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ANALYSIS OF A PEACEMAN-RACHFORD ADI SCHEME FOR
MAXWELL EQUATIONS IN HETEROGENEOUS MEDIA

KONSTANTIN ZERULLA AND TOBIAS JAHNKE

ABSTRACT. The Peaceman-Rachford alternating direction implicit (ADI)
scheme for linear time-dependent Maxwell equations is analyzed on a het-
erogeneous cuboid. Due to discontinuities of the material parameters, the
solution of the Maxwell equations is less than HZ2-regular in space. For the
ADI scheme, we prove a rigorous time-discrete error bound with a convergence
rate that is half an order lower than the classical one. Our statement imposes
only assumptions on the initial data and the material parameters, but not on
the solution. To establish this result, we analyze the regularity of the Maxwell
equations in detail in an appropriate functional analytical framework. The
theoretical findings are complemented by a numerical experiment indicating
that the proven convergence rate is indeed observable and optimal.

1. INTRODUCTION

The propagation of electromagnetic waves in media can be modelled by time-
dependent Maxwell equations, see [31, 7, 24, 16]. A thorough analytical understand-
ing, as well as an efficient and reliable numerical solution of Maxwell equations is
hence desirable for many applications, such as the design of antennas and wave-
guides, see [43] and Section 9.3 in [45] for instance.

On domains with tensor structure, alternating direction implicit (ADI) schemes
as proposed in [43, 61] are very attractive for the numerical solution of Maxwell
equations. Instead of approximating the solution of the full Maxwell system at once,
the Maxwell differential operator is split up according to the space dimensions along
which derivatives are taken. The sub-systems associated to these parts are propa-
gated in a certain way and in a certain order in every time-step. Hereby one alter-
nates between explicit and implicit time integration schemes. The implicit steps for
both sub-systems only amount to the solution of essentially one-dimensional elliptic
problems which makes the schemes very efficient. While the original works [43, 61]
apply a Peaceman-Rachford time integrator to the split problem, an energy con-
serving scheme is constructed in [9]. Another attractive feature of both approaches
is the numerical unconditional stability (without CFL restriction on the time step
size). An even more efficient formulation of ADI schemes is derived in [48, 50]. A
modified ADI scheme that preserves the uniform exponential decay properties of
damped Maxwell equations is constructed and analyzed in [55].

In presence of material parameters that are at least Lipschitz continuous, the
time discretization errors of the ADI schemes from [43, 61, 9] are rigorously analyzed
in [28, 18, 21, 20, 19]. By rigorous we mean that the analysis imposes only verifiable
assumptions on the data but not on the unknown solution. The main achievement
of this paper is a similar error analysis in a technically much more involved situation.
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The above mentioned papers analyze only the semi-discretization in time, and
finite differences in space are used in numerical examples to obtain fully discrete
systems. In [29, 37], however, the Peaceman-Rachford ADI scheme is combined
with a discontinuous Galerkin (dG) space discretization. The implicit steps are
here shown to decouple into block diagonal systems where the size of the blocks
depends only on the polynomial degree of the dG ansatz space. In [37, 30] the error
of the dG-ADI full discretization is additionally analyzed, establishing the classical
order of the schemes under assumptions on the data and the solution.

In heterogeneous media like waveguides, the material parameters in Maxwell
equations are discontinuous. This leads to new difficulties for the analysis of ADI
schemes. In [56], the abstract time-discrete Peaceman-Rachford ADI scheme from
[43, 61] is shown to converge with reduced order 3/2 in L? on a cuboid that con-
sists of two homogeneous subcuboids with a common interface. In [58], a more
complicated heterogeneous partition of a cuboid is considered. The initial data for
the Maxwell equations are less regular than in [28, 18, 21, 20, 19, 56], such that
the previous error analysis does not apply. For this reason, a different dimension
splitting scheme is constructed. In the current paper, we study a similar material
configuration as in [58], but more regular data giving rise to more regular solutions
of the Maxwell equations and higher convergence rates for the classical Peaceman-
Rachford ADI scheme. The presented rigorous error results are new, to the best of
our knowledge.

We consider the time-dependent linear isotropic Maxwell equations

1 1 1
OE = —curlH — -7, OH = —— curl E, (1.1)
3 € i

E(0) = E, H(0) = Hy, (1.2)
for £ > 0 on a cuboid

Q = (ay,ay) x (az,a3) x (az, az),

with perfectly conducting boundary conditions
E xv =0, pH-v =0

on the boundary 0Q. Here, E = E(t,z) € R? is the electric field, H = H(t, z) € R?
the magnetic field, J = J(¢,z) € R? the external volume current, z = pu(z) > 0 the
magnetic permeability, and € = e(z) > 0 the electric permittivity. We accompany
the Maxwell equations (1.1) with additional divergence conditions for E and the
Gauss law div(pH) = 0, by considering the Maxwell equations on an appropriate
state space Xa, see (2.4).

The parameters € and p describe the material @) consists of. The geometric
conditions for the composition of @ are similar as in the companion paper [58],
and they originate from the model of an embedded waveguide, see Section 9.3 in
[45] for instance: We divide @ into a chain of smaller cuboids Q1,...,Qp with
interfaces parallel to the zo — x3-plane. We collect these interfaces in a set ]:'int.
In each cuboid Q;, we additionally have smaller separated subdomains that touch
the faces {x3 = a3 } and {x3 = af }, are distinct from the interfaces in Fin, and
satisfy the following property. Each subdomain can be represented by a cuboidal
grid with all grid elements touching the top and bottom face of @, and adjacent
grid elements having a common interface. The remainder of Q; is denoted by Qi,0~
Note that the subdomains Qm, ceey Qi, x represent embedded waveguide structures.
Figure 1 displays an example for the considered setting with L = 2 and K =
1. The statements and arguments transfer in a straightforward manner to more
complicated structures, where a cuboid Qmw j € {1,...,K}, contains additional
subcuboids that touch the faces {3 = a3} and {z3 = a3} but are separated
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Q1,0
Q2,0
(A) Three (B) Ilustration of
dimensional picture of subdomain notation

model domain

F1GUurE 1. Example of a heterogeneous model domain @

from the other faces of Q” This extension is, however, omitted in order to keep
the notation as simple as possible. We note that the considered composition of @
is adapted to ADI splitting schemes because these methods rely on subdomains of
tensor structure for efficiency reasons, see [37, 29]. Each subdomain Ql ; is assumed
to consist of a homogeneous material, and p is not allowed to change in Q;, meaning
throughout

ElQi,j7M|Qi,j = R>O’ M|Qi,0 = Ml@i,l’ (1'3>

forie{l,...,L}, j€{0,...,K},and I € {1,...,K}. (In contrast to [58], we do
not impose a monotonicity condition on €, but see also Remark 2.4.) At the inter-
faces between the subdomains, we impose several physical transmission conditions.
In particular, we allow for a nontrivial surface charge, see (2.4) and Remark 2.2.

The main result of this paper is Theorem 6.5. It shows that the Peaceman-
Rachford ADI scheme (6.1) from [43, 61, 21] converges in L? with order 3/2— to the
solution of the Maxwell system (1.1), provided that the initial data and the external
current are sufficiently regular and satisfy appropriate boundary, transmission and
divergence conditions. To be more precise, for every number 6 € (0,3/2), the
error of the ADI scheme converges with order 3/2 — 6. Note that we only impose
assumptions on the data of the problem, but not on the solution. Because of
the irregularity of the material parameters, our error result provides a smaller
convergence rate than the classical order 2 from [28, 18, 21, 20, 37]. The numerical
examples in Section 7 show, however, that the order reduction predicted by our
analysis is indeed observable in practice.

To prove Theorem 6.5, we need a detailed knowledge of the regularity of the solu-
tions to the Maxwell equations (1.1). In other papers, the time-harmonic Maxwell
equations are analyzed on more general and complicated heterogeneous polyhedral
domains, see [6, 14, 10, 11, 12, 5] for instance. In particular, we apply Theorem 7.1
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from [14] in the proof of Lemma 5.4. Similar to [58], we present a detailed regu-
larity analysis to establish a sharp explicit link from the maximal relative jump of
the electric permittivity € to the regularity of the solution, see Corollary 5.18 and
Remark 5.19. To the best of our knowledge, this regularity statement is new for our
problem. Note also that a time-dependent Maxwell system with additional surface
current on a cuboid consisting of two homogeneous subcuboids is analyzed in [17].

During the regularity analysis, we localize near the interior edges in the cuboid,
and study an elliptic transmission problem for the first two components of the
electric field, see Section 3, Section 5.2 and also [13, 14, 11]. To express the first two
components of the electric field as the sum of a regular and a singular function, we
additionally employ an interpolation result for subspaces from [57], see Lemma 5.10.
Arguing similar as in [28, 56], we then show that a space X, see (2.4), embeds
into a space of functions with piecewise fractional Sobolev regularity. The actual
regularity and wellposedness result in Corollary 5.18 is then obtained by means of
the regular state space X, and semigroup theory on that space, see Lemma 5.17.

Having the regularity and wellposedness results from Corollary 5.18 and Re-
mark 5.19 at hand, the crucial ingredient in the proof for the main result in Theo-
rem 6.5 is an estimate for a critical error term. The needed analysis is established
in Section 6.2 by means of a sophisticated H°°-functional calculus approach.

Structure of the paper.

In Section 2, we recall useful function spaces related to Maxwell equations and
introduce an appropriate analytical framework in which we can interpret (1.1) as
a Cauchy problem. Afterwards, we study an elliptic transmission problem on the
unit disc which is useful for the analysis of the first two electric field components,
see Section 3. In the succeeding Section 4, we present two lemmas on elliptic
transmission problems with nontrivial contribution on the interfaces in fint. By
means of the findings in Sections 3-4, we show a regularity result for the space Xs
in Section 5. The wellposedness and regularity of (1.1) is concluded in Section 5.4.
The considered Peaceman-Rachford ADI scheme (6.1) is analyzed in Section 6, and
we establish a rigorous error result in Theorem 6.5. Finally, we present numerical
error plots showing that a loss of convergence order for scheme (6.1) is observable
in our heterogeneous model problem, see Section 7.

Notation.
We employ the same notation as in [58]: For technical reasons, we use a partition

of the cube @ that is subordinate to Q@ = UX_; U]K:O Qi,j, and that is obtained by ap-
propriate refinement. The new partition consists of N disjoint cuboids @1, ..., QN
that touch the top and bottom faces of Q). For subcuboids with a common interface,
we additionally assume that the edges of the corresponding faces coincide. Note
that the parameters € and p are piecewise constant on the new partition. For a
function f on @, we denote its restriction to a subcuboid Q; by f*).

The interfaces of the fine partition Q1,...,Qx are collected in a set Fin;, and
the exterior faces are collected in Foyi. The set of effective interfaces is defined as

FM .= {FcCcQisafaceof Q;j, i € {1,...,L}, j€{0,...,K}}.

Note that F£ consists of all interfaces between submedia with different physical
properties. It is also important to associate a unit normal vector to each interface
and exterior face. For an interface F € Fiy UFSH being parallel to the x;—x3-plane,
we choose its normal vector vz as the canonical unit vector e;, I # j € {1,2}. For
an external face F € Fext, the unit normal vector vz is chosen as the unit normal
vector v of 0Q). At several instances, we also use jumps of functions at an interface

F € Fint: Let Q; and Q; be the two cuboids sharing the interface F, and let f be
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a function on Q with f(? and fU) having well defined traces on F. We then define
the jump of f at F by [f]r := trr fO —trz fO).
The open faces of @) are denoted by

Fji ={re€dQ|z;= aji, z € (a; ,a)) for 1 # j}, r;:= F;‘ ury,

for j € {1,2,3}. The domain of a linear operator A on a normed vector space
(X, [I-[I) is called D(A), and its graph norm is [|-[|% 4 := [I-]|* + [|A-[|*.

2. ANALYTICAL PRELIMINARIES

This section is divided into two parts. First we collect useful function spaces,
analytical concepts, as well as an extension result. In the second part, we introduce
a convenient analytical framework in which we can interpret the Maxwell equations
as an evolution equation on a state space.

2.1. Useful function spaces and an extension result.

Here we follow Section 2.1 of [58]. First, we recap important definitions and facts
related to the curl and div operators on the entire cuboid ). The concepts transfer
directly to the considered subdomains of ). We use the Banach spaces

H(ewl, Q) = {¢ € L*(Q)° | curlg € LX(Q)°}, [[]12 := 1072 + lleurl ¢ 7
H(div,Q) = {¢ € L*(Q)° | divé € L* @)}, ¢ll3y, = I8l172 + I diveZs -
The spaces Hp(curl, @) and Hy(div, @) denote the subspaces of H(curl,Q) and
H(div, @), respectively, that are obtained by completing the space C°(Q)3. The-
orems 1.2.5-1.2.6 in [23] yield that the normal trace operator v — v - v|gg extends

continuously to H(div,Q) with kernel Hy(div, Q). It maps into H~/2(8Q) and
gives rise to Green’s formula

/’U'V(,Ddl’"‘t‘/(diV’U)Lpdl‘: <U'V,(p>H71/2(3Q)><H1/2(3Q),
Q Q

for v € H(div,Q), p € H'(Q).

Theorems 1.2.11-1.2.12 in [23] provide a continuous extension of the tangential
trace operator v — v X v|gg to H(curl, @) with kernel Hy(curl, Q) and range in
H~'2(9Q)>. The associated Green’s formula is given by

/Q(curlv) ~pdr — /Qv ~eurlpdz = (Vv X V,0) g-1/2(00)x H1/2(90)

for v € H(curl,Q) and ¢ € H(Q)3.

For the error analysis in Section 6, we employ extrapolation theory for operators,
see Section V.1.3 in [1] and Section 2.10 in [52]. We sketch the basic concept: Let
A be a closed linear operator with dense domain and nonempty resolvent set p(A)
on a Banach space (X, ||-||x). Let A € p(A). The extrapolation space X4, of A
is obtained by completing X with respect to the norm H'HXﬁ‘l =M - A)~ | x.

Note that A has a unique continuous extension A_;, mapping from X into X4,.
The latter mapping is called extrapolation of A to X. Similarly, the resolvent
(M — A)~! extends continuously to (A\] — A_1)~!, mapping from X4, to X.

At several instances, we moreover use real interpolation spaces, see Section 1.1 in
[42] for instance. They are in particular useful to define Sobolev spaces of fractional
order, see [40, 51]. Let d € {1,2,3}, and O C R open with a Lipschitz boundary.
The spaces Hi(O) and HZ(O) denote the closure of the space C°(0) in H(O)
and H?(0), respectively. We set

H*(0) := (L*(0), H*(0))s/22, HJ(0) := (L*(0), H§(0))p,2, (2.1)
Hyp?(0) := (L*(0), HH(O))1j2,2,  Hoh (0) := (L*(0), H*(0) N H3(0))1 /2,2,
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for s € (0,2) and 6§ € (0,1) \ {1/2}. Note additionally that H?(0O) = H§(O) for
6 € (0,1/2). (This fact can be proven with Corollary 1.4.4.5 in [26].)

To deal with functions that are regular on each subcuboid but irregular across
the interfaces, we employ piecewise Sobolev spaces. We define

PHq(Q) = {f € LQ(Q) | f(i) € Hq(Qi)v (S {17"'7N}}a qc [0’2}7
PHE(Q):={f € PH(Q) | fY =000 dQ;NT* ie{l,....,N}}, se(1/2,2],

N
) _
1 pra =Y N Nraans N9llpag. = lgllpae,

for f € PHY(Q), g € PH.(Q), where I'* is a nonempty union of some of the faces
of ). We close this subsection with a useful extension result that is employed in the
proof of Lemma 5.4. For the proof, we modify extension techniques and arguments
from the proof of Lemma 3.1 in [20].

Lemma 2.1. Let Q (0,1)3, v be the unit exterior normal vector of 8@, F be
a face of Q, and g € H3/2(}'). There is a function u € H3(Q) N H&(Q) with
dyu = 0 on all faces F' # F of Q and 8,u = g on F. Furthermore, Au has a

trace in HO/Z(}') on all faces F of Q The function u can be estimated in norm
via [[ul| gz ) < C||g||H3/2(]_.), involving a uniform constant C > 0.
00

Proof. 1) Let F = {0} x [0,1]?> = [0,1]2, and let x : [0,00) — [0,1] be a smooth
cut-off function with x = 1 on [0,1/2] and supp x C [0,3/4]. We further employ
a positive definite selfadjoint operator L on L?(F) with D(L) = H3(F) N HZ(F).
(Such an operator exists, see Section 124 in [44] and Section 1.2.1 in [40].) By as-
sumption, g € ’D(Ll/ 2). We further note that L'/3 generates an analytic semigroup
(e_tLl/S)tZO on L%(F). We claim that

_ 1/3 ~
w(zy, T2, 23) == —x(z1)z1 (€™ g) (22, 23),  (21,72,73) € Q,

is the desired extension of g. We prove this assertion in the next two steps.
2) In the following, C' > 0 is a uniform constant that is allowed to change from
line to line. To derive the asserted regularity statement, we note that u is smooth

inside Q as (e_tLl/S)tZO is analytic. We moreover use the embeddings
D(L) = H3(F), D(L*?) < H*(F), DLY?) — H'(F),
and identify F with [0, 1]2. We calculate
O1u = —(X + X — Xx1L1/3)e*“"1Ll/3g, (2.2)
ﬁfu = —(2)(' +x1x” — 2X/x1L1/3 — 2xL1/3 + X:z:le/‘g)e*zlLl/sg,
FRu=—(3x" +z1x" — (3x" w1 + 6x) L3 + (3x a1 + 3x) L3 — Xle)e’“ng.

By means of Proposition 6.4 in [42], we then obtain the desired relations
/ (1, s dor < CZ/ L0 (e, )y

< CA (||z1L2/367zlL1/3L1/3g||2L2(}_) + HL1/66711L1/3L1/2g||2L2(}_)) dzy
1/2 112 2

3) It remains to study the behavior of u on the boundary of Q By construction,

—tLY/3

u =0 on F. The semigroup (e )i>0 being analytic, we further have u(z1,-) €
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D(L) C HE(F) for x; > 0. Taking also the choice of x into account, we conclude
the asserted homogeneous Dirichlet and Neumann boundary conditions on all faces
of Q7 except F. Formula (2.2) furthermore shows the desired extension property
81’[1,(0, ) = —g.

We finally deal with Au, and show that (Au)|r € Héf(]—"). (The other faces
of Q can be treated in the same way.) By part 2), Pu € HY(Q) for j € {1,2,3}.
Combining the fact u = 0 on F with Lemma 2.1 in [21], we consequently infer that
dFu = 0on F for j € {2,3}. In view of the analyticity of (e*tLl/a)tZO and (2.2), the
function d?u moreover vanishes on all faces of Q, except F. By the trace method
in Section 1.3 of [40], we thus conclude that d7u € HéO/Q(}'). O

2.2. Analytical framework for the Maxwell equations.

In this section, we use concepts from Section 2.2 in [58] and Sections 2-3 in
[20]. The Maxwell system (1.1) is interpreted as an evolution equation on the space
X = L?(Q)%, which is equipped with the weighted inner product

(8 (B - [ pomne (3)(8)e

The induced norm is denoted by ||-||. In presence of (1.3), this norm is equivalent
to the standard L?-norm. The linear Maxwell operator is defined as

1
M = (—1ocurl sCO“ﬂ) . D(M) := Hy(curl, Q) x H(curl, Q). (2.3)
I

Note that D(M) prescribes tangential interface conditions, as well as the electrical
boundary condition. To incorporate also relevant normal transmission, boundary
and divergence conditions, we use the spaces

Xo={(BE,H) € L*(Q)°® | div(uH) =0, uH-v =0 on 9Q}, (2.4)
Xy = {(E,H) € D(M*) N Xo | div(eElg,,) € Hyp(Qi1), div(eE|g, ) =0
onT3NaQ,, foric {1,...,L},1€{0,...,K},
[eE - vrlF € HYP(F) for F e F

int J*

(The set of effective interfaces F£ and the domains Q;; are defined in Section 1, and

H(%Q is introduced in (2.1).) Here, H}(Q;,) denotes the space of H'-functions on

Qi,l, whose traces on each face F of Q“ belong to Héég (F). While X is complete
with respect to the norm in X, the space X5 is complete with the norm

2

N
2 2 . i %
(B FDI%, = 1B ) parsy + 3 [aiv @B
i=1 ‘

YY)

i=1 1=0 F face of Q@I

divE

2
2
Qi Hééz(]-‘)_F Z H[[‘C:E'V]-']]F‘|Hgg2(f).

Remark 2.2. By considering the Maxwell system (1.1) on Xs, we prescribe the
transmission conditions

[[EXZ/]:H]::O:[[HXZ/]:H]:, [[,uH-V]:]]]::O7

on each interface F € Fint. The possibly nonzero jump [¢E x v£] # has the physical
meaning of a surface charge density, see Section 4.12 in [47], Section 1.1.3 in [7],
and Section 1.5 in [31] for instance. O
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In Section 5, we prove that X, embeds into the space of piecewise H?"-regular
functions with appropriate £ > 0, see Proposition 5.16. To study the Maxwell
system (1.1) in X5, we define Ms to be the part of M in Xs. The domain of M5 is
determined in the next lemma. To that end, we transfer a part of Proposition 3.2
in [20] to our setting.

Lemma 2.3. Let ¢ and p satisfy (1.3). The operator My has the domain D(Mz) =
D(M?) N Xs.

Proof. In view of the definition of X», it suffices to show D(M3) N Xy C D(M,).
Let (E,H) € D(M3) N X2, and put (u,v) = M(E,H). Then (u,v) € D(M?) with
div(eu) = 0 and div(uv) = 0. In particular, [eu - vz]z = 0 on F € Ff. The
boundary condition pv - v = 0 on 9@ is a consequence of E x v = 0 on 9Q, see

Remark 1.2.5 in [23]. O

Ms generates a strongly continuous semigroup on Xs, see Lemma 5.17. From this
we can then conclude that the Maxwell system (1.1) possesses classical solutions
with piecewise H2 *-regularity, see Remark 5.19.

We close this section with an important remark that is employed several times
throughout this paper.

Remark 2.4. Inspecting the arguments in [58], we see that the results from there
also hold in the current material configuration from Section 1. This is due to the
fact that [59] already allows for assumption (3.2).

3. ANALYSIS OF AN ELLIPTIC TRANSMISSION PROBLEM

In this section, we analyze a Laplace operator on the unit disc with transmission
conditions that are motivated by the first two components of the electric field.
Note in particular that the first two components of the electric field are continuous
in two space dimensions, and discontinuous in the remaining one. The analysis
follows the one in Section 3 of [58], whence we only sketch identical parts. Our
reasoning is inspired by [35], which treats different transmission conditions, see also
[14, 10, 11, 33]. Our goal is a representation of the domain of the Laplace operator
in (3.5) as the direct sum of a space of regular functions and a one-dimensional span
of an explicitly given irregular function. As in [58], we aim for an explicit result in
terms of the size of the jumps of the material parameter e, see Proposition 3.4.

3.1. Introduction of a two-dimensional Laplacian with transmission con-
ditions.

We recall some of the assumptions and constructions in Section 3.2 of [58]. We fix
an interior edge e;, in ) at which € has a strong discontinuity, and let Qin 1, ..., Qin 4
be the adjacent cuboids to ej,. Strong discontinuity of ¢ means that ¢ attains a
different value on one cuboid compared to the remaining three, cf. Definition 3.4 in
[58]. After translation and scaling, we can assume the identity

em = {(0,0)} x [0, 1]. (3.1)
The notation 51(111) means the restriction ¢
tionally assume the configuration

W= = Aol (3.2)

m m

Qm.;- Owing to symmetry, we can addi-

€

see (1.3). We denote by D the unit disc, and assume that the cylinder D x [0, 1]
touches no second interior edge. After rotating, the representation

(D X (0, 1)) n Qin,i :Din,i X (0, 1), (33)
Diy i :={(rcosy,rsing) | r € (0,1), ¢ € Iin;}, (3.4)
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Iing :=(0,%), Inz2:=(5,7), Ing:=(m37), ILns:=3m2n),

is valid for ¢ € {1,...,4}. In the following, we interpret ;, as a piecewise constant
function on the partition Di, 3 U---U Diy 4. The interfaces in D are denoted by

kD = 8Din7k N 8Din7k+1, .EEA = 8Din’1 N 8Din14, ke {]., 2,3}

The notion of restrictions of functions, piecewise regularity, and the jump [-] at an
interface are transferred accordingly to this partition of D.
In this section, we aim to represent the domain of the two-dimensional Laplacian

(Lin))® = Ay, (3.5)
Y € D(Liy) := {¢ € PHY(D) | AY® € L*(Dyn,),
[[Einlb]]fﬁ =0=[Vy- Vﬂlea [[T/J]]f,f’ =0=[enVy- V]]f,f
forie{1,...,4},1 € {2,4}, k € {1,3}},

as the direct sum of piecewise H2-regular functions on D and the span of an ex-
plicitly given singular function, see Proposition 3.4.

We note that the operator L;, is invertible with compact resolvent. It is further-
more selfadjoint with respect to the inner product

<ﬁmmﬂ:=émed% f.9€ LA(D). (3.6)

(In fact, bijectivity is obtained via a Lax-Milgram-Lemma argument, and symmetry
is concluded by an integration by parts.)

3.2. A one-dimensional eigenvalue problem.
To determine the strongest arising radial singularity of functions in the domain
D(Lin), we study the eigenvalue problem

(WY () = —k%PD () for ¢ € Ling, i € {1,...,4}, (3.7)
e v (0) =e)v@(2r),  (@M)(0) = (W) (2n),
M (3) =9 (F), @MY (3) =@ (3),
Y@ (r) =@ (x), @P)(r) = D) (r)
Y@ () = pD(dm) D w®) (En) = el (WY (3m).
in the next two lemmas, cf. [36].

Lemma 3.1. Let ey, satisfy (3.2). Then (3.7) has a countable set of eigenvalues
0 < k? < K3 < -+ — 00, and associated piecewise smooth eigenfunctions iy, b, . ..,
forming an orthonormal basis of L?(0, 2m) with respect to the inner product L?-inner
product with weight iy, .

Proof. Consider the closed, symmetric, and positive definite bilinear form

Z/ Vw(t) vy +ww]

m i

D(a) := {¢p € PH"(0,27) | v satisfies the zero-order transmission
conditions in (3.7)}

on L%(0,2n). The latter space is equipped with the L2-inner product with weight
€in. The operator

(THl1= 0= (f),ie{l,... 4},
fE€D(T):={f € PH?*(0,27) | f satisfies the transmission conditions in (3.7)}
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is then associated with a. By Theorem VI.2.6 in [34], T is hence positive definite,
selfadjoint, and invertible on L?(0,27). Taking also into account that 7" has a com-
pact resolvent, the spectral theorem for selfadjoint operators with compact resolvent
provides a countable set of positive eigenvalues and an associated orthonormal basis
of eigenfunctions for T. The definition of 7' now implies all asserted statements,
except the bound for the smallest eigenvalue.

Suppose k2 was nonpositive, and let 1)1 # 0 be an associated eigenfunction.
Integrating the eigenvalue-eigenfunction relation by parts, we then infer the identity

4
S [ culbiiag=o
i=1 7 Lin,i

This means that 1 is piecewise constant, contradicting the zero order transmission
conditions in (3.7). O

The next statement is a counterpart of Lemma 3.5 in [58]. It provides a crucial
sharp upper bound for the first eigenvalue of (3.7). The bound is given by the
number £ € [0,1/3) with

(elg,, —¢€la, ,)? Asin?(F
B G s = i (38)
Sy 2 oy cos(2&m) cos(2km
1e{1,...,K} Qi,1%1Qi,0 5 1

where (Qll)” are the submedia from Section 1. Note that % is uniquely determined
by (3.8). We moreover observe the structural similarity to the defining relation for
R, see [58].

Lemma 3.2. Let ¢y, satisfy (3.2). Then the inequalities k1 < & < 1 < ko are true.

As the proof of Lemma 3.2 merely consists in a long calculation that uses well
known techniques, we skip it, and refer to [60].

3.3. Analysis of a two-dimensional Laplacian with transmission condi-
tions.

Our goal is a direct decomposition of the domain D(L;,) from (3.5) into a space
of H?-regular functions, and the span of a radially singular function. To that end,
let x : [0,00) — [0, 1] be a smooth cut-off function which is equal to one on [0, 1/4),
decreases monotonically, and is supported on [0, 1/2]. In the spirit of [35], we define
the supplementary spaces

4
My == {¢ € () C"(Dini) N PH*(D) | 02", 10,0,0", rd2") € C(Dyy ;) and
=1
tend to 0 as 7 — 0, ¥ € C*(Di,; \ {0}), ¥ =0 on dD,
H51n¢ﬂle =0= [[8V1/Jﬂlea [Wﬂf,f’ =0= [[Einaﬂ/’ﬂf,f’
fori e {1,...,4},1 € {2,4},k € {1,3}},
Nin := span{x(r)r™ 1 (¢)}. (3.9)

For the first space, the next lemma provides a useful a-priori energy estimate
involving the Laplacian Lj,. As the proof is obtained by straightforward adaptions
of the one for Lemma 2.2 in [35], we omit it.

Lemma 3.3. Let ey, satisfy (3.2). There is a constant C' = C(ein) > 0 with

1l 2y < € (IWllza o) + 1 Emtllyapy )y @ € Min.
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We close this section with the desired decomposition result for the domain D(Liy)
from (3.5). As the proof transfers the reasoning from the three-dimensional set-
ting in Theorem 5.1 of [35] with different transmission conditions to the present
transmission conditions in the two-dimensional case, we only sketch the relevant
different parts. Compare also Theorem 2.1 in [35] and the reasoning in [25, 39].

Proposition 3.4. Let e, satisfy (3.2). The domain D(Li,) can be decomposed
into

~ ””PH2 ~

D(Lin) — Min ©® Nin-

Proof. 1) We show that L;, maps the space W := M, & Ny, onto L?(D). As
Ly, is injective, this implies the asserted statement. To derive the surjectivity of
Ly, : W — L%*(D), we prove that the orthogonal complement N of the space
€inLin(W) in L?(D) is trivial.

Let v € N. Consider the function v, : [0,27) — R, ¢ — v(rcosp,rsinp),
r € (0,1), and abbreviate s(p) := (cosp,siny), ¢ € [0,27). In the eigenbasis
{¢r, | k € N} of system (3.7), v, has the expansion

w=Y o al)= [ alsEilde e 0.)
k=1 0

Analogously to the proof of Theorem 5.1 in [35], the estimate

0o 41
Z/o rlog(r)]? dr < oo, (3.10)
k=1

can be verified.
2) Let now x € C°(0,1), k € N, and set

uk(rs(p)) = X(r)de(e),  re(0,1), ¢ €[0,27).

By construction, uy is an element of ]\7[111. The representation of the Laplacian in
polar coordinates and the choice of 1, as an eigenfunction of (3.7) yield the identity

8l (r, ) = 5 (X' (1) + X" () — 2RO ().

As v is an element of A/, we then arrive at the relations

0= (v e Lantir) = / / " (i () + P2 () — K2R (@)o(rs()) dpdr

1
= [ 206+ X 0) - xanr) (311
0
An integration by parts now shows the identity
r(ray) — ko =0,  re(0,1), (3.12)

as X € C2°(0,1) is chosen arbitrary. We consequently infer the formula ay(r) =
arr™ + bpr~"* with real numbers ay, bg.

3) We next deduce that by, = 0 for k > 2. Lemma 3.2 implies x5 > 1 for k > 2,
while (3.10) gives rise to the relations

0 1 00 1
0o > Z/ rog(r)? dr = Z/ a2rt T2 4 2a, by 4+ b2ri 26
0 0
k=1 k=1

This shows that by, = 0 for & > 2.
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Consider now the function @ (r, @) := x(r)r*11 (@) (recall that y is the cut-off
function from the definition of Ni,). As 1) is an eigenfunction of (3.7), a calculation
leads to the formula

Aaf (X”T’“ +x' (261 + 1)r"1_1>¢§i).
Using that v is an element of A, we conclude the equations

0= ’U 51nL1nu1)L2(D)

271'
/ / TU 7"8 ( ”rﬁ’l —+ XI(2K1 + 1)Tﬁ1_1)5in¢1 (90)) d(,O dr
:/ (X//rnlJrl +x (2#&1 _’_1)7,,1‘61)@1(7“) dr
0

1
= [ (a0 @ D))
0

An integration by parts and the choice of x then finally give rise to the result

1
0=D"r* o ]l_o + [(X'r + x2r1 + 1))b]ly — / x'by dr = 2k1b1.
0

This means that also b; is zero.

4) We finally show that all numbers a; are zero. Analogously to the proof of
Theorem 5.1 in [35], we employ the mapping (7, ¢) := £(r)x(p) for k € N. Here,
¢ :=[0,1] — R is smooth with supp& C (0,1], £(1) = 0 and £'(1) = 1. Then U is
an element of M;,. As in (3.11), we obtain

0= /0 (re" (r) + &' (r) — r 1 R2E(r))agr™™ dr.

Using the boundary conditions and the location of the support of £ in an integration
by parts, the desired result

1

0= [f'r”kJrl] 00k — / <§’nkakr”k + H%akfr”’rl) dr = ap — [ér”k]izonkak = a
0

follows. u

Combining Lemma 3.3 and Proposition 3.4, there are bounded projections from

D(Lin) onto the closed subspaces M, and Nin, respectively. The subspace N,
plays here the role of the singular part of functions in the domain D(L;,). This
decomposition is one of the key tools in the regularity analysis of the electric field.

4. INHOMOGENEOUS ELLIPTIC TRANSMISSION PROBLEMS

The next two lemmas deal with elliptic transmission problems for functions whose
normal derivatives have prescribed discontinuities across the interfaces. The first
lemma is in particular useful to investigate the regularity of the magnetic field,
while the second one is used for the electric field. Although both lemmas are well
known to experts in the field, see Section 4 in [14] for instance, we provide the
corresponding proof at least for the first statement to keep the presentation self-
contained. Note that we use the formulation H"(Fin), £ € (0,1/2], for the space
of all functions on the union Uzcz, , F that belong on each interface F to H"(F).

Lemma 4.1. Let T'* be a union of some of the exterior face pairs T, s € {1,2,3},
and let p satisfy (1.8). Let additionally k € (1/6,1/2), f € L*(Q), and g €
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H"(Fint). There is a unique function w € V = {¢ € PHE(Q) | [[nellr =
0 for F € Fint} with

N
Z/ Ivu® Vgo()dx—/ufgodx+ Z /ugg@da peV. (4.1
i=1"7 Qi

FEFint
The mapping u even belongs to PH3/?>T%(Q) with

N
S OB san iy < CUAB gy + S ol i),

i=1 FEFint

involving a uniform constant C = C(u, K, Q) > 0.

Proof. 1) We focus on the case I'* = T’y as all remaining configurations can be
treated with similar arguments. The Lax-Milgram lemma and the trace theorem
for H'-functions provide a unique function u € V satisfying (4.1). We investigate
the regularity of u in the following.

2) Consider the elliptic transmission problem

—p(i)Aw(i) =0 on Q; forie{1,...,N},
Y =0 on Iy, (4.2)
Vi -v=20 on 9Q \ 'y, '

[ko]r =0, [VY-vr]lr=—-¢ onF € Fin,
involving a mapping ¢ on Fins.

Set H9(F) := (H°(F))* for F € Fing, 6 € (0,1/2], and define H%(Fiyy) as
the dual space of H?(Fiy). Note that H°(Fiy) is isomorphic to the product
H]:E]:int Hié(f)

We first assume that ¢ € H~'/2(Fin). System (4.2) then corresponds to the
formula

Z/ IZJ(Z ) (Ve ))dzf Z <¢aﬂ90>H—1/2(f)le/2(f)a peV. (43)

FEFint

The Lax-Milgram lemma provides a unique weak solution ¢ = 1(¢) € V of (4.2)
respectively (4.3). We furthermore conclude the inequality

Il par @) < Cllola-1/2(7,,)- (4.4)

3) Let Héé2(fint) be the space of all functions on Fi,;, whose restrictions to

all interfaces F € Fjy belong to HééQ(]:). Let now ¢ € Hl/Q(}"int). Using the
extension results of Propositions 2.2 and 2.3 in [2] on every interface, there is a
function ¢ € PH?(Q) with

[[qu : V]:]]]: = _¢ on F ¢ ‘/T-inm
1;:0 On]:ej:extU]:inta
s 4.5
v .y =0 on 8Q, (4.5)

1lpee@ < Cléll e

int) *

Proposition 3.1 in [58] further provides a unique function ¢ € PH?(Q) NV with
AP = AP for i € {1 . N} and [V¢ - vz]7 = 0 for F € Fine. This means
that the mapping ¢ := 0 — 7,/; € PH?(Q) solves (4.2) in strong form. Combining
Proposition 3.1 in [58] with (4.5), we moreover arrive at the inequality

[0l przq) < Cllel gz (4.6)

(Fint)
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4) Let ¢ = g. Remark 12.6 in Chapter 1 of [40] leads to the identity H"(Fin) =
(H‘l/z(]-'im),H&éz(}"im))nﬂ/z’g. Interpolating now between (4.4) and (4.6), we
thus infer that (4.2) has a unique solution ¢ = t(g) in the interpolation space

(V.PH*(Q) N\ V)ui1/22 = (PHYQ), PH*(Q))r1/22 NV = PH*™(Q) NV,
satisfying the inequality
1l prs/zen (@) < Cllgll s (Fine)-

5) Proposition 3.1 in [58] provides a unique function @ € PH?*(Q) NV with

A1) = —f@) and [Va-vr]z = 0 for F € Fing. It can be estimated by |l prre ) <

Cllfllz2(q)- Altogether, the function u = @ + 1 € PH3?t%(Q) is the unique
solution of (4.1), and it satisfies the asserted inequality. O

Recall for the next statement that~]-'int denotes the collection of the interfaces
between the coarse partition Q1,...,Qr, see Section 1. We employ the spaces

HE(F) :={ue H(F) |u=0onT*NF},
HP(F) o= (LAF), HE (F) 1o, F € Fines
H1£2]:-int = UELQJi-int ’U}'EH1£2-F fOI‘J:EJ:-int )
r

for a nonempty union I'* of the face pairs I's and I's.
As the lemma is a straightforward generalization of Lemmas 8.13 and 8.14 in
[56], we omit its proof.

Lemma 4.2. Let I'* be a nonempty union of the face pairs 'y and I's. Let further
g€ H#Q(]}mt), and f € L*(Q). There is a unique function u € HE. (Q) with

/QVu-V@dx:/Qﬁpdx—&- Z /}_gwda, 0 € HE(Q). (4.7)

-Fe]:int

The mapping u is even an element of PH?(Q) with

lullprar < CU @+ 3 ol
.FGﬁint

for a uniform constant C = C(Q) > 0.

5. REGULARITY ANALYSIS FOR THE MAXWELL SYSTEM

This section is devoted to a detailed regularity analysis for the Maxwell system
(1.1). To establish the desired result in Corollary 5.18 and Remark 5.19, we derive
an embedding statement for the space X5 from (2.4) in Proposition 5.16, and employ
semigroup theory on Xs.

The proof of Proposition 5.16 is structured into Sections 5.1-5.4. In Section 5.1,
we use Theorem 7.1 from [14] to derive a first regularity statement for the electric
field component of functions in X5. In Sections 5.2 and 5.3, we then separately
analyze the electric and magnetic field components of a vector in X5. Here our
findings from Sections 3-4 and [58] come into play.

5.1. A first regularity statement.
This subsection provides a useful regulaity result for the electric field component
of functions in the space X5 from (2.4).

Lemma 5.1. Let ¢ and p satisfy (1.3) and (E, H) € Xo. The functions AEY and
AHY belong to L2(Q;)? forie {1,...,N}.
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Proof. Since the coefficients ¢ and p are piecewise constant, the definition of X5 im-
plies that the function div E® belongs to H'(Q;), and that the vector curl curl E?
is contained in L?(Q;)®. We then calculate

curl curl E® = —AE® + vdivE®

in H1(Q;). As a result, AE®) belongs to L2(Q;)?. The magnetic field component
H is treated similarly. O

Remark 5.2. Lemma 5.1 implies an interior regularity result for fields (E, H) € X5
within the subcuboids Q1,...,Qy. Indeed, E and H” belong to HZ (Q;)? for
i € {1,...,N} by standard elliptic regularity theory, see for instance Section 6.3.1
in [22]. We need, however, regularity statements up to the boundary of every
subcuboid for our error analysis. O

To establish the desired embedding statement for the space X, in Proposi-
tion 5.16, we employ Theorem 7.1 of [14]. As a preliminary step, we derive in
the following a lower bound for the first eigenvalue of a Laplace-Beltrami operator
on the lower hemisphere with transmission conditions and homogeneous Dirichlet
boundary conditions.

We reuse the framework from Section 3. In particular, e;, = {(0,0)} x [0,1]
is an interior edge of four subcuboids Qin 1, ..., Qin,a With ¢ satisfying (3.2). Let
M = (0,0,0) be one of the intersection points of e;, with 0Q. After scaling, we
can assume that the ball B(M,1) with radius 1 touches no other interior edge of
Q. Using the adjacent subcuboids Qin 1, - .., Qin 4 t0 €in, we introduce the spherical
regions

Gin := 0B(M,1)NQ, Gin,i = 0B(M,1) N Qin s, ie{l,... .4}
We also employ the piecewise constant representative €, of € on Gy, and the

notion of restrictions of functions and piecewise regularity is transferred to the
partition of Gy, into Gin 1, ..., Gin,a. We then study the Laplace-Beltrami operator

LGdJ = idiv(&nvw),
Y € D(Lg) :={¢ € H} (Gin) | div(ein V) € L*(Gin)},

on Gi,. We note that —Lg is positive definite, has a compact resolvent, and is
selfadjoint on L?(G},) with respect to the L2-inner product on Gj, with weight &;,,.
We next determine a lower bound for the first eigenvalue of — L.

Lemma 5.3. Let ei, satisfy (3.2). The first eigenvalue of —L¢ is greater than or
equal to 2.

Proof. Let 1 € D(—Lg)"/? = H}(Giy). We then extend ¢ in the following way
to a function 1/; on the unit sphere S2: Reflect 1/(1) at the interface 0Gin1 N OGin 4
to Gina. The resulting function is afterwards reflected at the plane {xs = 0} to
become a function 1 in Hy(Gi,). We finally set

(w1, 22, 73) 1= —1(21, T2, —T3), (z1,20,73) € SN {z3 < 0}.

By construction, ¢ then belongs to H* (5?), and it has zero mean. As the first
positive eigenvalue of the standard Laplace-Beltrami operator on S? equals 2, see
Section I1.4 in [8] for instance, we infer with the Poincaré inequality

Vo 7 1)+
et VllZz(s2) = 2llely Dl s2),
see Section D.II in Chapter IIT of [4]. In view of the definition of t, we then infer
1 1
et VOl 600 2 2leta ¥V

in,1)'
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Repeating the same argument for the restrictions of ¥ to Gin2, Gin,3, Gin,a, We
conclude

lein Vil 2, = 2llem®lZz(a,
The Rayleigh quotient of —Lg can now be estimated from below by
Ja,, ein(—Lcd)pdz
fGin 5in¢2 dx =7

The Courant-Fischer theorem now implies the asserted estimate. O

¢ € D(—Lg) \ {0}.

We next transform our problem into the setting of [14] to apply Theorem 7.1 from
there. This provides a crucial regularity statement for the electric field component.
For the proof, we recall that the arising classes of exterior faces and interior faces
are defined in Section 1.

Lemma 5.4. Let € and u satisfy (1.3), and let (E, H) € Xo. Then E belongs to
PH2(Q)

Proof. 1) We first manipulate the function E so that it satisfies the conditions
required in [14]. Let F € F\ Fi, and Q,; withi € {1,...,L}, 1 € {1,...,K}

be a cuboid with face F (the case F € Fiy is treated similarly). By definition of
X5 in (2.4), the jump [¢E - v£]r belongs to Hg’éQ(.F). Lemma 2.1 then provides
an extension ar € H>(Q;,;) N H0 (Qi) with Var - vr = 0 on every face F' of
Ql,l except F, and 0, ur = NEr [[f-ZE vr]F. Furthermore, Atx is an element of

H}y(Qq1). (Recall that this means that Az has a trace in HO/ on every face of
Q”) We then extend @ trivially to the remainder of ), and arrive at the relation
[eVir-ve]Fr = [eE-vr] 7. In asimilar way, we continue for the remaining effective
interfaces, obtaining functions @iz for 7/ € Ff. Summation gives rise to a new
function u := Z}.,G}.ienff Ugr.

By construction, u belongs to HY(Q)N PH3(Q), the function div(¢E — eVu) is
an element of PH'(Q)NL?(Q), and u has vanishing derivatives at the exterior faces
of Q. Combining additionally the fact Aul| Giy € H}o(Q:y) with the requirement
div(eE|g, ) € H}o(Qi), we infer that div(eE—eVu)|g, , is an element of Ho(Qin)
forie{1,...,L},1€A{0,...,K}.

2) Denote by Fgii . the effective interfaces with normal vector e;, j € {1,2}.
The set of exterior faces Fexyk, k € {1,2,3}, is defined analogously. Let F €

mt 1\ Fine and let Q;; be a cuboid with face F. Applying Proposition 2.3 in [2]
and extending trivially by zero, there is a function vr; € H2(Q2 )N HE (Ql 1) with
[eVor - vr]r = [div(eE — eVu)] 7 and Vur, - vz = 0 for every other face F
of Q%l We repeat the construction for every other interface F € ]-"mt j» receiving
functions Vg, J € {1,2}. At each exterior face F e Fext,k, We extend the trace
div(eE—eVu)| £, obtaining a function vz ,, k € {1,2,3}. (For the exterior faces and
faces in Fing, we additionally use a cut-off argument to localize near the respective
faces.) Altogether, we obtain functions

vj = > vrg, JE{L2Y, wvsi= > wrs, (5.1)

FEFT [ UFext,s F & Fext,3

int,j

that belong to PH?(Q) N H}(Q). We set v := (UJ);3 1-

By construction, the function E := E — Vu — v then belongs to Hy(curl, @), and
div(eE) is an element of H}(Q). Combining the identity curl E = curl(E — v), the

interface conditions of v and Lemma 2.1 in [21], we further conclude curl E x vz =
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curl E x vr for every interface F € Fiy. This means that the vector icurl]::)
belongs to H (curl, Q).

3) We next show that the function E fits into the settlng of [14] Let w be a
positive real number, ¢ be the imaginary unit, and set H := ——L curlE The

vector H then belongs to H(curl, Q). We also introduce the functlon J —weE +
curl H. By definition, (E H) then satisfies the time- harmonlc Maxwell equations
with parameter w and inhomogeneity J. Using the facts + curlE € H(curl, Q) and

div(¢E) € H}(Q) in an integration by parts, we further obtaln that E satisfies the
variational problem (1.5) in [14] with f € L*(Q).

4) As a consequence of part 3), Theorem 7.1 in [14] applies to E. Hence, it re-
mains to estimate the numbers o™ and o}°" from p. 646 in [14]. In the following,
we use the notation from pp. 645 in [14]. For an edge e where ¢ is constant, a reflec-
tion argument, Satz 32.2 in [51] and estimate (1) in [41] imply the lower estimate
)\22’ > /5. To bound /\Bier for an exterior edge e where ¢ has a discontinuity, it
suffices to consider the operator

Ly = L div(nVy), D(L):={¢ € Hy(D) | div(nVy) € L*(Q)},

where 7 is a piecewise constant positive function on R? that changes value at {z; =
0}. (Recall that D is the unit disc.) Adapting the reasoning for Lemma 3.6 in [58],
we find that the spectrum of —L consists of the eigenvalues (ugﬂ))Z, k e N, [l € Ny,
with 0 = k3 < K7+ — oo denoting the eigenvalues of system (3.12) in [58], and
u,(:) denoting the k-th zero of the Bessel function of order v. Estimate (1) in [41]
then implies AP > /5. If e is an interior edge where ¢ satisfies (3.2), Lemma 3.6
in [58], Remark 2.4, and relation (1) in [41] yield the same inequality AP > /5.

5) We next estimate the number )\D“ for every corner c. Let c first be a corner
near which ¢ is constant. As the smallest positive eigenvalue of the Laplace-Beltrami
operator on the unit sphere is 2, see Section I1.4 in [8], a reflection argument shows
)\D” > 1. Let next ¢ be an external corner of an interface in ]—'mt, see Section 1.
Then a modification of the reasoning in Lemma 5.3 yields again /\5Df0r > 1. Let
finally ¢ be a corner near which e satisfies (3.2). Then Lemma 5.3 yields also here
AP > 1. Altogether, we conclude oP™* > 3/2.

6) We finally bound the number aﬁe“ from below. Let e first be an edge where p is
constant, and denote by J, the Bessel function of order v. A reflection argument,
Satz 32.3 in [51], the identity J§j = —J1, estimate (1) in [41], and the results in
Section 15.3 of [53] imply that )\Ef’eu > /3. Let next e be an edge at which
is discontinuous. Now Lemma 8.6 in [56] and the just mentioned references yield
again )\Eeeu > /3.

Let ¢ be a corner at which p is constant. The reasoning in part 5) then shows that
)\Neu > 1. Let finally ¢ be an external corner of an interface in .7-'mt A reflection
argument and Lemma 8.9 in [56] then show that AN%* > 1/2. We then conclude
that 059“ > 1. The asserted statement is now a consequence of Theorem 7.1 in
[14]. O

5.2. Analysis of the electric field component.

In this subsection, we study the regularity of the electric field component E of a
vector (E,H) € Xs. The subsequent constructions mostly focus on the first com-
ponent of E. The second component can be treated similarly, due to the symmetry
of the model problem. For the sake of a clear presentation, we elaborate the dif-
ferences between the two components at the relevant steps. The regularity of the
third component is finally concluded.
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Recall that .7:'int denotes the collection of all interfaces between the larger sub-
cuboids Q1,...,Qr, see Section 1. The next statement is directly obtained from
Lemmas 9.12 and 9.13 in [56], by means of a cut-off argument near an interface
in Fine. We give a detailed account of a similar cut-off argument in the proof of
Lemma 5.6, whence we skip the next proof.

Lemma 5.5. Let ¢, u satisfy (1.3), let (E, H) € Xo, and let F € Finy. There is an
open set O with F C O and Ey, E; € PH*(O N Q). Furthermore, the estimate

(B N 2000y + IAED |2 () + lleurl B 2(q,))

Mw

(B, Bo)llprrzcon) < O3

i=1 j

D3

=11

<.

pJ= 17

|div E

Qi |Héu(@zl) + ||[[€E1HFHH§(<2(]-')>7

(

is valid with a uniform constant C = C(g, u, Q) > 0.

We next deduce that the first two electric field components are piecewise H2-
regular outside tubes around the interior edges of ) where € is discontinuous.
Although this statement might be well known to experts, we provide a proof for
the sake of a self-contained presentation.

Lemma 5.6. Let ¢, u satisfy (1.3), and let (E, H) € Xo. Let § > 0 be smaller than
half of the shortest edge of one of the subcuboids of Q. Denote by T(6) the union of
cylinders with radius 6 around the interior edges at which ¢ is discontinuous. Then

EY By belong to H*(Q; \ T(8)) fori € {1,...,N} with

N 3
| Bl przivron < C[ 32 (DU iz + 1AE [12(0) + llewr] Bl r2a,)
i=1 j=1
L K
£ 20Dl Bl gy o+ D MEB - vrlrl s

I
<)

i=1 FEFint

m € {1,2}, involving a uniform constant C = C(g, u,9,Q) > 0.

Proof. 1) Note that Lemma 5.5 already provides the asserted regularity and esti-
mate in a neighborhood of all interfaces in ]:"mt We first focus on the interfaces
in 72T\ Fine, and employ a cut-off argument. Let eq,...,es be the interior edges
in @ near which ¢ is discontinuous. We set £ := {ej,...,es}. Forl € {1,...,5},
denote the distance function to ¢; by d;. Additionally, we use a smooth function

X : [0,00) — [0, 1] with ¥ = 1 on [0,4?/36] and supp ¥ C [0,52/16]. Set

) =[0-xd @), =@
=1
This mapping is smooth, vanishes in T(6/6), and is equal to one outside of T'(§/4).
In the following, we analyze the product YE. o
2) Let F € F&f with vz = (1,0,0), and let Q1,Q2 € Q be two adjacent cuboids

with interface F and side length §/6 in z1-direction. Without loss of generality, we
can assume that F = {0} x [0, 1]%. Set also

Q=Q1UQUF = (- 2,2y % [0,1]%.
We additionally employ a smooth cut-off function x : [-1,1] — [0,1] with x =1
n [—0/8,8/8], and suppx C [—0/7,/7]. In the following, we show that g; :=
X(x1)RE; is piecewise H2-regular on Q for j € {1,2}.
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Let j € {1,2,3}, k € {0,1}. As a consequence of the product rule, we first
infer that div(0¥(YX)E) € L*(Q;), curl@*(XX)E) € L*(Q), [ed*(XR)E - vr]F €
Hop?(F), and that 95 (Y{)Exv,s = 0 on 9Q. By Proposition 9.8 in [56], 0¥ (Y{)E €
PH(Q) with

2
10} (XROE N pr &) < OB 12y + llewrl Ell oy + D IAVE[ 129,))-  (5:2)

i=1

Combining the product rule with Lemma 5.1, we infer that Ag;| 0: belongs to
LQ(Qi) for4,j € {1,2}, and that eg; —e9) is contained in H&(Q) with an appropriate
extension 1, see Lemma 2.1. Using the identity

0191 = 01 (XX)E1 + XX divE — xX(0:E2 + 03E3),

the definition of X5 in (2.4) and the fact VE,, VEs € H(curl, ), we conclude the
relation

[e(O191 — 019) ] 7 = [XX diVE — 019] 7(ep)

for all ¢ € {¢ € PHY(Q) | e € HL(Q)}. Furthermore, [{xdiv(¢E) — 81¢] 5 €
HégQ(]: ) by the trace theorem. Consequently, Lemma 8.14 in [56] shows that g; is
piecewise H?2-regular on Q and that it satisfies
2
l91ll sz < €|

J

+ v El 3, 0,) + NEEDl 2

(Il e,y + IAE 2, + lewrl Bl g
1

where we also use (5.2) and Lemma 2.1.

3) We next study g2 = x(x1){E2 on @, and restrict ourselves to the case that
F does not touch the boundary faces of @ in I's. (The other case is obtained by a
straightforward modification.) The mapping g» belongs to H 1(602), and vanishes on
the faces with normal vector e;, j € {1,3}. We further infer the formula

[(8192)@] 7 = [XR(curlE — B3, ¢ € HY(Q),

and that [{{(curlE — 8,E1)] 7 € HY/*(F). (Note that curl E € H(Q)3 by Propo-
sition 4.6 in [58].) Let I'y be the union of faces of @ with normal vector e;. We
note that 9,92 = 0 on I's. By Lemma 8.13 in [56], go € PH?(Q) with

2
92/l prr2 () < CZ (HEQHL?(Qj) T [AEs 12, + [lewrl El| 124
j=1

|

+ iV Ell g 6, + B D2l g2 )

where we also use (5.2), Proposition 4.6 in [58], and Remark 2.4.

4) Due to symmetry, the results of 2) and 3) transfer directly to all interfaces in
FeF with normal vector vz = (0,1,0). Hence, it remains to consider the first two
components of E on @\ Ss5/19, with Ss/19 being an open neighborhood around all
interfaces in @@ with distance at most ¢/10 to an interface.

Let m € {1,2}, i € {1,...,N}, and Ss/16 be an open neighborhood around
the interfaces with maximal distance §/16. Let additionally X : Q; — [0,1] be a
smooth cut-off function with the following properties. The function is equal to 1 on

Q;\S;s /10, and supported in Q;\S;s /16- Similar reasoning as in parts 2) and 3) yields
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that the product YE%) fits into the framework of Lemma 3.1 in [20]. Consequently,
XE') belongs to H2(Q;) with

INED 120.) < CIED 200 + IAED [ 120, + lcurl ED[ 12,
+ ||d1V E(Z)HH(%D(QJ)
O

We next analyze E near interior edges where € has a discontinuity. Only the
second component of E is analyzed in detail as the first one can be treated with
similar arguments, due to symmetry. In the following, we use the notation from
Section 3. In particular, we fix an interior edge e at which ¢ has a discontinuity,
and assume

e = {(0,0)} x [0,1].

The adjacent subcuboids are denoted by Qin 1, .., @in,4, and the representative e,
of € is assumed to satisfy (3.2).

As in [13, 14], we use a cylindrical coordinate system centered at e. In particular,
we employ the cylinder

Z:=D x[-1,2],

around e with radius 1. After scaling, we can assume that Z touches no other
interior edge. We set

Qini = {(z1,22,23) | (v1,22,2) € Qinyi, 73 € (=1,2)}, 2= 20 Qinyi,

for i € {1,...,4}, and transfer the notion of restrictions of functions and piecewise
regularity to this partition of Z. The parameter ¢;, is extended to Z by even
reflection at the top and bottom face of (). We assume that

Zi:Din,i X [—172], iE{l,...,4},
with the disk parts Dj, ; from (3.3). The interfaces
FF =2y NZp1, Fi=21N2Zy  ke{l,2,3},

are also employed.

Let (E,H) € X5, and denote the even reflection at the top and bottom face of
Q by wT for w € L?(Q). We extend the electric field component E of (E, H) € X
to the function

E:=E on ZNQ, (5.3)

- (-Ef

E:= | -EJ on Z\ Q. (5.4)
E;

Additionally, we employ smooth cut-off functions xi.2,xs3 : [0,00) — [0,1] with
x1,2 = 1on [0,1/2], x3 = 1 on [0,2/3], and supp x1,2 C [0, 3], supp xs C [0,3/4].
We then study the function

v(z1, 72, 23) = x1.2(|(21, 22))x3(|23 — ) Ea(a1, 22, 73) (5.5)

for (z1,xz2,23) € Z.

With Lemma 5.4 and the boundary condition E x v = 0 on 0Q, v is piecewise
H'-regular, satisfies homogeneous Dirichlet boundary conditions on the boundary
0Z, and Av(® is an element of L?(Z;).

Consider the Laplacian

(Azu) = AuD i€ {1,2 3,4}, (5.6)
D(Az) :={¢ € PH'(2) | ApW € L*(Z;), v =0 on 9Z, [¢]zz =0
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= [V Vf,fﬂffv ﬂ51n¢ﬂfﬁ =0=[Vy- Vfﬁ]]?,?
fori e {1,...,4}, ke {1,3},1 € {2,4}},
on Z. After reflecting and rotating, we can assume that v satisfies the zero order
transmission conditions on FZ and F% in the domain D(Az). Note that —Az

is positive definite and selfadjoint on L?(Z) with respect to the L?-inner product
with weight e;,. Useful is also the formula

D(-Az)"? ={¢p € PH'(2) | =000 0Z, [¢]zz =0, [emd] £z =0,
ke {1,3},le€{2,4}}.

We first provide two technical preliminary lemmas. The first one uses to approx-
imate functions in D(—Az)/? by regular functions.

Lemma 5.7. Let i, satisfy (3.2). The space

W= {¢ € PH*(Z)ND(-Az)"? | 9 is smooth, suppyy NIZ =0, 8,9 =0
V faces F of Z;, ¢ vanishes in a neighborhood of all edges of Z1,..., 24}

is dense in D(—Az)'/2.

Proof. Let ¢ € D(—Az)Y?, and let X, : [0,00) — [0,1] be a smooth cut-off
function with x,, = 1 on [0,1 — 1/m], supp X, C [0,1 — ﬁ], and || X0, lleo < Cm

with a uniform constant C' > 0 for m € N. Consider then the mapping

U (@1, T2, 73) 1= Xm (|(21, 22) ) (71, T2, 23), (z1,22,23) € Z.
Taking into account that ¢ vanishes on 0Z, a similar reasoning as in the proof of
Lemma 2.1 in [21] shows that W = ¢ in H'(Z;) as m — oo.

Fix m > 3 in the following. We extend v, trivially in x; — zs-direction to the
cuboid Q := [~1,1]? x [1, 2], keeping its piecewise H'-regularity and transmission
behavior. Adapting Lemma 2.1 in [58] to Q as well as to the present boundary
and transmission conditions, there is a sequence (1[)1); of piecewise smooth func-
tions converging on Qin’i to 1, in H' and fulfilling the following properties. Each
mapping 1/?l vanishes on Q and in a neighborhood of all interior and exterior edges
of Q (meaning the intersections of 0Ziy,,; with Fipe for ¢ € {1,...,4}). Additionally,
it obeys the transmission conditions in D(—Az)/2, and the normal derivative of

1y vanishes in a neighborhood of each interface in Q.
We then define
Gi(w1, 2, 23) == Xam(|(21, 22) )i (21, T2, T3), (v1,22,23) €Q, L EN,
Each function ¢; belongs to W, and we deduce the convergence statement

1687 — D i1z = K50 (@1, 22) D@D = D) | 11249

~l(l)_1/)£)’lt)||H1(ZL) _>O7 l-)OO,

< [Xmllwe z,)
by using the construction of 1, (in particular the fact Xs3mXm = Xm). AS (Vm)m
converges to ¢, we conclude the desired statement. O

We next construct a regular function that extends the jumps of the second com-
ponent of the electric field across the interfaces. The statement is valid up to
possible reduction of the radius of Z, which is implicitly assumed in the following.

Lemma 5.8. Let ¢, i satisfy (1.8), and let i, satisfy (3.2). Let (E, H) € X, and
define v by (5.5). There is a function o € PH?(Z) with v+ € D(—Az)Y? and

[l pr2zy <C B - vzl o2 )
FeF

int
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for a uniform constant C' = C(e, 1, Q) > 0.

Proof. Tt suffices to extend the jump [einv] Fz to the cylinder Z. As €|z, # €inlz,
for j € {1,2,3}, there is an effective interface F with F¥ NQ C F. After adaption
of the radius Z, there is a cuboid Q C Q with face F, Z,NQ C Q and ¢ being
constant on Q

As [eE -vr]F € Hgf(]-") Lemma 2.1 provides ¢ € H3(Q) N H} (Q) with

821;‘-7: (4) [eE2] ., H"Z)HH3(Q) < CH[[EE-Z/;]]]:HHgéz(]_.).

m

On all other faces of @, the function 7,?1 satisfies homogeneous Neumann boundary
conditions. We then define 1) := 821& on Q and ¥ := 0 on Q \ Q Lemma 2.1 from
[21] and the construction of 1& then imply that ¢) and its normal derivatives vanish
on all interior and exterior faces of Q, except F. We then extend v to Z by

vi=v¢ onZNQ, = —gt on Z\ Q,
where ¢/t denotes the even reflection of ¢ at the top and bottom face of Q). By
definition, /() is H?-regular on Z;, and [[Einw]]ff = —HEinEgﬂ]_—f.

Recall next the smooth cut-off functions 12 and xs from definition (5.5). We
define the function

P(x1, 22, 23) = x12(/(x1, 22) X323 — E)P(21, 22, 23), (71,72,23) € Z. (5.7)

We note that the desired extension property [eint[|rz = —[einv]#z is valid, that
the sum v+ belongs to D(fAz)l/z, and that 1) satisfies the asserted estimate. [

Using ideas from the proof of Lemma 3.7 in [28], we next derive an appropriate
elliptic transmission problem for the function v on Z.

Lemma 5.9. Let ¢, satisfy (1.3), and let ey, satisfy (3.2). Let also (E, H) €
Xo, v be defined by (5.5), and take ¢ from Lemma 5.8. There is a function g €
Njeqsay HY2(FF) with

4 4
Z/ em V(W + ). Vo dz = — Z/ emA (D + )™ dz
i=1"2i i=172i

- / gédo — / eingd do
FZ FE

4

for ¢ € D(—=Az)Y2. The mapping g satisfies g = X172(§|($1,J)2)|)X3(%|$3 — %\)g,
and can be estimated according to

N
9l < €[ D

=1 3

(1B 1200 + IAE | 12(0,) + lleur] Bl 1(q,))

M

K
3N Bl g0+ D IEEvrls e |

11=0 FeFed

int

M i

i

with a uniform constant C = C(e, u, Q) > 0.

Pmof, 1) We approximate Z; from the interior by means of the sets
{(Tcosgo,rsin% ) ‘ e [1/71,1—1/71] I;rﬁw [_1+1/n72_1/n]}7
U/n,m/2—1/n], Iy o:=[r/2+1/n,7—1/n],

Iy =1
=[r+1/n,3/2r —1/n], Iij,:=[3/2n+1/n,2m —1/n],

1n3
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for i € {1,...,4} and n > ng € N, compare (3.3). The plane face of Z;, with
normal vector e; = (d;)r is denoted by .7-'J for j € {1,2}. The reasoning in
Lemma 5.1 and Remark 5.2 then implies that u:= v+ is H?-regular on Z, .

2) Recall the space W from Lemma 5.7. Let ¢ € W. We write in the following
divE and div(sinE) for convenience, meaning the functions that are defined piece-
wise on Z. Using that Vu(? vanishes near the boundary of Z, an integration by
parts leads to the relations

4
3 / Oy . Ve dz = lim Z / eDvu . v dg

i,n

— 1 () () Qg — ) (EAPACY
_n11_>1rr;0 Z / Au dz /}_2 gy (Oou' )9\ do

i,n

—/ Eii (81u(1))¢(1) do—&-/1 Ei(?(alu(Z))qS@) do—/z Ei(z)(@gu@))qb@) do
]:1 -

1,n 2,n 2,n

+ / e (0u®)p® do + / e (0,u®)¢® do — / e (0,u)p® do
}-??,n ]:C“},n ‘Fi n

+ / e (0u)p® da]. (5.8)
72,

We treat the terms on the right hand side of (5.8) separately in the next two steps.

3.i) We first handle the second and last summand. Note that we omit the
arguments of the cut-off functions xi1 2 and xs from (5.5) in the following. For n
sufficiently large, an integration by parts then leads to the identities

_/ 51(111)(82u(1))¢(1) da+/ 51(;41)(32u(4))¢(4) do
F? 2

F

1,n 4,n

= [ oot [ D@ 0o
]:2 2

1,n 4n

1 T 1 1
- / ) fi)XS(Eé )82)(1,2 + X1,2 leE( ) _ x1,2(01 Eq ( ) + @3E( ))M)(l) do
f
4 . ~ (4 ~ (4 ~ (4
+/ fé)XZi(E; )82)(1,2 + x1,2div E( ) _ X1,2(81E§ ) 4 33Eé )))¢(4) do
f

== [ @6 o+ [ D@ )
]:2 2

i,n in

~ (1 .o~ ~ (1
- / . l(i)Xg[(Eé )52X1,2 + x1,2 divE' ))¢(1) + Y 3j(X1,2¢(1))E§ )} do
in je{1,3}

+/2 (4)X3[(E2 '00x12 + x1,2divE)pD) + > o X12¢(1))E( )}d o
o je{1,3}

Using the definition of X5 in (2.4), div E is piecewise H'-regular on Z. By Lemma 5.4,
the same is true for E; and E5. We then infer the formula

lim [f / e (9uM)pM do + / D (9pu®)p® dg] (5.9)
noeo b Jr, 7.

== / . (emd[020 + Eax302x1,2 + X1.2X3 div E]]ff) do

‘F4
For the fifth and sixth summands on the right hand side of (5.8), we employ the

above reasoning again. Taking additionally the relation Ei(f) =® the construction

11’17
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of ¢ in (5.7) and the condition div(eE) € H*(Q,,) fori € {1,...,L},1€{0,..., K},

into account, we derive the result

lim { - / si(s)(agu(z))qﬁ(m do + / 51(3) (82u®)p® da} =0. (5.10)
72 2

n—oo
Fin

3.ii) The focus now lies on the seventh and eighth terms on the right hand side
of (5.8). In view of the definition of W in Lemma 5.7, an integration by parts leads
to the relations

_/ gi(:)(alu(4))¢(4) do +/ Ei(j)(alu(3)>¢(3) do
7l -

4,n 3,n

. (4 . (4 _ (4
= - / ) 51(3) (XsE; )31X1,2 + X3X1,2(Cur1E( ))3 + 0@ — X3X1,232E§ ))¢(4) do
.F

4,n

~ (3 ~ (3 ~ (3
* / 1 553) (XSE; )31X1,2 + X3X1,2(CU1°1E( ))3 +01p® — X1,2X332E(1 ))¢(3) do.
3,n
Employing Lemma 5.6, the mapping Eg&lxl,g is piecewise H?-regular on Z. By
definition of W and Lemma 7.1 in [56], [0;(x1.2¢)]zz = 0 for j € {2,3}, and
trzz 019 = 0, by definition of ¢ in (5.7). Using Proposition 4.6 in [58], (curl E); is
furthermore piecewise H'-regular on Z. Altogether, we conclude

lim {_ /F 1 D (9,u®)® do + /F 1 @) (Hu®)p® dg}
4,n 3,n

n—oo

= —/ (leml 72 x3(B20ix1,2 + X1,2(curl B)3) — X1 0x30a[emEr] 72 ) ¢ do. (5.11)

=

(Note here that the function s [einE1] Fz belongs to H Y2(FZ) as a result of the

definition of E; and the condition [¢E - vz]r € HgéQ(f) for F € FT.) The same

procedure and the fact 51(? = si(i) also yield the limit

tim [ - / e (@u)pM do + / D)@ ds] =0 (5.12)
ool Jry b,

for the third and fourth summand on the right hand side of (5.8).
4) Combining (5.8)—(5.12), we arrive at the desired result

4 4
Z/ si(f])vu(i) VoD dg = — Z/ em(Au®)p® dx
i=172%i i=17%i

- /}'z [[ainﬂf§X3(E2ale,2 + X1,2(curl E)s) — X1,2X382[[5inE1]]]:32 ¢pdo

3

= | o+ Eaxs02x1,2 + X1,2X3 div E] 22 (ein¢) do
]:4
In view of Lemma 5.7, this identity also holds for all ¢ € D(—Az)'/2. The asserted
energy estimate is due to Lemma 5.6 and due to the choice of x1,2, x3. The formula
g= X172(§|(x1,x2)|))(3(%|x3 — %|)g follows from (5.7). O

We next analyze the transmission problem in Lemma 5.9. The proof follows
the same strategy as the one for Lemma 4.1, whence we only sketch the relevant
arguments. From Section 3.3, we recall the one-dimensional space

~

Nin = span{x(r)r™ 1 (¢)},
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with k1 and 1, denoting the first eigenvalue and an associated eigenfunction of
(3.7). The next statement also uses the smooth cut-off functions xi 2 and x3 that
arise in (5.5), as well as the number & from (3.8).

Lemma 5.10. Let e, satisfy (1.3), and let ei, satisfy (3.2). Let additionally
9 € Njegz,ay Hl/z(sz), f € L*2), and § € (k,1). There is a unique function
u € D(—Az)'? with

4
> [ envu®-Vodo = [ ufode= [ xaa(Glaaha(lon - Hgsdo
i=1"Zi z Fi

- [ el - e dn. (613

4
for ¢ € D(—Az)Y2. The product x3(|x3 — 1|)u belongs to L*((—1,2), PH**(D) &
4
lIxs(lzs — %|)u||L2((_172),PH1+9(D)691\7;,]) = C(||f||L2(z) + ZHQHH1/2(ij)),
j=3
where C = C(e, u,0,Q) > 0 is a positive constant.

Proof. 1) Throughout, C = C(e, u,0,Q) > 0 is a positive constant that is al-
lowed to change from line to line. We first consider (5.13) for a function g €
L*(F£) N L3(F#). The Lax-Milgram lemma then provides a unique solution
u = u(glrz.9lrz, f) € D(—-Az)'? of (5.13), giving rise to a well-defined linear
solution operator

4
T: [[L*(F7) x L*(2) — L*((-1,2), PH'(D)), (5.14)
j=3

(g|.7:3zag|]:427f) = X3(|$3 - %l)u

Inserting u = ¢ into (5.13), the trace theorem for H'-functions, the Poincaré in-
equality, and the Cauchy-Schwarz inequality give additionally rise to the estimate

4
lIxs(|zs — %|)U||PH1(Z) < C(||fHL2(Z) + Z||9|ff||L2(f_;3))~ (5.15)
j=3
In particular, T' is bounded.
2) Fix f € L*(Z), and suppose additionally that g € Héf(]-})z) N H(%?(}"f).
First an appropriate extension of g is constructed. We abbreviate g; := g|zz, and
J
consider the polyhedron

P:={(z,y) |z €[0,1], y €[z —1,0} x [-1,2] C Z,.
The interfaces F¥ and Ff are in particular faces of P. Propositions 2.2-2.3 in [2]
provide an extension h € H?(P) N H(P) with 9,h = —}593 on F£, 9,h =0 on

all other faces of P, and ||h[|g2(p) < Cl||g||H1/2( invoir\l/ing a uniform constant
00

FEY)
C1 > 0. By means of Stein’s extension operator, h can be extended to a H2-regular
function on Z4, still denoted by h. We then set h := 0 on Z\ Z4. This gives rise to
the desired formula [&i,Vh - 1/;32]] FZ = g3 on F#. Similarly, we obtain a function
h € PH*(Z) with [Vh - vzz]zz = gs, h = 0 on Ff, and h = 0 = ayffﬁ for
j €41,2,3}. We define

U1($17$2,$3) = X172(%|($1,$2)|)X3(§|$3 - %|)(h($1,$2,ﬂ?3) + ﬁ($1,$27$3))7
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for (w1, 2, 23) € Z. This function is piecewise H2-regular with

4
lurllpa2(z) < CZHQJHH%?(}-JZ)- (5.16)
j=3

3) The operator Az being invertible, there is a unique function us € D(Az)
with —Azus = f+ Auy. (Here, Auy denotes the piecewise defined Laplacian of uq
on Z.) Then u := uy + ug is the unique solution of (5.13).

We analyze the product xs(Jzs — %\)u in the following, using ideas and tech-
niques from [15, 13]. For convenience, we omit the argument of x3 in the following.
The functions ysu, x3u1, xgue are trivially extended in z3-direction to the infinite

cylinder D x R. Put now
“A(sud) = fD e LA(Dy; xR), i€ {l,...,4}. (5.17)

The above extension procedure then leads to the estimate
4

£l z2(oxr) < C(If 222y + Z?)“gj‘lHééQ(sz))' (5.18)
j:

In the following, we employ the partial Fourier transform with respect to the z3-
variable. Its application to a function w € L?(D x R) is denoted by 1, the inverse
transform is called w, and the new variable in Fourier space is £&. Transforming
(5.17) then leads to the formula

(€2 — 07 — 92) (xsuz)(z1, 22, &) ="(f), (z1,22,8) € D x R. (5.19)

The variable £ is considered to be fixed in the next steps (and the statements are
then tacitly valid for almost all &).

4) In the following, we employ several times that “(xsu2)(+, ) belongs to D(Liy),
see (3.5). Taking the relation

0 S _%(Ein§2A(X3u2)<'7 g)a LinA(X3u2)<'7 g))LZ(D)

into account that follows from the positivity of —L;,, we obtain the inequality

IV Lin" (x3u2) (- E)I72(py < IVEmE* (xau2) (-, €)1 72(p)
— 2R (e (x3u2) (- €), LinA(X3u2)('7£))L2(D) + Ve L (x3u2) (- €)1 72(py
= Ve (N2 ) (5.20)
We next integrate this estimate with respect to &, and use Plancherel’s Theorem.
Taking also Proposition 3.4 into account, we derive the estimate
||X3U2HL2(R,pH2(D)@1\7m) < OH-]F”L2(DXR)'

The definition w = u; 4 ug, (5.16) and (5.18) then result in the desired inequality

4
Ixsull 1.2, proyemy < CUF N2z + 319l 512 ez
=3

This means that the operator T' from (5.14) is bounded from [];c 5 4 Hééz(}'jz) X
L2(Z) into L%((—1,2), PH?(D) x Ni,).

5) We now interpolate between the results of parts 1) and 4). The relation
H{(F7) = H*(FF), s € (0,1/2), first yields the identity

4 4 4
(TTz2F7) LQ(Z),EH(%Q(;EJZ) x1X(2)) = [[H*(FF) x L*(2),

)

j=3 =3
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Remark 14.4 in [40] and Theorem 1 in [57] further lead to the formula

(L*((~1,2), PH'(D)), L*((~1,2), PH*(D) ® Nin)) .,
= L*((-1,2), (PH (D), PH*(D) & Nin)o,2)
_ L2(( ) H1+9(D) @Nin)-

We then conclude that T is a bounded operator from H?:g H9/2(.7-'jz) x L?(Z) into
the space L2((—1,2), PH'?(D) & Ny,). O

Combining our findings in Lemmas 5.8-5.10, we can now provide the desired
regularity statement for the second component of the electric field near interior
edges. For the statement, recall the number & from (3.8).

Lemma 5.11. Let €, pu satisfy (1.3), e satisfy (3.2), 0 € (k,1), and (E, H) € X,.
Let v be defined by (5.5). Then the function xs(|zs — 3|)v belongs to PH'?(Z)
with

N
Ixa(lzs — 3D)vll pritez) SC(Z (1Bl 2@, + [AElL2(q,) + lcwl Bl g1 (q,))
=1

L K
+ 3Dl Bl g+ Y NEE- vzl oo )

1=1 =0 FeFeft

int

<.

involving a uniform constant C = C(e, u,0,Q) > 0.

Proof. 1) Throughout the proof, C' = C(e, i, 6,Q) > 0 is a constant that is allowed
to change from line to line. Let 1 € PH?(Z) be the function from Lemma 5.8. By
Lemma 5.9, v + ¢ satisfies (5.13) with appropriate right hand sides f € L*(Z) and
9€ ez H'Y*(F7). Lemma 5.10 then shows that xs(|zs — 3|)(v + ) belongs
to L2((—1,2), PH'*?(D)@® Ny,). Since v is piecewise H3/2-regular, see Lemma 5.4,
we infer s (|75 — 1)(v + ) € L2(~1,2), PH2(D)).

Lemma 3.2 implies that x; < 1/3, whence Ny, is no subset of PH3/2(D), see
[3] for instance. In view of the piecewise H2-regularity of v, this altogether means
that xs(|zs — 1|)v belongs to L2((—1,2), PH'*(D)). For convenience, we omit
the argument of y3 in the following. Combining the triangle inequality with the
estimates from Lemmas 5.6, 5.8-5.10 and Proposition 4.6 in [58], we infer the
relations

Ix30[l2((=1,2), pE+o(Dy) < |IX3(v + )| L2((=1,2), PE1+0(D)) + CllY | PH2(2)
N
< C(Z (”E”LQ(QU + ”AEHL2(Q1) + ||Cur1E||H1(Qi))

i=1

L K
+ Y Y VEl gy .+ D IEE-velslgaegn ) (5:21)

=1 =0 ]:e]:eff

int

2) To derive other useful estimates for y3v, we employ the constructions of the
proof for Lemma 5.10, see also [15, 13]. Let f € L%(Z), g € [[,_y L*(F7), and
let u = u(g, f) € PH'(Z) be the unique solution of (5.13). Extend the function
x3(|zs — 3|)u trivially by zero in zs-direction, and denote the extended function

again by ysu. As in (5.15), the extension-solution mapping

H (FZ) x L*(2) - H'(R,L*(D)) N L*(R, PH'(D)),
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(9, f) = xsulg, f)

is bounded.

3) Assume now additionally that g € Hj.:g Héf(]-'jz). Recall also u; and ug
from parts 2) and 3) of the proof for Lemma 5.10, as well as u = uy + uz. The
functions xsu1, and x3us are as above considered on the infinite cylinder D x R
after trivial extension by zero. Note moreover that @ denotes the partial Fourier
transform in x3 of a function w € L?(R), and the variable in Fourier space is &.

Fix £ € R in the following. The reasoning for (5.20) and (5.18) also gives rise to
the estimate

4
1€ (xsu2)llL2(pxm) < C<||f||L2(Z) + ZHQHHgf(;J_Z))-
=3

With the triangle inequality and (5.16), we then deduce the inequality

4

Ixsull r2r,z2(py) < C(Ilflz2(2) + ZH%HHégz(ff))- (5.22)
=3

We next employ the equivalence of the piecewise H'-norm and the graph norm in
D(—Lin)'/? several times. With the symmetry of the operator (—Li,)'/2, and the
Cauchy-Schwarz estimate, we then obtain the relations

IVEmlEl(—Lin) Y (x3u) (-, ) L2(pxry < llvEml€l(—Lin) > (x3u2) (-, €)l L2 (DxR)
+ Clixswi ||l g v, P (D))
~ N 1/2
= ||(<€in|§|2 (x3u2)(+,€);s Lin (XSUQ)('7§))L/2(D)||L2(R) + C||X3u1HH1(R,PH1(D))
< |IVERE (xsua) (- 135 ) IV B Lin™ (xsu2) (- )15 )|
+ Clixsuill i w, P (D))
< VERE (x5u2) ()| o ey IIEm Lin (xat2) (5 N p ey
+ Clixsuill g2, P (D))
Combining (5.22), (5.20), (5.18) and (5.16), we conclude the bound

4

Ixsull @, par (o)) < C(Ifll2z) + 2”9”11352(;?))'
J=3 ’

L2(R)

In view of (5.22), this means that T is also bounded as

4
T [ Hoy*(F7) x LA(FF) — H*(R,L*(D)) N H'(R, PH(D)).

Jj=3

4) Interpolating between the boundedness results of parts 2) and 3), we infer
that the trivial extension x3(v + ) is an element of the space

(Hl(R, L3(D)) N L2(R, PHY(D)), HX(R, L*(D)) N H(R, PHl(D)))a .

C H'W(R, L*(D)) N H'(R, PH’(D)) N H(R, PH'(D)).

Taking also Lemma 5.8 and (5.21) into account, we conclude that y3v is an element
of PH'*Y(Z) satisfying the asserted estimate. O

Combining Lemmas 5.6 and 5.11, we deduce the desired global regularity state-
ment for the electric field component of a vector in Xo.
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Lemma 5.12. Let ¢ and u satisfy (1.3), 6 € (0,1), and let (E,H) € X5. The
vector BV belongs to H'0(Q;)3 with
N
| Bllproq) <

(1B | 120 + IAED || 120, + |lcurl Bl g1 (q,))
1

~

K

L
DY Blug o+ 3 N vrlellye )

i=1 1=0 FeFet

int

involving a uniform number C' = C(0,e,u,Q) > 0.

Proof. An equivalent version of Lemma 5.11 is also valid for E; due to symmetry.
By Lemmas 5.6 and 5.11, it suffices to study only the third component E3. To that
end, we use the formulas

OEY = —(crlED), + 0:EY. 9B = (crl ED), + 05EL,
5EY) = divE® — 9B — 9,EY),

on Q; for i € {1,..., N}. By definition of X5, Proposition 4.6 of [58], Remark 2.4,
Lemmas 5.6 and 5.11 (respectively an equivalent version for Eq), the expressions
on the right hand sides are at least H%-regular on @;. This implies the asserted
regularity statement. The estimate follows in the same way. O

5.3. Study of the magnetic field component.

In this section, we analyze the regularity of the magnetic field component H
of a vector (E,H) € Xs, see (2.4). We first state a result that is obtained from
Lemma 9.15 in [56], Proposition 4.6 in [58] and Remark 2.4 via localization with
respect to the interfaces in Fint, see Section 1. As we elaborate several cut-off
arguments in Section 5.2, we skip the proof here for the sake of brevity.

Lemma 5.13. Let ¢, satisfy (1.3), let (E, H) € X5, and let F € Fint. There is
an open set O with F C O and Hy € PH*(O N Q). Furthermore, the estimate

N
1Hy | przone) < C ) (I Hllzz(q)) + |1 AHl 12, + lleurl Hl12(q,))

i=1
holds with a uniform constant C = C(e, u, @) > 0.
We next establish a regularity result for the first magnetic field component on
the entire cuboid @Q. To reach our goal, we use ideas and techniques from the proof

of Lemma 3.7 in [28], and Lemma 9.15 in [56]. See also the proof for Proposition 3.2
in [20].

Lemma 5.14. Let e, u satisfy (1.3), let (E,H) € X5, and 0 € (0,1). Then the
function Hy belongs to PH'*Y(Q) with

N
| Hy || prrive (o) < C (D _IAH |20, + [[(curl H)slm1(q,),

i=1
where C = C(g, u1,0,Q) > 0 is a uniform constant.
Proof. 1) Define the spaces
Vi={pe PHL (Q) | [pelF =0, for F € Fing1, [¢lr =0 for F' € Fing2},
W :={p € PH*(Q)NV | supp(p) NT; =0, ¢ vanishes in a neighborhood of all
edges in Q}.
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Similar to Lemma 2.1 in [58], the space W is dense in V with respect to the piecewise
H'-norm. Using the representation Q; := (ay ", al™") x (a3, a3"") x (a3 ,ay), we
introduce the smaller cuboids

Qin = (a7 + fal' = D) x (a7 + fa37" = ) % (a5 + a5 — 7)) (5:23)
for n > ng sufficiently large. The corresponding faces of these cuboids are denoted
analogously to the faces of @1,...,Qn, meaning that (); , possesses the face pairs
Fglzl for j € {1,2,3}. The exterior unit normal vector of Q;, is denoted by v;
with components (v;,,); for [ € {1,2,3}.

2) Proposition 4.6 in [58] and Remark 5.2 show that Hls € HY(Q;)?, and
that H|g, € H2.(Q:)® for j € {1,...,L}, i € {1,...,N}. (See Section 1 for
the definition of Q;.) Proposition 4.6 in [58] and Remark 2.4 furthermore yield
(cwrlH)3 € PHY(Q), and (curlH); € PH?/3(Q) for j € {1,2}.

We next derive an elliptic transmission problem for H; fitting into the framework
of Lemma 4.1. Let ¢ € W. Integrating by parts, we infer the identities

(@ ) (z — (2) (@)

Z/ VH") - (V') dz = HILHQOZ/ VH ) (V') dx

= Jim. Z( / — 1D (AHD ) dg + /8 . pO(VHD ;) da). (5.24)
=1 i,m

We next analyze the limit of the boundary integral terms on the right hand side.
By inserting curl H and div(pH) = 0, we obtain the formula

nhjgoZ/a ) : Vi,n)@(i) do

an

i,m

= Z (- / 1O Win)1 (02HY + 0:Hy)o® do

a /<'> 1 (i )a(curl HY )50 dU*/ D ()3 (curl HD )0 do
FZ’L,n

(4)
F37:n

+ /F("’) M(i)(Vi,n)z(ang))SD(i) do + /1“(” M(i)(Vi,n)s(alH:(si))SD(i) dU)- (5.25)
2,n 3,n
In view of the boundary condition %curlH x v =0 on 9Q, we infer that the third
summand on the right hand side tends to zero as n — co. The boundary condition
also implies the relation

lim Z/ p(Vin)2(curlH)spdo= — Z / [w(curl H)s)rpdo.  (5.26)
n—00 F( ) FEFms
We further note that the remaining terms on the right hand side of (5.25) all
converge to zero. To show this claim, it suffices to focus on the fourth one. (All
other terms can be treated with similar arguments.) Recall that pH-v = 0 on 0Q.
Using the definition of W and Lemma 7.1 in [56], an integration by parts yields the
identities
lim 1O (w;0)2(HY )™ do = — lim 1 (vi.0)2HY 910 do = 0.

g, g,

Combmmg (5.24)—(5.26), we conclude the formula

Z / D(vHY) - (Vo) de = — Z / D(AH)® da
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+ Z /[[u(curlH)g]]}-ade.
]:e]:int,2 F

By density, the same formula holds also for all functions ¢ € V. Lemma 4.1 now
yields the asserted statement. O

We finally treat the remaining two magnetic field components of vectors in Xo.
For the statement, we employ the number & € (2/3,1) that is defined via the
relation

(elo., —¢€lo. )? 4sin (7
max |Qz,l |Ql,o) _ Lsin §mr3)7 7 (5.27)
i€{l,...L}, gl@i,tg Qio Sln(%ﬂ-) SID(TKTO

11, K}

compare formula (3.4) in [58].

Lemma 5.15. Let e, satisfy (1.3), (E,H) € X5, 6 € (1/4,1/2), and x € (1 —
%,1/3). Then Hy € PH?/?%9(Q) and Hy € PH?>~"%(Q) with

N
||| pryarevoiq) < C Y (|AH|L2(q,) + [(curl H)s|| (g + [ || aevoq,) )

=1
N 2

| Hs| prro-s(q) < C Y (1AHs| 12 + [ Hll 2= (@) + Yl (curl H)jllm-x(q.,)),
i=1 j=1

with a uniform constant C = C(0, Kk, e, 1, Q) > 0.

Proof. 1) The reasoning is for both components similar to the proof of Lemma 5.14
(see also the proofs for Lemma 3.7 in [28], Proposition 3.2 in [20], and Lemma 9.15
in [56]). Hence we only analyze the third component Hs. We use the spaces of test
functions

V = Hllg(Q>7
W= {p € PH*(Q)N H},(Q) | ¢! is smooth on Q;, supp(y) NT; =0,
 vanishes in a neighborhood of all edges in Q}.

Note that a similar reasoning as in Lemma 2.1 of [56] shows that W is dense in
V with respect to the H'-norm. We moreover reuse the small cuboids Q;n with
exterior unit normal v;, and faces Ff;l(i) from (5.23). The effective interfaces in
F with unit normal vector e; are collected in a set E%f{,y Jje{1,2}.

2) Let ¢ € W. By Remark 5.2, the function H:(,f) belongs to HZ .(Q;). The
definition of X5 in (2.4), Proposition 4.6 in [58], and Remark 2.4 furthermore imply
that the first two components of curl H are elements of PH'=*(Q) C PH?/?(Q).

In the following, we derive an equation for Hjs that fits into the framework of
Lemma 4.1. As in the proof of Lemma 5.14, we first infer the formula

N N

i=1 Qin
+ / (VHY - ;)0 do—). (5.28)
0Qi.n

In the next steps, we analyze the limit of the second summand on the right hand
side of (5.28).
3.i) In view of the location of the support of ¢, we first infer
N
; . DY, qg =
lim_ ; /F o (Vin)3(05HY Yo do = 0. (5.29)

3,n
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3.i1) Inserting the vector curl H, we moreover derive the formula

N N
, @Y ,(0) gy — , ()Y, ()
?:1: /F , o Ve O ) do ;—1:( /F o @) do - (5.30

- /i (_)(qu,n)1(curlH(i))2@(i) da)_
LR

Taking the boundary conditions curl Hxv = 0, uH-v = 0 on 9Q), and the definition
of W into account, an integration by parts on the right hand side of (5.30) shows
that the integrals over faces that approach the boundary face I'; tend to zero as
n — o0o. To cover all other face integrals for the first summand on the right hand
side of (5.30), we denote by A" and A~ the set of all numbers i with FI;Ei) and 1-‘1—’;51‘)
tending to a subface of an interface in ]:"int as n — oo, respectively. All numbers ¢

with I‘f’n(i) or I‘LE?) tending to an interface in F£ \ Fiy, are contained in the sets

BT or B~, respectively. Taking the transmission condition [uH - vz]z = 0 = [¢] 7
for F € Fin into account, using Lemma 5.14 and integrating by parts, we then
conclude the relations

i Yo gg— (D)y, ()
fin (35 @m0 10 55 [ om0 )
== Z /[[5’3H1ﬂf<pd0,

.7:6.7:'im

i D@ do— (i)Y, (0)
lim ( > /F Iﬁ(i)((?sHl ) do EZB: /F 1_’“)(63H1 )¢ da)

ieBt

= Y /fﬂHlag@]] do=0. (5.31)
FeFT \Fins

int,1

For the second summand on the right hand side of (5.30), we use the interface
condition [[% curl H X vz]z = 0 for F € Fipy to derive the identity

N
— 1 , Yo o® dog =
nlingo;/rli,m(y“")l(cuﬂﬂ )oY do = Z /}_[[(curlH)g]}}-goda. (5.32)

FerFh

int,1

4) A straightforward modification of the arguments in part 3.ii) leads to the
formula

N
i , ) g = —
”11_>rr;0i_21/1“;(i)(1/1,n)2(62H3 Yo' do = Z /}_[[(curlH)l]]fapdo. (5.33)

FeFt

int,2

Combining (5.28)—(5.33), we altogether arrive at the equation

/Q(VH3)-(V<,0) dz = —Z}/i(AH?))@(“ dz— > /[[(%,Hﬂ];apda

]—'E]t'int
+ Z / [(curl H)s] ro do — Z / [(curl H):1 ]z do. (5.34)
Ferem IF Ferem, ' F

int,1 int,2

Since W is dense in V, (5.34) also holds for all functions ¢ € V. Lemma 4.1 (with
p = 1) then shows that Hj belongs to PH?~"(Q) with the desired estimate. [
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5.4. Conclusion of the regularity statement for the Maxwell system.

The next proposition summarizes the findings of Sections 5.1-5.3. It provides
the desired embedding result for the space X5 from (2.4). Recall for the result the
number & from (5.27).

Proposition 5.16. Let ¢ and u satisfy (1.3), and let kK > 1 — K. The space Xo
embeds continuously into PH*~"(Q)°.

Proof. Lemmas 5.12 and 5.14-5.15 show that X, is a subspace of PH27%(Q)5. It
remains to show the embedding property. Throughout, C = C(e, u, k,Q) > 0 is a
uniform constant that is allowed to change from line to line.

1) Let (E,H) € X5. We first recall the estimate

N
1Bl pr2-~(Q) SC(IIEI\L2(Q> + > (IABD |2 + llewl B 1))

i=1

L K
+ 3 Y MiVEl gy 0+ D IEE-vrlrll o ) (5:35)

=1 1=0 FeFeft

from Lemma 5.12. In the following, we bound all expressions on the right hand side
of (5.35) in terms of the norm in X, see (2.4). By definition of X5, curl % curlE €

L?(Q)? and curl E € Hy(div, Q). Hence Proposition 4.6 in [58] yields the bound
|curl El| pr1(g) < C(||% curl Ef|12(g) + |1 curl i curl Ef| 12(g))- (5.36)

Employing the formula curl curl E® = _AEY + Vdiv E(i), we moreover infer the
relation

JABD | 12 0, < C (I curl iy curl B9 g, + [div(e@ED) [111(g,))- (5.37)

Taking also the embedding of D(M?) into D(M) into account, (5.35)—(5.37) lead
us to the desired estimate ||E||pg2-+~g) < C||(E,H)| x,.

2) We proceed with the magnetic field component H. Combining Lemmas 5.14—
5.15, we infer the relation

N
1| prz—r() <C (IIHIILz@i) + |AH| L2, + [[((carl H)s 11,
i=1

2
+ 3 lewl F); g ).
Jj=1
By definition of X in (2.4), the vector (1 curlH,0) is an element of the space X1
from (2.9) in [58]. Hence Proposition 4.6 in [58] and Remark 2.4 provide the bound

lcurl H|| p1—~(@y2 x pH1 (@) < C’(||% curl H|| 72 gy + ||i curl % curlH||L2(Q)).
Similar reasoning as in part 1) now leads to the desired inequality. O

A straightforward adaption of the proof for Proposition 5.1 in [58] establishes
that the part Ms of M on Xa, see (2.4), generates a strongly continuous semigroup
on X5. Hence, we skip the proof for brevity.

Lemma 5.17. Let e and p satisfy (1.3). The part My of M generates a contractive
Co-semigroup (e'2),50 on Xs. The latter is the restriction of (e"™);>¢ to Xo.

Using semigroup theory, we can now provide the desired wellposedness statement
for the Maxwell system (1.1) on X5. The resulting regularity statement is elabo-
rated in the subsequent Remark 5.19 for further reference. Note that the statement
transfers parts of Proposition 3.3 from [20] and Corollary 9.24 in [56] to the present
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setting of discontinous material parameters. The formula for the surface charge p=
on an interface F is also contained in Section 1 of [46] and Corollary 5.2 of [58]. To
formulate the assumptions on the external current J, we use the space

Wr = L'([0,T], D(Mz)) + WH([0,T], X»)

for fixed T > 0. It is equipped with the norm ||-||y which is the canonical norm
for sums of spaces. The proof follows the same lines as the one for Corollary 5.2 in
[58], whence we skip it. (To be more precise, one replaces X; by Xs, My by Mo,

and V(F) by Hgo/z(f) in the proof.)

Corollary 5.18. Let ¢ and u satisfy (1.3). Let T > 0, wo = (Ey, Hy) € D(Ms) =
D(M?3) N Xy, and let g == (1J,0) : [0,T] — X5 be continuous, and contained in
Wr. The following statements are valid.

a) System (1.1) has a unique classical solution w = (E, H). It is contained in
C([0,T],D(M2)) N CH([0,T), X2) with

lw®)x, < llwollx, + [[(£, O)HLl([O,t],Xz) ’
[Mw(t)|lx, < llwollpas,y + (G +3) lglw, »  t€0,T].

b) The volume charge density pD on Q; and the surface charge pr on an interface

F € F are given via the formulas

P (t) = div(e D ED (1)) = div(e W E(") — / t div(J9(s)) ds,
0

pr(t) = [B(®) - vr]r = [eBo - vr]r — /O 1(s) - vl ds,
forte[0,T], andi€{1,...,N}.

Remark 5.19. Combining Proposition 5.16 and 5.18, the Maxwell system (1.1)
has a unique classical solution in the space C*([0,T], PH*>7%(Q)%) for K > 1 — &.
(The number % is defined in (5.27).) O

6. ERROR ANALYSIS FOR AN ADI SCHEME

The goal of this section is an error result for time-discrete approximations of
the system (1.1) that are obtained via a Peaceman-Rachford ADI splitting scheme.
The most important ingredient is our regularity and wellposedness analysis from
Section 5.

In Section 6.1, we analyze the involved splitting operators. As a preliminary
step for the local error analysis, we then estimate a complicated term by means of a
sophisticated H°-functional calculus argument, see Section 6.2. Combining all our
established results, we can finally deduce the desired error estimate in Section 6.3.

6.1. Preliminary analysis of a Peaceman-Rachford ADI scheme.
The curl operator is splitted into the difference

0 —0s O 0 0 0 0 03 O
curl = 83 0 —81 = (93 0 0 - 0 0 81 = Cl - CQ.
-0y O 0 0 0 O d 0 0

The operators on the right hand side are accompanied with maximal domains
D(C;j) :=={u € L*(Q)* | Cju € L*(Q)*},  je{1,2},
and give rise to a splitting of the Maxwell operator M into the sum M = A+ B

with
0o i 0 -l
A.(lc2 O) and B'(—;Cl 0 )

12
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The latter splitting operators are considered on the domains

D(A) :={(E,H) € L*(Q)° | (C;H,CE) € L*(Q)%, E; =0 on Ty, Ey =0 on I,

Eg =0 on Fl},
D(B) :={(E,H) € L*(Q)° | (CoH,C,E) € L*(Q)°, E; =0o0on T3, E; =0on T},
E3 =0on FQ},

see [61, 43] and Section 2.2 in [28]. Note that the boundary condition for the electric
field is distributed onto the domains of the splitting operators. Hereby, all traces
are well-defined due to the imposed partial regularity.

We additionally point out that both splitting operators A and B are defined on
domains on which we can apply the involved differential operators on the entire
cuboid Q. In other words, we implicitly impose interface conditions in D(A) and
D(B). The current framework then ensures that the inverses (I — 7A4)~! and
(I — 7B)~! exist. The latter operators are needed to formulate the ADI scheme
(6.1).

Lemma 6.1. Let ¢ and p satisfy (1.3). The operators A and B are skewadjoint
on X. In particular, the operators (I — 7L)~% and v, (L) := (I + 7L)(I — 7L)~!
are contractive on X for L € {A, B} and T > 0.

Lemma 6.1 is a special case of Lemma 4.3 in [28]. Note that the result is crucial
for our analysis, and in particular for the unconditional stability of the considered
ADI scheme.

Fix a step size 7 > 0, and initial data (E°, H) € D(B). We abbreviate the nth
time step by ¢, := n7 for n € N. The solution (E(t,),H(t,)) of (1.1) with initial
data (EO, HO) is approximated by the Peaceman-Rachford ADI scheme

) (5)

=58 U+ 5[0 57+ 58) (o) - £ (V00

This scheme was first proposed in [61, 43] for the homogeneous case J = 0, and
extended in [21] to the inhomogeneous case J # 0.

The error analysis in [27, 28, 21, 20, 19, 37] strongly relies on the embedding
of the domain D(Ms) = D(M?) N X» into D(AB). The latter statement is valid
if the material parameters € and p are sufficiently regular, meaning they belong
to Wh(Q). In presence of (1.3), however, this embedding is in general not valid
anymore, see Remark 10.5 in [56]. Our error analysis shows that the failure of the
embedding is the main reason for the order reduction. Nevertheless, we can at least
provide the following weaker result, involving the number & from (5.27).

Lemma 6.2. Let ¢ and p satisfy (1.3), and let K > 1 —®. The space Xo embeds
continuously into PH?~%(Q)% N D(A) N D(B).

Proof. Proposition 5.16 shows that X5 embeds into PH?*7%(Q)®. The definition of
D(M) in (2.3) and the fact X C D(M) additionally guarantee that all transmission
and boundary conditions in D(A) and D(B) are satisfied by each element in Xo. O

We finally introduce the operators

Aj(t)w = ! I /0 (t —s) tesMy ds, Ao(t) == etM, (6.2)

6 -1
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for w € X,;t > 0 and j € N. They are useful to expand the semigroup (etM)tZO,
see [27, 28] for instance. It is crucial that A;(t) leaves the space X, invariant, see
Lemma 5.17. Using standard semigroup theory, we obtain the relations
1 1
1A @l 2x,) < ik EMA; 11 (8) = A;(t) — alon D(M),  (6.3)
Ao(t) =T+ tMA(t) =T +tM + 3P M> + °M>A3(t)  on D(M?),  (6.4)
for ¢ > 0 and j € Ny, see Section 4 in [28].

6.2. Bound for a critical error term.

In the next two statements, we establish an estimate on a complicated term,
that arises within our error analysis. Besides an H °°-functional calculus approach,
our regularity results from Section 5 come into play.

As introduced in Section 2, we denote the extrapolation of L € {4, B} to L?(Q)°
by L_;. Moreover, we often abbreviate the electromagnetic wave (E, H) by w, for
convenience.

Lemma 6.3. Let ¢ and p satisfy (1.8), 0 € (0,1/4), w € PHY?729(Q)%, 7 ¢
(0,1/4), and L € {A, B}. The estimate

T

(I = 3L-1) " Loawlr2(g) < C77 27> lwl pprase-20 g
is valid with a uniform constant C = C(0,¢, u, Q) > 0.
Proof. 1) We restrict ourselves to the case L = A, as the other one can be treated

with similar arguments. Let v € D(A42%). Using Lemma 6.2, we first infer the
relation

(I = FA_) " Ayw,v)| = [(w, AL + 54) )| (6.5)

To have a convenient functional calculus, we next switch to A2, and collect two
useful facts: The operator I — A? being positive definite and selfadjoint, it has well-
defined positive definite selfadjoint fractional powers (I — A2?)Y for v > 0. Using
the skewadjointness of A, the relation

INAZ[* < (I = N2 A%)z,2) = [|(1 = N A%)/22|?, (6.6)
is moreover valid for z € D(A?) and A € R\ {0}.
2) We next verify that the space PH'/272¢(Q)% embeds into D((I — A%)1/4-9).
To that end, we note that the space
i A
PHF(Q)" = {u e L*(Q)° | u" € H3(Q:)" = (C(Q:) )%}
embeds into D(I — A?) = D(A?). Furthermore, we employ the identity

PH'Y?729(Q)5 = (L*(Q)°, PH3(Q) )1/470,2'

(The latter is obtained by combining Proposition 2.11 in [32] with Corollary 1.4.4.5
in [26], for instance.) Altogether, we conclude the desired embedding

PH'?2(Q)° € (LH(Q)°. DU — A*)1ja—p2 = D((I = AV (6.7)

3) Using (6.5)—(6.7) together with the Cauchy-Schwarz inequality, we now infer
the estimate

(T = 3A-0) 7 Acqw, o) = [((T = A3)YA0w, (1 = A%) VAT 4+ 5.4)7 1)

< Collwllprsz—2o (gl — A%) ™02 — (I + FA) o), (6.8)
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with a uniform constant Cyp = Cy(e, i, 6, Q) > 0. We next analyze the second factor
on the right hand side of (6.8). Employing the commutativity of the resolvents of
A and A2, we first obtain

11 =A%) V402(1 (T4 34) )|
= |A(I = ZAY(I — T A)H(I — A2~V (6.9)
The skewadjointness of A now leads to the formulas
JA(I — TAY(I — T2A2) =Y (I — A2) =1/ 44042
= (A(T + SA) LI — A2) Y450y AT — TAY(I — T A2)~1(1 — A2)~1/1+0y)
= (I — A2)~V/2+20y _A2(] — T2 A%) 1), (6.10)

Taking additionally into account that ((I — A2)~1/2+20% (T — §A2)_1v) is nonneg-
ative, we deduce

((I—A2)71/2+2ev, —AZ(I— %AZ)flv) < ((I—A2)71/2+26v, (I—AZ)(I— %AQ)’

= (I — A2)VAH0(T — 2 A2) =12y (1 — A2)V/AH0(] — T2 A2)=1/2). (6.11)
In view of (6.8)—(6.11), we arrive at the estimate
|((I—% ,1)_1A,1w,v)|
< Collwll prrje-20g | (T = A2V = 72 A%) 720 (6.12)
4) To bound the right hand side of (6.12), we employ a bounded H (X34 )-

functional calculus for —A?, see Theorem 11.5 in [38]. (The set ¥, denotes the
open sector of angle ¢ € (0,7).) By means of the function

(1 4 Z)l/4+0

or(2) = ————,
& (1+ T 2)L/2

ze 2:3/4‘11'7

we can estimate (6.12) via the relations

72 —
(2 — AL — A 720 = Jlpr (=A%)l < llpr |l ol (6.13)

(Eﬂ/’z)

see Theorem 11.5 in [38].
5) It remains to deal with the number |¢-[|g~(s, ,).- By means of the maximum
modulus principle for holomorphic functions, we infer the formula

ozl (s,,.) = sup [or(2)].
Rz=0

As a result, it suffices to estimate supg,_q|¢@r(2)|. Let z = iz € iR. We first note
the identity

(1 + 22)1/8+0/2

wr(2)| = . 6.14
o = (6.14)
The mapping on the right hand side has the critical values
1 140
€T = 07 T2/3 = :l:\/_ + ! )
! 2G5 G-
whence the bound
Sup ler(2) Il = max{1, [ (ixz/3)[} (6.15)
z€Cy

1'0)
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follows. Hence, it remains to study the case that || attains its maximum at iz /3.
Combining (6.14) with the inequalities

4 1 16 1 340
i < i ’ I<m=33<77 73

we conclude the relations
1 1/8460/2
+6
1+ (Lii)Tzl) 161/8+0/2
6416 < . 1_
( 1 1 )1/47 (F)v/e 4
2(5-0)  512(5-0)
The domain D(A?%) being dense in X, (6.12)—(6.13) and (6.15)—(6.16) imply the
assertion. O

lor(iz2/3)] <

For the next statement, recall the analytic framework from Section 2.1.

Corollary 6.4. Let e and p satisfy (1.3), 0 € (1/2,1), wy € D(Mz) = D(M?)NX,,
and 7 € (0,1/4]. The estimate

(I = A1) A1 BMo Ay (7)wr | 12y < O lwi[lp(ars)
is valid with a uniform constant C = C(0,¢,1,Q) > 0.
Proof. Let w1 := Ay(1)Mw,. Proposition 5.16 and (6.3) then imply that w; €
PH®/3(Q)° with
1]l prs/a(q) < Cllwi|lpazy), (6.17)

involving a constant C' = C(e,1,Q) > 0. In the following, we extend the operator
B to an operator B by defining

(B(E,H)W := (—456HY, -0 EY), e {l,..., N},
(E,H) € D(B) := {(E,H) € L*(Q)° | (C.H"Y,C,EY) € L2(Q,)%, i € {1,...,N}}.

Via interpolation theory, we infer that B is bounded from PH®/3(Q)® into PH?/3(Q)".
Consequently, the vector W, := Biy = B belongs to PH?/3(Q)°. Employing
Lemma 6.3 and (6.17), we arrive at the desired relations

(I — ZA_1) " Ay r2i0) < CT 01l prri-e @) < CT°|willp(as),
with a constant C' = C(g, u,6,Q) > 0. O

6.3. Conclusion of the error bound.

We finally establish the time-discrete error bound for the Peaceman-Rachford
ADI-scheme (6.1). Note that arguments from [27], Theorem 4.2 in [28], Theorem 5.1
in [21], and Theorem 10.7 in [56] are used. The major difference to [27, 28, 21] is the
following: The embedding of D(Mz) into D(AB) is not valid, see also Remark 10.5
in [56]. Thus we extrapolate A to the operator A_1, see Section 2. In this respect,
we additionally note that we cannot estimate the expression from Corollary 6.4
without a loss of convergence order.

Throughout, the solution of (1.1) is denoted by w = (E, H), and the approxima-
tion from (6.1) to w at time ¢, = n7 is w,. For the external current J in (1.1), we
use the space

Wr = C([0, T, D(Ms)) N W>1([0,T], X2),

H'||WT = H'HC([O,T],D(Mz)) + ||'||W2=1([0,T],X2) )

for a fixed final time 7" > 0. Recall also the framework from Section 2.2.
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Theorem 6.5. Let ¢ and p satisfy (1.8), 0 € (1/2,1), T > 1 and 7 € (0,1/4). Let
furthermore w® = (E°, H’) € D(M,) = D(M?3) N X, be the initial data for (1.1),
and let (%J, 0) € Wr. There is a uniform constant C = C(e, u,0,Q) > 0 with

lwn = w(ta)l 12y < CTT*~ (lwollparyy + | (2F:0)|yy,,.)
for allm € Ny with nt <T.

Proof. 1) Throughout the proof, C' = C(g, u,0,Q) > 0 is a uniform constant that
is allowed to change from line to line. We first analyze the local error of (6.1).
Combining Corollary 5.18 with Lemma 6.2, the function M*A;(7)w(t) belongs to
D(A_1B)ND(A)ND(B) for k € {0,1}, j € Ny, and ¢ > 0. Moreover, As(T)w(t) is
contained in D(M?) by definition of X,.

Let k € Ny with (k+ 1)7 < T. We first derive a convenient representation
formula for the local error. Equations (5.2) and (5.3) from [21] are still valid in our
setting, and we recall them for reference as

LItk + s) = LI (tr) + 23 (te) +/ k+s(tk +s—r)1J"(r)dr, se[0,7], (6.18)
w(tg+1) = Ao(Mw(ty) + 7'/\1(7')(—éJ(tk)7 0) + TZAQ(T)(—%J/(tk>7 0)
+ Rk(T), (6.19)

with the remainder

T tr+s
Ry.(7) =/ e(H)M(/ (tr + s —r)(=13"(r),0) dr) ds,

0 th
Similar to (5.4) in [21], we obtain the formula

To(w(t) = (1= §B)7! (I = 3A-0) 7' + 5A) (I + 5 Bjuty)
+ (14 5A) (T(=13(t), 0) + F (=27 (t4),0)

+ %/ k+1(tk+1 — 7")(—%.]”(7"),0) dr)], (6.20)

tr

where we extrapolate A, since Bw(ty) is in general not contained in D(A). Sub-
tracting (6.19) and (6.20), we arrive at

o (w(te)) — witesn)

=(I-3B) "I -3A) I+ 340U
) [r( + 3A) —7(I — 5B)A(7) )

B) % (I + 3A) — 72(I — 5B)As(7)] (— L3/ (11,),0)

[MIERENIE]

+ (I -
+II-IB) "I+ gA)/ k+1(tk+1 —7)(=13"(r),0)dr — Ry(7)

=:ie15(7) + ea k(7)) + e31(T) + ear(7) — Ri(7). (6.21)

In the sequel, we analyze the summands on the right hand side of (6.21).
1.a) We rewrite the defining relation of e 1(7) as

eri(t) =(I = 3B) (I —-FA_1)""
[T+ IM+ T A B~ (I-5M+ T A B)Ay(n)]w(ty).  (6.22)
Applying on the other hand (6.3) twice, the formulas
(I + Ao(m)w(ty) = (21 + TMAL(7))w(ty) = (21 + 7M + 72 M? Ao (7)) w(ty),
(I — Ao(m))w(ty) = =M A1 (T)w(ty),
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follow, while (6.4) yields
(I — Ao(m))w(ty) = (~7M — 5 M? — 72 M3 A3())w(ty,).
Inserting these supplementary formulas into (6.22), we deduce the identities
erw(r) =T —ZB) "I —ZA_1)"'[I = Ao(r) + TM(I + Ao(7))
+ A B(I — Ao(r)]w(kr)
= (I - 3B)""(I - 3A_1) "' [~ TP M3As(r) + 5 MPAs(7)
— 2 A BMA (1) w(kr).

To estimate e; (1), we note that [|[M3w(ty)| < [[Mw(k7)|,, see Section 2.1.
Combining (6.3), Lemma 6.1 and Corollary 6.4, we derive the bound

ler k(DI + I + 3 B)er i) < CT3°fw(ty) [ p(as)- (6.23)
1.b) We next deal with e (7). Simple rearranging of operators first yields
(I =347 = §B)A(7)(~ 23 (tx), 0)
=[I-3A)7'(I- zM) — T+ (I —ZA) A7) (-1 (kT),0).
Using additionally the identity (I — ZA)~'(I + ZA) = =1 +2(I — ZA)~', we infer
e () =7(I = 5B)7'(I - 54) [( - 5A) N+ 1A)
— (I = AT = §B)A(7) ] (=23 (tx), 0)
FB) T = 5A) [T+ Ai(r) +2(1 —% A)THI = A (7))
+3(I = A) T MAL(7)] (=23 (1), 0).
Applying now three times (6.3), the formula
€2,5(T)
B)'I — ZA)[TMAs(t) —27(1 — ZA) " 'MAs(7) +
+ (- 54) Towe (=23 (t),0)

is obtained. Multiplying 7M Ay () by I = (I — ZA)~*(I — ZA) and using (6.3), we
then conclude

ex(r) =7(I = §B)"'(I = FA) [~ (] - IA)_1 (Az(7) = 31)
+ (I = TA) T BMA (7)) (— L3 (tx),0)
=7(I—3B) ' [ T*M*As(7) + % BMAQ( ) (=13 (tk), 0).
Lemmas 6.1-6.2, as well as (6.3) now give rise to
le2x (M)l + (I + § Bez (7l < CT(2I (1), 0) | p(asa) - (6.24)
1.c) We next analyze es 1 (7), e4,,(7) and Ry (7). Relation (6.3) leads to
es k(7)) =721 — TB) ' [FA— TMAs(7) + FBA(7)] (=13 (t1),0).
Combining Lemmas 6.1-6.2 with (6.3), we then infer the bounds
les (Tl + 11 + § B)es(r)|| < CT2 (23 (t), 0)l|xa (6.25)
lean (Pl + (T + FB)ear (Tl < CT(2T, 0)llw21 (e, 1))
IRk (DIl + (I + FB)Ri(7) ]| < CT2(2T,0) w21 (st 1], o)

Altogether, we have estimated the local error T, (w(tg)) — w(tk+1) as well as the
vector (1 +%B)(Tr(w(ty)) —w(tr+1)). Estimates on the latter expression are crucial
to control the error propagation.

T(I—-ZA)™'M
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2) The global error is now estimated by means of the unconditional stability of
the ADI scheme, as well as the bounds on the local error from part 1). Similar to
(6.21), we obtain the useful representation

wy, —w(ty) = (1 - %B)_l(I - %Afl)_l [(I + %Afl)(l + 5 B)(wp—1 — w(tn-1))
+((I+5A )T +35B)— (I —FA )T - 5B)e ™ w(ty1)]

4
+ ) ern-1(r) = Rn_a (7).
=2

This recursive formula can also be transformed into

i NI+ TA)IT-TA) (T+3B)] "

k=0
: (Zel,k(T) - Rk(7)>-
=1

Similar arguments are also employed in the proof of Theorem 9.3 in [18]. Com-
bining (6.23)—(6.25), Lemma 6.1 and the assumption 7 < 1/4, we arrive at the
relations

[wn = w(nT)|| < ZII B) Ml (v (A)y=(B))" > F - (A) |

4
17+ %B)(Z ere(r) = R ()| + 1Y etn-1(r) = Raca (7))
=1 =1

<cf3z( el + 123, 0) o)

+ (2, 0)llw o jo,17.32) + T_lH(él0)||w2=1([tk,tk+1],x2>)~

In view of Corollary 5.18, we finally arrive at the desired error estimate. O

7. NUMERICAL EXAMPLE

In this section we illustrate Theorem 6.5 by a numerical example implemented
in MATLAB. We consider the Maxwell equations (1.1) with perfectly conducting
boundary conditions on the unit cube, i.e. with a; = 0 and a;r =1fori=1,2,3.
We choose a constant magnetic permeability ¢ = 1 and a discontinuous, piecewise
constant electric permittivity

1.1 if x; >0.5and z9 > 0.5
e(x) =
0.1 else.

The Maxwell equations were solved on the time interval [0, 1] with initial data

1
Eo(z) = L(m — %)mf(ﬂh —1)% (a9 — %)2 sin(may) sin(maz) [ 0],
@) 0
HO( ) - 07

which were chosen in such a way that the boundary, transmission and divergence
conditions are fulfilled.

Our error analysis only refers to the semi-discretization in time, but for numerical
computations the problem has to be discretized in space, too. For this purpose, we
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error

5
10 —e— Error
[ — — —order 2
————— order 1.5
108 :
107 1072 107
step size

FIGURE 2. Error of the ADI scheme measured at ¢ = 1 in the
discrete counterpart of || - ||zz2.

used the standard finite difference method on the Yee grid with 150 x 150 x 75
grid points; see [54], Section 3.6 in [49], or Section 4.4 in [28] for details.

Since the exact solution of this problem setting is not known, a reference so-
lution was computed with the ADI scheme with a very fine step-size 7 = 107
It would have been preferable, of course, to compute the reference solution with
some other method, but the size of the problem is way too large for MATLAB’s
ODE solver, and computing a reference solution with the standard Yee scheme is
questionable because no rigorous convergence analysis for this method in presence
of discontinuous electric permittivity is known (to us).

Figure 2 shows the error of the ADI scheme at the final time ¢t = 1 for different
step-sizes 7 € [0.001,0.1]. The error was measured in the discrete counterpart of
|| - |lzz, i-e. with integrals approximated by quadrature formulas. The plot clearly
shows that for sufficiently small 7 the method converges, but with a reduced order of
approximately 1.5 instead of the classical order 2. This is precisely the convergence
behaviour predicted by Theorem 6.5.
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