values at T = 1 K of

τϕ ∼ [1 − 10] ps. Introducing this value and the Fermi velocity on equation 2.5 we get a value

for the phase-coherence length of λϕ = 5810 nm.

4



2. A general description of our nanosystems

All the previously discussed characteristic lengths, are way larger than the systems considered

on this work, justifying the methods used to describe the transport properties of our molecules.

2. A general description of our nanosystems

This thesis will consider nanomolecules which will comprise mainly three parts: two reservoirs

connected by a junction. The electrons will then travel from one of the reservoirs to the other

via the junction which can be a single atom or a molecule. The definition of a reservoir can

vary from author to author, but in the most simplistic picture, a reservoir is a system that

supplies or receives any number of charge carriers and energy without changing its internal

state. In reality, ideal reservoirs which means infinitely large systems that can provide electrons

and energy indefinitely without any energy loss, do not exist. Therefore, one usually refers to

the concept of electrodes which are finite reservoirs charged differently (for instance positive and

negative). The device that charges the surface of the electrodes is called battery. It is important

to mention that the electrodes define also the confinement potential of the electrons travelling

through the system, thus the geometry of the electrodes plays an important role. This different

charge in the electrodes, is the reason why we can measure current through the junction (more

of this will become transparent in the next chapters.) We then state that in general, electronic

transport is a non-equilibrium problem and because of this, attention has to be put on not only

properly describing the junction but the effect of the electrodes on it.

2.1. Quantum Wire and Quantum Dot

At this point we have information about the size of the systems we are interested in and the

general physical systems we are going to discuss in the next sections. Now we describe more

specific electronic features of the molecules into consideration. As the dimensions of the sample

reduce, the energy levels resemble more a discrete spectra rather than a continuum. This is

usually refered to size quantization [17]. When we talk about confinement we mean that the

movement of the electrons is restricted in some specific direction(s). For example, if there is no

size quantization on a sample, then the electrons are free to move in x-, y- and z-directions; in

this case we have a homogeneous solid. Size quantization can occur in one, two or the three

spatial directions, and depending on it one refers to a quantum well (confinement on one spatial

dimension), quantum wire (confinement on two spatial dimensions) or quantum dot (confinement

on three dimensions).

The density of states (DOS) is an important quantity that can be measured experimentally and

reflects the effects of the size quantization. In the physics of semiconductors it is defined as the

number of eigenstates per unit energy range. The general form of the DOS for the different

dimensionalities are [18]

5



2. Electrical current through nanosystems

1. For 3-dimensions: N(E) =
m∗√2m∗E

π2ℏ3

2. For 2-dimensions (confinement in x-direction): N(E) =
m∗i

πℏ2Lx

3. For 1-dimensions (confinement in x- and y-directions): N(E) =

√
2m∗

πℏLxLy

∑
i,j

(E − Ei,j)
−1/2

with Ei,j =
ℏ2π2

2m∗

(
i2

L2
x

+
j2

L2
y

)
4. Meanwhile for a 0D system is a continuous independent of the energy:

N(E) =
2

LxLyLz

∑
i,j,k

δ(E − Ei,j,k) where Ei,j,k =
ℏ2π2

2m∗

(
i2

L2
x

+
j2

L2
y

+
k2

L2
z

)

Figure 2.1.: General form of DOS for different a bulk solid, a quantum well and a quantum wire.

The importance of the DOS is that the conduction of a system is closely related to it (nevertheless,

it is not the only important quantity in order to observe higher or lower electron transport as

we may see later). The density of states is also related to a very interesting concept which we

are going to talk in the next section: the sub-bands.

2.2. Single particle Hamiltonian in confined systems: Sub-bands

To describe the effects of size quantization in nanosystems, the concept of sub-bands is quite

handy to understand the phenomena behind the observed quantities.

To this end, let us consider a very simple system which exists in two dimensions. The electrons

are free to move on the x direction but confined by a potential on the y direction which we

6



2. A general description of our nanosystems

denote U(y). We then use the so called effective mass equation which describes the dynamics of

the electrons in the conduction band on semiconductors.[
Es +

(iℏ∇+ eA)2

2m
+ U(y)

]
Ψ(x, y) = EΨ(x, y) (2.6)

where A is the vector potential of a magnetic field in the z-direction. Ψ(x, y) the full wavefunction

of the electrons in the conductor, m the electron mass and Es the bottom end of the conduction

band. Equation 2.6 differs for instance from the regular Schrödinger equation for periodic solids

(i.e. Bloch electrons) in the sense that the lattice potential does not appear on the equation. As

a consequence, the wavefunctions obtained by 2.6 are plane waves but not Bloch waves. Since

we will not consider explicitely a magnetic field in this work, we can safely make the vector

potential A = 0. For random confinement potentials U(y) there are in general no analytical

solutions. Nevertheless, in the simple case of a parabollic type potential of the form

U(y) =
1

2
mω2

0y
2 (2.7)

one can obtain analytical expressions. With these considerations, equation 2.6 takes the form[
Es +

(iℏ∇)2

2m
+

1

2
mω2

0y
2

]
Ψ(x, y) = EΨ(x, y) (2.8)

we then separate the variables in the x and y components with the Ansatz: Ψ(x, y) = ϕ(x)ϕ(y)

which lead us to [
Es +

p2x
2m

+
p2y
2m

+
1

2
mω2

0y
2

]
ϕ(x)ϕ(y) = Eϕ(x)ϕ(y) (2.9)

px = −iℏ ∂
∂x

and py = −iℏ ∂
∂y
.

The x dependent equation in 2.9 is simply the free electron problem which has planewaves as

eigenfunctions ϕ(x) = eikx and eigenenergies Ex =
ℏ2k2x
2m

. Thereby, equation 2.8 becomes[
Es +

ℏ2k2x
2m

+
p2y
2m

+
1

2
mω2

0y
2

]
ϕ(y) = Eϕ(y) (2.10)

which is, in principle, the Schrödinger equation for a harmonic potential (with some constant

energy terms) with the following solutions

ϕny(ky) = Hny(q), where q =
√
(mω0ℏ) (2.11)

and

7



2. Electrical current through nanosystems

En(ky) = Es +
ℏ2k2x
2m

+

(
ny +

1

2

)
ℏω0, ny = 0, 1, 2, ... (2.12)

where Hny denotes the Hermite polinomial of order n.

The velocity is obtained as usual taking the derivative of the energy with respect to the k-vector:

vny(ky) =
1

ℏ
∂Eny(ky)

∂ky
=

ℏky
m

. (2.13)

As a side note, in the case when the potential U(y) is zero, but there is a magnetic field By ̸= 0,

one can solve the problem in a similar fashion. The bands obtained are the so called Landau

levels.

Figure 2.2.: Energy sub-bands defined in Eq. (2.12). Es = 0 and ℏω0 = ℏ2

2m = 1.

In the case of a quantum well (in a three dimensional system), where one spatial dimension is

confined (say the z-direction), we have p-bands

Ep(kx, ky) ≈ Es + p2ϵz +
ℏ2
(
k2x + k2y

)
2m

(2.14)

8



3. Conductance from transmission

and for a quantum wire (y− and z−confinement)

En,p(kx) ≈ Es + n2ϵy + p2ϵz +
ℏ2k2x
2m

(2.15)

3. Conductance from transmission

3.1. Resistance in ballistic conductors

Whenever the dimensions of the conductor are larger than the de Broglie wavelength (i.e. macro-

scopic conductors), then the conductance if given by the Ohm’s law

G =
σW

L
(2.16)

where the conductivity σ is a material parameter, L is the length of the conductor and W the

cross-sectional area. As L would become smaller and smaller (i.e. the mean free path becomes

larger than the size of the conductor), one would expect G to growth indefinitely, but this is not

the case, instead it approaches a limiting value Gc when the length of the conductor is shorter

than the mean free path of the electrons. The resistance arising in such a device, called ballistic

conductor, is due to the interface between the conductor and the contact pads. This resistance

is given by G−1
c and it is called contact resistance.

Our goal now, is to provide an heuristic derivation of the contact resistance in a nano-conductor.

Imagine a conductor between two contact pads. Let us name the contacts left and right and

allow the current to flow on the x-direction under a small applied bias and small temperatures.

We refer to reflectionless contacts to those in which the electrons leave the conductor without

suffering reflection.

Electrons travelling from left to right through the conductor will carry a wave vector kx, that for

the purpouses of explanation we can assume they fulfill a dispersion relation like in Fig. (2.2).

+kx states in the conductor are occupied only by electrons originating in the left contact, while

−kx states are occupied only by electrons originating in the right contact.

Let us assume that the quasi-Fermi level, E+
f , for the +k states is always equal to µL even when

a bias is applied. Why? Suppose both contacts are at the same potential µL, then the Fermi

level of a +k state (or any other for that matter) is equal to µL. If we change the potential at

the right contact to µL + δµR there is no effect on the quasi-Fermi level of the left contact, since

there is no causal relationship between left and right contacts. This means that no electron

originating in the right contact ever makes its way to a +k state. The same reasoning

applies for −k states. Thus, the the current at low temperature and small bias is only due to

the electrons in state +k which lie between µL and µR = µL + δµR.

We now proceed to calculate the current on a conductor with one sub-band. We assume that

the states +k are filled accordingly to the Fermi distribution function f+(E).
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2. Electrical current through nanosystems

An uniform electron gas with n electrons per unit length moving with a velocity v (equation

(2.13)) carries a current equal to e · n · v. Since the electron density associated with a single

k−state in a conductor of length Lx is (1/Lx) we can write the current I+ carried by the +k

states as

I+ =
e

Lx

∑
kx

vf+(E) =
e

Lx

∑
kx

1

ℏ
∂E

∂kx
f+(E) (2.17)

which is the current produced by the electrons in one sub-band. Assuming periodic boundary

conditions

kx = nx(2π/Lx) → dnx =
dkxLx

2π
(2.18)

with nx an integer, and changing the sum to an integral
∑
kx

→ 2
Lx

2π

∫
dkx we get

I+ =
2e

h

∫ ∞

ϵ
f+(E)dE (2.19)

The factor of 2 comes from the spin; the integral runs from the cut-off energy on the waveguide

mode (see figure 2.3 and the next discussion).
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3. Conductance from transmission

Figure 2.3.: Sub-bands for a conductor. Each sub-band has a dispersion relation En(kx) and a cut-off
energy ϵn.

The total current due to the electrons with wavenumber +kx is then the sum of the electrons in

all sub-bands. Each sub-band in Fig. (2.3) has a cut-off energy ϵn = En(kx = 0) below which it

can not propagate. For an energy E, the number of sub-bands up to E is given by

M(E) =
∑
n

Θ(E − ϵn) (2.20)

where Θ is the Heavyside function. The quantity M(E) is also termed as the number of channels.

Extending equation 2.19 to several modes we get

I+ =
2e

h

∫ ∞

ϵ
f+(E)M(E)dE (2.21)

If we assume the number of modes M is constant over the energy range µ1 > E > µ2 we can

write

I =
2e2

h
M
µ1 − µ2

e
→ Gc =

2e2

h
M (2.22)

11



2. Electrical current through nanosystems

i.e. the contact resistance is

G−1
c ≡ h

2e2M
≈ 12.9kΩ

M
(2.23)

from which we can easily see that for a single-mode conductor the resistance is not negligible.

The more modes are involved in the conductor, the less contact resistance a conductor has. Also,

equation 2.22 defines the well known quantum of conductance:

G0 =
2e2

h
(2.24)

which is a fundamental quantity in the development of the transmission in nanosystems. At an

energy Ef a mode can only propagate if −kf < kx < kf .

This concludes the part on the preliminary concepts of electrical currents through nanosystems.

All of the main ideas treated here will be used on the upcoming sections where we are going to

analyse more in detail the specific methods to calculate currents and the conductance of systems

in the nanoscale domain.

4. Landauer formalism

In this section we aim to describe the current through a system consisting in 3 parts: a nano-

junction connected to two electrodes (left (L) and right (R)) which are open to a reservoir of

electrons. The total Hamiltonian of the system can be written as:

Ĥtot = ĤS + Ĥ leads + ĤSb (2.25)

where the Hamiltonians on the right hand side belong to the nanojunction, the leads and the

interaction between them, respectively. Landauer formalism is based on the following approxi-

mations to solve the transport problem with the Hamiltonian defined in Eq. (2.25):

1. Open Quantum systems: The full Hamiltonian of the leads could include different type

of interactions that are not possible to describe in a simple manner. For this reason, one

usually treats the electrodes as infinite reservoirs of electrons (infinite capacitor). The

system is then replaced by a nanojunction ‘sandwiched’ between two chunks of material

with open contact to electron reservoirs. The contacts are characterized by the following

properties:

a) Electrochemical potential : In this scope, the electrochemical potential is defined as the

energy required to extract an electron from one of the reservoirs and bring it to the

system S. In general, the chemical potentials of both reservoirs are different: µL ̸= µR.

(If they are equal, the system is said to be in equilibrium).
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4. Landauer formalism

b) We define the voltage bias by the difference between the chemical potentials

eV = µL − µR (2.26)

2. Ideal steady state: In general, the equation of motion for the density matrix describing the

dynamics of the system S, ρS(t) is

dρ̂S(t)

dt
=
[
Ĥ, ρ̂S(t)

]
. (2.27)

This differential equation can (or not) have a steady state solution for large times. In fact

it doesn’t have to have just one solution. We therefore assume that it indeed assumes an

unique stationary solution ρ̂ssS . Hence, the system described is stationary, this means that

the current through the system does not vary in time. In terms of quantum observables

we have: 〈
Î
〉
t
= Tr

{
ρ̂S(t)Î

}
→ Tr

{
ρ̂ssS Î

}
=
〈
Î
〉
= constant (2.28)

where Î is the current operator defined as Î =
∫
S dS.̂j(r, t) and ĵ(r, t) = 1

2

∑
i {δ(r− r̂i), v̂i}.

3. Boundary Conditions: In the new description of the system, the two electrodes play now

the role of electron reservoirs. We call them leads to differenciate from real reservoirs. Their

function is to hold/confine the wave-packets that will flow from one side of the system into

the other one. This wave-packets are scattered just in the nanojunction and then move

into the next lead. These are known as scattering boundary conditions.

4. Mean Field approximation: here we assume the system Hamiltonian (S) can be separated

into two pieces

ĤS = Ĥmf + V̂ (2.29)

where the Ĥmf is a Hamiltonian describing independent electrons (in the mean field ap-

proximation), in the presence of ions that do not belong to the nanojunction. V̂ is the

interaction between electrons (beyond mean-field), in the nanojunction, and the interaction

of these electrons with the ions of the junction.

We also assume that the left and right electrons are injected from their correspondent reservoirs

with a local equilibrium distribution, accordingly to their electrochemical potential µL,R. This

function is given by the Fermi distribution function

fL,R(E) =
1

e(E−µL,R)/kBT + 1
. (2.30)
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2. Electrical current through nanosystems

4.1. Transmission and reflection probabilities

With the all the approximations already described, we are now ready to solve the Schrödinger

equation for the junction described by a Hamiltonian of the type 2.29.

We consider a system whose electronic transport is in the x−direction and the confinement

potential is transverse to it, i.e. U(y, z). In principle the potential can be of any type, for

example the parabollic type in Sec. (2) with energies described by Eq. (2.15). Nonentheless,

here we will only assume we have solved the Schrödinger equation for the transversal part of the

Hamiltonian in the leads so that the spectrum of the full Schrödinger equation of the leads is:

Ei(ki) = ϵi +
ℏ2k2i
2m

(2.31)

where ϵi are the cutoff energies of the transversal solution part of the full Schrödinger equation

(see equation 2.6 and the discussion afterwards.)

Now, for the Hamiltonian of the junction we have

ĤSΨα,k(r) =

[
− ℏ2

2m
∇̂2 + V̂ (r)

]
Ψαk(r) = EΨαk(r). (2.32)

Consider first the states travelling from the left lead into the right lead. Let us imagine an electron

with energy Ei that at x→ −∞ was in an initial state ψiki . The energy of this electron is then:

Ei(ki) = ϵi +
ℏ2k2i
2m

. At the right electrode, the eigenstates have to be a linear combination of

transmitted waves:

Ψiki(r) →
NR

c∑
f=1

Tifψfkf (r) , x→ +∞, (2.33)

In the same fashion, in the left electrode we do not expect that Ψiki(r) to be simply the incoming

wave, but a linear combination of the final states which comprehend the incoming electrons and

those reflected back to the left lead at the nanojunction

Ψ+
iki

→ ψiki(r) +

NL
c∑

f=1

Rifψfkf (r) (2.34)

The average current carried by the state at energy Ei can be calculated from the expression for

the current density operator ĵ and the current operator through a surface S perpendicular to the

direction of the current flow x

Î =

∫
S
dS.̂j(r, t) (2.35)

and it is given by (check [9] for the detailed derivation)
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4. Landauer formalism

IL(Ei) = Ii(Ei)−
NL

c∑
f=1

|Rif |2|If (Ei)|

= Ii(Ei)

1−
NL

c∑
f=1

Rif (Ei)

 (2.36)

where the incident current Ii(Ei) is

Ii(Ei) =
eℏ
2im

∫ ∞

−∞
dy

∫ ∞

∞
dz

[
ψ∗
iki

(r)
∂ψiki(r)

∂x
− ψiki(r)

∂ψ∗
iki

(r)

∂x

]
(2.37)

=
ℏki
mLx

=
vi(ki)

Lx
(2.38)

and vi(ki) are defined as in 2.13. Similarly, for the currents reflected into the left lead we get

If (Ei) =
ℏkf
mLx

=
vf (kf )

Lx
. (2.39)

In equation 2.36 we have also named the reflection probability as

Rif (Ei) ≡ |Rif |2
|If (Ei)|
|Ii(Ei)|

(2.40)

which is the probability that an incident electron on the left lead with energy ℏki is scattered

back into the left lead with energy ℏkf .
Deep in the right lead we have no reflected electrons and thus we have for the current

IR(Ei) ≡ Ii(Ei)

NR
c∑

f=1

Tif (Ei) (2.41)

where

Tif (Ei) ≡ |Tif |2
|If (Ei)|
|Ii(Ei)|

. (2.42)

gives the probability that an electron with wavevector ki propagates to the right lead to a state

with wavenumber kf .

In an ideal steady state (that we had assumed), the two currents IL(Ei) and IR(Ei) have to be

identical, therefore we get

NR
c∑

f=1

Tif (Ei) +

NL
c∑

f=1

Rif (Ei) = 1 (2.43)
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2. Electrical current through nanosystems

An electron originating on the right lead, travelling through the junction and going into the left

lead follow the same reasoning, hence we have

NL
c∑

f=1

Tif (Ei) +

NR
c∑

f=1

Rif (Ei) = 1. (2.44)

Equations 2.43 and 2.44 are the statements of the conservation of particle flux.

Now the job is to find the total current due to the left and right travelling electrons. For this

purpouse, we have to take into account all the electron channels, this is, all the different bands

that contribute to the current at all energies. The density of states, which is nothing more than

the total number of channels (bands) per unit energy is calculated in the usual fashion [19].

Considering periodic boundary conditions, the number of filled states in k space per unit length

is given by 2.18

kx =

(
2π

Lx

)
ni,x. (2.45)

The density of states is the derivative of the number of filled states with respect to the energy

Di(Ei) =
dni,x
dEi

=
Lx

2π

dki,x
dEi

(2.46)

Assuming a parabollic type of dispersion relation (Eq. (2.31)) we get

Di(Ei) =
Lx

2π

d

dEi

(√
2mEi

ℏ2

)

=
Lx

2πℏ
√
2m

1

2
E

−1/2
i

=
mLx

2πℏ
√
2mEi

=
Lx

2πℏvi
(2.47)

Therefore, the net current at any point in space in the conductor is given by the net current of

the left incoming electrons minus the right incoming electrons of all possible states i and f

I = 2e

∫ ∞

−∞
dE

[
NL

c∑
i=1

NR
c∑

f=1

Di(Ei)Ii(Ei)Tif (Ei)−
NR

c∑
i=1

NL
c∑

f=1

Di(Ei)Ii(Ei)Tif (Ei)

]

= 2e

∫ ∞

−∞
dE

[
NL

c∑
i=1

NR
c∑

f=1

Lx

2πℏvi
vi
Lx
Tif (Ei)−

NR
c∑

i=1

NL
c∑

f=1

Lx

2πℏvi
vi
Lx
Tif (Ei)

]

= 0 (2.48)
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4. Landauer formalism

which is what one would expect to get if the leads would be identical. Nevertheless, we are missing

an important point: we have said that the function of the battery in the system (or the bias), is to

keep pumping electrons into the junction and to keep a different chemical potential in both leads.

We have also said that the electrons populate the energy levels on the leads accordingly to the

Fermi distribution function; thus, to get a non-zero net current through the junction, one needs

to multiply each of the terms in 2.48 by its corresponding distribution function. Renaming the

integrands in 2.48 to (where we use the conservation of the flux property, so that the transmission

coefficient from the left to the right is the same as the one from the right to the left)

T =

NL
c∑

i=1

NR
c∑

f=1

Tif (Ei) =

NR
c∑

i=1

NL
c∑

f=1

Tif (Ei) (2.49)

we can now obtain the famous Landauer formula

I =
e

πℏ

∫ +∞

−∞
dE[fL(E)− fR(E)]T (E) (2.50)

Another important result that one can get from this formalism is the the value of the quantum

conductance. In the limit of zero bias µL − µR → 0 the chemical potentials of both leads differ

by a very small amount that we call ∆E. Taking the limit when the temperature goes to zero,

then the Fermi energy of the full system lays in the middle between the chemical potential on

the left and right leads. Thus we have

µL ≈ Ef +∆E (2.51)

and

µR ≈ Ef −∆E. (2.52)

In this limit, we can then expand the transmission coefficient in Taylor series

T (Ef ±∆E) ≈ T (E)|Ef
± ∂T (E)

∂E

∣∣∣
Ef

∆E +O
(
∆E2

)
(2.53)

neglecting the first and higher order terms in ∆E we get

T (EF ) ≈ T (µL) ≈ T (µR). (2.54)

Applying a similar procedure for the Fermi functions of left/right leads (i.e. Taylor expansions

around the chemical potential of the left/right leads) one gets the following result [9]

I =
2e

h

∫ +∞

−∞
dE

[(
−
∂fL/R(E)

∂E

∣∣∣
µL/R

(∓µL ± µR)

)]
T (Ef ) (2.55)
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2. Electrical current through nanosystems

which one can integrate and get as a final result

I =
2e2

h
T (Ef )V ; when (µL − µR) → 0, T → 0 (2.56)

(in 2.56, T denotes the temperature).

Taking the definition of the conductance as the reciprocal of the electrical resistance of a system,

and substituting the value for the current 2.56 we get

G =
I

V
=

2e2

h
T (Ef ). (2.57)

Finally, if we consider perfected transmission T (Ef ) = 1, we get the now familiar quantum of

conductance

G0 =
2e2

h
(2.58)

which is consistent with our previous result in Eq. (2.24).

5. Green’s function Formalism

Landauer approach to the problem of electronic transport in nanosystems gives us a powerful and

elegant tool to calculate the current of (at least in principle) any ballistic nano-device. One just

have to get the transmission coefficient and properly apply a bias voltage to calculate the value

of the current and conductance at any point of the device (under the assumptions previously

dicussed). The question now then is: How can the transmission coefficient be calculated so that

one can use the Landauer formula for computing the current through a nano-device?

A possible answer to this question is given by another powerful tool not only in the transport

problem, but in many other fields of physics and mathematics: the Green’s functions.

5.1. Lippmann-Schwinger and Dyson equations

Consider the single particle Hamiltonian for a particle embedded on a spatial mean-field type

background potential V (r)

HS = − ℏ2

2m
∇2︸ ︷︷ ︸

Ĥ0

+V (r)︸︷︷︸
V̂

. (2.59)

The time dependent Schrödinger equation for this system is

ĤS |Ψ(t)⟩ =
(
Ĥ0 + V̂

)
|Ψ(t)⟩ = iℏ

∂

∂t
|Ψ(t)⟩ (2.60)
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5. Green’s function Formalism

where Ψ(t) denote a the time dependent wavefunction of the single particle system. The solution

at time t depends on the value of the wavefunction at time t0 < t, and it is usually expressed

with the time evolution operator U(t, t0) and the state at time t0 when the Hamiltonian does

not explicitely depends on time

|Ψ(t)⟩ = U(t, t0) |Ψ(t0)⟩

= e−iĤ(t−t0)/ℏ |Ψ(t0)⟩ (2.61)

On the other hand, equation (2.60) has the form

L̂ψ(t) = f(t). (2.62)

where L̂ is a linear hermitian differential operator, which in our case is

L̂ = iℏ
∂

∂t
− ĤS (2.63)

The solution for this type of inhomogeneous differential equations is given by the Green’s function

Ĝ(t); for Eq. (2.60) we get [20, 21]

(
iℏ
∂

∂t
− ĤS

)
Ĝ±(t, t0) = 1̂δ(t, t0) (2.64)

with boundary conditions

Ĝ+(t, t0) = 0 t < t0, retarded

Ĝ−(t, t0) = 0 t > t0, advanced . (2.65)

A solution to Eq. (2.64) is given by

Ĝ+(t, t0) =

− i
ℏe

−iĤS(t−t0)/ℏ t > t0,

0 t < 0
(2.66)

and for the advanced Green’s function

Ĝ−(t, t0) =

0 t > 0

i
ℏe

−iĤS(t−t0)/ℏ t < t0.
(2.67)
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2. Electrical current through nanosystems

These equations are usually also expressed with the help of the step function

G+(t, t0) = − i

ℏ
θ(t− t0)e

−iĤS(t−t0)/ℏ

G−(t, t0) =
i

ℏ
θ(t0 − t)e−iĤS(t−t0)/ℏ (2.68)

We notice then that the Green’s function resembles the time evolution operator of Eq. (2.61)

and thus, the solution at time t of 2.60 can be written as

|Ψ(t)⟩ = iℏG+(t− t0) |Ψ(t0)⟩ (2.69)

for t > t0, and

|Ψ(t)⟩ = −iℏG−(t− t0) |Ψ(t0)⟩ (2.70)

for t < t0.

Both types of Green’s functions are related via the following equality

[
G+(t, t0)

]†
= G−(t, t0). (2.71)

All the previous considerations can be applied for the free particle Hamiltonian Ĥ0 in 2.60, and

its solutions are the so called non-interacting Green’s functions

(
iℏ
∂

∂t
− Ĥ0

)
Ĝ±

0 (t, t0) = 1̂δ(t, t0). (2.72)

Substituting Eq. (2.72) into Eq. (2.64) lead us to an equation which relates the non interacting

Green’s function and the full interacting one. This are called the Lippmann-Schwinger equations

Ĝ+(t− t0) = Ĝ+
0 (t− t0) +

∫ t

t0

dt′Ĝ+
(
t− t′

)
V̂ Ĝ+

0

(
t′ − t0

)
= Ĝ+

0 (t− t0) +

∫ t

t0

dt′Ĝ+
0

(
t− t′

)
V̂ Ĝ+

(
t′ − t0

)
(2.73)

and for the advanced Green’s function

Ĝ−(t− t0) = Ĝ−
0 (t− t0) +

∫ t

t0

dt′Ĝ−(t− t′
)
V̂ Ĝ−

0

(
t′ − t0

)
= Ĝ−

0 (t− t0) +

∫ t

t0

dt′Ĝ−
0

(
t− t′

)
V̂ Ĝ−(t′ − t0

)
(2.74)

We can also express equations 2.73 and 2.74 in the energy domain using a Fourier transformation
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5. Green’s function Formalism

Ĝ+(E) =

∫ +∞

0
dteiEt/ℏe−ϵt/ℏĜ+(t) (2.75)

Ĝ−(E) =

∫ 0

−∞
dteiEt/ℏe+ϵt/ℏĜ−(t) (2.76)

where the infinitesimal part ϵ has been added to the integrands to assure the convergence of the

integrals. The limit ϵ→ 0 is then taken when the integration has been performed.

Similar relations follow for the free particle Green’s functions Ĝ±
0 . We can replace the value of

Ĝ±(t) in 2.75 and 2.76 to get

Ĝ±(E) =
1̂

E ± iϵ− ĤS

=
1̂

z − ĤS

(2.77)

for the retarded and advanced Green’s functions. z = E ± iϵ has been defined for a shorthand

notation. It can be noticed that Green’s functions have poles at exactly the eigenvalues of

their respective Hamiltonian (ĤS and Ĥ0). The Lippmann-Schwinger equation in the energy

representation can now be expressed in the following way

Ĝ±(E) = Ĝ±
0 (E) + Ĝ±

0 (E)V̂ Ĝ±(E)

= Ĝ±
0 (E) + Ĝ±(E)V̂ Ĝ±

0 (E). (2.78)

In equations 2.73 and 2.74 we can obtain an infinite expansion in powers of V̂ in as follows:

Assume that in a first approximation, we take as an initial guess for the full Green’s function in

2.73 the non-interacting case. Then substituying the new value for G+ back in 2.73 we get

Ĝ+(t− t0) = Ĝ+
0 (t− t0) +

∫ t

t0

dt′Ĝ+
0

(
t− t′

)
V̂ Ĝ+

(
t′ − t0

)
+∫ t

t0

dt′
∫ t′

t0

dt′′Ĝ+
0

(
t− t′

)
V̂ Ĝ+

(
t′ − t′′

)
V̂ Ĝ+

0

(
t′′ − t0

)
. (2.79)

Applying this procedure recursively one gets an infinite expansion of the Green’s function in

powers of the potential V which will account for all the possible scattering events of a particle

travelling from a time t0 to a time t in the prescence of the potential V . If the series converge

we can ‘compress’ all the contributions due to the potential into the so called Self-energy Σ̂+
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2. Electrical current through nanosystems

Ĝ+(t− t0) = Ĝ+
0 (t− t0) +

∫ t

t0

dt′
∫ t′

t0

dt′′Ĝ+
0

(
t− t′

)
Σ̂+
(
t′ − t′′

)
Ĝ+
(
t′′ − t0

)
= Ĝ+

0 (t− t0) +

∫ t

t0

dt′
∫ t′

t0

dt′′Ĝ+
(
t− t′

)
Σ̂+
(
t′ − t′′

)
Ĝ+

0

(
t′′ − t0

)
. (2.80)

This equation is known as the Dyson equation. It provides an elegant connection between a full

interacting Green’s function and a non-interacting one by means of an effective quantity which

embraces all the possible interactions between a particle and an external potential. Naturally it

is defined in an analogous way for the advanced Green’s function. Notice that, equation (2.80)

contains implicitely the full series expansion in the potential term V̂ . In the case of single particle,

mean field approximation, the self energy reduces itself to Σ̂(t′ − t′′) = V̂ δ(t′ − t′′); with this, the

integral over dt′′ in Eq. (2.80) vanishes and we end up with the Lippmann-Schwinger equation

(2.73). Fourier transforming the Dyson equation into the energy domain, we get

Ĝ(E) = Ĝ0(E) + Ĝ(E)Σ̂(E)Ĝ0(E). (2.81)

Let’s just give a couple more of important relations in connection with Green’s functions. The

so-called spectral representation is the projection over a complete set of basis functions for, e.g.,

the Hamiltonian ĤS which we write as

1̂ =
∑
Eiα

|ΨEiα⟩ ⟨ΨEiα|+
∑
α

∫ ∞

0
dE |ΨEα⟩ ⟨ΨEα| ; (2.82)

where α stands for any quantum number of the systems’ Hamiltonian; Eq. (2.82) contains a

discrete part (if any) and a continuous part (if any) of the spectrum.

With this basis we can project equation 2.77

Ĝ(z) =
∑
Eiα

|ΨEiα⟩ ⟨ΨEiα|
z − Ei

+
∑
α

∫ +∞

0
dE

|ΨEα⟩ ⟨ΨEα|
z − E

, (2.83)

this is called the spectral representation of the Green’s function.

The spectral function is defined as

A(E) = i
[
Ĝ+(E)− Ĝ−(E)

]
(2.84)

in which we can use relation 2.71 to write the spectral function in terms of one type of Green’s

function
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5. Green’s function Formalism

Â(E) = i
[
Ĝ+(E)− Ĝ+†(E)

]
= i

(
1

E + iϵ− Ĥ
− 1

E − iϵ− Ĥ

)
= i
∑
Eiα

|ΨEiα⟩ ⟨ΨEiα|
(

1

E + iϵ− Ei
− 1

E − iϵ− Ei

)
=
∑
Eiα

|ΨEiα⟩ ⟨ΨEiα|
(

2ϵ

(E + iϵ− Ei)(E − iϵ− Ei)

)
= 2

∑
Eiα

|ΨEiα⟩ ⟨ΨEiα|
(

ϵ

(E − Ei)
2 + ϵ2

)
= 2π

∑
Eiα

δ(E − Ei) |ΨEiα⟩ ⟨ΨEiα| (2.85)

where we have used equation 2.83 in the third line and the definition of the delta function

δ(x) =
1

π

ϵ

x2 + ϵ2
in the last line [22]. Equation 2.85 basically counts all the eigenvalues of an

arbitrary Hamiltonian Ĥ and thus, the spectral function is closely related to the density of states

D̂(E) = i lim
ϵ→0

Ĝ+(E)− Ĝ−(E)

2π
(2.86)

=
1

2π
Â(E) (2.87)

This density of states operator can be evaluated in any given basis like in the position represen-

tation; in that case we get

〈
r
∣∣∣D̂(E)

∣∣∣r〉 = i lim
ϵ→0

G+(r, r, E)−G−(r, r, E))

2π
(2.88)

= − 1

π
Im
[
G+(r, r, E)

]
(2.89)

which defines the local density of states.
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2. Electrical current through nanosystems

6. Matrix formulation of the Green’s function

In general, a Hamiltonian Ĥ can be brought to its matrix form considering a set of complete

orthogonal basis
∑
i

|i⟩ in the Hilbert space of Ĥ

H =
∑
ij

|i⟩ Ĥ ⟨j| . (2.90)

Bold letters now denote matrices. In this scope, the matrix equation of the Green’s function is

[21]

[(E ± iϵ)I−H]G± = I (2.91)

G± = [(E ± iϵ)I−H]−1, (2.92)

where I is the identity matrix.

All the properties we have already discussed in Section (5.1) are valid also for the matrix formu-

lation. Our goal now is to obtain an expression for the transmission coefficient T (E) that can

be used in computation of real systems to calculate the current and conductance by means of

the Landauer formula.

Our system consist of two electrodes and a junction that could be, for example a molecule. The

full Hamiltonian matrix can be then divided into three main parts:

- Left, right and central region Hamiltonians that we will write as: HL, HR and HC .

We also consider that the leads are infinite and tight-binding type. There are two different types

of interaction terms in this treatment: the interaction between central and left/right leads and

the interactions between left and right electrodes. The coupling between the central region and

the leads is denoted by ViC where i = L/R. For the second type of interaction, namely the

potential between right and left leads, we assume that effects like screening can be neglected and

therefore there is no direct coupling between them.

The complete Hamiltonian matrix defining our system looks like

H =


HL VLC 0

V†
LC HC V†

RC

0 VRC HR

, (2.93)

which substituted into Eq. (2.91) give us the following matrix equation
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6. Matrix formulation of the Green’s function


(E ± iϵ)I−HL −VLC 0

−V†
LC (E ± iϵ)I−HC −V†

RC

0 −VRC (E ± iϵ)I−HR



G±

L G±
LC G±

LR

G±
LC G±

C G±
RC

G±
RL G±

RC G±
R

 =


1 0 0

0 1 0

0 0 1

.
(2.94)

Note that the Green’s function now is written in terms of each individual Green’s function of

the electrodes, central region and interactions between them. We realize that by performing the

matrix multiplication in Eq. (2.93), one would get different sets of equations for the left lead

system, the right lead system and the central part with the coupling to the leads. Since we are

interested in obtaining the Green’s function of the junction, we can just take the products of the

Hamiltonian matrix with the central terms in Eq. (2.93) (we also use a shortlike notation for

the term: (E ± iϵ)I = E)

(E−HL)G
±
LC −VLCG

±
C

−V†
LCG

±
LC +(E−HC)G

±
C −V†

RCG
±
RC

−VRCG
±
C +(E−HR)G

±
RC

= 0

= 1

= 0

(2.95)

From the first and third equations we get

(E−HL)G
±
LC = VLCG

±
C → G±

LC = (E−HL)
−1VLCG

±
C (2.96)

(E−HR)G
±
RC = VRCG

±
C → G±

RC = (E−HR)
−1VRCG

±
C (2.97)

Next step is to substitute equations (2.96) and (2.97) into the second line of equation (2.95) to

get

−V†
LC(E−HL)

−1VLC︸ ︷︷ ︸
Σ±

L

G±
C + (E−HC)G

±
C −V†

RC(E−HR)
−1VRC︸ ︷︷ ︸

Σ±
R

G±
C = 1 (2.98)

(
E−HC −Σ±

L −Σ±
R

)−1
= Gu±C . (2.99)

Notice that in Eq. (2.97) we have obtained the matrix form of the self-energy dicussed in the

previous chapter Σ±
i , for the left and right leads, but in here, it is clear what they describe:

they contain the influence of the leads on the central Green’s function. In other words, the

self-energies ‘correct’ the spectra of the bare central Green’s function.
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2. Electrical current through nanosystems

We can further define another useful quantity called level-width function or also Broadening

matrix

ΓL/R(E) = i
(
Σ+

L/R(E)−Σ−
L/R(E)

)
= −2Im

(
Σ+

L/R(E)
)
. (2.100)

Using the definition of the self-energy in terms of the coupling matrices (Eq. (2.98)) and the

spectral function (Eq. (2.86)) one gets (we omit the label of the leads clarity in the calculation)

Γ(E) = i
(
Σ+(E)−Σ−(E)

)
= i

(
V†G+(E)V −

(
V†G+(E)V

)†)
= i
(
V†G+(E)V −V†G−(E)V

)
= V† i

[
G+(E)−G−(E)

]︸ ︷︷ ︸
A

V

= V†A(E)V (2.101)

What we have achieved so far, is to give an explicit matrix expression for the full Green’s function

of the central part coupled to the leads. Nevertheless, there is still missing an expression for the

transmission coefficient appearing in Eq. (2.50).

Let us have a look to the Schrödinger equation


HL VLC 0

V†
LC HC V†

RC

0 VRC HR



ΨL

ΨC

ΨR

 = E


ΨL

ΨC

ΨR

 (2.102)

for the left and right leads and the central part. Similarly to the scattering theory approach

used on the derivation of the Landauer formula, we state that the solution of the left lead has

to have the form of ΨL = Ψ0
L +Ψ1

L, where Ψ0
L is an eigenstate of the Hamiltonian H0

L (or the

state of an electron originating in the left lead) and Ψ1
L is the state of the reflected wave. ΨR is

the transmitted wave into the right lead. The solution to 2.102 is given by

ΨL =
(
1 +G+

0LVLCG
+
CV

†
LC

)
Ψ0

L (2.103)

ΨR = G+
0RVRCG

+
CV

†
LCΨ

0
L (2.104)

ΨC = G+
CV

†
LCΨ

0
L (2.105)

with their correspondent adjoint terms written as
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6. Matrix formulation of the Green’s function

Ψ†
L = Ψ0

L

(
1 +VLCG

+†
C V†

LCG
+†
0L

)
(2.106)

Ψ†
R = Ψ0†

L VLCG
+†
C V†

RCG
+†
0R (2.107)

Ψ†
C = Ψ0†

L VLCG
+†
C (2.108)

The electric current (at one energy) is given by the relation [21, 23]

ij=L/R =
ie

ℏ

(
Ψ†

jVjCΨC −Ψ†
CH

†
jCΨj

)
(2.109)

where j stands for the leads. For instance, if we want to calculate the current on the device

from an incoming electron with energy E originating on the right lead we substitute (2.104) and

(2.105) (as well as their complex conjugated forms) into Eq. (2.109) to get

iR =
ie

ℏ

(
Ψ†

RVRCΨC −Ψ†
CH

†
RCΨR

)

=
ie

ℏ

Ψ0†
L VLCG

+†
C V†

RCG
+†
0RVRC︸ ︷︷ ︸

Σ−
R

G+
CV

†
LCΨ

0
L −Ψ0†

L VLCG
+†
C V†

RCG
+
0RVRC︸ ︷︷ ︸

Σ+
R

G+
CV

†
LCΨ

0
L


=
ie

ℏ

(
Ψ0†

L VLCG
+†
C Σ−

RG
+
CV

†
LCΨ

0
L −Ψ0†

L VLCG
+†
C Σ+

RG
+
CV

†
LCΨ

0
L

)
=
ie

ℏ

Ψ0†
L VLCG

+†
C

(
Σ−

R −Σ+
R

)︸ ︷︷ ︸
iΓR

G+
CV

†
LCΨ

0
L


= − e

ℏ

(
Ψ0†

L VLCG
+†
C ΓRG

+
CV

†
LCΨ

0
L

)
(2.110)

where we have used the hermiticity of the Hamiltonian in 2.92 which gives a condition on the

coupling matrices

VLC = V†
LC and VRC = V†

RC (2.111)

and also the non-hermiticity of the self-energies which is expressed as

(
Σ+

j=L/R

)†
= Σ−

j=L/R. (2.112)

For the current from the left lead we have a similar relationship as in 2.110

iL =
e

ℏ

(
Ψ0†

L VLCG
+†
C ΓLG

+
CV

†
LCΨ

0
L

)
. (2.113)

27



2. Electrical current through nanosystems

The total current is the result of adding up the currents of all possible eigenstates with energies

(channels) n

IR = − e
ℏ
∑
n

δ(E − En)
(
Ψ0†

L,nVLCG
+†
C ΓRG

+
CV

†
LCΨ

0
L,n

)
= − e

ℏ
∑
n,m

δ(E − En)
(
Ψ0†

L,nVLCΨmΨ†
mG+†

C ΓRG
+
CV

†
LCΨ

0
L,n

)
= − e

ℏ
∑
n,m

δ(E − En)
(
Ψ†

mG+†
C ΓRG

+
CV

†
LCΨ

0
L,nΨ

0†
L,nVLCΨm

)

= − e
ℏ
∑
m

Ψ†
mG+†

C ΓRG
+
CV

†
LC

[∑
n

δ(E − En)Ψ
0
L,nΨ

0†
L,n

]
︸ ︷︷ ︸

A/2π

VLCΨm


= − e

2πℏ
∑
m

Ψ†
mG+†

C ΓRG
+
C V†

LCAVLC︸ ︷︷ ︸
ΓL

Ψm


= − e

2πℏ
∑
m

(
Ψ†

mG+†
C ΓRG

+
CΓLΨm

)
. (2.114)

We realize that the sum over the diagonal terms of the matrix multiplication in equation 2.114

is nothing more than the trace. If we then consider that the right lead is populated accordingly

to the Fermi distribution function with chemical potential µR, we simply multiply the current

IR times f(E,µR) to get

IR = − e

2πℏ
f(E,µR)Tr

(
G−

CΓRG
+
CΓL

)
. (2.115)

The total current through the system can be found by substracting the current of the right

lead to the one of the left lead. Since both currents fullfil the same matrix equation, the only

difference will be on the Fermi functions; hence we write

I =
e

πℏ

∫ ∞

−∞
dE(f(E,µL)− f(E,µR))Tr

(
ΓLG

−
CΓRG

+
C

)
, (2.116)

where we have used the invariance of the trace under cyclic permutations. We can immediately

relate Eq. (2.116) to the Landauer equation 2.50 if we identify the transmission function as

T (E) = Tr
(
ΓLG

−
CΓRG

+
C

)
. (2.117)

which is very useful in practice as we shall see later on this work.
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3. Density Functional Theory

Density functional theory (DFT), has proven to be a powerful tool to calculate and predict

electronic properties in a wide variety of materials, from small molecules to solids. It will allow

us to obtain the Hamiltonian matrices to be used in the Landauer formalism described in the

previous chapter. Since all the electronic correlations are embedded in the different parts of a

DFT calculation, a complete, yet not by any means exhaustive treatment has to be mentioned

in this work.

One can introduce the formalism of DFT with the following question: In the framework of the

Born-Oppenheimer approximation, how can the electronic ground state energy of an atom or a

molecule can be calculated? A possible answer to the question in terms of the electronic density

was given by Hohenberg and Kohn in 1964 [27] considering a local spin independent potential.

They settle down the so called Hohenberg-Kohn theorem which presents a change of paradigm on

the variable of interest in the Schödinger equation. The full theory, together with the equations

to solve numerically is what we now know as Restricted Kohn-Sham approach (RKS), which has

been extensively studied over the decades. Here we present a concise introduction to the theory,

necessary to understand the basic simulation process of molecules and solids using DFT.

We start this section presenting the core theorem of DFT and its correspondent proof (also one

can check [24, 25, 26] for excellent discussions.)

1. Hohenberg-Kohn Theorem

The Hamiltonian of the system of N identical interacting particles, in our case electrons, embed-

ded in an external field is described in a general form as

Ĥ = T̂ e + Û ee + V̂ ext, (3.1)

where T̂ e is the kinetic energy of the electrons, V̂ ext is the interaction potential between electrons

and the nuclei and Û ee is the electron-electron interaction. We assume the system’s ground state

is described by the many-body wave function Ψ and it is non-degenerate. Consequently, the

many-body Schrödinger equation reads:

Ĥ |Ψ⟩ = EGS |Ψ⟩ . (3.2)
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3. Density Functional Theory

One can then postulate [27] that the external potential Vext is an unique functional of the electron

density ρ(r) 1, i.e., Vext[ρ(r)] and this correspondance is one-to-one. Therefore, since V̂ ext fixes

Ĥ, then the many-body ground state is a functional of the density, i.e., the energy of the system

(and all its constituent parts) are functionals of the electron density:

EGS → E0[ρ(r)] = T [ρ(r)] + Uee[ρ(r)] + Vext[ρ(r)]. (3.3)

To prove this unique correspondence let us assume it exists another potential V ′
ext with a ground

state function Ψ′ that produces the same ground state density:

Vext(r) → Ψ → ρ(r)

V ′
ext(r) → Ψ′ → ρ(r).

(3.4)

If the statements in 3.4 are true, then the energy that Ψ′ defines is the true ground state energy,

and thus we can use the variational principle to express

E′
0 < ⟨Ψ′∣∣Ĥ∣∣Ψ′⟩ = ⟨Ψ′∣∣Ĥ ′∣∣Ψ′⟩+ ⟨Ψ′∣∣Ĥ − Ĥ ′∣∣Ψ′⟩

= E′
0 + ⟨Ψ′∣∣T̂ + Û ee + V̂ ext − T̂ − Û ee − V̂ ′

ext

∣∣Ψ⟩

= E′
0 + ⟨Ψ′∣∣V̂ ext − V̂ ′

ext

∣∣Ψ⟩

(3.5)

The same reasoning can be apply to the unprimed variables and get

E0 < E0 + ⟨Ψ′∣∣V̂ ′
ext − V̂ ext

∣∣Ψ⟩. (3.6)

Adding equations 3.5 and 3.6 give a clear contradiction

E0 + E′
0 < E0 + E′

0, (3.7)

therefore, V (r) is unique functional of the density ρ(r) concluding the first part of the theorem.

Before proceeding with the second part (the proof that the energy minimum corresponds to a

specific density) let us analyse the expression in Eq. (3.3).

We first notice that the magnitude of the kinetic energy and the electron-electron repulsion

will only depend on the number of particles on the system, the type of interaction and its

mathematical form are always the same though; it does not matter if the system is a crystal,

1The electron density then would be: ρ(r) = N
∫
|Ψ|2dr.
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2. Restricted Kohn-Sham Scheme (RKS)

molecule or atom. In this sense, they are usually called universal and can be brought together

in a quantity called Hohenberg-Kohn functional FHK [ρ(r)]:

FHK [ρ(r)] =
〈
Ψ[ρ(r)]

∣∣∣T̂ + Û ee

∣∣∣Ψ[ρ(r)]
〉
= T [ρ(r)] + Uee[ρ(r)]. (3.8)

The quantity in Eq. (3.8) is the core of density functional theory. Trying to get and systematically

improve a functional that reproduce the real ground state electronic density has been proven to

be a work of decades and is continuously under development.

Now we can prove that the energy which results from a certain density is indeed the ground state

energy of a system with fixed number of particles
∫
drρ(r) = N . We start by writing down the

energy functional of a trial function Ψ′ associated to a potential V ′(r) and density ρ(r)

Ev′ [ρ(r)] = ⟨Ψ′[ρ(r)]
∣∣F̂HK

∣∣Ψ′[ρ(r)]⟩+ ⟨Ψ′[ρ(r)]
∣∣V̂ ′∣∣Ψ′[ρ(r)]⟩ (3.9)

Using the Rayleigh-Ritz variational principle we can state that this energy is equal or larger than

the real ground state energy

E0[ρ0(r)] ≤ Ev′ [ρ(r)] (3.10)

being the case of the equality whenever ρ(r) = ρ0(r). But this also means, that one can in

principle minimize the energy Ev′ with respect to the density ρ(r) to obtain the ground state

energy.

δ

δρ(r)

[
Ev′ [ρ(r)]− µ

∫
d3r′ρ

(
r′
)]

= 0 (3.11)

with µ a Lagrange multiplier whose physical meaning will become apparent later on this work. So,

the Hohenberg-Kohn theorem gives a new vision to the wave-function based many-body electronic

problem. Even though it does not give a way to find the unique and universal functional, it sets

the basic formalism that allows the calculation of the ground state energy of a system. The

problems of the basis, functionals and minimization, are topics that will be touch in the next few

sections. For the moment we center our attention to study more in detail the density variable as

well as the equations that actually allow us to compute E0.

2. Restricted Kohn-Sham Scheme (RKS)

We now want to answer the question: how can one actually calculate the density ρ(r) for a

system with some potential V0? Indeed, Hohenberg-Kohn theorem gives proof of the existence

of a one-to-one relationship between densities, potentials and wavefunctions and guarantee that

the energy functional obtained via certain density is the ground state but it does not tell us how
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3. Density Functional Theory

to build the orbitals, or which functional one should use. The Kohn-Sham equations provide

a systematic way of calculating the electron density and find the minimum of the energy for

a system with potential v0. To obtain such equations, let us first consider a non-interacting

electron system, such that the term Uee in equation (3.3) is zero. Thus we get:

Es[ρ(r)] = Ts[ρ(r)]− Vs[ρ(r)]

=
ℏ2

2me

N∑
i=1

〈
φi|∇̂2

i,s|φi

〉
−
∫
d3rρ(r)vs[ρ(r)]

(3.12)

where the sub-index ‘s’ stands for single particle and and vs is the single particle external potential

that corresponds to a specific density ρvs by means of the Hohenberg-Kohn theorem; φi are the

single particle orbitals that satisfy the Schrödinger equation

(
− ℏ2

2me
∇2

i,s + vs

)
φi(r) = ϵiφi(r). (3.13)

It is now important to notice that, in the present case when Uee = 0, the system corresponds to

the many-body noninteracting problem which has as a solution the Slater determinant constituted

from the states (3.13)

ΨN (x1,x2, . . . ,xN ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(r1) φ1(r2) · · · φ1(rN )

φ2(r1) φ2(r2) · · · φ2(rN )

...
...

. . .
...

φN (rN ) φN (r2) · · · φN (rN )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (3.14)

where xj correspond to the mixed variable of particle label i and space coordinates ri. We then

can obtain the ground state electron density of such a system by considering the N lowest single

particle states

ρs(r) =
N∑
i=1

|φi(r)|2 (3.15)

Next, we compare Eqs.(3.9) and (3.12); we realize that for this system, the universal functional

is given by simply the noninteracting electron kinetic energy

FKS [ρ(r)] = Ts[ρ(r)] (3.16)

where we have labelled this special functional as Kohn-Sham (KS) in accordance with the lit-

erature. In this fictitious system the ground state energy (E0s) and density (ρ0s) can be found
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2. Restricted Kohn-Sham Scheme (RKS)

by minimizing the energy with respect to the density (Eq. (3.11)) by the method of the La-

grange multipliers using the constraint that the total number of electrons N =

∫
d3r′ρ

(
r′
)

is

kept constant; then, the Euler-Lagrange equation can be written as:

δEs[ρ(r)]

δρ(r)
− µN =

δTs[ρ(r)]

δρ(r)
− vs[ρ(r)]− µN = 0 (3.17)

Now, coming back to the interacting problem, the real energy functional Ev0 will differ from

the Kohn-Sham even on the kinetic energy term. Nonetheless, one can rewrite the full energy

functional in a tricky way:

Ev0 [ρ(r)] = T [ρ(r)] + Uee[ρ(r)] + V0

= T [ρ(r)] + Ts[ρ(r)]− Ts[ρ(r)] +

∫
drρ(r)v0(r)

+ Uee[ρ(r)] +
1

2

∫
dr

∫
dr′

ρ(r)ρ(r′)

|r− r′|
− 1

2

∫
dr

∫
dr′

ρ(r)ρ(r′)

|r− r′|
. (3.18)

In equation (3.18) we have simply add two zeros to the original energy functional: the first

is a noninteracting kinectic term and the second a Hartree energy term which we label EH .

Furthermore, one can regroup some of the terms in (3.18) into a new variable called the exchange-

correlation energy:

Exc[ρ(r)] = T [ρ(r)]− Ts[ρ(r)] + Uee[ρ(r)]−
1

2

∫
dr

∫
dr′
∫
ρ(r)ρ(r)

|r− r′|
(3.19)

which replacing it into (3.18) we get

Ev0 [ρ(r)] = Ts[ρ(r)] +

∫
drρ(r)v0(r) + EH [ρ(r)] + Exc[ρ(r)]. (3.20)

At first glance it seems that one has basically just rewrite Eq. (3.3) in a more fancy way but by

looking at expression (3.20) we observe that in the whole energy functional for the interacting

system, the only unknown variable is Exc which contains not only the exchange and correlation

effects but also the remaining (and not known) kinetic energy of the real system. Once again,

minimizing the energy with respect to the density we get the Euler-Lagrange equation for the

interacting system

δEv0 [ρ(r)]

δρ(r)
− µN =

δTs[ρ(r)]

δρ(r)
+

δ

δρ(r)

∫
drρ(r)v0(r) +

δEH [ρ(r)]

δρ(r)
+
δExc[ρ(r)]

δρ(r)
− µN = 0

δTs[ρ(r)]

δρ(r)
+ v0(r) +

∫
d3r′

ρ(r′)

|r− r′|
+
δExc[ρ(r)]

δρ(r)
− µN = 0.

(3.21)
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3. Density Functional Theory

Comparing equations (3.17) and (3.21) we see that the functional derivative of the Kohn-Sham

reference system is the same in both cases, thus, we get

vs[ρ(r)] = v0(r) +

∫
d3r′

ρ(r′)

|r− r′|
+ vxc[ρ(r)] (3.22)

where we have defined the exchange-correlation potential as

vxc[ρ(r)] =
δExc[ρ(r)]

δρ(r)
. (3.23)

And now one can see the real gain on re-writing the full interacting Hamiltonian as in (3.20),

because then, the ground state density of the full interacting system can be found by solving the

single particle Schrödinger equation (3.13) for the auxiliary Kohn-Sham potential vs(
− ℏ2

2me
∇2

i,s + v0(r) + vH [ρ(r)] + vxc[ρ(r)]

)
φi(r) = ϵiφi(r). (3.24)

that shows, in a clear way, that the full interacting ground state energy could be calculated

if one would know the form of the XC potential. Unfortunately, this is unknown and many

approximations exist that try to reproduce the experimental data.

3. Unrestricted Kohn-Sham Scheme (UKS)

In the description of molecules and complexes which contain a net spin different from zero and

thus the magnetic properties are important quantities to be computed with a resonable accuracy,

density functional theory provides a good approach. The purpose of this section is to present

an non-exhaustive overview of the non-relativistic theory of the Unrestricted DFT (also called

Unrestricted Kohn-Sham Scheme (UKS)). For a more complete and good review check [28]. UKS

is a natural extension of the concepts in the previous section for spin dependent orbitals; in this

case, the many-body fermionic wave function is a function not only the space coordinates, but

the spin variable σ where σ can be either α or β (or spin up or down, respectively)

ΨN (r1, σ1, r2, σ2, . . . , rN , σN ) → ΨN (x1,x2, . . . ,xN ) (3.25)

where the variable xi = (ri, si) now includes the spin of each particle i.

In this case, the total spin density is therefore a sum of the spin alpha and beta densities

ρ(r) = ρα(r) + ρβ(r) =
∑

σ=α,β

Nσ∑
i=1

|φi,σ(r)|2 (3.26)

where the spin orbitals fulfill the spin polarized non-interacting Schrödinger equation
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3. Unrestricted Kohn-Sham Scheme (UKS)

(
− ℏ2

2m
∇2

i,s + vs,σ(r)

)
φi,σ(r) = ϵi,σφi,σ(r). (3.27)

Since the choice of the auxiliary Kohn-Sham system potential is not by any means unique, one

then can propose a spin dependent Kohn-Sham Hamiltonian which has two different external

potentials vs,α, vs,β and thus we can write the unrestricted-KS Hamiltonian as

Ĥuks
s = T̂ s + V̂ s,α + V̂ s,β =

N∑
i

ℏ2

2me
∇2

i,s +

N∑
i=1

[vs,α(ri)α(si) + vs,β(ri)β(si)]. (3.28)

The functions α(si) and β(si) are defined from the non-relativistic single particle Hamiltonians’

wavefunctions (also called spinors). A spinor is a 2 component wave function for half-spin

particles, and its general form is given by

χ(r, σ) =

1

0

ψα(r) +

0

1

ψβ(r) (3.29)

which can also be written as

χ(r, s) = α(s)ψα(r) + β(s)ψβ(r) (3.30)

using the following definition:

α

(
1

2

)
= 1 α

(
−1

2

)
= 0 (3.31)

β

(
1

2

)
= 0 β

(
−1

2

)
= 1. (3.32)

In order to obtain the one-electron KS-orbitals, it is then now necessary to separate (3.27) into

two equations for each set of orbitals

[
− ℏ2

2me
∇2 + vs,α(r)

]
φi,α(r) = ϵi,αφi,α(r) (3.33)[

− ℏ2

2me
∇2 + vs,β(r)

]
φi,β(r) = ϵi,βφi,β(r) (3.34)

with the basis fulfilling the orthogonality condition

⟨φi,σ|φj,σ⟩ = δijδσ,σ′ . (3.35)
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3. Density Functional Theory

Another important quantity in the UKS formalism is the spin density which is simply the dif-

ference between the α and β densities

Q(r) =

Nα∑
i=1

|φi,α(r)|2 −
Nβ∑
i=1

|φi,β(r)|2. (3.36)

So far, what we have done is simply separate the single particle Hamiltonian, the orbitals and

therefore the electron density into two parts. It is then natural to make then the total energy of

the reference system 3.12 a functional of the alpha and beta densities

Euks
s [ρα(r), ρβ(r)] = T uks

s [ρα(r), ρβ(r)] +

∫
d3rρα(r)vs,α +

∫
d3rρβ(r)vs,β (3.37)

which can be then minimized with respect to the spin resolved densities and now the constraint is

such that the total number of alpha and beta electrons (Nσ =

∫
d3r′ρσ

(
r′
)
) is conserved. Then

the Euler-Lagrange equations read

δEuks
s [ρα(r), ρβ(r)]

δρα(r)
− µαNα =

δT uks
s [ρα(r), ρβ(r)]

δρα(r)
+ vs,α[ρα(r), ρβ(r)]− µαNα = 0 (3.38)

δEuks
s [ρβ(r), ρβ(r)]

δρβ(r)
− µβNβ =

δT uks
s [ρα(r), ρβ(r)]

δρβ(r)
+ vs,β[ρα(r), ρβ(r)]− µβNβ = 0 (3.39)

and as in the restrcited KS part, the full interacting case can be rewritten in terms of an exchange-

correlation functional but now spin dependent: vσ,xc[ρα(r), ρβ(r)], and thus, the minimization of

the total energy reads

δT uks
s [ρα(r), ρβ(r)]

δρα(r)
+ v0(r) + vH [ρ(r)] + vα,xc[ρα(r), ρβ(r)]− µαNα = 0 (3.40)

δT uks
s [ρα(r), ρβ(r)]

δρβ(r)
+ v0(r) + vH [ρ(r)] + vβ,xc[ρα(r), ρβ(r)]− µβNβ = 0. (3.41)

Comparing Eqs.(3.38, 3.40) and Eqs.(3.39, 3.41) the Kohn-Sham effective potentials read:

vs,α[ρα, ρβ] = v0(r) + vH [ρ(r)] + vα,xc[ρα(r), ρβ(r)] (3.42)

vs,β[ρα, ρβ] = v0(r) + vH [ρ(r)] + vβ,xc[ρα(r), ρβ(r)] (3.43)

where the spin resolved exchange-correlation potentials are defined as
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4. Constrained Density Functional Theory (CDFT)

vα,xc[ρα(r), ρβ(r)] =
δEuks

xc [ρα(r), ρβ(r)]

δρα(r)
(3.44)

vβ,xc[ρα(r), ρβ(r)] =
δEuks

xc [ρα(r), ρβ(r)]

δρβ(r)
. (3.45)

All these results can then be used to set the single particle spin resolved Kohn-Sham equations

[
− ℏ2

2me
∇2

i,s + v0(r) + vH [ρ(r)] + vα,xc[ρα(r), ρβ(r)]

]
φα,i(r) = ϵα,iφα,i(r) (3.46)[

− ℏ2

2me
∇2

i,s + v0(r) + vH [ρ(r)] + vβ,xc[ρα(r), ρβ(r)]

]
φβ,i(r) = ϵβ,iφβ,i(r). (3.47)

Equations (3.47) and (3.46) define then a full set of spin dependent orbitals and eigenvalues

(and thus, Kohn-Sham matrices) which will describe, at least in principle, the full interacting

electronic system embedded in an external potential v0(r).

4. Constrained Density Functional Theory (CDFT)

The restricted and unrestricted Kohn-Sham schemes, represent the standard procedures to cal-

culate electronic and spin properties of a wide variety of compounds. For systems with a low

number of electrons, the results can be even quantitatively accurate; nevertheless, this is not

the case, for instance, of highly correlated molecules which often present a challenge even in

the self-consistent procedure. Many of the mathematical tools and reasoning from the previous

sections can also be applied to constrained DFT; this is no coincidence since one can actually

regard CDFT as a particular case of the more general DFT formalism. The method [29] consist

on constraining the electronic state of a system by the means of Lagrange multipliers λc where

we have used the label c to distinguish it from the usual Lagrange multiplier from DFT discussed

on the previous sections. Consider a N -particle system within a volume V, and suppose we know

the DFT energy functional E[ρ(r)]. The aim of CDFT is then to obtain the system’s electronic

state with lowest energy whenever it is subject to a electron density constraint. Depending on

how the constraint on ρ(r) is performed, one can talk about a charge or a magnetization type of

constraint.

The general structure of a spin dependent constraint term is expressed mathematically as

∑
σ

∫
V
drwσ

c (r)ρσ(r)−N = 0 (3.48)

with the usual spin label σ (α or β) and wσ a weight function which explicitly defines the type

and form of a constraint [30]; the integration is performed over an specific volume V which
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3. Density Functional Theory

contains a fixed number of electrons N. For example, if one would like to constrain the number

of particles only, then wα
c (r) = wβ

c (r) = wc(r) and equation (3.48) would turn into

∫
drwc(r)(ρα(r) + ρβ(r))−N = 0. (3.49)

In the case when a magnetization is desired (m(r) = ρα(r) − ρβ(r)), the weight functions are

wα
c (r) = −wβ

c (r) defining a net electron density difference resulting on a net magnetization

∫
dr
(
wα
c ρα(r)− wβ

c ρβ(r)
)
−M = 0. (3.50)

with M =

∫
d3r(ρα(r)− ρβ(r)).

Using the general form of the constraint (3.48), the Kohn-Sham energy functional has now an

extra term

Ec[ρ(r), λc] = E[ρ(r)] + λc

(∑
σ

∫
drwσ

c ρσ(r)−N

)
(3.51)

where the index c denotes CDFT variables. Thus, using equations (3.46) and (3.47) one can

write the Constrained Kohn-Sham equations

[
− ℏ2

2me
∇2

i,s + v0(r) + vH [ρ(r)] + vα,xc[ρα(r), ρβ(r)] + λcw
α
c (r)

]
φα,i(r) = ϵα,iφα,i(r) (3.52)[

− ℏ2

2me
∇2

i,s + v0(r) + vH [ρ(r)] + vβ,xc[ρα(r), ρβ(r)] + λcw
β
c (r)

]
φβ,i(r) = ϵβ,iφβ,i(r). (3.53)

which are nothing more than the regular UKS equations with an extra potential term wσ
c (r).
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4. Results

In this chapter we present all the results obtained for the different systems considered through

this work: ab-initio calculations of molecular magnets in gas as well as in crystall phase, stand-

alone carbon nanotubes and finally the composed system. We first start by introducing our

implementation of a carbon nanotube based FET. We present the concept of the gate voltage

and how this affects the single particle Hamiltonian. We also explain how the source-drain

voltage is applied in our transport simulations. We conclude this section by deriving the explicit

mathematical expression which we used for the practical computation of the current through such

a system. In building the system section, we first present some of the experimental realizations

of the objects being studied in this work. This will serve as a guide for the next sections in

which we describe how and why we used our approach and why the code was built in such

a way. The method section links the three first chapters of this thesis (the theory) with the

practical implementation of the relevant equations. The section basis set dependence presents a

very important concept in quantum chemistry software, the atomic basis sets, and how it affects

the results in our methodology. The next sections are dedicated to the study of the simulations

on real systems. We present results for (C)DFT calculations of SMMs in different magnetic

states as well as in different spatial configurations (gas phase and crystal). Afterwards, DFT +

NEGF calculations on bare CNTs are shown and how their spectra changes with the choise of

the basis set. Finally, the full system consisting of carbon nanotubes decorated with one and two

single molecule magnets is investigates through Landauer formalism. The spin-valve mechanism

is explained using the real system but also with an empirical model based on a tight-binding

Hamiltonian. A comparison between both type of systems is done in the framework of NEGF

formalism.

1. Molecular electronics

1.1. Field Effect Transistors (FET)

A field effect transistor (FET) is the physical realization of what we have discussed in previous

sections. A FET consists on a source, drain and gate electodes sandwiching a central region

called channel. The central region corresponds to the nanosystem which we want to study. A

schematic representation of such a device is depicted in figure 4.1. In general, the source and

the drain electrodes control the current through the system and in equilibrium, they define a
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electrochemical (which from now on we will simply call it chemical potential) potential of the

whole system: µ; the gate electrode controls the electron density of the channel.

Figure 4.1.: General geometry of a field effect transistor. It consist of three terminal electrodes: source,
drain and gate. The channel is the nanosystem which is to be examined. Between the gate and the
channel there is an insulating layer which has to be thick enough to no let any current leaking to the
gate, but thin enough so that the gate electrode efficiently modifies the electron density on the channel.

There exist two types of FET:

1. n-type: a positive voltage Vg > 0 is applied to the gate electrode. As a result, the elec-

trons feel attracted to the potential causing their energy to raise (in absolute value) which

means that the energy levels in the channel get lowered. This voltage doesn’t affect the

band structure on the source and drain electrodes and, therefore, the chemical potential µ

remains unaffected. The energy levels in the gate, move with respect to µ, letting µ be in

the empty band. Mathematically this can be regarded as:

Hs = ϵs + U − Vg. (4.1)

In 4.1, Hs is the Hamiltonian of the single particle of the channel, ϵs are the energies, U

an external potential interaction and Vg is the gate voltage applied to it.

a) The channel then becomes more conductive.

b) The threshold gate voltage Vt is the voltage needed to turn the transistor ON. It is

determined by the difference between the equilibrium chemical potential µ and the

lowest available empty state.
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1. Molecular electronics

2. p-type: A negative gate voltage is applied Vg < 0. The chemical potential is driven inside

of the filled band and the current raises due to the availability of states.

Notice that what makes a FET to become more conductive is the availability of states

close to the chemical potential E = µ, it doesn’t matter if they are empty or filled.

Imagine now that a potential is applied between the source and drain terminals Vsd. The effect

of this potential is to raise (lower) the energy levels of the source and drain electrodes. The

difference of the source and drain chemical potentials is the total bias applied to the system

|µs − µd| = q|Vsd| (4.2)

The probability that an electronic state with energy E at temperature T is occupied by an

electron is given by the Fermi statistics

fs(E) =
1

1 + e
(E−µs)
kBT

(4.3)

fd(E) =
1

1 + e
(E−µd)
kBT

. (4.4)

1.2. Practical computation of the current

As we already stated, in equilibrium, the chemical potentials of the source and drain electrodes

are the same and correspond to the chemical potential of the whole system:

µs = µd = µ (4.5)

If one applies a symmetric bias voltage, then the change on the chemical potentials will be also

symmetrical

µs = µ+
eVsd
2

µd = µ− eVsd
2

Therefore, the Fermi distribution functions for each of the electrodes (Eq. (4.3) and Eq. (4.4))

are:
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fs(E, Vsd) =
1

1 + e

(
E−

(
µ+

eVsd
2

))
kBT

(4.6)

fd(E, Vsd) =
1

1 + e

(
E−

(
µ− eVsd

2

))
kBT

. (4.7)

Landauer formula (Eq. (2.50)) then depends not only on the energy, but also of the source-drain

voltage:

I(Vsd) =
e

πℏ

∫ ∞

−∞
dE T (E)

[
fs(E, Vsd)− fd(E, Vsd)

]
(4.8)

Since the conductance is the change of the current with respect to the applied bias (Vsd), we

take the derivative of 4.8 to obtain G(Vsd)1:

G(Vsd) =
dI(E, Vsd)

dVsd

∣∣∣∣
Vg

=
q

πℏ

∫ ∞

−∞
dE T (E)

[
dfs(E,µs)

dVsd
− dfd(E,µd)

dVsd

]

=
q

πℏ

∫ ∞

−∞
dE T (E)

[
d

dVsd

(
1

1 + e(E−(µS+qVsd/2))/kBT

)

− d

dVsd

(
1

1 + e(E−(µd−qVsd/2))/kBT

)]

=
q

πℏ

∫ ∞

−∞
dE T (E)

[
d

dVsd

(
1 + e(E−(µs+qVsd/2))/kBT

)−1

− d

dVsd

(
1 + e(E−(µd−qVsd/2))/kBT

)−1
]

=
q

πℏ

∫ ∞

−∞
dE T (E)

[
(−1)

(
1 + e(E−(µs+qVsd/2))/kBT

)−2 1

2kBT
(−q)e(E−(µs+eVsd/2))/kBT

− (−1)
(
1 + e(E−(µd−qVsd/2))/kBT

)−2 q

2kBT

(
eE−(µd−qVsd/2)/kBT

)]

=
q2

2πℏkBT

∫ ∞

−∞
dET (E)

[
e(E−(µs+qVsd/2))/kBT(

1 + e(E−(µs+qVsd/2))/kBT
)2 +

e(E−(µd−qVsd/2))/kBT(
1 + e(E−(µd−qVsd/2))/kBT

)2
]

G(Vsd) =
1

2kBT
G0

∫ ∞

−∞
dET (E)

[
e(E−(µs+eVsd/2))/kBT(

1 + e(E−(µs+eVsd/2))/kBT
)2 +

e(E−(µd−eVsd/2))/kBT(
1 + e(E−(µd−eVsd/2))/kBT

)2
]

(4.9)

1In the derivation we made the temporary change of variable e → q to denote the fundamental charge symbol
to avoid confusion with the exponential function e.
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1.3. Discussion of equation 4.9

One thing to notice about equation 4.9 when implementing it into a computer code is that its

analytical form is computationally not the easiest to work with; more precisely, in the limit

when T → 0, which is indeed the limit fixed (in our case) by the experimental realization, the

integration of such functions are computationally not treactable (due to the machine precision

and integration convergence). One walk-around to this problem is to express Eq. (4.9) in terms

of a different function that shows better integration convergence for small argument values.

Starting from equation 4.9 and changing the argument to

[E − (µi ± eVi/2)]/kBT = α± (4.10)

one can use the following relation

eα±

[1 + eα± ]
=

1

2
· 1

1 + cosh(α±)
(4.11)

and thus, we rewrite the expression in 4.9 as (using the original variables):

G(Vsd) =
1

2kBT

1

2
G0

∫ ∞

−∞
dET (E)

[
1

1 + cosh([E − (µs + Vsd/2)]/kBT )
+

1

1 + cosh([E − (µd − Vsd/2)]/kBT )

]
(4.12)

which has singularities only at [E −
(
µs/d ± Vsd/2

)
]/kBT = 0.

2. Building the system

Carbon nanotube field effect transistors (CNTFETs) were first synthetized by Sander, Alwin

and Cees [31]. It consisted on a three terminal device with a source and drain metallic contacts

(platinum) and a back-gate made of silicon. The metallic electrodes were connected through a

single-walled carbon nanotube (SWCNT or simply CNT); it was shown the dependence of the

I-Vbias on the gate voltage in the ohmic and non-linear regimes. The length of such devices range

from 100 nm [32] to 50000 nm [33]. Since CNTs are the building block of the main system under

study in the present work, an introduction to the geometry and properties of CNTs has to be

provided.

Carbon nanotubes can be regarded as graphene sheets which are rolled up to form a cylinder

[14]; this cylinder can be fully characterized by the so called chiral vector Ch which is a vector
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connecting the centers of two hexagons in a graphene sheet; thus, Ch can be expressed in terms

of the graphene latice basis vectors a1 =

(√
3

2
,
1

2

)
a and a2 =

(√
3

2
,−1

2

)
a:

Ch = na1 +ma2 (4.13)

with (n,m) ∈ Z. All the electronic and geometrical properties can be determined by the chiral

vector, or in other words by the values of n and m. The diameter of the tube is given by

d =
∥Ch∥
π

=
a

π

√
n2 + nm+m2 (4.14)

with a =
√
3acc being the honeycomb lattice constant and acc = 1.42 Å the carbon-carbon bond

length. Based on the values for n and m, CNTs are classified as follows:

1. n ̸= 0 and m = 0: the CNT is called zig-zag,

2. n = m: are armchair nanotubes,

3. n ̸= m ̸= 0 are refered as chiral tubes.

The original experimental set-up of the supramolecular spin-valve device used SWCNTs with a

diameter of d ∼ 1.2 nm (12 Å) and a contact spacing of ∼ 300 nm (3×103 Å) [34]. Even thought

determining experimentally the chirality of the tube is a major challenge, and for our system is

experimentally unknown, there is evidence that the tubes exhibit a small band-gap at the Fermi

energy; in this sense, the CNTs on the experimental realization are semi-metallic.

3. Method

In this section we present our workflow of the (C)DFT+NEGF method so that the next sections

are easier for the reader to understand. The first step in the calculations consist in DFT geometry

optimizations and single point simulations. The code of choice was the CP2K package [35] due

to its excellent parallelization across cores and nodes which allow us to simulate relatively large

systems but also periodic systems as in the case of graphene or carbon nanotubes.

The geometry optimization using DFT has to be performed for all molecules. This ensures a

close-to-ground-state geometry which gives more reliable SCF convergence (and almost always

faster too) in the next step. Single point calculations are then computed on an UKS level which

give, to name just a few of the quantities, the electronic population, electron and spin densties,

molecular orbitals, and most importantly in our case: the DFT matrices which compend the

overlap matrix (S), the spin polarized Kohn-Sham matrices (Hα
KS , Hβ

KS) and finally one can

also print the spin polarized density matrices (Pα, Pβ). Depending on the system under study,

one then can perform one of two extra steps which improve the quality of the results specially
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for magnetic systems: the CDFT calculations and wavefunction mixing method. Both of these

approaches require a well converged DFT wavefunction for a fast and reliable convergence.

Once the all the relevant matrices have been computed one way or another, they are separated

into data belonging to the different regions of the FET; in terms of the previous chapters, one

would have the left/right electrodes’ matrices and the central region matrix (of course also the

coupling matrices). Special attention has to be put here on the basis of the Hamiltonian. Since

the basis sets in which the calculations are perfomed are non-orthogonal, the identity matrix

now becomes

I → S (4.15)

thus, all diagonal matrices have to be multiplied with their correspondent overlap matrices. The

surface Green’s functions, which are nothing more that the GF of semi-infinite leads, for the left

and right electrodes are first calculated using the decimation technique of Sancho et al. [36].

Related quantities as the self energies and broadening matrices are also calculated in this step

using Eqs. 2.98 and 2.100. All these matrices are then used to obtain the central region Green’s

function which provides information about the DOS and transmission.

In the case of the current and differential conductance, one then has to calculate the transmission

coefficient for different gate voltages. Knowing the single particle Hamiltonian, which in our case

are the Kohn-Sham matrices, the gate voltage is then applied following the equation 4.1 (note

that the external potential U is already taken into account by the DFT formalism) and thus we

have

Hσ
C,KS → Hσ

C,KS − SCVg. (4.16)

The surface Green’s functions of the leads are left unchanged as we assumed the gate voltage

potential only affects the central region. Once all the relevant terms are calculated, one can use

equations 4.8 and 4.12 to obtain the current and differential conductance respectively.

It is worth mention that the calculations of the NEGF part, was performed entirely with an

in-house implementation of the theory.

4. Basis set dependence

Modelling correctly the atomic wave function (AO) is a big challenge due to the increasing

number of electrons and orbitals as the atoms get filled with orbital shells. The task gets even

more complicated when not only isolated atoms are to be described but rather molecules. An

accurate but also a computationally achievable wavefunction is one of the ultimate goals in
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quantum chemistry software development. In the following section we present a detailed study

of the basis sets and their influence on our systems which will serve as a building block for more

complicated complexes.

4.1. Basis sets

Let us consider an 1s orbital to explain the concept of a basis set in quantum chemistry softwares.

Two types of basis functions have proved to work correctly in many cases:

- The Slater type function: ϕSF1s (ζ, r−RA) =
(
ζ3/π

)1/2
e−ζ|r−RA|

- The Gaussian type function: ϕGF
1s (α, r−RA) = (2α/π)3/4e−α|r−RA|2 where α is the Gaus-

sian orbital exponent.

The orbital exponents (positive numbers), determine the diffuseness or size of the basis functions;

a large exponent implies a small dense function meanwhile a small exponent implies a large diffuse

function.

The major differences between the the two types of sets is given at r = 0 and r → ∞; at r = 0,

the Slater function has a finite slope while the Gaussian function has a zero slope

[
d

dr

(
e−ζr

)]
r=0

̸= 0[
d

dr

(
e−αr2

)]
r=0

= 0.

For large values of r, the Gaussian basis functions also decay more rapidly than the Slater type

of orbitals.

An example of how the different parameters affect the basis sets is depicted in figure 4.2.

It can be shown that the molecular orbitals at large distances decay as ϕi ∼ e−air, which is better

described by the Slater’s type of functions. Nevertheless, Gaussian functions are more widely

used, the reason being that in a SCF calculation, one must calculate of the order of K4/8 two

electron integrals which have the form:

⟨µAνB|λCσD⟩ =
∫
dr1dr2ϕ

A∗
µ (r1)ϕ

B∗
ν (r1)r

−1
12 ϕ

C∗
λ (r2)ϕ

D∗
λ (r2) (4.17)

where ϕXµ is a basis function on nucleus X, i.e., centered at RX with X = A/B ; therefore, the

integral involves a product of four-center functions that is very difficult with a Slater-type basis.

Gaussian functions on the other hand, can be convoluted which means that the sum and product

46



4. Basis set dependence

Figure 4.2.: Comparison between Slater and Gaussian basis sets. Both functions are centered around
RA = 0. The negative values of r are just for illustration purposes, they have no physical meaning.

of two Gaussian functions is again a Gaussian [37]; this analytical property allows a faster and

cheaper computational treatment of atomic functions.

A well known problem with Gaussian-type orbitals (GTOs) is that they have functional behaviour

different from that of molecular orbitals. To solve this problem one usually defines a basis as

linear combinations of primitive Gaussian functions ϕGF
p . These linear combinations are called

contractions and thus the basis functions used on several quantum packages are called contracted

Gaussian functions (CGF),

ϕCGF
µ (r−RA) =

L∑
p=1

dpµϕ
GTO
p (αpµ, r−RA) (4.18)

where L is the length of the contraction and dpµ is the contraction coefficient. Since the Gaussian

type of orbitals differ from the real Slater type, one usually uses more than one CGF to describe

an orbital of an atom. The number of basis functions used to describe an AO give the quality

of a basis set; in this sense, if an AO consist of one GTO then the basis set is said to have a

single-zeta quality. With two GTO’s per AO we then have a double-zeta basis set and so on.

4.2. Long vs short range MOLOPT-basis sets

From basic quantum mechanics we know that an atomic wave function with principal, angular

and magnetic quantum numbers i, li and mi respectively, has the form:
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ϕi(r) = Ri(r) · Yli,mi
(θ, ϕ) (4.19)

where Ri(r) denotes the radial part and Ylm(θ, ϕ) are spherical harmonics for the angular part.

The radial part is the function that can be described as a sum of CGFs of the form

Ri(r) = rli
N∑
j=1

cij · e(−αj ·r2). (4.20)

Let us consider two types of CGFs as defined on the quantum software CP2K, they are called

short ranged and long ranged basis sets; the term short/long refers to the diffuseness of the

CGF’s; a larger number of CGFs used for the AO’s in Eq. (4.18) produces a longe range basis

(thus more diffuse) while a smaller number of CGFs produces a short range basis (less diffuse).

We take as an example the hydrogen atom. The following set is defined in the so called Single-

Zeta-Valence (SZV) molecular optimized basis (MOLOPT) or SZV-MOLOPT-GTH for short:

1 H SZV -MOLOPT -GTH SZV -MOLOPT -GTH -q1

2 1

3 2 0 0 7 1

4 11.478000339908 0.024916243200

5 3.700758562763 0.079825490000

6 1.446884268432 0.128862675300

7 0.716814589696 0.379448894600

8 0.247918564176 0.324552432600

9 0.066918004004 0.037148121400

10 0.021708243634 -0.001125195500

And for the short ranged

1 H SZV -MOLOPT -SR-GTH SZV -MOLOPT -SR-GTH -q1

2 1

3 2 0 0 5 1

4 10.068468228533 -0.033917444900

5 2.680222868089 -0.122202212100

6 0.791501539122 -0.443818861200

7 0.239116150487 -0.453182186600

8 0.082193184441 -0.131612861500

The several numbers appearing on the basis sets contain information about the quantum numbers

of the atom as well as the different parameters of the CGFs:

1. The units of the exponents are in Bohr−2.

2. The first number in line number 3 stands for the principal quantum number, in this case

2.
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4. Basis set dependence

3. The second number in line 3 is the minimum value of the angular quantum number l in

this set: l = 0 = sorbital.

4. The third number stands for the maximum value of the angular quantum number. In this

case l = 0 = sorbital.

5. The fourth number corresponds to the number of exponents in (4.20).

6. The fifth value is how many sets of contraction values (cij in (4.20)) this set has for the

sorbitals.

7. If there would be more numbers, they would account for the number of contraction coeffi-

cients for the next angular momentum value: l = {1, 2, 3, . . .} = {p, d, f, . . .} orbitals.

We then write explicitly the Gaussian function defined by the two sets:

ρLR,1(r) = Y0,0

[
0.0249e−11.478 + 0.0798e−3.7007 + 0.1288e−1.4468 + 0.37944e−0.7168

+ 0.3245e−0.2479 + 0.0371e−0.0669 − 0.0011e−0.0217
] (4.21)

and for the short ranged

ρSR,1(r) = Y0,0

[
− 0.0339e−10.0684 − 0.1222e−2.6802 − 0.4438e−0.7915 − 0.4531e−0.2391

− 0.1316e−0.0821
] (4.22)

We can now plot the radial part of the basis set (which are multiplied times a constant factor in

the angular coordinates) for both sets to compare them. Figure 4.3 shows both 2s orbitals for

the hydrogen atom using the basis sets in 4.21 and 4.22 (not normalized).
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Figure 4.3.: 2s radial wave function for an hydrogen atom as it is defined in CP2K documentation.

One can observe that the resulting Gaussian function depicts almost the same behaviour for

both sets but in the case of the short ranged, there are two less contraction coefficients which for

large sized systems reduces the computational time and resources without any loss of physical

information of the system.

A less trivial example is the case of carbon atom basis functions. Figure 4.4 depicts a comparison

for short and long range basis (normalized) but in a higher quality basis set: DZVP-MOLOPT

and DZVP-MOLOPT-SR.
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4. Basis set dependence

Figure 4.4.: d orbitals for carbon in a DZVP quality basis set. As in the case of hydrogen 2s orbitasl,
the differences occur mostly at the peak of the Gaussian shape. As we shall see in later sections, this
has an impact on the density of states of our systems.

4.3. Effect of the basis sets on the density of states: carbon nanotubes.

Now we have all the ingredients to perform DFT+NEGF calculations. As it has been pointed

out several times, the two main quantities to study are the density of states and the transmission

coefficient. Here we present the simulations of different types of carbon nanotubes with several

chiralities which will give a better insight of the simulations of more complicated systems.

Due to the number of atoms that an armchair CNT contains per unit cell, the computation of

large systems using such types of chiralities is not very efficient. On the other hand, zig-zag

CNTs contain, per supercell, 4 · n atoms, where n is the first chiral number. This makes the

simulation by means of DFT more tractable and thus, we use those CNTs for the theoretical

simulations.

Figure 4.5 shows the evolution of the density of states of carbon nanotubes with different di-

ameters as the size of the basis functions increases. The unrestricted DFT calculations were

performed using PBE functional with GTH effective potential for the core electrons. The simu-

lation box size was set to [25.00× 12.78× 25.00]Å with the axis tube along the y-direction. As

for the NEGF calculations, one per spin channel was always carried, this means that for each of

the Kohn-Sham matrices obtained by UKS a set of DOS/T was calculated. All the figures show

the sum of the states/channels for the alpha and beta spins.
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(n,m) Diameter (Å) Atoms per supercell DFT+NEGF ∆g (eV)

(9,0) 7.0459 36 0.14

(10,0) 7.8288 40 0.91

(12,0) 9.3946 48 0.12

(13,0) 10.1775 52 0.71

Table 4.1.: Different CNTs studied in this work and their simulated bandgaps (∆g). The number of CNT
supercells for each of the regions of the CNTFET was 1, thus the system consisted on 3 periods of the
corresponding CNT. All the values in our work were taken with the short ranged basis set.

(a) (9,0) CNT (b) (10,0) CNT

(c) (12,0) CNT (d) (13,0) CNT

Figure 4.5.: Density of states of different chiralities CNT’s. It is easily observed that as the size of the
basis increases, spurious states appear on the band gap region of the tubes, and in some cases, even the
region of valence electrons is completely altered (see e.g. (a))

Figure 4.6 presents the same systems as in Fig. (4.5) but simulated using short range basis sets.

Such pictures exemplify the improvement on the spectra of the CNT’s using the SR basis set.

The extra energy levels on the DOS spectra appearing across the whole energy range are swiped

out using the short ranged basis. To illustrate the full method of DFT+NEGF, figure 4.7 finally
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4. Basis set dependence

(a) (9,0) CNT (b) (10,0) CNT

(c) (12,0) CNT (d) (13,0) CNT

Figure 4.6.: Density of states for the same systems in 4.5 but simulated with the short range basis sets.
It is quite clear how the density gets corrected across the whole energy region. A short ranged TZVP
basis set was not available at the moment of the test.

depicts the transmission coefficient for all systems. From figures 4.5 and 4.6 not only the spurious

density of states on the CNT spectra dissapears, but the electronic bandgap gets reduced for all

our models.
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(a) (9,0) CNT (b) (10,0) CNT

(c) (12,0) CNT (d) (13,0) CNT

Figure 4.7.: Transmission coefficient of the systems in table 4.1.

This concludes the first part of the results that contain the simulation of bare CNTs using DFT.

Now we present the results for the modelling of single molecule magnets at the DFT level.

5. First principles modelling of lanthanide based single molecular magnets

This section is dedicated to the study / simulation of the LnPc2 systems. As an introduction

we start with relatively simpler systems in which the lanthanide atom has been replaced with a

closed shell transition metal, namely yttrium. Appart from being a ‘lighter’ system (to simulate)

it provides useful insights on the spin distribution in such molecules.

5.1. Molecular Magnetism

As molecular magnetism we understand the field which studies the synthesis, characterisation and

modelling of systems composed of one or more magnetic molecules. The molecules can be found

in several forms ranging from uni-centered molecules, chains of magnetic molecules or crystallized
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single-molecule magnets [38, 39, 40, 41]. In this work we focus on the type of molecular systems

called single-molecule magnets (SMMs). Geometrically, SMMs are characterized for having at

least a metal ion center which in turn is usually sandwiched between ligands which shield the

metallic center(s) from the outside [42]. They usually possess high values for the spin moment

arising from their metal centers [42] and exhibit interesting phenomena like quantum tunneling of

the magnetization, slow magnetic relaxation times and a stepwise hysteresis loops [43, 44, 45, 46].

They possess a so called ‘easy axis’ which is nothing more than the prefered direction of the

molecules’ magnetic moment [45].

Some of the potential applications to SMMs are for example, molecule spintronics [47], magnetic

high-density storage devices [48] or potential building blocks for quantum computers [49, 50].

A SMM is usually characterized by three parameters: the magnetic blocking temperature (TB),

the coercive magnetic field (HC) and the effective energy barrier Ueff . To understand these three

parameters, let us consider an imaginary sample containing SMMs which have a total spin of

S = 5 arising from a random metal center. An axial zero-field splitting (ZFS) (which is the

consequence of having more than one unpaired electron), will split the state into 2S + 1 levels

(with quantum numbers ms) ranging from −S to S in integer steps with a Hamiltonian given by

H = D

[
S2
z −

1

3
S(S + 1)

]
. (4.23)

where D is a constant called zero-field splitting parameter which can take positive of negative

values. (In general, D is a symmetric traceless tensor, but in this particular case, we assume

that D and g (the g-factor) are isotropic and thus, have the same principal axis. For a better

description check [51]).

The energy levels can be depicted as in figure 4.8 in the case of D < 0, from where one can see

that the degenerate spin states are separated by an energy barrier Ueff .

In order to go from one spin state to the other, one can refer to three mechanisms. The first is

due to the thermal energy. If the termal energy is larger than the energy barrier Ueff then the

system will oscillate between both spin orientations. If the temperature gets lowered, the system

will ‘freeze’ into a spin state, thus lowering the probability of spin flip. At low temperatures

though, one could apply an external magnetic field H to the sample causing the orientation of

the spin to be along H; the magnetization M(t) will reach a saturation value and will stay that

way as far as the magnetic field is on. Once H is switched off, the magnetization of the system

will relax to thermal equilibrium which can be expressed as [45, 46] (figure 4.8)

M(t) =M(t0)exp(−t/τ) (4.24)

where t0 is the time at which the magnetization was maximum and τ is the relaxation time.

This process will define a hysteresis type of plot which will give insights into the system. In this
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sense, the magnetic blocking temperature TB, is defined as the highest temperature at which an

SMM displays hysteresis in its magnetization plots [52]. The coercive magnetic field Hc is the

magnetic field needed to bring the SMMs’ magnetization to zero.

Figure 4.8.: Pictorical representation of an SMM energy multiplets. The number of energy levels is given
by 2S + 1. In the abscence of a magnetic field, +ms and −ms states are degenerate.

The last mechanism to effectively change the spin of our fictitious system is known as the Quan-

tum Tunneling of the Magnetization (QTM) which was discovered by Chudnovsky and Gunther

in 1988 [53]. This phenomena happens at low temperature, and it is the quantum mechanical

tunneling of the magnetization of a molecule. This means, that a spin up state would overcome

the barrier Ueff with a tunnel effect to become a spin down state.

The problem characterizing a molecule with TB or Hc is that they depend on the measuring

technique and/or the temperature [49]. Thus, the most widely used characterization parameter

is the effective energy barrier Ueff .

Therefore, one can say that, regardless of the SMM type, two parameters have to be adjusted so

that the magnet is regarded as a good candidate for practical purposes: the blocking temperature

and the effective potential barrier. The barrier has to be large enough so that the SMM can

retain information for longer periods of time without spin relaxation (almost none QTM) and

the blocking temperature has to be raised so that the SMM can be used in practical systems.

5.2. Lanthanide based single molecular magnets

SMMs are usually synthetized using transition-metal ions, nonentheless, it can also be replaced

by lanthanide ions as shown by Ishikawa et al. [42]. In the present work, a special kind of

lanthanide-based SMMs is examined, namely LnX SMMs; they consist on a lanthanide (Ln)

center sandwiched between two ligands (X) which can be for instance phthalocyanines (Pc) or
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phorphorines (Pho) rings [54]. The first type of them, LnPc2, has been studied extensively

[55, 56, 57]. They present a large magnetic anisotropy which is given by the ligand field where

the lanthanide atom is placed [58] in contrast to the regular 3d metal-cluster SMMs where

the anisotropy is a consequence of magnetic interactions between 3d metal ions [58, 59]. The

three most common ionic states [LnPc2]X with X = −1, 0,+1 have been synthesized and their

electronic as well as their magnetic properties have been studied by several groups [57, 58, 60].

Theoretically, the electronic structure of such systems has been treated by Rousseau et al. [61]

using a extended Hückel Hamiltonian. The geometry of such molecules can be characterized by

several parameters which include the distance between the plane defined by the pyrrole nitrogens

on the ligands (in the case of phthalocyanines), the relative angle between the Pc’s and the

distortion of the ligands from planarity. An oxidation process can undergo in the ligands causing

the neutral state of [LnPc2]-1; this leaves a system with an unpaired electron delocalized on the

ligands which then contributes with and spin 1
2 to the whole system.

There are several reasons why lanthanide based SMMs are so attractive for further development:

first, the magnetic relaxation occurs at larger temperatures with respect to the usual 3d metal

complexes SMMs; second, in contrast to the 3d SMMs where the magnetic properties are due to

the several metal ions, the single ion lanthanide based SMMs display their magnetic properties

due to maximum two magnetic molecules (the lanthanide ion itself and the ligands which can

present an unpaired electron). Finally, they present high energy barriers Ueff (some Dy(III)

molecular magnets have shown an astonishing effective barrier of 1000 K [62]) which as we

have seen, it is fundamental to have stable magnets at higher temperatures. Even though these

characteristics are the most relevant to date, there is still a lot to discover in the upcoming years

to make the Ln-based SMMs truly useful for practical purposes.

5.3. Yttrium Phthalocyanine

The electronic structure of yttrium reads [Kr]4d15s2. The diamagnetic oxidation state of yttrium

(Y3+) lacks of localized f-electrons; thus, the magnetic properties of the molecule [Y3+Pc2]0

(YPc2 from now on) are exclusively due to the ligands. Appart from existing in gas phase, YPc2

crystallizes in different forms, for example in the space group P212121 also called γ−phase [63]

which has four YPc2 molecules per unit cell or in a solvated form [YPc2]·CH2Cl2 [64].

Let us start with the most simple form, namely the gas phase. Geometry optimizations were

performed for all molecules followed by single point calculations to obtain the electronic as well

as the spin properties of each of the compounds. The level of DFT theory used for the yttrium

systems was unrestricted DFT. Figure 4.9 presents the spin density ( ρα−ρβ ) of YPc2. As it can

be appreciated, the extra electron is completely delocalized in the tetrapyrrole inner carbon atoms

of the ligands. This feature can be also visualized by plotting the density of states displayed in
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panel b) of the same figure which shows the unpaired (spin-up) electron on the highest occupied

molecular orbital energy level.

(a) Spin density

(b) Density of states

Figure 4.9.: YPc2 UKS simulation. The inner carbon atoms in both ligands contain the extra electron
(red lobes) which corresponds to the HOMO level on panel b) marked with a black dashed line.

In a lattice, the extra electron remains still on the ligands but, depending on the stacking type

as well as if the sample presents defects (i.e. not a perfect lattice), its orientation with respect to

each other, varies. This means that, for instance, in the solvated compound [YPc2]·CH2Cl2, the

interactions between the stacked chain of molecules, present ferromagnetic interactions contrary

to the unsolvated γ−phase whose interactions are antiferromagnetic [65]. DFT calculations can

predict the ground state of each of the compounds with relatively good accuracy. As an example,

let us take the crystal structure shown in figure 4.10. They show two types of periodic simulations:

the first one (panel a and c) represent periodic simulations (in spatial directions) where a perfect

lattice is assumed. The simulation box (black boxes around the molecules in panels c and d)
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was repeated on the x−, y−, z− directions without any empty space between images. Contrary

to the ‘gas’ phase (or a lattice with defects) where empty space is left between images (panel d).

Panels a and b show the relative energies between DFT ground state simulations with different

multiplicities (i.e. different alignement of the unpaired spins of the [YPc2]·CH2Cl2 molecules).

(a) Crystal (b) Gas

(c) Crystal. ms = 6. (d) Gas. ms = 2.

Figure 4.10.: DFT ground state energies of the [YPc2]·CH2Cl2 crystal structures for different multiplicities
as well as the spin density of the lowest energy states. In the case of the ‘gas’ phase, the spin density
shows the multiplet ms = 2 and not the ms = 4 since the former shows a very well spin localization. In
any case, in the gas phase, both multiplicities DFT energies are very close to each other.

Thus, regardless of the multiplicity, periodicty or stacking, the ligans’ spins retain their spatial

position in the molecule. This supports the observations and settings of the following simulations

of the gas phase molecules as well as the compound systems of carbon nanotubes plus single

molecule magnets.

5.4. Terbium bi-phthalocyanine

The novel bi-radical system [Tb3+Pc2]0 (or simply: TbPc2, from now on) has been intensively

studied over almost two decades [42] and consists of a terbium center in its ionization state 3+

(electronic configuration [Xe]4f8) and Pc-rings conforming the chemical structure: (C8H4N2)4.
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Since Tb3+ is an open shell system, it possess contributions to the total electronic angular

momentum (J) from the orbital angular momentum (L) and the spin angular momentum (S). To

get the total angular momentum we simply apply Hund’s rules to the 4f8 system. The angular

momentum takes values from l = 0 · · ·n− 1 = 3 (s, p, d, f), thus the electrons are organized as

follows:

- The term with maximum multiplicity has lower energy. In this case the maximum

multiplicity with 8 electrons in 7 energy levels (f orbitals) is 6 (multiplicity: 2S + 1).

- For a given multiplicity, the level with maximum orbital angular momentum is lower

in energy. In our case: L = 3. This can also be obtained by the following formula:

L =
∑

i=−3,...,3

li = 3 + 3 + 2 + 1 + 0− 1− 2− 3 = 3 (4.25)

where li runs over the occupied orbitals.

- Finally, our system has more than half of the shell filled, therefore the highest value of the

total angular momentum is given by the relation J = |L+ S| and therefore in our system,

J = 6.

Due to the ligand’s field of the Pc’s, the second energy state |mJ = ±5⟩ is well separated from

the degenerate ground state |mJ = ±6⟩ . This separation has a value of 400 cm−1 or 0.04959368

eV [55].

Electronic paramagnetic resonance (EPR) measurements at zero magnetic field have shown that

the unpaired electron of the ligands and the ground state |mJ = ±6⟩ of the terbium atom are

coupled and this interaction is a ferromagnetic type [66], i.e., the spin ground state of the molecule

reads |mJ = 6,mS = ±1/2⟩.
We now present our DFT calculations on the TbPc2, which help us to corroborate (at least

qualitatively) the experimental as well as some previous knowledge of this particular SMM. The

geometries were optimized using the parameters on table 4.2.

2Basis set for atoms H, C, N contained a Polarization function. Tb atom did not. For Terbium a double set
quality was the only available for the pseudopotential used [67].
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CP2K parameter Value(s)

MAX_DR 1.0−3

MAX_FORCE 1.0−3

RMS_DR 1.0−3

RMS_FORCE 1.0−3

OPTIMIZER BFGS

Basis set quality T(D)ZV(P) 2

CHARGE 0

MULTIPLICITY 8

MINIMIZER DIIS

PRECONDITIONER FULL_ALL

ENERGY_GAP 0.1

XC_FUNCTIONAL TPSS

VDW_POTENTIAL DFTD3

Cell Dimensions [40.0, 20.0, 40.0]

Table 4.2.: DFT parameters used for relaxing the molecule TbPc2.

The relaxed molecule (Fig. (4.11)) presents some relevant interatomic distances also found by

other works [61] like the deviation of the ligands from planarity, coordination number of 4 as well

as the C-N distances within the ligands’ rings. We depict all the relevant interatomic distances

on figure 4.11.
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(a) Side view

(b) Top view

Figure 4.11.: DFT optimized TbPc2 molecule. Brown, blue, white and purple correspond to carbon,
nitrogen, hydrogen and terbium atoms respectively. In b some of the bond distances are marked as well
as the angle between carbon nitrogen carbon of the ligands’ rings.

Our main interest are of course, the electronic properties of the simulated molecules; for this

purpose, we carried on different procedures to study the distribution of the energy levels, the

electron and spin densities and charge analysis. In order to justify the usage of a non-standard

method like CDFT, we depict a direct comparison of UKS and CDFT results and provide an

explanation of each of the figures / tables. The basis set used in our simulations were the

MOLOPT-UCL for the N, C and H atoms, while for the Tb atom the basis set MOLOPT-

LnPP1 [67]. In terms of the pseudopotential used to take into account the core electrons of

each of the atoms, we used the GTH pseudopotential for the organic atoms and the LnPP1

pseudopotential for the metal center.

For the case of the CDFT calculations, we applied 3 different constraints:

1. A charge constraint to the terbium atom. The value of the constraint was set to 26 so that

it would give a net charge of +3 (The charge in CDFT in the CP2K package is obtained

by substracting the constraint value to the number of electrons of the pseudopotential. In
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our case, the LnPP1 pseudopotential has 29 core electrons, thus the charge of the system

is 29− 26 = +3).

2. A magnetization constraint to the terbium atom, so that the electronic configuration con-

sists of 6 unpaired up electrons. Hence, the value of this constraint was set to 6.

3. A magnetization constraint to both of the ligands to assure that there was no charge

transfer from the ligands to the metal center.

The results of the constraints after the SCF convergence are displayed in table 4.3.

Tb C-atoms

Charge 26.012/26 −
Magnetization 6.095/6 1.047/1

Table 4.3.: Final values of the constraints applied to TbPc2. As can be seen, in terms of charge and
magnetization, the molecule is quite close to the expected values: the terbium atom having six alpha
spin electrons and an extra delocalized alpha electron on the ligands. The target values are also written.
In the carbon atoms, only a magnetization constraint was applied.

Figure 4.11 shows a comparison of the spin density of TbPc2 with the two different approaches:

UKS and CDFT. The difference is quite obvious in the sense of how the spin density is well

localized on the inner carbon atoms of the ligands in the case of the CDFT simulation. This

is in accordance with the results in [68] where the gas phase of the TbPc2 molecule was also

calculated.
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(a) Side view UKS (b) Side view CDFT

(c) Top view UKS (d) Top view CDFT

Figure 4.12.: Comparison between the spin density of TbPc2 for the UKS and CDFT simulations.
Red/blue colors represent alpha/beta spin density respectively. In the case of the UKS simulation,
some of the alpha spin density in the ligans has been transfered to the terbium atom which is undersir-
able for our main system where not only the SMM are to be simulated, but a substrate to which electron
leaking can occur. This behaviour is corrected using CDFT.

In terms of the energy levels, both type of simulations are similar. In figure 4.3 the HOMO

levels per spin are shown. One can see how the alpha levels are lowered in the CDFT simulation

compared to the UKS, while the HOMO and HOMO+1 are higher in energy in the CDFT

case. For practical purposes though, this energy differences are unimportant in the case of more

complex systems (as we shall see on the next section).
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(a) UKS (b) CDFT

Figure 4.13.: Comparison between the HOMO levels of TbPc2 simulations using UKS and CDFT.

We conclude, that the constrained calulations not only converged to (almost) the exact electronic

and spin state of the system (with tiny spin contamination), but the energy levels retain qual-

itatively the same behaviour as the free-of-constrains simulations. The tremendous advantage

of using CDFT is that even if the molecule is embedded or, as we shall see in further sections,

deposited on top of another molecule, the magnetization and charge of the selected atom(s) will

remain the same (i.e. no spurious spin contamination or charge leaking). It is also remark-

able that without the usage of computationally more expensive approaches, such as using hybrid

functinals, the level of accuracy predicting electronic properties of these types of SMMs is decent.

6. Transmission through real systems

After examining the molecules which are thought to be responsable of novel effects in the elec-

tronic transport in nanosystems, we move on to the full compounds in the measurements of the

current. The main system under consideration consists on carbon nanotubes in top of which

single molecule magnets are experimentally deposited to alter the electrical current of the CNT-

FET [34]. In this work we tried to come as close as possible to this experimental realization by

using carbon nanotubes with similar bandgap and the same type of element on the SMMs’. By

observing the spectra on figures 4.5 and 4.6, the (9, 0) and (12, 0) remain as good candidates

for being used as the building blocks of our simulations. Nonetheless, since the (12, 0) CNT has

12 more atoms per supercell than the (9, 0) and memory-wise the simulation of large systems is

a bottleneck of DFT as well as diagonalization methods, we used the smaller CNT to build our

system.
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6.1. SMM + CNT

This geometry will serve as a guide for the more complicated, hence closer to reality system

consisting on more magnets. It will also show how the extra molecule alters the density of states

and therefore the transmission of the bare carbon nanotube previously discussed.

Figure 4.14.: Optimized geometry with one TbPc2 molecule sitting on top of the carbon nanotube. Three
periods of (9, 0) CNT were used for each of the leads and ten periods in the central region. The SMM
lower ligand surrounds the CNT so that along the CNT axis, the ligand is planar while it is distorted
along the CNT diameter.

The optimized geometry of the system is depicted on figure 4.14 which consists on 16 periods of

tube, three of which acted as the left lead and another three as the right lead. This left us with

a total of ten carbon nanotube supercells as the central system. In the central region, the single

molecule magnet was deposited (without any optimization). The geometry then was relaxed

using the parameters in table 4.4.

CP2K parameter Value(s)

MAX_DR 1.0−3

MAX_FORCE 1.0−3

RMS_DR 1.0−3

RMS_FORCE 1.0−3

OPTIMIZER BFGS

Basis set quality DZV(P)

MINIMIZER DIIS

PRECONDITIONER FULL_ALL

ENERGY_GAP 0.1

XC_FUNCTIONAL TPSS

VDW_POTENTIAL DFTD3

Cell Dimensions [30.0, 68.16, 42.0]

Table 4.4.: The most relevant parameters used on the relaxation of the first system containing one SMM.
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After the geometry optimization, UKS and CDFT calculations were perfomed in the same ge-

ometry to compare the final spin state using both approaches. The CDFT constraints were set

similar to the gas phase molecule TbPc2 and so, a charge constraint of +26 and a magnetization

of +6; in the case of the ligands a magnetization of +1. Their final values are shown in table 4.5

Tb Ligands

Charge 26.03350/26 −
Magnetization 5.96582/6 1.01446/1

Table 4.5.: Final values of the CDFT calculations for the system CNT+SMM. The extra electron on the
ligands was constrained to be spin up electron.

The spin density (Fig. (4.15)) shows the substantial difference between both methods. In

panel a, the spin density of the extra electron is localized in the 18 inner carbon atoms of

the ligands as in the case of the gas phase calculation, nevertheless, the magnetization of the

terbium atom is missing which tells us that the alpha and beta spin densities have the same values

(same occupation for alpha and beta MOs). This is of course in disagreement with the intrinsic

properties of the TbPc2 and its electronic configuration. In the case of the CDFT calculation,

not only the spin density of the whole molecule resembles the correct electronic configuration

and localization of the spin, but bader analysis [69, 70, 71] reports a total charge in the terbium

atom of 26.494 in the CDFT compared to the 27.074 of the spin polarized DFT. This is in good

agreement with the charge of the experimental values of the terbiums’ charge.

(a) UKS (b) CDFT

Figure 4.15.: Spin density for a TbPc2 molecule on top of 16 periods of (9, 0) carbon nanotube. Red
color is an alpha excess spin density. Panel (a) shows a regular UKS calculation. In (b) magnetization
and charge constraints were applied to the system.
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(I) UKS (II) CDFT

Figure 4.16.: DOS and transmission for a TbPc2 molecule on top of 16 periods of (9, 0) carbon nanotube
using two different methods: UKS and CDFT. The total transmission is plotted with a cyan line. Observe
how the total transmission in the UKS shows artificial jumps in the total transmission which arise from
an incorrect convergence on the DFT energy levels. Their effect is to schrink the value of the band gap
of the bare (9, 0) CNT. These artificial features are corrected with the constraints applied to the system.

Figure 4.16 displays a comparison between UKS and CDFT methods for the DOS and transmis-

sion. It can be appreciated how in the UKS, the transmission for the alpha and beta channels

are shifted with respect to each other creating artificial phenomena like the schrinking of the

CNT band gap which leads to extra steps in the transmission. Using CDFT fixes this problems

and places the Fermi levels of both spin channels in similar position so that the band gap of the

CNT remains unaffected in tems of magnitude to that of the bare CNT. The total transmission

(α+ β transmission spectra) is also depicted.

(a) UKS (b) CDFT

Figure 4.17.: DFT energy levels for a TbPc2 molecule on top of 16 periods of (9, 0) carbon nanotube
using two different methods: UKS and CDFT.
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The huge difference between the transmission spectra on both methods can be more easily seen

in figure 4.17 where the DFT energy levels are depicted for alpha and beta channels. The Fermi

levels (which in this case are nothing more than the HOMO levels for alpha and beta MOs) in

the UKS case are almost one electronvolt apart, causing that the average value Ef to shift the

spectra of the alpha channel with respect to the beta channel. From now on we focus entirely

on the CDFT simulations. The transmission presents two main depletions in the spectra at

−0.23 eV and 0.147 eV marked with black dashed lines (panels c and d); these perturbations

to the carbon nanotube are due to the hybridization of the molecular orbital of the SMM and

the CNT. These depletions have been termed as ‘Fano’ type of resonances [72, 73] which make

the electrons travelling through the CNT to jump into the SMM, then return to the CNT with

a dephase in their wavefunction causing destructive interference with the electrons travelling

through the CNT without seeing the SMM resulting in a decrease in the transmission values.

This resonance will be studied in more detail in the following chapters.

6.2. 2 SMM + CNT

We now present the minimal example for which magnetoresistance (which is defined as the

difference between the conductance in a system whenever a magnetic filed is applied minus the

same system at vanishing magnetic field) has been observed in experimental realizations [34, 74].

This system comprises the (9, 0) CNT this time decorated with two TbPc2 magnets on top.

As we have seen in the previous sections, each of them will have a delocalized electron in the

ligands which, experimentally, can be flipped by the introduction of an external magnetic field.

In our simulations, the relative orientation of the unpaired electrons is set by the multiplicity of

the whole system; thus, assuming all the unpaired electrons in the system are up electrons, we

have a net spin per SMM of S = 7/2, which gives a total spin moment of St = 14/2; using the

formula for the multiplicity Mul = 2St + 1 we have a total multiplicity of Mul = 15 to which

we refer as parallel (or also FE-FE sometimes). Since it has been termed that the reason for

the observation of the giant magnetoresistance on such a system is the alignment of the extra

spin in the ligands, we have another spin configuration in which each of the SMMs’ ligands spins

are antiparallel (or FE-AF ). Therefore, the total multiplicity of the system in this case is set to

Mul = 13.

We optimize the structure using similar parameters as in table 4.4. After the geometry optimiza-

tion, the distance between the SMMs and the CNT was dSMMs−CNT ∼ 3.37 Å and between the

two terbium atoms was: dTb−Tb ∼ 20.51 Å; thus, between the SMMs they were around 2 CNT

unit cells. The optimized geometry is displayed in Fig. (4.18).

69



4. Results

Figure 4.18.: Optimized geometry when two TbPc2 molecules are sitting on top of the carbon nanotube.

In this case, the regular UKS procedure proved to be unreliable with respect to the electronic

configuration of the system causing charge transfer between the SMMs and the CNT and some

of the other problems already discussed on the system with one SMM. For these reasons, we only

present the results of the CDFT method.

Constrained DFT simulations

The results of the single point CDFT simulations are displayed in figure 4.6 for the antiparallel

case and in figure 4.7 for the parallel one. The simulations were carried out with a DZVP-

MOLOPT-SR-GTH basis set for hydrogen, carbon and nitrogen atoms, while a DZV-MOLOPT-

SR-GTH basis set was used for the terbium atoms. The two usual types of constraints were

applied to both SMMs: charge and magnetization. The reasoning was similar to that on the gas

phase simulations of TbPc2. The magnetization of the ligands in the first SMM was set to +1

while in the ligands of the second SMM the magnetization depends on the alignment between

the SMMs we wanted to achieve: for an antiparallel alignment the magnetization was set to −1

meanwhile for a parallel arrangement was set to +1. Finally again the charge and magnetization

of the terbium atoms were set to +26 and +6 respetively. Tables 4.6 and 4.7 show the final

values of the converged CDFT calculation in the FE-AF as well as in the FE-FE configurations.

Tb (1st SMM) Tb (2nd SMM) Ligands (1st SMM) Ligands (2nd SMM)

Charge 26.001612793/26 26.001603622/26 - -

Magnetization 6.000432265/6 6.000033074/6 0.989457019/1 −0.947458380/− 1

Table 4.6.: Final values of the constraints of the CDFT simulation of the FE-AF state.
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Tb (1st SMM) Tb (2nd SMM) Ligands (1st SMM) Ligands (2nd SMM)

Charge 26.000041925/26 26.000951888/26 - -

Magnetization 6.004073202/6 6.000348080/6 0.979597587/1 0.980006987/1

Table 4.7.: Final values of the constraints of the CDFT simulation of the FE-FE state.

Figure 4.19 contains the spin densities of both states from which one can see how the spin of the

second SMMs’ ligands is opposite on the FE-AF with respect to the FE-FE case. The majority

of the alpha spin density is localized on the terbium atoms.

(a) Spin density of the antiparallel alignment of the SMMs.

(b) Spin density of the parallel alignment of the SMMs.

Figure 4.19.: Zoom-in of the spin density of the two spin states. Red is a spin up (or alpha spin) and
blue is for spin down (or beta).

We present the DOS and transmission spectra in figure 4.20. The transmission retains the overall

shape of the bare (9, 0) CNT (displayed in color purple) but with depletions in both the valence

as well as the conductance bands. They are the result of the interaction of the CNT with the

energy levels of the SMMs and occur at different energies for the FE-AF as for the FE-FE case

since the energy levels of the SMMs reorganize differently as a consequence of the occupation of

the molecular orbitals for both spin configurations.
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Figure 4.20.: Density of states and transmission coefficient for the FE-AF as well as the FE-FE simulations
of the (9,0) CNT+2TbPc2. In the transmission, the spectra of the bare (9,0) CNT is overimposed for
comparison. As it can be observed, the bandgap has the same magnitude for both type of simulations.

In order to proof that the resonances appearing on the electronic bands are indeed caused by the

energy levels of the SMMs, one can plot the projected density of states (PDOS) per molecule

per spin. These results are shown in Fig. (4.21).

(a) Antiparallel case. (b) Parallel case.

Figure 4.21.: (Projected-)Density of states for both spin configations. The PDOS is the sum of the states
for both SMMs.

72



6. Transmission through real systems

There are a couple of things one can learn from figure 4.21. Firstly we can distinguish two regions

where the discrete levels of the magnets appear and affect the bare spectra of the tube. These

regions correspond to the valence / conduction bands and the bandgap. In the case of levels from

the SMMs which fall into the conduction bands, one can observe that not all of them hybridize

the same way with the continuous spectra of the CNT. There are some very sharp peaks and

others broad. Comparing the DOS/PDOS and T from figures 4.20 and 4.21 it is obvious that

the larger the hybridization of the SMMs with the CNT, the broadener the peak and thus the

more pronounced the depletion in the transmission coefficient. The sharper the peak, the less

probably the electrons travelling with that energy through the CNT will jump into the SMMs

and thus, the transmission gets less distorted.
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6.3. Differential conductance plots

The quantities one can compare directly to experiments are the current (I(Vsd)) and the differ-

ential conductance (G(Vsd)); their expressions are given by the relations 4.8 and 4.9.

The different parameters affecting both quantities can be splitted into those modifying just

the transmission coefficient, the ones modifying only the Fermi distribution function and those

affecting both quantities. Their effect is summarized in the following paragraphs.

1. Parameters modifying the transmission coefficient only:

a) Gate voltage (Vg): The impact of the gate voltage relies in its effect in the energy

levels of the region to which the gate voltage is applied. The effect is to change the

local density of states of the region by adding an extra constant energy term to the

matrix elements of the Hamiltonian which describes the region of interest. This is

taken into account direclty in the central system Hamiltonian and expressed by 4.16.

With this consideration, the transmission coefficient is now a function of the gate

voltage and consequently, the Landauer formula is now a function of three variables:

I(Vsd, Vg) =
e

πℏ

∫ ∞

−∞
dE T (E, Vg)

[
fs(E, Vsd)− fd(E, Vsd)

]
. (4.26)

And similarly for the conductance G(Vsd, Vg).

2. Parameters modifying the Fermi distribution function only:

a) Temperature (T ): the temperature will set the number of electrons that will partici-

pate in the transmission process. It widens the shape (high temperatures) or narrows

down (low temperatures) the shape of the Fermi function.

b) Electrochemical potential (µ): this quantity represents the highest occupied energy

level of the whole system into consideration. At zero bias, the electrochemical poten-

tials of the leads and the electrochemical potential of the central region are located

at the same level. If the temperature is 0, then this quantity is known as the Fermi

level.

3. Parameters modifying the transmission coefficient and the Fermi function:

a) Source-drain voltage (Vsd): this quantity is the responsible for making the electrons to

flow from one reservoir (e.g. left) to the other one (e.g. right) or vice-versa. It defines

a region where the electrons in the central region can conduct; this region is usually

called Fermi window or transport window. Mathematically is given by the difference

between the Fermi distribution functions of the source and the drain contacts.
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In the integration of equation 4.9 the Fermi window effectively defines the current through the

system through the Fermi functions. For low temperatures and low bias voltages, the energy

range where the values of fs(E, Vsd) − fd(E, Vsd) are different from zero are reduced to a small

energy range in the order of 1× 10−2 V. As a consequence of this, the current flowing through a

nanosystem will be completely determined by the values of the transmission in a quite reduced

range. Figure 4.22 shows graphically the order of magnitudes of the Fermi window for several

temperatures and bias voltages.

(a) (b)

Figure 4.22.: ∂fd(E, Vsd)/∂Vsd for different temperatures and source-drain voltages. In a) the Fermi
window is the area under the dashed curves; only in this region the current is different from zero. In b)
the derivative of the Fermi function is plotted as a function of the temperature. One can observe how
low the values of f(E, Vsd) are for low temperatures which numerically is a challange.

In our simulations, the temperature was always set to 1 K in order to come as close as possible to

the experiments where the giant magnetoresistance was observed at temperatures in the range

of [0.6, 0.04] Kelvin [34]. In figure 4.23 the stability diagrams for the simulations of the (9, 0)

CNT+2SMM are shown. The plots show the differential conductance of the system as a function

of the bias and gate voltages.
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(a) FE-AF (b) FE-FE

Figure 4.23.: Differential conductance stability maps for the 16 periods of (9, 0) CNT decorated with
two SMMs on the central region. a) Shows the antiparallel alignment of the SMMs extra spin on the
ligands with respect to each other. b) The parallel configuration.

As it can be seen, the differential conductance is different from zero for both spin configurations

at Vg ∼ [−1.0,−0.6,−0.2, 0.31, 0.67, 1.05] V. The regions where this occurs resemble the well

known Coulomb diamonds in quantum dots [75, 76, 77]. In the parallel case, these diamonds

present higher conductance values for most of the gate voltages. Take as an example the diamond

at Vg = 0.206V and make a constant gate voltage plot to directly compare the conductance for

both spin systems. Figure 4.24 shows this comparison.

Figure 4.24.: Comparison between the conductance between the antiparallel and parallel configurations
at constant gate voltage (Vg = −0.206 V). It is clear how the conductance for the parallel case is much
larger exactly at the degeneracy point (Vsd = 0).
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6.4. Magnetoresistance of the CNT + SMM system

Magnetoresistance is the change on the resistance of a material whenever an external magnetic

field is applied. Mathematically is expressed via the following formula [78, 79]

MR =
G(B ̸= 0)−G(B = 0)

G(B = 0)
× 100% (4.27)

where G is the differential conductance and depends whether it is measured on a zero (B = 0)

or finite magnetic field (B ̸= 0). As already mentioned in this work, in the case of the CDFT

simulations, the conductance at zero field would be substituted by the conductance in the FE-AF

case; of course, the case when B ̸= 0 would correspond to the FE-FE state, thus equation 4.27

would be written as

MR =
GFE−FE −GFE−AF

GFE−AF
× 100%. (4.28)

By taking the same degeneracy point as in 4.24 and substituting the values for G in 4.28 we get

MR =
0.5657− 0.1425

0.1425
× 100% = 296.80%, (4.29)

which is in excellent agreement with the original paper of the SMMs supra-molecular spin-valves

[34] in which a giant magnetoresistance of 300% was measured. The MR could be even increased

in the case of our simulations if more than two SMMs were added to the CNT. This would lead

us to several spin sub-states each of them corresponding to a specific experimental setup. In

principle, using CDFT, the correct spin state would be properly set not only for terbium based

magnets, or even the same type of SMMs, but it can be extended to any SMM containing any

type of atom(s).

These results are just showing the reliability of the CDFT+NEGF as well as the relatively

cheap computational cost (compared to wavefunction or many-body methods) and accuracy

to predict spin-dependent transport in systems containing highly correlated materials where

regular DFT theory is not enough to fully capture the electronic properties of such systems. In

the following chapter we shall study more in detail the physical mechanism which gives raise to

curious behaviour of the transport in the CNT+SMM FET.
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7. Empirical model of the spin-valve mechanism

The last sections have shown how, by means of first-principles calculations (CDFT), one can

model the desired electron and spin density in a magnetic system; mathematically, this contraint

will affect two quantities on the KS-formalism: the spin polarized density matrices and the spin

polarized Kohn-Sham matrices. In other words, the energy levels (intrinsically given by the KS-

matrices) for each of the spin channels will be reorganized due to the occupation (intrinsically

given by the density matrices) and therefore, the overall density of states. This information will

then be passed to the Green’s function through the KS-matrices, from which in top of the DOS,

the transmission will be calculated. In this section an empirical tight-binding Hamiltonian is

develop in order not only to give a clearer look, but also to validate the mechanism behind the

spin-valve observed on the experimental as well as in our theoretical calculations.

The first object to model is the carbon nanotube-like spectra with the minimal set of atoms per

unit cell and orbitals per site. There are several works dedicated exclusively to the study of such

systems for example the PhD. theses by Nemec [80] or Zilly [81]. There are two main differences

between those works and this one: the spin polarization of the linear chain of atoms and the

addition of the impurities which mimic the SMMs. To this end, the minimal quantum dot in our

empirical spin-valve system will consist on a linear chain of 6 atoms; each of the parts on the

NEGF method consists on two atoms. To simulate the single molecule magnets, two extra sites

were added in the central region. The diagram of our model is present in figure 4.25.

Figure 4.25.: General scheme of the empirical model. Arrows represent the interaction between sites;
red/blue color means there is an interaction between alpha/beta energy levels of the atoms respectively.
The black dotted lines denote the boundary limits between the different regions of the quantum dot.

From band structure theory, we know that a bandgap can be opened in a system by the introduc-

tion of two or more energy levels per atom. With this in mind, to mimic the bandgap structure

of the carbon nanotubes used in this work, we set two orbitals per atom. The total number

of orbitals counting spin is therefore four. In the following we denote the following variables:
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k, k′ label the orbitals, i, j the atom numbers and σ = α, β the spin. We can then write the

Hamiltonians of the different parts of figure 4.25:

ĤC =
∑
σ

4∑
i=3

2∑
k=1

ϵiσ,k
∣∣ϕiσ,k〉〈ϕiσ,k∣∣+∑

σ

2∑
i=1

2∑
k=1

Ei
σ,k

∣∣ϕiσ,k〉〈ϕiσ,k∣∣+
∑
σ

2∑
i=1

2∑
k=1

ti,i+2
σ,k

[∣∣ϕiσ,k〉〈ϕi+2
σ,k

∣∣+H.c.
]
+
∑
σ

2∑
i,j=1
i ̸=j

2∑
k=1

τ ijσ,k
∣∣ϕiσ,k〉〈ϕjσ,k∣∣ (4.30)

For the leads we have

ĤL/R =
∑
σ

2∑
i=1

2∑
k=1

Ei
σ,k

∣∣ϕiσ,k〉〈ϕiσ,k∣∣+∑
σ

2∑
i,j=1
i ̸=j

2∑
k=1

τ ijσ,k
∣∣ϕiσ,k〉〈ϕjσ,k∣∣ (4.31)

The basis fulfills:

〈
ϕiσ,k

∣∣ϕjσ′,k′
〉
= δσ,σ′δi,jδk,k′

〈
ϕiσ,k

∣∣ϕjσ′,k′
〉
. (4.32)

The interpretation of the different terms in 4.30 and 4.31 is quite straight-forward: E and ϵ

represent the on-site energies of the atoms belonging to the chain and defects respectively; the

terms denoted by the Greek letter τ correspond to the interaction within elements in the chain,

which in figure 4.25 correspond to interaction between atoms: L1 − L2, 1 − 2 and R1 − R2.

Interaction terms between atoms 1− 3 and 2− 4 are disclosed in the variable t.

The matrices missing in this model are those matrices that make the connection between the

different parts of the transistor (leads and center); they are given by expressions A.7 and A.8 of

the appendices.

To better understand the different terms in our model, figure 4.26 presents an energetic type of

diagram that, together with 4.26 give a whole picture of how the system was modelled.
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Figure 4.26.: Energy type of diagram of the empirical model. The interactions between the different
discrete levels are also shown with full, dashed and stripped lines. Red/blue stands for alpha/beta spins
respectively. The energy level responsible for the differences in the DOS and transmission spectra is
depicted in purpule.

Appendix A depicts all the matrices from equations 4.30 and 4.31. The way the two different spin

states corresponding to the antiparallel or parallel alignment of the defects is regulated, is through

the values of the on-site energy levels in atoms 3, 4; this choice has not been done randomly and

corresponds to the hypothesis from the original paper [34]; the logic is that, when an external

magnetic field is applied to the system, so that both magnets are magnetized in the same way,

they share similar electronic structure, or in terms of eigenvalues, they have energetically similar

energy levels. Therefore, to model a FE-FE state, we simply set equal values of the atoms 3 and

4: ϵ3σ,k = ϵ4σ,k. On the other hand, for the state FE-AF there is no magnetic field applied and

the energy levels of both defects are in principle at different positions in energy. One can then

move the on-site energies of the respective spin channel in either atoms 3 or 4 which, in order to

be consistent with our previous nomenclature, we chose to modify atoms’ energy levels in 4. In

order to come as close as possible to the real system, the bandgap on the empirical model has

been chosen to have the same magnitude as (9, 0) CNT.

7.1. Numerical approach to the empirical Hamiltonian

Figure 4.27 shows the spectra of the empirical system which in this case lacked of interaction

between the chain and the defects (i.e. t = 0), thus the spectra resembles that of a simple linear

chain. The size of the bandgap is ∆ = 0.14 eV.
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(I) Density of states (II) Transmission

Figure 4.27.: The antiferromagnetic (FE-AF) and ferromagnetic (FE-FE) spectra for the toy model. In
the DOS of the FE-AF case, a dashed line indicates the extra van Hove singularity due to the different
value of the on-site energy ϵ4σ,k with respect to the FE-FE case. In the case of the transmission, two
dashed black lines depict the bandgap’s borders of the (9, 0) CNT, which, as it is clearly seen, it is
comparable to the empirical chain.

The full set of parameters chosen to reproduce Fig. (4.27) are written in tables B.1 and B.2 in

appendix B. There are some general observations that can be made on the spectra 4.27: the DOS

presents several van Hove singularities across the energy range which do not have an effect on the

transmission. Such singularities are observed for the FE-AF case at: ∼ [−0.17, 0.00, 0.10, 0.30]

eV, while for FE-FE ∼ [−0.17, 0.00, 0.30] eV. The extra singularity for the FE-AF case (at

E = 0.1 eV) comes from the discrepancy of the on-site energy ϵ4α,1 between both states. Also,

even though the DOS presents extra van Hove singularities, where in principle electrons could

sit, since the coupling between the chain and the defects is 0, the transmission shows an almost

regular tight binding linear chain spectra (appart from the bandgap, obviously).

Now let us switch on the coupling to the defects of the central region. To observe the effect on

the parameter t in the DOS / T, we first turn on the α coupling between atoms 1 and 3. The

value was t13α,1 = t31α,1 = 0.1 eV. Figure 4.28 depicts the quantities of importance. In this case, the

total transmission as well as the transmission per spin channel have been plotted to observe the

effect of tijσ,k.
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(I) Density of states (II) Transmission

Figure 4.28.: Density of states and transmission of the empirical model with the interaction between
atom 1 and 3 is switched on for the alpha channel of the lowest energy orbital.

As it can be seen, the density of states around the valence band got distorted and its value

increased with respect to the regular isolated chain. But an increase on the DOS was not the

only feature when the system interacts with a defect, since now a particle traveling through the

chain can also jump into the first defect and then when it goes back to the chain, it interacts

destructively with the wavefunction of a particle travelling through the chain without jumping

to the defect, thus reducing the transmission. This can be observed in the spectra for T in 4.28.

This type of valley is the same as the valleys found in the CNT+SMMs system. They are termed

as Fano resonances [72, 82]. The strenght of the coupling to the defects will regulate the width of

the resonance; the evolution of the valley for different values of t can be observed in figure 4.29.

Intuitively, what happens is that the larger the coupling, the higher the probability an electron

will jump into the defect.
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7. Empirical model of the spin-valve mechanism

Figure 4.29.: Transmission coefficient for different values of t13αα,11. In the picture, only the alpha channel
is depicted. The value of the resonance coincides to that of the on site energy value for the defect, in
this case ϵ3α,1 = −0.17 (black dashed line).

The results are consistent with the so-called Fano-Anderson model which consist of a tight-

binding linear chain side-coupled to a defect. In a very simple picture, the Hamiltonian of such

a system can be written as [82, 83, 84]:

H = C
∑
n

(
ψnψ

∗
n−1 + c.c.

)
+ EF |ϕ|2 + VF (ϕ

∗ψ0 + c.c.). (4.33)

In equation 4.33, ψ corresponds to the wavefunction of the linear chain, ϕ is the wavefunction of

the Fano-Anderson defect and EF its on-site energy. Finally, the chain-defect coupling strength

is given by the constant VF .

The general expression of the transmission coefficient for the case of a continous of energies

interacting with a descrete level (Fano-Anderson model) can be calculated using the transfer

matrix approach [85] which gives the result [82, 86]

T =
α2
k

α2
k + 1

. (4.34)
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where the parameter αk is a function of the coupling between the chain and the defect

αk =
ck(EF − ϵk)

V 2
F

(4.35)

here ck = 2Csin(k). One can see that in the limit when α → 0 the transmission also goest to

zero. This happens at the Fano energy EF and it can clearly be seen in figures 4.28 and 4.29

where the black dashed lines denote the value of the defects’ energy. The broadening of the Fano

resonance is written as

Γ =
V 2
F

Csin(kF )
(4.36)

thus, the strongest the coupling to the defect, the broadened the fano resonance. This is also

observed in our simulations (Fig. (4.29)) where the Fano level has gained a large broadening

allowing electrons within a larger energy range to jump into the defect and thus, cause destructive

interference in this range.

Therefore, our results are in agreement (at least qualitatively) with previous observations in

related systems. Nonetheless, our system presents one very different and interesting feature

namely the emergence of a finite transmission peak outside of the valence and conduction bands

which we will discuss later in this work. This feature will have a tremendous impact on the

current.

It is also important to notice, that if the value of the energy level in the defect is considerably

larger than that one of the linear chain, the density of states will show a peak close to the on-

site energy of the defect (though not exactly at the same energy), but no Fano resonance will

be observed in the transmission coefficient as in figure 4.30; on the other hand, the extra peak

outside of the valence/conductance bands also is not longer noticeable both in the DOS and

transmission.
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Figure 4.30.: Density of states and transmission for two different values of the on-site energy ϵ3α,1 (black
dashed lines) and t13αα,11 = 0.1. Again, only the alpha channel is shown. Here, E1

α,2 = 0.26.

Having observed the effect of several parameters of the toy model, we can now switch the in-

teraction of the second defect (in the CNT+2TbPc2 system it would correspond to the second

SMM). For this purpose we set the coupling between atoms 2 and 4 to t24α,1 = t42α,1 = 0.1; the full

set of values are written on tables B.1 and B.3.
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(I) Density of states (II) Transmission

Figure 4.31.: DOS and T of the FE-AF and FE-FE systems. In this case, the interaction between the
lower energy levels of the α-spin between atoms 1− 3 and 2− 4 was switched on. The black and orange
dashed lines correspond to the on-site energies ϵ3/4α,1 of the defects 3, 4.

As expected (Fig. (4.31)), the spectrum looks rather similar to that in figure 4.28 since the

energy ϵ4α,1 lays far away in energy with respect to E2
α,1. For the parallel case the Fano resonance

also appears at E = −0.17 but this time is broadened due to the fact that now both of the

energies of the defects are at the same position ϵ3α,1 = ϵ4α,1 = −0.17.

We notice also that the number of peaks outside of the conduction bands corresponds to the

energy levels available at that energy range. The origin of such peaks can be either from the

linear chain or the defects. We can now expeculate that by switching on other couplings (tiiσ,k),

the spectra will present similar characteristics as in the previous examples but mirrored on the

conduction band, which is indeed the case. Figure 4.32 shows these results; parameters to

reproduce these images are given in B.1 and B.4.
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(I) Density of states (II) Transmission

Figure 4.32.: Spectra per spin channel when the interaction between alpha channel energy levels (i.e.
t
(13,24)
α,(11,22) = 0.1) is switched on. Upper row FE-AF case, lower row FE-FE.

To have a better understanding of DOS and transmission, one can also diagonalize the central

Hamiltonian Hσ
C and visualize the bare eigenvalues (which in this context bare means that they

are the eigenvalues of the central part (chain and defects) without taking anything else into

consideration). Figure 4.33 shows the energy levels of the central system per spin channel. For

the beta levels there is no difference in the distribution between FE-AF and FE-FE state since

the matrices are identical. For the alpha channel though, the distribution is different due to the

different on-site energies of atom 3 (ϵ3α,1), from which one can also visualize the energy levels

responsible for the Fano resonances (between the energy range [−0.1, 0.2] eV).

(a) Eigenvalues of HC for the FE-AF case. (b) Eigenvalues of HC for the FE-FE case.

Figure 4.33.: Eigenvalues per spin channel of the system in figure (4.32).
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Moving forward, we can now switch on the interaction of the beta levels between the chain and

the defects to have an overall picture of the full transmission spectra. We use the same value as

for the alpha channel, i.e. t(13,24)β,(11,22) = 0.1.

(I) Transmission.

(II) Eigenvalues of HC for the FE-AF case. (III) Eigenvalues of HC for the FE-FE case.

Figure 4.34.: Transmission profile as well as the energy levels of the central Hamiltonian when all the
interactions in the empirical system are turned on.

In the FE-AF case, if one compares the energy arrangement between both spin channels, one

realizes that the position of the on-site energy of atom 3 (ϵ3α,1) makes the valence band energy

levels to reorganize differently than the beta levels, which not only leads to a different shape on

the transmission on the valence region but the peaks around E = 0.05 eV for alpha and beta

channels are now in different positions. The conduction band remains without any change.

7.2. Low energy regime

As has been already discussed in the CNT+2TbPc2 simulations, for the low bias regime (in

this work Vsd ∼ 20 meV ) the current and differential conductance will be proportional to the

transmission coefficient value around the Fermi energy. In our simulations, the Fermi energy
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is located at Ef = 0, therefore in our toy model we restrict the sampling range to where the

bandgap is. To study the evolution of the non-zero transmission peaks around the band gap,

figures 4.35 and 4.36 show a color plot of the transmission coefficient as a function of ti,i+2
σ,k .

Figure 4.35.: Transmission coefficient spectra as a function of the coupling between the atoms 1/2 with
atoms 3/4 for different values of the coupling of the central region with the leads. Left/right columns
are the FE-AF/FE-FE cases respectively.
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Figure 4.36.: Transmission coefficient spectra as a function of the coupling between the atoms 1/2 with
atoms 3/4 for different values of the coupling of the central region with the leads. Left/right columns
are the FE-AF/FE-FE cases respectively.

As it can be seen, the fact that the on-site energy ϵ4α,1 for in the FE-FE case, makes that an

extra ‘pole’ emerges at the edge of the valence band. The energy range in which the poles within

the bandgap have a finite value, increases as the coupling between the leads and the central

region increases, which is of great interest in our case for having a non-zero current at the Fermi
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7. Empirical model of the spin-valve mechanism

window. In these cases, the evolution of the valence and conduction bands are irrelevant for the

analysis of the next results.

With all this in mind, we can now calculate the differential conductance maps for our empirical

system. Using the results from 4.35 we set the parameter vii′σ,kk to 0.2 eV. The full set of individual

terms are written in tables B.1 and B.5

(a) FE-AF case. (b) FE-FE case.

Figure 4.37.: Stability diagrams for the empirical model simulating a linear chain of atoms with two
defects on the central region. The differential conductance is in units of the quantum conductance G0.
The white arrows denote the peaks at which the FE-FE alignment shows a larger conductance value.

Figure 4.37 presents the stability diagrams for the empirical model for both spin configurations

FE-AF and FE-FE from where we can see how the spectra resembles the simulations of the real

system. The diamonds at ∼ [−0.35, 0.01, 0.13] Vg for the FE-FE case present a larger value for

the conductance compared to the FE-AF case. The reason is that, in the FE-FE case, the total

transmission is the sum of alpha and beta transmission coefficient different from zero around the

Fermi window. For the same gate voltages though, the total transmission in the FE-AF case is

just the sum of a transmission coefficient different from zero for one of the spin channels. To

prove this, let us consider the diamond at Vg = 0.13V and plot its transmission spectra for both

spin channels.
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(I) Empirical model

(II) CNT+SMMs

Figure 4.38.: Transmission coefficient per spin for the FE-AF (upper row) as well as for the FE-FE
(lower row) case. At E+Ef = 0 the transmission peaks for alpha and beta overlap in the case of FE-FE
alignment. In the FE-AF case, only the beta transmission is present. Vg = 0.129 V

Figure 4.38 shows a comparison between the transmission coefficient at the degeneracy points for

the CNT+SMMs system as well as for the empirical model for both spin channels. It is obvious

that the overlapping of the alpha and beta transmission peaks at E + Ef = 0 define the total
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7. Empirical model of the spin-valve mechanism

transmission and hence, the total conductance at the Fermi window. In the case of the empirical

system, the behaviour is not exclusive of the region around the Fermi energy, but it is repeated

in other energy regions of the spectra like in E + Ef = (−0.17,−0.05) eV (i.e. at the edge of

the valence band). This effect is clearly a consequence of the extra poles appearing inside of the

band gap (see figure 4.35) in the FE-FE case.

The spin-valve mechanism observed in the experimental, as well as in the simulations is therefore

a consequence of the hybridization of the energy levels between the tube and the magnets. These

energy levels are equally occupied by the spin up and spin down electrons in the case of the

non-zero external magnetic field (B) and the parallel alignment (FE-FE) in the experiments and

simulations respectively. The influence of these energy levels on the valence / conductance bands

as well as in the band gap is the same. The total transmission will be the overlap of the alpha

and beta channels which is non-zero for the degeneracy points (the regions in the contour plots

where G ̸= 0).

In the case where B = 0 and the antiparallel case (experiment / simulations), the hybridized

energy levels for the alpha and beta channels reorganize differently. The reason for this, is that

the extra electron in the ligands is oriented randomly, therefore occupying different energy levels

for both spin channels. The total transmission at some of the degeneracy points will not have

the contribution of the alpha and beta transmissions, but rather just one of them, resulting on

a lower total transmission with respect to the parallel case.

Finally, since the conductance is proportional to the transmission coefficient, the larger the total

transmission around the Fermi window, the larger the conductance value will be. All these

observations are in accordance with the observed patterns in the experiments and simulations.
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In this thesis, the problem of magnetoresistance in carbon nanotubes decorated with single

molecule magnets was adressed. In order to model such highly correlated systems, one first has

to establish a suitable level of theory which fulfills several criteria: first of all, the electronic

as well as magnetic properties of single molecule magnets have to resemble those observed in

experiments. This procedure has to be both reliable and not as expensive as other methods

used to simulate SMMs (e.g. CASSCF, DFT with spin-orbit coupling or even DFT with hybrid

functionals). Third, it has to provide useful input for post-DFT methods which can be used in

the calculation of electronic transport through nanosystems. With this in mind, a new framework

which consisted in a constrained DFT plus NEGF was explored.

In an initial approach, the CDFT method was used and compared to standard DFT in the

simulation of SMMs in various phases and arrengements. It was proven that with the correct

choise of parameters, CDFT overcomes some of the problems observed in DFT for systems with

several electrons in open shell systems. For example, the spin localization was almost completely

lost in some of the DFT calculations, meanwhile the constraints depicted both graphically and

numerically the correct charge and magnetization of the magnets. A suitable carbon nanotube

which resembles the experimental ones was chosen based on two parameters: the bandgap and

the size in terms of the basis set. To this end, a semi-metallic tube with chirality (9, 0) was

found to be the best candidate to build the CNTFET.

Computational resources are not much higher than those of regular spin polarized DFT, allowing

us to simulate large periodic systems with highly correlated atoms (like terbium or lanthanides

in general) with a sensible amount of resources. The advantages of using a method like CDFT

is that we can control the total number of unpaired electrons per spin channel as well as their

orientation and retain their magnetization with negligable spin contamination. This allowed

us to simulate different spin states (one where the coupling between the terbium electrons and

the phthalocyanines’ delocalized electron was antiferromagnetic and a second state where the

coupling was ferromagnetic) which resemble the system under different applied external magnetic

field. Therefore, without the explicit introduction of a magnetic field, we got and insight of the

phenomena that reproduces the spin-valve mechanism.

First of all, for the simulation of small bandgap CNTs, one needs good convergence of the results

with respect to the basis sets. In this sense, to get rid of spurious states in the CNT spectra, a
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short range basis set has to be used (of course a small basis set would work but then the accuracy

of the calculation is compromised).

It was also shown that if one does not impose the constraints on the complete system (CNT +

SMMs), artificial phenomena occurs like the schrinking of the bandgap, charge transfer and shift

of the spin polarized DOS / transmission spectra with respect to each of the spin polarizations.

This is important since the the spin-valve mechanism is increased or decreased with the size of

the CNT bandgap.

The spin-valve mechanism was observed for the system composed of a (9, 0) CNT on top of

which two TbPc2 were deposited. For a parallel alignment of the ligands’ spins of both SMMs,

the conductance shows larger values for all Coulomb diamonds compared to the antiparallel

alignment. The reason is that the energy levels of the composite system rearrenge differently

for both spin configurations. In the ferromagnetic case the transmission for the alpha and beta

channels overlap while in the antiferromagnetic they are separated. The total transmission,

which is the sum of both spin channels is therefore larger for the ferromagnetic case. This makes

the value of the current and the differential conductance by means of the Landauer Formula

get higher contributions for the parallel alignment and thus, magnetoresistance appears. The

giant magnetoresistance ratio was calculated to be (for some of the peaks), of the order of

∼ 300%, which is surprisingly close to the original experimental values. These observations were

corroborated by the empirical model provided.

It is important to notice that, the Green’s function used in this work does not comprises electron-

electron interactions. If one would like to consider such types of interactions, an extra Coulomb

term (U) in the single particle Hamiltonian must be taken into account. Then, one would have to

make use of the equation-of-motion method to obtain an interacting Green’s function which will

give the corrections to the energy levels of the full system. The rest of the procedure described on

this thesis would still be valid and thus, an extension to the presented results could be provided.

We want to stress, that the present workflow it’s not exclusive of these single molecule magnets

or even for such a substrate (CNT). In terms of the NEGF, any periodic system which presents

a block-wise tri-diagonal structure can be modelled. With regards of the CDFT, systems with

(at least in principle) any type of atoms with magnetic properties, presenting high correlations

can be constrained to simulate the specific electronic state. It does not matter if this is not a

ground state.
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A. Explicit matrix form of the empirical Hamiltonian for the
Spin valve

Hα
C =



E1
α,1 0 0 0 τ12α,11 0 0 0 t13α,11 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 E1
α,2 0 0 0 τ12α,22 0 0 0 t13α,22 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

τ21α,11 0 0 0 E2
α,1 0 0 0 0 0 0 0 t24α,11 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 τ21α,22 0 0 0 E2
α,2 0 0 0 0 0 0 0 t24α,22 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

t31α,11 0 0 0 0 0 0 0 ϵ3α,1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 t31α,22 0 0 0 0 0 0 0 ϵ3α,2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 t42α,11 0 0 0 0 0 0 0 ϵ4α,1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 t42α,22 0 0 0 0 0 0 0 ϵ4α,2 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



(A.1)
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Hβ
C =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 E1
β,1 0 0 0 τ12β,11 0 0 0 t13β,11 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 E1
β,2 0 0 0 τ12β,22 0 0 0 t13β,22 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 τ21β,11 0 0 0 E2
β,1 0 0 0 0 0 0 0 t24β,11 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 τ21β,22 0 0 0 E2
β,2 0 0 0 0 0 0 0 t24β,22

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 t31β,11 0 0 0 0 0 0 0 ϵ3β,1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 t31β,22 0 0 0 0 0 0 0 ϵ3β,2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 t42β,11 0 0 0 0 0 0 0 ϵ4β,1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 t42β,22 0 0 0 0 0 0 0 ϵ4β,2



(A.2)

Hα
L =



E1
α,1 0 0 0 τ12α,11 0 0 0

0 0 0 0 0 0 0 0

0 0 E1
α,2 0 0 0 τ12α,22 0

0 0 0 0 0 0 0 0

τ21α,11 0 0 0 E2
α,1 0 0 0

0 0 0 0 0 0 0 0

0 0 τ21α,22 0 0 0 E2
α,2 0

0 0 0 0 0 0 0 0



(A.3)
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Hβ
L =



0 0 0 0 0 0 0 0

0 E1
β,1 0 0 0 τ12β,11 0 0

0 0 0 0 0 0 0 0

0 0 0 E1
β,2 0 0 0 τ12β,22

0 0 0 0 0 0 0 0

0 τ21β,11 0 0 0 E2
β,1 0 0

0 0 0 0 0 0 0 0

0 0 0 τ21β,22 0 0 0 E2
β,2



(A.4)

Hα
R =



E1
α,1 0 0 0 τ12α,11 0 0 0

0 0 0 0 0 0 0 0

0 0 E1
α,2 0 0 0 τ12α,22 0

0 0 0 0 0 0 0 0

τ21α,11 0 0 0 E2
α,1 0 0 0

0 0 0 0 0 0 0 0

0 0 τ21α,22 0 0 0 E2
α,2 0

0 0 0 0 0 0 0 0



(A.5)

Hβ
R =



0 0 0 0 0 0 0 0

0 E1
β,1 0 0 0 τ12β,11 0 0

0 0 0 0 0 0 0 0

0 0 0 E1
β,2 0 0 0 τ12β,22

0 0 0 0 0 0 0 0

0 τ21β,11 0 0 0 E2
β,1 0 0

0 0 0 0 0 0 0 0

0 0 0 τ21β,22 0 0 0 E2
β,2



(A.6)
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For the coupling matrices between the left and the central region we denote the atom numbers

of the left lead with a primed variable

V†
α,LC =



0 0 0 0 v12
′

αα,11 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 v12
′

αα,22 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



(A.7)
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V†
β,LC =



0 0 0 0 0 0 0 0

0 0 0 0 0 v12
′

ββ,11 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 v12
′

ββ,22

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



(A.8)
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B. Parameters for some of the figures in the thesis

State ϵ3α,1 ϵ3α,2 ϵ3β,1 ϵ3β,2 ϵ4α,1 ϵ4α,2 ϵ4β,1 ϵ4β,2 E1
α,1 E1

α,2 E1
β,1 E1

β,2 E2
α,1 E2

α,2 E2
β,1 E2

β,2

FE-AF -0.17 0.3 -0.17 0.3 0.1 0.3 -0.17 0.3 -0.26 0.26 -0.26 0.26 -0.26 0.26 -0.26 0.26

FE-FE -0.17 0.3 -0.17 0.3 -0.17 0.3 -0.17 0.3 -0.26 0.26 -0.26 0.26 -0.26 0.26 -0.26 0.26

Table B.1.: On-site energies in the central system for the empirical model.

State t13α,1 t13β,1 t13α,2 t13β,2 t24α,1 t24β,1 t24α,2 t24β,2 τα τβ vα vβ δα δβ

FE-AF 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1

FE-FE 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1

Table B.2.: Different coupling terms for the empirical model.

State t13α,1 t13β,1 t13α,2 t13β,2 t24α,1 t24β,1 t24α,2 t24β,2 τα τβ vα vβ δα δβ

FE-AF 0.1 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1

FE-FE 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.1 0.1 0.1

Table B.3.: Different coupling terms for the empirical model. t13αα,11 = t24αα,11 = 0.1

State t13α,1 t13β,1 t13α,2 t13β,2 t24α,1 t24β,1 t24α,2 t24β,2 τα τβ vα vβ δα δβ

FE-AF 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.1 0.1 0.1 0.1 0.1

FE-FE 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.1 0.1 0.1 0.1 0.1

Table B.4.: Different coupling terms for the empirical model. t13αα,11 = t24αα,11 = t13αα,22 = t24αα,22 = 0.1
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State t13α,1 t13β,1 t13α,2 t13β,2 t24α,1 t24β,1 t24α,2 t24β,2 τα τβ vα vβ δα δβ

FE-AF 0.175 0.175 0.175 0.175 0.175 0.175 0.175 0.175 0.1 0.1 0.1 0.1 0.1 0.1

FE-FE 0.175 0.175 0.175 0.175 0.175 0.175 0.175 0.175 0.1 0.1 0.1 0.1 0.1 0.1

Table B.5.: Different coupling terms for the empirical model. t13αα,11 = t24αα,11 = t13αα,22 = t24αα,22 = 0.175
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