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Analysis of a dimension splitting scheme for Maxwell equations
with low regularity in heterogeneous media

KONSTANTIN ZERULLA

Abstract. We analyze a dimension splitting scheme for the time integration of linear Maxwell equations in
a heterogeneous cuboid. The domain contains several homogeneous subcuboids and serves as a model for a
rectangular embedded waveguide. Due to discontinuities of the material parameters and irregular initial data,
the solution of the Maxwell system has regularity below H 1 The splitting scheme is adapted to the arising
singularities and is shown to converge with order one in L2 . The error result only imposes assumptions on the
model parameters and the initial data, but not on the unknown solution. To achieve this result, the regularity
of the Maxwell system is analyzed in detail, giving rise to sharp explicit regularity statements. In particular,
the regularity parameters are given in explicit terms of the largest jump of the material parameters. The
analysis is based on semigroup theory, interpolation theory, and regularity analysis for elliptic transmission
problems.

1. Introduction

Maxwell equations belong to the fundamental equations in physics and are in par-
ticular used to describe a large number of phenomena in optics, see [9,17,25,32].
Their solutions are hence of great interest in many applications, like the design of
waveguides, see Section 9.3 in [44]. To model waveguides, heterogeneous media are
often studied that consist of several homogeneous submedia. This approach leads to
material parameters that are discontinuous at the interfaces between different sub-
media. Maxwell equations with discontinuous material parameters, however, usually
have irregular solutions, see [7,8,11-13, 15] for instance. This poses severe difficulties
for the analysis of numerical schemes for the considered Maxwell equations. To tackle
these difficulties, we employ semigroup theory, interpolation theory, and a detailed
regularity analysis of an elliptic transmission problem.

On domains with tensor structure, alternating direction implicit (ADI) schemes are
very attractive methods for the time integration of linear isotropic Maxwell equations.
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In the ADI splitting from [41,55], the Maxwell operator is split according to the spa-
tial dimensions in which derivatives arise. The split system is then integrated in time
by means of the Peaceman—Rachford scheme, see [43]. The splitting from [41,55]
can also be integrated in an energy conserving way, see [10]. These schemes are im-
plicit and can be shown to be unconditionally stable, see [10,29,31,37,41,55] for
instance. Despite being implicit, the mentioned ADI schemes are also computation-
ally cheap. In particular, the implicit steps can be shown to decouple into essentially
one-dimensional problems amounting to linear complexity, see [10,29,30,37,41,55].
In [46,47], the Peaceman—Rachford ADI scheme is transformed into an even more
efficient formulation, being called fundamental ADI-FDTD scheme. There is also a
modified ADI scheme that uniformly preserves the exponential decay behavior of the
Maxwell equations with interior damping, see [52].

Despite their practical relevance, it seems to the best of our knowledge that only
few rigorous error results are known about ADI schemes. In [18-21,29], the material
parameters are required to be W1, respectively, W !> N W23 regular on the entire
cuboidal domain. In the presence of appropriate initial data, the ADI schemes from
[10,41,55] are then shown to be of order two in H ! and L2, respectively. While
the mentioned error statements focus only on the time discretization, a fully discrete
error analysis is performed in [31,37] for the Peaceman—Rachford ADI scheme in
combination with a discontinuous Galerkin discretization in space. [31] moreover
provides estimates on time- and space-derivative errors. In [53], the Maxwell equations
are considered with positive material parameters being piecewise constant on two
adjacent cuboids. Assuming appropriate initial data, time discrete approximations of
the Maxwell system provided by the Peaceman—Rachford ADI scheme from [41,55]
are here shown to be of order 3/2 in L?. The error analysis of ADI schemes on the
heterogeneous medium from the current paper is not covered by the existing literature,
to the best of our knowledge. In particular, the solution of the considered Maxwell
system has lower regularity than required in the above-mentioned literature.

We study the time-dependent linear isotropic Maxwell equations

OE=fcurlH-31J, 9H=—1culE,

(1.1)
E(0) = Eo, H(0) = Hp,

for t > 0 on the cuboid
0 = (a;,a}) x (a;,a)) x (a3, ai)
with the boundary conditions of a perfect conductor
Exv=0, uH-v =0

on the boundary d Q. Conditions on the divergence of E and H are incorporated in
an appropriate state space for (1.1), see (2.9) and Remark 2.2. The vector v denotes
the unit exterior normal vector at 0Q, E = E(x, 1) € R3 stands for the electric field,
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Figure 1. Example of a heterogeneous model domain Q

H = H(x,?t) € R3 for the magnetic field, and J = J(x,7) € R3isa given external
electric current. The functions ¢ = &(x) > 0 and u = u(x) > 0 are the electric
permittivity and magnetic permeability, respectively, and describe the properties of
the material Q consists of.

The following assumptions on the parameters ¢ and p are essential throughout the
paper. The conditions are inspired by a model of a rectangular embedded waveguide,
see Section 9.3 in [44] for instance. To formulate the preconditions, we make the
followmg geometrlc constructions. The cuboid Q is divided into a chain of smaller
cuboids Q1 . Q L, where the interfaces between adjacent cuboids should be parallel
to the x»-x3 -plane. We collect these interfaces in a set .Em. Each cuboid Q ; further
contains smaller subcuboids Qi,l, . Q, k that are separated from each other and
touch the planes {x3 = a5} and {x3 = a3 F1. The smaller subcuboids Q, Lovvns Qi’ K
are, however, not allowed to touch an interface in ]—'mt. The remainder of Qi is then
denoted by Q,',o. The resulting partition of Q corresponds to a specific composition
of materials. The subcuboids Q,-,l, A Q,-, k play the role of embedded waveguide
structures, while Qi,o serves as the surrounding medium. An example of the considered
configuration is shown in Fig.1 with L = 2 and K = 1. Note that our analysis
can in a straightforward way also be transferred to the case that each cuboid Q,-, s
j € {l,..., K}, contains further embedded subcuboids that again touch the planes
{x3 =a; }and{x3 = a;“ }, but no other face of Q,-, ;- For the sake of a clear presentation,
we, however, omit this extension.

For the material parameters ¢ and u, we throughout impose the assumptions

elg, g, €R0.  elg, =elg o mlg, = wlg, (1.2)

fori e {1,...,L},j€{0,...,K},and! € {1, ..., K}. These assumptions mean that
each subdomain Q; ; should consist of a homogeneous medium. Additionally, w is
assumed to be constant in each cuboid Q;. One main goal of this paper is to express
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the regularity of the solutions in terms of the largest relative jump of ¢ inside a cuboid
Qi, see Corollary 5.2 and Remark 5.3.

Due to low regularity in the x1-x3-plane of the solutions of (1.1), see Remark 5.3,
we use a different directional splitting of the Maxwell operator than the standard one
from [41,55]. (The solution of (1.1) is not contained in the domains of the standard
splitting operators. Hence, the standard Peaceman—Rachford ADI scheme is not ap-
plicable to the original solution, see [29].) The idea behind the directional splitting, we
consider, is to treat the x3-direction independently and to leave the xi-x;-directions
coupled, see Sect.6.1. The split system is then integrated in time by means of the
Peaceman—Rachford scheme [43], see (6.3). The resulting scheme is shown to be
unconditionally stable, see Lemma 6.3. For the implicit steps in the scheme (6.3), de-
coupled two-dimensional elliptic problems have to be solved for the third components
of the approximations to the electric and magnetic fields, see Remark 6.4. All other
components of the electromagnetic field approximations are obtained by solving only
one-dimensional elliptic problems.

Note that the present geometry only allows singularities at the interior edges. This
is essential for the numerical splitting scheme (6.3). In particular, the scheme relies on
the fact that the solution of the Maxwell equations is H !-regular in the x3-direction.
The scheme is not applicable to the solution of (1.1) in the absence of this regularity.

Our main result is given in Theorem 6.5, stating that the directional splitting scheme
(6.3) converges with order one in L? to the solution of (1.1). The error result is ri gorous
in the sense that we impose assumptions only on the material parameters and the initial
data. Furthermore, we can deal with less regular initial data than comparative literature
[19-21,29]. For these irregular data, we can, however, only show convergence of order
one instead of order two. Indeed, the local error can only be expanded to terms of second
order in the time step size, since higher-order error terms cannot be controlled properly
in our regularity setting. We are also going to provide a rigorous convergence result
of order 2 — « for scheme (6.3) in a subsequent work in preparation. (The number
k > 0 depends on the largest jump of the parameter ¢ at the interior edges.) There we,
however, have to impose stronger assumptions on the initial data.

To establish Theorem 6.5, we study the regularity of (1.1) in detail. The regularity
of the time-harmonic counterpart of (1.1) on more general heterogeneous polyhedral
domains has been analyzed in several papers, see [7,8,11-13,15] for instance. We
provide a regularity analysis here to have sharp regularity statements for our model
problem that explicitly link the size of the jumps of the material parameters to the
regularity of the problem, see Corollary 5.2 and Remark 5.3. Moreover, we obtain
that some components of the electric and magnetic field have differing regularity.
This turns out to be crucial for the numerical approximation scheme. The regularity
statement and the associated reasoning will additionally be employed in the above-
mentioned follow-up work to derive higher regularity statements. For the sake of a
clear presentation, we hence give a detailed account of the arguments. In particular, we
localize at the interior edges in our medium, and study elliptic transmission problems in
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aneighborhood of these edges, see Sect.3 and [12,14,15]. To obtain the desired sharp
and explicit statement of Corollary 5.2 and Remark 5.3, the first nonzero eigenvalue
of a one-dimensional transmission problem has to be determined, see Lemma 3.5. The
actual regularity and well-posedness statement in Corollary 5.2 is then deduced by
constructing a regular state space X1 in (2.9) and by applying semigroup theory on
the latter space in Proposition 5.1.

Structure of the paper

In Sect.2, we recall useful function spaces and introduce an analytical framework
for the Maxwell system (1.1). In particular, we construct a space X in (2.9) that
turns out to be a regular state space for (1.1). In the spirit of [15], we then study the
regularity of a transmission problem for the Laplacian in Sect. 3. Using these findings,
the space X; is shown to embed into a space of fractional Sobolev regularity, see
Sect. 4. In Sect. 5, we then prove the well-posedness of (1.1) in X1, and in this way the
desired regularity statement. A directional splitting scheme is constructed in Sect. 6.
It is shown to be unconditionally stable, and a rigorous error estimate is established
there, see Theorem 6.5.

Notation

For convenience, we use a partition of Q that is different from the above Q =
UiL=1 Uf:o Qi’ j- The new one is subordinate to the one above and is obtained by
appropriate refinement. In particular, the material parameters ¢ and p are assumed to
be constant on each element of the new partition. We arrive at N smaller open cuboids
01,..., On with E = U,N:1 Ei- These cuboids should not overlap and again touch
both planes {x3 = a; } and {x3 = a; }. It is also assumed that if two subcuboids share
an interface, that the edges of the corresponding faces then coincide.

We denote the open faces of Q by

F].i = {xeaQ|x,»=aji, xi €@ af)forl # j},  Ij=TFur; (1.3)

for j € {1, 2, 3}. The set of interfaces of the fine partition Q1, ..., O is called Fiy,
and the set of exterior faces is Fex¢. We also assign a unit normal vector vp € R3
to every face F € Fin U Fexe in the following way. In case F is an interface being
parallel to the x j-x3-plane, we choose v as the canonical unit vectore;, [ # j € {1, 2}.
Otherwise, F is an exterior face, and vy coincides with the outer unit normal vector
v of dQ. We also employ a set of effective interfaces .7-'fnftf that contains all physical
interfaces. It is defined via

Fl.—{Fc Qisafaceof Q;;, i €{l,...,L}, je{l,...., K}}UFin. (1.4)

int

Normal vectors for interfaces in ﬁ‘f are defined similarly as for interfaces in Fiy;.
The restriction of a function f € L2(Q) to a subcuboid Q; is denoted by fU ) for

i €{l,..., N}. We also need a notation for jumps of functions at interfaces in Q. To
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that end, let F be an interface between two cuboids Q; and Q;> with face vector vg
pointing from Q;; to Q;>. Assume additionally that the restrictions f (1 and f (i2)
have well-defined traces trr £V and try £ at F. The jump [f]F of f at F is then
defined as [ f]r = trp fU? —trp fUD.

For a linear operator A on a normed vector space (X, ||-||), we denote its domain
by D(A) and its graph norm by ||x||%(A) = ||lx|I® + | Ax||%, x € D(A).

2. Analytical preliminaries

This section is structured into two parts. The first one collects useful analytical
concepts and results about several function spaces that will throughout be employed
without further notice. We then proceed in the second part by interpreting the Maxwell
system (1.1) as an evolution equation on an appropriate state space.

2.1. Important function spaces

For our reasoning, the divergence operator div and the two- and three-dimensional
curly and curl are essential. Formally, they are defined by

3
diveg = Z 0i P;, curl v = djv2 — drvy,

i=1

curl ¢ = (dop3 — 03¢02, 0301 — D1h3, D1 p2 — 02¢h1),

for distributions ¢ = (@1, ¢2, ¢3) on a Lipschitz domain 2 C R3and v = (v, v2)
on a Lipschitz domain S € R2.

For the sake of a clear presentation, we subsequently introduce only spaces and
trace operators related to the curlp, curl, and div operators on the cuboid Q and a
rectangle S. The definitions and results, however, can be transferred to the subdomains

01, ..., On by appropriate adaptions. We first recall the Banach spaces

H(curly, §) := {v € L*($)* | curv € L*(S)},  [|vllay, = [Iv]172 + [lcurly |7,
H(curl, Q) := {¢ € L*(Q)’ | curlp € L*(Q)°}. 19113 = l19ll72 + llcurl @7, ,
H(div, Q) :={¢p € L*(0)’ | divp € L*(Q)}.  [6lF, = llpll2 + Idivell7. .

We further use the subspaces Hy(curly, S), Ho(curl, Q), and Hy(div, Q), being
the completion of the space of test functions on S and Q with respect to the norms
I-llcurtys NIllcurt> @nd [I-[lgiy,> respectively. For these spaces, Theorems 1.2.5-1.2.6 in
[24] state the following. The normal trace operator v — v - vy extends continuously
from C C’0(5)3 to the space H(div, Q), now mapping into H - 2(8 Q) with kernel
Hy(div, Q). Moreover, Green’s formula can be extended to H (div, Q), stating

/ v-Vedx +/ (divv)pdx = (v v, 0)g-1200)xH/12(00)
Q Q
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for functions v € H(div, Q) and ¢ € H'(Q).

Concerning the curl operator, Theorems [.2.11-1.2.12 in [24] establish similar re-
sults. The tangential trace operator v — v X V|go has an extension to the space
H (curl, Q) with kernel Hy(curl, Q) and range H ~1/2(30)3. Green’s formula reads

/ (curlv) - p dx —/ v-curlpdx = (v X v, ) g-12(50)x H1/2(50)
Q Q

for vectors v € H(curl, Q) and ¢ € HI(Q)3.

To cover the two-dimensional case, we additionally introduce the unit tangent v; on
dS. Denoting by vg = (v, v2) the unit exterior normal vector of 95, it is defined by
v; = (—vy, v1). For the two-dimensional case, Theorems 1.2.10-1.2.12 in [24] then
yield that C*°(S)? is dense in H (curl,, S), and the tangential trace y; : v — v - ;|35
extends continuously to H (curly, §) with kernel Hy(curl,, S) and range H —1/259).
In this setting, the Green’s formula is given by

/(Curlz U)¢ dx — / V- (82¢, —3]¢) dx = (U * Vi, ¢)H’1/2(35)><H1/2(BS)
N N

forv € H(curly, S)and¢ € H'(S). We simply call the application of all three Green’s
formulas integration by parts.

Closely related are intersections of the above spaces that are useful to derive regu-
larity statements. We define the spaces

Hy (curl, div, Q) := H{(curl, Q) N Hy(div, Q),
Hy (curl, div, Q) := Hy(curl, Q) N H(div, Q).

Both spaces embed continuously into H' (Q)?, meaning that there is a constant Cy > 0
with
2.1

IHI%,1 o) < Cr(lcurtd HI7,, ) + lIdivHIIZ

(Q) (Q))

forall H € Hr(curl, div, Q) U Hy (curl, div, Q), see for example Lemmas 1.3.4,1.3.6
and Theorems 1.3.7, 1.3.9 in [24].

During the proof of the global error bound in Theorem 6.5, we also use extrapolation
theory, see Section V.1.3 in [1] and Section 2.10 in [50]. Let A be a closed and
densely defined operator on a Banach space (X, ||-||x) with nonempty resolvent set.
Let additionally A be an element of the resolvent set of A. Then, the extrapolation
space X4 | with respect to A is defined as the completion of X in the norm |-|| XA, =

(A — A)~!||x. Note that this definition is independent of the choice of the resolvent
value ). The operator A then has a unique and bounded extension A_j from X to X fl .
It is called the extrapolation operator of A to X. The resolvent operator (A — A)~!
moreover extends to the bounded operator (A — A_)~ ! from X fl to X.
Interpolation theory is another important tool for our analysis. Throughout, we only
employ real interpolation on Hilbert spaces, which can be defined via the K-method,
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see Section 1.1 in [40] for instance. By means of interpolation spaces, we in particular
define fractional-order Sobolev spaces, see [39,48]. These spaces throughout serve
as a measure for regularity statements. Let s € [0, 2], k € {1,2},0 € (0, 1)\{1/2},
deN,0CR? open with a Lipschitz boundary, and define

H*(0) := (L*(0), H*(0))s22,  H(0) := (L*(0), Hj(0))g2.  (2.2)

We additionally note that the spaces H ?(0) and Hg (0) coincide for 6 € (0, 1/2).

(This can be verified by means of Corollary 1.4.4.5 in [27] for instance.)
The spaces of functions with piecewise Sobolev regularity are also important. Let
I'* be a union of some faces of Q. Define the spaces

PHYQ) :={f e LX(Q)| fV € HI(Q), i € {1,.... N}, q €10,2],
PH}.(Q):={f € PH(Q) | fP=00ndQ;NTI*, ie{l,...,N}}, se(1/2,2],

equipped with the norms

2
H1(Q;)

N
e =D [ £O) o lgllemg, = lgllens,
i=1
for f € PHY(Q)and g € PH}.(Q).

The next lemma serves as a technical tool, establishing a useful density result for
function spaces related to the electric and the magnetic field. It uses to approximate
with piecewise regular functions that satisfy prescribed transmission conditions and
that vanish in a neighborhood of all exterior and interior edges of Q. The result is
applied in the proof for Lemma 3.2, and it will play a crucial role in a subsequent
work that is in preparation. For the statement, let I"* be a (possibly empty) union of
opposite faces of the cuboid Q, and let Fiy ; denote the set of all interfaces whose
normal vector is parallel to the jth canonical unit vector ¢, j € {1, 2}.

Lemma 2.1. Let ¢ satisfy (1.2). Define the spaces

Vi={p € PH(Q) | [eg]F =0, [¢]r = 0forall F € Fin,
F' € Fint \ Fint, j}s

W:={pe€ PHZ(Q) NV go(i) is smooth, supp(¢) N T* = @,
¢ vanishes in a neighborhood of all edges of Q1, ..., On,
30" =0 forfaces F C8Q;, i € {1,..., N}}.

The space W is dense in V with respect to the norm in PH'(Q).

Proof. We show only the density of W in V in the case I'* = I'> U I3, and assume
Jj = 2. All remaining settings can be established with the same techniques, up to
appropriate modifications.
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(1) Letgp € Vand§ > 0. Applying Lemma 2.5 in [15] to every interior and exterior
edge of Q, there is a function ¢ € V that vanishes in an open neighborhood of
all edges of Q1, ..., Oy and satisfies

¢ —ellpuig) <6 (2.3)

Hence, there is a union 7 of tubes of inner radius ¢ > 0 around all edges with
¢ vanishingon Q N7
We next construct a piecewise smooth function fulfilling the required trans-
mission, support, and normal derivative conditions. We only deal with the cuboid
-1 41 -1 41 -1 41
Q1 =(a;"a)") x (ay ay ) x (a3 a3 ),

: +1 ._ £ + +
(setting a3 := a3 ) and we assume that Q touches the faces I} and I,
of O, see (1.3). All other cuboids can be treated in the same way with slight
modifications. Let [ € {1,2,3}, and x»,; : R — [0, 1] be a smooth cutoff

. . -1 -1 1 +,1 1+l
function with supp xm; € la; " a0 + 5, 1Vl — a7 ] xmy = 1

-1 1, 1 411 41 .
onla, " a4 5-1Ulg" — 5.4 ], and ||}, ,llcc < Cm for a uniform

constant C > O for all m > m; € N. Let
+,1 +,1 -1 4.1 .
I ={x €001 |x € la; ') xj € (a7 af) for j # 1},
-1, +1 -1, +.1 4
and denote the pyramid with basis Fli’l and peak (2L er”' 2 eraz B er% )
by Pli’l. Its reflection at the face I“Ii’(l) is called f’li’l. Let further Q;, be the

adjacent cuboid of Q1 in coordinate direction k € {1, 2}.
We then define the larger set Q) := Q; U U13=1(P1+’1 u Pl_’l), and put

oM (x) for x € Pljt’1 U P2_’1,
(1= xm3@V () forx = (x1, 2, x3) € P,
o 1
(= xm2 2V x)  forx = (x1,x2,x3) € Py,
@1 (x) for x € Pl_’l,
&m,(1)(x) == 2 (1) i1 5+ 1
@V (=x1 +2a; ", x2, x3) forx = (x1,x2,x3) € P,
@) o (i 5—.1
88(—12)(0(’2)()5) forx e P, ",
0 forxeP;E‘lUP;’],
0 for x € R3 \ Ql.

Since ¢ is an element of V and vanishes on E N 7, there is a number m4 € N
and an open superset Ql ofa with gm»(1)|Q°1 e H' (Q°1) for m > my4. We then
repeat the same reasoning for all other subcuboids, by appropriately changing
the definition of the function g, (;) for each subcuboid Q;. Define then a function
gnon Qbygulo, == gm,i)lg; fori € {1,..., N}.

Taking the exterior face conditions for ¢ into account, the arguments from
the proof of Lemma 2.1 in [21] show that g,(,';) converges to q")(i) in H 1(P) for
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2

P e {Pli’i |1 € {l,2,3}} asm — oo. There consequently is a number m > my
with

g — ngPHl(Q) =34 24

We next employ the standard mollifier p, ; that acts on the /th coordinate and
that is supported within [—%, %]. Let

‘Dn,i ‘= Pn,3 %k P2 % Pn,1 ok 8w, (i) neNjiefl,...,N}L

By construction, the function &n,i is smooth, and it vanishes in a union T
of tubes with radius %g‘ around all edges as well as in a neighborhood of all
exterior faces in 1> U I3, provided that n > ng € N. We also remark that the
function 1}", being defined by &lei = 1},1, i, satisfies all required transmission
conditions in Q for sufficiently large n. As a consequence of standard mollifier
theory, the sequence (&n,i)n furthermore converges in H 1(Qoi) to g, (i)- There
consequently is a number 72 > ng with

Ve — g <68, ie{l,...,N}. 2.5
Hl/fn,z 8m, (i) HUO = i€ } (2.5)

It remains to incorporate also the Neumann boundary conditions at the faces of

Q1. This is done by transferring a technique from the proof of Lemma 3.3 in [21]
A - B

to our setting. Let « € (0, %) be a fixed number. Let & : [a, o1 , a1+’1] —

[0, 1] be a smooth function with suppa < [al_’l, al_’l

la; ! ar ! + % 1. Define then the function

+ 5],and @ = 1 on

~ Xl ~
hy 1 (x1, x2, x3) := Yy 1 (x1, X2, X3) —01()61)/71 Xk,1(5)0155, 1 (s, x2, x3) ds
a]’

=: P51 (x) — r(x)

for x = (x1, x2,x3) € P]_’1 and k € N. By construction of 1},,1 the functions
hk_,l and r; are smooth. We next deduce that r; tends to zero in H 1(Pl_’l) as
k — o0. The integrand of ry is uniformly bounded in k and converges pointwise
to zero. Thus, (7x)x is uniformly bounded. Applying now Lebesgue’s theorem
of dominated convergence twice, we infer that r; converges pointwise and in
LZ(Pl_’l) to zero as k — o0o. A simple computation further gives rise to the
formulas

X1 - -
dire = (01@) /71 X, 1(8)01%5 1 (s, ) ds + & xk, 101 V3.1,
a;’

X1 -
arc=a [ a©nadiaods e 2.3)
N

1
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Similar arguments to the ones above now imply that (d17¢)x and (0;rx); are null
sequences in LZ(PI_’I). As a result, (h,;l)k converges to 1};1’1 in Hl(Pl_’l), and
dih; ; = 0on Fl_’l. By analogous constructions on all other pyramids P1+ 1 P2jE 1
and P;E’l, we further obtain similar functions h,f’l, h,ﬂfl and hf:3 for k € N. They are in
particular smooth and coincide with 1/7;,,1 , provided that the distance to the associated
face is larger than 5. Define now a new mapping v 1 on Q via its restrictions
Vil P;t,l = h,f i As the function /; | vanishes in 7 (union of tubes around all edges

with radius 3/4¢), we can choose x > 0 so small that ¥ | is smooth on Q. We then
repeat the analogous construction for all remaining cuboids Q», ..., Qn, obtaining
functions ¥ 2, ..., Yk n for k € N. Finally, we define the mapping v elementwise
by v := Y, fori e {1,..., N}.

By construction, v is smooth on every cuboid, and it vanishes in an open neigh-
borhood of > U I'5 and of all edges of the subcuboids. It further satisfies the required
normal derivative condition at all faces for sufficiently large k. Using finally that the
function ; satisfies the required transmission conditions, we conclude that 1 also
fulfills by definition the transmission conditions [eyx ]+ = 0, [yk] = = O for all
F € Fin2 and F' € Fip1. Taking also (2.3)—(2.5) into account, v is contained in
W, and the estimate || Yx — ¢l pg1 ) = 44 is valid for sufficiently large k. O

2.2. Analytical framework for the Maxwell system

Throughout, we consider the Maxwell equations (1.1) as an evolution equation on
the space X := L*(Q)°. The space is equipped with the weighted inner product

()= o 5 ()3

inducing the norm ||-|| on X. The positivity and boundedness assumption on ¢ and p
implies that ||-|| is equivalent to the standard L?-norm.
On X, we consider the Maxwell operator

1
M = (—locurl € %uﬂ) , D(M) := Hy(curl, Q) x H(curl, Q). (2.6)
nw

Note that fields in D(M) have continuous tangential components at the interfaces.
We next incorporate the boundary conditions for the magnetic field, as well as
divergence and normal transmission conditions. Recall to that end the set of effective
interfaces .7-"1‘21{ The latter contains all interfaces between the submedia Qi,l’ i €
{1,...,L},1 €{0,..., K}. For each effective interface F € F&I' we put

int >

V(F):=(LXF) Hp)1 . Hp={weH (F)lu=0nFNaQ} (27)
2»

We then define the subspace

Xo = {(E.H) € L*(Q)° | div(¢Elg, ) € L*(Qi1), [¢E-vr]F € V(F),
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div(uH) =0, uH-v=00ndQ, Fe Fl ie{l,...,L},l €{0,...,K}},
(2.8)

of X, which is inspired by the spaces Xg4iy and X in [20,21,29]. The space X is
complete with respect to the norm

2

2
1200 T Z ”HSE'”fﬂf”V(f)'
0

N
1 )13, = I I + Y |div VED)|
i=1

To equip the Maxwell operator with the magnetic boundary conditions as well as
the electric and magnetic divergence conditions, we introduce the restriction Mg of
the Maxwell operator to the space X and consider it on the space

X1 :=D(My) :=D(M) N Xo, 2.9
which is equipped with the norm

)L, =G el (e

Remark 2.2. By interpreting the Maxwell equations (1.1) on X;, we only assume
that the divergence of the electric field is an L>-function on every submedium 0 il
ie{l,...,L},l €{0,..., K} Inparticular, we allow for nonzero jumps of the normal
component of the field ¢E across effective interfaces in ]—"Sftf These discontinuities
represent surface charges on the interfaces, see Section 3.5 in [25]. O

2

Although the space X is mainly defined by means of the domains of the divergence
and curl operators, which themselves allow for irregular functions, the space X indeed
embeds into a space of functions with piecewise fractional Sobolev regularity above
2/3, see Proposition 4.6.

The next lemma deals with My, and it shows that M is not only the restriction of
M to X, but also its part in this space. The statement corresponds to relation (2.5) in
[21].

Lemma 2.3. Theidentity D(M}) = D(M*)NXg isvalidforallk € N, and M(D(M))
is a subset of X . In particular, My is the part of M in X, and the space X1 is complete.

Proof. We show only that the space X is complete. The remaining statements can be
established in the same way as identity (2.5) in [21].

To deduce the completeness of X, we first note that M is closed in X as the part
of a closed operator, and thus its domain X; is complete with respect to the graph
norm of M. It hence suffices to show that the graph norm of M( coincides with the
standard norm on Xj.

Let (E,H) € X; = D(M) N Xp. Combining the relation div(e(M (E, H));) =
div(curl H) = 0 with the transmission conditions in H (curl, Q) and H (div, Q) and
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the definition of the norms on X and X, the identities

)l =G, b GOl =G

immediately follow. 0

2

D(Mo)

The part of M in X; is denoted by M, and it is shown to generate a strongly
continuous semigroup on X 1. Thus, the space X1 serves as a state space for the Maxwell
equations (1.1), see Proposition 5.1. Using a regularity statement for the space X1,
we can then conclude that the system (1.1) possesses solutions of piecewise H'~-
regularity, 6 € (0, 1) appropriate, see Corollary 5.2 and Remark 5.3. As a starting
point, the following result states the generator property of the Maxwell operator on
X. The statement is part of Proposition 3.5 in [29].

Proposition 2.4. Let ¢ and w satisfy (1.2). The Maxwell operator M generates a
unitary Co-group (€'™);cr on X.

3. Analysis of an elliptic transmission problem

This section is concerned with investigations of transmission problems for a Lapla-
cian on the cuboid Q, see (3.1). The considered elliptic transmission problem arises
several times in the literature, see [11-13,15,33,35,36,38,42] for instance. Note, how-
ever, that there are no explicit regularity statements for our particular application of
the embedded waveguide at hand, to the best of our knowledge. In other words, we are
interested in precise regularity results in terms of the size of jumps of the parameters ¢
and . This is because the below system (3.1) arises naturally when analyzing the reg-
ularity of the electric and magnetic field, see the proof of Lemma 4.2 and [11,12,15].
Because we are also going to transfer some arguments from the analysis of (3.1) to a
different elliptic transmission problem in a subsequent work, we analyze the problem
here in detail to have a self-contained presentation.

Let nn € {e, u} satisfy the assumptions (1.2). The function 5 will throughout serve
as a placeholder for the material parameters ¢ and w. Let further I"* be a nonempty
union of some of the sets I'1, I, I3, consisting of opposite boundary faces of Q, see
(1.3). Consider the elliptic transmission problem

—AyD = @ on Q; fori e {l,..., N},
Y =0 on I'*, 3.1
Vv =0 ondQ\ I'*, '

[W]r=0=[nVYy - -ve]r onF € Fy,

involving a given function f € L?(Q). System (3.1) can also be expressed equivalently
by the formula

Arsu = f, (3.2)
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involving the Laplacian

(Araw)? = Au®,  onQ;, iell,...,N},

u € D(Ars) :={v € H~(Q) | div(nVv) € L*(Q), Vv-v=00ndQ \ I'*}.
(3.3)

We next recall the decomposition Q = UiL=1 Uf:o Q_lj from Sect. 1. To measure
the regularity of the solution of (3.1) in the case n = ¢, we introduce the number
Kk € (2/3, 1] with

€lg, —¢lg,)°  4sin(em)

iellonL) el €lg ~ sin(Em) sin(Er)
lE{l:’,K}’ QL[ QLO 2 2

(3.4)

Note that ¥ decreases if the relative discontinuities of the material parameter &
in the subcuboids Q1, e, QL become stronger, meaning that the material becomes
more heterogeneous. In the limit case of homogeneous subcuboids Ql, R QL, on
the other hand, the number « is one.

The central result of this section is the following regularity statement for (3.1). To
state it, we employ the following notation. We define Q =0 N{x3 =1/2}, Q,- =

Qi N{xz = 1/2},i € {1,..., N}, and interpret them as rectangles in R?. Piecewise
Sobolev regularity on Q is then defined with respect to the partition O1,...,0n. We
put

Voo = H,((0, 1), L*(Q)) N HY (0, 1), H'(0)) N L3, ((0, 1), PH**(Q))
(3.5)

for k € [0, 1). This space is canonically equipped with the sum of the norms.

Proposition 3.1. Ler n € {e, u}, and let ¢ and u satisfy (1.2). Let further k > 1 —«
ifn =g andk =0 if n = . Assume also that f € L*(Q), and let I'* be nonempty.
There is a unique solution ¥ € Vo of 3.1) with ||[¥|ly,, < C ||f||Lz(Q) for a
constant C = C(Q, n,x) > 0.

The remainder of this section is concerned with the proof of Proposition 3.1. The
argument is oriented toward the papers [15,35,38]: Using the Lax—Milgram lemma,
the Laplacian A= is bijective. Consequently, the regularity of functions in D(A =)
has to be studied. By means of a cutoff argument, we separately study the behavior of
functions in D(A =) in cylinders around interior edges and in the remainder of Q.

We first analyze the behavior in a cylinder around an interior edge. By means of
cylindrical coordinates, we can decompose the problem into a related elliptic transmis-
sion problem on the unit disk, see Sect. 3.2, and a one-dimensional elliptic problem for
the height variable, see the proof of Lemma 3.11. On the remainder of Q, functions in
D(Ar+) are piecewise H>-regular, see Lemma 3.12. The global regularity statement
is then concluded in Sect.3.3.
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In the next subsection, we first derive an inequality that is useful to establish the
energy estimate in Proposition 3.1. It comes into play when we consider functions in
D(Ar+) on the part of Q away from the interior edges.

3.1. Energy estimate for the Laplacian with transmission conditions

The next two lemmas provide a useful energy identity and an a priori estimate for
the Laplacian on D(Ar+) N PH 2(Q). This is done in the spirit of Grisvard, see [26].
Lemma 3.2. Let 1 € {¢e, u} satisfy (1.2). The identity

i‘ (i)(Haz o|? 22,0 52,0 2 9180 ® |
gy T 18 g + B g, + 21020
o BN ACh VETTRIA R 2T S Rk VI 12(0)
2[99 ® |7 2 35| im o
+ ”13” + H23u ): ‘AM
12(01) o)~ &7 12(0)

is valid for u € D(Ar+) N PH?(Q).

Proof. (1) We only treat the case I"* = I'|. A simple calculation first leads to

o |

Y
L2(Qi)

2 )12
L2(Q)) - 1 + Hazu(l)

ren - 1720 ez
+2/ (07u®) (03u?) dx + 2/ (@7u ) (@FuD) dx
Qi 0i

s

+ 2/ (3uD)(@3u) dx (3.6)
Qi

fori e {l,..., N}
(2) By Lemma 2.1, there are two sequences (¢,), and (¥,), in PH 2(Q) satisfying

<p,§"> — dzu'D, w,(li) — du in H'(Q;) asn — oo, and fulfilling the boundary

and transmission conditions (p,ﬁi) = 0 on F3(i), ,Si) = 0 on Fz(i) NaQ, and

[en]7 = 0 = [nyn]x for F € Finp foralli € {1,...,N} and n € N.
Employing Lemma 2.1 of [21] and Lemma 7.1 of [53], the relations

el =0on ", a3y =00n " Na0,
[030] 7 = 0 = [n339,"] 5 for F € Fini2,

are furthermore valid. An integration by parts then leads to

N N
> / n® @30 (029 dx = / n® (0" (3397 dx.
i=1 i i=1 i

Taking limits, we infer the formula

N N
Z/ n(i)(agu(i))(agu(i))dx :Z/ n(i)(3283u(i))2dx
i=1 Qi i=1 0i
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for the last term on the right-hand side of (3.6). Treating the fourth and fifth terms
on the right-hand side of (3.6) analogously, we arrive at the desired statement. [J

We next provide an energy estimate for piecewise H2-regular functions in the do-
main of Ap«. It is obtained by combining Lemma 3.2 with the Poincaré inequality,
see Theorem 13.6.9 in [50].

Lemma 3.3. Let u € D(Ap+) N PH?*(Q), and n € {g, u} satisfy (1.2). The estimate
lull pr2coy < CNAr=ulli2(g) is valid with a uniform constant C = C(n, Q) > 0.

3.2. Analysis of a Laplacian on the unit disk with transmission conditions

The goal of this subsection is a precise regularity statement for functions in the
domain of a Laplacian on the unit disk with transmission conditions representing the
ones in system (3.1) for n = ¢ near an interior edge, see (3.10). To that end, we derive
an explicit spectral decomposition of the Laplacian in terms of Bessel functions for
the radial part and piecewise smooth functions for the angular part. The resulting
eigenbasis can be decomposed into a set of piecewise H2-regular functions, and a one
containing functions with lower regularity, see (3.14) and Lemma 3.6. Treating both
sets separately, the final regularity statement is derived in Corollary 3.9.

The next definition involves the union of all edges of the interfaces, being denoted
by S and called skeleton.

Definition 3.4. Let ¢ € S N Q be an interior edge, and let Qin 1, ..., Qin.4 be the
four adjacent cuboids to e. The material parameter ¢ has a strong discontinuity at e if
€] Qin.1U...UQin 4 has a strictly larger value on one cuboid than on the remaining three.

In the following, we fix an interior edge ej; © S N Q. After translation and scaling,
we assume the identity

ein = {(0,0)} x [0, 1]. 3.7

We moreover assume that ¢ has a strong discontinuity at ej, and fix four cuboids
Qin.1s - - -, Qin,4 having eip as acommon edge. We denote by ¢;, the restriction of € to
the latter cuboids. The notation 8i(;) then refers to &in|p,, ;. As ¢ satisfies (1.2), it then
suffices to treat the configuration
O _ @ _ 3 )
&, =&y =&, <&, - 3.8)
As in [14,15], we localize in a cylinder around the interior edge ej,, see Sect.3.3.
Let Z be a cylinder around ej, with radius 1 that touches the faces F3+ and Iy of Q.
After scaling, we can assume that Z touches no interior edge (except ej,, of course).
Rotating appropriately, we can assume the representation

Zm Qin,i = {()C, yv Z) | (-xv y) € Dia Z € [Oa 1]}9
D; ={(rcosq,rsing) | r € (0,1), ¢ € I;} 3.9)
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fori € {1, ..., 4} with the intervals
I :=(0,%), Lh:=(3,7m), I:=(x, %n), Iy = (%Tt’, 27).

By (r, ¢), we throughout denote polar coordinates. Note that Dy, ..., D4 giverise to a
partition of the unit disk D. The partition represents the regions, where ¢j, is constant.
In this subsection, we study the two-dimensional Laplacian

Apy = % div(ein V),
¥ € D(Ap) = (¢ € H)(D) | div(enVy) € L* (D)}, (3.10)

with transmission conditions on the unit disk D. Note that the transmission conditions
fit to the ones of the Laplacian A=, see (3.3).

It is well known that Ap is invertible with compact resolvent and self-adjoint on
L?(D) with respect to the inner product

(f. Qenp = /D enfgdr.  fige LX(D), 3.11)

see [35] for instance. (Indeed, bijectivity is obtained via a Lax—Milgram lemma argu-
ment and symmetry is derived with an integration by parts.)

The eigenvalue problem for A p can be handled by transferring the reasoning in [49].
This means that we switch into polar coordinates and separate between angular and
radial variable. As the coefficient ¢;, depends only on the angle ¢, it can be interpreted
as a piecewise constant function on the union /1 U ... U 4.

The angular part leads to the eigenvalue problem

W =—*y® onl, ie{l,....4,  Y.eny’ € Hy(0,27), (3.12)

where HL (0, 27) refers to the periodic H 1—space on (0, 27). By Lemma 4.2 in [36],

per
(3.12) has countably many eigenvalues 0 = /cg < Klz < ... — oo and associated
piecewise smooth eigenfunctions v, ¥, . ... The latter form an orthonormal basis of

L?(0, 27r) with respect to the L>-inner product with weight &iy.

A calculation leads to the following relation for the square root of the first nonzero
eigenvalue of (3.12), see [54]. It provides a crucial sharp lower bound involving the
number x from (3.4).

Lemma 3.5. Let e, satisfy (3.8). Then, k < k1 < 1 < k3, and k| satisfies

4 1 .
(8i(n) - 8i(n))2 _ 45m2(K17T)
gD sin(%-77) sin(25L77)

In the following, we construct an orthonormal basis of eigenfunctions for the
Dirichlet Laplacian Ap. To this end, we employ the Bessel function J, of order
v > 0, and the eigenvalues of (3.12). The positive zeros of J, are denoted by

0< ugv) < ,u(zu) <

Wi, @) = Joq (@), e, 1), ¢ € 0,21), (3.13)

.-+ — 00. We define
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with k € N and / € Np. Note that the functions ¥ | have second weak derivatives
with singularities at » = 0. This eventually causes the weaker regularity statement than
H? in Proposition 3.1. These singular functions are hence incorporated separately by
means of the spaces

M :=span{¥; |k e N, 1 e No\{1}}, N :=span{¥ |keN}. (3.14)

In the next lemma, we derive useful spectral properties of the Laplace operator Ap.
The proof employs ideas from Theorem 2 in Section 5.5.2, Lemma 1 in Section 6.4.2,
and Theorem 1 in Section 6.4.2 of [49].

Lemma 3.6. Let ¢y, satisfy (3.8).

(a) The family {¥y; | k € N, | € No} is an orthonormal basis of L*(D) with respect
to the inner product (-, -)g,, p from (3.11).

(b) The spaces M and N are contained in the domain D(Ap). Furthermore, M
is a subspace of P H?(D). The eigenvector relation ApWr = —(/L,((K’))zlllk,l is
satisfied for k € N and | € Ny.

Proof.  (a) The asserted orthogonality follows by combining the choice of the func-
tions {v; | I € Np} with Theorem 2 in Section 5.5.2 of [49]. The completeness
of the system {W¥y; | k € N, [ € Ny} can be concluded in the same manner as in
the proof of Lemma 1 in Section 6.4.2 of [49].

(b.i) Letk € Nand/ € Ny. The function lI’,é“l satisfies the transmission and boundary
conditions for Ap due to the choice of ¥, see (3.12), and the definition of
,u,(f’ ) Note further that every function W ; is at least H 1—regular. To show that

claim, leti € {1, ..., 4}. Since ; solves (3.12), the function lllk(il) is as regular

as the function (al(i) cos(krp) + bl(i) sin(k;@))r! with appropriate real numbers

al(i), bl(i). If I = 0, this means that W ¢ is piecewise smooth. In case / € N, ¥} ;
then belongs to the space H I+ (D;) for every k < min{1, k;}, see [3-5] for
instance.

The stated eigenvalue—eigenvector relations are obtained in the same way as
in Theorem 2 in Section 5.5.2 of [49] by means of the choice of v, see (3.12).
As aresult, M and N are contained in D(Ap).

(b.ii) It remains to show that every function in M is at least piecewise H>-regular.
Let [ € N with k; > 1. (The case x; € {0, 1} can be handled by switching
into Cartesian coordinates.) Since W ; is as regular as the function v (¢)r*, it
satisfies the estimate

1
/ / (118, @0V + rlo2@ 0@ + Lo, @) O
0 JI
+ 510, @@ + ,%|a£(wk,z><”|2) dgdr < oo,

proving that ¥ ; is an element of P H>(D).
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In view of the stated inequality in Proposition 3.1, we also need an a priori energy
estimate for functions in D(Ap) in terms of the Laplacian Ap. In Lemma 2.2 and the
following Remark in [35], the estimate

Wl pa2py < CUIW 2oy + 1ADY I 12(p)). ¥ € D(Ap) N PH*(D),

is derived with a uniform constant C = C(gj,) > 0. By Lemma 3.6, M is a subspace
of PH?(D). Standard reasoning then leads to the inequality

1Vl pr2py < ClADY l2(py, ¥ €M, (3.15)

with a uniform constant C = C(gjp) > 0.

To derive a counterpart of (3.15) for functions in the space A/ from (3.14), we
transfer ideas by Kellogg in the next two lemmas to our setting, see Theorem 5.2 and
Lemma 5.6 in [35].

Letv € (1/2,1) and f € C([0, 1]). In a first step, a norm estimate is derived for
the solution of the one-dimensional problem

P2y + T V2 ) v Py ) = £, e (0, 1),
v(0)=14(1)=0, Ve L2(O, 1). (3.16)

The solution  is given by

V() =ar’ + %r”[ 7V dr — %r—“/ P r@yde,  re(0,1),
0 0

involving the number

1
o= _%/0 @27V =P ey dr

We note that the expression on the left-hand side of (3.16) corresponds to the radial
part of the Laplacian A p, acting on functions in /. The inequality provided by the next
lemma will thus be crucial for an energy estimate in V', see the proof of Lemma 3.8.

Lemma 3.7 is obtained in a straightforward way: Each summand on the right-hand
side of the solution formula for v is estimated separately by means of the Young and
Cauchy—Schwarz inequalities. We thus omit the proof.

Lemma 3.7. Let k > 2(1 — v) with parameter v € (1/2, 1) from (3.16). The solution
¥ of (3.16) satisfies the inequality

1 1
/ e WD+ r 3y dr < c/ f2dr
0 0

with a uniform constant C = C(k, v) > 0.

We next establish the desired a priori estimate in fractional-order Sobolev spaces
for the operator Ap on the space N from (3.14). Recall the number ¥ from (3.4).
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Lemma 3.8. Let siy satisfy (3.8), ko € 2(1 — %), 1), and ¢ € N'1P@0) The in-

equality

||¢||pH2*Ko/2(D) = C”ADd’”LZ(D)
is valid with a uniform constant C = C (kg) > 0.

Proof. (1) Let¢ € N. We use the sets

D¢ :={(x,y) € Di | |(x, y)| = &}

for & > 0. Recall the definition of D; in (3.9). Note moreover that ¢ is smooth
on each D; ¢ by definition of A/ in (3.14).

KO
Combining the inequality |x1]<0/2|xo]0/2 < /x? + x5, (x1, x2) € R, with
Lemma 2.12 from [6], it suffices to prove the estimate

Ko 2w s
1r 2 pllr2py + D _Ir20i¢ll2my + Y Ir2 00kl r2epy < CllADPN 12y
j=I1 Jk=1

Transforming to polar coordinates and integrating by parts with respect to the
r- and g-variables, the formula

4
> / el 10701 (07" — (0:9,6)?1d(x. y)
i=1 D;¢
4 1 + . . .
-y /g [ oo @0 + 20 0,0 P dpdr
i=1 i

4
+30 [ EE@eD — 0 662 )
i=1 "k
+ 500729, 0)%)], = 1 g (3.17)

is obtained.
(2) The first term on the right-hand side of (3.17) is next treated separately by means
of Lemma 3.7. We first note that ¢ has the representation

z
$(rcosp.rsing) =Y o )Y (). (3.18)

k=1
forr € (0, 1), ¢ € (0, 27), withnumbers Z € Nand «y, ..., az € R. Since |

is an eigenfunction of (3.12) to the eigenvalue Klz, we deduce the identity

F2AgD = p1252¢0 4 =125, 6O _ (2732
= D, re(0,1. (3.19)
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Combining (3.19) with Lemma 3.7, we then infer the estimate

4l 4l
Z/ /rko—‘(a,w)?dwdr < 62/ /r(A¢<i>)2d<pdr
i=1 0 I; i=1 0 1;

with a constant C = C (ko) > 0. For the first term on the right-hand side of
(3.17), we consequently arrive at the inequalities

ag , . ,
[ [ @ @saoar
i=1 78 Jhi
4 1 : , 1 , ‘
> — (%/ /si(;)r“)“(aqu(”)zdwdr+4/ fsi(;)r”)*l(a,(p('))?d(pdr)
i=1 & Jii 0 Ji

4 1 ) . _
> -2 %/g /, s O 070 D) dp dr +4C I VEnADelTs ). (3:20)
i=1 !

(3) We next focus on the face integrals on the right-hand side of (3.17). To that
end, we analyze the behavior of ¢ near the center of D. In view of (3.18), it
suffices to consider the function 4;(r, @) = J¢, (r)Y1(p). Using that ¥ is an
eigenfunction of (3.12) and that k9 > 2(1 — k1), one can show that the func-
tions <01 (3,43“))(33&@) and 1*"0_2(8(/“;3("))2 possess continuous extensions to
[0, 1] x I;, and that they tend to zero as r — (. The dominated convergence
theorem hence yields

Sh—%é /1 ,- e [0~ (0,6 ) (029 + H0r072(3,6 )|, —¢ dp = 0.
- (3.21)
(4) For the next step, the formula
29D = §(3§¢(i)) +29,0,6" + »;"—§a§¢<">
is useful. Combining (3.17) and (3.20), we derive the estimate

4
3 / roel) (ApD)2d(x, y) +4C I /EmApd |2
i=1"Dig

4
D fD e 1076)7 + (056")7 + 2(0:0,0 V)1 d(x, )

—2 / e 107 0,6 D) 020 ) + 592 (0,601, =¢ dy).
I;

In the limit £ — 0, the monotone convergence principle and (3.21) lead to the
relation

(1 +40)1VemApdll7s
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4
=1y / e [(02 )7 + (0361 +2(3,0,0)21d(x, y).
i=1"Di

The H'-norm of ¢ can finally also be bounded by | Ap¢||;2(p) using the Cauchy—
Schwarz and Poincaré inequality. 0

The following corollary is an important and direct consequence of Lemmas 3.6 and
3.8, as well as (3.15). It provides the desired regularity statement and energy estimate
in the domain D(Ap).

Corollary 3.9. Let &i, satisfy (3.8), and k > 1 —«. Then, D(Ap) € PH?*~*(D) with
lull p 2« py < CllApullp2(py, u € D(Ap), for a constant C = C(k) > 0.

3.3. Conclusion of the regularity statement

We now establish the desired regularity statement for functions in the domain of
the operator A+ from (3.3), resulting in a regularity result for the solution to the
interface problem (3.1). To that end, we first use a cutoff argument to focus on thin
cylinders around interior edges. This principle is well known to experts in the field,
see [14-16] for instance. To have a self-contained presentation, we, however, sketch
the arguments.

Let us first fix some notation for the next statements. Recall that S is the union of
all edges of the interfaces. Let ej; € S be an interior edge. Without loss of generality,
we assume in the following that all cylinders around the interior edges with radius
1 are disjoint from each other. We denote by dist(ejy, -) : ‘0 — [0, o0] the distance
function to ej,. Let additionally y : [0, co) — [0, 1] be a smooth cutoff function with
x = lon [0, 1/4] and supp x < [0,9/16].

Lemma 3.10. Let ¢ satisfy (1.2), and let eiy C S be an interior edge. Let furthermore
u € D(Ar+). The function x (dist(ein, -)2)u belongs to D(A+).

Proof. We can assume that ej, satisfies (3.7) and abbreviate v := x (dist(ejp, -)z)u.
Recall definition (3.3). Using the product rule and construction of x (dist(ejp, ~)2), it
suffices to verify the first-order transmission condition for v at interfaces touching ej;.
Let F be such an interface. We assume the representation F = {0} x [0, 1] x [0, 1],
and take x = (x, x2,x3) = (0, x2, x3) € F. A straightforward computation then
shows that V x (dist(ein, x)%) - v/ = 0. This means that v fulfills the same interface
conditions as u, whence v is an element of the domain D(A ). O

Recall for the next statement Definition 3.4, (3.5), and (3.4).

Lemma 3.11. Let ¢ satisfy (1.2), and let ey C S be an interior edge, where & has
a strong discontinuity. Let furthermore u € D(Ar=) and k > 1 — k. The function
x (dist(ejp, 3 belongs to Vo, N D(Ar+) and

Il x (dist(ein, Jully,_, < CllAr«(x (dist(ein, Ju)ll12(p)

with a number C = C (g, k).
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Proof. (1) Without loss of generality, we can assume that e;, satisfies (3.7). We

(@)

3

“)

moreover assume that I3 C I'*. (The case I3 € I'™* can be handled with the
usual modifications for homogeneous Neumann boundary conditions.) Through-
out, C = C(e, k) is a constant that changes from line to line. As in the proof of
Lemma 3.10, we set

v = x(dist(ein, ))u € D(Ap+).
Recall the cylinder Z = D x (0, 1). By construction of v, it suffices to prove

lvllL2¢0.1), PE2—* (DY) T IVl E1 0.1y, 5 (D)) T IVl 22(0.1). L2 (DY)
< CllAr=vl2(z)- (3.22)

The function v is odd reflected at I3 to the large cylinder Z:= D x (—1,2).
The parameter &, is reflected in an even way. Note that v belongs to H'! (2),
and that &i, Vv| p, x(~1,2) is an element of H (div, Z~').

Let x3 : R — [0, 1] be a smooth cutoff function with x3 = 1 on [0, 1] and
supp x3 € [—1/2, 3/2]. We analyze the product x3(x3)v in the following and
thereby use ideas and techniques from [14,16]. To that end, we extend the func-
tion x3(x3)v trivially by zero in x3-direction to the infinite cylinder D x R.

Put now

—AG3v D) = fD e L2(D; x R), (3.23)
fori € {1, 2, 3, 4}. The above extension procedure then implies the fact

1 2y < SN2z (3.24)

Next, we apply a partial Fourier transform with respect to the x3-variable,
and we denote the resulting function by w for w € L?>(D x R). The inverse
transform of a function v € L?(D x R) is denoted by v. We moreover call the
new variable in Fourier space &. Relation (3.23) then gives rise to the formula

& =07 — 05) (v D) (1, x2,8) ="(fV),  (x1,x2.6) € D; xR,
(3.25)

and we note that"(x3v)(-, ) € D(Ap).
Corollary 3.9, the triangle inequality, and (3.25) provide the relation

I"Gav) C O ey < c(ns”o%wx-, 72y + 11N s>||iz(m).
(3.26)

We next take also the estimate

0 < —9R(ent> (k30) (- £), AB (K30) () 12 (327)
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into account, that is a consequence of the positivity of —A p. Combining (3.25)-
(3.27), we arrive at the inequalities

I"Gav)C O e )
= C(IVEmE> e . O
— 20 (einE > (1) (5 §), AD (K30 6)) 12 )
+ IVEmAL G O30, + Ve (DO )
< ClIVER (N Oz ) (3.28)

Integrating now with respect to £ and using Plancherel’s theorem, we conclude

o 2 £112
||X3v”L2(R,PH2_’((D)) f C”f”LZ(DXR)'

In view of (3.24), we consequently derive the relation

IX3vll 2@ pH2< (D)) = CIfllp22)- (3.29)

(5) Relation (3.27) further yields the inequality

15 Gav) 5 O)I3a ) < CINA G O

Integrating with respect to & and using (3.24), we infer the estimate
X3l g2 r,22(py) < CILF 22 (3.30)

With the self-adjointness of the operator (—A p)'/? and the Cauchy—Schwarz
estimate, we next deduce the inequality

IVEmlE|(=A0) 2 Gav) ¢, )72 )
= (gin|§|2A()%3v)('v s)’ (_AD)A()%SU)('s S))LZ(D)
< IVenl§ 1 G30) C )l 2 () IVEm A (Gi30) ()l 2 )

We now integrate with respect to & and use the equivalence of the H'-norm
and the graph norm in D(—A p) /2. Relations (3.24) and (3.28) now imply

IVenxsvl i miy < ClfI2z) (3.31)

Combining (3.29)—(3.31), inequality (3.22) is valid.
O

For the next statement, we collect all interior edges ej,, at which ¢ has a strong
discontinuity, into a set £(g), see Definition 3.4. We also set £(u) := ¢ and recall
that x is introduced at the beginning of this subsection. The below lemma then states
that functions in the domain D (A +) from (3.3) are H 2-regular near every edge of an
interface at which ¢ has no strong discontinuity.
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Lemma 3.12. Let n € {e, u} satisfy (1.2), and let u € D(Ar+). The function w :=
(1= ey x ist(e, )?))u belongs to PH*(Q) and |wl| pp2(g) < 1Ar<wl 12(0).

Proof. We only treat the case n = ¢ and I3 C I'*, as the remaining can be handled
with similar arguments. By Lemma 3.10, the function w is an element of D(A+). In
view of Lemma 3.3, it suffices to show that w is piecewise H>-regular. To reach this
goal, we analyze w on two adjacent cuboids Q1 and Q> that share an interface F with
two interior edges. (The case of Q1 and Q> touching the exterior faces I} or > can
be treated similarly.) Without loss of generality, we can assume the identities

01 =(10)x (=1,D% Q2=(0,1)x(~1,1)% F={0}x[-1,1%

A smooth cutoff function x : [—1, 1] — [0, 1] is furthermore employed. It satisfies
supp ¥ € [—7/8,7/8] and ¥ = 1 on [—3/4,3/4]. Set also Q := (—1, 1)>. By con-
struction, the function f(xy, x2, x3) := nx (x1) x (x2)w(x1, x2, x3) is then an element
of the space

{f e PH'(Q) | Aflg, € L*(Q0), i € (1,2}, [ fIF = [0:1 f]= =0,
fG,£1,)=0, f(£l,-,)=0, o3f(,-, 1) =0}.

By Proposition 8.1 in [53], the mapping f is then H2-regular on Q and Q>. [J

Combining Lemmas 3.11 and 3.12, we derive the desired regularity statement for
functions in the domain D(A ). Recall for the statement definitions (3.4) and (3.5).

Lemma 3.13. Letu € D(Ap+), andletn € {e, u} satisfy (1.2). Choose further x = 0
ifn=np andk >1—xifn=ec Then, |ully, < Cl|Ar-ullp2g) with a uniform
constant C = C(x, n, Q).

Proof. (1) Inthefollowing, C = C(k, n, Q) > Oisaconstant that changes from line
to line. Integration by parts and the Poincaré inequality imply the well-known
estimate

| Ar-ull 20y = Cliull 1 ). (3.32)

(2) For e € £(n), we set v, := x(dist(e, 3 (assuming that the distance be-
tween interior edges is greater than 2). Combining the triangle inequality with
Lemmas 3.11 and 3.12, we infer the inequality

e, = €(C 32 NArvelizagg + 1Ar-@ = " vl ).
ec&(n) ecE(n)

With Young’s inequality, we then infer the estimate

el = C( D2 1ArvelZa g + 1A= Y vlkag)- (3.33)
ecE(n) ecE(n)
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(3) Lete € £(n), and abbreviate w, := x (dist(e, -)2). Employing the product rule
for the Laplacian as well as Young’s inequality, we deduce the relation

2
”AF*Ue”LZ(Q)
N
<CY (IAwu 13 o ) + 1(Vwe) - (VD175 ) + lwedul75, )
i=1

We next take into account that all functions w, have disjoint support. In view of
the regularity of w, on Q and inequality (3.32), we arrive at the result

> 1Arveldag = €(I X Auaulsg) +1 Y (Vwe)

ecE(n) ecE(n) ecE(n)
2 2
. (VM)HLZ(Q) + ” Z weAF*“||L2(Q))
ecE(n)
2

Analogous reasoning also establishes the statement

AP = D" vlljagg) < ClArull}s g (3.39)

ecE(n)

The desired estimate is a consequence of (3.33)—(3.35). O

Proposition 3.1 is now a direct consequence of Lemma 3.13.

Proof of Proposition 3.1. Using the Lax—Milgram lemma, one can show that the op-
erator A= from (3.2) is bijective. Hence, there is a unique solution i € D(A =) of
(3.1). Lemma 3.13 now implies the asserted regularity and energy statements. O

We can also treat the pure Neumann case I'* = {, as the difference only arises
in the energy estimates. For the statement, recall the space V>_, from (3.5) and the
number x from (3.4).

Proposition 3.14. Let n € {e, u} satisfy (1.2), and let f € L*(Q). We set k = 0 if
n=u,andk > 1 —k ifn = ¢. There is a unique function € Vo_, solving

(1-2)y® = f® on Q; fori € {l,...,N},
Vi -v=0 ondQ, (3.36)
[V]Fr=0=[nVy -velr for F € Fin.
It satisfies |y |y, < C ||f||Lz(Q) with a constant C = C(k, n, Q) > 0.
Proof. To unify the arguments, we introduce the appropriate Neumann—Laplacian
Ag) D = A DAy = (v e H(Q) | div(nVv) € L>(Q), Vv-v =0o0n3Q}.

As the reasoning in Lemmas 3.11-3.12 focuses only on the local behavior of func-
tions in the domain of A+ around the interior edges and also allows homogeneous
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Neumann boundary conditions, the mentioned statements are also valid for functions
in the domain D(Ay). (In the proof of Lemma 3.12, one uses Proposition 8.2 from
[53] instead of Proposition 8.1.)

Adapting the arguments in the proofs of Lemmas 3.3 and 3.13 to the current setting of
Neumann boundary conditions, we furthermore derive the energy estimate ||u|ly, , <
Clld — Ap)ull12(@) for u € D(Ap) with a uniform constant C = C(k, n, Q) > 0.

Using the Lax—Milgram lemma, we moreover obtain that system (3.36) has a unique
solution in D(Ay). The above regularity statement and energy estimate now imply the

asserted result. O

4. Regularity result for the space X

This section is devoted to an embedding result for the space X; from (2.9). To
this end, we extend the well-known regularity results for the spaces Hy (curl, div, Q)
and Hr (curl, div, Q), see Sections 1.3.4 and 1.3.5 in [24] for instance. Throughout,
we assume that ¢ and pu satisfy (1.2). The corresponding spaces for our setting of
discontinuous coefficients are

Hpy oo(curl, dive, Q) := {E € Hy(curl, Q) | div(¢E) = 0},
Hy o(curl, dive, Q) := {E € Hy(curl, Q) | div(¢eE) € Lz(Q)},

Hr oo(curl, div i, Q) :={H € H(curl, Q) | div(uH) =0, uH-v =00n0dQ}.
4.1

The first and last space are already complete with respect to the norm in H (curl, Q)
(making use of the bounded normal trace operator from H (div, Q) into H -2 0)).
The second space in (4.1) is complete with respect to the norm

N, , = IEI2 o) + lcurl ElI75 o) + IldivER) 175 o) -

Our first goal is to establish embeddings of the spaces from (4.1) into appropriate
fractional Sobolev spaces. In the next step, we then derive the desired embedding of
X1, see Proposition 4.6. In the literature, we could detect neither the precise explicit
dependence of k on ¢ and p, nor the distinction between the regularity of the single
components of the electric and magnetic field. These results, however, turn out to be
essential for the error analysis in Sect.6.2 and another work that is in preparation.
For a clear presentation, we hence deduce the desired embeddings in a sequence of
lemmas. Note that [7,8,11,12] contain regularity statements for the above or related
spaces in a more general setting, allowing general polyhedral domains for instance.
Our plan is to transfer parts of the reasoning in paragraphs 1.3.3-1.3.5 in [24] to our
setting of a transmission problem.

We start with the study of Hy oo(curl, dive, Q). Combining Theorem 1.3.4 in [24]
with an integration by parts, we first obtain the injectivity of the curl-operator on this
space.
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Lemma 4.1. Let ¢ satisfy (1.2). The curl-operator is injective on Hy oo(curl, div e, Q).

We next introduce the space
H, :={E e L*(0)°| div(cE) =0, ¢E-v =00n3Q)}.

The following statement characterizes the preimage of the curl-operator for the
space H,. The result corresponds to Theorem 1.3.6 in [24] and extends Lemma 6.3 in
[8] to our setting of multiple submedia in a cuboid. For the statement, we recall the
number «x from (3.4), and introduce the space

Viee i= (PH'™(Q)* x H'(Q) N {v € L*(Q) | 330 € L*(0)?},
||v||%)17,( = ||U||§>H17K(Q)2XH1(Q) + ||a3v“i2(Q)3a v E Vl—l(~ (42)

Lemma 4.2. Let ¢ satisfy (1.2), and let « > 1 — k. Each function E € H; has the
representation

1
E=—-curl®
£

with a unique function ® € Hy oo(curl, dive, Q). Moreover, @ belongs to the space
Vi—«, and it satisfies the estimate | @]y, < C ||E||L2(Q) with a constant C > (
depending only on ¢, k, Q.

Proof. (1) Throughout the proof, C = C(¢, k, Q) > 0 is a constant that is allowed
to change from line to line. In view of Lemma4.1, it suffices to show the existence
of the desired vector @ as well as its regularity.

Using Theorem 1.3.6 in [24], there is a vector @ € H'(Q)3 N Hy(curl, Q)
with 1 curl @ = E and div® = 0 on Q. By (1.2), this implies

div(eP @Dy = 0. 4.3)

In general, @ does, however, not satisfy the additional transmission condition
[e® - vE] 7 = O for all interfaces F.

(2) We next extend the traces [8(5 - vr] £ for the effective interfaces F € ]-'ﬁlftf see
the notation paragraph in Sect. 1. There is a function 1@ € H'(Q)n PH?*(Q)
with Vi x v=00nd0Q, HSV@ vr]F = [ - vE]F for F e ]—'f;]‘if, and

W lpre <€ Y e - vrlFllvir < CIElL2q)- (4.4)
FeFdr

int

Recall that V (F) is defined in (2.7). To show this claim, we consider the model
case of four subcuboids

01=(=1,07x(0,1), 02=(0,1)x(=1,0)x(0,1), Q3=0,1),
Q4= (=1,0)x (0, 1>, F;=0;NQjs1, je{l,2,3}, Fa=01N0,
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and construct a function w on O := (—1, 1) x (0, 1) that satisfies the extension
property [eVy - vr 7 = [¢® - vr ] 7, homogeneous Neumann boundary
conditions on 0 Q\F3, homogeneous Dirichlet boundary conditions on 9 ONTs3,
and the required regularity and energy properties of V. Due to symmetry, the
trace [¢® - v, ] 7, can be extended in a similar way. The desired function 1 is
then obtained by combining this reasoning with a cutoff argument around the
edges in Q and the extension result from Propositions 2.2 and 2.3 in [2].

In the following, we use techniques from the proof of Lemma 3.1 in [20] and
Lemma 8.13 in [53]. Set g := d 117, with & 1 denoting the first component of
. Identify F; with [—1, O] x [0, 1], and consider the Laplacian A 7 on Fj with
domain

DAF) ={ue H*(F1) | u(,0) = u(-, 1) =0, u(0, ) = dhu(l, ) =0}.

The operator —A 7, is then self-adjoint and positive definite on L*(F1). We
can hence define positive definite and self-adjoint fractional powers (—A £,)?,
y > 0, of —Az,. Hence, —(—Ax,)” generates an analytic semigroup
(e7"AF)”) . Note further that

D(—Ar)'?) ={p € HY(F1) | 9(-,0) = (-, 1) = 0}.

(This identity can for instance be obtained by means of Theorem VI.2.23 in
[34].) Combining furthermore the trace theorem with the boundary conditions
for @, we conclude g€ (L2(_7-'1), D(—Afl)l/z)l/z,z with

lgll2m), D= ar) 12102 = ClPUIHIQ)- 4.5)

Let x : [—1,1] — [0, 1] be a smooth cutoff function with x = 1 on
[—1/2, 1/2] and support in [—3/4, 3/4]. We then set

o _ _ 1/2
Dy, x2,x3) 1= x(eD)xn (671 TAT) T g) (xg, x3), (xp, 42, x3) € Q1.

. . .. —f(— 1/2
In consideration of the analyticity of (e ™' (=471 ! )

ties

>0, we conclude the identi-

I)Z(l)|]-‘| =0, a“z,(l)b__l =g, 1/"/(1)|F3 =0,

as well as homogeneous Neumann boundary conditions on all other faces of Q.
We further calculate

o i (— 12
0 = () G+ xGen) = x@xi (= Az e CAm g,
o1 = (X eom + 20 ) = 20 i (= A2 = 25 (- A )

(A2
_X(xl)xlA]-'l)e nEAF) e
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3

We moreover note that the H'- and H?-norm on Fj are equivalent to the
norms [[(—AF)"2|l12(5,) and Az [l 12(F,) on D(—Ax)"/? and D(AF),
respectively. Using Remark 6.3 and Proposition 6.4 in [40], we hence conclude
v e H2(0)) with

- ~
1P Plli200) < Clghw2E)Di-ar) 20z < Cl1IH10):

see (4.5). Define now

U@ (x1, 12, x3) 1= =V (=x1, x2, x3), (x1,x2,x3) € Q2,
b (x1, x2, x3) 1= F P (x1, —x2, x3), (x1,x2,x3) € 03,
J P (x1, x2, x3) 1= F D (x1, —x2, x3), (x1, x2,x3) € Q4.

By construction, 1,0 belongs to PH 2(0) N H'(Q) and satisfies the extension
property [eVyr - vr ]z = [e® - vr]F as well as the continuity relation
[[EVI/OI . U]-'J.H]-'j = 0 for j € {2, 3, 4}. Taking also (2.1) into account, we obtain
the energy estimate

1l ppr2) < CIDillgi gy < ClEN2(g)-

Altogether, v is the desired extension on Q.
Proposition 3.1 provides aunique function y € D(Ayg) <> Vo, with Aw(i ) =
AYD on Q; and

19y, < CI¥lpr2co) < ClIElL2g)- (4.6)

Altogether, @ := b — Vt} + V1 is the desired function. The asserted norm
estimate is a consequence of (2.1), (4.3)—(4.6) and the definition of V,_, in (3.5).
O

The next proposition summarizes the results of the last two lemmas. The proof is
a modification of the one for Theorem 1.3.7 in [24]. As an intermediate result of the
proof is crucial for the below reasoning, we elaborate the argument.

Lemma 4.3. Let ¢ satisfy (1.2), and choose k > 1 — k. Then, Hy go(curl, dive, Q)
embeds continuously into V) _,.

Proof. Let E € Hy oo(curl, dive, Q). Lemma 4.2 yields that the operator % curl is

bijective from Hy oo(curl, div e, Q) into H,. Using the open mapping principle, % curl
hence is an isomorphism between these spaces. Lemma 4.2 and Remark 1.2.5 in [24]
further lead to the identities

1
— curl (Hy oo(curl, dive, Q)) = H,
&

1
= — curl (Hy,oo(curl, dive, Q) N Vi_).
e
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This implies Hy oo(curl, dive, Q) € V. Lemma 4.2 furthermore yields
IEl g curt, 0y + IElly, , < Clld curl Ell 2. 4.7)

with auniform constant C = C (e, k, Q) > 0. Altogether, the identity / = (% curl)~lo
é curl is bounded from Hy go(curl, dive, Q) into Vi_. O

To show the embedding property of the space X from (2.9) into Vi_, x PH'(Q)?,
we next prove that one can omit the L2-norm in the definition of -1l Hy.o-

Lemma 4.4. Let ¢ satisfy (1.2). The estimate
IEl 20y = Cno(llcurl Ell 12y + Idiv(eE) [ 2(0))

is valid for all E € Hy o(curl, div e, Q) with a constant Cno = Cno(e, Q) > 0.

Proof. Let E € Hy o(curl, dive, Q). By Proposition 3.1, there is a unique function
¢ € D(Ayg) with Ap? = divE® on Q, fori € {1,..., N}. The difference ¥ :=
V¢ — E then belongs to Hy oo(curl, dive, Q), and we can apply inequality (4.7) to
it. In this way, we obtain

IElz20) = 1¥ll2(0) + IIVOIlL20) < lcurl Ell 20y + VOl 12(0)

min &

where C is the uniform constant from (4.7). In view of the weak formulation of the
identity Ajp¢p = % div(¢E) and the Poincaré inequality, we infer the estimates

1 1
2 . .
IVOl12 ) = —mé¢le(8E) dx < e, P12y div(eE) I 12(g)

Cp
< v div(¢eE , 4.8
= mine l ¢||L2(Q) l[div( )||L2(Q) (4.8)
employing the Poincaré constant Cp > 0 for Q. O

In view of the assumptions (1.2), the parameter p is piecewise constant on the
chain Q1 e, Q 1, of cuboids. As the setting of two cuboids from [53] transfers to the
partition Uszl QO ina straightforward way, the reasoning for Proposition 9.7 in [53]
yields the following statement.

Lemma 4.5. Let pu satisfy (1.2). The space Hr oo (curl, div i, Q) embeds continuously
into PH'(Q)3.

We now deduce the desired regularity statement for functions in the space X . For
the statement, recall the number k¥ from (3.4) and the space V;_, from (4.2).

Proposition 4.6. Let e, u satisfy (1.2), and k > 1 — k. The space X| embeds contin-
uously into Vi_ x PH'(Q)3.
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Proof. (1) Let (E,H) € X1 = D(M) N Xo. We first show the asserted regularity of

(@)

(E, H). In view of Lemma 4.5, it remains to deal with the electric field E.
Consider the elliptic transmission problem

Ay = divE®D on Q; fori € {1,..., N},
Y =0 ondQ,
[v]r=0 for F € Fint,
[eVYy -ve]lr =[€E-vr]r for F € Fin,

(4.9)

which has a unique solution ¥ € V>_, N H(}(Q). (The space V,_, is defined
in (3.5).) Indeed, a modification of the reasoning in the proof for Lemma 4.2
and the precondition [¢eE - vr]r € V(F), F € ]-T;lftf see (2.8), yield a unique
mapping ¥ € Va—, N HY(Q) with AY@ = 0 on Q;, satisfying the required
boundary and transmission conditions in (4.9). By Proposition 3.1, there also
is a function 1} € D(Azg) € Vo with Aanﬁ = %div(sE). Altogether,
¥ =¥ + ¥ € Voo N HJ(Q) is the solution of (4.9).

Hence, E-V isanelementof Hy oo(curl, dive, Q) € V|_,,seeLemma4.3.
The vector Vi being an element of V;_,, we infer the stated regularity result.
It remains to show the asserted embedding property. In the following, C =
C(e, k, Q) > 0is a constant that changes from line to line. Using Lemma 4.5,
it suffices to deal with E. Proposition 3.1 yields

N
1y, < C Y lidivieVED)]| 1200, (4.10)

i=1
The reasoning for (4.4) and (4.6) furthermore leads to the bound

IV Iy, <C Y IR ve]Fllves). 4.11)
FeFglt

int

Applying Lemma 4.3 to E — V1, the relations

IElv,_, < IE=V¥ly,_ +IV¥iv_,
= C(||E||L2(Q) + llcurl Ell ;2 o) + ||V1/f||L2(Q)) + IV,
< C(IME, )| + [Ell .2 ) + 1y, + IV v,

follow. The desired embedding is a consequence of (4.10) and (4.11).

5. Well-posedness of the Maxwell system in X

The main result of Sect.4 establishes a regularity statement for the space X, see
Proposition 4.6. To conclude a corresponding regularity result for the solutions of the
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Maxwell system (1.1), we show in this section that X is a state space of (1.1). This
is done by means of semigroup theory.

We next transfer techniques from the proof of Proposition 2.3 in [21] to the current
setting. Recall moreover that M| is the part of M in X|.

Proposition 5.1. Let ¢ and  satisfy (1.2). The operator M| generates a contractive
Co-semigroup (€'M1),~0 on X1. The latter is the restriction of (€M), to X|.

Proof. (1) Employing the theory of subspace semigroups, see for instance Paragraph
I1.2.3 in [22], the asserted generator property follows by showing that the family
(e"M),~ leaves the space X invariant, and that it is strongly continuous on it.

We first note that '™ (D(M)) € D(M) for t > 0. Regarding the magnetic
conditions, the arguments in the proof of Proposition 2.3 in [21] apply also here.
This reasoning results in the invariance of the space

Xmag := {(u,v) € X | div(uv) =0, (uv) -v=00n09Q}

under the resolvent map R(A, M) for A > 0, and in the invariance of X,e With
respect to the family (e’™),>.

(2) Let (i1, ) € X1, and set (u(), v(t)) := '™ (i1, ¥) for t > 0. Semigroup theory
then yields that the function (u, v) belongs to C ([0, o0), D(M)). The Maxwell
equations (1.1) with J = 0 lead to the formula d;u = %curl v. Taking the
divergence of this equation, the relation 9; div(eu(¢)) = 0 follows in L?( Qi,l),
iefl,...,L},l €{0,..., K}, for the subdomains (Q,-J) from Sect. 1. This is
equivalent to

div(eu(t)) = div(en) (5.1)

on Qi,l. As a result, the mapping [0, co) — H (div, Ql,k), t — eu(t) is con-
tinuously differentiable. Due to the continuity of the normal trace operator on
H (div, Q; ), the relations

A [eu(t) - ve]r = [eurl v - ve]F =0, >0,

follow in H~'/2(F) for every effective interface F € .7-'fnftf, see the notation
paragraph in Sect. 1. This shows that the function
[[Eu(t) . V]:H}— = [Sﬁ . v]:]]]: (5.2)
belongs to the space V(F) from (2.7) for F € fi‘;ftf, and that the mapping
[0, 00) = V(F),t > [eu(t) - ve]F is continuously differentiable.
(3) We finally note that Proposition 2.4 and (5.1)—(5.2) imply the contractivity of
©Mx,)i=0 on X1. O

The next statement is a conclusion of Proposition 5.1. It transfers parts of Propo-
sition 2.3 from [21] to our setting of discontinuous coefficients. Although the proof
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basically follows the lines of the one for Corollary 9.24 in [53], we present it here for
the sake of a self-contained presentation. Note that the formula for p £ is also deduced
in the Appendix of [45]. For the external current density J, the space

W= L'([0, T], D(M))) + W"1([0, T, X)),

I fllw = inf (||f1 ||Ll([0,T],D(M])) + ||f2||W1.l([(),T],X,))7 few,
f=f+/2,

feL'([0,T1,D(My)),
FeWh(0,T1.X1)

is employed for fixed T > O.
Corollary 5.2. Let € and p satisfy (1.2). Let T > 0, wg = (Eg, Ho) be initial data
from D(My) = D(M?) N Xo, and let g = (%J, 0) : [0, T] — X be the weighted

external current density that is continuous, and an element of W. The following items
are valid.

(a) The Maxwell system (1.1) possesses a unique classical solution w = (E, H),
belonging to C([0, T], D(My)) N c! ([0, T1, X1). It satisfies the bounds

lw®llx, < llwollx, +Igllz1qo,1,x,) >
IMw®)lx, < llwollpar) + (G +3) l1glw

fort €0, T].
(b) The volume charge density p* on Q; and the surface charge pF are given via

. t .
P (1) = diveVED (1)) = div(e VE’) — / div(J?(s)) ds,
0

t
prt) =[eE@) - vF]F = [¢Eo - vF]F — /0 [J(s) - vr]Fds,

fort €[0,T],ie{l,...,N}, and F € F&If

int
Proof.  (a) The stated classical well-posedness of (1.1) on X follows from Proposi-

tion 5.1 and semigroup theory, see Theorem 8.1.4 in [51] for instance. Duhamel’s
formula leads to the representation

t t
w(r) =™ w0+/ el=IMig(5)ds = ! w0+f e =IM(LJ(s),0)ds.
0 0

Taking the contractivity of (e’ My >0 into account, the first asserted estimate
is obtained.

Let¢ > Oand (13,0) = Ji +J2 € L'(10, T1, D(M1) + W1([0, T1, X1)
with

||(%J, Ollw = I3l qo,71,00m)) T I2llwiiqo.r1.x,) — ¢-

An integration by parts in the above Duhamel formula leads to the identities

t t d
Muw(t) =e’MMw0+/ e"=IM a1y, (s) ds—/ (d—e(l_s)M)Jz(s)ds
0 0 s
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t
— M+ / I 1 () ds — Ja(t) + ™M Jo(0)
0

t
+ / eU=9Myl (5) ds.
0

Combining Lemma 7.6 in [53] with Proposition 5.1, the relations

IMw@®)llx, < lwollpwsy + 1JllLqo, 71, D)) + (% +3) IJ20lwrr o, 71, %)
< llwollpay) + (F + UG Ollw, + )

are derived. Letting ¢ tend to zero, we infer the second stated estimate.

(b) Therepresentation for the current density is obtained by modifying the arguments
from Proposition 2.3 in [21] and part 2) from the proof of Proposition 5.1.
The linear mapping X; — L?(Q;), (u,v) — div(e®u?)) being continuous
for i € {1,..., N}, the regularity of w implies that p® : [0, T] — L?(Q;)
is continuously differentiable. Similar reasoning further shows that [0, T] —
L%(0)), s — div(J®(s)) is continuous. Taking the divergence in (1.1) leads to

3 divePED (1)) = —divdP 1)), €0, T],

in L?(Q;). The first asserted formula is obtained by integration with respect to
t. Analogously, the arguments in part 2) of the proof for Proposition 5.1 result in
the stated formula for the surface charge p in V (F) for every effective interface
FeFit O
Remark 5.3. In view of Proposition 4.6, Corollary 5.2 provides a classical solution of
the Maxwell system (1.1) in the space CH[0, T, Vi—e x PHY(Q)®) fork > 1—%
with the number «x from (3.4) and the space V;_, from (4.2). O

6. Analysis of a directional splitting scheme

This section is concerned with the construction and analysis of a directional splitting
scheme for (1.1). The scheme can deal with the low regularity of the solution of the
Maxwell system, see Remark 5.3. In particular, the regularity requirement for the
initial data is weaker than for the ADI schemes from [10,41,55], see [19-21,23,29]. In
Sect. 6.1, we introduce the splitting and analyze the splitting operators. We furthermore
comment on the efficiency of the scheme. Subsequently, we bound the error of the
scheme in Sect. 6.2. Here, the regularity results from Sect.5 are essential.

6.1. Construction of a directional splitting scheme

In view of the H'! -regularity in x3-direction of the solution to (1.1), see Remark 5.3,
we split the x3-coordinate off and leave the x1, x» coordinates coupled. This strategy
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leads to the splitting

Lo)H; —103Hy
—%ang %33H1
E LeurlH L curl, (Hy, Hp) 0
M = 81 = & 1 + 1
H % curl E - ﬁaZE?) m 83E2
%31E3 —ﬁ83E1
—ﬁ curl, (E;, Ep) 0

(B en(®) 6D

involving the curly-operator from Sect.2.1. To define appropriate domains for the
operators A and B, we denote § := (a,, a1+) x (a, , a;' ), using the representation
0=(a, ar) x (a, , a;) x (as , a;). Employing also the space Hy(curly, S) from
Sect.2.1, we consider the splitting operators A and B on the domains

D(A) := (B, H) € L*(Q)° | (E1, E2) € L*((a3, a7), Ho(curly, S)),
(Hi, Hp) € L*((a3 , a), H (curly, 5)),
01E3, 9,E3, 01H3, 9,H3 € L*(Q),
Ez; =0on I U5},
D(B) := {(E,H) € L*(Q)° | %3E1, d3E2, 33Hy, 33, € L2(Q),
E] =0=E2 on F3}. (6.2)
With these domains, the operators A and B are closed and densely defined on
X = L?(Q)°. Note additionally that Corollary 5.2 provides a classical solution of the
Maxwell system (1.1) that is contained in D(A)ND(B). (This follows from Remark 5.3
and the embedding of X into D(M).)

Let t € (0,T) be a fixed time step size, n € N with nt < T, and (%J, 0) €
C([0, T], X1). We then approximate the solution (E, H) of (1.1) with initial datum

(Eo, Hp) at time #, := tn < T by means of the Peaceman—Rachford directional
splitting
E" En—l B B En—l
() ()] oot ()
J(t—1) + J(t)
z ( v 6.3)

with exact initial data (E°, H’) = (Eo, Hy) € X,. For a different operator splitting,
this Peaceman—Rachford time integrator is employed in [18,20,21,29-31,37,41,43,
46,47,53,55], for instance.

In the next two lemmas, we derive that both splitting operators are skew-adjoint.
This implies that the scheme (6.3) is well defined and unconditionally stable, see
Lemma 6.3. Recall that the inner product on X = L2(Q)° is defined in Sect.2.2.
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Lemma 6.1. Let ¢ and u satisfy (1.2). Then, A and B are skew-symmetric on X.

Proof. Let (E, H), (E,H) € D(A). We next employ Green’s identities from Sect.2.1.
Taking the boundary conditions in D(A) into account, we infer the equations

(4(53) (5)) = [, (2B E1 =~ @HE: + cura(hy, B s — B
Q

+ (91E3)Hy — (curly (1, E2))H3] dx
= / [H3 Curlz(El, EQ) + H182E3 - H231E3 - E3 curlz(I:Il, I:Iz)
Q0
—E; 82ﬁ3 + Ezalﬁg] dx
E E
() ()

This shows that A is skew-symmetric. The operator B can be treated similarly, meaning
that the prescribed boundary conditions in D(B) are used in an integration by parts. [

Using arguments from the proof of Lemma 4.1 in [29], we next conclude that both
splitting operators are skew-adjoint.

Lemma 6.2. Lete, usatisfy (1.2). Then, A and B are skew-adjoint on X. In particular,
(I—tL)y Yand (I +tL)(I —tL)"" are contractive for L € {A, B}, T > 0.

Proof. (1) As A and B are densely defined, closed, and skew-symmetric, see Lemma6.1,
it suffices to show that the operators / &= A and I & B have dense range in X.
We only consider the operators I — A and I — B and show that the space of test
functions Cé"’(Q)6 is contained in their range. (The operators I + A and I 4+ B
can be treated with the same arguments.)
(2) Let (E, ﬁ) € C( Q)é. We want to show the existence of a vector (E, H) € D(A)
with (I — A)(E, H) = (E, I:I). This is equivalent to the system

E| — %32H3 = E], H;, + 582E3 = I:II,
E, + }331H3 = Ez, H, — %alES = ﬁZ, (6~4)
E; — %81H2 + éa2H1 = K3, H; — ﬁazEl + ﬁalEz = Hs.

By formally inserting the left equations of the first and second line into the
right equation of the third line, we derive the formula

pHs — 91 ($91H3) — 02(30:Hy) = uHs + B —31E2 = f € L*(Q). (6.9

(2) Recall the rectangle § := (a;, af“) x (a, , a;), being the projection of Q =
(a;, afr) x (aj , a;r ) x (az, a; ) to the x; — x7 plane. We consider the equation

i
az
'/: /S [MW(/’ + %(Vxl,xzw) : (Vxl,xz§0)] d(xy, x2) dx3
a3
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af
=]l Lf¢dﬂhmﬁh& ¢ € L*((ay, a), H'(S)),
’ (6.6)

being the weak formulation of (6.5). The Lax—Milgram lemma provides a unique
solution w € Lz((ag, agr), Hl(S)) of (6.6). Note moreover that H3 = w
satisfies (6.5) and that %Vxl,x2H3 is an element of L2((a3_, a;), Hy(div, S)).
Put

E, = El + %32H3, E; = Ez — 5811'13. 6.7)

By construction, the left equations in the first and second line of (6.4) are then
fulfilled. Using (6.5), we then derive the relation

HE| — 0By = 0E| — 1B + divy, 5, (1 Ve, i, H3) = p(H3 —Hz).  (6.8)

As aresult, curly (Eq, Ey) is an element of LZ(Q).

We next deal with the boundary conditions for (E, E>). Let ¢ be an element of
L*((ay ,af), H'(S)). With (6.7)~(6.8) and the fact that 1 V, ., H3 is an element
of L*((a5 , a3 ), Ho(div, S)), we calculate

.
[ @m0 -0 a0, 20
ay S "
= /; /SElam + L(9,H3)d2¢p — E2d1¢p + 1 (31H3)d1¢0 d(x1, x2) dx3
g
= / 3_3 /5 —(hED$ + (01E2)¢p — div(1Vy, 1, H3)$ d(x1, x2) dx3

(l+
_ / : / curly (E1, En)p d(x1, x2) d.
a; S

With Lemma 1.2.4 in [24], we conclude (E1, E2) € L?((a5 , a3 ), Ho(curly, S)).
(3) Treating the remaining equations in (6.4) in a similar fashion, we arrive at a
desired vector (E, H) € D(A) with (I — A)(E, H) = (E, H).
(4) We next deal with the splitting operator B and proceed similar to the above case
for A. Solving the formula (/ — B)(E, ﬁ) = (E, H) for (E, fl) € D(B) amounts
to determining the solution of the system

Ei + 13:M = Ey, H, —1%33E2=ﬁ1,
E; — 1o:H; = By, H, + ﬁ331:31 =H,, (6.9)

Formally inserting the equation on the right-hand side of the second line of (6.9)
into the one on the left-hand side of the first line yields

E — ﬁa%f«:l =E; — 133H, € L*(Q). (6.10)
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Asin the proof of Lemma4.3 in [29], we obtain a unique El e L? (S, H? (az, a3+))
solving (6.10). (We use here the fact that & and p are constant in x3-direction.)
It satisfies the boundary condition E; = 0 on I'3. We put Hp := H, — ;%33]51'
Then, 93 ﬁz is an element of L2(Q), and (6.10) leads to the identity

% PR : & 141 1 42 &

E| + 533H2 =E; + 533H2 — m33E1 =E,.
The remaining relations of (6.9) can be handled in the same way. Altogether, we
obtain a vector (E, H) € D(B) with (I — B)(E, H) = (E, H). O

Combining formula (4.5) in [21] with Lemma 6.2, we can now conclude the un-
conditional stability of scheme (6.3).

Lemma 6.3. Let ¢ and ju satisfy (1.2), T > 0,and T > nt. Let also (E°, H’) € D(B),
and (éJ, 0) € C([0, T, D(A)). Then the estimate

IE" HY)| = |E H)llpw) + T max 1] 0)llpw)

is valid.

Using the reasoning in the proof of Lemma 6.2, we can also draw an important
conclusion on the complexity of scheme (6.3).

Remark 6.4. Let e and p satisfy (1.2), and let ¢ > 0. Each application of scheme (6.3)
essentially amounts to solving only two-dimensional decoupled elliptic transmission
problems for E; and H3, and one-dimensional decoupled elliptic problems for E;
and E;. To show this claim, we first note that the main effort for (6.3) consists in
evaluating the resolvents of A and B. In the following, we analyze both resolvent
operators separately.
(1) Let (E,H) € X = L2(Q)®, and (E, H) = (I — $A)~!(E, H). We then arrive
at system (6.4) (with 2’—8 instead of % and ﬁ instead of %L). From the identity on
the right-hand side of the third line in (6.4), we obtain the relations

N
- as
/ uHz e dx =/ /MHW + 5 curly(E1, E2)p d(x1, x2)
Q ay JS

4
a3
= / /[/LH3§0 + %Elaz(p - %Ezal(p] d(x1, x2)dxs3
ay JS

for all ¢ € Lz((a; , agr ), H'(S)). Inserting the equations on the left-hand side
of the first and second line of (6.4), we arrive at the relation

/ 1Hzp — SE1d0 + SE29 ¢ dx
0

.
a3 )

- /S WHsg + 2 (Ve oH) - (Vo o) de, i) dys (6.11)
a3
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forallp € L? ((ag, a; ), H'(S)). Having solved the essentially two-dimensional
problem (6.11), E| and E; are directly obtained via the formulas on the left-hand
side of the first and second line of (6.4). A similar statement is true for E5.

(2) Let (E, ﬁ) (I-%B)~ 1(E, H). Then, system (6.9) is valid with 5 - instead of
é and ﬁ instead of }L The identity on the left-hand side of the ﬁrst lme in (6.9)
leads to the equation

+
- a3 . N
/ e dx = / / eE1p — THLosp d(x, x2) dxs, ¢ € HY (a5, ad), L2(S)).
o ay JS

Plugging in the formula on the right-hand side of the second line of (6.9), we
conclude

N
- - a3 . .
/ eE1¢ + THy03¢ dx = / / cEi1¢ + %(33E1)(33¢)d(X1,X2) dx3
0 a;y JS

for ¢ € Hl n((as,a ) L3(S)), being the weak formulation of (6.10). Havmg
solved this one- dlmensmnal elliptic problem, H2 is dlrectly obtained as Hy =
H2 — —83E1 Similar statements are true for Ez and H1 O

6.2. Error bound for the directional splitting scheme

This section is devoted to a first-order convergence result for scheme (6.3). The
statement is proved by combining the regularity results from Sect. 5 with the statements
about the splitting operators from Sect. 6.1.

In order to expand the semigroup (e’ )¢>0 for positive times, we additionally em-
ploy the functions

1 ! .
. o i lasM — tM
Aj(w = —ﬂ.(j_l)!/o (t —s)eMyds,  Agt) :=e™, (6.12)

forw € X,t > 0and j € N, see [28,29] for instance. Note that Proposition 5.1
implies that A () leaves the space X invariant for j € Np, and ¢ > 0.
Semigroup theory and Proposition 5.1 moreover lead to the useful relations

1 1
;@ ||£(x1) = 7 ”A./(f)”c(D(M])) = I (6.13)
IMA; () = Aj(t) — %1 on D(M), j € Ny, (6.14)

for t > 0, see Section 4 in [29]. Note also that A ;(z)(D(My)) € D(M,) fort > 0.

We next derive an error bound for scheme (6.3). Here, arguments from the proofs
of Theorem 4.2 in [29], Theorem 5.1 in [21], and Theorem 10.7 in [53] are employed.
Throughout the statement and the associated proof, the solution of the Maxwell system
(1.1) is denoted by w = (E, H), while the approximate solution at time #, = nt is
wy,. For the current J in (1.1), we also use the space

wr == wh1([0, T1, X1) N C([0, T1, D(M)))
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with corresponding norm

I-lwy == I-llwiiqo,71.x,) + I-lleqo, r1,D01)) »
for a fixed final time T > 0, see Sect.2.2. Note the relation D(M;) = D(M?) N Xo.

Theorem 6.5. Let ¢ and p satisfy (1.2), T > 1, and wo = w(0) € D(M?) N Xo. Let
also (%J, 0) € Wr,and t € (0, T). There is a constant C = C (e, u, Q) > 0 with

lw(tn) — wall 20y < CTT (llwollpy) + II(éJ, 0)llw;)
foralln € Nowithnt <T.

Proof. (1) We first estimate the local error. Throughout the proof, C > 0 denotes a
constant that depends only on ¢, i, and Q. It is allowed to change from line to
line. Let k € No with (k 4+ 1)t < T, and recall the notation #; = k7. Inserting
the identity

N
Ly +s) = 1w +f W +rdr,  selol, (6.15)
0
into the Duhamel formula for w, we infer the representation
T
w(tsn) = e M) + / &M (L1 +5),0)ds
0
T
=e™Muwy) + / eM (=13, 0)dr
0
T N
+ / erIM f (=13t +r),0)dr ds
0 0
= ™M) + T A (D) (= 1I(%). 0) + Re(7).
involving the remainder term
T s
Ri(7) = / elr—M / (=1 (1 + 1), 0)dr ds.
0 0
Using (6.15) in scheme (6.3), we on the other hand obtain the equations

T k1 (w(k))
= (=3B U+ 5M[U = 547U + 5B + 7(- 1), 0)

+§/ (~ 1@ +1), 0 dr]
0
= (=37 U= 34D+ 340U + 5Bww)

o+ EAN =R, 0) + 5+ §A>/ L0+ r).0)dr .
0
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(@)

3)

Note that A is extrapolated in the second identity, as Bw (#;) is in general not con-
tained in D(A), see Remark 5.3. Note furthermore that the functions (— %J (1), 0),
A(T)(—1J(1), 0) and (=1 (1), 0) belong to D(A)ND(B) forevery ¢ € [0, T,
see Propositions 4.6 and 5.1, as well as (2.9).

Subtracting the representations for w(fx+1) and 77 x+1(w(f)), we conclude

T k1 (w(@t) — wlte41)

= (=3B U=5A ) [U+3A-DU+5B) = =34 = §B)e™ |wi)
rod - 53)*1[(1 +IA) (- gB)Al(r)] ~L3w), 0
+ 31— IB)7 U+ 5A) /T<—§J/<tk +7),0)dr — Ri(1)

=t e14(1) + 24 (7) +e3,k(r)0— Ry (7). (6.16)

We next estimate the summands on the right-hand side of (6.16).

We first deal with e x (). Recall that A (7) and A, (7) leave the spaces D(M})
and X invariant. Thus, M A1 (t)w(#) is an element of D(B), and A ;()w ()
belongs to D(M?) for j € {1, 2}. Algebraic manipulations and (6.14) hence lead
to

e1.k(t)
= (=3B U=54-07 [U+3A-0U+5B) = (U= FA-0U =5 Be™ |w(io)
—(—IB) ' (I—ZA )" [1 +IM+TA L B—(I—IM+ %A,IB)efM}w(zk)
= -IB) ' U—34 )" [1 —e™ L IM(I 4™y + T A BT - efM)]w(zk)
=(U-3B) U -3A )" [ —TMA(T) + T + 5 M> Ay (7)
— ZALBMAI@ )
= (U=3B7 U547 [= M A1) + T MEAI(D) = FALBMAI@) [w(no).
Combining Corollary 5.2, Remark 5.3 and (6.13), we conclude the estimates

ler s @I+ 1T + 5Berx (DIl < CT*[w@) I p)n, - (6.17)

We next deal with e; (7). Note that MAg(r)(—%J(t), 0) is contained in D(B)
foreveryt € [0, T],as Wr — C([0, T], D(My)), A2(7) leaves D(M1) invari-
ant, and X1 < D(B), see Proposition 4.6. With (6.14), algebraic manipulations
then lead to

e24() =121 = IB) ' [3M — M Ay(v) + FBM Ay (D) |(—1J(10). 0).
Proposition 4.6 and (6.13) then imply

lexk (Ol + I + 5 B)ex k(D < CT (=13, 0)llw, . (6.18)
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(4) To bound e3 x(7) and Ri(t), we employ the embedding of X into D(A) N
D(B), see Proposition 4.6, as well as the contractivity of (e™ )r>0 In X1, see
Proposition 5.1. We then infer the inequalities

lesk @Il + 1 + 5Bes k@l < CTl=L .0l guenxys (619
IR + 1T+ EBYRe(O < CTl (=21 0llwir e xye (6:20)

(5) The stated bound on the global error is now obtained in the standard way from
the above results for the local error and the stability of scheme (6.3). Using the
Lady Winderemere’s fan argument, we first derive the global error formula

n—1-—k
() = Z (- 5B U+ 300 - 507U +3B)]

: <Tr,k+lw(tk) - w(tk+1))-

We next combine (6.16)—(6.20) with the stability statement in Lemma 6.2. Ab-
breviating (I + 5L)(I — %L)_1 by y: (L) for L € {A, B}, we conclude

lwn — wt)|
n—2

<30T = EB (e = (B) el

k=0
N+ 5B T prw(te) — wte) | + 1 Tepw(ta—1) — wita) |

n—1

< CY (Plw) I pawzynx, + I3 0)llwr + (=13 O)llwit g 11.x1)
k=0

< CtT(lwoll D) + (=13, 0)llwy ).

For the last estimate, we employ Corollary 5.2 and the relation nt < T. g
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