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SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR SCHRÖDINGER

EQUATION WITH PARTIAL HARMONIC POTENTIALS

XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO, AND JIA SHEN

ABSTRACT. In this paper, we consider the following three dimensional defocusing cubic nonlinear Schrödinger

equation (NLS) with partial harmonic potential

(NLS)

⎧⎪⎪
⎨
⎪⎪⎩

i∂tu + (∆R3 − x2)u = ∣u∣2u,
u∣t=0 = u0.

Our main result shows that the solution u scatters for any given initial data u0 with finite mass and energy.

The main new ingredient in our approach is to approximate (NLS) in the large-scale case by a relevant

dispersive continuous resonant (DCR) system. The proof of global well-posedness and scattering of the new

(DCR) system is greatly inspired by the fundamental works of Dodson [29, 31, 32] in his study of scattering

for the mass-critical nonlinear Schrödinger equation. The analysis of (DCR) system allows us to utilize the

additional regularity of the smooth nonlinear profile so that the celebrated concentration-compactness/rigidity

argument of Kenig and Merle [61, 62] applies.

Keywords: Schrödinger equation, scattering, partial harmonic potentials, dispersive continuous resonant

system, profile decomposition.

Mathematics Subject Classification (2010) Primary: 35Q55; Secondary: 35P25, 35B40

1. INTRODUCTION

1.1. Background and motivation. Consider the Cauchy problem for the following family of nonlinear

Schrödinger equations in Rd, d ∈ N, with harmonic oscillators:

(1.1) {i∂tu +∆Rdu − (ω2∣y∣2 + ∣x∣2)u = µ∣u∣p−1u,
u∣t=0 = u0,

where 1 < p < ∞, (y, x) ∈ Rd1 ×Rd2 , d = d1 + d2, and d1, d2 ∈ N, d1 ≥ 1. The complex-valued function u =
u(t, y, x)∶R×Rd → C is the unknown wave function. The parameter ω = 0 or 1, with ω = 1 corresponding

to the quadratic potential case, while ω = 0 corresponding to the partial harmonic oscillator on the left

hand side. The parameter µ = 1 or µ = −1 corresponds to the defocusing or focusing case respectively.

Equation (1.1) arises as models for diverse physical phenomena, including Bose-Einstein condensates in

a laboratory trap [59, 77] and the envelope dynamics of a general dispersive wave in a weakly nonlinear

medium. It can also be derived in the NLS with constant magnetic potential, see for example [40]. The
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associated conserved mass and energy of equation (1.1) read as

M(u)(t) = ∫
Rd1×Rd2

∣u(t, y, x)∣2dydx
and

Ed1,d2ω,µ,p(u)(t) = ∫
Rd1×Rd2

1

2
∣∇y,xu(t, y, x)∣2 + 1

2
(ω2∣y∣2 + ∣x∣2) ∣u(t, y, x)∣2 + µ

p + 1 ∣u(t, y, x)∣p+1 dydx.
It is natural to take the initial data from the following weighted Sobolev space

u0 ∈ {f = f(y, x) ∈ L2

y,x(Rd) ∶ ∥∇y,xf∥L2
y,x(Rd) + ∥∣x∣f∥L2

y,x(Rd) + ω ∥∣y∣f∥L2
y,x(Rd) + ∥f∥L2

y,x(Rd) < ∞} .
In view of the Sobolev embedding

H1(Rd)↪ Lq(Rd),
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2 ≤ q ≤ 2 + 4

d−2 if d ≥ 3
2 ≤ q < ∞ if d = 2
2 ≤ q ≤ ∞ if d = 1,

the initial data is of finite energy in the energy-subcritical case {1 < p < 1 + 4

d−2 if d ≥ 3
1 < p < ∞ if d = 1,2,

and we call the critical case p = 1 + 4

d−2 , d ≥ 3 the energy critical case.

The global well-posedness of (1.1) has been established in the energy-subcritical case by R. Carles

[14, 16] in the defocusing case µ = 1, and by J. Zhang [93] in the focusing case µ = −1 when the initial

energy is assumed to be less than the energy of the ground state of the related elliptic equation. The

Cauchy problem for the equation (1.1) with quadratic potential (that is, ω = 1) in the energy-critical case

was considered by R. Killip, M. Visan, and X. Zhang [67] in the radial case, and in the general case later by

C. Jao [55, 56]. They proved the global well-posedness for the defocusing case and also for the focusing

case when the initial energy (resp. kinetic energy) is less than the energy (resp. kinetic energy) of the

ground state. We would also like to mention the work of C. Hao, L. Hsiao and H. Li [50, 51], where the

authors proved the global well-posedness for the equation (1.1) (when ω = 1) with an additional angular

momentum rotational term.

It is well-known that solutions of the equation (1.1) with a quadratic potential (i.e. ω = 1) can not

scatter. However, intuitively, in the defocusing case, if we turn off the confinement in some instead of all

of the directions, it should suffice for the condensate to evolve asymptotically freely: Indeed, if ω = 0,

then the operator i∂t +∆y should yield large time dispersion and one expects a scattering theory for the

equation (1.1). When ω = 0, the scattering phenomena for the equation (1.1) in the defocusing case has

already been showed by P. Antonelli, R. Carles and J. D. Silva [1] (see also [18]) in the fully weighted

space when ω = 0, µ = 1, d1 = 1,2,3, d2 = 1 and 1 + 4

d1
< p < 1 + 4

d1−1 . The focusing case of (1.1)

has been investigated by A. H. Ardila and R. Carles [2] recently when the energy is strictly less than the

static energy of the ground state. In this aspect, one expects the global-in-time well-posedness result for

the defocusing/focusing (when energy is strictly less than the static energy of the ground state) energy-

critical and subcritical cases for (1.1). On the other hand, the potential influences strongly the asymptotic

dynamics of the solution. In (1.1), the x−direction is not expected to have a global in time dispersive

estimate in view of the Mehler’s formula

eit(∆x−∣x∣2)f(y, x) = (2πi sin(2t))− d2
2 ∫

Rd2

e
i

sin(2t)( ∣x∣
2+∣x̃∣2
2

cos(2t)−x⋅x̃)
f(y, x̃)dx̃, ∀y ∈ Rd1 , x ∈ Rd2 ,
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from which we can only derive the following periodically in time dispersive estimate

∥eit(∆x−∣x∣2)f(y, x)∥
L∞x (Rd2) ≲ ∣ sin(2t)∣−

d2
2 ∥f(y, x)∥L1

x(Rd2 ) , ∀ t /∈ π2Z,∀y ∈ Rd1 .

Nevertheless, we have the following global in time dispersive estimate in the y−direction:

∥eit(∆x+∆y−∣x∣2)f(y, x)∥
L∞y L2

x(Rd) ≲ ∣t∣−
d1
2 ∥f(y, x)∥L1

yL
2
x
,

where we used the dispersive estimate for the semigroup eit∆y together with the L2-norm conservation

for the unitary of the operator eit(∆x−∣x∣2). Thus, according to the scattering theory for the nonlinear

Schrödinger equations without potential, see for instance [81, 83], one expects a scattering result in the

weighted Sobolev space when ω = 0 in the case 1 + 4

d1
≤ p ≤ 1 + 4

d1+d2−2
with d1 + d2 ≥ 2. Generally, to

obtain the scattering in the inter-critical case, one relies on the Morawetz estimate, see for instance [1]. It

is difficult to deal with the scattering on the two endpoints p = 1+ 4

d1
and p = 1+ 4

d1+d2−2
, which correspond

to the usual d1 dimensional mass-critical and d1 + d2 dimensional energy-critical nonlinear Schrödinger

equation without potentials respectively. For the endpoint p = 1 + 4

d1+d2−2
, the scattering is a byproduct

of the proof of the global well-posedness, and we need to use the induction on energy method [25] or the

concentration-compactness/rigidity argument [61, 62] to prove the global well-posedness. It seems for us

one of the main difficulty is to establish a more delicate global in time Strichartz estimate which should

be a lot combination of the local Strichartz estimate of 3 dimensional Schrödinger equations as in [3, 47].

We refer to [64] for more illustration on the proof of the scattering of the nonlinear Schrödinger equations

at critical regularity Sobolev space. For the endpoint p = 1+ 4

d1
, global well-posedness is quite easy to get,

and the main obstacle is to show the scattering. We cannot prove the scattering by the Morawetz estimate

even when the initial data lies in a better regular Sobolev space H1
y,x because the Morawetz estimate

only provides a priori estimate of the non-endpoint Strichartz norm on the Ḣ
1

4

y L2
x−level but cannot give

a priori estimate of the Strichartz norm on the L2−level, which is not enough to yield the scattering in

this case. Therefore, to show the scattering, we still need to use the concentration-compactness/rigidity

argument [61, 62] and its mass-critical counterpart [29, 31, 32, 63, 64, 66, 84, 86] to show the finiteness of

the L2−level Strichartz norm. In the L2−level Strichartz norm, we need to consider not only the space and

time translations of the equation (1.1) as in the case 1 + 4

d1
< p ≤ 1 + 4

d1+d2−2
, but also the following partial

Galilean invariance

u(t, y, x)↦ e−it∣ξ0∣2eiy⋅ξ0u(t, y − 2ξ0t, x),
where ξ0 ∈ Rd1 , of the equation (1.1). In addition, by a limitation operation, it is realized that a new

mass-critical nonlinear Schrödinger system can be embedded into (1.1), this new mass-critical nonlinear

Schrödinger system inherits the above invariance and also has the scaling invariance in space-time, and its

global well-posedness and scattering should be proven by the argument from [29,31,32,63,64,66,84,86].

In this paper, we will consider the following Cauchy problem for the defocusing cubic NLS on R3

(1.2) {i∂tu + (∆R3 − x2)u = ∣u∣2u,
u∣t=0 = u0,
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where u = u(t, y, x)∶R × R2 × R → C is an unknown wave function. The following mass and energy

quantities are conserved by the evolution of the equation (1.2)

M(u(t)) = ∫
R2×R

∣u(t, y, x)∣2 dydx,(ME)

E(u(t)) = ∫
R2×R

1

2
∣∇y,xu(t, y, x)∣2 + 1

2
x2∣u(t, y, x)∣2 + 1

4
∣u(t, y, x)∣4 dydx.

Motivated by the mass and energy formulations, we take the initial data in the following weighted Sobolev

space

u0 ∈ Σ(R3) ∶= {f ∈ L2

y,x(R3) ∣ ∥f∥Σ(R3) ∶= ∥∇yf∥L2
y,x(R3) + ∥f∥L2

yH
1
x(R2×R) <∞} ,(1.3)

with ∥f∥H1
x(R) = ∥f∥H1

x(R) + ∥xf∥L2
x(R).

By the Sobolev embedding H1(R3)↪ Lq(R3), 2 ≤ q ≤ 6, the initial data is of finite mass and energy.

Observe that equation (1.2) is a special case of equation (1.1), namely, corresponding to d1 = 2, d2 =
1, ω = 0, µ = 1, p = 1 + 4

d1
= 3 in (1.1). In this case, the scattering phenomena is not yet clear. As we

are in the energy subcritical case 1 < p = 3 < 5, the equation (1.2) is global well-posed and the scattering

of the solutions follows in the small initial data case ∥u0∥Σ ≪ 1, which is a by-product of the small data

well-posedness theorem. We will briefly explore these results in Section 3 and outline the ideas of the

proofs as we did not find them in the literature.

1.2. Main results. Our main result of this article is the following scattering result for solutions of the

defocusing cubic NLS (1.2). Recall that Σ(R3) is defined in (1.3).

Theorem 1.1. For any initial data u0 ∈ Σ(R3), there is a unique global solution u ∈ C0
t (R,Σ(R3)) of

equation (1.2). Moreover, the solution scatters, namely there exist u± ∈ Σ(R3) such that

∥u(t) − eit(∆R3
−x2)u±∥

Σ(R3) → 0, as t→ ±∞.
In order to treat the general initial data with finite (but not necessarily small) Σ-norm ∥u0∥Σ < ∞,

we turn to the celebrated concentration-compactness/rigidity argument developed by C. E. Kenig and F.

Merle [61, 62], where one key ingredient is the linear and nonlinear profile decompositions for solutions

with bounded Σ−norm. The proof of Theorem 1.1 shall rely on (a corollary of) Theorem 1.2 given below.

As for the nonlinear profile decomposition, we will consider a sequence of solutions exhibiting an

extreme behavior to study the concentration of the data. More precisely, we need to study the behavior of

the nonlinear profile uλ when λ → ∞. The (simplified) nonlinear profile uλ, λ > 0, is the solution of the

equation (1.2)

{i∂tuλ +∆yuλ + (∆x − x2)uλ = ∣uλ∣2uλ,
uλ(0, y, x) = 1

λ
φ ( y

λ
, x) ,(1.4)

taking the initial data by rescaling the function φ only in the y-variable. Set

wλ(t, y, x) = e−it(∆x−x
2)uλ(t, y, x),

and we obtain from (1.4) the following evolutionary equation for wλ⎧⎪⎪⎨⎪⎪⎩
(i∂t +∆y)wλ = e−it(∆x−x

2) (∣eit(∆x−x
2)wλ∣2 eit(∆x−x

2)wλ) ,
wλ(0, y, x) = 1

λ
φ ( y

λ
, x) .
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If we define wλ(t, y, x) = 1

λ
ṽ ( t

λ2 ,
y

λ
, x), then ṽ satisfies

{ (i∂t +∆y) ṽ = e−iλ2t(∆x−x
2) (∣eiλ2t(∆x−x

2)ṽ∣2 eiλ2t(∆x−x
2)ṽ) ,

ṽ(0, y, x) = φ(y, x).
Denote by Πn the orthogonal projector on the nth eigenspace of −∆x + x2 (see Section 2 below for more

details). Applying Πn to the equation for ṽ, we arrive at the following equation for ṽn = Πnṽ:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(i∂t +∆y) ṽn = eiλ2t(2n+1)Πn ( ∑

n1,n2,n3∈N
e−iλ

2(2n1−2n2+2n3+1)t ṽn1

¯̃vn2
ṽn3
) ,

ṽn(0, y, x) = φn(y, x) ∶= Πnφ(y, x).
Letting λ→∞, we can formally get a limiting equation

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(i∂t +∆y) vn(t, y, x) = ∑

n1,n2,n3∈N,
n1−n2+n3=n

Πn (vn1
v̄n2

vn3
) (t, y, x),

vn(0, y, x) = φn(y, x),
(1.5)

By reversing the above process, we get an approximation solution of uλ:

ũλ(t, y, x) = eit(∆x−x
2)∑

n∈N
(1
λ
vn ( t

λ2
,
y

λ
, x)) , (t, y, x) ∈ R ×R2 ×R,(1.6)

where vn is the solution of (1.5).

In the above deduction, the following equivalent form dispersive continuous resonant (DCR) system

enters naturally

{i∂tv +∆R2v = F (v),
v(0, y, x) = φ(y, x),(DCR)

where the nonlinear term F (v) is defined by

F (v) ∶= ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (vn1
v̄n2

vn3
) .

This (DCR) system can be viewed as a dispersive version of the (CR) system derived by E. Faou, P.

Germain, and Z. Hani [38] in their study of the weak turbulence of the nonlinear Schrödinger equations

on compact domains; see also [9,26,28,39,42,43]. This new (DCR) system is very similar to the resonant

nonlinear Schrödinger system arising in [5,21,22,47,48]. It has nice local well-posedness theory, and also

scatters for small data in L2
yH1

x.

In our second main result, we prove the following large data global well-posedness and scattering theo-

rem for (DCR), which might be of independent interest.

Theorem 1.2. For any φ ∈ L2
yH1

x(R2 ×R), there exists a unique global solution v of the equation (DCR)

in C0
t L

2
yH1

x(R ×R2 ×R) satisfying

∥v∥L∞t L2
yH

1
x∩L

4
t,yH

1
x(R×R2×R) ≤ C,

where C = C (∥φ∥L2
yH

1
x
) is a constant. Moreover, the solution scatters, namely there exist v± ∈ L2

yH1
x such

that

∥v(t) − eit∆yv±∥L2
yH

1
x(R2×R) → 0, as t→ ±∞.
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Theorem 1.2 shall be proved in the final two sections and it takes a vast bulk of the paper. We prove it

again by the concentration-compactness/rigidity argument from [61,62]. The system (DCR) is essentially

a defocusing mass-critical nonlinear Schrödinger system. In the proof, we follow the framework for

scattering of mass-critical nonlinear Schrödinger equation [29, 31, 32, 86] and our argument is also partly

inspired by the scattering of the resonant Schrödinger system derived from the NLS on cylinders [21, 22,

47, 48, 92, 95].

We would like to comment briefly on the relation between (DCR) and weak turbulence.

Remark 1.3 (The (DCR) system and weak turbulence). We can rewrite (1.5) in the Hermite coordinate

(see (2.1) below for the definition of the Hermite functions): Taking the solution vn(t, y, x) = cn(t, y)hn(x)
in the equation (1.5), we get an equivalent but simplified equation

(i∂t +∆R2) cn(t, y) = ∑
n1,n2,n3∈N,
n1−n2+n3=n

Dn1,n2,n3,ncn1
c̄n2
cn3
,(1.7)

where Dn1,n2,n3,n is the number such that Πn (hn1
h̄n2

hn3
) (x) = Dn1,n2,n3,nhn(x), x ∈ R. It would be

very interesting to understand the constant Dn1,n2,n3,n in (1.7). Comparing with the success of the proof

of the weak turbulence on cylinders given by Z. Hani, B. Pausader, N. Tzvetkov, and N. Visciglia [48],

the unclear expression of the nonlinear term of the (DCR) system seems to be one of the main obstacles

to study the weak turbulence of the nonlinear Schrödinger equations with (partial) harmonic potentials;

for more information we refer to [49]. However, there are some interesting recent attempts toward this

direction in [41, 45].

Remark 1.4 (Focusing NLS equations with harmonic potentials). In this paper, we only consider the

scattering of the defocusing NLS with partial harmonic potentials. It is an interesting problem to study the

scattering of the focusing version of (1.2). It seems difficult to find the threshold of the scattering of the

focusing NLS. On the other hand, if we were able to find the threshold of the scattering, then most likely

the scattering can be proven by following the argument in [29–32,63,84,86]. We refer to [2,4,12,82,94]

and the references therein for the study of the instability/stability of soliton which may give some clues on

the threshold of the scattering of the focusing NLS.

1.3. Brief outline of the proofs. The model with partial harmonic potential studied in this paper can

be compared to the NLS on wave-guide R2 × T, which was considered previously in [21, 91]. One key

difference is that in our case, the linear operator has more complicated spectral theory, for example the

eigenfunctions cannot be written explicitly.

The proof of this paper contains two main ingredients. In the first part, we prove that Theorem 1.2

implies Theorem 1.1. The proof of Theorem 1.1 has a very standard skeleton based on the concentration-

compactness/rigidity argument introduced by C. Kenig and F. Merle [61], and it consists of three main

steps: linear profile decomposition, the existence of an almost periodic solution to the defocusing cubic

NLS (1.2), and a rigidity theorem.

First of all, we establish the linear profile decomposition of Schrödinger operator with partial harmonic

potentials, namely the linear solutions can be divided into several orthogonal bubbles modulo some trans-

forms. This can be viewed as a vector-valued version of linear profile decomposition of the Schrödinger

equation in L2, which was first established by F. Merle and L. Vega [74] in 2D, and then extended to

general dimensions; see for instance [64] for more details. The proof of this part is very similar to the

wave-guide case in [21], and it is essentially related to the description of the lack of compactness of the

embedding eit(∆R3
−x2) ∶ Σ(R3)↪ L4

t,yH1−ǫ0
x , for some fixed 0 < ǫ0 < 1

2
.
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In the second step, we prove the existence of a critical element by the construction of approximation

solutions. Since the non-linear flow is not commutable with the transform groups derived in the first step,

in order to construct the approximation solutions, we need to assume that the limiting equations, which

is exactly the (DCR) system, is globally well-posed and scatters, as stated in Theorem 1.2. The idea of

using limiting equations was first considered in [53], and was widely used in [21, 22, 47, 54, 55]. Then,

similarly as in [21], we use the normal form method to exploit additional decay to approximate the non-

linear profile. In the wave-guide case [21], the eigenfunctions, which are the plain waves eiy⋅j , can be

easily computed, thus the Fourier coefficients are summed naturally. The difficulty in this step is that we

need to sum up the spectral projections of the solution properly. To some extent, the main innovation

of this paper is that we utilize the additional regularity of the smooth non-linear profile to update the l1

summation of projections to l2.

In the third step, we borrow the idea used in [21] to prove the non-existence of non-trivial critical

element. The key point is the use of the interaction Morawetz estimate developed by J. Colliander, M.

Keel, G. Staffilani, H. Takaoka and T. Tao [24], which is very important in the remarkable work [25] on

scattering for energy-critical NLS in 3-D, and was further developed in [23, 78]. Then, we can arrive at

the contradiction similar to [61, 62] using the compactness property of the critical element.

The second part of this paper is devoted to the proof of Theorem 1.2. The proof is greatly inspired by the

fundamental work of B. Dodson [29,31,32] in his study of mass critical NLS. We also refer to [92], and the

principal difference between [92] and this paper is that our system (DCR) involves the spectral projection

of Schödinger operator with harmonic potential. Here, one key observation is that the (DCR) system is

scaling invariant, which indicates that the classical method as developed in [21,22,86] could be potentially

applied to our situation. Indeed, the linear profile decomposition developed for the Schrödinger propagator

in L2
yH1

x(R2 ×R) (see Theorem 4.1) can be directly applied here. The essential difficulty occuring in the

proof of Theorem 1.2 lies in precluding the almost periodic solution to the (DCR) system.

There are two cases of the critical element: high-to-low frequency cascade and the quasi-soliton scenar-

ios. We exclude these scenarios based on the rigidity argument of B. Dodson [29, 31, 32]. The key tool is

to establish a vector-valued version of 2D long time Strichartz estimate in [31]. The long time Strichartz

estimate is developed by B. Dodson to show the scattering of the mass-critical nonlinear Schrödinger equa-

tions and has been proved as an important technique in the scattering theory of nonlinear dispersive and

wave equation. We refer to [34–37, 65, 76, 79, 90] for more application of this powerful tool. The proof of

the long time Strichartz estimate in our situation here is rather technical due to the spectral projection and

the failure of 2D end-point Strichartz estimate. For the high-to-low frequency cascade scenario, it is more

delicate and we have to exploit some additional regularity of the critical element through the long time

Strichartz, and then preclude it using energy conservation law. For the quasi-soliton scenario, we mainly

use the long time Strichartz to control the error terms of low frequency cut-off of interaction Morawetz

identity. With all these ingredients at hand, the contradiction argument of C.E. Kenig and F. Merle [61,62]

allows us to conclude the proof.

The rest of the paper is organized as follows. Section 2 contains some basic notations and preliminaries.

In Section 3, we record the local well-posedness, the small data scattering result and the stability theory for

system (1.2). For convenience of the readers, we present the proofs in the Appendix. In Section 4, we will

give the linear profile decomposition for data in Σ(R3) and also analyze the nonlinear profiles, therefore

we reduce the non-scattering in Σ(R3) to the existence of an almost-periodic solution. In Section 5, we

will show the extinction of such an almost-periodic solution. The scattering of the (DCR) system shall be

proved in Section 6, where the proofs of two auxiliary theorems are left to the final Section 7.
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2. BASIC NOTATIONS AND PRELIMINARIES

In this section, we introduce some basic notations used in this paper. We will use the notation X ≲ Y
whenever there exists some constantC > 0 so thatX ≤ CY . Similarly, we will writeX ∼ Y ifX ≲ Y ≲X .

We use N to denote the set of all non-negative integers.

Throughout the paper, we will take ǫ0 to be some small fixed number in (0, 1
2
).

2.1. Fourier transform and Sobolev spaces. For any a ∈ Rd, d ∈ N, the Japanese bracket ⟨a⟩ is defined

to be ⟨a⟩ = (1 + ∣a∣2) 12 . We define the Fourier transform f̂ ∶Rd → C of a function f ∶Rd → C, as

f̂(ξ) = 1

(2π)d2 ∫Rd
e−iz⋅ξf(z)dz.

For each s ∈ R, the fractional differential operator ∣∇∣s is defined by ∣̂∇∣sf(ξ) = ∣ξ∣sf̂(ξ). We also define

⟨∇⟩s as an operator between function spaces by ⟨̂∇⟩sf(ξ) = (1 + ∣ξ∣2) s2 f̂(ξ). In the following we will use⟨∇x⟩s to emphasize the application of the operator on the x-variable.

We will frequently use the partial Fourier transform Fyf of a complex-valued function f ∶R2 ×R → C

defined as

Fyf(ξ, x) = 1

2π
∫
R2

e−iy⋅ξf(y, x)dy, ξ ∈ R2,

where x ∈ R is viewed as a parameter.

We shall also use the the Littlewood-Paley projections. Take a cut-off function χ ∈ C∞ ((0,∞)) such

that χ(r) = 1 if r ⩽ 1 and χ(r) = 0 if r > 2. For N ∈ 2Z, let χN(r) = χ(N−1r) and φN(r) =
χN(r) − χN/2(r). We define the Littlewood-Paley dyadic operator P⩽Nf ∶= F−1 (χN(∣ξ∣)f̂(ξ)) and

PNf ∶= F−1 (φN(∣ξ∣)f̂(ξ)). We also define the partial Littlewood-Paley projections to be P
y
≤Nf(y, x) ∶=F−1y (χN(ξ) (Fyf) (ξ, x)) and P

y
Nf(y, x) ∶= F−1y (φN(∣ξ∣) (Fyf) (ξ, x)).

Next, we denote the usual Lebesgue space as Lp(Rd), and some time we write ∥f∥p = ∥f∥Lp(Rd) for

abbreviation. For any s ∈ R, we define the Sobolev space as

W s,p(Rd) ∶= {f ∈ Lp(Rd) ∶ ∥f∥W s,p(Rd) ∶= ∥⟨∇⟩sf∥Lp(Rd) < +∞} .
We also define Hs(Rd) =W s,2(Rd).
2.2. Harmonic oscillator and Hermite-Sobolev spaces. The harmonic oscillator −∆x + x2, x ∈ R, has

been studied by many authors, and we refer to the lecture notes of B. Helffer [52] and also the seminal

work of H. Koch and D. Tataru [69] and the references therein for a few basic facts that we shall record

below. The harmonic oscillator admits a Hilbertian basis of eigenvectors forL2(R), and for each n ∈ N, we

will denote the nth eigenspace by En and the corresponding eigenvalue by λn = 2n + 1. Each eigenspace

En is spanned by the Hermite functions hn, where

hn(x) = 1√
n!2

n
2 π

1

4

(−1)nex2

2

dn

dxn
(e−x2),(2.1)

for n ∈ N. We also let Πn be the orthogonal projector on the nth eigenspace En of −∆x + x2.

For s ∈ R and p ≥ 1, the Hermite-Sobolev spaceWs,p(R) is defined as follows:

Ws,p(R) = {u ∈ Lp
x(R) ∶ ∥u∥Ws,p ∶= ∥⟨∇⟩su∥Lp

x
+ ∥∣ ⋅ ∣su∥Lp

x
<∞} .
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In particular, if p = 2, we denote Ws,2
x (R) by Hs

x(R), and the H1
x(R)-norm was given in (1.3). By [91],

we have

∥u∥Ws,p
x
∼ ∥(−∆ + x2)s/2 u∥

p
+ ∥u∥p .

The Hermite-Sobolev space L
p
yHs

x with 1 ≤ p <∞ and s ∈ R is defined by

Lp
yHs

x =

⎧⎪⎪⎨⎪⎪⎩f ∈ L
p
yL

2
x(R2 ×R) ∶ ∥f∥Lp

yH
s
x(R2×R) ∶= (∫

R2

∥f(y, ⋅)∥p
Hs

x(R)dy)
1/p

=
⎛
⎝∫R2

∥(∑
n∈N
(2n + 1)s∣fn(y, x)∣2)

1

2∥
p

L2
x(R)

dy
⎞
⎠
1/p
<∞
⎫⎪⎪⎬⎪⎪⎭,

where fn = Πnf . Similarly, for any time interval I ⊆ R and u ∶ I ×R2 ×R → C, we define the space-time

norms Lp
tW

s,q
y Lr

x and Lp
tL

q
yHs

x of u as

∥u∥Lp
tW

s,q
y Lr

x(I×R2×R) ∶= (∫
I
(∫

R2

∥⟨∇y⟩su(t, y, ⋅)∥qLr
x(R) dy)

p/q
dt)

1/p
,

∥u∥Lp
tL

q
yH

s
x(I×R2×R) ∶= (∫

I
(∫

R2

∥u(t, y, ⋅)∥q
Hs

x(R) dy)
p/q

dt)
1/p
,

where 1 ≤ p, q, r ≤∞, and s ∈ R. When s = 0 and p = q = r, we shall write L
p
t,y,x for L

p
tW

s,p
y Lr

x. Similarly,

when p = q, we shall write L
p
t,yHs

x for L
p
tL

q
yHs

x. We also use the following space-time norm. For any{un(t, y, x)}n∈N, with (t, y, x) ∈ I ×R2 ×R, we set

∥un∥Lp
tL

q
yL

r
xl

2
n(I×R2×R×N) = ∥∥un∥l2n∥Lp

tL
q
yL

r
x(I×R2×R) ,

where 1 ≤ p, q, r ≤∞.

Lemma 2.1. The Dirac function δ0(x) belongs to H−1x (R).
Proof. By definition, we have

∥δ0(x)∥2H−1x =
∞

∑
n=0
(2n + 1)−1∣cn∣2,(2.2)

where cn = ⟨δ0(x), hn(x)⟩ = hn(0). Since e−x
2

=
∞

∑
m=0

(−x2)m
m!
=
∞

∑
n=0

dn

dxn ∣
x=0e

−x2 ⋅ xn

n!
, we have

dn

dxn
∣
x=0
e−x

2

=

⎧⎪⎪⎨⎪⎪⎩
0, n is odd,
(−1)n2
(n
2
)! n!, n is even.

Thus

hn(0) =
⎧⎪⎪⎨⎪⎪⎩
0, n is odd,
(−1)n√
n!2

n
2 π

1
4

(−1)n2
(n
2
)! n!, n is even.

Together with (2.2), this implies

∥δ0(x)∥2H−1x ≤ π− 1

4

∞

∑
n=0,
n even

n!

2n ((n
2
)!)2 (2n + 1) ≲

∞

∑
m=0

1

2m(4m + 1) ≲ 1.
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3. LOCAL WELL-POSEDNESS AND SMALL DATA SCATTERING

In this section, we will review the local well-posedness theorem and the stability theorem for solutions

of (1.2), which shall be crucial in proving the existence of the critical element, and then record another im-

portant theorem on the scattering norm in Theorem 3.4, which says that a weak space-time norm L4
t,yH1−ǫ0

x

is sufficient to prove the scattering result. We shall only state these results in this section and leave the

proofs to Appendix A. In fact, the results in this section can be proved by following the exact arguments

as in [21, Section 2] or [22], upon noticing the embeddingH 1

2
+(R)↪ L∞(R).

Different from the Strichartz estimate for the harmonic oscillator, which is a local estimate, we have a

global Strichartz estimate for the partial harmonic oscillator similar to the Schrödinger equation on waveg-

uides [21, 22, 87, 88]. Before giving the Strichartz estimate, we first introduce the following definition.

Definition 3.1 (Strichartz admissible pair). We call a pair (p, q) is Strichartz admissible if 2 < p ≤ ∞,

2 ≤ q <∞, and 1

p
+ 1

q
= 1

2
.

We can now state the Strichartz estimate. The proof is almost identical to [88, Proof of Proposition 2.1],

we also refer to Proposition 3.1 in [1], and we omit the proof here.

Proposition 3.2 (Strichartz estimate for the partial harmonic oscillator). For any Strichartz admissible

pair (p, q), we have

∥eit(∆R3
−x2)f(y, x)∥

L
p
tL

q
yL

2
x(R×R2×R) ≲ ∥f∥L2

y,x
.

Meanwhile, for α = 0,1, it holds

∥eit∆yf(y, x)∥
L
p
tL

q
yH

α
x (R×R2×R) ≲ ∥f∥L2

yH
α
x (R2×R).

The following nonlinear estimate, which follows from the Hölder and Sobolev inequalities, is useful in

showing the local well-posedness result.

Proposition 3.3 (Nonlinear estimate). For any 0 < ǫ0 <
1

2
, we have

∥u1u2u3∥
L

4
3
t,yH

1−ǫ0
x

≲ ∥u1∥L4
t,yH

1−ǫ0
x
∥u2∥L4

t,yH
1−ǫ0
x
∥u3∥L4

t,yH
1−ǫ0
x

.

Using Proposition 3.2 and Proposition 3.3, one can easily prove the following local well-posedness and

small data scattering in L2
yH1

x(R2 ×R) and Σ(R3). The local solution can be extended to be global by the

conservation of mass and energy, we refer to [14, 83]. The proof of the local well-posedness is given in

the Appendix; see also [1, 2, 13–15, 17, 18] for a comparison.

Theorem 3.4 (LWP and scattering in L2
yH1

x and Σ).

(1) (Well-posedness) Let u0 ∈ L2
yH1

x, there exits a unique solution u ∈ C0
t L

2
yH1

x(I ×R2 ×R) of (1.2),

where I ⊆ R is the maximal lifespan. Furthermore, if u0 ∈ Σ(R3), the solution u can be extended

to be global in C0
t Σy,x(R ×R2 ×R).

(2) (Scattering norm) If the solution u ∈ C0
tΣy,x(R × R3) of (1.2) satisfies ∥u∥

L4
t,yH

1−ǫ0
x (R×R2×R) ≤ M

for some positive constant M . Then u scatters in Σ(R3), that is there exist u± ∈ Σy,x(R2 ×R) such

that

(3.1) ∥u(t, y, x) − eit(∆R3
−x2)u±(y, x)∥

Σy,x

→ 0, as t→ ±∞.
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We now state the stability theory in L2
yH1

x(R2 × R). The proof is again given in the Appendix. For

a comparison, see [25, 64, 71], in particular, [64, Theorem 3.7]. We also contend that the result in the

following theorem can extended to Σ(R3).
Theorem 3.5 (Stability theorem). Let I be a compact interval and let ũ be an approximate solution to

(1.2) in the sense that ũ satisfies i∂tũ +∆R3 ũ − x2ũ = ∣ũ∣2ũ + e for some function e.

Suppose

∥ũ∥L∞t L2
yH

1
x∩L

4
t,yH

1
x
≤M

for some positive constant M .

Let t0 ∈ I and let u(t0) obey

(3.2) ∥u(t0) − ũ(t0)∥L2
yH

1
x
≤M ′

for some M ′ > 0. Assume in addition that the smallness condition holds

∥ei(t−t0)(∆R3
−x2) (u(t0) − ũ(t0))∥

L4
t,yH

1
x

+ ∥e∥
L

4
3
t,yH

1
x

≤ ǫ,(3.3)

for some 0 < ǫ ≤ ǫ1, where ǫ1 = ǫ1(M,M ′) > 0 is a small constant. Then, there exists a solution u to (1.2)

on I ×R2 ×R with an initial data u(t0) at time t = t0 satisfying

∥u − ũ∥L4
t,yH

1
x
≤ C(M,M ′)ǫ, ∥u − ũ∥L∞t L2

yH
1
x
≤ C(M,M ′)M ′,

and ∥u∥L∞t L2
yH

1
x∩L

4
t,yH

1
x
≤ C(M,M ′).

4. EXISTENCE OF AN ALMOST-PERIODIC SOLUTION

In this section, we will show the existence of an almost-periodic solution by the profile decomposition

and the nonlinear approximation.

4.1. Linear profile decomposition. In this subsection, we will establish the linear profile decomposition

in Σ(R3), which depends on the corresponding decomposition in L2(R2). The linear profile decomposi-

tion in L2 for the mass-critical nonlinear Schrödinger equation has been established by F. Merle and L.

Vega [74], R. Carles and S. Keraani [19], and P. Bégout and A. Vargas [7]. We also refer readers to [64,71]

for other versions of the linear profile decomposition.

Theorem 4.1 (Linear profile decomposition in L2
yH1

x(R2×R) and Σ). Let {uk}k≥1 be a bounded sequence

in L2
yH1

x(R2 ×R). Then after passing to a subsequence if necessary, there exists J∗ ∈ {0,1,⋯} ∪ {∞}, so

that for any J ≤ J∗, we have functions φj ∈ L2
yH1

x(R2 ×R), 1 ≤ j ≤ J , rJk ∈ L
2
yH1

x(R2 ×R), and mutually

orthogonal frames {(λjk, tjk, yjk, ξjk)}k≥1 ⊆ R+ ×R ×R2 ×R2 in the sense that for any j ≠ j′,

λ
j
k

λ
j′
k

+ λ
j′
k

λ
j
k

+ λj
k
λj
′
k
∣ξj

k
− ξj′

k
∣2 + ∣y

j
k − yj

′
k ∣2

λ
j
kλ

j′
k

+
∣(λjk)2 tjk − (λj′k )2 tj′k ∣

λ
j
kλ

j′
k

→∞, as k →∞,(4.1)

such that, for every 1 ≤ j ≤ J , we have a decomposition

uk(y, x) = J

∑
j=1

1

λ
j
k

eiy⋅ξ
j
k (eitjk∆R2φj)(y − yjk

λ
j
k

, x) + rJk (y, x).
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In addition,

lim
k→∞
(∥uk∥2L2

yH
1
x
−

J

∑
j=1
∥φj∥2

L2
yH

1
x

− ∥rJk ∥2L2
yH

1
x

) = 0,(4.2)

λ
j
ke
−it

j
k
∆y(e−i(λj

k
y+y

j
k
)ξjnrJk (λjky + yjk, x) )⇀ 0, in L2

yH1

x, as k →∞, for j ≤ J,(4.3)

limsup
k→∞

∥eit(∆R3
−x2)rJk ∥

L4
t,yH

1−ǫ0
x

→ 0, as J → J∗.(4.4)

Furthermore, if {uk}k≥1 is a bounded sequence in Σ(R3), then in the above conclusion, we can further

take λjk → 1 or∞, as k →∞, ∣ξjk∣ ≤ Cj , for every 1 ≤ j ≤ J . And we have a slight different decomposition

uk(y, x) = J

∑
j=1
φ
j
k(y, x) + rJk (y, x) ∶=

J

∑
j=1

1

λ
j
k

eiy⋅ξ
j
k (eitjk∆R2P

j
kφ

j)(y − yjk
λ
j
k

, x) + rJk (y, x),
where

P
j
kφ

j(y, x) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
φj(y, x), if lim

k→∞
λ
j
k = 1,

P
y

≤(λj
k
)θφ

j(y, x), if lim
k→∞

λ
j
k =∞,

and θ is some fixed positive sufficiently small number. In addition, we also have a slight different decou-

pling

lim
k→∞
(E (uk) − J

∑
j=1
E (φj

k
) − E (rJk )) = 0,(4.5)

and

lim
k→∞
(M (uk) − J

∑
j=1
M (φj

k
) −M (rJk )) = 0,(4.6)

where E andM are given in (ME). Other conclusions (4.1)-(4.4) hold as before.

To prove the above theorem, we need to establish the inverse Strichartz estimate in Proposition 4.6

below. We first recall the following refined Strichartz estimate which is essentially established in [21, 22].

Proposition 4.2 (Refined Strichartz estimate, [21, 22]). For any f ∈ L2
yH1−

ǫ0
2

x , we have

∥eit∆R2f∥
L4
t,y,x(R×R2×R) ≲ ∥f∥

3

4

L2
yH

1− ǫ0
2

x

(sup
Q∈D
∣Q∣− 3

22 ∥eit∆R2fQ∥
L

11
2

t,y,x

)
1

4

,

where

D = ⋃
j∈Z
{[2jk1,2j(k1 + 1)) × [2jk2,2j(k2 + 1)) ∶ (k1, k2) ∈ Z2}

is the collection of all dyadic cubes, and fQ is defined by Fy(fQ) = χQFyf .

To prove the inverse Strichartz estimate, we shall need the following two facts:
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Proposition 4.3 (Local smoothing estimate, [27, 89]). For any given ǫ > 0, we have

∫
R
∫
R2×R

∣(∣∇y∣ 12 eit∆R2f) (y, x)∣2 ⟨y⟩−1−ǫ dydxdt ≲ǫ ∥f∥2L2
y,x(R2×R).

Furthermore, if ǫ ≥ 1, then we have

∫
R
∫
R2×R

∣(⟨∇y⟩ 12 eit∆R2f) (y, x)∣2 ⟨y⟩−1−ǫ dydxdt ≲ǫ ∥f∥2L2
y,x(R2×R).

Lemma 4.4. For each f ∈H1
x(R) and any R > 0, we have

∥f∥L∞x (∣x∣≥R) ≲ R− 1

2 (∥f(x)∥L2
x
+ ∥xf(x)∥ 12

L2
x
∥f ′(x)∥ 12

L2
x
) .

Proof. For any f ∈ H1
x(R), we have

xf 2(x) = ∫ x

0

(zf 2(z))′ dz = ∫ x

0

f 2(z) + 2zf(z)f ′(z)dz,
then by Hölder’s inequality, we get

∥xf 2(x)∥
L∞x
≲ ∥f∥2

L2
x
+ ∥xf(x)∥L2

x
∥f ′(x)∥L2

x
.

Therefore, for any R > 0,

∥f(x)∥L∞x (∣x∣≥R) ≲ R− 1

2 (∥f∥L2
x
+ ∥xf(x)∥ 12

L2
x
∥f ′(x)∥ 12

L2
x
) .

�

We also have the following estimate.

Lemma 4.5. By interpolation, the Hölder inequality, the embedding L4
x(R) ↪ H−1(R), and Proposition

3.2, we have

∥eit∆yf∥
L4
t,yH

1−ǫ0
x
≲ ∥eit∆yf∥ ǫ02

L4
t,yH

−1
x

∥eit∆yf∥1− ǫ0
2

L4
t,yH

1
x

≲ ∥eit∆yf∥ ǫ02
L4
t,y,x

∥f∥1− ǫ0
2

L2
yH

1
x
.(4.7)

We can now prove the inverse Strichartz estimate.

Proposition 4.6 (Inverse Strichartz estimate). For {fk}k≥1 ⊆ L2
yH1

x(R2 ×R) satisfying

lim
k→∞
∥fk∥L2

yH
1
x
= A and lim

k→∞
∥eit∆R2fk∥L4

t,yH
1−ǫ0
x
= ǫ,(4.8)

there exist φ ∈ L2
yH1

x and (λk, tk, ξk, yk) ∈ R+ ×R ×R2 ×R2, so that passing to a further subsequence of if

necessary, we have

λke
−iξk ⋅(λky+yk) (eitk∆R2fk) (λky + yk, x) ⇀ φ(y, x) in L2

yH1

x, as k →∞,

lim
k→∞
(∥fk∥2L2

yH
1
x
− ∥fk − φk∥2L2

yH
1
x
) = ∥φ∥2L2

yH
1
x
≳ A2 ( ǫ

A
)

48

ǫ0

,(4.9)

limsup
k→∞

∥eit∆R2(fk − φk)∥4L4
t,yH

1−ǫ0
x
≤ ǫ

8

ǫ0A
4−

8

ǫ0

⎛
⎝1 − cA2β ( ǫ

A
)

2β

ǫ0 ⎞
⎠ ,(4.10)

where c and β are small positive constants, and

φk(y, x) = 1

λk
eiy⋅ξk (e−i tk

λ2
k

∆
R2

φ)(y − yk
λk

, x) .
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Moreover, if {fk}k≥1 is bounded in Σ(R3), and also

lim
k→∞
∥fk∥Σ = A and lim

k→∞
∥eit∆R2fk∥L4

t,yH
1−ǫ0
x
= ǫ,(4.11)

then we can take λk ≥ 1, ∣ξk∣ ≲ 1 and φ ∈ L2
yH1

x(R2 ×R) such that

λke
−iξk ⋅(λky+yk) (eitk∆R2fk) (λky + yk, x) ⇀ φ(y, x) in L2

yH1

x, as k →∞,(4.12)

and

lim
k→∞
(∥fk∥2Σ − ∥fk − φk∥2Σ) = lim

k→∞
∥φk∥2Σ ≳ A2 ( ǫ

A
)

48

ǫ0

.(4.13)

Proof. Case 1. {fk}k≥1 is bounded in L2
yH1

x. By Proposition 4.2, (4.7) and (4.8), there exists {Qk}k≥1 ⊆ D
so that

ǫ
8

ǫ0A
1−

8

ǫ0 ≲ lim inf
k→∞

∣Qk∣− 3

22 ∥eit∆R2 (fk)Qk
∥
L

11
2

t,y,x

.(4.14)

Let λk be the inverse of the side-length and ξk be the center of the cube Qk. By Hölder’s inequality and

(4.8), we have

lim inf
k→∞

∣Qk∣− 3

22 ∥eit∆R2(fk)Qk
∥
L

11
2

t,y,x

≲ lim inf
k→∞

λ
3

11

k (ǫ 2

ǫ0A
1−

2

ǫ0 ) 8

11 ∥eit∆R2 (fk)Qk
∥ 3

11

L∞t,y,x
.

Together with (4.14), this implies

lim inf
k→∞

λk ∥eit∆R2 (fk)Qk
∥
L∞t,y,x(R×R2×R) ≳ ǫ

24

ǫ0A
1−

24

ǫ0 .

Then by Lemma 4.4 and Bernstein’s inequality, we have

lim inf
k→∞

λk ∥eit∆R2 (fk)Qk
∥
L∞t,y,x(R×R2×{∣x∣≥R})

≲R− 1

2 lim inf
k→∞

λk (∥(fk)Qk
∥
L∞t,yL2

x

+ ∥∣x∣ (fk)Qk
(x)∥ 12

L∞t,yL2
x

∥∂x ((fk)Qk
)∥ 12

L∞t,yL2
x

)
≲R− 1

2 lim inf
k→∞

λk (∣Qk∣ 12 ∥fk∥L∞t L2
y,x
+ ∣Qk∣ 12 ∥xfk∥ 12L∞t L2

y,x
∥∂xfk∥ 12L∞t L2

y,x
)

∼R−
1

2 lim inf
k→∞

(∥fk∥L∞t L2
y,x
+ ∥xfk∥ 12L∞t L2

y,x
∥∂xfk∥ 12L∞t L2

y,x
)→ 0, as R →∞.

Therefore, we can take R large enough such that

lim inf
k→∞

λk ∥eit∆R2 (fk)Qk
∥
L∞t,y,x(∣x∣≥R) ≲

1

2
ǫ
24

ǫ0A
1−

24

ǫ0 .

As a consequence, there exists (tk, yk, xk) ∈ R ×R2 ×R with ∣xk∣ ≤ R, so that

lim inf
k→∞

λk ∣(eitk∆R2 (fk)Qk
) (yk, xk)∣ ≳ ǫ 24

ǫ0A
1−

24

ǫ0 .(4.15)

Since ∣xk∣ ≤ R, we may assume, up to a subsequence, xk → x∗, as k →∞, with ∣x∗∣ ≲ 1.

By the weak compactness of L2
yH1

x, we have

λke
−iξk(λky+yk) (eitk∆R2fk) (λky + yk, x)⇀ φ(y, x) in L2

yH1

x, as k →∞.
By the very basic fact in Hilbert space H that

gk ⇀ g in H ⇒ ∥gk∥2H − ∥gk − g∥2H → ∥g∥2H ,
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we have

lim
k→∞
(∥fk∥2L2

yH
1
x
− ∥fk − φk∥2L2

yH
1
x
) = ∥φ∥2L2

yH
1
x
.

We now turn to the remaining part (4.9). Define h so that Fyh is the characteristic function of the cube

[−1

2
, 1
2
]2. By Lemma 2.1, the function (x, y)↦ h(y)δ0(x) ∈ L2

yH−1x (R2 ×R). From (4.15), we obtain

∣⟨h(y)δ0(x), φ (y, x + x∗)⟩y,x∣ = lim
k→∞
∣⟨δ0(x),∫

R2

h̄(y)λke−iξk ⋅(λky+yk) (eitk∆R2fk) (λky + yk, x + xk) dy⟩
x

∣
= lim

k→∞
λk ∣(eitk∆R2 (fk)Qk

) (yk, xk)∣ ≳ ǫ 24

ǫ0A
1−

24

ǫ0 ,(4.16)

from which it follows

∥φ (y, x + x∗)∥L2
yH

1
x
≳ ǫ 24

ǫ0A
1−

24

ǫ0 .

At the same time, since

∥φ(y, x)∥L2
yH

1
x
≥ ∥φ (y, x + x∗)∥L2

yH
1
x
+ ∥∣x∣φ (y, x + x∗)∥L2

y,x
− ∥∣x∗∣φ (y, x + x∗)∥L2

y,x

= ∥φ (y, x + x∗)∥L2
yH

1
x
− ∣x∗∣ ∥φ(y, x)∥L2

y,x
,

we get

∥φ (y, x + x∗)∥L2
yH

1
x
≤ ∥φ∥L2

yH
1
x
+ ∣x∗∣ ∥φ∥L2

y,x
≲ ∥φ∥L2

yH
1
x
.

Therefore ∥φ∥L2
yH

1
x
≳ ǫ 24

ǫ0A
1−

24

ǫ0 and (4.9) follows. We turn to (4.10), by Proposition 4.3 and the Rellich-

Kondrashov theorem, we have

eit∆R2 (λke−iξk ⋅(λky+yk)(eitk∆R2fk)(λky + yk, x + xk))→ eit∆R2φ(y, x), as k →∞,
for almost every (t, y, x) ∈ R ×R2 ×R. By the refined Fatou’s lemma [72], we obtain

∥eit∆R2fk∥4L4
t,yH

1−ǫ0
x
− ∥eit∆R2(fk − φk)∥4L4

t,yH
1−ǫ0
x
− ∥eit∆R2φk∥4L4

t,yH
1−ǫ0
x
→ 0, as k →∞.

Thus, by the invariance of Galilean transform, we have

limsup
k→∞

∥eit∆R2(fk − φk)∥4L4
t,yH

1−ǫ0
x
= limsup

k→∞

(∥eit∆R2fk∥4L4
t,yH

1−ǫ0
x
− ∥eit∆R2φk∥4L4

t,yH
1−ǫ0
x
)(4.17)

=(ǫ 2

ǫ0A
1−

2

ǫ0 )4 − ∥eit∆R2φ∥4
L4
t,yH

1−ǫ0
x

.

We now take c(t) ∈ C∞ which has compact support on [−1,1], such that

∥c(t)eit∆h∥
L

4
3
t,y

= 1.

Then by (4.16), we have

∣∫
R

⟨c(t)h(y)δ0(x), φ (y, x + x∗)⟩y,x dt∣ ≳ ǫ 24

ǫ0A
1−

24

ǫ0 .

On the other hand, by Hölder’s inequality, Sobolev’s inequality and Lemma 2.1,

∣∫
R

⟨c(t)h(y)δ0(x), φ (y, x + x∗)⟩y,x dt∣ = ∣∫
R

⟨eit∆y (c(t)h(y)δ0(x)) , eit∆yφ (y, x + x∗)⟩
y,x

dt∣
≲ ∥eit∆y (c(t)h(y))∥

L
4
3
t,y

∥eit∆yφ (y, x)∥
L4
t,yH

1−ǫ0
x
≲ ∥eit∆yφ(y, x)∥

L4
t,yH

1−ǫ0
x

.
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Therefore, by the above two estimates and (4.17), we get (4.10).

Case 2. {fk}k≥1 is bounded in Σ(R3). In this case, we have

limsup
k→∞

∥P y
≥Rfk∥L2

yH
1−ǫ0
x
≲ ⟨R⟩−ǫ0 limsup

k→∞

∥fk∥Σ(R3) → 0, as R →∞.
For R ∈ 2Z large enough depending on A and ǫ, by (4.11), Sobolev embedding, and Strichartz estimate,

P
y
≤Rfk satisfies

lim
k→∞
∥eit∆R2P

y
≤Rfk∥L4

t,yH
1−ǫ0
x
≥ lim

k→∞
∥eit∆R2fk∥L4

t,yH
1−ǫ0
x
− lim

k→∞
∥eit∆R2P

y
≥Rfk∥L4

t,yH
1−ǫ0
x

≥ lim
k→∞
∥eit∆R2fk∥L4

t,yH
1−ǫ0
x
−C lim

k→∞
∥P y
≥Rfk∥L2

yH
1−ǫ0
x
≥
1

2
ǫ

2

ǫ0A
1−

2

ǫ0 .

So we can replace fk by P
y
≤Rfk in the above case, and for R = R(A, ǫ) > 0 large enough, we may take{Qk}k≥1 ⊆ D and ∣Qk∣ ≲ R2 such that λk ≳ R−1, and ∣ξk∣ ≲ R. As in the proof of Case 1, we still have

(4.12) and also (4.9), (4.10). Furthermore, if limsup
k→∞

λk <∞, then

λke
−iξk ⋅(λky+yk) (eitk∆R2fk) (λky + yk, x)⇀ φ(y, x)

holds for some φ ∈ Σ(R2 ×R). To show (4.13), we just need to consider the case when λk →∞ because

the situation when limsup
k→∞

λk <∞ is as in Case 1. We note

lim
k→∞
∥φk∥2Σ ≥ lim

k→∞
∥P y

≤λθ
k

φ∥2
L2
yH

1
x

≳ A2 ( ǫ
A
)

48

ǫ0

.

Then the decoupling of the Σ−norm comes from P≤λθ
k
→ Id in L2

yH1
x and (4.12). �

Proof of Theorem 4.1. The conclusion follows by applying Proposition 4.6 repeatedly until the asymptot-

ically linear evolution of the remainder is trivial in L4
t,yH1−ǫ0

x . The decoupling (4.5) and (4.6) follow from

(4.13) and the orthogonality (4.1). �

Remark 4.7. For a linear profile decomposition for the Schrödinger propagator of the Schrödinger op-

erator −∆ + ∣x∣2 in L2, we refer to the work of C. Jao, R. Killip, and M. Visan [58] and C. Jao [57], we

believe that some part of their argument can be applied in our equation. We also refer to the linear profile

decomposition proved by A. Ardila and R. Carles [2].

4.2. Approximation of the nonlinear profile - The case of concentrated initial data. In this section,

we will show that the nonlinear profile uλ given in (1.4)

{i∂tuλ +∆R3uλ − x2uλ = ∣uλ∣2uλ,
uλ(0, y, x) = 1

λ
φ( y

λ
, x),

can be approximated by ũλ given in (1.6)

ũλ(t, y, x) = eit(∆R−x
2)∑

n∈N
(1
λ
vn ( t

λ2
,
y

λ
, x)) , (t, y, x) ∈ R ×R2 ×R,

when λ is sufficiently large. Here vn is the solution of the (DCR) system (1.5)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(i∂t +∆y) vn(t, y, x) = ∑

n1,n2,n3∈N,
n1−n2+n3=n

Πn (vn1
v̄n2

vn3
) (t, y, x),

vn(0, y, x) = φn(y, x) = Πnφ(y, x).
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The following corollary can be proven from Theorem 1.2 by following the argument in [25,64]. In partic-

ular, we refer to [24, Lemma 3.12].

Corollary 4.8 (Corollary of Theorem 1.2: Preservation of higher regularity). Suppose that φ ∈ L2
yH1

x(R2×
R) and v is the global solution of (DCR) given as in Theorem 1.2. For any s1 ≥ 0 and s2 ≥ 1, if we assume

further v∣t=0 ∈Hs1
y Hs2

x (R2 ×R), then the solution v ∈ C0
tH

s1
y Hs2

x (R ×R2 ×R) and satisfies

∥v∥
L∞t H

s1
y H

s2
x ∩L

4
tW

s1,4
y H

s2
x (R×R2×R) ≤ C (∥φ∥Hs1

y H
s2
x (R2×R)) .

Relying on Corollary 4.8, we can now prove the following general result on approximation of the non-

linear profile in the large-scale case. We will prove it with the help of Theorem 3.5.

Theorem 4.9. For any φ ∈ L2
yH1

x, 0 < θ << 1, (λk, tk, yk, ξk) ∈ R+×R×R2 ×R2, ∣ξk∣ ≲ 1 and λk →∞ when

k →∞. There exists a global solution uk ∈ C
0
t L

2
yH1

x of

⎧⎪⎪⎨⎪⎪⎩
i∂tuk +∆yuk +∆xuk − x2uk = ∣uk∣2uk,
uk(0, y, x) = λ−1k eiy⋅ξk (eitk∆yP≤λθ

k
φ)(y−yk

λk
, x) ,

for k large enough, satisfying

∥uk∥L∞t L2
yH

1
x∩L

4
t,yH

1
x(R×R2×R) ≲∥φ∥L2

yH1
x

1.

Furthermore, assume that ǫ4 = ǫ4 (∥φ∥L2
yH

1
x
) is a sufficiently small positive constant and ψ ∈H10

y H10
x such

that

∥φ − ψ∥L2
yH

1
x
≤ ǫ4.

Then there exists a solution v ∈ C0
tH

2
yH1

x(R ×R2 ×R) of (DCR), with

v(0, y, x) = ψ(y, x), if tk = 0,

lim
t→±∞

∥v(t, y, x) − eit∆yψ∥L2
yH

1
x
= 0, if tk → ±∞,

such that for k large enough, we have ∥uk∥L∞t L2
yH

1
x∩L

4
t,yH

1
x(R×R2×R) ≲ 1, with

∥uk(t) −wλk
(t)∥

L∞t L2
yH

1
x∩L

4
t,yH

1
x(R×R2×R) → 0, as k →∞,

where

wλk
(t, y, x) = e−i(t−tk)∣ξk ∣2eiy⋅ξkλ−1k eit(∆x−x

2)v ( t
λ2k
+ tk, y − yk − 2ξk(t − tk)

λk
, x) .

Proof of Theorem 4.9. By translation invariance, we may take yk = 0. By Galilean transformation and ∣ξk∣
is bounded, we may take ξk = 0. Then

wλk
(t, y, x) = λ−1k eit(∆x−x

2)v ( t
λ2k
+ tk, y

λk
, x)

When tk = 0, we will show wλk
is an approximate solution to (1.2). After a simple computation, we see

eλk
∶= (i∂t +∆y +∆x − x2)wλk

− ∣wλk
∣2wλk

= −λ−3k ∑
n∈N

e−it(2n+1) ∑
n1,n2,n3∈N,
n1−n2+n3≠n

e−2it(n1−n2+n3−n) (Πn (vn1
v̄n2

vn3
))( t

λ2k
,
y

λk
, x) .(4.18)
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We will show this error term is small in the dual Strichartz space. Dividing the right hand side of (4.18)

into three terms:

eλk
(t, y, x) = − λ−3k ∑

n∈N
e−it(2n+1) ∑

n1,n2,n3∈N
e−2it(n1−n2+n3−n)P y

≥2−10 (Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x))

+ λ−3k ∑
n∈N

e−it(2n+1) ∑
n1,n2,n3∈N,
n1−n2+n3=n

e−2it(n1−n2+n3−n)P y

≥2−10 (Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x))

− λ−3k ∑
n∈N

e−it(2n+1) ∑
n1,n2,n3∈N,
n1−n2+n3≠n

e−2it(n1−n2+n3−n)P y

≤2−10 (Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x))

=∶ e1λk
+ e2λk

+ e3λk
.

We first consider e1λk
and shall use Bernstein’s inequality, Leibnitz’s rule, Plancherel’s identity and Hölder’s

inequality to estimate as follows:

(4.19)

∥e1λk
(t, y, x)∥

L
4
3
t,yH

1
x

≲λ−1k ∥∑
n∈N

e−iλ
2

k
t(2n+1) ∑

n1,n2,n3∈N
e−2iλ

2

k
t(n1−n2+n3−n)Πn (∇yvn1

⋅ v̄n2
⋅ vn3
) (t, y, x)∥

L
4
3
t,yH

1
x

+⋯

∼λ−1k ∥eiλ2

k
t(∆x−x

2) (eiλ2

k
t(∆x−x

2)∇yv ⋅ eiλ2

k
t(∆x−x2)veiλ2

k
t(∆x−x

2)v) (t, y, x)∥
L

4
3
t,yH

1
x

≲λ−1k ∥∇yv∥L4
t,yH

1
x
∥v∥2L4

t,yH
1
x
→ 0, as k →∞,

where ⋯ are the missing two terms with ∇y acting on v̄n2
and vn3

.

We now turn to the estimate of e2λk
. Using Bernstein’s inequality and Leibniz’s rule as above, we have

∥e2λk
∥
L

4
3
t,yH

1
x

≲λ−1k ∥∑
n∈N

e−iλ
2

k
t(2n+1) ∑

n1,n2,n3∈N,
n1−n2+n3=n

Πn(∇yvn1
⋅ v̄n2

vn3
) (t, y, x) ∥

L
4
3
t,yH

1
x

+⋯

∼λ−1k

XXXXXXXXXXXXXXX
(∑

n∈N
∣⟨n⟩ 12 ∑

n1,n2,n3∈N,
n1−n2+n3=n

Πn(∇yvn1
⋅ v̄n2

vn3
) (t, y, x) ∣2)

1

2

XXXXXXXXXXXXXXXL 4
3
t,yL

2
x

+⋯,
(4.20)

where ⋯ are the missing two terms with ∇y acting on v̄n2
and vn3

.

We observe the following elementary inequality: for n = n1 − n2 + n3

⟨n⟩ 12 ⩽ ⟨n⟩−1⟨n⟩2 ⩽ ⟨n⟩−1⟨n1⟩2⟨n2⟩2⟨n3⟩2.
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Using the fact {⟨n⟩−1}n∈N ∈ l2n, the Minkowski inequality and boundedness of Πn, we have

∥⟨n⟩ 12 ∑
n1,n2,n3∈N,
n1−n2+n3=n

Πn (∇yvn1
⋅ v̄n2

vn3
) (t, y, x)∥

L
4
3
t,yL

2
xl

2
n

≲∥⟨n⟩−1 ∑
n1,n2,n3∈N,
n1−n2+n3=n

⟨n1⟩2⟨n2⟩2⟨n3⟩2 ∣Πn (∇yvn1
⋅ v̄n2

vn3
) (t, y, x)∣ ∥

L
4
3
t,yL

2
xl

2
n

≲∥ ∑
n1,n2,n3∈N

⟨n1⟩2⟨n2⟩2⟨n3⟩2 ∥(∇yvn1
⋅ v̄n2

vn3
) (t, y, x)∥

L2
x
∥
L

4
3
t,y

.

By Hölder’s inequality and the embedding H1(R) ⊆ L∞(R), we find

∥(∇yvn1
⋅ v̄n2

vn3
) (t, y, x)∥

L2
x(R) ≲ ∥∇yvn1

(t, y, x)∥
L2
x(R) ∥vn2

(t, y, x)∥
H1

x(R) ∥vn3
(t, y, x)∥

H1
x(R) .

Similar arguments can be applied to the other two terms on the right hand side of (4.20). All together lead

to the estimate:

∥e2λk
∥
L

4
3
t,yH

1
x

≲λ−1k ∥⟨n1⟩2⟨n2⟩2⟨n3⟩2 ∥(∇yvn1
⋅ v̄n2

vn3
) (t, y, x)∥

L2
x
∥
L

4
3
t,yl

1
n1

l1n2
l1n3

+ λ−1k ∥⟨n1⟩2⟨n2⟩2⟨n3⟩2 ∥(vn1
⋅ ∇yvn2

vn3
) (t, y, x)∥

L2
x
∥
L

4
3
t,yl

1
n1

l1n2
l1n3

+ λ−1k ∥⟨n1⟩2⟨n2⟩2⟨n3⟩2 ∥(vn1
⋅ v̄n2
∇yvn3

) (t, y, x)∥
L2
x
∥
L

4
3
t,yl

1
n1

l1n2
l1n3

≲λ−1k ∥⟨n1⟩3⟨n2⟩3⟨n3⟩3 ∥∇yvn1
(t, y, ⋅)∥

L2 ∥vn2
(t, y, ⋅)∥

H1 ∥vn3
(t, y, ⋅)∥

H1∥
L

4
3
t,yl

2
n1

l2n2
l2n3

≲λ−1k ∥∇yv∥L4
t,yH

6
x
∥v∥2L4

t,yH
7
x
≲ λ−1k C (∥ψ∥H1

yH
6
x
)C (∥ψ∥L2

yH
7
x
)→ 0, as k →∞.

(4.21)
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Now, we only need to deal with e3λk
. We will use the normal form transform to exploit additional decay

of λk, since it possesses time non-resonance property. Integrating by parts and direct computation imply

∫
t

0

ei(t−τ)(∆y+∆x−x
2)e3λk

(τ)dτ
= − λ−3k ∑

n1,n2,n3,n∈N
n1−n2+n3≠n

∫
t

0

eit(∆y−2n−1)e−iτ∆̃yP y

≤2−10 (Πn (vn1
v̄n2

vn3
)( τ
λ2k
,
y

λk
, x)) dτ

= − λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1)e−it∆̃y(−i∆̃y)−1P y

≤2−10Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x)

+ λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1)(−i∆̃y)−1P y

≤2−10Πn (vn1
v̄n2

vn3
) (0, y

λk
, x)

+ λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

∫
t

0

eit(∆y−2n−1)e−iτ∆̃y(−i∆̃y)−1∂τ (P y

≤2−10Πn (vn1
v̄n2

vn3
)( τ
λ2
k

,
y

λk
, x)) dτ

=λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y+∆x−x
2)(−i∆̃y)−1P y

≤2−10Πn (vn1
v̄n2

vn3
)(0, y

λk
, x)

− λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

e−2it(n1−n2+n3)−it(−i∆̃y)−1P y

≤2−10Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x)

+ λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1) ∫
t

0

e−iτ∆̃y(−i∆̃y)−1∂τP y

≤2−10Πn (vn1
v̄n2

vn3
)( τ
λ2k
,
y

λk
, x) dτ,

where the operator ∆̃y is defined to be

∆̃y ∶= 2(n1 − n2 + n3 − n) +∆y.

This is a perturbation of the Laplacian operator and we suppress the parameters n1, n2, n3, n. The inverse

operator (−∆̃y)−1 is defined by the Fourier transform

Fy ((−i∆̃y)−1 f) (ξ, x) = i(Fyf)(ξ, x)
2(n1 − n2 + n3 − n) − ∣ξ∣2 .

This operator is invertible when n1 − n2 + n3 − n ≠ 0 and ∣ξ∣ ≤ 2−10. We will use this expression in the

remaining of the proof.

Denote

e3,1λk
∶=∥λ−3k ∑

n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y+∆x−x
2)P y

≤2−10 ((−i∆̃y)−1 (Πn (vn1
v̄n2

vn3
)(0, y

λk
, x)))∥

L4
t,yH

1
x

,

e
3,2
λk
∶=∥λ−3k ∑

n1,n2,n3,n∈N,
n1−n2+n3≠n

e−2it(n1−n2+n3)−it(−i∆̃y)−1 (P y

≤2−10Πn (vn1
v̄n2

vn3
)( t
λ2k
,
y

λk
, x))∥

L4
t,yH

1
x

,
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and

e
3,3
λk
∶= ∥λ−3k ∑

n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1) ∫
t

0

e−iτ∆̃y(−i∆̃y)−1 (∂τP y

≤2−10Πn (vn1
v̄n2

vn3
)( τ
λ2k
,
y

λk
, x)) dτ∥

L4
t,yH

1
x

.

Then, we have

∥∫ t

0

ei(t−τ)(∆y+∆x−x
2)e3λk

(τ, y, x)dτ∥
L4
t,yH

1
x

∼ e
3,1
λk
+ e3,2λk

+ e3,3λk
.(4.22)

First, we consider the term e
3,1
λk

. By the boundedness of the operator P
y

≤2−10(−i∆̃y)−1 when n1−n2+n3 ≠ n

and Minkowski’s inequality, we may estimate as follows:

e
3,1
λk
≲∥∥⟨n⟩ 12 ∑

n1,n2,n3∈N
n1−n2+n3≠n

λ−3k P
y

≤2−10(−i∆̃y)−1Πn ((vn1
v̄n2

vn3
) (0, y

λk
, x))∥

l2n

∥
L2
y,x

≲λ−3k ∥⟨n⟩ 12 ∑
n1,n2,n3∈N
n1−n2+n3≠n

∥Πn ((vn1
v̄n2

vn3
)(0, y

λk
, x))∥

L2
y

∥
L2
xl

2
n

≲λ−2k ∥⟨n⟩ 12 ∑
n1,n2,n3∈N

∥Πn ((vn1
v̄n2

vn3
) (0, y, x))∥L2

y
∥
L2
xl

2
n

≲λ−2k ∑
n1,n2,n3∈N

∥⟨n⟩ 12Πn ((vn1
v̄n2

vn3
) (0, y, x))∥

L2
y,xl

2
n

≲ λ−2k ∑
n1,n2,n3∈N

∥(vn1
v̄n2

vn3
) (0, y, x)∥L2

yH
1
x

≲λ−2k ∑
n1,n2,n3∈N

∥vn1
(0, y, x)∥L6

yH
1
x
∥vn2
(0, y, x)∥L6

yH
1
x
∥vn3
(0, y, x)∥L6

yH
1
x

≲λ−2k C (∥v(0, y, x)∥H1
yH

3
x
)3 → 0, as k →∞.

(4.23)

Next, we consider the term e3,2
λk

. As in the estimate of e3,1
λk

. By the boundedness of the operatorP y

≤2−10(−i∆̃y)−1
when n1 − n2 + n3 ≠ n, Minkowski’s inequality, the fractional Leibniz rule, Sobolev’s inequality and

Hölder’s inequality, we have

e
3,2
λk
≲λ−3k ∥⟨n⟩ 12 ∑

n1,n2,n3∈N
n1−n2+n3≠n

e−2it(n1−n2+n3)−it(−i∆̃y)−1P y

≤2−10Πn( (vn1
v̄n2

vn3
) ( t
λ2k
,
y

λk
, x))∥

L4
t,yL

2
xl

2
n

(4.24)

≲λ−3k ∥⟨n⟩ 12 ∑
n1,n2,n3∈N
n1−n2+n3≠n

∥Πn( (vn1
v̄n2

vn3
)( t
λ2
k

,
y

λk
, x))∥

L4
y

∥
L4
tL

2
xl

2
n

≲λ− 3

2

k ∥ ∑
n1,n2,n3∈N

∥vn1
v̄n2

vn3
∥
H

1
2
y H

1
x

∥
L4
t

≲ λ− 3

2

k ∥∥v(t, y, x)∥3
W

3
4
,4

y H5
x

∥
L4
t

≲λ− 3

2

k
∥v(t, y, x)∥3

L12
t W

3
4
,4

y H5
x

≲ λ− 3

2

k
C (∥v(0, y, x)∥

H
13
12
y H5

x

)3 → 0, as k →∞.
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Finally, we are left to consider the term e
3,3
λk

. Applying the Strichartz estimate, we obtain

∥λ−3k ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1)∫
t

0

e−iτ∆̃y(−i∆̃y)−1 (∂τP y

≤2−10Πn (vn1
v̄n2

vn3
)( τ
λ2k
,
y

λk
, x)) dτ∥

L4
t,yH

1
x

≲∥ (i∂t +∆y +∆x − x2) ∑
n1,n2,n3,n∈N
n1−n2+n3≠n

eit(∆y−2n−1)

∫
t

0

P
y

≤2−10(e−iτ∆̃y(−i∆̃y)−1∂τΠn

⎛
⎝λ−3k vn1

( τ
λ2k
,
y

λk
, x) vn2

( τ
λ2k
,
y

λk
, x)vn3

( τ
λ2k
,
y

λk
, x)⎞⎠)dτ∥

L1
tL

2
yH

1
x

.

(4.25)

We observe, after some computation, that

(i∂t +∆y +∆x − x2) ∑
n1,n2,n3,n∈N,
n1−n2+n3≠n

eit(∆y−2n−1) ∫
t

0

e−iτ∆̃y(−i∆̃y)−1P y

≤2−10

⋅ ∂τΠn

⎛
⎝λ−3k vn1

( τ
λ2k
,
y

λk
, x) vn2

( τ
λ2k
,
y

λk
, x)vn3

( τ
λ2k
,
y

λk
, x)⎞⎠dτ

= ∑
n1,n2,n3,n∈N
n1−n2+n3≠n

e−2it(n1−n2+n3)−it(−i∆̃y)−1P y

≤2−10∂tΠn

⎛
⎝λ−3k vn1

( t
λ2k
,
y

λk
, x) vn2

( t
λ2k
,
y

λk
, x)vn3

( t
λ2k
,
y

λk
, x)⎞⎠ .

Therefore, by the above observation, Plancherel’s theorem and Leibniz’s rule, we have

(4.25) ≲∥(∑
n∈N
( ∑

n1,n2,n3∈N,
n1−n2+n3≠n

∣e−2it(n1−n2+n3−n)−it(−i∆̃y)−1P y

≤2−10∂tΠn(λ−3k vn1
( t
λ2k
,
y

λk
, x)

⋅ vn2
( t
λ2
k

,
y

λk
, x)vn3

( t
λ2
k

,
y

λk
, x))∣)

2

⟨n⟩)
1

2∥
L1
tL

2
yL

2
x

≲∥(∑
n∈N
( ∑

n1,n2,n3∈N,
n1−n2+n3≠n

∥∂tΠn(λ−3k vn1
( t
λ2k
,
y

λk
, x)vn2

( t
λ2k
,
y

λk
, x)vn3

( t
λ2k
,
y

λk
, x))∥

L2
y,x

)
2

⟨n⟩)
1

2∥
L1
t

≲λ−2k ∑
n1,n2,n3∈N

∥∂tvn1
⋅ v̄n2

vn3
∥L1

tL
2
yH

1
x
+ λ−2k ∑

n1,n2,n3∈N
∥vn1
⋅ ∂tvn2

vn3
∥
L1
tL

2
yH

1
x

+ λ−2k ∑
n1,n2,n3∈N

∥vn1
⋅ v̄n2

∂tvn3
∥L1

tL
2
yH

1
x
.

(4.26)
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We shall only show how to estimate the first term on the right hand side of (4.26) as the other two terms

can be estimated similarly. By Hölder’s inequality, and the fact that v satisfies (DCR), we have

∑
n1,n2,n3∈N

∥∂tvn1
v̄n2

vn3
∥L1

tL
2
yH

1
x
≲∥v∥2

L3
tL

6
yH

3
x
∥∂tv∥L3

tL
6
yH

3
x

≲∥v∥2
L3
tL

6
yH

3
x
∥∆yv∥L3

tL
6
yH

3
x
+ ∥v∥2

L3
tL

6
yH

3
x
∥ ∑

n4,n5,n6,n1∈N,
n4−n5+n6=n1

Πn1
(vn4

v̄n5
vn6
) ∥

L3
tL

6
yH

3
x

.

Applying Hölder’s inequality and the Sobolev embedding, we have

∥ ∑
n4,n5,n6,n1∈N,
n4−n5+n6=n1

Πn1
(vn4

v̄n5
vn6
) ∥

L3
tL

6
yH

3
x

≲ ∥⟨n1⟩ 32 ∑
n4,n5,n6∈N,
n4−n5+n6=n1

Πn1
(vn4

v̄n5
vn6
)∥

L3
tL

6
yL

2
xl

2
n1

≲∥ ∑
n4,n5,n6∈N,
n4−n5+n6=n1

⟨n1⟩−1⟨n4⟩3⟨n5⟩3⟨n6⟩3 ∣Πn1
(vn4

v̄n5
vn6
)∣ ∥

L3
tL

6
yL

2
xl

2
n1

≲∥ ∑
n4,n5,n6∈N

⟨n4⟩3⟨n5⟩3⟨n6⟩3 ∥vn4
v̄n5

vn6
∥L2

x
∥
L3
tL

6
y

≲∥ ∑
n4,n5,n6∈N

⟨n4⟩3⟨n5⟩3⟨n6⟩3 ∥vn4
∥
H1

x
∥vn5
∥
H1

x
∥vn6
∥
H1

x
∥
L3
tL

6
y

≲ ∥v∥3L9
tL

18
y H

9
x
≤ C (∥ψ∥

H
2
3
y H

9
x

)3 ,
where in the last inequality we use the fact that by Corollary 4.8, we have

∥v∥L3
tL

6
yH

3
x
≤ C (∥ψ∥L2

yH
3
x
) ,

and

∥∆yv∥L3
tL

6
yH

3
x
≤ C (∥∆yψ∥L2

yH
3
x
) .

Combining all these estimates together, we finally obtain

e3,3
λk
≲ λ−2k (C (∥ψ∥L2

yH
3
x
)2C (∥∆yψ∥L2

yH
3
x
) +C (∥ψ∥L2

yH
3
x
)2C (∥ψ∥

H
2
3
y H

9
x

)3)→ 0, as k →∞.(4.27)

To apply Theorem 3.5, we see

lim
k→∞
∥wλk
(0, y, x) − uλk

(0, y, x)∥L2
yH

1
x
= ∥φ − ψ∥L2

yH
1
x
≤ ǫ4,

∥wλk
∥L∞t L2

yH
1
x(R×R2×R) = ∥ 1

λk
v ( t

λ2k
,
y

λk
, x)∥

L∞t L2
yH

1
x

= ∥v∥L∞t L2
yH

1
x
,

and

∥wλk
∥L4

t,yH
1
x(R×R2×R) =∥ 1

λk
v ( t

λ2k
,
y

λk
, x)∥

L4
t,yH

1
x

= ∥v∥L4
t,yH

1
x
.

These together with the estimates (4.19), (4.21), (4.22), (4.23), (4.24), (4.27) and Theorem 1.2 yields

Theorem 4.9 when tk = 0.
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If tk → ±∞, as k →∞, v is the solution of (DCR) with

lim
t→±∞

∥v(t, y, x) − eit∆yψ∥L2
yH

1
x
= 0.

By the argument in the case tk = 0, we can also obtain Theorem 4.9 in this case. �

4.3. Existence of an almost-periodic soltuion. Define

Λ(L) = sup ∥u∥
L4
t,yH

1−ǫ0
x (R×R2×R),

where the supremum is taken over all global solutions u ∈ C0
t (R,Σ(R3)) of (1.2) with

E(u(t)) +M(u(t)) ≤ L.
The proof of Theorem 3.4 implies Λ(L) <∞ for sufficiently small L. Let

Lmax = sup {L ≥ 0 ∶ Λ(L) <∞} .(4.28)

If Lmax < ∞, then following the arguments in [21, 22], one can show the existence of an almost periodic

solution with the help of Theorems 4.1 and 4.9. The proof is rather standard, we refer to [21,22,61,62,64,

86] and omit the proof here.

Theorem 4.10 (Existence of an almost-periodic solution). Assume that Lmax < ∞. Then there exists a

solution uc ∈ C
0
t (R,Σ(R3)) of the defocusing cubic NLS with partial harmonic potential (1.2) satisfying

(4.29) E(uc) +M(uc) = Lmax and ∥uc∥L4
t,yH

1−ǫ0
x (R×R2×R) =∞.

Furthermore, uc is almost periodic in the sense that for any η > 0, there is a Lipschitz function t ↦ y(t)
and a sufficiently large positive number C(η) such that

∫∣y+y(t)∣≥C(η) ∥uc(t, y, x)∥2H1
x
dy < η, ∀ t ∈ R.(4.30)

5. RIGIDITY THEOREM

In this section, we will exclude the almost-periodic solution in Theorem 4.10 by the interaction Morawetz

estimate with an appropriately chosen weight function. Once the almost-periodic solution is excluded, we

can finish the proof of Theorem 1.1.

Proposition 5.1 (Non-existence of the almost-periodic solution). The almost-periodic solution uc as in

Theorem 4.10 does not exist.

Proof. For each r0 > 0, we define the interaction Morawetz action

Mr0(t) = ∫
R2×R
∫
R2×R

I(uc(t, y, x)∇yuc(t, y, x)) ⋅ ∇yψr0 (∣y − ỹ∣) ∣uc (t, ỹ, x̃)∣2 dydxdỹdx̃,
where I = Im denotes the imaginary part of a complex number and ψr0 ∶R→ R is a radial function defined

as in [23, 78] with

∆ψr0(r) = ∫ ∞

r
s log (s

r
)wr0(s)ds,

where

wr0(s) = {
1

s3
, if s ≥ r0,

0, if s < r0.
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It is straightforward to verify that ψr0 is convex and ∣∇ψr0 ∣ is uniformly bounded (independent of r0), with

−∆2ψr0(r) = 2πr0 δ0(r) −wr0(r).
Using the above properties of the weight function ψr0 , one can show (see [23, Section 3.3]) for all T0 > 0,

∫
T0

−T0

∫
R2

∣∣∇y∣ 12 (∥uc(t, y, x)∥2L2
x(R))∣

2

dydt ≲ ∥uc∥3L∞t L2
y,x
∥∇yuc∥L∞t L2

y,x
≲ 1.(5.1)

By (4.30) and the conservation of mass, we have

∥uc∥2L2
y,x

2
≤ ∫∣y+y(t)∣≤C(mc

100
) ∥uc(t, y, x)∥2L2

x
dy.(5.2)

where mc ∶=M(uc) > 0 by (4.29).

Therefore, for each T0 > 0, by (5.2), Sobolev’s inequality, and (5.1), we deduce

m2
cT0

2
≤ ∫

T0

−T0

(∫∣y+y(t)∣≤C(mc
100
) ∥uc(t, y, x)∥2L2

x
dy)

2

dt

≲ C (mc

100
)∫ T0

−T0

((∫
R2

(∥uc(t, y, x)∥2L2
x
)4 dy)

1

4)
2

dt

≲ C (mc

100
)∫ T0

−T0

∫
R2

∣∣∇y ∣ 12 (∥uc(t, y, x)∥2L2
x
)∣2 dydt ≲ C (mc

100
) .

Letting T0 →∞, we obtain a contradiction, and this concludes the proof. �

Finally, we can now reach to Theorem 1.1.

Proof of Theorem 1.1 . By Theorems 1.2 and 3.4, to prove the scattering of solutions to (1.2), it suffices to

show the finiteness of the L4
t,yH1−ǫ0

x −norm of the solution of (1.2).

To this end, let Lmax be given as in (4.28). Then, equivalently, we need show that Lmax =∞. Suppose

for a contradiction that Lmax < ∞. Then Theorem 4.10 would yield an almost-periodic solution of (1.2),

which is impossible in view of Proposition 5.1. This completes the proof. �

6. SCATTERING OF THE (DCR)

In this section, we will prove Theorem 1.2, that is the global well-posedness and scattering of the (DCR)

system:

{i∂tv +∆R2v = F (v),
v(0, y, x) = φ(y, x),

where

F (v) ∶= ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (Πn1
vΠn2

vΠn3
v)

and Πn is the orthogonal projector on the nth eigenspace En of −∆x + x2.

We will mainly follow the approach to the global well-posedness and scattering of the two-dimensional

mass-critical nonlinear Schrödinger equation as in [31]. The main ingredient is to establish an infinite

dimensional vector-valued version of 2D long-time Strichartz estimate, which helps us to preclude certain

almost periodic solutions.
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The (DCR) system is Hamiltonian with an energy functional

E(v) = 1
2
∑
n∈N∫R2×R

∣∇yvn∣2 dydx + 1

4
∑

n,n1,n2,n3,n4∈N,
n1−n2+n3−n4=n

∫
R2×R

vn1
v̄n2

vn3
v̄n4

dydx,

under the symplectic structure on L2
y,x(R2 × R) given by ω(f, g) ∶= I ∫R2×R

f(y, x)g(y, x)dydx. It also

conserves the following massM and kinetic energy E0:

M(v) = ∫
R2×R

∣v(t, y, x)∣2 dydx,
E0(v) = ∫

R2×R

∣(−∆x + x2) 12 v(t, y, x)∣2 dydx = ∑
n∈N
(2n + 1)∥vn∥2L2

y,x(R2×R) = ∥v∥2L2
yH

1
x(R2×R).

We shall divide this section into three subsections. In Section 6.1, we establish the local well-posedness

theory for (DCR) and reduce the scattering to the exclusion of almost periodic solutions. In Section 6.2,

we derive the long time Strichartz estimate and in Section 6.3, we exclude the almost periodic solution.

6.1. Local well-posedness and reduction to the almost periodic solution. In this subsection, we will

present the well-posedness theory of the (DCR). Then following similar ideas as in [21, 22, 86, 92], we

shall prove that there is an almost periodic solution of (DCR) if the system is not global well-posed and

if the solution does not scatter in L2
yH1

x. That is we reduce the global well-posedness and scattering of

(DCR) to the exclusion of this almost periodic solution.

6.1.1. Local well-posedness theory and the existence of almost periodic solution. The local well-posedness

theory of the (DCR) system follows from a more or less standard argument: the Strichartz estimate in

Proposition 3.2 and the nonlinear estimate in Lemma 6.2. The proof of the nonlinear estimate relies on

the following Strichartz estimate for the harmonic oscillator.

Lemma 6.1 (Strichartz estimate for the harmonic oscillator, [14, 60]). For 2 ≤ q, r ≤∞ with 2

q
+ 1

r
= 1

2
, we

have the following estimate

∥eit(∆x−x
2)f∥

L
q
tW

s,r
x ([−T1,T1]×R)

≲ ∥f∥Hs
x(R).

holds for any T1 > 0 and s ≥ 0.

We can now give the nonlinear estimate.

Lemma 6.2. For functions F1, F2, F3 defined on R2 ×R, we have

∥ ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (Πn1
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F2Πn3
F3) ∥
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3
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x

≲ ∥F1∥L4
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2
x
∥F2∥L4

yL
2
x
∥F3∥L4

yL
2
x
,(6.1)

and consequently, for any β ≥ 0,

∥ ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (Πn1
F1Πn2

F2Πn3
F3)∥

L
4
3
y H

β
x

≲ min
τ∈σ3

∥Fτ(1)∥L4
yH

β
x
∥Fτ(2)∥L4

yL
2
x

∥Fτ(3)∥L4
yL

2
x

,(6.2)

where σ3 is a permutation of the set {1,2,3}.
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Proof. Let F0 ∈ L4
yL

2
x, by Hölder’s inequality and Lemma 6.1, we have

⟨ ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (Πn1
F1Πn2

F2Πn3
F3) , F0⟩
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1

π
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π

0

e2it(n1−n2+n3−n)∫
R2×R

Πn1
F1Πn2

F2Πn3
F3ΠnF0 dydxdt

=
1

π
∫

π

0
∫
R2×R

eit(−∆x+x
2)F1(y, x)eit(−∆x+x2)F2(y, x)eit(−∆x+x

2)F3(y, x)eit(−∆x+x2)F0(y, x)dydxdt
≲∫

R2

∥eit(−∆x+x
2)F0(y, x)∥

L∞t L2
x([0,π]×R)

∥eit(−∆x+x
2)F1(y, x)∥

L2
tL

4
x([0,π]×R)

∥eit(−∆x+x
2)F2(y, x)∥

L4
tL

8
x([0,π]×R)

∥eit(−∆x+x
2)F3(y, x)∥

L4
tL

8
x([0,π]×R)

dy

≲∫
R2

∥F0(y, x)∥L2
x(R) ∥eit(−∆x+x

2)F1(y, x)∥L8
tL

4
x([0,π]×R)

∥eit(−∆x+x
2)F2(y, x)∥

L
16
3

t L8
x([0,π]×R)

∥eit(−∆x+x
2)F3(y, x)∥

L
16
3

t L8
x([0,π]×R)

dy

≲∫
R2

∥F0(y, x)∥L2
x
∥F1(y, x)∥L2

x
∥F2(y, x)∥L2

x
∥F3(y, x)∥L2

x
dy.

Therefore,

∥ ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (Πn1
F1Πn2

F2Πn3
F3) ∥

L
4
3
y L2

x

≲ ∥F1∥L4
yL

2
x
∥F2∥L4

yL
2
x
∥F3∥L4

yL
2
x
,

which is (6.1). One can similarly prove (6.2) using the fractional Leibniz rule. �

Lemma 6.2 provides the following estimate for the nonlinearity F (v).
Lemma 6.3. For each solution v of (DCR), we have

∥F (v)∥
L

4
3
t,yH

α
x

≲ ∥v∥3
L4
t,yH

α
x
, where α = 0,1.

Thus by Proposition 3.2, the solution v of (DCR) satisfies the Strichartz estimate

∥v∥Lp
tL

q
yH

α
x(I×R2×R) ≲ ∥v0∥L2

yH
α
x(R2×R) + ∥v∥3L4

t,yH
α
x(I×R2×R), for α = 0,1,(6.3)

where I ⊆ R, and (p, q) is Strichartz admissible pair.

As a consequence of Lemma 6.3 and (6.2), we obtain the following well-posedness theory. Since the

proof is well-known (see for instance [21, 22, 64, 83]), we omit it.

Theorem 6.4 (Well-posedness and scattering of the equation (DCR)).

(1) (Local well-posedness) Assume ∥v0∥L2
yH

1
x
<∞. The (DCR) admits a unique solution

v ∈ (C0

t L
2

yH1

x ∩L4

t,yH1

x) ((−T,T ) ×R2 ×R)
for some T > 0.
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(2) (Small data scattering) There is a sufficient small constant δ > 0, such that when ∥v0∥L2
yH

1
x
≤ δ,

(DCR) admits a unique global solution v with v(0) = v0, which scatters in L2
yH1

x in the sense that

there exist v± ∈ L2
yH1

x(R2 ×R), such that

∥v(t) − eit∆yv±∥
L2
yH

1
x

→ 0, as t→ ±∞.
(3) (Scattering norm) Suppose v is a maximal lifespan solution on I with ∥v∥L4

t,yL
2
x(I×R2×R) <∞, then

v globally exists and scatters in L2
yH1

x.

We also have the stability theorem by Lemmas 6.2 and 6.3. The argument is similar to the proof of

Theorem 3.5, and we also refer to [25, 64].

Theorem 6.5 (Stability). Let l ∈ {0,1}, I be a compact interval and ṽ ∈ (C0
t L

2
yH1

x ∩L4
t,yH1

x) (I ×R2 ×R)
be an approximate solution of (DCR) with the error term e = i∂tṽ +∆yṽ −F (ṽ). Then for any ǫ > 0, there

is δ > 0 such that if

∥e∥
L

4
3
t,yH

l
x(I×R2×R)

+ ∥ṽ(t0) − v0∥L2
yH

1
x
≤ δ,

then (DCR) admits a solution v ∈ (L∞t L2
yH1

x ∩L4
t,yHl

x) (I ×R2 ×R) with v(t0) = v0 and

∥ṽ − v∥L4
t,yH

l
x∩L

∞
t L2

yH
1
x(I×R2×R) < ǫ.

To prove (DCR) is globally well-posed and scatters for large data, by Theorem 6.4, we need to prove

∥v∥L4
t,yL

2
x(R×R2×R) <∞,

where v is a solution to (DCR) with initial data v0 ∈ L2
yH1

x(R2 × R). For the solution v of (DCR) with

maximal lifespan interval I , let

S(m) = sup {∥v∥L4
t,yL

2
x(I×R2×R) ∶ ∥v(0)∥L2

yH
1
x(R2×R) ≤m} ,

and

m0 = sup {m ∶ S(m̃) <∞,∀ m̃ <m} > 0.
If have m0 = ∞, then the global well-posedness and scattering in L2

yH1
x of (DCR) hold. Following the

argument in [64, 86], and using Theorems 6.5 and 4.1 during the proof, we have

Theorem 6.6 (Existence of an almost periodic solution to (DCR)). Assume m0 <∞. Then there exists an

non-zero almost periodic solution v ∈ C0
t L

2
yH1

x∩L4
t,yL

2
x(I ×R2 ×R) to (DCR) with I the maximal lifespan

interval such thatM(v) = m0. In addition, for any η > 0, there exists C(η) > 0 and (y(t), ξ(t),N(t)) ∈
R2 ×R2 ×R+ such that

∫∣y−y(t)∣≥C(η)
N(t)
∥v(t, y, x)∥2

H1
x
dy + ∫∣ξ−ξ(t)∣≥C(η)N(t) ∥(Fyv)(t, ξ, x)∥2H1

x
dξ < η, ∀ t ∈ I.(6.4)

Furthermore, we can take [0,∞) ⊆ I , and N(0) = 1, ξ(0) = y(0) = 0, with

N(t) ≤ 1, ∣N ′(t)∣ + ∣ξ′(t)∣ ≲ N(t)3, ∀ t ∈ [0,∞).
As in [29,31,32,64,79], we see the almost periodic solution in Theorem 6.6 has the following property:
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Theorem 6.7. (1) If J ⊆ I is an interval which is partitioned into small intervals Jk in the sense that∥v∥L4
t,yL

2
x(Jk×R2×R) = 1, then we have

N(Jk) ∼ ∫
Jk

N(t)3 dt ∼ inf
t∈JkN(t), and ∑

Jk⊆J
N(Jk) ∼ ∫

J
N(t)3 dt,(6.5)

where N(Jk) = sup
t∈Jk

N(t).
(2) For any interval J ⊆ [0,∞), we have

∫
J
N(t)2 dt ≲ ∥v∥4

L4
t,yL

2
x(J×R2×R) ≲ 1 + ∫

J
N(t)2 dt.(6.6)

Proof of Theorems 6.6 and 6.7. With Theorems 4.1 and 6.5 at hand, one can follow the arguments in [21,

22, 29, 31, 32, 64, 79, 86]. �

6.1.2. Some functional spaces and bilinear Strichartz estimates. As in [31], due to the failure of the

endpoint Strichartz estimate in 2-D, we need to utilize the function spaces Up
∆

and V p
∆

introduced originally

in the seminal work of Koch and Tataru [68]; see also [46,70,71] for more detailed study on these spaces.

The structure of our (DCR) system motivates us to introduce the Banach spaces U
p
∆
(L2

x) and V
p
∆
(L2

x) as

follows.

Definition 6.8 (U
p
∆
(L2

x) space). For 1 ≤ p < ∞, let U
p
∆
(L2

x) be an atomic space, where an atom vγ is

defined to be

vγ(t, y, x) = N

∑
k=0

χ[tk ,tk+1)(t)eit∆yv
γ
k(y, x), with

N

∑
k=0
∥vγk(y, x)∥pL2

y,x

= 1.

In the expansion of vγ , N may be finite or infinite, t0 = −∞, and tN+1 =∞ if N is finite. We impose a norm

on ∥ ⋅ ∥Up
∆
(L2

x) as

∥v∥Up
∆
(L2

x) = inf {∑
γ

∣cγ ∣ ∶ v =∑
γ

cγv
γ, where vγ are U

p
∆
(L2

x) atoms} .
For a time interval I ⊆ R, we define

∥v∥Up
∆
(L2

x,I) = ∥v1I∥Up
∆
(L2

x).

Let DUp
∆
(L2

x) be the space

DUp
∆
(L2

x) = {(i∂t +∆y) v ∶ v ∈ Up
∆
(L2

x)} ,
endowed with the following norm

∥(i∂t +∆y) v(t, y, x)∥DU
p
∆
(L2

x) = ∥∫
t

0

ei(t−s)∆y(i∂s +∆y)v(s, y, x)ds∥
U

p
∆
(L2

x)
.

For each time interval I ⊆ R, we can similarly define the restriction space DUp
∆
(L2

x, I).
Definition 6.9 (V

p
∆
(L2

x) space). For 1 ≤ p < ∞, V
p
∆
(L2

x) is defined to be the space of right continuous

functions v ∈ L∞t L
2
y,x such that

∥v∥p
V

p
∆
(L2

x) = ∥v∥pL∞t L2
y,x
+ sup
{tk}k↗

∑
k

∥e−itk+1∆yv(tk+1) − e−itk∆yv(tk)∥pL2
y,x

<∞.
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When the time is restricted to I ⊆ R, We can similarly define the function space V
p
∆
(L2

x, I). Then we have

(DUp
∆
(L2

x))∗ = V p′
∆
(L2

x).(6.7)

The following basic properties are strightfoward to verify. For the proofs, see [46, 71].

Remark 6.10 (Basic properties of U
p
∆
(L2

x) and V
p
∆
(L2

x)). For any 1 < p < q <∞ and a ≤ b ≤ c, we have

Up
∆
(L2

x) ⊆ V p
∆
(L2

x) ⊆ U q
∆
(L2

x),(6.8)

∥v∥Up
∆
(L2

x,[a,b]) ≤ ∥v∥Up
∆
(L2

x,[a,c]), and ∥v∥p
U

p
∆
(L2

x,[a,c])
≤ ∥v∥p

U
p
∆
(L2

x,[a,b])
+ ∥v∥p

U
p
∆
(L2

x,[b,c])
,(6.9)

and

∥v∥Up
∆
(L2

x) ≲ ∥v∣t=0∥L2
y,x
+ ∥(i∂t +∆y) v∥DU

p
∆
(L2

x) .(6.10)

Moreover,

L
p′
t L

r′
y L

2

x ⊆DU
2

∆
(L2

x), and U
p
∆
(L2

x) ⊆ Lp
tL

r
yL

2

x, where (p, r) is Strichartz admissible.(6.11)

Following the argument in [31], we also have

Lemma 6.11. Suppose I = ⋃m
j=1 Ij , where Ij = [aj , bj], aj+1 = bj . If f ∈ L1

tL
2
y,x(I ×R2 ×R), then ∀ t0 ∈ I ,

∥∫ t

t0

ei(t−τ)∆yf(τ, y, x)dτ∥
U2

∆
(L2

x,I)
≲

m

∑
j=1
∥∫

Ij
e−iτ∆yf(τ)dτ∥

L2
y,x

+ ( m

∑
j=1
∥f∥2

DU2

∆
(L2

x,I
j))

1

2

,

where

∥f∥DU2

∆
(L2

x,I
j) = sup

∥w∥
V 2
∆
(L2

x,Ij)=1
∫
Ij
∫
R2×R

f(τ, y, x)w(τ, y, x)dτdydx.
By the bilinear Strichartz estimate in [8], Minkowski’s inequality, Hölder’s inequality, and interpolation,

we have the following two propositions. The proofs are similar to the bilinear Strichartz estimates in

[31, 32].

Proposition 6.12 (Bilinear Strichartz estimate I). Let (p, q) satisfy 1 < p, q <∞, 1

p
+ 1

q
= 1. For M ≪ N ,

assume suppFyu0 ⊆ {ξ ∶ ∣ξ∣ ∼ N} and suppFyv0 ⊆ {ξ ∶ ∣ξ∣ ∼M}. Then we have

∥∥eit∆yu0∥L2
x

∥eit∆yv0∥L2
x

∥
L
p
tL

q
y(R×R2)

≲ (M
N
)

1

p ∥u0∥L2
y,x
∥v0∥L2

y,x
.(6.12)

Furthermore, suppose that g (t, y − ỹ) and h (t, y − ˜̃y) are convolution kernels with respect to y-variable

and

∥sup
t∈R
∣g(t, y)∣∥

L1
y(R2)

+ ∥sup
t∈R
∣h(t, y)∣∥

L1
y(R2)

≲ 1,

we also have

∥∥g ∗y eit∆yu0∥L2
x

∥h ∗y eit∆yv0∥L2
x

∥
L
p
tL

q
y(R×R2)

≲ (M
N
)

1

p ∥u0∥L2
y,x
∥v0∥L2

y,x
.

Similar to the argument in the proof of Lemma 3.5 in [31], we can transfer the estimate (6.12) to the U
p
∆

space. Therefore, we have
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Proposition 6.13 (Bilinear Strichartz estimate II). Let (p, q) satisfy 1 < p, q <∞, 1

p
+ 1

q
= 1. For M ≪ N ,

assume suppFyu ⊆ {ξ ∶ ∣ξ∣ ∼ N} and suppFyv ⊆ {ξ ∶ ∣ξ∣ ∼M}. Then we have

∥∥u∥L2
x
∥v∥L2

x
∥
L
p
tL

q
y
≲ (M

N
)

1

p ∥u∥Up
∆
(L2

x)∥v∥Up
∆
(L2

x).

6.2. Long time Strichartz estimate. From now on, we shall take our following setting as standarding

assumpmtions. Fix

0 < ǫ3 ≪ ǫ2 ≪ ǫ1 < 1 and ǫ3 < ǫ
10

2 .(6.13)

By Theorem 6.6, we can take

∣N ′(t)∣ + ∣ξ′(t)∣ ≤ 2−20ǫ− 1

2

1
N(t)3,(6.14)

and

∫
∣y−y(t)∣≥ 2−20ǫ−

1
4

3

N(t)

∥v(t, y, x)∥2
H1

x
dy +∫∣ξ−ξ(t)∣≥2−20ǫ− 1

4
3

N(t)
∥(Fyv) (t, ξ, x)∥2H1

x
dξ ≤ ǫ22.(6.15)

If [0, T ] is an interval with

∥v∥4
L4
t,yL

2
x([0,T ]×R2×R) = 2

k0 and ∫
T

0

N(t)3 dt = ǫ32k0 , for some k0 ≥ 0,(6.16)

then we can partition [0, T ] = M−1⋃
α=0 J

α, where Jα are intervals that satisfy

∫
Jα
(N(t)3 + ǫ3∥v(t)∥4L4

yL
2
x(R2×R)) dt = 2ǫ3.(6.17)

We can define the interval G
j
k now.

Definition 6.14. For any nonnegative integer j < k0, and nonnegative integer k < 2k0−j , we can define

Gj
k
=

(k+1)2j−1
⋃

α=k2j
Jα.(6.18)

For j ≥ k0, we simply define G
j
k = [0, T ]. We let ξ (Gj

k
) = ξ (tjk), where t

j
k is the left endpoint of G

j
k.

On the time interval G
j
k defined above, we have

Lemma 6.15. (1) Let Jl be the small intervals contained inG
j
k. By (6.5) and (6.17), the following estimate

holds:

∑
Jl⊆Gj

k

N (Jl) ≲ ∫
G

j

k

N(t)3 dt ≲ (k+1)2
j−1

∑
α=k2j

∫
Jα
N(t)3 dt ≲ 2jǫ3.(6.19)

(2) By (6.14) and Definition 6.14, we have for each t ∈ G
j
k,

∣ξ(t) − ξ (Gj
k
)∣ ≤ 2j−19ǫ3ǫ− 1

2

1
.(6.20)

Thus, for any t ∈ G
j
k, and i ≥ j,

{ξ ∶ 2i−1 ≤ ∣ξ − ξ(t)∣ ≤ 2i+1} ⊆ {ξ ∶ 2i−2 ≤ ∣ξ − ξ (Gj
k
)∣ ≤ 2i+2} ⊆ {ξ ∶ 2i−3 ≤ ∣ξ − ξ(t)∣ ≤ 2i+3} ,(6.21)
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and also

{ξ ∶ ∣ξ − ξ(t)∣ ≤ 2i+1} ⊆ {ξ ∶ ∣ξ − ξ (Gj
k
)∣ ≤ 2i+2} ⊆ {ξ ∶ ∣ξ − ξ(t)∣ ≤ 2i+3} .(6.22)

Lemma 6.16. For the almost periodic solution v(t) to (DCR), and assume ∥v∥L4
t,yL

2
x(J×R2×R) ≤ 1 on J ⊆ R,

then we have

∥v∥U2

∆
(L2

x,J) ≲ 1, and ∥P y

>2−4ǫ− 1
4

3
N(J)

v∥
U2

∆
(L2

x,J)
≲ ǫ2,

where N(J) = sup
t∈J

N(t).
Proof. Let J = [t0, t1], by (6.10), (6.8), (6.7), and (6.11), we have

∥v∥U2

∆
(L2

x,J) ≲ ∥v(t0)∥L2
y,x
+ ∥v∥3

L4
t,yL

2
x(J×R2×R) ≲ 1.

By (6.15), we have

∥P y

>2−20ǫ− 1
4

3
N(J)

v∥
L∞t L2

y,x(J×R2×R)
≤ ∥P y

>2−20ǫ− 1
4

3
N(t)

v∥
L∞t L2

y,x(J×R2×R)
≤ ǫ2.

Therefore, by Strichartz estimate, we have

∥P y

>2−4ǫ− 1
4

3
N(J)

v∥
U2

∆
(L2

x,J)
≲ ∥P y

>2−20ǫ− 1
4

3
N(J)

v(t0)∥
L2
y,x(J×R2×R)

+ ∥P y

>2−4ǫ− 1
4

3
N(J)

F (v)∥
L

3
2
t L

6
5
y L2

x(J×R2×R)

≲ ǫ2 + ∥P y

>2−20ǫ− 1
4

3
N(J)

v∥
L∞t L2

y,x

∥v∥2
L3
tL

6
yL

2
x(J×R2×R)

≲ ǫ2 + ǫ2 (∥v(t0)∥L∞t L2
y,x(J×R2×R) + ∥v∥3L4

t,yL
2
x(J×R2×R))2 ≲ ǫ2.

�

We also have the following fact as a consequence of the above lemma.

Remark 6.17. If N(J) < 2i−5ǫ 1

2

3
, we have

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v)∥L 3

2
t L

6
5
y L2

x(J×R2×R)
≲ ∥P y

>2−20ǫ− 1
4

3
N(J)

v∥
L∞t L2

y,x(J×R2×R)
∥v∥2

L3
tL

6
yL

2
x(J×R2×R) ≲ ǫ2,

where the operator P
y

ξ(Gi
α),2i−2≤⋅≤2i+2 is given in Definition 6.18 below. Thus, for 0 ≤ i ≤ 11, and N (Gi

α) <
2i−5ǫ

1

2

3
, by the fact that Gi

α is a union of at most 211 small intervals, we have

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v)∥L 3

2
t L

6
5
y L2

x(Gi
α×R

2×R)
≲ ǫ2.

We can now define the long-time Strichartz estimate norm as in [29, 31, 32]; see also [21, 22].

Definition 6.18 (Long-time Strichartz estimate norm). For any G
j
k ⊆ [0, T ], let

∥v∥2
X(Gj

k
) = ∑

0≤i<j
2i−j ∑

Gi
α⊆Gj

k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)
+∑

i≥j
∥P y

ξ(Gj

k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j

k
)
,
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where

P y

ξ(t),2i−2≤⋅≤2i+2v = eiy⋅ξ(t)P
y

2i−2≤⋅≤2i+2 (e−iy⋅ξ(t)v) .
We define the X̃k0 norm to be

∥v∥2
X̃k0
([0,T ]) = sup

0≤j≤k0
sup

G
j

k
⊆[0,T ]

∥v∥2
X(Gj

k
).

For any nonnegative integer k∗ ≤ k0, we take

∥v∥2
X̃k∗([0,T ])

= sup
0≤j≤k∗

sup
G

j

k
⊆[0,T ]

∥v∥2
X(Gj

k
).(6.23)

To close our bootstrap argument in the proof of the long time Strichartz estimate, we also need to

introduce the following norm to measure X̃k0 norm of v at scales much higher than N(t).
Definition 6.19. Let

∥v∥2
Y (Gj

k
) = ∑

0≤i<j
2i−j ∑

Gi
α⊆Gj

k
,

N(Gi
α)≤2i−5ǫ

1
2
3

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)
+ ∑

i≥j,
i>0,

N(Gj
k
)≤2i−5ǫ 12

3

∥P y

ξ(Gj

k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j

k
)
.

We can define the norm ∥v∥Ỹk∗([0,T ]) similar to (6.23) in definition 6.18.

For i < j, and the solution v on the time interval G
j
k, we can define the Littlewood-Paley projector

around ξ(t) of v as

P
y

ξ(t),2iv = e
iy⋅ξ(t)P y

2i
(e−iy⋅ξ(t)v) , P y

ξ(t),>2jv = e
iy⋅ξ(t)P y

>2j (e−iy⋅ξ(t)v) ,
Then, as a consequence of (6.7), (6.8), (6.11), the Littlewood-Paley theorem and Proposition 3.2, we

have the following estimates which reveal the relationship between the Strichartz norm L
p
tL

q
yL2

x of the

Littlewood-Paley projector around ξ(t) of v and the long time Strichartz norm of v. We still refer to [31,32]

for the argument and without presenting the proof here.

Lemma 6.20. For i < j, we have

∥P y

ξ(t),2iv∥Lp
tL

q
yL

2
x(Gj

k
×R2×R)

≲ 2 j−i
p ∥v∥

X̃j(Gj
k
),(6.24)

∥P y

ξ(t),≥2jv∥Lp
tL

q
yL

2
x(Gj

k
×R2×R)

≲ ∥v∥
X(Gj

k
),(6.25)

where (p, q) is Strichartz admissible pair.

Our aim is to prove the long time Strichartz estimate.

Theorem 6.21 (Long time Strichartz estimate). For the almost periodic solution v in Theorem 6.6, which

satisfies (6.13), (6.14) and (6.15), there exists a positive constant C = C(v), such that for any nonnegative

integer k0, v and N(t) satisfy (6.16), we have

∥v∥X̃k0
([0,T ]) ≤ C.
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To prove Theorem 6.21, it suffices to show for any 0 ≤ j ≤ k0 and G
j
k ⊆ [0, T ],

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)
+∑

i≥j
∥P y

ξ(Gj
k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j
k
)
≤ C.

To reach the above estimate, we will perform an induction argument on 0 ≤ k∗ ≤ k0 and then a bootstrap

argument in Subsections 6.2.1 and 6.2.2, respectively.

6.2.1. Basic inductive estimates. First we show the basic estimates to start up our induction.

Lemma 6.22 (Basic inductive estimate).

∥v∥X̃0([0,T ]) ≤ C, and ∥v∥Ỹ0([0,T ]) ≤ Cǫ
3

4

2
.(6.26)

For 0 ≤ k∗ ≤ k0, we have

∥v∥2
X̃k∗+1([0,T ])

≤ 2∥v∥2
X̃k∗([0,T ])

, and ∥v∥2
Ỹk∗+1([0,T ])

≤ 2∥v∥2
Ỹk∗([0,T ])

.(6.27)

Proof. By Lemma 6.16, we have

∥v∥U2

∆
(L2

x,J
α) ≲ 1, for any Jα in the decomposition of G

j
k in (6.18).(6.28)

Therefore, by Strichartz estimate, (6.10), (6.11), (6.8), we have for tα ∈ Jα,

(∑
i≥0
∥P y

ξ(Jα),2i−2≤⋅≤2i+2v∥2U2

∆
(L2

x,J
α)
)

1

2

≲ ∥v(tα)∥L2
y,x
+ ∥v∥3

L3
tL

6
yL

2
x(Jα×R2×R)

≲ ∥v(tα)∥L2
y,x
+ ∥v∥3

U2

∆
(L2

x,J
α) ≲ 1.

Thus, ∥v∥X̃0([0,T ]) ≤ C.

At the same time, by (6.15), the conservation of mass, and (6.28), we infer that

( ∑
i≥0,

N(Jα)≤ǫ 12
3
2
i−5

∥P y

ξ(Jα),2i−2≤⋅≤2i+2v∥2U2

∆
(L2

x,J
α)
)

1

2

≲∥P y

ξ(Jα),≥8ǫ− 1
2

3
N(Jα)

v(tα)∥
L2
y,x

+ ∥P y

ξ(Jα),≥8ǫ− 1
2

3
N(Jα)

F (v)∥
L1
tL

2
y,x(Jα×R2×R)

≲∥P y

ξ(t),≥4ǫ− 1
2

3
N(t)

v∥
L∞t L2

y,x(Jα×R2×R)
+ ∥P y

ξ(t),≥4ǫ− 1
2

3
N(t)

F (v)∥
L1
tL

2
y,x(Jα×R2×R)

≲∥P y

ξ(t),≥ǫ− 1
2

3
N(t)

v∥
3

4

L∞t L2
y,x(Jα×R2×R)

(∥v∥ 14
L∞t L2

y,x(Jα×R2×R) + ∥v∥ 94U2

∆
(L2

x,J
α)) ≲ ǫ

3

4

2
.

Thus, by Definition 6.19, we have ∥v∥Ỹ0([0,T ]) ≤ Cǫ
3

4

2
.
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By Definition 6.14, we see G
j+1
k = G

j
2k ∪Gj

2k+1 with G
j
2k ∩Gj

2k+1 = ∅, then for 0 ≤ i ≤ j, if Gi
α ⊆ G

j+1
k ,

we have Gi
α ⊆ G

j
2k or Gi

α ⊆ G
j
2k+1. Thus

∑
0≤i<j+1

2i−(j+1) ∑
Gi

α⊆Gj+1
k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)

(6.29)

≤2−1 ∑
0≤i<j

2i−j( ∑
Gi

α⊆Gj
2k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)
+ ∑

Gi
α⊆Gj

2k+1

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
i
α)
)

+ 2−1
⎛⎜⎝∥P

y

ξ(Gj

2k
),2j−2≤⋅≤2j+2v∥

2

U2

∆
(L2

x,G
j

2k
)
+ ∥P y

ξ(Gj

2k+1),2j−2≤⋅≤2j+2
v∥

2

U2

∆
(L2

x,G
j

2k+1)

⎞⎟⎠
≤
1

2
(∥v∥2

X(Gj
2k
) + ∥v∥2X(Gj

2k+1)
) .

At the same time, by (6.21) and (6.9), we see

∑
i≥j+1
∥P y

ξ(Gj+1
k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j+1
k
)

(6.30)

≤ ∑
i≥j+1
(∥P y

ξ(Gj+1
k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j
2k
)
+ ∥P y

ξ(Gj+1
k
),2i−2≤⋅≤2i+2v∥

2

U2

∆
(L2

x,G
j
2k+1)
)

≤ ∑
i≥j+1
(∥P y

ξ(Gj
2k
),2i−3≤⋅≤2i+3v∥

2

U2

∆
(L2

x,G
j
2k
)
+ ∥P y

ξ(Gj
2k+1),2i−3≤⋅≤2i+3v∥

2

U2

∆
(L2

x,G
j
2k+1)
) .

Therefore, by (6.29) and (6.30), and Definition 6.18, we get

∥v∥2
X̃k∗+1([0,T ])

≤ 2∥v∥2
X̃k∗([0,T ])

.

By a similar argument, we can deduce

∥v∥2
Ỹk∗+1([0,T ])

≤ 2∥v∥2
Ỹk∗([0,T ])

.

�

6.2.2. The bootstrap estimate. In the following, we will establish the bootstrap estimate, which is neces-

sary for the proof of Theorem 6.21. For 0 ≤ j ≤ k0 and G
j
k ⊆ [0, T ]. By Duhamel’s formula, we have for

0 ≤ i < j,

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v∥U2

∆
(L2

x,G
i
α)
≤ ∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v (tiα)∥L2

y,x

(6.31)

+ ∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

U2

∆
(L2

x,G
i
α)
.

Here we take tiα to satisfy

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v (tiα)∥L2

y,x

= inf
t∈Gi

α

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v(t)∥L2

y,x

.
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We now consider the first term on the right hand side of (6.31). By (6.17) and Lemma 6.15, we have

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v (tiα)∥

2

L2
y,x

≲2−jǫ−13 ∫
G

j

k

(N(t)3 + ǫ3∥v(t)∥4L4
yL

2
x(R2×R)) ∑

0≤i<j
∥P y

ξ(t),2i−3≤⋅≤2i+3v(t)∥2L2
y,x

dt ≲ 1.

For i ≥ j, we can just take t
j
k to be the left endpoint of G

j
k, then we have

∑
i≥j
∥P y

ξ(Gj
k
),2i−2≤⋅≤2i+2v (tjk)∥

2

L2
y,x

≲ ∥v (tjk)∥2L2
y,x

≲ 1.

Thus

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2v (tiα)∥

2

L2
y,x

+∑
i≥j
∥P y

ξ(Gj
k
),2i−2≤⋅≤2i+2v (tjk)∥

2

L2
y,x

≲ 1.(6.32)

We next consider the second term on the right hand side of (6.31). Observe that there are at most two

small intervals, called for instance J1 and J2, which intersect G
j
k but are not contained in G

j
k. Then by

Lemma 6.16 and (6.11), we have

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj
k

∥F (v)∥2
L1
tL

2
y,x((Gi

α∩(J1∪J2))×R2×R) ≲ ∑
0≤i<j

2i−j∥F (v)∥2
L1
tL

2
y,x((J1∪J2)×R2×R)(6.33)

≲ ∥v∥6
L3
tL

6
yL

2
x(J1×R2×R) + ∥v∥6L3

tL
6
yL

2
x(J2×R2×R) ≲ 1.

Then by (6.9), (6.11), (6.33), (6.14), (6.19) and Definition 6.14, we obtain

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj
k
,

N(Gi
α)≥2i−5ǫ

1
2
3

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)

(6.34)

≲ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≥2i−5ǫ

1
2

3

∑
Jl∩G

j

k
≠∅
∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v)∥

2

DU2

∆
(L2

x,G
i
α∩Jl)

≲ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≥2i−5ǫ

1
2

3

∑
Jl∩G

j

k
≠∅
∥F (v)∥2

L1
tL

2
y,x((Gi

α∩Jl)×R2×R)

≲1 + ∑
0≤i<j

2i−j( ∑
Jl⊆Gj

k
,

N(Jl)≥2i−6ǫ
1
2
3

∥F (v)∥2
L1
tL

2
y,x(Jl×R2×R)) ≲ 1 + ∑

Jl⊆Gj
k

∑
0≤i<j,

2
i≤26ǫ− 1

2

3
N(Jl)

2i−j ≲ 1.

On the interval Gj
k

with N (Gj
k
) ≥ 2i−5ǫ 1

2

3
, by (6.14) and (6.17), we have

∫
G

j
k

N(t)2 dt ≲ 1.(6.35)
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Thus, by Minkowski’s inequality, (6.3), (6.19), (6.6), and (6.35), we have

∑
i≥j,

N(Gj

k
)≥2i−5ǫ 12

3

∥P y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v)∥

2

L1
tL

2
y,x(Gj

k
×R2×R)

≲ ∥F (v)∥2
L1
tL

2
y,x(Gj

k
×R2×R) ≲ ∥v∥6L3

tL
6
yL

2
x(Gj

k
×R2×R) ≲ 1.

(6.36)

Thus, by (6.31), (6.32), (6.34), and (6.36), we infer

∥v∥2
X(Gj

k
) ≲1 + ∑

i≥j,
N(Gj

k
)≤2i−5ǫ 12

3

∥∫ t

t
j
k

ei(t−τ)∆yP
y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
j
k
)

(6.37)

+ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−5ǫ

1
2
3

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)
.

We can further get

∥v∥2
X(Gj

k
) ≲1 + ∑

i≥j,
N(Gj

k
)≤2i−10ǫ 12

3

∥∫ t

t
j
k

ei(t−τ)∆yP
y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
j
k
)

(6.38)

+ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−10ǫ

1
2
3

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)
,

because the contribution of those terms for i satisfying 2i−10ǫ
1

2

3
≤ N (t) ≤ 2i−5ǫ 1

2

3
in the right hand side of

(6.37) is small by similar argument as in the proof of (6.37).

By a similar argument as above for (6.38), we also refer to [31] for more expatiation. Then, we have

∥v∥2
Y (Gj

k
) ≲ǫ

3

2

2
+ ∑

i≥j,
N(Gj

k
)≤2i−10ǫ 12

3

∥∫ t

t
j

k

ei(t−τ)∆yP
y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
j

k
)

(6.39)

+ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−10ǫ

1
2

3

∥∫ t

tiα

ei(t−τ)∆yP y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)
.
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Remark 6.23. By Lemma 6.22, Remark 6.17, and (6.11), we have

∑
i≥j,

0≤i≤11,
N(Gj

k
)≤2i−5ǫ 12

3

∥∫ t

t
j
k

ei(t−τ)∆yP y

ξ(Gj
k
),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
j
k
)

+ ∑
0≤i≤11

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−5ǫ

1
2
3

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)
≲ 1.

So we can further reduce the summation over i on the right hand side of (6.38) and (6.39) to i > 11.

Therefore, we have reduced to the proof of the following estimate.

Theorem 6.24 (Reduced estimate).

∑
i≥j,

N(Gj

k
)≤2i−10ǫ 12

3

∥∫ t

t
j

k

ei(t−τ)∆yP
y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
j

k
)

(6.40)

+ ∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−10ǫ

1
2

3

∥∫ t

tiα

ei(t−τ)∆yP y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v(τ))dτ∥

2

U2

∆
(L2

x,G
i
α)

≲ǫ 1

3

2
∥v∥ 53

X̃j([0,T ])
∥v∥2

Ỹj([0,T ]) + ǫ22∥v∥2Ỹj([0,T ]) + ∥v∥4Ỹj([0,T ]) (1 + ∥v∥8X̃j([0,T ])) .
Once this theorem is proved, we can close the proof of Theorem 6.21 by a bootstrap argument. In the

proof given below, we shall assume Theorem 6.24 holds, while leaving its proof to Section 7.1.

Proof of Theorem 6.21. Suppose

∥v∥2
X̃k∗([0,T ])

≤ C0, and ∥v∥2
Ỹk∗([0,T ])

≤ Cǫ
3

2

2
≤ ǫ2,

and from (6.27), we have

∥v∥2
X̃k∗+1([0,T ])

≤ 2C0, and ∥v∥2
Ỹk∗+1([0,T ])

≤ 2ǫ2.

Then, by (6.38), (6.39), and (6.40), we can further get

∥v∥X̃k∗+1([0,T ]) ≤ C (1 + ǫ
2

3

2
(2C0) 56 + ǫ 3

2

2
+ ǫ2 (1 + 2C0)8) ,

and

∥v∥Ỹk∗+1([0,T ]) ≤ C (ǫ
3

4

2
+ ǫ 2

3

2
(2C0) 56 + ǫ 3

2

2
+ ǫ2 (1 + 2C0)8) .

If we choose C0 = 2
6C, and ǫ2 small enough, then we may deduce

∥v∥X̃k∗+1([0,T ]) ≤ C
1

2

0
, and ∥v∥Ỹk∗+1([0,T ]) ≤ ǫ

1

2

2
.

Theorem 6.21 now follows from this and (6.26) by performing an induction on k∗. �
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6.2.3. The low frequency localized interaction Morawetz estimate. As an application of the long time

Strichartz estimate, we can obtain the low frequency localized interaction Morawetz estimate of the

(DCR). The Morawetz estimate is a very important tool to prove the scattering of the nonlinear dis-

persive equations for the radial case [73, 75]. In the non-radial case, J. Colliander, M. Keel, G. Staffilani,

H. Takaoka, and T. Tao [24] develop the interaction Morawetz estimate, which is used to prove the scatter-

ing of the nonlinear Schrödinger equation [25,29,31,32,84,85] in the non-radial case. The low frequency

localized interaction Morawetz estimate will be used to preclude the soliton-like solution in Theorem 6.26.

Theorem 6.25 (Low frequency localized interaction Morawetz estimate). Let v(t, y, x) be the almost

periodic solution in Theorem 6.6 on [0, T ] with ∫ T

0
N(t)3 dt =K. Then we have

∥∫
R

∣∇y∣ 12 (∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2) dx∥2

L2
t,y([0,T ]×R2)

≲ o(K).(6.41)

The proof of this theorem follows from similar arguments in [29, 31, 32] and relies on Theorem 6.24

(and also some part of the proof). In our (DCR) system, the interaction Morawetz quantity is

M0(t) = ∫
R
∫
R
∫
R2
∫
R2

∣v(t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (v∇yv) (t, y, x)dydỹdxdx̃,
which is invariant under the Galilean transform in the R2 component. Following the argument in [23, 78],

we can get

∥∫
R

∣∇y∣ 12 (∣v(t, y, x)∣2) dx∥2
L2
t,y([0,T ]×R2)

≲ ∣M0(T ) −M0(0)∣ .
Replacing v by its low frequency cut-off P

y

≤10ǫ−1
1

K
v, we then get the low frequency localized interaction

Morawetz quantity

M(t) = ∫
R
∫
R
∫
R2
∫
R2

∣P y

≤10ǫ−1
1

K
v(t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I(P y

≤10ǫ−1
1

K
v∇yP

y

≤10ǫ−1
1

K
v) (t, y, x)dydỹdxdx̃.

Because for any η > 0 independent of ǫ1, by Theorem 6.6 and Bernstein’s inequality, we have

∣M(T )∣ + ∣M(0)∣ ≲ ηK,
we then obtain

∥∫
R

∣∇y∣ 12 (∣v(t, y, x)∣2) dx∥2
L2
t,y([0,T ]×R2)

≲ ηK + E ,

where E are the error terms coming from the low frequency cut-off of the solution of the (DCR). These

error terms can be proven to be o(K), using Theorem 6.24 and also some estimates from the proof of it.

We shall leave the detailed proof of this theorem to Section 7.2.

6.3. Exclusion of the almost periodic solution.

Theorem 6.26. The almost periodic solution to (DCR) in Theorem 6.6 does not exist.

Proof. We will preclude two scenarios in the following.

Case I. ∫ ∞0 N(t)3 dt <∞.
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By the proof of Theorem 6.21, as in [31, 32], we have

∥v(t, y, x)∥L∞t Ḣ3
yL

2
x([0,∞)×R2×R) ≲m0

(∫ ∞

0

N(t)3 dt)3 .(6.42)

By (6.42) and (6.4), we have

∥eiyξ(t)v∥
Ḣ1

yL
2
x

≲ N(t)C(η(t)) + η(t) 12 → 0, as t→∞.

Thus, for any ǫ > 0, we can take sufficiently large positive constant t0 such that ∥eiyξ(t0)v(t0)∥Ḣ1
yL

2
x
≤ ǫ. In

the following, We can assume t0 = 0 because of the Galilean invariance. By Minkowski’s inequality, the

Gargliardo-Nirenberg inequality, and Hölder’s inequality, we have

E(v(t)) = E(v(0)) ≲ ∥v(0)∥2
Ḣ1

yL
2
x
≲ ǫ2.

Because we can take ǫ as small as we wish, this scenario does not exist.

Case II. ∫ ∞0 N(t)3 dt =∞.

By Hölder’s inequality and Sobolev’s inequality, we have

∫
∣y−y(t)∣≤

C( ∥v(0)∥2L2
y,x

100
)

N(t)

∫
R

∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2 dydx ≲ (C(

∥v(0)∥2
L2
y,x

100
)

N(t) )
3

2 ∥∫
R

∣∇y∣ 12 (∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2) dx∥

L2
y

.

By Theorem 6.6, we have for K ≥ C( ∥v∥2L2
y,x

100
),

∥v∥2
L2
y,x

2
≤ ∫

R
∫
∣y−y(t)∣≤

C( ∥v∥2L2
y,x

100
)

N(t)

∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2 dydx.

By the above two estimates, together with Theorem 6.25 and the conservation of mass, we have the

following contradiction when K is sufficiently large,

∥v∥4L2
y,x
K ≲∫

T

0

N(t)3(∫
∣y−y(t)∣≤

C( ∥v∥2L2
y,x

100
)

N(t)

∫
R

∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2 dxdy)

2

dt

≲∥∫
R

∣∇y∣ 12 (∣P y

≤10ǫ−1
1

K
v(t, y, x)∣2) dx∥2

L2
t,y([0,T ]×R2)

≲ o(K).
This completes the proof of Theorem 6.26. �

Proof of Theorem 1.2. This is an immediate consequence of Theorem 6.6 and Theorem 6.26. �
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7. PROOF OF THEOREMS 6.24 AND 6.25

7.1. Proof of Theorem 6.24. In this section, we complete the proof of Theorem 6.24. To prove this

theorem, we decompose the nonlinear term P
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v) and also use the fact that on the time

interval Gi
α, ξ(t) can replace ξ(Gi

α) up to 2i−20 by (6.20). Then, we can see it is enough to prove the

estimate the left hand side of (6.40) with P
y

ξ(Gi
α),2i−2≤⋅≤2i+2F (v) being replaced by

P
y

ξ(Gi
α),2i−2≤⋅≤2i+2O( ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(Gi
α),≥2i−5vn1

P
y

ξ(t),≥2i−10vn2
vn3
))(7.1)

+P y

ξ(t),2i−2≤⋅≤2i+2O( ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(t),≤2i−10vn1
P

y

ξ(Gi
α),≤2i−10vn2

P
y

ξ(Gi
α),2i−5≤⋅≤2i+5vn3

)), ,(7.2)

we also has similar fact of the nonlinear term P y

ξ(Gj

k
),2i−2≤⋅≤2i+2F (v), where the symbol “O” represents the

different frequencies will be located in different vnl
s’, l = 1,2,3. Since their estimates are almost identical,

we denote them as a single “O”. The estimate of the Duhamel propagator of the term (7.1) is very short

and easy, and mainly relies on the bilinear Strichartz estimate in Proposition 6.13. The estimate of the

Duhamel propagator of the term (7.2) is lengthy. This is because to prove the estimate of the Duhamel

propagator of the term (7.2), we need to prove the bilinear Strichartz estimates on the union of the small

intervals. It turns out the proof of these bilinear Strichartz estimates cannot be proven just by the harmonic

analysis but also rely heavily on the structure of the (DCR) system or more precisely the corresponding

interaction Morawetz estimate of (DCR). During the proof of this part, some terms can be estimated by

the following bilinear Strichartz estimate established recently [11] instead of the interaction Morawetz

estimate as in [31]. This new bilinear Strichartz estimate is very useful in [80].

Lemma 7.1 (Bilinear Strichartz estimate, [11]). Let 1 ≤ q, r ≤ 2, 1

q
+ 3

2r
<

3

2
, and supposeM,N ∈ 2Z satisfy

M << N , then for any φ,ψ ∈ L2(R2),
∥eit∆PNφe

it∆PMψ∥Lq
tL

r
x(R×R2) ≲

M
3−

2

q
−

3

r

N1−
1

r

∥PNφ∥L2(R2) ∥PMψ∥L2(R2) .

7.1.1. Estimate of (7.1). We first deal with (7.1).

Theorem 7.2. For any fixed G
j
k ⊆ [0, T ], j > 0, we have

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−10ǫ

1
2
3

XXXXXXXXXXX∫
t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

high
α,i (v(τ))dτ

XXXXXXXXXXX
2

U2

∆
(L2

x,G
i
α)

+ ∑
i≥j,

N(Gj
k
)≤2i−10ǫ 12

3

XXXXXXXXXXX∫
t

t
j
k

ei(t−τ)∆yP
y

ξ(Gj

k
),2i−2≤⋅≤2i+2F

high
k,j (v(τ))dτ

XXXXXXXXXXX
2

U2

∆
(L2

x,G
j

k
)
≲ ǫ 1

3

2
∥v∥ 53

X̃j([0,T ])
∥v∥2

Ỹj([0,T ]),

where

F
high
k,j (v(t)) = ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(Gj

k
),≥2i−5vn1

P
y

ξ(t),≥2i−10vn2
vn3
)(t),
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and

F
high
α,i (v(t)) = ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(Gi
α),≥2i−5vn1

P
y

ξ(t),≥2i−10vn2
vn3
) (t).

Proof. On the time interval Gi
α with N (Gi

α) ≤ 2i−10ǫ 1

2

3
, we take w ∈ V 2

∆
(L2

x,G
i
α) be normalized so that(Fyw) (t, ξ, x) is supported on

{ξ ∶ 2i−2 ≤ ∣ξ − ξ (Gi
α)∣ ≤ 2i+2}

for any (t, x) ∈ R × R. By the Cauchy-Schwarz inequality, (6.1), Proposition 6.13, the conservation of

mass, (6.8), (6.11), Lemma 6.20, and (6.15), we infer

∫
Gi

α

⟨w(τ), F high
α,i (v(τ))⟩ dτ(7.3)

≤ ∑
l≥i−5
∥∥w∥L2

x
∥P y

ξ(Gi
α),2lv∥L2

x

∥
1

2

L
5
2
t L

5
3
y (Gi

α×R
2)
∥P y

ξ(Gi
α),2lv∥

1

2

L
5
2
t L10

y L2
x(Gi

α×R
2×R)
∥w∥ 12

L
5
2
t L10

y L2
x(Gi

α×R
2×R)

∥P y

ξ(t),≥2i−10v∥L 5
2
t L10

y L2
x(Gi

α×R
2×R)
∥v∥L∞t L2

y,x(Gi
α×R

2×R)

≲ ∑
l≥i−5

2
i−l
5 ∥P y

ξ(Gi
α),2l

v∥
U2

∆
(L2

x,G
i
α)
∥P y

ξ(t),≥2i−10v∥
1

6

L∞t L2
y,x(Gi

α×R
2×R)
∥P y

ξ(t),≥2i−10v∥
5

6

L
25
12
t L50

y L2
x(Gi

α×R
2×R)

≲ǫ 1

6

2
∥v∥ 56

X̃i([0,T ]) ∑
l≥i−5

2
i−l
5 ∥P y

ξ(Gi
α),2lv∥U2

∆
(L2

x,G
i
α)
≲ ǫ 1

6

2
∥v∥ 56

X̃j([0,T ])
(∑
l≥i−5

2
i−l
5 ∥P y

ξ(Gi
α),2lv∥

2

U2

∆
(L2

x,G
i
α)
)

1

2

.

As in [31], we see for any 0 ≤ l ≤ j, G
j
k overlaps 2j−l intervals Gl

β and for 0 ≤ i ≤ l, Gl
β overlaps 2l−i

intervals Gi
α. In addition, every Gi

α is contained in one Gl
β. Thus, we can divide the summation in the left

hand side of the following (7.4) and (7.5) into different groups according to l ≥ j and 0 ≤ l < j. Then by

some easy calculation and reordering the summation of i and l, we have

∑
0≤i<j

2i−j ∑
Gi

α⊆Gj

k
,

N(Gi
α)≤2i−10ǫ

1
2
3

(∑
l≥i−5

2
i−l
5 ∥P y

ξ(Gi
α),2lv∥

2

U2

∆
(L2

x,G
i
α)
)(7.4)

and

∑
i≥j,

N(Gj
k
)≤2i−10ǫ 12

3

⎛⎜⎝∑l≥i−5 2
i−l
5 ∥P y

ξ(Gj
k
),2l
v∥

2

U2

∆
(L2

x,G
j
k
)

⎞⎟⎠ ≲ ∥v∥
2

Ỹj([0,T ]).(7.5)

Theorem 7.2 follows from (6.7), (7.3) and (7.4). �

7.1.2. Estimate of (7.2). Now we turn to the estimate of (7.2). Denote

F low
k,j (v(t)) ∶= ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(t),≤2i−10vn1
P

y

ξ(t),≤2i−10vn2
P

y

ξ(Gj

k
),2i−5≤⋅≤2i+5vn3

) ,
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and

F low
α,i (v(t)) ∶= ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(t),≤2i−10vn1
P y

ξ(t),≤2i−10vn2
P y

ξ(Gi
α),2i−5≤⋅≤2i+5vn3

) .

Then, we have

Theorem 7.3. For any 0 ≤ i ≤ j, on the time interval Gi
α ⊆ G

j
k

with N (Gi
α) ≤ 2i−10ǫ 1

2

3
, we have

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low
α,i (v(τ))dτ∥

U2

∆
(L2

x,G
i
α)

(7.6)

≲ ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
(ǫ2 + ∥v∥Ỹi([0,T ]) (1 + ∥v∥X̃i([0,T ]))4) .

In addition, for i ≥ j, N(Gj
k) ≤ 2i−10ǫ 1

2

3
, we have

∥∫ t

t
j
k

ei(t−τ)∆yP
y

ξ(Gj
k
),2i−2≤⋅≤2i+2F

low
k,j (v(τ))dτ∥

U2

∆
(L2

x,G
j
k
)

(7.7)

≲2 3(j−i)
4 ∥P y

ξ(Gj

k
),2i−5≤⋅≤2i+5v∥

U2

∆
(L2

x,G
j

k
)
(ǫ2 + ∥v∥Ỹj([0,T ]) (1 + ∥v∥X̃j([0,T ]))4) .

Proof of Theorem 7.3. We will only prove (7.6), as (7.7) follows by a similar argument. Fix Gi
α with

N (Gi
α) ≤ 2i−10ǫ 1

2

3
. We can see there are no more than two small intervals J1 and J2 which overlap Gi

α but

are not contained in Gi
α. Let G̃i

α = G
i
α/(J1 ∪ J2), by (6.8), (6.7), (6.9), and (6.11), we have

∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low
α,i (v(τ))dτ∥

U2

∆
(L2

x,G
i
α)

(7.8)

≲∥∫ t

tiα

ei(t−τ)∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low
α,i (v(τ))dτ∥

U2

∆
(L2

x,G̃
i
α)

+ ∥F low
α,i (v(t))∥

L
4
3
t,yL

2
x((J1∩Gi

α)×R2×R)
+ ∥F low

α,i (v(t))∥
L

4
3
t,yL

2
x((J2∩Gi

α)×R2×R)
.

Here, we may assume tiα ∈ G̃
i
α, because if tiα /∈ G̃i

α, we may move tiα into G̃i
α with the errors being absorbed

by the last two terms on the right hand side of the above inequality. We can show the last two terms on the

right hand side of (7.8) is small in the following.
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On the intervals Jl for l = 1,2, by Propositions 6.12 and 6.13, (6.11), the fact N(t) ≤ 2i−5ǫ
1

2

3
on Gi

α,

(6.14), (6.15), Lemma 6.16, and (6.11), we can get

∥F low
α,i (v(t))∥

L
4
3
t,yL

2
x((Jl∩Gi

α)×R2×R)

(7.9)

≲∥∥P y

ξ(Jl),≤ǫ−
1
4

3
N(Jl)

v∥
L2
x

∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥L2

x

∥
L2
t,y((Jl∩Gi

α)×R2×R)
∥P y

ξ(t),≤2i−10v∥L4
t,yL

2
x((Jl∩Gi

α)×R2×R)

+∥P y

ξ(Jl),≥ǫ−
1
4

3
N(Jl)

v∥
L∞t L2

y,x((Jl∩Gi
α)×R2×R)

∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥L 8

3
t L8

yL
2
x((Jl∩Gi

α)×R2×R)
∥P y

ξ(t),≤2i−10v∥L 8
3
t L8

yL
2
x((Jl∩Gi

α)×R2×R)

≲ ∑
2k≤ǫ− 1

4
3

N(Jl)

2
k−i
2 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
∥P y

ξ(Jl),2kv∥U2

∆
(L2

x,Jl)
+ ǫ2 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)

≲ǫ2 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
.

Thus, we can simplify the estimate of (7.8) to the case that Gi
α is the union of finite many small intervals

Jl’s. (If not, we just need to add the right hand side of (7.9)). Let

F
low,l2
α,i (v(t)) = ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn(P y

ξ(t),2l2vn1
P

y

ξ(t),≤2l2vn2
P

y

ξ(Gi
α),2i−5≤⋅≤2i+5vn3

),

then by Lemma 6.11, we have

LHS of (7.8) ≲ A1 +A2 +A3 +A4,

where

A1 = ∑
0≤l2≤i−10

⎛
⎝ ∑

Jl⊆Gi
α,

N(Jl)≥ǫ
1
2
3
2
l2−5

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t))∥2

DU2

∆
(L2

x,Jl)
⎞
⎠

1

2

,(7.10)

A2 = ∑
0≤l2≤i−10,
Jl⊆Gi

α,

N(Jl)≥ǫ
1
2
3
2l2−5

∥∫
Jl

e−it∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t))dt∥

L2
y,x

,(7.11)

A3 = ∑
0≤l2≤i−10

( ∑
G

l2
β
⊆Gi

α,

N(Gl2
β
)≤ǫ 12

3
2
l2−5

∥P y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t))∥2

DU2

∆
(L2

x,G
l2
β
)
)

1

2

,(7.12)
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and

A4 = ∑
0≤l2≤i−10,
G

l2
β
⊆Gi

α,

N(Gl2
β
)≤ǫ 12

3
2l2−5

∥∫
G

l2
β

e−it∆yP
y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t))dt∥

L2
y,x

.(7.13)

The proof of the first two terms are easy. We first prove the following auxiliary estimate.

Lemma 7.4. Let (p0, q0) be Strichartz admissible with q0 ≥ 20. Suppose thatw(t, y, x) ∈ Lp0
t L

q0
y L2

x (Jl ×R2 ×R)
satisfies that Fw(t, ⋅, x) is supported on {ξ ∶ 2i−2 ≤ ∣ξ − ξ (Gi

α)∣ ≤ 2i+2}. If N(Jl) ≥ ǫ 1

2

3
2l2−5, then we have

∣∫
Jl
∫
R2
∫
R

w(t, y, x)F low,l2
α,i (v(t, y, x))dydxdt∣(7.14)

≲2 2l2
q0 ǫ

1

4
−

1

q0

3
2−

i
2 ∥w∥Lp0

t L
q0
y L2

x(Jl×R2×R) ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v(t, y, x)∥U2

∆
(Gi

α,L
2
x)
.

Proof. By (6.14), we see ∣ξ − ξ(t)∣ ≤ 2l2+2 implies ∣ξ − ξ(Jl)∣ ≤ ǫ− 1

2

3
N(Jl) for t ∈ Jl. By the argument in the

proof of Lemma 6.2 and Hölder’s inequality, we have

∣∫
Jl
∫
R2
∫
R

w(t, y, x)F low,l2
α,i v((t, y, x))dydxdt∣(7.15)

≤∥eiτ(−∆x+x
2)wP y

ξ(t),2l2e
iτ(−∆x+x

2)v∥
L
p0
τ,xL

p0
t L2

y([0,π]×R×Jl×R2)

⋅ ∥P y

ξ(Jl),≲ǫ
− 1
2

3
N(Jl)

eiτ(−∆x+x
2)vP y

ξ(Gi
α),2i−5≤⋅2i+5e

iτ(−∆x+x
2)v∥

L

p0
p0−1
τ,x L

p0
p0−1
t L2

y([0,π]×R×Jl×R2)
.

By Minkowski’s inequality, Hölder’s inequality, Lemma 6.1, Bernstein’s inequality and the conservation

of mass, we have

∥eiτ(−∆x+x
2)wP y

ξ(t),2l2e
iτ(−∆x+x

2)v∥
L
p0
τ,xL

p0
t L2

y([0,π]×R×Jl×R2)
(7.16)

≲∥∥eiτ(−∆x+x
2)w∥

L
2p0
τ,x ([0,π]×R)

∥P y

ξ(t),2l2e
iτ(−∆x+x

2)v∥
L
2p0
τ,x ([0,π]×R)

∥
L
p0
t L2

y(Jl×R2)

≲∥w∥Lp0
t L

q0
y L2

x(Jl×R2×R) ∥P y

ξ(t),2l2v∥L∞t L
p0
y L2

x(Jl×R2×R)
≲ 2 2l2

q0 ∥w∥Lp0
t L

q0
y L2

x(Jl×R2×R).

Next, we use the vector-valued version of transference principle to estimate

∥P y

ξ(Jl),≲ǫ
−1
2

3
N(Jl)

eiτ(−∆x+x
2)vP y

ξ(Gi
α),2i−5≤⋅≤2i+5e

iτ(−∆x+x
2)v∥

L
p0
τ,xL

p0
t L2

y([0,π]×R×Jl×R2)
.

Then, using the similar argument of Corollary 1.6 in [11], we are reduced to consider P
y

ξ(Jl),≲ǫ
−1
2

3
N(Jl)

v and

P
y

ξ(Gi
α),2i−5≤⋅≤2i+5v are U2

∆
(L2

x)−atoms. Let

P
y

ξ(Jl),≲ǫ
− 1
2

3
N(Jl)

v =∑
I∈I
χIe

it∆yfI(y, x), P y

ξ(Gi
α),2i−5≤⋅≤2i+5v = ∑

J∈J
χJe

it∆ygJ(y, x),
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where I and J are partitions as in the definition of U2

∆
(L2

x). We see by Lemma 7.1, Hölder’s inequality

and Lemma 6.1,

∥eit∆yeiτ(−∆x+x
2)fIeit∆yeiτ(−∆x+x

2)gJ∥
L

p0
p0−1
τ,x L

p0
p0−1
t L2

y([0,π]×R×Jl×R2)

≲2− i
2 (ǫ− 1

2

3
N(Jl))

1

2
−

2

q0 ∥eiτ(−∆x+x
2)fI∥

L2
yL

2p0
p0−1
τ,x (R2×[0,π]×R)

∥eiτ(−∆x+x
2)gJ∥

L2
yL

2p0
p0−1
τ,x (R2×[0,π]×R)

≲2− i
2 (ǫ− 1

2

3
N(Jl))

1

2
−

2

q0 ∥fI∥L2
y,x
∥gJ∥L2

y,x
.

Then, we have

∥P y

ξ(Jl),≲ǫ
−1
2

3
N(Jl)

eiτ(−∆x+x
2)vP y

ξ(Gi
α),2i−5≤⋅≤2i+5e

iτ(−∆x+x
2)v∥

L

p0
p0−1
τ,x L

p0
p0−1
t L2

y([0,π]×R×Jl×R2)
(7.17)

≲2− i
2 (ǫ− 1

2

3
N(Jl))

1

2
−

2

q0 ∥P y

ξ(Jl),≲ǫ
−1
2

3
N(Jl)

v∥
U2

∆
(Jl,L2

x)
∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(Jl,L2

x)
.

Therefore, (7.14) follows from (7.15), (7.16) and (7.17). �

We first consider (7.10). By duality, we have

(7.10) = ∑
0≤l2≤i−10

( ∑
Jl⊆Gi

α,

N(Jl)≥ǫ
1
2

3
2
l2−5

sup
∥w∥

V 2

∆
(Jl,L2

x)
=1
∣∫

Jl
∫
R2
∫
R

w(t, y, x)P y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t, y, x))dydxdt∣2 )

1

2

.

By ∥w∥Lp0
t L

q0
y L2

x(Jl×R2×R) ≲ ∥w∥V 2

∆
(Jl,L2

x) ≲ 1, and (7.14), we get

(7.10) ≲ ∑
0≤l2≤i−10

( ∑
Jl⊆Gi

α,

N(Jl)≥ǫ
1
2
3
2l2−5

2
4l2
q0 ǫ

1

2
−

2

q0

3
2−i)

1

2 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v(t, y, x)∥U2

∆
(Gi

α,L
2
x)

≲(ǫ− 1

2

3
N(Jl)) ǫ 1

4
−

1

q0

3
∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(Gi

α,L
2
x)
≲ ǫ22 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
.

We now consider (7.11). By duality and Lemma 7.4, we have

∥∫
Jl

e−it∆yP y

ξ(Gi
α),2i−2≤⋅≤2i+2F

low,l2
α,i (v(t, y, x))dt∥

L2
y,x

(7.18)

≲ sup
∥w0∥L2

y,x
=1
∥eit∆yw0∥Lp0

t L
q0
y L2

x(Jl×R2×R) 2
2l2
q0 ǫ

1

4
−

1

q0

3
2−

i
2 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(Gi

α,L
2
x)
,

where Fyw0 is supported on {ξ ∶ 2i−5 ≤ ∣ξ − ξ (Gi
α)∣ ≤ 2i+5} in the above estimate. For fixed i, we take

q0 = 20 + 2i, then 2
i
q0 ≲ 1. For the right hand side of (7.18), by Hölder’s inequality, Young’s inequality,
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(6.14), (6.5), (6.19), and the conservation of mass, we have

(7.11) ≲ ∑
0≤l2≤i−10,
Jl⊆Gi

α,

N(Jl)≥ǫ
1
2
3
2l2−5

sup
∥w0∥L2

y,x
=1
2

2l2
q0 ǫ

1

4
−

1

q0

3
2−

i
2 ∥eit∆yw0∥Lp0

t L
q0
y L2

x(Jl×R2×R) ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
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α,L
2
x)

≲ ∑
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2
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q0 ǫ

1

4
−

1
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( ∑
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N(Jl)≥ǫ
1
2

3
2
l2−5

∥eit∆yw0∥p0Lp0
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q0
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1

p0

⋅ ( ∑
Jl⊆Gi

α

(2− i
2) p0

p0−1 )
p0−1
p0 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
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2×R) (2 2i
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2
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1

q0 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(Gi

α,L
2
x)

≲ ∑
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2
l2−5≤ǫ−12

3
N(Jl)

2
2l2
q0 ǫ

1

4
−

1

q0

3
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i
q0 ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(Gi

α,L
2
x)
≲ ǫ 1

4

3
∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
.

For the estimates of (7.12) and (7.13), we separate the proofs in the next section using two bilinear

Strichartz estimates. �

7.1.3. Two bilinear Strichartz estimates. We have the following two bilinear Strichartz estimates.

Theorem 7.5 (First bilinear Strichartz estimate). Let w0 ∈ L2
y,x(R2 ×R) with suppFyw0 is supported on

{ξ ∶ 2i−5 ≤ ∣ξ − ξ (Gi
α)∣ ≤ 2i+5}. Then for any 0 ≤ l2 ≤ i − 10, we have on Gl2

β ⊆ G
i
α,

∥∥eit∆yw0∥L2
x

∥P y

ξ(t),≤2l2v∥L2
x

∥2
L2
t,y(G

l2
β
×R2)
≲ ∥w0∥2L2

y,x
(1 + ∥v∥4

X̃i(Gi
α)
) .(7.19)

Theorem 7.6 (Second bilinear Strichartz estimate). Let w0 ∈ L2
y,x(R2 ×R) with suppFyw0 is supported

on {ξ ∶ 2i−5 ≤ ∣ξ − ξ (Gi
α)∣ ≤ 2i+5}, we have

∑
0≤l2≤i−10

∥∥eit∆yw0∥L2
x

∥P y

ξ(t),≤2l2v∥L2
x

∥2
L2
t,y(Gi

α×R
2)
≲ ∥w0∥2L2

y,x
(1 + ∥v∥6

X̃i(Gi
α)
) .(7.20)

With the above two bilinear Strichartz estimates, we can now estimate (7.12) and (7.13).

Estimate of (7.12). For any 0 ≤ l2 ≤ i − 10, by the fact that Gi
α consists of 210 subintervals Gi−10

β , Proposi-

tion 6.12 and Theorem 7.5 on the subintervals Gi−10
β , we get

∥∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥L2

x

∥P y

ξ(t),≤2l2v∥L2
x

∥
L2
t,y(Gi

α×R
2)
≲ ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2

∆
(L2

x,G
i
α)
(1 + ∥v∥2

X̃i(Gi
α)
) .

(7.21)
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For any Gl2
β ⊆ G

i
α, choose wl2

β ∈ V
2

∆
(L2

x,G
l2
β
) with suppFyw

l2
β ⊆ {ξ ∶ 2i−2 ≤ ∣ξ − ξ (Gi

α)∣ ≤ 2i+2} and

∥wl2
β
∥
V 2

∆
(L2

x,G
l2
β
) = 1. Then by Hölder’s inequality, (6.1), and (7.21), we have

( ∑
G

l2
β
⊆Gi
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N(Gl2
β
)≤ǫ 12

3
2
l2−5

∥wl2
β ∑

n1,n2,n3,n∈N,
n1−n2+n3=n
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P y

ξ(t),≤2l2vn2
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ξ(Gi
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)∥
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≲( sup
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β
⊆Gi
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N(Gl2
β
)≤ǫ 12

3
2
l2−5

∥∥wl2
β
∥
L2
x

∥P y

ξ(t),2l2v∥L2
x
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β
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)∥P y
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x,G
i
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(1 + ∥v∥2

X̃i(Gi
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) .

By Proposition 6.13, (6.8), (6.11), and N (Gl2
β
) ≤ ǫ 1

2

3
2l2−5, we can estimate the term in the first bracket on

the right hand side of (7.22) as follows
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6
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2
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β
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≲ 2 l2−i
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α).

Thus, by the above inequalities, we obtain

(7.12) ≲ ∥P y

ξ(Gi
α),2i−5≤⋅≤2i+5v∥U2
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(L2

x,G
i
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∥v∥Ỹi(Gi

α) (1 + ∥v∥2X̃i(Gi
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) .

�

Estimate of (7.13). Letw0 ∈ L2
y,x have unit norm withFyw0 is supported on {ξ ∶ 2i−2 ≤ ∣ξ − ξ (Gi

α)∣ ≤ 2i+2}.
By the Hölder inequality and Proposition 6.12, we have
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e−it∆yP y
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low,l2
α,i (v(t, y, x))dt∥

L2
y,x

≲ sup
∥w0∥L2

y,x
=1
∥eit∆yw0 ⋅ F low,l2

α,i (v(t, y, x))∥
L1
t,y,x(G

l2
β
×R2×R)

≲ sup
∥w0∥L2

y,x
=1
∥∥eit∆yw0∥L2

x

∥P y

ξ(t),2l2v∥L2
x

∥P y

ξ(t),≤2l2v∥L2
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Then by the Cauchy-Schwarz inequality and (7.20), we have

(7.13) ≲ ∥v∥Ỹi(Gi
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�

Therefore, this completes the proof of Theorem 7.3. Then we can prove Theorem 6.24 by summation

with respect to i in the same way as (7.6) and (7.7) in Theorem 7.3 and Theorem 7.2.

7.1.4. Proofs of the bilinear Strichartz estimates. It remains to prove the two bilinear Strichartz estimates,

that is Theorem 7.5 and Theorem 7.6. The proofs of these results are basically the same and rely on the

interaction Morawetz estimates of the (DCR) system, the argument here follow from that in [31]. We shall

only present the proof of Theorem 7.5 here, because argument of the proof of Theorem 7.6 is similar to the

proof of Theorem 7.5 and also rely on the result of Theorem 7.5 as the proof of the corresponding bilinear

Strichartz estimate in [31].

Proof of Theorem 7.5. Let w = eit∆yw0 and w̃ = P y

ξ(t),≤2l2v. Then w and w̃ satisfy i∂tw +∆yw = 0, and

i∂tw̃ +∆yw̃ = F (w̃) +N1 +N2 = F (w̃) +N,
where

N1 = P
y

ξ(t),≤2l2F (v) − F (w̃),
and N2 = ( d

dt
P

y

ξ(t),≤2l2)v with d
dt
P

y

ξ(t),≤2l2 being given by the Fourier multiplier −∇φ( ξ−ξ(t)
2l2
) ξ′(t)

2l2
.

We define the interaction Morawetz action

M(t) = ∫
R2×R
∫
R2×R

∣w̃(t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (w̄∇yw) (t, y, x)dydỹdxdx̃
+ ∫

R2×R
∫
R2×R

∣w (t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (w̃∇yw̃) (t, y, x)dydỹdxdx̃.
After some tedious calculation, we get

∫
G

l2
β

∫
R2
∫
R
∫
R

∣w̃ (t, y, x̃)w(t, y, x)∣2 dxdx̃dydt
≲2l2−2i sup

t∈Gl2
β

∣M(t)∣

+ 2l2−2i ∣∫
G

l2
β

∫
R2
∫
R2
∫
R
∫
R

∣w (t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (N̄ (∇y − iξ(t)) w̃) (t, y, x)dxdx̃dydỹdt∣(7.23)

+ 2l2−2i ∣∫
G

l2
β

∫
R2
∫
R2
∫
R
∫
R

∣w(t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (w̃ (∇y − iξ(t))N) (t, y, x)dxdx̃dydỹdt∣(7.24)

+ 2l2−2i ∣∫
G

l2
β

∫
R2
∫
R2
∫
R
∫
R

I(w̄ (∇y − iξ(t))w)(t, ỹ, x̃) y − ỹ∣y − ỹ∣I (w̃N) (t, y, x)dxdx̃dydỹdt∣ .(7.25)

By the invariance of the Galilean transformation of M(t), Hölder’s inequality, and the conservation of

mass, we infer that 2l2−2i sup
t∈Gl2

β

∣M(t)∣ can be bounded by the right hand side of (7.19).

Estimate of (7.23).
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By (6.14), (6.17), Bernstein’s inequality, the conservation of mass and the Strichartz estimate, we have

∣(7.23)∣ ≲2l2−2i ∥N1∥
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Let m(t, ξ) = ξ−ξ(t)
2l1

φ( ξ−ξ(t)
2l1
), by Minkowski’s inequality, Young’s inequality, sup

t
∥(F−1ξ m) (t, y)∥
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≲ 1
and (6.24), we get
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Thus, it implies
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Let vl = P
y

ξ(t),≤2l2−5v and vh = P
y

ξ(t),>2l2−5v. We can then decompose N1 as
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P
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(7.26)

+ 2(P y
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(7.27)

+ P y
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n1−n2+n3=n

Πn (vln1
vhn2

vln3
)) − ∑

n1,n2,n3,n∈N,
n1−n2+n3=n

Πn (P y

ξ(t),≤2l2v
l
n1
P

y

ξ(t),≤2l2vhn2
P

y

ξ(t),≤2l2v
l
n3
)
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)),

(7.29)

where the “O” in (7.29) means there are two high frequency factors in it. Observe that

(7.26) = 0.
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We next consider (7.27) and (7.28). Since their estimates are very similar, we only prove (7.27). Since(Fy vhn3
) (t, σ, x) is supported on {σ ∶ ∣σ − ξ(t)∣ ≤ 2l2+10}, we have
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(7.30)
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2l2
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+ ∑
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∑
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l
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) (z, x)vhn3

(θ, x))
(7.32)
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2l2
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) dσdηdξdỹdzdθ.

We shall only prove estimate (7.31), as the proof of (7.32) is similar.

(7.31) = ∑
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∑
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where
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) − φ(σ − ξ(t)
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)) dξdηdσ.

By the estimates ∣ξ − η∣ ∼ 2l1 , ∣η − σ∣ ≲ 2l1, and the fundamental theorem of calculus, we obtain

∣φ(ξ − ξ(t)
2l2

) − φ(σ − ξ(t)
2l2

)∣ ≲ 2−l2 ∣ξ − σ∣ ≲ 2l1−l2 .(7.33)

This implies

sup
t
∫ ∣K (t; ỹ, z, θ)∣ dỹdzdθ ≲ 2l1−l2 .(7.34)
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Thus, by Minkowski’s inequality, Hölder’s inequality, (7.34), Lemma 6.20 and the conservation of mass,

we infer
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)∥
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We now consider (7.29). Since

∥O( ∑
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it follows that

∥N1∥
L

4
3
t,yL

2
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≲ ∥v∥2
X̃i(Gi

α)
,(7.35)

and therefore, we have

(7.23) ≲ 22l2−2i∥w0∥2L2
y,x(R2×R) (1 + ∥v∥3X̃i(Gi

α)
) .

Estimate of (7.24).

Applying integration by parts, we have

(7.24) ≲ (7.23) + 2l2−2i∣∫
R
∫
R
∫
G

l2
β

∬ ∣w(t, ỹ, x̃)∣2 1

∣y − ỹ∣R(w̃N) (t, y, x)dydỹdxdx̃dt∣.
By the Strichartz estimate, (7.35), (6.14), (6.17), Bernstein’s inequality, and the conservation of mass, we

have
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dt
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) .

Thus

(7.24) ≲ 22l2−2i∥w0∥2L2
y,x
(1 + ∥v∥3

X̃i(Gi
α)
) .

Estimate of (7.25).
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By Bernstein’s inequality and the conservation of mass, we have
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∥(∇y − iξ(t)) 12P y
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.

We now turn to the estimate of

2l2−2i∣∫
G

l2
β

∫
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∫
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∫
R
∫
R

I(w̄(∇y − iξ(t))w)(t, y, x) y − ỹ∣y − ỹ∣I(w̃N1)(t, ỹ, x̃)dydỹdxdx̃dt∣.
Since

∫
R

I( ∑
n1,n2,n3,n∈N,
n1−n2+n3=n

w̃Πn (w̃n1
w̃n2

w̃n3
))(x̃)dx̃ = 0,(7.36)

we see

∫
R

∑
n∈N

I (w̃nN1,n) (x̃)dx̃ =∫
R
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n∈N
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y
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Πn (vn1
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))(x̃)dx̃.

Using the decomposition v = vh + vl, where vl = P
y

ξ(t),≤2l2−5v, together with the above equality, we have

∫
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∑
n∈N

I (w̃nN1,n) (x̃) =∫
R

∑
n∈N
(F0,n +F1,n +F2,n + F3,n + F4,n) (x̃)dx̃,(7.37)

where Fj,n consists of j vhn−terms and 4 − j vln−terms, for j = 0,1,2,3,4, in

I(w̃nP
y

ξ(t),≤2l2 ∑
n1,n2,n3∈N,
n1−n2+n3=n

Πn (vn1
vn2

vn3
)).

We now consider the estimate of the Fj terms, j = 0,1,2,3,4 as follows.

By (7.36), we have

∫
R

∑
n∈N

F0,n (t, ỹ, x̃) dx̃ = 0.
By Bernstein’s inequality, (6.1) and Lemma 6.20, we have
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By a direct calculation, we have

∑
n∈N

F1,n =∑
n∈N

I(P y

ξ(t),≤2l2P
y

ξ(t),≥2l2−2vhnP
y

ξ(t),≤2l2 ∑
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)

(7.38)

+ vlnP y

ξ(t),≤2l2( ∑
n1,n2,n3∈N,
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Πn (vln1
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n1,n2,n3∈N,
n1−n2+n3=n

Πn (vln1
vln2

P
y

ξ(t),≥2l2−2v
h
n3
))).

Since the support of the partial Fourier transform with respect to ỹ of ∑
n∈N

F1,n (t, ỹ, x̃) is contained in

{ξ ∶ ∣ξ∣ ≥ 2l2−4}, we can apply the integration by parts with respect to ỹ, the Hardy-Littlewood-Sobolev

inequality, Bernstein’s inequality, the Strichartz estimate, (6.25), and (6.24) to give the following estimate
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We are now left to show

2l2−2i∣ ∑
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≲∥w0∥2L2
y,x
(1 + ∥v∥4

X̃i(Gi
α)
) .

Similar to the estimate on the term involved F1 above, from integration by parts, Bernstein’s inequality

and (6.25), we conclude
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We now turn to the estimate of the low frequency part of F2. First of all, we can decompose F2,n′ as

F2,n′ (t, ỹ, x̃)
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For (7.41), by (7.30), (7.34), Lemma 6.20 and the conservation of mass, we have
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To estimate (7.42). We note similar to (7.33), we have
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Then by Lemma 6.20 and the conservation of mass, we have
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Now we turn to the remaining terms in (7.40). Observe that
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I(P y

ξ(t),≤2l2v
h
n′P

y

ξ(t),≤2l2Πn′ (vln′
1

vh
n′
2

vln′
3

) −P y

ξ(t),≤2l2v
h
n′Πn′ (vln′

1

P
y

ξ(t),≤2l2v
h
n′
2

vln′
3

))
(7.44)

+ ∑
n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

I(vln′P y

ξ(t),≤2l2Πn′ (vhn′
1

vl
n′
2

vln′
3

) + P y

ξ(t),≤2l2v
h
n′Πn′ (vln′

1

P
y

ξ(t),≤2l2v
h
n′
2

vln′
3

)) .
(7.45)

Similar to the arguments for (7.43), we have

2l2−i ∥∫
R

(7.44)dx∥
L1
t,y(G

l2
β
×R2)
≲ 2l2−i∥v∥3

X̃i(Gi
α)
.
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Thus, to show (7.39), we just need to consider the term that contains (7.45). By direct calculation, we get

2l2−2i∫
G

l2
β

∭ ∑
n∈N

I(wn(∇y − iξ(t))wn)(t, y, x) y − ỹ∣y − ỹ∣ ∑n′∈N ∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′
P

y

ξ(t),≤2l2−10I(vln′P y

ξ(t),≤2l2Πn′ (vhn′
1

vl
n′
2

vhn′
3

)

+P y

ξ(t),≤2l2vhn′Πn′ (vln′
1

P y

ξ(t),≤2l2vhn′2v
l
n′
3

) )(t, ỹ, x̃)dydỹdxdx̃dt
=2l2−2i∫

G
l2
β

∬ ∑
n∈N

I (wn(∇y − iξ(t))wn) (t, y + 2ξ (Gl2
β
) t, x) y − ỹ∣y − ỹ∣ ∑n′∈N ∑

n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′
P y

ξ(t),≤2l2−10

I(vl
n′
1

vl
n′
3

(vhn′vhn′
2

−P y

ξ(t),≤2l2v
h
n′P

y

ξ(t),≤2l2v
h
n′
2

)) (t, ỹ + 2ξ(Gl2
β )t, x̃) dxdx̃dydỹdt.

We may take ξ(Gl2
β ) = 0 in the right hand side of the above equality by the invariance of the Galilean

transformation. By the inverse Fourier transform, we have

∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′
∫
G

l2
β

⨌ I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣
P

y

≤2l2−10I((vn′1vln′3) (vhn′vhn′2 −P y

ξ(t),≤2l2v
h
n′P

y

ξ(t),≤2l2v
h
n′
2

)) (t, ỹ, x̃) dydỹdxdx̃dt
= ∑

n,n′∈N
∑

n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′
∫
G

l2
β

⨌ I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣(∭ φ(η1 + η2 + η3 + η4
2l2−10

)eiỹ(η1+η2+η3+η4)

Πn′( (Fỹv
l
n′
1

) (t, η3, x̃) (Fỹv
l
n′
3

) (t, η4, x̃)(Fỹv
h
n′) (t, η1, x̃)(Fỹv

h
n′
2

) (t, η2, x̃))
(1 − φ(η1 − ξ(t)

2l2
)φ(η2 − ξ(t)

2l2
)) dη1dη2dη3dη4)dydỹdxdx̃dt.

Let

q(η) = ∣η1∣2 + ∣η2∣2 − ∣η3∣2 − ∣η4∣2,
as in [31], we have 1

q(η) is a convergent sum of terms with operator norm being dominated by 1

∣η1∣2+∣η2∣2 ∼
1

∣η1∣∣η2∣ on the support of (1 − φ(η1−ξ(t)
2l2
)φ(η2−ξ(t)

2l2
))φ ( η3

2l2−4 )φ ( η4
2l2−4 ).

Let Gl2
β = [t0, t1]. Applying integration by parts (with respect to time), we have

∫
G

l2
β

∭ ∭ ∬ 1

iq(η) (
d

dt
eitq(η))I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣φ(

η0 + η1 + η2 + η3
2l2−10

)
eiỹ(η1+η2+η3+η0) (1 − φ(η0 − ξ(t)

2l2
)φ(η2 − ξ(t)

2l2
))(e−it∣η0∣2 (Fỹv

h
n′) (t, η0, x̃) e−it∣η2∣2 (Fỹv

h
n′
2

) (t, η2, x̃)
eit∣η1∣

2 (Fỹv
l
n′
1

) (t, η1, x̃) eit∣η3∣2 (Fỹv
l
n′
3

) (t, η3, x̃) dη1dη2dη3dη0)dydỹdxdx̃dt
∶= B1 +B2 +B3 +B4,
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where

B1 =∭ ∭ ∬ 1

iq(η)eitq(η)I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣φ(
η1 + η2 + η3 + η0

2l2−10
) eiỹ(η1+η2+η3+η0)

(7.46)

(1 − φ(η0 − ξ(t)
2l2

)φ(η2 − ξ(t)
2l2

))(e−it∣η0 ∣2 (Fỹv
h
n′) (t, η0, x̃) e−it∣η2∣2 (Fỹv

h
n′
2

) (t, η2, x̃)
eit∣η1 ∣

2 (Fỹv
l
n′
1

) (t, η1, x̃)eit∣η3 ∣2 (Fỹv
l
n′
3

) (t, η3, x̃) dη0dη1dη2dη3)dydỹdxdx̃∣
t1

t0

,

B2 = − ∫
t1

t0
∭ ∭ ∬ 1

iq(η)eitq(η)
∂

∂t
I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣φ(

η1 + η2 + η3 + η0
2l2−10

)
(7.47)

eiỹ(η1+η2+η3+η0) (1 − φ(η0 − ξ(t)
2l2

)φ(η2 − ξ(t)
2l2

))(e−it∣η0∣2 (Fỹv
h
n′) (t, η0, x̃) e−it∣η2∣2 (Fỹv

h
n′
2

) (t, η2, x̃)
eit∣η1 ∣

2 (Fỹv
l
n′
1

) (t, η1, x̃) eit∣η3∣2 (Fỹv
l
n′
3

) (t, η3, x̃) dη1dη2dη3dη0)dydỹdxdx̃dt,

B3 = − ∫
t1

t0
∭ ∭ ∬ 1

iq(η)eitq(η)I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣
(7.48)

∂

∂t
(φ(η1 + η2 + η3 + η0

2l2−10
) eiỹ(η1+η2+η3+η0) (1 − φ(η0 − ξ(t)

2l2
)φ(η2 − ξ(t)

2l2
)))(e−it∣η0 ∣2 (Fỹv

h
n′) (t, η0, x̃)

e−it∣η2 ∣
2 (Fỹv

h
n′
2

) (t, η2, x̃) eit∣η1∣2 (Fỹv
l
n′
1

) (t, η1, x̃) eit∣η3∣2 (Fỹv
l
n′
3

) (t, η3, x̃) dη1dη2dη3dη0)dydỹdxdx̃dt,

B4 = − ∫
t1

t0
∭ ∭ ∬ 1

iq(η)eitq(η)I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣φ(
η1 + η2 + η3 + η0

2l2−10
)

(7.49)

eiỹ(η1+η2+η3+η0) (1 − φ(η0 − ξ(t)
2l2

)φ(η2 − ξ(t)
2l2

)) ∂
∂t
(e−it∣η0∣2 (Fỹv

h
n′) (t, η0, x̃) e−it∣η2∣2 (Fỹv

h
n′
2

) (t, η2, x̃)
eit∣η1 ∣

2 (Fỹv
l
n′
1

) (t, η1, x̃)eit∣η3 ∣2 (Fỹv
l
n′
3

) (t, η3, x̃) dη1dη2dη3dη0)dydỹdxdx̃dt.
For (7.46), set

m(t;η0, η1, η2, η3) = 1

q(η)φ(
η1 + η2 + η3 + η0

2l2−10
)(1 − φ(η0 − ξ(t)

2l2
)φ(η2 − ξ(t)

2l2
)) .
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Then we have

(7.46) = − i∭ ∭ ∬ I (wn(∇y − iξ(t))wn) (t, y, x) y − ỹ∣y − ỹ∣K(t; z0, z1, z2, z3)vhn′ (t, ỹ − z0, x̃)
vh
n′
2

(t, ỹ − z2, x̃)vln′
1

(t, ỹ − z1, x̃) vln′
3

(t, ỹ − z3, x̃) dz1dz2dz3dz0dxdx̃dydỹ∣
t1

t0

,

where

K(t; z0, z1, z2, z3) =⨌ m(t;η0, η1, η2, η3)eiz1η1eiz2η2eiz3η3eiz0η0 dη1dη2dη3dη0,(7.50)

which satisfies

sup
t
∫ ∣K(t; z0, z1, z2, z3)∣ dz1dz2dz3dz0 ≲ 2−2l2 ,(7.51)

by the Coifman-Meyer theorem [44]. Thus, by Bernstein’s inequality, (7.51) and the conservation of mass,

we have

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.46)∣

≲2l2−2i∥w∥L∞t L2
y,x
∥(∇y − iξ(t))w∥L∞t L2

y,x
⨌ ∣K(t; z0, z1, z2, z3)∣ ∥vh (t, ỹ − z0, x̃)∥L2

x̃

∥vh (t, ỹ − z2, x̃)∥L2

x̃∥vl (t, ỹ − z1, x̃)∥L2

x̃

∥vl (t, ỹ − z3, x̃)∥L2

x̃

dz1dz2dz3dz0dỹ

≲2l2−i∥w0∥2L2
y,x
2−2l2 ∥vh∥2

L∞t L2
y,x

∥vl∥2
L∞t,yL2

x

≲ ∥w0∥2L2
y,x
.

Next, we turn to the estimate of (7.47). By a direct computation, we have

∂

∂t
I∫

R

(wn(∂yk − iξk(t))wn) (t, y, x)dx
= ξ′k(t)∥wn(t, y, x)∥2L2

x
+

2

∑
k′=1

∂yk′R∫
R

(wn(∂yk − iξk(t))∂yk′wn) (t, y, x)dx
−

2

∑
k′=1

∂yk′R∫
R

(∂yk′wn(∂yk − iξk(t))wn) (t, y, x)dx.
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Thus, we get

(7.47) =

∫
G

l2
β

∭ ∭ ∬ y − ỹ
∣y − ỹ∣ξ′(t)∥wn(t, y, x)∥2L2

x
K(t; z0, z1, z2, z3)vhn′ (t, ỹ − z0, x̃)vhn′

2

(t, ỹ − z2, x̃)
(7.52)

vln′
1

(t, ỹ − z1, x̃)vln′
3

(t, ỹ − z3, x̃) dz1dz2dz3dz0dydỹdxdx̃dt

+
2

∑
k,k′=1∫Gl2

β

∭ ∭ ∬ (y − ỹ)k∣y − ỹ∣ ∂yk′R(wn(∂yk − iξk(t))∂yk′wn) (t, y, x)K(t; z0, z1, z2, z3)
(7.53)

vhn′ (t, ỹ − z0, x̃)vhn′
2

(t, ỹ − z2, x̃)vln′
1

(t, ỹ − z1, x̃) vln′
3

(t, ỹ − z3, x̃) dz1dz2dz3dz0 dydỹdxdx̃dt

−
2

∑
k,k′=1∫Gl2

β

∭ ∭ ∬ (y − ỹ)k∣y − ỹ∣ ∂yk′R(∂yk′ w̄n(∂yk − iξk(t))wn) (t, y, x)K(t; z0, z1, z2, z3)
(7.54)

vhn′ (t, ỹ − z0, x̃)vhn′
2

(t, ỹ − z2, x̃)vln′
1

(t, ỹ − z1, x̃) vln′
3

(t, ỹ − z3, x̃) dz1dz2dz3dz0dydỹdxdx̃dt,
where K(t; z0, z1, z2, z3) is given in (7.50).

By (7.51), (6.14), (6.19), Bernstein’s inequality and the conservation of mass, we have

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.52)∣ ≲ 2l2−2i2−2l2∥w∥2
L∞t L2

y,x
∥vh∥2

L∞t L2
y,x

∥vl∥2
L∞t,yL2

x

(∫
G

l2
β

∣ξ′(t)∣dt) ≲ ∥w0∥2L2
y,x
.

Integrating (7.53) by parts in space, we derive

(7.53)

= −
2

∑
k,k′=1∫Gl2

β

∭ ∭ ∬ ( δkk′∣y − ỹ∣ +
(y − ỹ)k′(y − ỹ)k∣y − ỹ∣3 )R(wn(∂yk − iξk(t))∂yk′wn) (t, y, x)

K(t; z0, z1, z2, z3)vhn′ (t, ỹ − z0, x̃)vhn′
2

(t, ỹ − z2, x̃)vln′
1

(t, ỹ − z1, x̃) vln′
3

(t, ỹ − z4, x̃) dz1dz2dz3dz0dxdx̃dydỹdt.
Therefore, by the Hardy-Littlewood-Sobolev inequality, (7.51), Lemma 6.20, the Sobolev embedding

theorem, the fact Gl2
β
⊆ Gi

α, ∣ξ(t)∣ << 2l2 and l2 ≤ i, we have

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.53)∣ ≲ 2l2−2i22i2−2l2∥w∥2
L6
tL

3
yL

2
x
∥vh∥2

L3
tL

6
yL

2
x

∥vl∥2
L∞t L4

yL
2
x

≲ ∥w0∥2L2
y,x
∥v∥2

X̃i(Gi
α)
.

By a similar argument, we infer

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.54)∣ ≲ ∥w0∥2L2
y,x
∥v∥2

X̃i(Gi
α)
.

Now we turn to (7.48). As (7.46), we have the corresponding integral kernel

K̃(t; z0, z1, z2, z3) =⨌ m̃(t;η0, η1, η2, η3)eiz1η1eiz2η2eiη3z3eiz0η0 dη1dη2dη3dη0,
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where

m̃(t;η0, η1, η2, η3)
= − 2−l2

q(η)φ(
η1 + η2 + η3 + η0

2l2−10
)((∇φ)(η0 − ξ(t)

2l2
)φ(η2 − ξ(t)

2l2
) + φ(η0 − ξ(t)

2l2
)(∇φ)(η2 − ξ(t)

2l2
)) .

The kernel function K̃(t; z0, z1, z2, z3) satisfies

sup
t
∫ ∣K̃(t; z0, z1, z2, z3)∣ dz1dz2dz3dz0 ≲ 2−3l2 .

Thus

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.48)∣ ≲ 2−2l2−i∥w∥2
L∞t L2

y,x
∥vh∥2

L∞t L2
y,x

∥vl∥2
L∞t,yL2

x

(∫
G

l2
β

∣ξ′(t)∣dt) ≲ ∥w0∥2L2
y,x
.

Finally, we consider the term (7.49). Following the argument for the estimates (7.46) and (7.48), by the

Bernstein inequality, the conservation of mass and Lemma 6.20, we deduce

2l2−2i∣ ∑
n,n′∈N

∑
n′
1
,n′

2
,n′

3
∈N,

n′
1
−n′

2
+n′

3
=n′

(7.49)∣ ≲ 2l2−i∥w0∥2L2
y,x
(1 + ∥v∥4

X̃i(Gi
α)
) .

Therefore, we eventually arrive at

(7.25) ≲ ∥w0∥2L2
y,x
(1 + ∥v∥4

X̃i(Gi
α)
) .

The proof of Theorem 7.5 is complete. �

7.2. Proof of Theorem 6.25.

Proof of Theorem 6.25. By Theorem 6.21, we have

∥vλ∥X̃k0
([0,λ−2T ]) ≲ 1,(7.55)

where

vλ(t, y, x) = λv (λ2t, λy, x) with λ =
ǫ32k0

K
.(7.56)

Let w̃ = P y

≤2k0vλ. Then w̃ satisfies

i∂tw̃ +∆yw̃ = F (w̃) +N,
where

N = P y

≤2k0F (vλ).
Let

M(t) = ∫
R
∫
R
∫
R2
∫
R2

∣w̃ (t, ỹ, x̃)∣2 y − ỹ∣y − ỹ∣I (w̃∇yw̃) (t, y, x)dydỹdxdx̃.
Then a direct calculation similar to [29, 31, 32, 78] gives

∥∫
R

∣∇y∣ 12 (∣w̃(t, y, x)∣2) dx∥2
L2
t,y([0,λ−2T ]×R2)

≲ sup
t∈[0,λ−2T ]

∣M(t)∣ + E ,
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where

E =

2∣∫ λ−2T

0
∫
R
∫
R
∫
R2
∫
R2

I (w̃(∇y − iξ(t))w̃) (t, y, x) y − ỹ∣y − ỹ∣I (w̃N) (t, ỹ, x̃)dydỹdxdx̃dt∣(7.57)

+∣∫ λ−2T

0
∫
R
∫
R
∫
R2
∫
R2

∣w̃ (t, ỹ, x̃) ∣2 y − ỹ∣y − ỹ∣I (N̄(∇y − iξ(t))w̃) (t, y, x)dydỹdxdx̃dt∣(7.58)

+∣∫ λ−2T

0
∫
R
∫
R
∫
R2
∫
R2

∣w̃ (t, ỹ, x̃) ∣2 y − ỹ∣y − ỹ∣I (w̃(∇y − iξ(t))N) (t, y, x)dydỹdxdx̃dt∣.(7.59)

Since N(t) ≤ 1, we have Nλ(t) ≤ ǫ32
k0

K
. By Theorem 6.6 and the Bernstein inequality, for any η > 0, if

K ≥ C(η), we have

∥(∇y − iξ(t)) w̃∥L∞t L2
y,x([0,λ−2T ]×R2×R) ≲ η2k0.(7.60)

Therefore, by the Galilean transformation and the conservation of mass, we get

sup
t∈[0,λ−2T ]

∣M(t)∣ ≲ η2k0.
We now consider (7.57). As in (7.37), let vlλ = P

y

≤2k0−3vλ and vhλ = P
y

>2k0−3vλ, then we have the decomposi-

tion

∫
R

I (w̃N) (t, ỹ, x̃)dx̃ = ∫
R

F0 (t, ỹ, x̃) + F1 (t, ỹ, x̃) + F2 (t, ỹ, x̃) + F3 (t, ỹ, x̃) +F4 (t, ỹ, x̃) dx̃.
We can see

∫
R

F0 (t, ỹ, x̃) dx̃ = 0.
Following the same argument as the proof of (7.25), we may obtain

∫
R

∥F2 (t, ỹ, x̃) + F3 (t, ỹ, x̃) +F4 (t, ỹ, x̃)∥L1

t,ỹ
([0,λ−2T ]×R2) dx̃ ≲ 1.

Then by (7.60) and the conservation of mass, we have

∣∫ λ−2T

0
∫
R
∫
R
∫
R2
∫
R2

I (w̃(∇y − iξ(t))w̃) (t, y, x) y − ỹ∣y − ỹ∣ (F2 + F3 +F4) (t, ỹ, x̃) dydỹdxdx̃dt∣ ≲ η2k0.
To estimate the contribution of the term with F1 in (7.57), we see the support of the spatial Fourier trans-

form of ∫R F1(t, ỹ, x̃)dx̃ is in {ξ ∶ ∣ξ∣ ≥ 2k0−4} as in (7.38). Therefore, by integration by parts, the Hardy-

Littlewood-Sobolev inequality, the Bernstein inequality, Lemma 6.20 and (7.55), we have

∣∫ λ−2T

0
∫
R
∫
R2
∫
R2

I (w̃(∇y − iξ(t))w̃) (t, y, x) y − ỹ∣y − ỹ∣ (∫R F1 (t, ỹ, x̃) dx̃) dydỹdxdt∣
≲∫

λ−2T

0
∫
R2
∫
R2

∣∫
R

(w̃(∇y − iξ(t))w̃) (t, y, x)dx∣ ⋅ 1

∣y − ỹ∣ ⋅ ∣∂ỹ (−∆ỹ)−1∫
R

F1(t, ỹ, x̃)dx̃∣ dydỹdt
≲∥w̃∥L∞t L2

y,x([0,λ−2T ]×R2×R) ∥(∇y − iξ(t))w̃∥L4
t,yL

2
x([0,λ−2T ]×R2×R) ∥∂ỹ (−∆ỹ)−1∫

R

F1 (t, ỹ, x̃) dx̃∥
L

4
3
t,y([0,λ−2T ]×R2)

≲2−k0 ∥(∇y − iξ(t))w̃∥L4
t,yL

2
x([0,λ−2T ]×R2×R) ∥vlλ∥3L6

t,yL
2
x([0,λ−2T ]×R2×R) .
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By the Bernstein inequality, Lemma 6.20, and (7.55), we have

∥vlλ∥L6
t,yL

2
x([0,λ−2T ]×R2×R) ≲ ∑

0≤l≤k0
2

l
32

k0−l
6 ≲ 2 k0

3 .

Note that

∥(∇y − iξ(t)) w̃∥
L

5
2
t L10

y L2
x([0,λ−2T ]×R2×R)

≲ ∑
0≤l≤k0

2l2
2

5
(k0−l) ≲ 2k0 .(7.61)

Interpolating (7.61) and (7.60), we obtain

∥(∇y − iξ(t)) w̃∥L4
t,yL

2
x([0,λ−2T ]×R2×R) ≲ η

3

82k0.(7.62)

Thus, by the above estimates, we have

(7.57) ≲ η 3

82k0 .

Now, we turn to (7.58). By (7.35) and (7.55), we have

(7.58) ≲ ∥w̃∥2L∞t L2
y,x([0,λ−2T ]×R2×R) ∥N∥

L
4
3
t,yL

2
x([0,λ−2T ]×R2×R)

∥(∇y − iξ(t))w̃∥L4
t,yL

2
x([0,λ−2T ]×R2×R) ≲ η

3

82k0.

Finally, we consider (7.59). Applying integration by parts, we have

(7.59) ≤(7.58)

+ ∣∫ λ−2T

0
∫
R
∫
R
∫
R2
∫
R2

∣w̃ (t, ỹ, x̃)∣2 1

∣y − ỹ∣R(w̃N) (t, y, x)dydỹdxdx̃dt∣ .(7.63)

By (6.1) and (7.36), we see

(7.63) ≲

∫
λ−2T

0
∫
R2
∫
R2

∥w̃ (t, ỹ, x̃)∥2L2

x̃

1

∣y − ỹ∣∥w̃(t, y, x)∥L2
x
∥vhλ(t, y, x)∥3L2

x

dydỹdt(7.64)

+∫
λ−2T

0
∫
R2
∫
R2

∥w̃ (t, ỹ, x̃) ∥2
L2

x̃

1

∣y − ỹ∣ ∥w̃(t, y, x)∥L2
x
∥vlλ(t, y, x)∥2L2

x

∥vhλ(t, y, x)∥L2
x

dydỹdt.(7.65)

By the Hardy-Littlewood-Sobolev inequality, (7.60), (7.62), Lemma 6.20, the Sobolev embedding theo-

rem, the conservation of mass, and interpolation, we have

(7.64) ≲ ∥vhλ∥3L4
t,yL

2
x([0,λ−2T ]×R2×R) ∥w̃∥3L4

t,yL
2
x([0,λ−2T ]×R2×R) ≲ η

3

82k0,

and

(7.65) ≲ ∥vhλ∥L3
tL

6
yL

2
x([0,λ−2T ]×R2×R) ∥w̃∥3L9

tL
90
29
y L2

x([0,λ−2T ]×R2×R)
∥vlλ∥2L6

tL
60
11
y L2

x([0,λ−2T ]×R2×R) ≲ η
1

62k0.

Thus, by the above estimates, we have

∥∫
R

∣∇y∣ 12 (∣w̃(t, y, x)∣2) dx∥2
L2
t,y([0,λ−2T ]×R2)

≲ η 1

62k0.

Undoing the scaling in (7.56), we finally reach the desired estimate (6.41). �
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8. APPENDIX: WELL-POSEDNESS THEORY FOR (1.2)

In this appendix, we present the proofs of the recorded results in Section 3 for self-contained. Let

X1(t) = x sin(t) − i cos(t)∂x and X2(t) = x cos(t) + i sin(t)∂x.
We have the point-wise identity: for any f ∈ S(R3),

∣X1(t)f(y, x)∣2 + ∣X2(t)f(y, x)∣2 = ∣xf(y, x)∣2 + ∣∂xf(y, x)∣2 , ∀t ∈ R.(8.1)

The next result follows by direct computation. We refer to [14] for more explanation.

Lemma 8.1. The operators X1(t) and X2(t) satisfy the following properties:

(1) They correspond to the conjugation of gradient and momentum by the free flow,

X1(t) = eit(∆R3
−x2) (−i∂x) e−it(∆R3

−x2),

X2(t) = eit(∆R3
−x2)xe−it(∆R3

−x2).

(2) They act on the nonlinearity like derivatives, that is for j = 1,2, we have

∣Xj(t) (∣u∣2u)∣ ≲ ∣u∣2 ∣Xj(t)u∣ .
As a consequence, we have

∥e−it(∆R3
−x2)u(t) − u±∥

Σ

= ∥u(t) − eit(∆R3
−x2)u±∥

L2
xH

1
y

+ ∥X1(t)(u(t) − eit(∆R3
−x2)u±)∥

L2
y,x

+ ∥X2(t)(u(t) − eit(∆R3
−x2)u±)∥

L2
y,x

.

We now show the local well-posedness part of Theorem 3.4 in the following formulation. This is essen-

tially following the argument in [20, 83].

Theorem 8.2 (Local well-posedness). For any E > 0 and u0 with ∥u0∥L2
yH

1
x(R2×R) ≤ E, there exists δ0 =

δ0(E) > 0 such that if

∥eit(∆R3
−x2)u0∥

L4
t,yL

2
x(I×R2×R)

+∥X1(t)eit(∆R3
−x2)u0∥

L4
t,yL

2
x(I×R2×R)

+∥X2(t)eit(∆R3
−x2)u0∥

L4
t,yL

2
x(I×R2×R)

≤ δ0,

where I is the time interval, there exits a unique solution u ∈ C0
t L

2
yH

1
x (I ×R2 ×R) of (1.2) satisfying

∥u∥L4
t,yH

1
x(I×R2×R) ≤ 2 ∥eit(∆R3

−x2)u0∥
L4
t,yH

1
x(I×R2×R)

, and ∥u∥L∞t L2
yH

1
x(I×R2×R) ≤ C ∥u0∥L2

yH
1
x
.

Proof. Let

Φ(u) = eit(∆R3
−x2)u0 − i∫

t

0

ei(t−s)(∆R3
−x2) (∣u∣2u) (s)ds,

and set the space X to be

X = {u ∈ C0

t L
2

yH
1

x ∶ ∥u∥L∞t L2
yH

1
x
≤ 2E, ∥u∥L4

t,yH
1
x
≤ 2Cδ0} ,

or

X = {u ∈ C0
t L

2
yH

1
x ∶ ∥u∥L∞t L2

y,x
≤ 2E, ∥u∥L4

t,yL
2
x
≤ 2Cδ0, ∥Xj(t)u∥L∞t L2

y,x
≤ 2E, ∥Xj(t)u∥L4

t,yL
2
x
≤ 2Cδ0, j = 1,2} .

For any u ∈ X , by Proposition 3.2, Hölder’s inequality, Sobolev’s inequality, Lemma 8.1, and (8.1), we

have

∥Φ(u)∥L∞t L2
y,x
≲ ∥u0∥L2

y,x
+ ∥u∥L4

t,yL
2
x
∥u∥2

L4
t,yH

1
x
,
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and

∥X1(t)Φ(u)∥L∞t L2
y,x
+ ∥X2(t)Φ(u)∥L∞t L2

y,x

≲ ∥∇xu0∥L2
y,x
+ ∥xu0∥L2

y,x
+ ∥u∥2

L4
t,yH

1
x
(∥X1(t)u∥L4

t,yL
2
x
+ ∥X2(t)u∥L4

t,yL
2
x
) .

Thus

∥Φ(u)∥L∞t L2
y,x
+ ∥X1(t)Φ(u)∥L∞t L2

y,x
+ ∥X2(t)Φ(u)∥L∞t L2

y,x
≤ E + (2Cδ0)3 ≤ 2E.(8.2)

Similarly, we can obtain

∥Φ(u)∥L4
t,yL

2
x
+ ∥X1(t)Φ(u)∥L4

t,yL
2
x
+ ∥X2(t)Φ(u)∥L4

t,yL
2
x
≤ δ0 + (2Cδ0)3 ≤ 2Cδ0.(8.3)

In the same time, for any u, v ∈X , by the Strichartz estimate, Hölder’s inequality, and Sobolev’s inequality,

we have

∥Φ(u) −Φ(v)∥L4
t,yL

2
x
≲ ∥∣u∣2u − ∣v∣2v∥

L
4
3
t,yL

2
x

≲ ∥u − v∥L4
t,yL

2
x
(∥u∥2

L4
t,yH

1
x
+ ∥v∥2

L4
t,yH

1
x
)(8.4)

≲ (2Cδ0)2 ∥u − v∥L4
t,yL

2
x
.

Combining (8.2), (8.3), and (8.4), we have for δ0 small enough, Φ ∶ X → X is a contractive map. There-

fore, the theorem follows from the fixed point theorem. �

We now turn to the proof of the scattering norm in Theorem 3.4.

Proof of the scattering norm part of Theorem 3.4. We need to show

∥u∥L4
t,yH

1
x∩L

4
tW

1,4
y L2

x(R×R2×R) ≤ C(M),(8.5)

then by the scattering theory of the nonlinear Schrödinger equations [1,17,83], we have scattering in (3.1).

By well-posedness part of Theorem 3.4, it suffices to prove (8.5) as an a priori bound.

Divide the time interval R into N ∼ (1 + L
δ
)4 subintervals Ij = [tj, tj+1] such that

∥u∥
L4
t,yH

1−ǫ0
x (Ij×R2×R) ≤ δ,(8.6)

where δ > 0 will be chosen later.

On each Ij , by (8.1), the Strichartz estimate, the Sobolev embedding and (8.6), we have

∥u∥L4
tW

1,4
y L2

x∩L
4
t,yH

1
x(Ij×R2×R)

≤C (∥u (tj)∥Σ + ∥∣u∣2u∥
L

4
3
t,yL

2
x

+ ∥X1(t) (∣u∣2u)∥
L

4
3
t,yL

2
x

+ ∥X2(t) (∣u∣2u)∥
L

4
3
t,yL

2
x

)
≤C (∥u (tj)∥Σ + ∥u∥2L4

t,yH
1−ǫ0
x

(∥u∥L4
t,yL

2
x
+ ∥X1(t)u∥L4

t,yL
2
x
+ ∥X2(t)u∥L4

t,yL
2
x
) + ∥u∥

L4
tW

1,4
y L2

x
∥u∥2

L4
t,yH

1−ǫ0
x

)
≤C (∥u (tj)∥Σ + ∥u∥2L4

t,yH
1−ǫ0
x

(∥u∥L4
t,yL

2
x
+ ∥∇xu∥L4

t,yL
2
x
+ ∥∣x∣u∥L4

t,yL
2
x
+ ∥u∥

L4
tW

1,4
y L2

x
))

≤C (∥u (tj)∥Σ + δ2∥u∥L4
tW

1,4
y L2

x∩L
4
t,yH

1
x
) .

Choosing δ ≤ ( 1

2C
) 14 leads to the estimate

∥u∥
L4
tW

1,4
y L2

x∩L
4
t,yH

1
x(Ij×R2×R) ≤ 2C ∥u(tj)∥Σy,x

.

The desired bound (8.5) now follows by adding up the bounds on each subintervals Ij . �
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We now provide the proof of Theorem 3.5. First, we show the following short-time version.

Lemma 8.3 (Short-time stability theorem). Let I be a compact interval and let ũ be an approximate

solution to (1.2) in the sense that i∂tũ +∆R3 ũ − x2ũ = ∣ũ∣2ũ + e for some function e. Assume that

(8.7) ∥ũ∥L∞t L2
yH

1
x(I×R2×R) ≤M

for some positive constant M . Let t0 ∈ I and u(t0) be such that

(8.8) ∥u(t0) − ũ(t0)∥L2
yH

1
x
≤M ′

for some M ′ > 0.

Assume also the smallness conditions hold:

∥ũ∥L4
tL

4
yH

1
x(I×R2×R) ≤ ǫ,(8.9)

∥ei(t−t0)(∆R3
−x2) (u(t0) − ũ(t0))∥

L4
tL

4
yH

1
x

+ ∥e∥
L

4
3
t L

4
3
y H

1
x

≤ ǫ,(8.10)

for some 0 < ǫ ≤ ǫ1, where ǫ1 = ǫ1(M,M ′) > 0 is a small constant. Then, there exists a solution u to (1.2)

on I ×R2 ×R with initial data u(t0) at time t = t0 satisfying

∥u − ũ∥L4
t,yH

1
x
≲ ǫ,(8.11)

∥u − ũ∥L∞t L2
yH

1
x
≲M ′,(8.12)

∥u∥L∞t L2
yH

1
x
≲M +M ′,(8.13)

∥∣u∣2u − ∣ũ∣2ũ∥
L

4
3
t L

4
3
y H

1
x

≲ ǫ.(8.14)

Proof. By symmetry, we may assume t0 = inf I . Let w = u − ũ, then w satisfies

i∂tw +∆R3w − x2w = ∣ũ +w∣2(ũ +w) − ∣ũ∣2ũ − e.
For t ∈ I , we define

D(t) = ∥∣ũ +w∣2(ũ +w) − ∣ũ∣2ũ∥
L

4
3
t,yH

1
x([t0,t]×R2×R)

.

By (8.9), we have

D(t) ≲ ∥w∥L4
t,yH

1
x
(∥ũ∥2L4

t,yH
1
x
+ ∥w∥2

L4
t,yH

1
x
) ≲ ∥w∥3

L4
t,yH

1
x([t0,t]×R2×R) + ǫ21∥w∥L4

t,yH
1
x([t0,t]×R2×R).(8.15)

On the other hand, by the Strichartz estimate and (8.10), we get

∥w∥L4
t,yH

1
x([t0,t]×R2×R) ≲ ∥ei(t−t0)(∆R3

−x2)w(t0)∥
L4
t,yH

1
x([t0,t]×R2×R)

+D(t) + ∥e∥
L

4
3
t,yH

1
x([t0,t]×R2×R)

≲D(t) + ǫ.
(8.16)

Combining (8.15) and (8.16), we obtain

D(t) ≲ (D(t) + ǫ)3 + ǫ21 (D(t) + ǫ) .
A standard continuity argument then shows that if ǫ1 is taken sufficiently small, then

D(t) ≲ ǫ, ∀ t ∈ I,
which implies (8.14).

Using (8.14) and (8.16), one easily derives (8.11). Moreover, by the Strichartz estimate, (8.8) and (8.14),

∥w∥L∞t L2
yH

1
x(I×R2×R) ≲ ∥w(t0)∥L2

yH
1
x
+ ∥∣ũ +w∣2(ũ +w) − ∣ũ∣2ũ∥

L
4
3
t,yH

1
x

+ ∥e∥
L

4
3
t,yH

1
x

≲M ′ + ǫ,
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which establishes (8.12) for ǫ1 = ǫ1(M ′) sufficiently small.

To prove (8.13), we use the Strichartz estimate, (8.7), (8.8), (8.14) and (8.9),

∥u∥L∞t L2
yH

1
x(I×R2×R) ≲ ∥ũ(t0)∥L2

yH
1
x
+ ∥u(t0) − ũ(t0)∥L2

yH
1
x
+ ∥∣u∣2u − ∣ũ∣2ũ∥

L
4
3
t,yH

1
x

+ ∥∣ũ∣2ũ∥
L

4
3
t,yH

1
x

≲M +M ′ + ǫ + ∥ũ∥3L4
t,yH

1
x
≲M +M ′ + ǫ + ǫ31.

The proof is complete by choosing ǫ1 = ǫ1(M,M ′) sufficiently small. �

We now show the proof of Theorem 3.5.

Proof of Theorem 3.5. We divide the interval I intoN ∼ (1 + L
ǫ0
)4 subintervals Ij = [tj , tj+1], 0 ≤ j ≤ N −1

such that

∥ũ∥L4
t,yH

1
x(Ij×R2×R) ≤ ǫ1,

where ǫ1 = ǫ1(M,2M ′) is given by Lemma 8.3.

By choosing ǫ1 sufficiently small depending on J , M and M ′, we can apply Lemma 8.3 to obtain for

each j and all 0 < ǫ < ǫ1,

∥u − ũ∥L4
t,yH

1
x(Ij×R2×R) ≤ C(j)ǫ, ∥u − ũ∥L∞t L2

yH
1
x(Ij×R2×R) ≤ C(j)M ′,

∥u∥L∞t L2
yH

1
x(Ij×R2×R) ≤ C(j)(M +M ′), ∥∣u∣2u − ∣ũ∣2ũ∥

L
4
3
t,yH

1
x(Ij×R2×R)

≤ C(j)ǫ,
provided we can prove that analogues of (3.2) and (3.3) hold with t0 replaced by tj .

In order to verify this, we use an inductive argument. By the Strichartz estimate, (3.2), and the inductive

hypothesis,

∥u(tj) − ũ(tj)∥L2
yH

1
x
≲ ∥u(t0) − ũ(t0)∥L2

yH
1
x
+ ∥∣u∣2u − ∣ũ∣2ũ∥

L
4
3
t,yH

1
x([t0,tj]×R2×R)

+ ∥e∥
L

4
3
t,yH

1
x([t0,tj]×R2×R)

≲M ′ +
j−1

∑
k=0

C(k)ǫ + ǫ.
Similarly, by the Strichartz estimate, (3.3), and the inductive hypothesis,

∥ei(t−tj)(∆R3
−x2) (u(tj) − ũ(tj))∥

L4
t,yH

1
x(Ij×R2×R)

≲ ∥ei(t−t0)(∆R3
−x2) (u(t0) − ũ(t0))∥

L4
t,yH

1
x(Ij×R2×R)

+ ∥e∥
L

4
3
t,yH

1
x([t0,tj]×R2×R)

+ ∥∣u∣2u − ∣ũ∣2ũ∥
L

4
3
t,yH

1
x([t0,tj]×R2×R)

≲ǫ +
j−1

∑
k=0
C(k)ǫ.

It is clear now we may choose ǫ1 sufficiently small, depending on N,M and M ′, such that the hypotheses

of Lemma 8.3 continue to hold as j varies. This completes the proof of Theorem 3.5. �
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