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ABSTRACT: We study the mass spectra of QQQQ (Q = ¢,b) systems in QCD sum rules
with the complete next-to-leading order (NLO) contribution to the perturbative QCD part
of the correlation functions. Instead of meson-meson or diquark-antidiquark currents, we
use diagonalized currents under operator renormalization. We find that differing from
conventional mesons gq and baryons qqq, a unique feature of the multiquark systems like
QQQQ is the operator mixing or color configuration mixing induced by NLO corrections,
which is crucial to understand the color structure of the states. Our numerical results show
that the NLO corrections are very important for the QQQQ system, because they not only
give significant contributions but also reduce the scheme and scale dependence and make
Borel platform more distinct, especially for the bbbb in the MS scheme. We use currents
that have good perturbation convergence in our phenomenological analysis. With the MS
scheme, we get three J'C = 07+ states, with masses 6.357070 GeV, 6.56 7035 GeV and
6.957021 GeV, respectively. The first two seem to agree with the broad structure around
6.2 ~ 6.8 GeV measured by the LHCb collaboration in the J/vJ/v¢ spectrum, and the
third seems to agree with the narrow resonance X (6900). For the 27" states we find one
with mass 7.037032 GeV, which is also close to that of X(6900), and another one around

7.25f8:§% GeV, which has good scale dependence but slightly large scheme dependence.
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1 Introduction

In recent years, a large number of new hadronic states containing heavy quarks (the charm
quark ¢ or bottom quark b) have been observed at hadron colliders and e*e™ colliders [1].
They are expected to be candidates of tetraquark states, pentaquark states, and baryons
which contain two heavy quarks [2-4]. These findings have opened up a new stage for
the study of hadron physics and QCD. Lately, the LHCb collaboration has discovered a
narrow resonance X(6900) and a broad structure around 6.2 ~ 6.8 GeV in the double-J /9
spectrum [5], where the X(6900) may be a ccce resonance.

Fully heavy tetraquark QQQQ system is a good platform for studying QCD and exotic
states because the system has a strong symmetry in structure and avoids pollution from
light quarks. Since 1975, there have been many theoretical studies of fully heavy tetraquark
systems using potential models [6-22], QCD Sum Rules [23-29] and other techniques [30-33].
But it is still under debate whether there exist compact bound states below di-heavy-
quarkonium threshold, e.g. di-n., di-J /v, di-n, di-Y(1S) and so on. Some works imply that
there is no stable state below the corresponding threshold [8, 16, 18, 20, 21, 34-36], while
some other works have opposite conclusion [11, 13, 14, 16, 17, 19, 30, 37-43]. Moreover,
there are different interpretations of the nature of X(6900) state, e.g. tetraquark [21, 22, 27,
33, 35, 36, 44-50], gluonic tetracharm [51], or coupled channel effect [31, 32, 52]. Therefore,
further study of QQQQ system is still needed.

The QCD Sum Rule [53, 54] approach is a powerful tool to study hadronic properties [55—
58]. Currently, there have been many leading order (LO) in ay calculations of the QQQQ
system [23-26, 28, 29], which however results in different conclusions. The importance of
purely perturbative part, denoted as C1, at the next-to-leading order (NLO) in «; has been
emphasized in many works, e.g. for the proton [59, 60], singly heavy baryons [61], the doubly
heavy baryon Z}" [62], and fully heavy baryons Q. and Qy;, [63]. Our previous work on
Qoo (Q = ¢,b) [63] shows that the NLO contribution of fully heavy quark system can not
only lead to a large correction, but also reduce parameters dependence, which makes the
Borel platform more distinct. Especially for Qp, in the MS scheme, the platform appears
only at NLO but not at LO. Therefore, it is reasonable to expect that the NLO corrections
are also sizable and important for the QQQQ system.

Partial NLO contributions of C for the QQQQ system, originated from the so-called
factorized diagrams, have been considered in ref. [27]. However, to further reduce theoritical
uncertainties, it is necessary to perform a complete NLO corrections to C7, which will be
presented in this paper. The rest of the paper is organized as the following. In section 2,
sum rules for calculation of the mass of QQQQ are given. In section 3, we present our
methods to calculate perturbative coefficients. Phenomenological results and discussions are
given in section 5. Some details of our calculations and results are given in Appendices A, B
and C.

2 QCD Sum Rule

In this section, we briefly review the framework of the QCD sum rules used to calculate
the mass of the tetraquark ground state. See ref. [55] for more details. We start with a



two-point correlation function
(g*) =i [ aPec (T [ () T ()], 21)

where D denotes the spacetime dimension, {2 denotes the QCD vacuum and J is the
(pseudo-)scalar tetraquark current to be defined later.

On the one hand, the correlation function IT(¢g?) can be related to the phenomenological
spectrum by the Kéllén-Lehmann representation [55],

T(¢%) = /dss_’;(;)_ie , (2.2)

where p(s) denotes the physical spectrum density. Taking the narrow resonance approxima-
tion for the physical ground state, one can parametrize the spectrum density as a pole plus
a continuum part

p(s) = Ao (3 - MIQJ) + peont (5) 0 (s — sp) (2.3)
where My and Ay denote the mass of the ground state and pole residue, respectively.
Peont (8) denotes the continuum spectrum density, which could also contain information of
higher resonances. sy, is the threshold of the continuum spectrum.

On the other hand, in the region where —¢? = Q2 > AQQCD, one can calculate correlation
function I1(¢?) using the operator product expansion (OPE), which reads

I(q) =0 () + ¢ (a) 0, (2.4)

where C and C; are perturbatively calculable Wilson coefficients, and (O;) is a shorthand
of the vacuum condensate (€2|0;|€2), which is a nonperturbative but universal quantity. The
relative importance of the vacuum condensate is power suppressed by the dimension of the
operator O;. In our calculations, we will only keep the relevant vacuum condensates up to
dimension four, which gives the approximated expression of the OPE as

1 (¢%) = C1 (¢%) + Caa (4%) (62GG), (2.5)

where (g2GG) denotes the gluon-gluon (GG) condensate (Q[g2GG|<).
According to eq. (2.2), one can relate the physical spectrum density to the imaginary
part of I1(¢?) in eq. (2.5) using the dispersion relation, which gives

II (QZ) = /d!s*s_pq(;)_i€
1

_ / * 1 ImCi(s) + ImCoa(s)(92GE) (2.6)

s

th s — q2 - 7:6 ’
where s, = 16m22 is the QCD threshold for the QQQQ system, and the integral in the
second line has been assumed to be convergent. Then by employing the quark-hadron
duality and Borel transformation [55], we obtain a sum rule for I1(¢?),

M

_ s0 1 _ s oo 1 - A A
Age M3 = / ds=ImCi(s)e "5 + / ds=TmCqa(s)e "5 (g2GG),  (27)
Sth T Sth T

where sq is the threshold parameter and Mg is the Borel parameter. They are introduced
into the formula due to the qurak-hadron duality and Borel transformation, respectively.
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By differentiating both sides of eq. (2.7) with respect to —7z, one can get
B

2
JVIH

T2
g M3 e Vb

s

S0 1 — S o0 1 —_S5_ R
:/ ds—ImCy(s)e “Es+ / ds=ImCqq(s)e “&s(g?GG). (2.8)
Sth ™ Sth ™

Finally, one can solve My according to eq. (2.7) and (2.8),

R ds s pi(s) e VB o+ [2ds s paals) e VB (g2GE)

0 ds pi(s) e VB + [ ds pac(s) e VB (g2GE)

Sth

M : (2.9)

where p1L = %ImCl and PGG = %ImC’G(;.
Similar to eq. (2.1), for the (axial-)vector and tensor tetraquark currents J, and J,,
(to be defined later), one can introduce two-point correlation functions as

A () =i / 4P 2t QT [1, (2) T (0)] [9). (2.10)
115, 0 () =i [ QP2 T QT [, (2) 7L, (0)] 19) (2.11)

For J¥ = 1 vector particle and J¥ = 11 axial vector particle, the correlation function
HZV and IT} can be decomposed as

i
1y, () = (~gw + 239) 1Y (7).

), (¢) = (—gﬂu + q’;‘i”) ' (¢%) + q’(‘%ﬂé‘ (4?) -

(2.12)

T

uvpo Can be decomposed as

While for J¥ = 2% tensor particle, the correlation function IT

0 9V0'+9 0'911 0 z/e o 0 WVU+9 cWypT W 91/0""‘*-’ 091/
HZV,pa( 2):( mp 5 ok P gipl )H,{(q2)~|— ©p [ P2 ©p [ Png(qZ)

0,0 0, L0
4w p0H3T (q2)+wwwmnz (q2)+ w L"prrHT (q2)+wu pUHBT (q2)

D—1 vD—1 " VvD-1
Opwro —0uoWup ;’Wupew —Wpobup 7 () + 0000 ;exw Ovp 7 (¢%)
+ 0,pwWre —Ouowip ;wupew +wpobup HQT (q2)
 Bugtovo Bty s ~pobupyr (o (213)
where 0, = g — ‘1’;3” and wy,, = ‘123". In this paper we use HY(A) and H%F to construct

sum rules, as they project out the spin-1 and spin-2 degrees of freedom we are interested in.
The calculation of the corresponding ground state masses is similar to that in eq. (2.9).

3 Calculation of C; and Cgg

In QCD Sum Rules, there are two kinds of expansions: the OPE and the perturbative
expansion in «g. For the OPE, we only consider the most important contributions, the

-3 -



(b) Cea-LO

Figure 1. LO Feynman diagrams of C; and Cgg. H denotes the interpolating current.

purely perturbative term C; and the GG condensate term Cgg(g2GG), because other
higher dimensional operators are power suppressed in the OPE. According to eq. (2.9),
we need to calculate the imaginary parts of C7 and Cgg perturbatively. We can expect
that the LO contribution of (' is the dominant one, and the next important contribution
can be the NLO corrections for C] or the LO contribution of Cgg. Therefore, the NLO
corrections to C7 need to be considered in the calculation in order to reduce theoretical
uncertainties. For convenience, we will call the sum of the LO of C; and Cgg as the LO
contribution and the NLO corrections to C] as the NLO contribution in the following.

We use FeynArts [64, 65] to generate Feynman diagrams and Feynman amplitudes of
C1 and Cgg. Some representative Feynman diagrams at the LO and the NLO are shown in
figure 1 and figure 2, respectively.

The calculation procedure for C; and Cgg are summarized below:

o 1. We use FeynCalc [66, 67] to simplify spinor structures of Feynman amplitudes
with the Naive-v; scheme [68].

o 2. We use Reduze [69] to reduce all loop integrals to linear combinations of a set of
simpler integrals, which are called master integrals (MIs).

o 3. We set up differential equations for MIs [70-73] and solve them numerically [74],
with boundary conditions obtained via auxiliary mass flow [75]. MIs and thus C; and
Cgc are expressed as general series expansion.



(@]

(a) C1—NLO

(b) C1-NLOct

Figure 2. NLO and counter term Feynman diagrams of C;. H denotes the interpolating current.

e 4. Renormalization. There are no infrared divergences in the NLO amplitude
of Cy. After performing wave-function and mass renormalization of quarks (mg
is renormalized in either the MS scheme or the on-shell scheme), the remaining
ultraviolet divergences can be removed by the renomalization of the current operators.
When there are more than one current operator share the same quantum number
JPC, they are usually mixed with each others under the renormalization. We get
operator renormalization matrices for different JYC in the MS scheme, which are
shown explicitly in appendix A.

Because the expressions of C7 and Cgg are too complicated to be shown in the paper,
we attach the imaginary part of C1 and Cgg, which are the only needed information in
phenomenological study, as ancillary files.

4 Current operators

41 JP =ot

For the JPC = 077 scalar QQQQ system, there are five independent interpolating currents.
The operator basis, in the color-singlet meson-meson type currents, can be chosen as

JEM = (Qﬂ“@a) (Qb’me) ,
TN = (Qur"°Qa) (Q67° Q) -



Jé\{[?;M = (QaQa) (Qbe) )
T = (QuinQa) Qi @) |
Jé\{{";M = (QaUMVQa) (Qbauqu) , (4.1)

where a and b represent color indices. Alternatively, one can choose the diquark-antidiquark
type currents as the basis like those in ref. [23], which are given by

JEP = (QECv Q) (QunnCQY) |

I = (QECY Q) (Qun*CQY)

ISP = (QT @) (QuCaQY) (4.2)
JEP = (G Q) (Quin®CQT)

JEEP = (QTCo Q) (QuowCQY) |

where C' is the charge-conjugation matrix. The two types of bases can be associated with
each other by the Fierz transformation in 4 dimension,

4 48 8 0

448 8 0

Jsi'Di:g 2 2 —2 2 1 |-J¥M, (4.3)
2 2 2 -2 -1
0 0 24 -24 4

where we use the column vector .J to represent the basis in eq. (4.1) or (4.2).

A physical state can well be a mixture of all possible currents that share the same
quantum numbers. The operator mixing has significant effects on the QCD sum rules
calculations, say, for the heavy baryon spectrum [62]. However, there are no natural
standards to pin down the mixing scheme only based on the LO calculation of C'y and Cgg.
Thanks to the NLO calculations, the currents are mixed with each other naturally under
the renormalization. If one choose the basis which diagonalizes the anomalous dimension
matrix, then the operators in the basis have universal anomalous dimensions, separately.
Thus, inserting these operators into the calculations in QCD sum rules, the dependence
on the renormalization scale u tends to be cancelled out in the righthand side of eq. (2.9),
which is desirable since the left-hand side M?% is a physical quantity.

For JPC = 0+ state, if we choose the currents in eq. (4.1) as the operator basis, the
operator anomalous dimension matrix Ag/I'M is given by

—6 -2 -12 -12 0
—2-6 12 12 0
AM=510 0 26 6 1
00 6 2 —1
0 0 —40 40 -2



where § = —{z=. To diagonalize the matrix in eq. (4.4), one needs the following transforma-
tion matrix -
§1 ? 01 01 !
' —23 —3 3 0
=100 5 3 0 (4.5)
0 0 — 15 15 1 8
V241 V241 2 V241
0 0 15 _ 15 1 + 8
241 241 2 241
So, we get the new basis
jé)ia — 7-SDia . jé\/I—M ' (46)
The anomalous dimension matrix of Jg)ia is diagonal, which is given by
. . N1
A]S:ha — EDla . Alg/[—M . (EDla)
—6 0 0 0
0 =30 0 (4.7)

=-0| 0 0 24 0
0 0 0 —-1++v241
0 0 0 0 -1 —-+v241

Because the eigenvalues of anomalous dimension matrix do not degenerate, the transforma-

0
0
0
0

tion matrix ’TSDia is unique, and thus the basis J_gia in eq. (4.6) is unique.
4.2 JP=o0"

For the J¥ = 0~ pseudoscalar system, there are three independent interpolating currents.
The operator basis, in the color-singlet meson-meson type currents, can be chosen as

J]li\’/{iM = (Qa’Y“Qa) (Qb'YurYBQlJ )
TN = (QaQa) (Qvin° @) (4.8)
J%\’/fi-’)M = (Qaaqua) (Qbapui75Qb) >

where Jllg/fiM couples to the state with J¥€ = 0=, while J%\,/féM and Jf;/féM couple to the state
with JP¢ = 0=+, Of course, one can choose the diquark-antidiquark type currents [23] as
the basis, which are given by

IO = (QFCQy) (QuinCQT) - (Q1Cin° Q) (QuCQT) |
IR = (QICQy) (Quin®CQT) + (QFCiV°Qy) (QuCaQY) | (4.9)
JPEP = (Q1 Co Qy) (Quowin®CQY )

where JgiiDi couples to the state with J*C¢ = 0=, while Jll.?iz‘Di and J%?gDi couple to the
state with JP€ = 0~F. The two types bases can be associated with each other by the Fierz
transformation in 4 dimension, which is given as

L[4 00
J}?"Dl:1 0 —41]- M, (4.10)
0 242



Choosing the currents in eq. (4.8) as the operator basis, one can get the anomalous
dimension matrix

s[4 0 0
AM=-1 10 60 1 |. (4.11)
0 —240 —68

To diagonalize the matrix in eq. (4.11), one needs the transformation matrix

10 0
30 1 8
o = _37? ? - 7@ . (4.12)
0 Yam 27 am

And one can get a unique set of the diagonalized currents
B = TP, (113
The anomalous dimension matrix of j%?ia is diagonal, which is given by

ADia — Dia | gV (%Dia)*l

A -6 0 0 (4.14)
= g6 0 —1++/241 0
0 0 —1—+/241
4.3 JP =1t

For the J¥ = 171 axial vector system, there are four independent interpolating currents.
The operator basis, in the color singlet meson-meson type currents, can be chosen as

M= (QaQa) (Qb’Y’WE’Qb) :
Jaat = (Qaa“”i’Y5Qa) (Qb’YVQb) ;
= (Qui*Qa) (@1"Qs) |
M= (QaUWQa) (Qb%’YSQb) :

(4.15)

where Jg/{‘lM and J%‘QM couple to states with JY¢ = 17+, while JX{EJ,M and J%;LM couple
to states with JP¢ = 1t~. Alternatively, one can choose the diquark-antidiquark type
currents [23] as the basis, which are given by

TP = (QICY° Q) (QuCQT ) + (QECQ) (Quy'+°CQYT)
(QTCo™ 7" Qy) (QuwCQY ) + (QEC1Qb) (Quoin*CQT)

TR = (QFCY° Q) (QuCQT) - (QFCQw) (Qur"°CaT)

TP = (QECo v Qy) (QunCQY) — (@1 Cr@s) (Quo™in"CQY )

JDI Di
(4.16)



where JREP! and JRED! couple to states with JPC = 11+ while JYEP! and JRLP! couple
to states with JP¢ = 1t~ In the calculation, JADi‘Di can be associated with J}XI‘M by the
Fierz transformation in 4 dimension.

JDIDI

M (4.17)

Choosing the currents in eq. (4.15) as the operator basis, one can get the anomalous
dimension matrix

30 2 0 0
§1=30-340 o0
M-M
= . 4.18
As 3] o o 30 -2 (4.18)
0 0 30—34

To diagonalize the matrix in eq. (4.18), one needs the transformation matrix

15 v241+16 O 0
Dia 1 —15+v241—-16 0 0 (4.19)
A T a241| 0 0 —15241+16 ‘
0 0 15 /241 -16
And one can get a unique set of the diagonalized currents
TR =T (4.20)
The anomalous dimension matrix of JjADia is diagonal, which is given by
14241 0 0 0
- 2 1—+/241
V- 0 0 0 (4.21)
3 0 0 14+ +v241 0

0 0 0 1 —+/241
4.4 JP =1

For the J¥ = 1~ vector system, there are four independent interpolating currents. The
operator basis, in the color singlet meson-meson type currents, can be chosen as

J = (QaQa) (Qw”Qb) :

Syt = (Qaa“y’i’f)@a) (Qb’YV’YE)Qb) ,
Tt = (@aiVE’Qa) (@b'YHVE)Qb) ,
M = (Quo™ Qu) (1)

(4.22)

where J\I\,/[‘lM and J\I\,/[‘QM couple to states with J¥¢ =17, while J\I\,/%M and J\I\,/IQLM couple to

JPC

states with = 17T, Of course, one can choose the diquark-antidiquark type currents [23]



as the basis, which are given by
TP = (QECY' Q) (Quin®CQY ) — (QECiV" Q) (Qur"+"CQY )
R = (Q1 0o Q) (QuCQY) — (R4 Cs) (QuoCQY)
FOP = (QICry°Qy) (Quin®CQT) + (QTCH°Qy) (Qur'2*CQT ) |
R = (Q1Co" Q) (QumCQY) + (Q1C7@s) (Quo™ CQY) |
where JPTPT and JP5PT couple to states with JPC = 17, while JP5P! and JP3P! couple to

states with JFC =1-+,
In the calculation, J_\]?i'Di can be associated with J_{\,/[M by Fierz Transformation in 4

(4.23)

dimension, which is given by

— 1 0 0
_Di— i _SZ _2 0 0 —M_
0 0 -31

If we choose the currents in eq. (4.22) as the operator basis, the anomalous dimension
matrix AY™M is the same as AY™ shown in eq. (4.18). Thus, similar to axial vector
(JP = 17) system, one can get a unique set of diagonalized currents

7Di-Di Di IM-M
JVI i_ 7?& ia JV

15 /241416 0 0
1 [-15v241-16 0 0 PYay (4.25)
T 2v241 | o 0 15 V241 +16| 7V

0 0 15 /241 — 16

which make the anomalous dimension matrix A\l\ﬁl'M diagonal.

4.5 JP =2t

For the JP€ = 2+ tensor system, there are three independent interpolating currents. The
operator basis, in the color-singlet meson-meson type currents, can be chosen as

Jrt = (Qﬂ“Qa) (Qw”Qb) ,
TN = (Quir"7°Qu) (@ 7°Qs) (4.26)
Jrgt = (QaG“O‘Qa) (@bUWQb) :

One could also construct the following operators
A = o (2,0.) (@22)
TN = 0" (Quin®Qa) (Quin°Qs) | (4.27)
T = (QuQu) (o™ Q)

~10 -



but they won’t contribute to ITY. This suggests that these operators can not correspond to
a tensor particle and we discard them from our analysis.

Of course, one can choose the diquark-antidiquark type currents [23] as the basis, which
are given by

TR = Q0 Qb) (Qur"CQY) + (Q1Cy@s) (Qur"CQT) .
TR = (QICY Q) (Quiv*°CQY) + (QECY 7 Qy) (Qu*"CQY) ,  (4.28)
JREP = (QFCo"Qy) (Quo™CQT ) + (QFCo"Qy) (QuotCQT) .

In the calculation, J—]j?i'Di can associate with j%/[M by the Fierz Transformation in 4

dimension, which is given by

11 1
o1
fTDl'Dlz—§ —11 1] JMM, (4.29)
220

Choosing the currents in eq. (4.26) as the operator basis, one can get the anomalous
dimension matrix
5 35 3
AYM = _Z5(53 3] . (4.30)
00 16

To diagonalize the matrix in eq. (4.30), one needs the transformation matrix

(331
TPa=—(3 30]. (4.31)
006

And one can get a unique set of the diagonalized currents
JRia — pDia . M (4.32)

The anomalous dimension matrix of j]TDia is diagonal, which is given by
A%ia _ 7&]‘313 . AI\T/I—M . (7&]‘)1&)—1
—-100
4
=—=0| 040
0 08

(4.33)

Thus, all diagonalized currents can be determined uniquely.

- 11 -



5 Phenomenology

In our numerical analysis, we choose the following parameters [62, 76-79],

mMS(m.) = 1.27 £0.03 GeV
mSS = 1.46 £ 0.07 GeV,

myS (my) = 4.18 £ 0.03 GeV,
mS = 4.65 + 0.05 GeV ,
(g2GG) = 47%(0.037 £ 0.015) GeV?,
as(my = 91.1876 GeV) = 0.1181 .

It is worth emphasizing that as(u) and the heavy quark mass ml\Q/IS(u) are obtained through
two-loop running. Note that we don’t need to consider the running of <g§é@> for the
LO GG condensate contribution, as its anomalous dimension vanishes up to this order.
As a typical choice, we set yu = Mp in our phenomenological analysis [53, 80], but the
renormalization scale dependence will also be discussed. On-Shell (OS) masses m9S and
myS are extracted from the QCD sum rules analysis of the J/¢ and YT(1S) spectrum,
respectively, in which the mass renormalization scheme and truncation order of ay are the
same as this paper.

According to eq. (2.9), numerical result My also depends on other two parameters:
so and Mp. However, the physical value of My should be independent of any artificial
parameters. So a credible result should be obtained from an appropriate region where the
dependence of sy and Mp is weak. On the other hand, the choice of Mp and sy should
ensure the validity of the OPE and ground-state contribution dominance, which constrain
the two parameters to be the so-called “Borel window”. Within the Borel window, one
should find the region, the so-called “Borel platform”, in which My depends on sy and
Mp weakly.

To search for the Borel window, we define the relative contributions of the condensate
and continuum as

S

A )
(92GG) [0 ds paa(s)e B
rag = - :

[ ds pi(s)e Vb

. (5.2)
Joy ds pi(s) e M5
Tcont = )
[ ds pi(s)e VB
and impose the following constraints:
Iracl < 30%,  |rcont| < 30%. (5.3)

The two constraints guarantee the validity of OPE and the ground-state contribution
dominance, respectively. In addition to the conditions given in eq. (5.3), we also impose the

following constrain on sq:
s0 < (Mg +1 GeV)?, (5.4)
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since, roughly speaking, sg denotes the energy scale where the continuum spectrum begins
to contribute and that the binding energy in a purely heavy hadron is usually smaller than
1GeV. To find the Borel platform, we search for the point where the parameter dependence
of My is weakest within the Borel window. More explicitly, we choose the variables as
r=8yand y = M]23 and define the function

(5.5)

OMg\? [OMpg\?
2w = () + (5)
By minimizing the function A(x,y) within the Borel window and with the constrain eq. (5.4),
we get a point (zg, 39), which will be used to calculate the central value of My. To estimate
errors of My, we vary the values of sy and M% around the point (zg,y0) up to 10% in
magnitude. It should be emphasized that the central point (xg,yo) may lies on the margin
of the Borel window in some cases. Therefore, the parameter space used to estimate
errors of My may exceed the Borel window, and also, the upper and the lower errors are
usually asymmetric.

5.1 Numerical results and discussions for the cccc system

Our main results are shown in figure 3, where the 19 diagonalized currents, which should
be more reasonable to be used in the QCD sum rules, are clustered by different quantum
numbers. We set . = Mp and choose the MS renormalization scheme, and errors of My
include only that originated from uncertainties of sy and M%. In the plot we also indicate
the mass of X (6900) and the double J/1 threshold.

The most comprehensive results are listed in tables 9-18 in appendix B, where we
include both LO and NLO, both MS scheme and on-shell scheme, and all currents of
meson-meson types, diquark-antidiquark types, and also diagonalized ones. Again in these
tables we set 4 = Mp and thus errors of My are due to choices of so and M%. Further
information of sy and M% dependence is shown in figures 7-25 in appendix B, where only
results of the more reasonable diagonalized currents are shown. In these plots, a black
dot denotes the central point (xo,yo), and shadows denote the Borel window determined
by eq. (5.3).

Let us first emphasize the importance of the NLO corrections. On one hand, NLO
corrections to hadron masses are significant, which are larger than 0.5 GeV in both MS and
on-shell schemes for almost all the currents involved in tables 9-18. On the other hand,
with the NLO corrections, the quark mass scheme dependence of My tends to be reduced,
especially for some diagonalized currents. To see this, we examine the difference of the
predicted hadron masses between the two schemes,

AMpy = M3 — MYS | (5.6)

From tables 9-18, for almost all the currents, one can find that the mass difference at LO is
about AM};IO ~ 1.2 GeV, which implies a roughly linear dependence of AM II;,O on the quark
mass difference between the two schemes. One can also find that the NLO corrections to
M}@ are positive while those to Mgs are negative, therefore, the scheme dependence of
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Figure 3. The NLO mass spectra of the ¢cée system in the MS scheme. The errors of masses shown
in this figure just come from the parameter dependence on sg and M3.

My tends to be reduced with the NLO corrections. Taking the J© = 0% system as an
example (see table 9 and 10), for the three diagonalized currents Jging, the NLO mass
difference |AM§LO| < 0.4 GeV, which is explicitly smaller than that at LO. As for the
currents Jgila and JS??, the NLO corrections to M[@ are larger than 1 GeV, which implies
that there are genuine large corrections other than the quark mass renormalization effects
and the perturbation convergence may be bad for these currents.

The convergence of perturbation can also be explored by the u dependence of the NLO
results. One would expect that the u dependence of the NLO result will be significantly
reduced in comparison with the LO one for the current for which the perturbation conver-
gence is good, since the truncation of the perturbation series up to NLO has weak effect
on the result. On the other hand, the large i dependence of the NLO result may imply
that the perturbation convergence is bad, say, the next-to-next-to-leading-order (NNLO)
corrections should be important in this case. In tables 9-18, we have chosen y = Mp in
the MS scheme. To study the u dependence, we vary u = k Mp with k € (0.8,2.0), where
the range is chosen with the requirement that the Borel platform can be achieved and the
perturbative expansion is under good control. We investigate the i dependence for the
diagonalized operators with J¥C = 01+, which are shown in figure 26-30 in appendix B
for the LO and the NLO results. From these plots, one can see that the y dependence

of the results for J 512&3 4 are improved significantly after including the NLO contributions,

especially for the last two operators Jgiga and Jgf, which implies that those operators may
have good perturbation convergence. While the NLO results of Jgila and Jg? are still very
sensitive to the renormalization scale u, which implies that those currents may have bad

perturbation convergence. This may indicate that the mass difference AM}\}LO between
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Error from Error from Error from

Current Order My (GeV) s (GeV?) M2 (GeV?)

so and M3 mQ I
LOMS)  6.19792%  51(+10%) 3.50(x10%) o o 03
2 NLO(MS)  6.957021  61(x10%) 5.00(£10%) o410 +0.15 +011
LO(0S)  7.31%02)  64(£10%) 3.75(+10%) o BN
NLO(OS) 6587028 48(+10%) 2.00(£10%)  +098 +0-27

Table 1. The LO and NLO results for the mass of J. giza in MS and On-Shell schemes. Here the errors
for My are from sg, Mp, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to = Mp).

Error from Error from Error from

Current Order My (GeV) s (GeV?)  M3Z (GeV?)

so and M3 mQ 1
LOMS)  5.93703L  45(+10%) 3.00(x£10%) % oo 03
o NLOMS)  6.3570%0  51(£10%) 3.50(+10%) 00 013 +0.00
LO(0OS)  7.067032  60(£10%) 3.00(+10%) % o3
NLO(OS)  6.477020  46(+£10%) 1.75(+10%) o e

Table 2. The LO and NLO results for the mass of J SDg‘ in MS and On-Shell schemes. Here the errors
for My are from sg, Mg, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to = Mp).

the two schemes and the p dependence of the NLO MI@ are correlated. That is, when
there is a good perturbation convergence, we should expect a small AMELO and weak p
dependence at NLO.

As for states other than JFC = 07+, there are only three diagonalized operators
that satisfy AMEF“? < 0.5GeV. They are Jp§ with J'C = 07F, JRi with JFC = 17~
and J:Rif‘ with JP€ = 27+, The p dependence of the LO and NLO MS masses for these
three diagonalized operators are shown in figure 31-33 in appendix B. Just as one would
expect, the p dependence of NLO results are improved significantly, compared with that
of the LO one.

In cases where convergence of perturbation is bad, uncertainties from higher order
corrections should be large. As higher order corrections, such as the NNLO ones for C1,
are beyond the scope of this paper, we will only choose diagonalized operators that have
good perturbation convergence in the following analysis. For the results of the diagonalized
operators JA]S’DESA with JPC = 0*+, Jg’iﬁ" with JPC =0+, JE}}E with JPC =17~ and JTDyila
with JPC = 2+ we also estimate the uncertainties coming from errors of the quark masses
in eq. (5.1), and the uncertainties are shown in tables 1-6.

For JTsza, although AM}\}LO ~ (.7 GeV, the u dependence of this current is good, as
shown in figure 34, so we also meticulously estimate the uncertainties, which are shown in
table 7. (JTD},? will not be further considered, since it has large p dependence.)
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Error from Error from Error from

Current Order My (GeV) s (GeV?) M2 (GeV?)

so and M3 mQ I
LOMS)  6.027928  49(+10%) 3.00(x£10%) oo B 03
o NLOMS)  6.567035  55(+10%) 4.00(+£10%) o o0 +0.03
LO(0S)  7.16%02%  66(£10%) 3.00(+10%) toos B
NLO(0S) 6497929 46(+10%) 1.75(£10%) oo B

Table 3. The LO and NLO results for the mass of J. gif in MS and On-Shell schemes. Here the errors
for My are from sg, Mp, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to = Mp).

Current Order M (GeV) 5o ( GeVQ) M,% ( GeVZ) Error from Error from Error from

so and M% mq W

LOMS) 653102 56.(£10%) 4.25(+10%) 1012 o1z +0:24

B NLO(MS)  7.30%010  68.(£10%) 6.00(£10%) o s e
LO(OS)  7.79703L  74.(+10%) 4.50(+10%) e 3
NLO(OS)  6.897032  52.(£10%) 2.75(£10%) o BN

Table 4. The LO and NLO results for the mass of .J gf; in MS and On-Shell schemes. Here the errors
for My are from sg, Mp, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to = Mp).

Current Order My (GeV) 5o ( GCV2) ]V[% ( GCV2) Error from Error from Error from

so and M129 mg I

LOMS)  6.04%028  48.(+10%) 3.25(+10%) o0s o o3

. NLO(MS)  6.657018  58.(£10%) 4.25(+10%) oo BNRE o
LO(OS)  7.237021  67.(+10%) 3.25(+10%) oos o
NLO(0S)  6.537020  47.(+£10%) 2.00(£10%) o o

Table 5. The LO and NLO results for the mass of .J)% in MS and On-Shell schemes. Here the errors
for My are from sg, Mg, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to u = Mp).

Phenomenologically, it is interesting to compare our calculations with the LHCb
measurements of the possible ccce tetraquark states in the J/v.J /1 spectrum [5]. The most
likely quantum numbers JFC for the tetraquark states are 0T+ and 21+, since they can
couple to J/1.J/1 in S-wave. The predicted NLO MS masses for the two operators Jgga
and Jgf are 6.357079 GeV and 6.56 7035 GeV, respectively, which might account for the

broad structure around 6.2 ~ 6.8 GeV measured by the LHCb collaboration [5]. As for the
narrow resonance X (6900) [5], the central value of the mass is consistent with the NLO MS
mass for the operator Jgiga, which gives 6.95f8:§% GeV. Moreover, the predicted NLO MS
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Error from Error from Error from

Current Order My (GeV) s (GeV?) M2 (GeV?)

so and M3 mQ I
LOMS)  6.147925  51(+10%) 3.50(x10%) o o o
e NLO(MS)  7.03%02  63(£10%) 5.50(+10%)  *1i i oo
LO(0S)  7.31%02%  68(£10%) 3.50(+10%) oo 03
NLO(0S)  6.567025  47(+10%) 2.00(£10%) o9 o

Table 6. The LO and NLO results for the mass of J%if in MS and On-Shell schemes. Here the errors
for My are from sg, Mp, the charm quark mass, and the renormalization scale p with y = kMp
and k € (0.8,1.2) (the central values correspond to = Mp).

Error from Error from Error from

Current Order My (GeV) s (GeV?)  MZ (GeV?)

so and M3 mq 1
LOMS)  6.1575932  49(+10%) 3.75(£10%) o oo i
s NLOMS) 7.25%02  67(£10%) 5.75(+10%)  *010 o 1012
LO(0S)  7.32%0%2  65(£10%) 3.75(+10%) o0t o2
NLO(OS)  6.577039  47(£10%) 2.25(+10%) iz s

Table 7. The LO and NLO results for the mass of .J7%" in MS and On-Shell schemes. Here the errors
for My are from sg, Mg, the charm quark mass, and the renormalization scale y with y = kMp
and k € (0.8,1.2) (the central values correspond to u = Mp).

mass, 7.0379:32 GeV, for the operator J%ila with JPC = 2% is also close to that of X (6900),
so we can not assert that the quantum number of X(6900) is 07+, while 27" may also be
possible. Since the quality of the Borel platform in On-Shell scheme is worse than that in
MS one, which can be seen from figures 7-25, we only use the corresponding MS masses
in the above analysis. As for the NLO On-Shell masses of J 153712%374 and J:Rila (see table 1-3
and 6), they all lie on the broad structure around 6.2 ~ 6.8 GeV measured by the LHCb
collaboration [5].

Since the above ccce states are pure heavy-quark systems, their non-relativistic (NR)
attributes should be important to understand them. In our calculations, although the
amplitude are calculated in full QCD for the covariant operators given in section 4, the
results still exhibit some NR features. Taking the JFC = 077 states as examples, both the
diagonalized operators Jgga and JSD}f are roughly mixing of the meson-meson type ones
J gﬁ,"M and JgﬁM with the same weight, which can be seen from the transition matrix given
in eq. (4.5) (the Jé\%M component of Jgif‘ can be neglected). However, in the NR limit, the
operator JgﬁM leads to dimension 6 operator 1!y 1 + h.c. (¢ and x are two-component

Pauli spinors), while Jg/ng leads to dimension 8 one (o - ﬁ) xxi(o- ﬁ)@/} + h.c., where

%
o is Pauli matrix and ﬁ =D — E is the NR covariant derivative operator. Thus, one can
expected that the state for JSDE“ and JSDZ“ are dominated by the same JgﬁM component,
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Figure 4. The v-dependence of integrand function p;(s)e=*/M5 (0;) for JS PR ngf, Dla and JDla
of the éccc system in MS scheme (= Mp = /3.5GeV, v = /1 — 16m2/s).

and should be degenerated in the NR limit. This is roughly the case in our result, the NLO
MS masses of the two states are roughly equal, and from table 9, one can see that they are
both close to the NLO MS mass for JgﬁM (6.3670:%% GeV), and are not consistent with that
for JYEM (7917015 GeV). Similarly, in the NR limit, the state for JR# is dominant by its
Jr}/ﬁM component (see eq. (4.31)), which leads to dimension 6 operator and can survive in
the limit. Correspondingly, from table 17 one can see that the mass of J D‘Qa is close to that

of J%/IiM, and is not consistent with that of J:,MQM, which leads to dimension 8 operator in
the NR limit.

2
16mQ

To see the NR behaviors of the amplitudes more explicitly, we define v = /1 — —

(here, @ = c), and show the v-dependence of the integrands in eq. (2.9) in the MS scheme
for Jgij‘, JSD?, J]SDila and J N;M in figure 4, where the dashed solid and dot-dashed lines
denote prO s/ LQ? pNLO —s/Mj and paalyg 2GG> s/Mj , respectively. For comparison, we
set = Mp = \/7 GeV for all the four operators in figure 4. As we have mentioned, the
NR behaviors of the operators Jg D‘a and Jg D‘a are dominated by the same JgﬁM component.
To see this, we have enlarged the 1ntegrands for Jg Dla and Jgif“, respectively, by factor 4
and ggé to balance the coeflicients in the transition matrlx given in eq. (4.5). As one can
expected, the integrands for JSD‘a ]SDf and J é\/ﬁM exhibit similar behaviors, especially in
the near threshold region, where v is small. For the above four operators, more explicitly
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JPC Currents | Ours(LO) | Ours(NLO) | ref. [23] ref. [27](LO) | ref. [27](NLO) | ref. [29]

JOEPL L 6.07H002 | 6.6070% | 6.46£0.16 6.52 6.49+0.07 | 6.467913
JOEPT 16197007 | 6.90701) | 6.59+0.17 6.55 6.61+0.09 | 6.477912
0FF  JPEPT | 6.96701) | 9.25%01] | 6.82£0.18 7.37 7.0540.07 | 6.45%0 15
JOEPT 16T | 7365000 | 6.44+0.15 6.59 6.39 +£0.08 | 6.44791
JOEDE 1 6.077008 | 6697019 | 6.47+0.16 - - -
07~ JPYPT | 6.55%013 | 8.43%017 | 6.84+0.18 - - -
- JREPY 6551047 | 8.087017 | 6.40+£0.19 - - -
JREPT 6547007 | TAITRE | 6.3440.19 - - -
1+ JRPT 1 7005047 | 8.847090 | 6.40+0.19 - - -
JREPT 1 704002 | 741703 | 6.34£0.19 - - -
. JREPT 1 6.95T00% | 8817005 | 6.37£0.18 - - -
JREPE | 6.087000 | 6.657015 | 6.51+£0.15 - - -
- JYPY 6561005 | 745701 | 6.84£0.18 - - -
JYSPT 661002 | 797709 | 6.834£0.18 - - -
- JYPT 6567002 | 7527017 | 6.844£0.18 - - -

JPRPT 16531008 | 8.02700% | 6.88+£0.18 - - -

JREPE 16,0700 | 6.98700) | 6.51+£0.15 - - -
270 JpEPt | 7.02%008 | 9.00%035 | 6.37+0.19 - - -

JREP | 6157500 | 7250500 - - - -

Table 8. The masses of diquark-antidiquark currents obtained by different works in QCD sum rules.

analysis indicates that the near threshold behaviors of prO, pll\”“o and pgg in MS scheme are

of O(v7), O(v®) and O(v), respectively, which can be roughly seen in figure 4. This is to say
that pll\ILO is enhanced by a factor of v=2 with respect to p%o in the near threshold region.
Because of the exponential suppression of the lager v region and the threshold parameter
S0, the dominant domain of the integration in eq. (2.9) corresponding to v = 0.4 ~ 0.7 for
the ccce system, where the NLO contributions are comparable with the LO ones. This
indicates the importance of the NLO corrections to the QCD sum rules for the ccce system.

Finally, let’s compare our predictions with those given in other works [23, 27, 29] within
the framework of QCD sum rules. The predicted masses of the ccce tetraquark states
are listed in table 8. The authors of ref. [23] adopt momentum sum rules rather than
Laplace sum rules (i.e. Borel transformation) applied here. Thus, it is difficult to compare
the results between theirs and ours. The Laplace sum rules were applied in refs. [27, 29].
However, the parameters (such as the renormalization scale 1) and the scheme to determine
the Borel platform in refs. [27, 29] are different from ours. Moreover, only partial NLO
contributions are considered in ref. [27].
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Figure 5. The mass spectrum of bbbb system in MS scheme. The errors of masses shown in this
figure just come from the parameter dependence on sy and M3.

5.2 Numerical results and discussions for the bbbb system

Similar to the écéc system, our main results for the bbbb system are shown in figure 5. We
set 1 = Mp and choose the MS renormalization scheme, and errors of My include only
that originated from uncertainties of sy and M%. As references, we also plot masses of the
two Y(15)’s and two n’s.

The most comprehensive results are listed in tables 19-28 in appendix C, where we
include both LO and NLO, both MS scheme and on-shell scheme, and all currents of
meson-meson types, diquark-antidiquark types, and also diagonalized ones. Again in these
tables we set 4 = Mp and thus errors of My are due to choices of so and M%. Further
information of sy and M#% dependence is shown in figures 35-53 in appendix C, where only
results of the more reasonable diagonalized currents are shown.

From figures 35-53, one can see the qualities of the Borel platforms are improved
evidently in most cases after considering the NLO contributions, especially for those in
MS scheme. For example, in figure 35(a), there is no Borel platform at LO level in MS
scheme, but there is a clear and distinct platform at the NLO level. Similar phenomenon
was also found in the bbb system [63]. We have checked that the bb system also has this
phenomenon. This indicates that for the pure bottom system the NLO contribution is
crucial to the formation of a stable Borel platform in the QCD sum rules.

Similar to the case of ccce system, from tables 19-28, one can see that NLO contributes
non-negligible corrections, with mass corrections |[MNO — MEC| ~ 0.4-0.6 GeV in both
MS and OS schemes. In addition, with the NLO corrections, the quark mass scheme
dependence is improved significantly. The mass difference between the two schemes |AMpy| =
MO9S — MP@| is about 1.1 ~ 1.2GeV at LO level, while the difference is usually smaller
than 0.1 GeV at NLO level except for the JPC = 1+ channel.
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We choose = k mp with k£ € (0.8,1.2) to explore the renormalization scale dependence
of our results, because Borel platforms can not be achieved for k£ > 1.2 even with the NLO
contributions. We find that the p dependence is improved for the NLO results comparing
with the LO ones, but the y dependence of the NLO results for the bbbb system is more
sensitive than that of the ccce system. Typical u dependence at the LO and the NLO is
shown in figure 54 and 55.

In figure 6, we show the v-dependence (here, v = /1 — 16m2/s) of the integrands in
eq. (2.9) in the MS scheme for JSDan, Jg?, S?f and JgﬁM of the bbbb system, where we set
= Mp = +/9.5GeV for all the four operators and the integrands for J 1537? and JSDjf has

been enlarged by factor 4 and %, respectively, to be compared with that of JgﬁM. Similar

to the ccce system, the near threshold behaviors of ,olfo, pll\ILO and pgg for the above four
bbbb operators in MS scheme are of O(v”), O(v®) and O(v), respectively, which can be
roughly seen in figure 6. However, the dominant domain of the integration in eq. (2.9)
corresponding to v = 0.2 ~ 0.4 for the bbbb system, which is smaller than that for the écéc
system. This is consistent with the general expectation that the bbbb system is more like a
NR one than the ccce system since, in roughly speaking, mj > m. > Aqcp. Due to the
relative enhancement of pll\ILO with respect to p%o in the near threshold region, the NLO
correction to the QCD sum rules is crucial for the bbbb system, which have been indicated
by its effect on improvement of the quality of the Borel platform. On the other hand, the
enhancement of the QCD perturbative correction in the near threshold region may make

the perturbation convergence bad for the bbbb system within QCD sum ruls, which have
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been indicated by the p-dependence of mg up to the NLO corrections showed in figure 54
and 55. In other words, the NNLO corrections may be important and the enhancement in
the near threshold region may need to be resumed for the bbbb system within QCD sum
ruls. But this is far beyond the scope of this work.

At last, we have to emphasize that there are large NLO corrections to the operator
J %‘QM. We find that the near threshold behaviors of pt© and p'M© for this operator are of
O(v'!) and O(v"), respectively. This means for this operator, the p)*© is enhanced by a
factor of v~ with respect to pf© in the near threshold region. This enhancement is more
serious for bbbb system than that for écéc system since the typical value of v is smaller for
the former. Thus, the perturbation convergence is very bad for this operator, which may
be indicated by the large NLO corrections and lager errors of the MS mass my of this
operator for bbbb system (see table 23). On the other hand, since the dominant component
of JR% is JYSM (see eq. (4.19) and (4.20)), the above analyses are basically suitable for the

operator Jgila.

6 Summary

In this paper, we study the NLO corrections to masses of QQQQ states within QCD sum
rules. As operators with the same JC can mix with each other under renormalization, we
diagonalize the original operators, either in meson-meson type or diquark-antidiquark type,
and use the diagonalized operators in the phenomenological study.

Numerical results show that NLO corrections are very important. On the one hand,
NLO corrections to hadron masses are usually larger than 0.5 GeV in both the MS and the
on-shell schemes. On the other hand, the scheme dependence tends to be reduced with the
NLO corrections. More explicitly, the LO mass difference M };IO'OS - M II;,O'NTS = 1.1-1.3 GeV
for all the operators, where the NLO corrections to M}@ are positive and those to Mgs
are negative, which results in the reduction of scheme dependence of the masses. Especially,
for the ccce system, the NLO mass difference MELO'OS — MELO'NTS < 0.5GeV for the
operators J§i's 4 with JPC = 01+, Jp with JPC = 0=+, JR% with JPC = 1%~ and JRI?
with JPC = 2+ which also implies that the perturbation convergence of these operators is
better than that of the others. While for the bbbb system, the difference is usually smaller
than 0.1 GeV at NLO except for the JP€ = 1T+ operator. We also find that NLO corrections
can significantly reduce the y dependence.

We use currents that have good perturbative convergence in our phenomenological
analysis. For the écéc system, we get three J'C = 0+ states, with masses 6.35792% GeV,
6.56f8:5§ GeV and 6.95+8:§% GeV, respectively. The first two may explain the broad structure
around 6.2 ~ 6.8 GeV measured by the LHCb collaboration [5], and the third one may
be assigned to the observed narrow resonance X (6900). For the 27 states, we find one
with mass 7.03%9:22 GeV, which may also be a candidate for the X (6900), and another one
around 7.25f8:§é GeV, which has good i dependence but slightly large scheme dependence

(with AMRNEO ~ 0.7 GeV).
As for the bbbb system, we find that the NLO contribution improves the quality

of the Borel platform evidently in MS scheme, which is similar to the case of the bbb
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baryon [63]. The quark mass scheme dependence of the results are also improved significantly
with the NLO contribution. However, the NLO results are still sensitive to the choice
of renormalization scale y, and we find that the Borel platforms can not be achieved
for p > 1.2mp.

Finally, we would like to emphasize the importance of NLO contributions, especially in
the operator mixing or color configuration mixing for multiquark systems. (i) As a key NLO
contribution, the one-gluon exchange is crucial even for charmonium and bottomonium
states, because it provides the color Coulomb interaction between @ and @, which is the most
important short-range attractive force to form a heavy quarkonium. (ii) In the fully heavy
tetraquark system discussed in this paper, if one starts from a color-singlet current-current
operator, the one-gluon exchange will change it to the color-octet current-current operator,
therefore leads to the operator mixing. As already shown by our result, the operator mixing
induced by renormalization at NLO is inevitable and has very important consequences
in the QCD sum rule calculations. (iii) In the literature some works use the color-singlet
current-current local operators to describe physical hadronic molecules. However, duo
to the operator mixing, the color structure of the local operators must be mixed with
both color-singlet and color-octet current-current configurations. It is impossible to keep
the color-singlet structure unchanged if a complete NLO QCD contribution is seriously
considered. In fact, a physical molecule state means that it contains two well separated
color-singlet mesons at long-distances mediated by one-meson or two-meson exchanges. And
a physical molecule may not be necessarily ascribed to the color-singlet current-current
local operators, which only describe the very short-distance behavior of the tetraquark and
are subjected to the color configuration mixing. The description for hadronic molecules
needs to understand the long-distance dynamics beyond color confinement.
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A Operator renormalization matrices

A.1 Calculation of operator renormalization matrices

We present the calculation of operator renormalization matrices of meson-meson type
operators. The operator renormalization matrices of diquark-antidiquark type operators
then follow from a Fierz transformation.

A general meson-meson type operators where four quarks are different flavors, are
defined as

Or,r, = (ﬂFIQ%> (@'ngQQE;) ) (A1)
which has two independent color configurations,

Or, oy = (TJHQ%) (§§F2qg1) 050kt » (A.2)
Or,ro2 = ((ﬁflqé) (L?];FQQQ) 0i10k; » (A.3)

where Or, 1, 1] is called a color-singlet operator. We can also use following relation,

T5Te = % <5il5kj — ]\1705ij5kl> , (A.4)

to obtain color-octet operators,
Or, 8 = (@iﬂﬂ?qg) (ngFzT&(Ji) (A.5)
= % Or, o2 — ]\1,COFI,FQ,[1]> : (A.6)

For convenience, we choose Or, r, 1] and Or, r, 2] as bases in our calculation.
Let us first suppress the dependence of color configuration for operators. According to
our operator and definition of operator renormalization matrix,

0 = (V) 0" = 20 O, (A7)

where OF = (§1I'1¢2) (g3I'2q4) denotes the bare operator, o = (cﬁfqu) (qff‘mf)
denotes the bare operator replaced by renormalized fields, and OF denotes the renormalized
operator. In our NLO calculation, we directly calculate @B, and thus quark self-energy
diagrams are cancelled by counter term diagrams. The remaining diagrams can be divided
into three parts,

D
A :/(;)1;(141 b Ay As) (A8)

where A; denotes the contribution of gluon exchange between ¢; and g2, Ao denotes the
contribution of gluon exchange between ¢3 and ¢4, and As denotes others contributions e.g.
contributions of gluon exchange between ¢; and g3, g1 and g4 and so on. Because all infrared
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divergences will be cancelled, we just need to consider ultraviolet (UV) divergences therein.
Therefore, the mass terms in quark propagators can be discarded. Explicitly, we have

. i i . a a —1
A1 = [zgsfyu};jFl ing"yu (T )i’i (T )j]’:| [P25k’k5ll’] > (Ag)
p p p
. i i . a a —1
Ay = [[100:0;5/] [Zg’mngf 2p€@gs7“ (1) oy, (T )w] el (A.10)

; .
Az = [igswngF (T*);; 055 + T ngsW(S“(T )jj/}

—1
{ng’yuszr2( Dok O +F2l§@9s7“5k/k( )u'} 2 (A.11)

After a simple manipulation, we get

o1 dPp 1
DJ (2m)P (p*)?

A= —ig; B, (A.12)

where

B = (W’u’yurﬂ’yﬁ/“) (I'2) (Ta)i/i (Ta)jj’ SO + (I'1) (’Yu%FQVVVH) 0;i031 (Ta)k/k (Ta)ll/
+ <—D> (1) (D) [(T),1; 8350 = 03 (1) (7)o O = g0k (T ]

({0 T13) (100 Do) [T 85 4 6 (1) 5] [T B+ G (7))

1
1 a a a a
7 (0 T11) (o Tal) (7)1 85— s (1)) () = G (T ]
(A.13)
According to eq. (A.12), we get the UV divergences term
1 1 as Bl
Agy = — izt b1 _ % Zlp=s A.14
uv 1984 (47r)2 - ‘D:4 - 161 ( )

For operators with definite color configuration Or, r, (4, Wwe need to multiply the corre-
sponding color configuration (d;;0x; or d;0x;) in eq. (A.13).

According to eq. (A.7), to use the renormalized operator we should multiply our result
Mio+ Ayy + -+ by Z22Z51 ~1—90Zo + 262y, where My, = 1 is the LO amplitude and
Zo=140Zy and Zp = 1+ 6 Z». Demanding that final results are free of UV divergences,
we get

0Zo =Ayv +2 62, (A.15)
with
a
807y = —— A.16
2 3ne’ ( )

in MS scheme.
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A2 JP =0t

Operator bases are defined as

(G Q0) (0 )
}5\'/[ (Qa'}/ i Qa) (Qb7u75Qb) 5
T8 = (Qur"@s) (@ 1Qa)

(2]

Jg“[ﬂ
M
(1]

N _
TN = (Qer"° Q) (@17 Qa)
Jga) = (Q Qa) (Qbe) :
[ (A.17)
4[1 = ( al?y Qa) (QbZ’Y Qb) )
55[1 = ( ot Qa) ( bU;wa) ,
TEEN = (Qu) (@Qa) »
54[2 = (Qaw Qb) ( b7y Qa) ;
J 5 [2 (an_,u Qb) (QbauuQa) .
The corresponding operator renormalization matrix is given by,
5ZO,S:
0 0 -12 0 0 0 0 0 0
» 0 12 0 0 0 0 0 0 0
—6 -6 6N, =D g 0 0 0 0 0
—6 —6 4D gy, 0 0 0 0 0 0
12(N2-1)
as s 0 0 0 0 =5 0 _Nlc 0 0 9
MS 2
167 00 0 0 o 2D 2 0 0 —2
4(N2-1
00 0 0 — i 48 AU g —48 0
NZ-2
0 0 0 0 12 0 1 L 0 -
NZ2_2
0 0 0 0 0 12 -1 0 —2 N
24(N2—-2)  24(N2-2) 4(2N2+1)
0 0 0 0 24 —24 —12 e 2 "
(A.18)

where d5g = L + In(47) — vE.

After renormalization, since there are identical particles in the operator of full heavy
tetraquark system <QF1QQF2Q) , 4-dimensional Fierz transformation can be used to related
operators in different color configurations, which results in only 5 independent operators
in JP¢ = 01+ channel. We can choose any 5 independent operators to perform our

phenomenological study. For example, we choose Jg/ﬂ. IE/II] in this work. According to Fierz
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transformation
4 4 -8 -8 0
1 44 8 8 0
Jgf,.-}[g}i -22 -2 2 —1|-J§, (A.19)
-22 2 =21
0 0-24-24 4

M-M

we can transform Jg/[i'lfg] to Jg; 1) to get the anomalous dimension eq. (4.4),

A3 JP=0"

Operator bases for J =0~ are

11\3/,[;,\{[1] - (Qa@a) (QbiVSQb) ) (A 20)
J]I;?éljf[l] = (Qaalw@a) (Qbauui75Qb) ,
TPl = (QaQb) (Qbi’Y5Qa) :
JII\D/,[ESI,\fg] - (QaUlWQb) (Qba,w/i’yg’@a) .
The operator renormalization matrix is
¥ —12 0 0 0 0
-12 # 0 0 0 0
57 %5 R 0 N 2 (A.21)
O,P = 035 © .
167 MS 0 0 _%fi _4(N3*]%;iNc*1) 0 0
0 0 12 4(N]§c—4) 4+N]CVZ4NC2 N]C2V:2
0 0 48 48(];({—2) 19 4(2pr+1)
Similay to JPC = 01+, we have the Fierz transformation
1 8 0 0
TPty = g0 -4 -1 IR - (A.22)
0—-64 4

which transforms J}Xﬂf% to J%{l\ﬁ} to get the anomalous dimension eq. (4.11).
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A4 JP =1t
Operator bases for J© = 1% are
QaQa) (Qb’VM'YSQb) )

an'lwi')ﬁQa) (QquQb) )
J}L\X/I,-IIT/[IQ} = QaQb) (Qb’yu"ySQa) )

J}XIQN[IQ (Qaauyyyg)@b) (QbVUQa) )
_ ~ (A.23)
T = (Q iy Qa) (QW“Qb) ;
J}XI,ZL]?/[II} = (QaO"LWQa) (Qb'}ﬁ/’f@b) )
T 3[2 (@ iy Qb) (QW”Qa) )
Jll‘\(l,zll,\/[IQ} - (an—lﬂ’Qb) (QbVU’)ﬁQa) .
The operator renormalization matrix is
6(NZ—1
R 0 4 0 0 0 0
2(N2-1
—2 2D 0 0 0 0 0
6 2 —g AND 0 0 0
o |6 e mgmams o o g
0Zo.a= FéMﬁS ! ! 6(NZ-1
m 0 0 0 0 =D 4 0 —4
0 0 0 0 2 ANeh g 0
2(N2-2)
0 0 0 0 6 -2 —NLC -5
6(N2-2) 2(N2+1)
0 0 0 0 —6 —6 B i
(A.24)
Similar to JP¢ = 07+, the Fierz transformation
-1-100
1{-31 00
M-Mo_ 1
JAJ}[Q} 9 0 0 —-11 J [1] (A25)
0 0 =31
transforms J1\! A [2] to JI A [ ] and we thus get the anomalous dimension eq. (4.18).
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A5 JP =1

Operator bases for J& = 11 are

J4[2

And the operator renormalization matrix is

6(NZ—1) _ 4
- N,
12 _2(NZ-1)
N, N,
6 2
6 —6
0 0
0 0
0 0
0 0

According to Fierz transformation

we can transform J M-M [2}

A6 JP =2t

M-M
Ivif) =

JMM

Operator bases for J© = 2% are

T,l,

T717

a0 175621)) (Qo1°Qa)
Qa i'V5Qa) (Q*"+° Q)
" Qa) (Qu1@s) |

= (Qui* Q) (@7"7°Qu)
(Quo™Qs) (@Qu) -

0 4 0 0
12 0 0 0
_N% 2(N]§C—2) 0 0
G(Nz\j;:z) 2(N1€C+1) 0 0
0 0 6(N]\Cjc—1) Ni&
0 0 % _2(NJ§C_1)
0 0 6 -2
0 0 —6 —6
—-1-1 00
11-3 1 00 JM M
210 0 —11] "Vl
0 0 =31

”Qa) (Qb’YVQb) :
7'Qp) (@7 Qa)

= (@
= (@
1= (Qur"°Qu) (@7 °Qs)
= (@

ay Qb) (@w”'ﬁQa) :
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Vil to get the anomalous dimension eq. (4.18).

(A.26)
0 0
0 0
0 0
0 0
0 —4
—-12 0
_6  _2NZ-2
C Nc
_6(NZ-2) 2(NZt1)
) (A27)
(A.28)



TN = (Quo™Qu) (Quo™Qy)

Ty = (QaUWQb) (QbUVaQa) : (A.29)
And the operator renormalization matrix is
4
0 -5 421 0 0
2 —2N. 2 =2 g g
4
o —3 4 0 0 0 0
Zor = —0ua | e A.30
OT T a6 VS| g ANe=D 5 9N, 0 0 (4.30)
0 0 0- =D g
y 4
0 0 0 0 -4
According to Fierz transformation
(11
e =5 111 | JE, (A.31)
-22 0
we can transform JT 2t JM %4] to get the anomalous dimension eq. (4.30).
B Details for cccc system
B.1 Numerical results for J¥ = 01 states
Current LO % NLO(MS)
uren MH S0 M% « MH S0 ME%
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 616700 49.(£10%)  3.75(£10%) [ 7.3250:0)  69.(£10%)  6.00(£10%)
JYM - 6.387002 53.(£10%)  3.75(£10%) [f 8.337013  87.(£10%)  8.00(£10%)
JMM 7TA1T09E 65.(£10%)  5.50(£10%) M 7.917015  79.(£10%)  7.50(£10%)
JYM 5901008 45.(£10%)  3.00(£10%) [ 6.3670:0  53.(£10%)  3.50(£10%)
JYM 6287043 B1(£10%)  4.00(£10%) [ 7787043 77.(£10%)  6.75(£10%)
JOEDT6.07T002  49.(£10%)  3.25(£10%) [f 6.607050  57.(£10%)  4.00(£10%)
JEEPT6.197007  51.(£10%) 3.25(£10%) [ 6.907015  61.(£10%)  4.75(£10%)
JREPT6.9670 1 63.(£10%) 4.75(£10%) [ 9.25701;  105.(£10%) 10.00(£10%)
JREDT 617007 51(£10%)  3.50(£10%) [ 736101  69.(£10%)  6.25(£10%)
JEEPT6.07700  47.(£10%)  3.50(£10%) [f 6.697019 57.(£10%)  4.25(+£10%)
JDla 6.187098  49.(£10%) 3.75(£10%) [ 7.817015  77.(£10%)  7.25(+10%)
JDla 6.197097  51.(+10%) 3.50(£10%) [ 6.957519  61.(£10%)  5.00(£10%)
JDla 5.93700  45.(£10%) 3.00(£10%) [ 6.35739%  51.(£10%)  3.50(x£10%)
JDla 6.02700%  49.(£10%) 3.00(+10%) [ 6.567015  55.(£10%)  4.00(+10%)
JDla 6.337012  53.(+10%) 4.00(x10%) f 7.72513  75.(+10%)  6.50(£10%)

Table 9. The LO and NLO Results for J© = 01 with écce system in the MS scheme.
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Current LO - NLO(05)

H S0 M% « My S0 M%

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 7357000 66.(£10%)  3.75(£10%) [*| 6.6070:15 48.(£10%) 2.25(£10%)
JYM 74402 66.(£10%)  4.00(£10%) [*| 6.607018  48.(£10%) 2.25(£10%)
JYM 8437008 86.(£10%) 6.00(£10%) [ 7.407057  62.(£10%) 3.75(£10%)
JYM 7051008 60.(£10%)  3.00(£10%) [ 6.447008  44.(£10%)  1.75(£10%)
JYM 7457000 68.(£10%)  4.00(£10%) [ 6.627003  48.(£10%) 2.25(£10%)
JREDT 7237000 66.(10%)  3.25(+10%) [ 6.5470:08  48.(£10%) 1.75(£10%)
JREPT 7270 64.(£10%)  3.50(£10%) [ 6.52701] 46.(£10%) 2.00(£10%)
JREPT 8ATH0AY 80.(£10%)  5.25(£10%) [ 7.19T038  58.(£10%) 3.25(£10%)
JEPT 731N 64.(£10%)  3.75(+10%) | 6597073  48.(£10%)  2.25(£10%)
JREDT 7207098 62.(+10%)  3.50(+10%) [ 6.5170.93  46.(£10%) 2.00(£10%)
JRE 7367000 66.(£10%) 3.75(£10%) [ 6.607015 48.(£10%) 2.25(£10%)
JRE 73100 64.(£10%)  3.75(£10%) [ 6.58701F  48.(£10%) 2.00(£10%)
JRe 7.061090  60.(£10%) 3.00(£10%) [ 6.471005  46.(£10%) 1.75(£10%)
JRE 7161008 66.(£10%) 3.00(£10%) [ 6.497090  46.(£10%) 1.75(£10%)
JRE 744700 66.(£10%) 4.25(£10%) [ 6.627013 48.(£10%) 2.25(£10%)

Table 10. The LO and NLO Results for J = 0 with écée system in the On-Shell scheme.
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B.2 Numerical results for J¥ = 0~ states
Current LO * NLO(MS)
My S0 M% « My S0 M%
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM o 6.55T017  56.(£10%) 4.25(£10%) [f 8437017 88.(x£10%) 9.50(£10%)
JYM 6537007 56.(£10%)  4.25(£10%) f 7.307013 68.(£10%) 6.00(+10%)
JYM 6561012 56.(£10%)  4.25(£10%) [f 8.537015  90.(£10%) 9.00(£10%)
JPEPT 6557007 56.(£10%) 4.25(£10%) ¥ 8.437017  88.(£10%) 9.50(+10%)
JPSPT 6557007 56.(£10%)  4.25(£10%) ¥ 8.08¥015  82.(£10%) 8.00(+10%)
JPEPT 6547007 56.(£10%)  4.25(£10%) M 7.517018  72.(£10%) 6.25(+10%)
JRI 6550017 56.(£10%) 4.25(£10%) [ 8.437017  88.(£10%) 9.50(£10%)
JRE 6.53701]  56.(£10%) 4.25(:10%) [f 7.307013  68.(£10%) 6.00(£10%)
JPE 6.567012  56.(£10%) 4.25(£10%) [f 8597012 92.(£10%) 9.00(+10%)

Table 11. The LO and NLO Results for J” = 0~ with écée system in the MS scheme.

LO * NLO(OS)

Current —— 50 ML || Mg 50 M3

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 77T T2.(£10%)  4.50(£10%) 4 6.877030  52.(£10%) 2.75(+10%)
JEM 77900 TA(£10%)  4.50(£10%) (4 6.89705;  52.(£10%)  2.75(+10%)
JYM 70t 70.(£10%)  4.50(£10%) [ 6.847038  52.(£10%)  2.50(£10%)
JREPU 7 74R0AL 72.(£10%)  4.50(£10%) M 6.87042  52.(£10%)  2.75(£10%)
JREPU Aty T2.(£10%)  4.50(£10%) [f 6.867040  52.(x10%) 2.75(£10%)
JPEPT 7t 72.(10%)  4.50(£10%) | 6.877058  52.(£10%)  2.75(+10%)
JPR TTATIAS T2.(£10%)  4.50(£10%) [f 6871030 52.(£10%) 2.75(+10%)
JRE T79TY TA(£10%)  4.50(£10%) [ 6.897035  52.(£10%)  2.75(£10%)
JRE TT0T0E T0.(£10%)  4.50(£10%) M 6.84703%  52.(£10%)  2.50(+10%)

Table 12. The LO and NLO Results for J = 0~ with écée system in the On-Shell scheme.
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Figure 12. The Borel platform curves for Jgif‘ with JP€ =07~ in the MS and On-Shell schemes.
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Figure 13. The Borel platform curves for Jp& with JP =0~ in the MS and On-Shell schemes.
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— — LO-[S0=56 GeV?

— NLO-[S0=92 GeV?]

M
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Figure 14. The Borel platform curves for Jgga with JP€ = 0~* in the MS and On-Shell schemes.

B.3 Numerical results for J¥ = 11 states

25 3.0

35 40
MB?/GeV?

A

5.0 5.5

(b) OS

6.5¢

— — LO-[MB2=4.25GeV?] — NLO-[MB2=9 GeV?|

S0/GeV?

— LO-[MB2=4.5 GeV?] — NLO-[MB?=2.5 GeV?]

/ \\
KR
AN ORI
40 50 60 70 80
S0/GeV?

Cuerent LO NLO(MS)

My S0 M]_% My S0 M%

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 7071005 64.(£10%)  5.50(+10%) [* 8.327050 86.(£10%)  9.00(£10%)
JYM6.937012  62.(£10%) 4.75(£10%) [ 7.5970:08  62.(£10%)  5.50(+10%)
VM 6.047008  48.(£10%)  3.25(£10%) [H 6.6570.0) 58.(£10%)  4.25(10%)
JYM 6385008 54.(£10%)  3.75(£10%) M| 7.735015  76.(+10%)  6.00(:10%)
JREDT7.007007  64.(£10%)  5.00(£10%) ¥ 8.8470:1)  96.(£10%)  10.00(£10%)
JREPY 7048043 64.(£10%)  5.25(£10%) [f 7.41T038  70.(+10%)  7.75(£10%)
JREPY6.951043  62.(£10%)  5.00(£10%) [ 8.81F005  96.(£10%)  10.00(10%)
JREPY6.087008  50.(£10%)  3.25(£10%) [ 6.65701%  56.(£10%)  4.50(+10%)
JRe6.927012 62.(£10%) 4.75(x10%) [ 7.49%037  70.(£10%)  7.50(+10%)
JRi& 7085018 64.(£10%) 5.50(+10%) [ 8.22%017 84.(£10%)  8.50(+10%)
JRia 6.21709]  52.(£10%)  3.50(£10%) M| 7.07T0%  64.(£10%)  5.00(£10%)
JRia6.047008  48.(£10%) 3.25(+10%) 4 665700 58.(£10%)  4.25(+10%)

Table 13. The LO and NLO Results for J = 1 with écée system in the MS scheme.

— 36 —



LO * NLO(OS)
MH S0 M% " MH S0 M%
(GeV)  (Gev?) (GeV?) (GeV)  (GeV?) (GeV?)

TN 8387008 85.(£10%)  5.75(£10%) M 7.357041  61.(£10%) 3.50(£10%
JYM 810003 77.(£10%)  5.25(£10%) [ 6.7470%  51.(£10%) 2.75(£10%

Current

JYM 7228008 67.(£10%)  3.25(£10%
JYM 746501 67.(£10%)  4.00(+10%

M 6.53T00%  47.(+£10%

H 6.58T0 18 47.(£10%

2.00(£10%
2.25(£10%

3.25(+10%
2.50(+10%

JREDE 818THT 79.(£10%)  5.50(+10%
JREDL 8277006 81.(+10%)  5.75(+10%

* 7.23701% 59.(+10%
H 6.637050  49.(+10%

JREDU 82170 81(+10%)  5.25(+10%
JREDT 7224007 63.(+10%)  3.50(£10%

H 7.237045 59.(£10%

H 6.54700%  47.(£10%)  2.00(£10%

JRi 80910 77.(+10%)  5.25(+10%) [ 6.62701  49.(+10%) 2.50(+10%

JRE 839709 85.(£10%) 5.75(£10%

JRi& 733700 65.(£10%) 3.75(£10%
TR 7237000 67.(£10%)  3.25(+10%

¥ 7.257000 59 (£10%) 3.50(£10%
2.00(+10%

2.00(+10%

H 6.567005  47.(£10%

H 6.53700%  47.(+10%

) ) )
) ) )
) ) )
) ) )
) ) )
) ) )
) ) 3.25(£10%)
) ) )
) ) )
) ) )
) ) )
) ) )

Table 14. The LO and NLO Results for J” = 17 with écée system in the On-Shell scheme.
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Figure 15. The Borel platform curves for JR*% with J¥¢ = 1%+ in the MS and On-Shell schemes.
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Figure 16. The Borel platform curves for JE}S with JP€ = 1+ in the MS and On-Shell schemes.
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Figure 17. The Borel platform curves for J% with JP° = 1%~ in the MS and On-Shell schemes.
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Figure 18. The Borel platform curves for
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B.4 Numerical results for J* = 1~ states

7.0¢
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R KRR
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R

+ — LO-[MB?=3.25 GeV?] — NLO-[MB?=2 GeV?]

AR,

with JPC = 1+—

50 60

S0/GeV?

in the MS and On-Shell schemes.

70 80

LO * NLO(MS)

Current " 5 ML | Mg 0 M]232

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
UM 6.617007  BT.(£10%)  4.50(£10%) f 7.557013  73.(£10%) 6.75(+10%)
JYM 6557001 55.(£10%)  4.50(£10%) [ 7.987010  80.(£10%) 7.75(+10%)
UM 6591010 57.(£10%)  4.25(£10%) [ 75T 73.(£10%)  6.50(£10%)
UM 6531010 56.(£10%) 4.00(£10%) [f 8.0970%0  82.(£10%) 7.75(£10%)
JOVPT 6567005 57.(£10%)  4.25(£10%) M 7.45%017  71.(£10%) 6.25(+10%)
JPEPY 6615042 57.(£10%)  4.50(10%) M 7.97701Y  80.(£10%) 8.00(£10%)
JREPY 6561012 56.(£10%) 4.25(10%) M 75275017 72.(£10%)  6.25(£10%)
JPEPY 6531015 55.(£10%)  4.25(10%) M 8.02709%  81.(£10%) 7.75(£10%)
TP 65TIY BT.(10%)  4.25(£10%) M 7.90701%  79.(£10%)  7.25(£10%)
IR 6607017 BT.(x£10%) 4.50(£10%) M 7.52700¢  72.(£10%) 6.75(£10%)
TP 6537015 56.(£10%) 4.00(£10%) [ 8.0270%% 81.(£10%) 7.25(+10%)
IR 659701 BT.(x10%) 4.25(£10%) [ 7.5670 15 73.(£10%) 6.50(+10%)

Table 15. The LO and NLO Results for J¥ = 1~ with écéc system in the MS scheme.
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Current LO ) NLO(08)
My S0 M% My S0 M%
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JUM 7 8TIE 76.(£10%)  4.75(£10%) 4 6.967012  54.(£10%)  3.00(£10%)
JYM 78T T2.(£10%)  4.75(£10%) [ 6.88T030 52.(£10%)  2.75(+10%)
JYM 786701y TT.(£10%)  4.50(£10%) 4 6.9501%  54.(£10%)  2.75(+10%)
JUM 7697002 TL(£10%)  4.25(£10%) ¥ 6.80T055 51.(£10%) 2.50(£10%)
JPEPY 7 79t00 TA(£10%)  4.50(10%) M 6.87T015  52.(£10%)  2.75(£10%)
JPEPY 7851048 75.(£10%)  A.75(£10%) M 6.96701F 54.(£10%) 3.00(£10%)
JREPY 7.78%042 73.(£10%)  4.50(10%) M 6.87T0%  52.(£10%)  2.75(£10%)
JOEPT 7 0t0AE 70.(£10%)  4.50(£10%) | 6.867011  52.(£10%) 2.50(+10%)
JPR 0 TI8YGNy TA(£10%)  4.50(£10%) [ 6.877050 52.(+10%)  2.75(+10%)
JPR 785100 Th.(£10%)  4.75(£10%) [f 6.987010 55.(£10%) 2.75(+10%)
JRE 7681 TL(£10%)  4.25(£10%) [ 6.807038 51.(£10%) 2.50(£10%)
JPR 7861015 TT.(£10%)  4.50(£10%) [f 6957011 54.(£10%) 2.75(+10%)
Table 16. The LO and NLO Results for J = 1~ with écée system in the On-Shell scheme.
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Figure 19. The Borel platform curves for Jaif with JP€ = 17~ in the MS and On-Shell schemes.
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Figure 20. The Borel platform curves for Jai;‘ with JP€ =17~ in the MS and On-Shell schemes.
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Figure 21. The Borel platform curves for JP# with J° =17 in the MS and On-Shell schemes.
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Figure 22. The Borel platform curves for Ja

i with JP¢ =17+ in the MS and On-Shell schemes.

B.5 Numerical results for JP = 21 states
. LO * NLO(MS)
t
e V. 50 MZ || Mg 50 M3
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JMM 6118008 49.(£10%)  3.50(£10%) | 7.03%015  63.(£10%)  5.50(£10%)
JMM 7101013 65.(£10%)  5.50(+10%) 1 8.897021  97.(£10%) 11.00(£10%)
T2 0.15 0.24
JMM 6237040 51 (£10%)  3.75(£10%) P 7.351010  69.(£10%)  5.75(£10%)
T3 0.14 0.10
JREDE 6. 071098 47 (£10%)  3.75(£10%) [ 6.98709  63.(£10%)  5.25(+10%)
T1 0.10 0.11
JPEPT 7.027008 63.(£10%)  5.25(£10%) [ 9.0070:35  99.(£10%)  11.25(+10%)
JREDL 6 154008 49 (£10%)  3.75(+10%) [ 7.257010  67.(£10%)  5.75(x£10%)
T3 0.10 0.11
JRa 6147007 51.(£10%)  3.50(x10%) ¥ 7.03701L 63.(£10%)  5.50(£10%)
T,1 0.11 0.12
JRia 6157008 49 (£10%)  3.75(£10%) 1 7.251010  67.(£10%)  5.75(£10%)
T,2 0.10 0.11
JRie 6237010 5L(£10%) 3.75(£10%) [ 7351010  69.(£10%)  5.75(+10%)

Table 17. The LO and NLO Results for J = 2% with écée system in the MS scheme.
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LO * NLO(OS)
MH S0 M123’ MH S0 M%
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 7310 68.(£10%)  3.50(£10%) [f 656700 47.(£10%) 2.00(+10%

JYM 838705 85.(£10%)  5.75(£10% 3.75(£10%
2.25(+10%

Current

) ) )
) [ 73708 61.(£10%) )
) P 6.57T012  47.(+10%) )
JREDL 7328001 69.(£10%)  3.50(£10%) M 6.5670%7  47.(£10%) )
JPEDL 8271008 81.(£10%)  5.75(£10%) [f 73070, 60.(£10%) 3.50(£10%)
) ) )
) ) )
) ) )
) ) )

JMM 739709 68.(£10%)  3.75(£10%

2.00(+10%

JREP 7328000 65.(£10%)  3.75(£10%) M 6.57T01F  A7.(£10%)  2.25(£10%

JRI 731008 68.(£10%)  3.50(£10%
TR 7327000 65.(+10%)  3.75(£10%
JRia 739700 68.(£10%) 3.75(£10%

 6.567097  47.(£10%
H 6.57T098  47.(£10%
* 6.57T018  47.(£10%

2.00(£10%
2.25(£10%
2.25(£10%

Table 18. The LO and NLO Results for J = 2% with écée system in the On-Shell scheme.
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Figure 23. The Borel platform curves for JTDVila with JP€ = 2+ in the MS and On-Shell schemes.
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Figure 24. The Borel platform curves for Jgga with JP€ = 21+ in the MS and On-Shell schemes.

— — LO-[S0=51 GeV?] — NLO-[S0=69 GeV?]

— — LO-[MB2=3.75 GeV?] — NLO-[MB?=5.75 GeV?]
7.5; 7.5¢
> 70 3 70
L) L)
T I
g £
6.5 6.5
~ oy KL
- _ SR R
AN RIS
6ok R 6of - IR
XK SRR
) \ RN . XX
3 4 5 6 40 50 60 70 80 90
MB?/ GeV? S0/GeV?
(a) MS
- - LO—[$0=68\GeV2] — NLO-[S0=47 GeV?] — — LO-[MB?=3.75 GeV?] — NLO-[MB?=2.25 GeV?]
| \ !
| \ I
75 ) So_ 750 1" E
1 - s %
3 ! 3
1
g 7.0f X § 7.0 |
g | g |
R S T
| ! R RS
i [ 0‘0‘“000000000000‘00000"0“0“000
65 65 R XX,
GRS IIKNIIINK KKK
00 et O O OO O 00 00 0 0 0 e 00
B T O O OO N 0 0000 000 00 000 e
(e e OO O OO 000000 00 e 0 0 o
2.0 2.5 3.0 35 4.0 4.5 40 50 60 70 80
MB?/GeV? S0/GeV?

(b) OS

Figure 25. The Borel platform curves for J:Rig with JP€ = 2++ in the MS and On-Shell schemes.
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B.6 Renormalization scale dependence
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Figure 26. The renormalization scale p dependence of the LO and NLO results of Jgif“ in
MS scheme.
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Figure 27. The renormalization scale p dependence of the LO and NLO results of Jgi; in

MS scheme.
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Figure 28. The renormalization scale p dependence of the LO and NLO results of Jg}f in
MS scheme.
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Figure 29. The renormalization scale u dependence of the LO and NLO results of Jgif in
MS scheme.
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Figure 30. The renormalization scale p dependence of the LO and NLO results of Jg? in

MS scheme.
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Figure 31. The renormalization scale u dependence of the LO and NLO results of Jgéa in

MS scheme.
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Figure 32. The renormalization scale ;1 dependence of the LO and NLO results of JE}Z in
MS scheme.
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Figure 33. The renormalization scale p dependence of the LO and NLO results of JTDfla in
MS scheme.
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Figure 34. The renormalization scale u dependence of the LO and NLO results of JD‘2aL in

MS scheme.

C Details for bbbb system

C.1 Numerical results with J¥ = 0t

Current LO " NLO(MS)
Mpy So M3 B My So M3
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 18511056 380.(£5%)  19.00(+5%) M| 19.00%0%;  400.(£5%) 9.00(+5%)
JM Mo 18557019 382.(+5%) 18.00(£5%) [{ 18.927010  384.(+5%) 9.50(£5%)
nggM 19.217020 408.(+5%) 18.00(£5%) M (A)19.6670%  420.(+5%) 7.00(£5%)
JYM 18501037 380.(£5%)  19.00(£5%) [ 18.97T09  398.(£5%) 9.50(£5%)
JYEM 18511008 380.(£5%)  19.00(£5%) [f  18.937090  386.(£5%) 9.50(£5%)
JDI DI 18507547 380.(£5%) 19.00(x£5%) [{ 18.9775%  398.(£5%) 9.50(+5%)
JDI DI 18527030 380.(£5%) 18.00(£5%) [ 18.95700%  390.(£5%) 9.50(+5%)
JDI D 19171020 406.(£5%) 17.50(£5%) [ 19.42701%  404.(+5%) 8.00(£5%)
JD‘ DI 18501040 380.(x5%) 19.00(£5%) [ 19.007395  400.(+5%) 9.00(£5%)
JDI DI 18517037 380.(£5%) 19.00(£5%) [{ 18.97T0%  398.(£5%) 9.50(£5%)
JDI“ 18517040 380.(£5%) 19.00(£5%) [{ 19.017095  400.(£5%)  9.00(£5%)
JDla 18517040 380.(£5%) 19.00(£5%) [{ 18.9770%  398.(+5%)  9.50(£5%)
JDla 18.5010:18  380.(£5%) 19.00(+5%) [¥ 18.96759%  398.(£5%) 9.50(+£5%)
JDla 18,5003 380.(+5%) 19.00(£5%) f{ 18.97709%  398.(+5%) 9.50(£5%)
JDla 18.511037  380.(£5%) 19.00(£5%) [¥  18.9576%%  390.(£5%) 9.50(£5%)

Table 19. The LO and NLO Results for J© =0t

this result is got in Borel condition (< 40%)).
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with bbbb system in the MS scheme. (A denotes



% NLO(OS) ,
LO ML Ma 502 ( é‘e/fgg)
R T %, (G652) (GeV) (GeV') 0(£5%)
(GeV) (GeV?) 750(£5%) [ 18.98700T  366.(15%) 3.5 0
JEM O 19.68700  420.(£5%) 7.50(i5%) + 18.987007  366.(+£5%) 3.50(15;)
YN 19.68%0%  420.(&5%) 11'00&5%) ¥ 10510922 392.(+5%)  6.00( 5(70)
JEEM 205155008 452.(+5%) 760(i5%) " 18.987087  366.(+5%) 350(1(;)
JEM O 19.647008  426.(£5%) 7'50(15%) * 18.98709T  366.(£5%) 3.50(15(70)
I 19TIIGR 426.(+5%) 7.50&5%) ¥ 18.98¥08]  366.(£5%) 3-50(i5(;)
e e 7'50(i5%) % 18.981090  366.(£5%) 3.50(15(70)
JREPT19.647095  412.(£5%) 9'50@[5%) ¥ 19.3170 55 382.(£5%) 4.50(15070)
JREPT 20.251002  436.(£5%) 7.50(15%) 4 18.987007  366.(+£5%) 3.50(15(;)
JREPT19.681008  420.(£5%) 7.50(i5%) + 18.981007  366.(£5%) 3.50(15;)
JREDT19.657000  414.(£5%) 7.50@55%) 4 18.98709T  366.(+£5%) 3.50(15;)
JEF 19.6815%  420.(5%) 7.50(15%) ¥ 18.98%058  366.(£5%) 3-50(i5;)
JRE 19677000 418.(+5%) 7.00(i5%) 4 18981007 366.(5%) 3.50(15;)
JEE 19.647005  426.(£5%) 7.50(i5%) + 18.987007  366.(£5%) 3.50(i5(;)
J 19.615007  408.(£5%) 8.00(i5%) % 18.987097  366.(£5%) 3.50(x£5%
JRR - 19.66100  410.(£5%) 8.
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Figure 36. The Borel platform curves for Jg? with JP€ = 01+ in the MS and On-Shell schemes.
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Figure 37. The Borel platform curves for JSD,},? with JP€ = 01+ in the MS and On-Shell schemes.
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C.2 Numerical results with JP = 0~

Curent LO % NLO(MS)
My So M3, | Mg So M}
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JHM 18857048 394.(£5%)  18.00(£5%) [f 19.18701%  392.(£5%) 8.50(+5%)
JEM18.8670 5 394.(£5%) 18.00(£5%) [*| 19.317(; gg 412.(£5%)  8.00(£5%)
JPM18.851058  394.(£5%) 18.00(£5%) M 19.23709)  408.(£5%) 8.50(+5%)
JRIDU 18,8510 394.(£5%)  18.00(£5%) [* 19.18t8}§ 392.(£5%) 8.50(+5%)
JPEDT 18851051 394.(£5%)  18.00(£5%) [f 19.2470:95  406.(£5%) 8.50(£5%)
JREPT 18861031 394.(£5%) 18.00(£5%) [ 19.2370%%  400.(£5%) 8.50(£5%)
JRia 18.851010 394, (£5%) 18.00(£5%) [ 19.18701L 392.(£5%) 8.50(£5%)
JRa 18.867033  394.(+5%) 18.00(£5%) [ 19.317505 412.(£5%) 8.00(+5%)
JR 18.851000  394.(45%) 18.00(+5%) [ 19.2270%°  408.(£5%)  8.50(£5%)
Table 21. The LO and NLO Results for J” = 0~ with bbbb system in the MS scheme.
Current LO * NLO(0S)
My So ME ] My So M2,
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM19.97H008 428.(£5%)  8.50(£5%) [f 19.1470%8  374.(£5%)  4.00(£5%)
JPM20.08%005  438.(£5%)  9.00(£5%) [* 19.247997  380.(£5%) 4.50(£5%)
JEM19.897008  418.(£5%)  8.50(£5%) [ 19.127097  374.(£5%)  4.00(+5%)
JPiP 19.97t8;?§ 428.(£5%)  8.50(£5%) [f 19.1473%8  374.(+5%) 4.00(+5%)
JPSPT 19.97T008 428.(£5%)  8.50(£5%) [*| 19.14%095  374.(£5%)  4.00(£5%)
JREPT 20.0170:97  428.(£5%)  9.00(+5%) [f 19.18¥09)  376.(£5%) 4.50(£5%)
JP 19.97T008  428.(£5%)  8.50(£5%) [f 19.1470%8  374.(£5%) 4.00(£5%)
JP 20097005 438.(£5%)  9.00(£5%) [f 19.247997  380.(£5%) 4.50(+5%)
Jp 19.927007  426.(£5%) 8.00(£5%) ¥ 19.127095  374.(£5%)  4.00(£5%)
Table 22. The LO and NLO Results for J© = 0~ with bbbb system in the On-Shell scheme.
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Figure 40. The Borel platform curves for J2% with J*C = 0=~ in the MS and On-Shell schemes.
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Figure 41. The Borel platform curves for JB‘; with JP€ = 0~* in the MS and On-Shell schemes.
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Figure 42. The Borel platform curves for JD‘a with JP¢ = 0~ system in the MS and On-
Shell schemes.

C.3 Numerical results with JP = 1+

Cusrent LO * NLO(MS)
et My So ME ] Mg So M3
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)

JYM 19217920 408.(+5%)  18.00(£5%
JYM 1974020 406.(+5%)  17.50(+5%
JYM 18507047 380.(£5%)  19.00(£5%
JYM 18551018 382.(+5%)  18.00(£5%
JRPT 19174920 406.(£5%)  17.50(+5%

) [ 19.537018  402.(£5%)
( (£5%) [ 18.60731%  384.(£5%)
( (£5%) 4 18.977095  396.(+5%)
( (£5%) [ 18.97739  398.(+5%)  9.50(£5%)
( (£5%) [ 19.407012  398.(+5%)  8.00(£5%)

JREPT 19207038 408.(£5%)  18.00(+5%) [ 18.557038 382.(£5%) 17.00(£5%)

JREPY 19.07H038 406.(£5%)  17.50(£5%) [f 19.405035  398.(£5%)  8.00(£5%)
( (£5%) )
( (£5%) )
( (£5%) )
( (£5%) )
( (£5%) )

7.50(+5%)
16.50(£5%)
9.50(+5%)

JREPY 18507031 380.(£5%)  19.00(£5%) [f 18.97509%  398.(£5%)  9.50(£5%)
JRE 1907030 406.(£5%)  17.00(&5%
JRB 19217030 408.(£5%) 18.00(&5%
JRi& 18511050 380.(£5%)  19.00(+5%
JRia 18501036  380.(£5%) 19.00(+5%

18557020 382.(+5%
M 19.111008  404.(£5%
* 18.97700%  398.(£5%
* 18.977005  396.(£5%

17.50(£5%)
10.00(£5%)
9.50(£5%)
9.50(£5%)

Table 23. The LO and NLO Results for J© = 11 with bbbb system in the MS scheme.
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Curent LO * NLO(OS)

My So M3, 4 Mnu So M},

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JYM 20461018 450.(£5%)  10.50(£5%) ¥ 19.47H0F 390.(£5%)  5.50(£5%)
JYM 20217003 432.(£5%)  9.50(£5%) [ 18.97F002  368.(£5%)  4.00(&5%)
VM 1964500 412.(£5%)  7.50(£5%) [ 18.98T097  366.(£5%)  3.50(&5%)
JYM 19701005 424.(£5%)  7.50(£5%) ¥ 18.98T0:9T  366.(£5%)  3.50(£5%)
JREPT 20287003 436.(£5%)  10.00(£5%) [ 19.36701  386.(£5%) 5.00(+5%)
JREPT 20401017 448.(£5%)  10.00(£5%) M 19.207015  382.(£5%)  6.50(£5%)
JREPT 20325007 444.(£5%)  9.50(£5%) [ 1936104  386.(£5%) 5.00(£5%)
JREPT19.651000  414.(£5%)  7.50(£5%) [*| 18.987090 366.(£5%)  3.50(+5%)
JRI 20187038 430.(£5%)  9.50(£5%) [f 19.20104F  382.(£5%)  6.50(+£5%)
JRE 20477019 452.(£5%)  10.50(£5%) [ 19.0215:85  370.(£5%)  4.00(x£5%)
JRB - 19.68T090  420.(£5%)  T.50(£5%) [ 18.9870.9¢ 366.(£5%) 3.50(£5%)
JRI& 1964707 414.(£5%)  7.50(£5%) |1 18.98108]  366.(£5%) 3.50(+£5%)

Table 24. The LO and NLO Results for J© = 11 with bbbb system in the On-Shell scheme.
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Figure 44. The Borel platform curves for JE}S with JP€ = 177 in the MS and On-Shell schemes.
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Figure 45. The Borel platform curves for JE}; with JP€ = 1%~ in the MS and On-Shell schemes.
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Figure 46. The Borel platform curves for JE}Z with JP€ = 17~ in the MS and On-Shell schemes.

C.4 Numerical results with JP = 1~

. LO * NLO(MS)
urrent My S Mé I My S M%
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)

JYM 18.851058  394.(+5%

JYM18.867058  394.(£5%)  18.50(45%)
) 18.00(£5%) ( (
) 18.00(£5%) ( (
) 18.00(£5%) ( (
JPIP 18.851002  394.(£5%)  18.00(£5%) | 19.267007  408.(£5%) 8.50(£5%)
JPEPT 18867030 394.(£5%) 18.00(£5%) [ 19.187055  388.(:5%)  8.50(£5%)
) 18.00(£5%) [ 19.257007  404.(£5%)  8.50(+5%)
) ) ( (
) ) ( (
) ) ( (
) ) ( (
) ) ( (

¥ 19.317000 412, (45%)  8.00(+5%)
% 19231097 402.(£5%)  8.50(+5%)
¥ 19.317004 412 (45%)  8.00(+5%)
H 19.22700%  408.(£5%)  8.50(£5%)

TYM18.87HILY 304.(£5%
JYM18.857038  394.(£5%

JPEPT 18,8600 394.(£5%
18.00(+5%) (4 19.237597  402.(+5%) 8.50(£5%)
18.00(£5%
18.50(£5%
18.00(£5%
18.00(£5%

JPEPT 18861058 394.(£5%

% 19.25%0%0  410.(£5%)  8.50(£5%)

TP 1885030 394.(£5%
JO 18.861040  394.(£5%
JD 18.85792)  394.(+5%

¥ 19.311008  412.(+£5%) 8.00(+5%)
H 19.121092 390.(£5%)  9.00(£5%)

JPR 1887 394.(£5% H 19.3110% 412.(£5%)  8.00(£5%)

Table 25. The LO and NLO Results for JZ = 1~ with bbbb system in the MS scheme.
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Current Lo ) NLO(OS)
My So M3 My So M2,
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
UM 20067017 430.(£5%)  9.50(£5%) [f 19.247097  380.(£5%) 4.50(£5%)
JUM T 19.99%048 426.(£5%)  9.00(5%) [f 19.17709)  376.(£5%)  4.50(£5%)
JYM 20105095 440.(£5%)  9.00(5%) [ 19.24705  380.(£5%)  4.50(£5%)
UM 19.92700T  426.(£5%)  8.00(5%) [ 19.127095  374.(£5%)  4.00(£5%)
JPEPE T 20.001010  426.(£5%)  9.00(£5%) M 19.18¥09)  376.(£5%)  4.50(+5%)
JPEPT20.061007  434.(£5%)  9.00(£5%) M 19191093 376.(£5%)  4.50(+5%)
JPEPT20.011092 428.(£5%)  9.00(£5%) M 19181030 376.(£5%)  4.50(+5%)
JREPY19.961008  426.(£5%)  8.50(£5%) M 19141005 374.(£5%)  4.00(£5%)
JPR 20007005 432.(£5%)  8.50(£5%) [f 19.1570%)  374.(£5%)  4.00(+5%)
JPR 20057008 428.(£5%)  9.50(£5%) [f 19.237707  380.(£5%) 4.50(+5%)
JPR 0 19.907000  424.(£5%)  8.00(£5%) [f 19.12709%  374.(£5%)  4.00(£5%)
JPE 20101005 440.(£5%)  9.00(£5%) [ 19.247007  380.(£5%)  4.50(+5%)

Table 26. The LO and NLO Results for J” = 1~ with bbbb system in the On-Shell scheme.
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Figure 47. The Borel platform curves for JP§ with JP° =17~ in the MS and On-Shell schemes.
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Figure 48. The Borel platform curves for Jaiza with JP€ =17~ in the MS and On-Shell schemes.
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Figure 49. The Borel platform curves for Jai; with JP€ = 1=% in the MS and On-Shell schemes.
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Figure 50. The Borel platform curves for Jaf with JP€ = 17% in the MS and On-Shell schemes.

C.5 Numerical results with JP = 2+

. LO * NLO(MS)
urrent My S M%; ' My S M]%,
(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)

JYM 1850105 380.(£5%)  19.00(£5%) [ 18.89T018  380.(£5%)  9.50(&5%)

JMM 19217020 408.(£5%)  18.00(£5%) M 19.6270% 424 (£5%)  7.00(£5%
T,2 0.26 0.08

JMM 18501058 380.(£5%)  19.00(£5%) [ 18.9570%%  392.(£5%)  9.50(£5%)

0.(£5%) 19.00(£5%) [ 18.93%092  386.(+5%) 9.50(+5%)

JREDT 18507037

JREPL 18501057 0

380.
380.
JREP19.200058 408,
380.
380.

JPi 18507056 380.(£5%) 19.00(£5%) [f| 18.9170 1% 382.(£5%) 9.50

JRE 18,5015 380.(£5%) 19.00(£5%) | 18.91701%  382.(5%)  9.50(£5%)

( (
( (
( (
(£5%) 18.00(£5%) | 19.557008  422.(£5%) 7.50(£5%)
( (
( (
( (
( (

( (
( (
( (
( (
+5%)  19.00(£5%) [ 18.91701%  382.(£5%) 9.50(£5%)
( (
( (
( (

JRE 18.501058  380.(£5%) 19.00(£5%) | 18.95709%  392.(5%)  9.50(£5%)

Table 27. The LO and NLO Results for J© = 2% with bbbb system in the MS scheme.
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Cuent LO NLO(0S)

My So M3 My So M3

(GeV) (GeV?) (GeV?) (GeV) (GeV?) (GeV?)
JMM19.671008  A18.(£5%)  7.50(£5%) [ 18.987050  366.(£5%)  3.50(£5%)
JMM 20443078 448.(£5%)  10.50(£5%) 1 19.447935  388.(£5%)  5.50(£5%)
JMM 19687090 420.(£5%)  7.50(+5%) |1 18.987091  366.(£5%) 3.50(£5%)
JREDL19.67H090  418.(£5%)  7.50(£5%) ¥ 18.98¥090  366.(£5%)  3.50(£5%)
JPEPL 20387008 446.(5%)  10.00(£5%) [ 19.391985  386.(£5%)  5.00(+5%)
JPEPY19.687090  420.(5%)  7.50(5%) [f| 18.98F058  366.(£5%) 3.50(+5%)
JRE - 19.67T008  A18.(£5%)  7.50(£5%) | 18.981095 366.(+5%) 3.50(£5%)
JPi& 19.6870:90  420.(£5%)  7.50(£5%) [f 18.98T09% 366.(£5%) 3.50(+5%)
JRE19.687000  420.(£5%)  7.50(£5%) [ 18.98T09%  366.(£5%)  3.50(£5%)

Table 28. The LO and NLO Results for J© = 2% with bbbb system in the On-Shell scheme.
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Figure 51. The Borel platform curves for JP with .J PC = 2++ in the MS and On-Shell schemes.
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Figure 52. The Borel platform curves for J%Ea with JP€ = 21+ in the MS and On-Shell schemes.
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Figure 53. The Borel platform curves for J:Rig with JP€ = 21+ in the MS and On-Shell schemes.
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C.6 Renormalization scale dependence
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Figure 54. The renormalization scale u dependence of the LO and NLO results of Jg? in
MS scheme.
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Figure 55. The renormalization scale u dependence of the LO and NLO results of Jgif in

MS scheme.
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