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Abstract

We consider an inverse medium scattering problem for the Helmholtz equation in a closed
cylindrical waveguide with penetrable compactly supported scattering objects. We develop
novel monotonicity relations for the eigenvalues of an associated modified near field operator,
and we use them to establish linearized monotonicity tests that characterize the support of
the scatterers in terms of near field observations of the corresponding scattered waves. The
proofs of these shape characterizations rely on the existence of localized wave functions,
which are solutions to the scattering problem in the waveguide that have arbitrarily large
norm in some prescribed region, while at the same time having arbitrarily small norm
in some other prescribed region. As a byproduct we obtain a uniqueness result for the
inverse medium scattering problem in the waveguide. Numerical examples are presented to
document the potentials and limitations of this approach.

Mathematics subject classifications (MSC2010): 35R30, (65N21)
Keywords: inverse scattering, Helmholtz equation, waveguide, monotonicity
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1 Introduction

Inverse scattering problems in closed cylindrical waveguides inherit several interesting features
that are not present in free space inverse scattering problems. For instance one has to distin-
guish between propagating and evanescent modes, the latter being virtually undetectable far
away from the scatterer for all practical purposes. Moreover, due to the waveguide geometry the
available near field scattering data are usually of very limited aperture, which typically increases
the instability in reconstruction algorithms. Nevertheless, inverse scattering problems in waveg-
uides are of practical relevance and have thus received increasing attention in recent years. For
instance, sampling-type reconstruction methods, which are closely related to the approach con-
sidered in this work, have been discussed in [5, 6, 7, 8, 38| (see also [36, 40| for inverse scattering
problems modeled by Maxwell’s equations). A sampling method for a multi-frequency inverse
scattering problem has recently been proposed in [37], and a time-domain sampling method
has been established in [39]. Furthermore, optimization schemes have, e.g., been considered
in [45, 46].

In this work we extend the results on monotonicity-based shape reconstruction and localized
wave functions for the inverse medium scattering problem in unbounded free space from [19] to
an inverse scattering problem in a closed straight cylindrical waveguide with Neumann boundary
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conditions featuring all the obstructions mentioned before. Our goal is to detect and recover the
support of one or more penetrable scattering objects from a knowledge of near field scattering
data using a monotonicity-based reconstruction scheme. Although we focus on a simple model
problem, we expect that everything presented here can be generalized to other types of obstacles,
other kinds of boundary conditions, and to more complex geometries.

Monotonicity-based shape reconstruction has been proposed in [43] for an inverse problem in
electrical impedance tomography. The starting point for this method has been the observation
that if o1 and o9 are positive functions representing electric conductivities in some bounded
domain Q C R% such that o7 < 02, then the associated Neumann-to-Dirichlet operators A,
and Ay, on 0N satisfy Ay, — Ay, > 0 in the sense that the self-adjoint compact linear operator
Ay, — Ag, is positive semidefinite, i.e., with respect to the Loewner order. A rigorous theoretical
justification of the method has been established in [28]. This analysis combines monotonicity
estimates for Neumann-to-Dirichlet maps (see also [30, 31| for earlier contributions in this direc-
tion) with the existence of localized potentials for the Laplace equation that has been shown in
[18]. Localized potentials are solutions to the Laplace equation in € that have arbitrarily large
norm in some prescribed region B C €2, while at the same time having arbitrarily small norm
in a different prescribed region E C €. A regularization strategy and numerical realizations
for monotonicity-based shape reconstruction in electrical impedance tomography have been con-
sidered in [15, 16, 17]. The case of impenetrable conductivity inclusions has been discussed
in [10]. Recently the method from [28] has been extended to an inverse boundary value problem
for the Helmholtz equation in [26, 27| and to an inverse scattering problem with compactly
supported penetrable scattering objects in unbounded free space in [19]. These results have
been generalized to time-harmonic Maxwell’s equations in [1, 25]. Inverse scattering problems
with impenetrable obstacles and an inverse crack detection problem have been considered in
[2, 13], and the connection to the factorization method [32, 33| has been further clarified in [14].
Monotonicity-based shape reconstruction techniques for eddy current problems and magnetic
induction tomography have been proposed in [41, 42, 44|, fractional order Schrédinger equations
have been discussed in |22, 23|, and nonlinear materials have been studied in [9, 12, 21, 24].

In contrast to [19], where the monotonicity relation has been shown for a modified far field
operator, we deal with near field observations in the waveguide setting. Accordingly, our analysis
of the monotonicity relation as well as the proof of the existence of localized wave functions
require a near field variant of the scattering operator appears that is not unitary as in the far
field setting, but we show invertibility. Describing the radiation condition in the waveguide by
means of modal expansions of the associated Dirichlet-to-Neumann operators, the corresponding
terms in the monotonicity relations can be estimated more directly than in [19], which allows
to carry over estimates on the dimension of the finite dimensional subspaces that have to be
excluded in the monotonicity relations from [27]. However, the improved dimension bounds from
[26] do not seem to be applicable straightforwardly. Comparing these theoretical dimension
bounds with the number of propagating modes of the waveguide we find that the dimension
of the finite dimensional subspaces that have to be excluded might grow much faster than the
number of propagating modes when increasing the wave number, in particular if the refractive
index of the scatterer is large, or if the scatterer is not just contained in a very narrow section of
the waveguide. On the other hand, in our numerical results we observe that the method works
reasonably well even if we work with propagating modes only.

This paper is organized as follows. In Section 2 the governing equations for the scattering
problem in the Neumann waveguide are presented. In Section 3 we show the monotonicity
relation for the near field operator in terms of the Loewner order up to a finite-dimensional
subspace. We also discuss the dimension of this subspace and compare it to the dimension of
the subspace of propagating modes of the waveguide. In Section 4 we extend the existence



result for localized and simultaneously localized wave functions from [19, 20] to the waveguide
setting. In this section we also give a uniqueness result for the inverse scattering problem in the
waveguide that is proved using the monotonicity relation and the existence of localized wave
functions established. Section 5 contains the theoretical justification of linearized monotonicity
tests for shape reconstruction for both sign-definite and sign-indefinite scattering configurations.
Some numerical results to illustrate our findings are provided in Section 6, and we conclude with
some final remarks.

2 Scattering by an inhomogeneous obstacle

We are concerned with acoustic wave propagation in a closed straight cylindrical waveguide. The
interior of the waveguide will be denoted as  := R x ¥, where ¥ C R4, d = 2,3, is the cross
section. We assume that ¥ = (0,h) with A > 0 when d = 2, while ¥ is a bounded connected
Lipschitz domain when d = 3. For z € Q, we use the notation x =: (x1,xy) with ;1 € R and
xy, € %. Often, we will only consider a finite section of the waveguide. Fixing some R > 0, let
Qg := (—R, R) x ¥. We also use the notation C5 := {+R} x X, and we write Cg := C} UCp
for the boundary section 9z \ 9Q. We will frequently identify L?*(Cg) with L*(C}) x L*(Cj).

The propagation of time harmonic acoustic waves in the homogeneous waveguide is governed
by the Helmholtz equation with Neumann boundary conditions

Au+k*u =0 inQ, gzzo on 99, (2.1)
where £k > 0 is the wavenumber. Throughout, we understand Helmholtz equations such as
(2.1) to hold in the weak sense with solutions in some Sobolev space, e.g., H{ () such that
boundary conditions have to be understood in the trace sense. We assume that an incident field
u', satisfying (2.1) in Q\ Cg, is scattered by an inhomogeneous object within the waveguide. This
scatterer is described by the refractive index n? = 1 4+ ¢ with a contrast function ¢ € Ly +(9Q),
where L%, (€2) denotes the space of essentially bounded real-valued functions on €2 that are
larger than —1 almost everywhere in 2 and vanish identically outside {2z. The total field u, is
then a superposition of the incident and the scattered field due to the inhomogeneity,

1 s
Ug = U + Ug,

such that u, is a weak solution to the Helmholtz equation with inhomogeneous coefficient,

0
Aug+ k(1 +qug =0 inQ\Cg, %:0 on 9.
Moreover, uy is assumed to solve
s 12 s 2 i Dug
Aug + k(14 quy = —k“qu' in Q, E:o on 09, (2.2)

and to be outgoing.

In a waveguide, the notion of outgoing fields is defined via a representation obtained by
separation of variables. It is well known that there exists a complete orthonormal system of
Neumann eigenfunctions (6,,)men, € L*(3) of —A in X, and that the corresponding eigen-
values (k2,)men, form a non-negative, non-decreasing sequence accumulating at co. A simple
application of Green’s first identity in ¥ shows that the sequence (60,,)men, is also orthogo-

o0
nal in H'(X) with H9m||§{1(2) = 1+ k2,. Thus expanding ¢ = > (¢, 0m) L2(5)0m, and using

m=0



interpolation techniques [35, p. 329], we find that the norms

[e.o]

H‘:OH%{S(E) = Z(l + k7)1, Om) 12y 0<s<1, (2.3)

m=0

on H?*(X) are equivalent to the standard norms. By duality, this extends to —1 < s < 0.
From now on we assume that k € (ky,kny1) for some N € Ny, and for any m € Ny we set
B := \/k2? — k2,. Throughout this work, the square root is such that for any z = |z[e'®8(2) ¢ C
with arg(z) € [—7/2,37/2) we have \/z = +/|z|e1#8(*)/2, Then, the functions

ut(z) = Op(xyg)etPmr x€Q, meNy,

are solutions to (2.1), called the modes of the waveguide. For m = 0,..., N, the mode urin
propagates along the waveguide from z1 = Foo to oo, while for m > N, u is exponentially
decaying as 1 — +o0o and exponentially growing as 1 — Foo. The radiation condition is that
outside the finite section Qp, the scattered field uj satisfies

ug(z) = Z afut (), r€eQ, 1 > R, (2.4)
m=0

for some (a5 )y, C C.
It is often advantageous to formulate this radiation condition via Dirichlet-to-Neumann maps.
Given a function ¢ on C%, we define

o0

(Ase®) (£R, -) == > iBml0 (LR, +), 0m) r2() O -

m=0

Identifying H*(C%) with H*(X) for s = £1/2 and using the norms (2.3), we obtain that
Ay : HY 2(0;%) — H™Y Q(C;%) is bounded. If we denote the unit outward normals on C’;% with
respect to Qg by v, the radiation condition (2.4) is equivalent to the boundary conditions

S
3uq

ov

A 8qu

= N, and 5

C+ 1%
R

= A_uy. (2.5)
Cr

Remark 2.1. The dual operators A% : HY/2(C%) — H'/2(CF) satisty

oo

(Ai(pi) (iR7 ) = - Z iﬁ7m<@i(iRﬂ ‘)7 6m>L2(E)0m- (2'6)

m=0

Accordingly, Ay — A% : HY?(C%) — H™V2(CF),

N
(A — A == > 2iBn(0™(£R, +), 0m) r2(2)0m » (2.7)
m=0

has finite dimensional range. Therefore, A1 — A% is also bounded and compact as an operator
from H1/2(C§) to L2(CF). O
To simplify the notation, we introduce A : H'/2(Cg) — H~Y?(CR),
Ap) = (Asglos Al ) |
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where we identify H*'/2(CR) with Hi1/2(0§) X Hil/Q(C};). Accordingly, we will write (-, )¢y
for the associated anti-dual bracket (with complex conjugation on the second argument). There-

with, we can state the weak formulation of the scattering problem in the waveguide, which is to
find u, € H'(QR) such that

/Q (Vg - Vo = K2 (1 + q)ugv) dz — (Aug, v) ¢,
R

B o’
T\ ov

As usual, an additional superscript + or — at a Neumann trace indicates that the trace is taken
from the outside or the inside of Q g, respectively.

Throughout this paper, we will assume that (2.8) admits a unique solution. This, of course,
is not the case for all positive k. To obtain solvability results, one may proceed as done in |3, 4]
for a related waveguide problem by proving that the operator associated with the bilinear form
in (2.8) admits a Garding inequality and establishing analytic dependence on k of the Dirichlet-
to-Neumann map A except along branch cuts of \/k2 — k2,, m € Ny. Analytic Fredhom theory
then implies that the scattering problem is uniquely solvable for all k£ except for a sequence
(]Afj)jeNo with oo as its only accumulation point. We will always assume that k # l;:j for all
7 € Ng.

An important tool to represent solutions to waveguide problems are volume and layer po-
tentials. Hence we introduce the Green’s function of the waveguide, defined as

- Aui,v> for all v € H'(Qg). (2.8)
CR CR

©  oiBmlzi—y1]
G(.’E,y) == § 215 em(xz)HM(y2)7 T,y € QRv z ?é Yy, (29)
m=0 m

see, e.g., |7]. In particular we have that

G’(x,y):@(x,y)—i—¢(a:,y), x,yGQR,x#y,

where 9 is an analytic function in Qr x Qg and ® denotes the fundamental solution to the
Helmholtz equation in free space, i.e.,

L >
ZHO (k‘|l’—y|), fUail/ER >x7£y>

0(z,y) = 1 Loy N
D — S .
47T|1' _ y| Y w? y Y z # y

We will consider incident fields of the form

ug(x) = | Glayglw) ds(), =€ Qn, (2.10)

where g € L2(Cg). Then ug solves (2.1) in Qg \ Cr and thus it is a valid incident field in (2.8).
Denoting the associated solution of (2.8) by u,,4 and the scattered field by uy , = ug 4 — ug, we

define the near field operator N, : L?(Cgr) — HY?(Cg) by

Nyg = u; (2.11)

Q‘CR :

In the next lemma we establish some integral identities for N,.



Lemma 2.2. (a) Let g € L () and g € L?(CR). For anyv € HY(Qg),

S
8uq g

Vus Vo —EX(1+q)ud 7) do — ( —22
(9 ¥R+ g o) o {

(b) Let g € Ly, (Q) and g, h € L%*(CR). Then,

/ h Nyg ds = k2/ qui Ty dx .
Cr Qr

(c) Let q1,q2 € L%",JF(Q) and g,h € L*(CRr). Then, for any j,1 € {1,2},

ous ou’ h
h({N*(A—A*)N ds = __ag s qj,
/CR ( i ) qz) 9¢ < o o, 7qu7h>CR < ov

(d) Let g € Ly (). Then,
Ny — N, = Nj(A—=A")N,.

U = k‘2/ qugﬁdx.
CR CR QR

S
’uql’g>
Cr Cr

(2.12)

(2.13)

(2.14)

(2.15)

Proof. (a) The scattered field uy , satisfies (2.2), and (2.12) is the weak form of this equation.

(b) We obtain from (2.2) that ug , satisfies the Lippmann-Schwinger equation

il (z) = K2 /Q (s (y)G(z,y) dy,  z € Cr,
R

where G denotes the Green’s function introduced in (2.9) (see, e.g., [11, Thm. 8.3], where
this result is shown for the inhomogeneous medium scattering problem in unbounded free

space), and thus

| v as = [ naggas =0 [ i) [ GG ds) .
CR CR QR CR

Together with (2.10) this gives (2.13).

/C h(N;]_ (A — A*)qu) gds = / Ny, h (ANg,)g ds /C (ANg;)h Ny, g ds
R R

ou?
US _ q]7h’
T4k ov
Cr Cr

(d) If ¢; = @1 = q, then (2.16), (2.2), and (2.13) give

S
e B auq’h
» 7q,h B
Cr Cr Cr

S

* * 8“‘1’9

Cr Cr

Since g, h € L?(CR) is arbitrary, we have shown (d).

(2.16)
’ u;lzg> :
CR CR

S
’u%9>
Cr

_ S S __ S S — 2 S T_ S i
= /Q (ugndug g — ug Augy) doe = —k /Q q (uq,hug uq,guh) dx
R R

= —k2/Q q(uq,h@—@uﬁl) dr = — N.hg ds—l—/ h Nyg ds.
R



We also define the bounded linear operator S, : L*(Cr) — L*(CRg) by
Sg =1+ (A-A)N,. (2.17)

In the analysis of the monotonicity properties of the near field operator IV, in Section 3 below,
the operator S; takes the role of the scattering operator in the corresponding analysis for the
inverse medium scattering from [19]. Recalling (2.7) we note that S, changes elements of the
subspace of propagating modes only, while it coincides with the identity on the subspace spanned
by the evanescent modes.

Lemma 2.3. The operator S, has a bounded inverse.

Proof. Tn Remark 2.1 we have seen that A — A* is compact from H/2(Cg) to L?(Cg), thus S,
is a Fredholm operator with index zero. Accordingly, it suffices to establish injectivity of S, in
order to prove that S, has a bounded inverse.

Suppose g € L?(Cg) with S;g = 0. Then (2.17) shows that g = —(A — A*)N,g, and denoting
by W := span{fy,...,0n} C L?(Cg) the subspace of propagating modes, the identity (2.7)
implies that g € W. Furthermore, again by (2.17) and (2.7), S; maps W to W, and we denote
its restriction to W by S,|w. Accordingly, let :S:; : W — W be defined by

Sy = (A= A28, |y . (2.18)

Here, (A — A*)~Y2: W — W is given by

(Ax — A% 2h = heWw.

l 1
X aeri e

Therewith we find that

~ ko~

Sq Sq = ((A* —A)TV2 4 NF(AT - A)1/2> ((A ATV (A A*)l/qu>
— A AT (N N - NG AN
Applying (2.15) shows that
Sy Sy = i(A—A")"",

which is injective, and thus we have shown that :S:; is injective. Therefore, (2.18) implies that
Sqlw is injective, and we obtain that g = 0. Accordingly, S, is injective and thus it has a
bounded inverse. O

Remark 2.4. From (2.15) we find that
Ny = Ny (I+(A=A)Ny) = NS, .
Substituting this into (2.17) gives
Sqg =T+ (A—-AN)IN;S; =878y + (A= A*)N;S, .

Accordingly,
Syt =T— (A=A )N} = (I+Ng(A—A"))". (2.19)

This will be used in the proof of Theorem 4.4 below. O



3 A monotonicity relation for the measurement operator

We discuss a monotonicity relation for the near field operator with respect to the refractive index
of the scatterer. This relation will be formulated in terms of the following extension of Loewner
order from [27]. Let A, B: X — X be compact self-adjoint operators on a Hilbert space X, and
let » € N. We say that

A<, B for some r € Ny,

if B — A has at most r negative eigenvalues. Moreover, we write A <g, B if A <, B holds for
some 7 € N. The following characterization of this partial ordering has been established using
the min-max principle in [27, Cor 3.3|.

Lemma 3.1. Let A,B : X — X be self-adjoint compact linear operators on a Hilbert space
X andr € N. Then A <, B if and only if there is a finite dimensional space V. C X with
dim(V') < r such that

(v,(B—Av)y >0 forallve V*.

We denote by I : H(Q2g) — H!(2g) the identity operator, and by J : H'(Qg) — L?(QR)
the compact imbedding. Accordingly, we define for any ¢ € Ly +(€2) the compact self-adjoint
operators K : H(Qr) — H*(Qg) and K, : H'(Qr) — H'(Qgr) by

Kv := J"Jv and K = J((1+¢q)Jv), ve H (Qg).
Then, for any v € HY(Qg),
((I-K - kQKq)v,v>H1(QR) = /QR (IVo? = k*(1 + g)|v]?) d=. (3.1)
The following definition from [27] is used to describe the dimension of the subspace of H!(Q2g)

where this sesquilinear form is positive semidefinite.

Definition 3.2. Let ¢ € L%, (), consider the eigenvalues of K + k%K, that are larger than 1,
and let V(q) € H'(Qg) be the sum of the associated eigenspaces. We define d(q) := dim(V (q)).

It follows immediately from the spectral theorem for compact self-adjoint operators that d(q)
is finite, and that
/ (Vo> = E*(1+g)[v]*) dz > 0 forallve V(g)*.
Qg

Now we establish a monotonicity relation between the index of refraction and the near field
operator.

Theorem 3.3. For any q1,q2 € L, (S2), there is a subspace V C L?(CR) with dim(V) < d(q2)
such that

Re </ 98} (Ng, — Ny )g ds) > k2/ (2 — q1)|ug o> dz forallgeV*:.  (3.2)
Cr Qg

In particular, q1 < q2 implies that Re(S;, Ngy) <q(q,) Re(Sy, Ngy)-
Remark 3.4. Using (2.17), we find for any q1, g2 € L3, () that
Re (S;kl(N@ - N(h) - 832(NQ2 - th)) = —Re ((Nc;kz - N;)(A* - A)(NQQ - th)) =0.

Therefore, (3.2) remains true if we replace by Sy by Sy, in this formula. %

8



Exchanging the roles of ¢; and g2, except for S;, (see Remark 3.4), we obtain the following
corollary.

Corollary 3.5. For any q1,q2 € L  (€2), there is a subspace V C L?(CR) with dim(V') < d(q1)
such that

Re </ 98 (Ngy — Ngy)g ds) < k2/ (g2 — q1)|ug, o dz forallge V*. (3.3)
Cr QR

Remark 3.6. Choosing ¢; = 0 and g2 = ¢ in Theorem 3.3, the monotonicity relation (3.2) shows
that ¢ > 0 implies Re(INy) >4(4) 0. Similarly, g1 = 0 and g2 = ¢ in (3.3) shows that ¢ < 0 implies
Re(Ng) <a(q) 0 O

The proof of Theorem 3.3 is obtained from Lemmas 3.7, 3.8, 3.9, and 3.10 which we present
next.

Lemma 3.7. Let q1,q2 € L% () and g € L?(CR). Then,

/ gNQdis—/ qulgds—/ ( 5 (A —A¥) qz)gds—i-k/ (ql—q2)|uq1,g|2dx
Cr Cr Cr Qr

= |y 5 ) = R @l = )
R

_ a(ugz,g B ugl 79)
ov

’UZ%!] B u2179> : (3'4)
Cr

R

Proof. The right hand side of (3.4) can be expanded as

9~ ) = 20+ gl — )
R

s ]
_ 8(U‘I279 uq179) u —us
C ’ 42,9 q1,9
R Cr

ov
_/Q (IVus, ) = K (1 + q2)|u, ,*) da:—i—/ﬂ (IVus, P = K1+ q)lug, ,[?) dz (3.5)
R

—2Re </Q (Vitg,.g Vuglg_k2(1+q2) Ugs g U1 ) daz)
R

s S
_ 8(ulJ279 ufhyg) us —us
o ’ 7q2,9 q1,9 :
v c
R Cr

Using (2.12) we find that

|19y = 500 = K0+ )l = )
R

s _ S
_ a(ulD,Q u<1179) us —us
? 42,9 q1,9
Cr Cr

ov
ou’ ou?s
q2,9 2 q1,9
= < o 7“1512,g> +k / q2ugu22 g dz + < Y
CR CR QR C

+ kQ/ qu a9 47 + kQ/ (¢ — Q2>‘u21,g’2 da
QR Qr

9



Uy .9 2 ——
—2Re : , Ul + k / geutud  dx
R P 0 g%q1,9
R Cr R
S S
_ < a(uqz,g — uqhg) v U >
7 7q2,9 q1,9
Cr Cr

Ov
= k2 Ul gy g do — Kk g, o do + k? (g1 — q2)|ug, 4| dz
- 0 q2UglUqs,g 0 N Uglq g 41— q2)|Uqy g
R R

Qg
S S
I ugy g o B ug, g
Oov o ’ 7q2,9 Ov o
R Cr R

’u2179> :
Cr

Applying (2.13) and (2.14) gives (3.4). O

The real part of the left hand side of (3.2) can be simplified using the following identity.

Lemma 3.8. Let q1,q2 € LE () and g € L?(CR).

Re</ qu2gds/ qulgds/ g(Ngl(AA*)NqQ)gds)
Cr Cr Cr
= Re (/ g(SJI(qu —qu))g dS) :
Cr

Proof. Observing that Sy = I + Ny, (A" — A) and Re(Ny, (A — A*)N,, ) = 0, we find that

Re (S; (Ng, — Ngy)) = Re (Ng, — Ngy — Nj (A — A*)N,) . (3.6)

Accordingly, the first three terms on the left hand side of (3.4) satisfy

Re (/ gNg,g ds —/ g Ng,g ds —/ g (N;l(A — A*)Nq2) g ds>
Cr Cr Cr
= Re </C g (Nq2 — Ny, — Ng, (A — A*)Nq2) g ds>
R

= Re </CRg (8; (N, = Ngy)) 9 ds) .

O
Next we discuss the right hand side of (3.4).
Lemma 3.9. Let q1,q2 € Ly () and g € L%*(CR). Then,
a(ug 9 u‘SJ ag) s s
—Re < 2 50 ! . S Uy g — Uy g > 0. (3.7)
R Cr

Proof. Using the radiation condition (2.5) and the orthogonality of the Neumann eigenfunc-
tions (0,,)men, of —A in ¥, we find that

S S
,qu,g uq179>
CR CR

10




G s S S 2 S S 2
= —Re Z fim <’<<uq2’g ~ U g) (R, ’)’9m>L2(2)‘ * ’((qu — gy ) (B, ')’0m>L2(Z)’ >

m=0
- S S 2 S S 2
= 2 i) ([ 5 R ) [ ) ) )
m=0
If 0 <m < N, ie., for the propagating modes, we have that Im(53,,) = 0, and if m > N, i.e.,
for the evanescent modes, Im(f,,) > 0. This gives (3.7). O

As a consequence of the proof, we note that the propagating part of the left hand side of
(3.7) vanishes identically.

Lemma 3.10. Let q1,q2 € L?*(2g). Then there is a subspace V C L*(Cg) with dim(V) < d(qz)
such that, for all g € V*,

S~ ) = 20+ a2l — )
R

_ Re < 8(u22yg B u;:hg)

S S
v 2 Ugo g — uq1yg> > 0.

Proof. For j = 1,2 let Ay, : L*(Cr) — H'(Qg) be the bounded linear operator that maps
g € L*(CR) to the restriction of the scattered field Uy, g t0 Q. Combining (3.1) and (3.7) we

find that, for any g € L?(CRg),

(9 =) = B0 )l = )
R

S S
’UQQ79 uq179>
CR CR

> <(I - K- kZKtn)(qu - Aq1)ga (Aq2 - Aq1)9>H1(QR) .

Let V(g2) be the sum of eigenspaces of the compact and self-adjoint operator K + k:qu2 asso-
ciated with eigenvalues greater than 1. Then dim(V(g2)) = d(q2) is finite, and

(I-K - kK, )w, w>H1(QR) >0 for all w € V(gg)* .
Since, for any g € L?(Cpg),
(AQQ —Agp)g € V((D)J— if and only if g e ((qu - “4111)*‘/((]2»L )
and dim((Ag, — Aq)*V(¢g2)) < d(g2), choosing V := (A, — Ag,)*V(g2) ends the proof. O

Proof of Theorem 3.3. Taking the real part of (3.4) and substituting (3.6), we find that

Re (<S;Ik1 (Ngy — NQ1)979>0R) + k?2/ (@1 — Q2)|UQ179‘2 dx

Qr

= Vg = )~ R )y = )
R




Applying Lemma 3.10 shows that there is a subspace V' C L?(Cg) with dim(V) < d(g2) such
that (3.2) holds. O

At the end of this section we now discuss an upper bound for the dimension d(q) of the
subspaces V' C L?(CR) that have to be excluded in (3.2) and (3.3). To this end, we quote two
results from [27]. The first lemma relates the dimension d(q) (see Definition 3.2) to the number
of negative Neumann eigenvalues of —A — k%(1 + ¢) in Qpg.

Lemma 3.11 ([27, Lem. 3.10]). Let q € L%, ().

(a) There exists a complete orthonormal system of Neumann eigenfunctions (Vm)men, <
L?(QR) of —A — k2(1 +q) in Qg, i.e., each v, € H'(QR) solves

—Avm—k2(1+q)vm = AnUm  in Qp, 38%1 =0 ondQg,
v

for some A\, € R. The Neumann eigenvalues (Am)men, form a non-decreasing sequence
accumulating at oo.

(b) d(q) is the number of negative Neumann eigenvalues of —A — k?(1 + q) in Qg.
The next lemma is an immediate consequence of Definition 3.2.
Lemma 3.12 ([27, Lem. 3.9]). Let q1,q2 € LF (). If 1 < q2 a.e. in Qp, then d(q1) < d(g2).

Proof. Let v € V(q1). Then,

(K + k2K‘12)U’U>H1(QR) = /Q (1+ k2qe)|v]* dz > / (1+K*q)|v|* dz

R Qr

= ((K + k*Kqg,)v,v) > 1.

H'(QR)
Accordingly, Lemma 3.2(b) in [27] implies that d(g2) > dim(V (q1)) = d(q1)- O

Combining these two lemmas we obtain the following upper bound for d(q) (see also [27,

Cor. 3.11]).

Corollary 3.13. Let g € LOR‘f+(Q) with ¢ < qmax a-€. in Qg for some gmax € R. Then d(q) <
d(gmax1ay), and d(gmaxlay) is the number of Neumann eigenvalues of —A in Qg that are
smaller than k(1 + gmax)-

Next we will explore the relation between the upper bound d(gmax1lqo,) and the number of
propagating modes of the wave guide.

Example 3.14. We consider the two-dimensional case and assume that Qp = (=R, R) x (0, 1),

DQQR, and
a, x€D,
q(z) = =
0, z€Q\D,

is piecewise constant for some a € (—1,0) U (0, 00).
The cross section of the waveguide is ¥ = (0,1). The Neumann eigenfunctions of —A in X
are given by
Om(x2) = cm cos(mmza) , m € Np,

2

with cg = 1 and ¢,,, = v/2 for m > 1. The associated eigenvalues are k2, = m?n2, and accordingly

the number of propagating modes is N + 1 = [k/7].
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For [,m € Ny we define v, € L?(QR) by
lm
VL (21, T2) = bjCpm, cOS (Rx1> cos (mmxa) , (x1,x2) € QR,

with by = 1/v/2R and b; = 1/v/R for [ > 1. Then,

1\? OV
_A’Uhm:ﬂ'? <<R> -I-mQ) V,m in Qg, ;l;’/ =0 on 0N,

i.e., the functions v;,, are Neumann eigenfunctions of —A in 2z and we denote the associated
cigenvalues by A7, := 7*((I/R)* +m?).

Since ¢ < a in 2, Corollary 3.13 says that the number d(g) from Definition 3.2 is bounded
by the number of Neumann eigenvalues A ,, that are smaller than k%(1+ a). This is equivalent

to

2 2

%er? < (i) (l—l—a)}
£+m2 < (N—|—1)2(1+a)}.

d(q) < #{(Z,m) € Ng x Ng

(3.8)

<#{(Zam)€NOXNO R2

We define p, := (N +1)y/1 + a. The constraint on the right hand side of the second line of (3.8)
describes a quadrant of an ellipse with semi-axes of length Rp, and p,. Accordingly, an upper
bound for d(q) is given by

d(q) < %(Rpa +V2)(pa +V2) = % (Rpﬁ +V2(R+1)pg + 2) ,

which grows quadratically in the number of propagating modes N + 1 as the wave number &
increases unless R(1+a) S1/(1+ N) =1/[k/7]. O

4 Localized wave functions

In order to exploit the monotonicity relations from Theorem 3.3 and Corollary 3.5 in a shape
reconstruction algorithm for the support of the contrast function, we require localized wave
functions. Given two open bounded subsets E, M C Qg such that E ¢ M and Qg \ M is
connected, a localized wave function has arbitrarily large norm on the set E while at the same
time having arbitrarily small norm on M.

Following 28] we say that a relatively open subset O C Qg is connected to C;% if O is
connected and C'E NO # 0.

Theorem 4.1. Let g € Ly, () and E, M C Qg be relatively open domains such that Qr\ M

is connected to C’E or Cp. If E € M, then for any finite dimensional subspace V C L?(CR)
there exists a sequence (gm)meN, i1 VL such that

[ lagdzsoeand [ ugg, e 50 asms oo,
E M

where ug g, € H'(Qg) denotes the solution of (2.8) with the incident field ul, ~as in (2.10) with
density g = gm.
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We will prove this theorem using two lemmas which are concerned with properties of the
operator
Lyo: L*(CR) — L*(0), g~ ug4lo,

where we assume that O C Qg is relatively open. The compact imbedding of L?(Cg) in
HY 2(CR) already tells us that L,0 is a compact linear operator. We will proceed to charac-
terize the adjoint operator L:;,o- To this end, we note that uig is simply the single layer potential
on C'r with density g. Hence this function is outgoing outside of 2 and thus

_— +
3
Gug

ov

— Aoi
—Aug.

Cr
By (2.6), we have A*¢ = AP, so we conclude

o+
(3
aug

v

_ *_ 1
—Aug.

Cr

Lemma 4.2. Let O C Qg be relatively open. The adjoint operator of Ly o is
Lyo: L30) > I¥Cr), [ 8 (wesley,) -

where Sy is given by (2.17) and wy 5 € H () is the unique outgoing function satisfying

Owyg, 5
ov

Proof. We write down the weak formulation of the boundary value problem satisfied by wy r
with ug 4 as the test function and conclude using (2.8) that, for any g € L?*(Cg) and f € L*(O),

/L,Logf dox = / uq,g? dx
o Qr
Owg, ¢
. v“q,g>
CR CR

__ 2 .
= / (Vugg - Vg — k*(1 — q)uggWey) dw — < )
Qg v
Ougq| ow
= < 8Z’g awq7f> - < 8§’f a“q,g> :
Cr Cr Cr Cr
Using the radiation condition (2.5) and the jump relation for the normal derivative of the single
layer potential, we have

Awg + K (14 qQugs = —f in 9, —0 ondQ. (4.1)

= 1+
auq,g - au; 8“’279 Z s * 4 s
. T | T e | T 9| TAMae = 9T At A,
Cr Cr Cr Cr

Noting that wg, s is outgoing, we obtain
/OL%ng dz = (g+ A*u; + Aug 4, quf>CR — (Awg, £, ugg)c,,
= [ o+ =) g as.
R
The assertion now follows from the definitions (2.11) and (2.17) of N, and S, respectively. [
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Lemma 4.3. Let g € LORf+(Q) and E, M C Qpr be non-empty relatively open domains such that

Qr\ (EUM) is connected to C; or Cp and ENM = 0. Then R(L}, ) VR(L} ) = {0} and
R(L; ), R(L; ) are dense in L%*(CR).

Proof. First we prove the injectivity of Ly s, and note that the same proof applies to L g.
Suppose Lg arg = 0 for some g € L*(Cg). It follows that uq,g‘ 1 = 0 and from unique continua-
tion [27, Thm. 2.4], we find that u, 4 vanishes throughout Q. As ug 4 is the solution of (2.8), it
satisfies the Lippmann-Schwinger equation

@) = @) + 1 [ a@)C D)y, ae @,
where G denotes the Green’s function introduced in (2.9) (see, e.g., [11, Thm. 8.3], where this
result is shown for the inhomogeneous medium scattering problem in unbounded free space).
This implies that uz =0 in 2 and hence the jumps of the normal derivative of uz vanish across
C’E. We conclude g = 0 from jump relations of the single layer potential. Thus L, s is an
injection, which implies R(L; ,) is dense in L?(CR).

Next, we prove R(L; ) N R(L; 5;) = {0}. Let h € R(L; i) NR(L; ). Then there exist
fe € L*(E) and fy € L?(M) such that h = Ly pfe = Ly ppfu. Let wy g, and wg r,, denote
the corresponding outgoing solutions of (4.1). Then,

Sy (wCLfE‘CR) =S, (wq,fM‘CR> = h.

From Lemma 2.3, we obtain wy r, = wg r,, on Cg. As these functions are outgoing, their Cauchy
data on Cg coincide. Using the variant of Holmgrem’s theorem formulated as stated in part (b)

of 27, Thm. 2.4|, we obtain wg ¢, = wq f,, in '\ (E U M). Define

Wq,fg = Wq,frr > reQ\ (FUM),
Wqg = \ Wq,fp > reM,

Wy, far s r e FE.

Then w is the outgoing solution of

Oy

£y =0 ondN.

Awy +k*(1+qw, = 0 in Q,

and thus wy = 0 in €. Therefore,

h=8; (we,) =0
O

We can now carry out the proof of Theorem 4.1 which is obtained from straightforward
modifications of the proof of Theorem 4.1 in [19].

Proof of Theorem 4.1: We note first that we may assume that ENM = () and that Qg \ (E U M)
is connected to C]i: or Cp. If this is not the case, replace E by ET such that Ef C F and
Efn Mt = 0 for some open MT D M.

Let V C L?(CR) denote a finite dimensional subspace and Py : L?(Cr) — V the orthogonal
projection. Assume that R(L; p) € R(L; /) + V. As R(L; p) N R(L; ;) = {0}, this implies
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dim(R(L} ;) < dim(V) < oo by [27, Lmm. 4.7]. However, this contradicts that R(L; 5) is
dense in L?(CR). Hence

. * * * L , *
R(L; ) L R(Ly ) +V = R(L; p) + R(PY) = R 0, M _
Py
Lemma 4.6 in [27] now implies that there exists no constant C' > 0 such that, for all g € L*(Cg),

1Z059l320) < C* (a0 + 1 Prolacn ) -
Hence there exists a sequence (G )men, in L2(Cr) with
| Lg,EGmllr2(E) — 00, | Lgptgmll 2 ary + 1PV mllz2cp) =0 asm — oco.
We now set g, = (I — Py) g € V* and obtain

[vg,gm 2By = | Lg,E9m Il L2 ()
> | Lq,59mllr22) — | Lall 1PV mllL2(cp)y — o0 as m — 00,
|wq,9m I L2(ar) = ([ L, 9mll L2 (ar)

<||Lg,mGmllz2ar) + [ Lgm | 1PVl 2 () — 0 as m — oo.
O

As a further consequence of Lemma 4.2, one obtains that the L?-norms of total fields for the
same incident field but for two different contrast functions may be estimated against each other
on the support of the difference.

Theorem 4.4. Suppose that q1,q2 € L%O#(Q), and let M C Qg be relatively open. If g1 = ¢
almost everywhere in Qg \ M, then there exist constants ¢, C > 0 such that

c/ g, of* dz < / Ugy o] do < C/ g, of* do for all g € L*(CR).
M M M
Proof. Let w; denote the outgoing solution of (4.1) for ¢ = ¢; j = 1,2. Then
Lyomf =Sy (wileg), Loy mf = Sg,(walcy) - (4.2)
We can rewrite the Helmholtz equations as

Awy + k(14 g)wi = —(f + k(@1 — g2) w1) n €,
Awy + E2(1+ q)wy = —(f + k(g2 — q1)wz) in Q.

As supp(q1 — q2) € M, it follows that

S;2 (w1|CR) = LZQ,M(f + k2 (Q:l - QQ) U)l) ) (43&)
Sg(walcr) = Ly, p(f + k2 (qa — q1) w2) . (4.3b)

Combining (4.2) and (4.3), we obtain

So Ly = (wileg) = S Ly, i (f + K (a1 — a2)(wiley))
S Logf = (w2le) = "Ly, m(f + 5 (g2 — q1) (w2ley)
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From this we conclude R(S; "Ly, /) = R(S,, Ly, ). 1t remains to show that R(Sq_j*LZJ_’M) =
R(sz,M) for j = 1,2. Then the assertion follows from Lemma 4.6 in [27].

Using (2.19) we find that for any f € L?(Qg) and j = 1,2,
Sg; Lajaf = Lo af + Nog (A= A") Ly, v f - (4.4)

J

The definition of the near field operator N, shows that Ny, (A — A*)L* af =, . f|
pjf = (A— A*)L;,Mf- Since

cp With

S

ou
2 i - 4Pif _
—k qjuy, , in Q, —222L =0 on 99,

2
quf+k(1+qj) a]/

4GPy
we find using Lemma 4.2 that

s

_ —% T % 2 1
U,y slen = Sg" Lo, m(K°gjup, ).
Substituting this into (4.4) and rearranging terms shows that, for any f € L?(QR),
* —% T % —% T * 2 ]
qu,Mf = qu L Mf 8 (k qu;j,f)a

e, R(LE y) C R(S,LE ).

‘I]»
Similarly, using (4 2) and (2.19) we have that, for any f € L?(Qg) and j = 1,2,

gy Lo ] = 84784, (wilon) = 84,84 (wilow)

q; 45

(4.5)
= 5 (wilen) + 83Ny (A~ A)wgle).

Writing p; 5 := (A — A*)(wj|cy), we obtain as before that
Noy (A= AYugler) =, = 85" L, aiKagui ).
Substituting this into (4.5) and applying (4.2) we find that, for any f € L?(Qg),
S Ly, mf = Mf‘FL;j,M(kQQjU;;j,f),

e, R(S;LE, v) © R(LY o). 0

QJ»

Combining the monotonicity relation in Theorem 3.3 and the localized wave functions from
Theorem 4.1, we can prove the following uniqueness result for the inverse medium scattering
problem in the waveguide which is a variant of the local uniqueness results in [27, Thm. 5.1] and
[29, Thm. 1.1].

Theorem 4.5. Let q1,q2 € Lﬁ+(ﬂ). Furthermore, let O C Qg be relatively open such that O

s connected to C’E or Cp and q1 < q2 a.e. in O. If there is a non-empty open subset B C O
such that
g <q—c a.e. in B for some c >0,

then
Re(S; Ng, ) Zfin Re(sc; Nlh) .

This means that the operator Re(Sy, (Ng, — Ny, )) has infinitely many positive eigenvalues, and
it implies that Ny, # Ny,.
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Proof. Assume on the contrary that Re(S; (Ng, — Ngy)) <gin 0 and let Vi denote the finite-
dimensional space spanned by all eigenfunctions corresponding to positive eigenvalues of this
operator. Let V5 denote the space in Theorem 3.3 and set V = Vj 4+ V5. Then, by Theorem 3.3,
for all g € V+,

0

v

o ([ 08500 = Nadlg ds) = 1 [ (2= alul? d
Cr Qr

= k2/ (g2 — QI)’“qhg‘Q do + kz/ ,(92 - qﬁ‘“qny’z dx (4.6)
ONQgR Qr\O

ckQ/E]uqhg\Q dz — Ck:Z/Q o ]uqug\Q dx,
R

v

where we have set C' := [|q1| oo () + /@2l Lo () - Let M := Qr\O. Note that since O is connected
to C’E or Cp, it holds that Qr\ M is connected to CE or U and Theorem 4.1 may be applied.
However, this contradicts (4.6), as the theorem guarantees the existence of a sequence (g )men,
in V+ such that

/ ‘uq1,gm|2 dz — oo, / \uql,gm|2 de — 0 as m — 0o.
E M

It follows that Re(S;, (Ng, — Ngy)) £fin 0. O

Next we consider a refined version of Theorem 4.1, where we establish the existence of
simultaneously localized wave functions. These have arbitrarily large norm on some prescribed
region £ C Qg while at the same time having arbitrarily small norm in a different region
M C Qg. In contrast to Theorem 4.1 we not only control the total field but also the incident
field.

Theorem 4.6. Suppose that q € L}?’JF(Q), and let B, M C Qg be relatively open and Lipschitz
bounded such that supp(q) C EUM, Qg \ (EUM) is connected to Cf; or Cp, and ENM = (.
Assume that there is a connected subset I' C OE \ M that is relatively open such that T is
CY1-smooth.

Then for any finite dimensional subspace V- C L*(CR) there exists a sequence (gm)men C V-
such that

/ ‘uq,gm|2 dz — oo and / (|uq7gm‘2 + |u§m|2) dz — 0 as m — 00,
E M

where ug 4, € HY(Qr) denotes the solution of (2.8) with the incident field u;m as in (2.10) with
density g = gm-

The proof of this theorem is the same as the proof of [20, Thm. 2.1] with similar modifications
as required in the proof of Theorem 4.1, when compared to [19]. Therefore it is omitted.

5 Shape reconstruction

In this section, it is our goal to develop an algorithm to recover the support of ¢ using the
monotonicity relation for the near field operator that we developed in Section 3. In this algo-
rithm, we will relate the near field operator IV, associated to the unknown scatterer to the Born
approximation of near field operators associated to certain probing domains. For any open set
B C Qg, the incident field (2.10) naturally defines an operator Hg : L?>(Cg) — L*(B) by

(Ho9)(w) = (o) = [ Glogla) dst),  we B
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The scattered field in the Born approximation is obtained by replacing uq 4 by ug in the boundary
value problem

Aud  + Kul, = —k? in Qg _ o0
uq,g—|— Ugg = qugg 12, E on .

We consider the case in which ¢ = 15 which gives rise to the operator T : L?(Cg) — L?(CR),

(Tpg)(x) = kQ/BG(w,y)ué(y) dy = kz/BG(w,y) ; G(y,2)g(z) ds(z) dy, =€ Cr.

(5.1)
Combining both equations, we obtain the representation 1Tp = k:2H§H B-
We will now use the operator T to formulate criteria with which to determine the support of
q. The proofs of these results essentially require no new arguments and are hence rather similar
to similar proofs in [19] for free space scattering. However, in contrast to [19] we establish upper
bounds on the dimensions of the finite dimensional subspaces that have to be excluded in these
criteria (see Theorems 5.1-5.3 below) similar to [27]. To begin with, we consider the special case
when the contrast function q is either strictly positive or strictly negative a.e. on its support.
The general case will be treated in Theorem 5.3 below.

Theorem 5.1. Let B, D C Qg be relatively open such that Qg \ D is connected to C’E or Cp,
and let q € L°R°7+(Q) with supp(q) = D. Further suppose that 0 < gmin < ¢ < Gmax < 0O a.€. in
D for some constants qmin, qmax € R.

(a) If B C D, then oTp <d(q) Re(Ng) for all a < gmin-

(b) If B € D, then for all « > 0, oI’ Zsn Re(Ny), and hence the operator Re(Ny) — aTg
has infinitely many negative eigenvalues.

Proof. To show part (a), we apply Theorem 3.3 with ¢ = 0 and ¢ = ¢. Hence there exists a
subspace V' C L?(Cr) with dim(V) < d(q) such that

Re </ g Nqg ds> > k:2/ q|u;]2 dz forall ge V*.
Cr D
On the other hand, from B C D and a < guin, for any g € L?(Cg), we obtain
a/ gTpg ds = ak2||HBg||%2(B) = k2/ oz|u2]2 dz < k2/ q[ué|2 dz.
Cr B B

For part (b), assume that for some B ¢ D and o > 0 there holds aTp <g, Re(Vy), i.e.,
there exists a finite dimensional subspace V3 C L?(CR) such that

akz/D ]ué\Q dz < Re</c g Nyg ds> for all g € V.
R

We apply Corollary 3.5 with ¢ = 0 and ¢go = ¢ to see that there exists a finite dimensional
subspace Vo C L?(Cg) such that

Re (/ g Nyg ds) < k:2/ qluggl? dz  for all g € Vi-.
Cr D

Combining both inequalities, we obtain that there exists a finite dimensional subspace V :=
Vi + Vo C L?(CR) such that

akQ/Bu;F dz < k:2/Dq\uq,g|2 dz < k‘quaX/D]u%gF dz for all g € V4.
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We next apply Theorem 4.4 with ¢ = 0 and g2 = ¢ to see there exists a constant C' > 0 such
that

04/-62/ |ng,|2 dr < C’k:2qmax/ \u2|2 dz forall g e V1.
B D
However, this contradicts Theorem 4.1 with ¢ =0, E = B, and M = D. O

An analogous theorem holds if the contrast function is negative on its support.

Theorem 5.2. Let B, D C Qg be relatively open such that Qr \ D is connected to C’E or Cp,
and let g € L% (Q) with supp(q) = D. Further suppose that —1 < qumin < ¢ < Gmax < 0 a.e. in
D for some constants qmin, Gmax € R.

(a) If B C D, then oTp >d(q) Re(Ny) for all o > Cqmax with the constant C > 0 from
Theorem 4.4.

(b) If B Z D, then for all o <0, oTp #5n Re(Ny), and hence the operator Re(Ny) — oT’s has
nfinitely many positive eigenvalues.

Proof. Let B C D. We use Corollary 3.5 and Theorem 4.4 with ¢; = 0 and g2 = ¢ to show that
there exists a constant C' > 0 and a subspace V C L?(Cr) with dim(V) < d(q) such that

Re (/ 9Neg dS) < kQ/ qlug,ql® du < qumax/ g gl® dz < C""qu‘”"‘/ gl do
Cr b P Y

for all g € V+. We immediately obtain the assertion of (a) for o > Cqmax.
For the proof of part (b), we let B € D, a < 0 and assume, contrary to the assertion, that
oTp >gn Re(N,), i.e., there exists a finite dimensional subspace V4 C L?(Cpg) such that

akQ/D ]ug\g dz > Re(/szgl\ﬁlg ds> for all g € Vi-.

From Theorem 3.3 for ¢y = 0 and ¢2 = ¢, we obtain that there exists a finite dimensional
subspace Vo C L?(CR) such that

Re </ gm ds> > kg/ q|u;]2 dz for all g € VQL.
Cr D

Combining both inequalities yields the existence of a finite dimensional subspace V := V; + V5 C
L?(CR) such that

akQ/ \uz|2 dz > k2/ q|u§\2 dz > qumm/ \u;|2 dz for all g € V4.
B D D

Noting that o < 0, we again have a contradiction to Theorem 4.1 with ¢ = 0, £ = B, and
M = D. Thus our assumption was wrong, which finishes the proof of (b). O

Finally, we consider the general case when the contrast function ¢ is neither strictly positive
nor strictly negative a.e. on its support. In contrast to the criteria developed in Theorems 5.1
and 5.2, which determine whether a probing domain B is contained in the scattering object D
or not, the criterion in Theorem 5.3 characterizes whether a probing domain B contains the
scatterer D or not.
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Theorem 5.3. Let D C Qg be relatively open and bounded such that 973\3 18 connected to C’E
or Cp and 0D is piecewise CYl-smooth. Let q € L%ﬁ+(Q) with supp(q) = D, and suppose that
—00 < ¢min < ¢ < grmax < 00 a.e. on D for some constants Gmin, ¢max € R. Moreover, we assume
that for any x € 0D, and for any neighborhood U C D of x in D, there exists a relatively open
subset O C Qp that is connected to CE or C with 0+ E:=0nNDCU such that

qu 2 Qmin,E >0 or Q|E S Qmax,E <0 (52)

for some constants ¢min,E, Gmax,E € R.
Let B C Qg be relatively open such that Qg \ B is connected to C’E or Cg, and let T denote
the corresponding probing operator from (5.1).

(a) If D C B, then
T <qq) Re(Ny) <aoy BT for all @ < min{0, gmin}, B > max{0, Cqmax}
with the constant C' > 0 from Theorem 4.4.
(b) If D B, then

aTp £an Re(Ny) foranya € R or Re(Ny) Zan BT for any B € R.

Proof. To show part (a) we assume that D C B, and we apply Corollary 3.5 and Theorem 4.4
with ¢; = 0 and ¢2 = ¢q. Accordingly, there is a constant C' > 0 and a subspace V; C L?(CR)
with dim(V7) < d(0) such that, for all g € V;- and any 8 > max{0, Cqmax},

Re </ 9 Nyg ds> < kQ/ q|uq,g]2 dz < qumaX/ \uq,gP dz
Cr D D

kZCqmaX/ |u2]2 dz < kQB/ ]ué]Q dz.
D B

IN

On the other hand, Theorem 3.3 with ¢; = 0 and g2 = ¢ shows that there exists a subspace
Vo C L?(CR) with dim(V4) < d(q) such that, for all g € VQl and any o < min{0, ¢min },

Re (/ g N9 ds) > kQ/ q]u;\z dz > kzqmm/ \uf]|2 dz > kQa/ \u;|2 dz.
Cr D D B

For part (b) we observe that D Z B implies that U := D \ B is not empty. Accordingly,
we choose a point € U N @D and an open neighborhood O C Qg of z with ON D C U and
O N B = (), such that (5.2) is satisfied with E := O N D. Without loss of generality we suppose
that O and Qg \ O are connected to CE or Cp.

Suppose that g|g > ¢min,g > 0 and Re(N,) <g, BTp for some f € R. Then we apply
Theorem 3.3 with g1 = 0 and g» = ¢ to see that there exists a finite dimensional subspace
V3 C L?(CR) such that, for any g € V3,

0> [ g(RelNg—FTag) ds = & [ (a—Pxa) il da
Cr Qr
e / (g Bxp) [ da + K / (¢ - Bxp) lui ? da
Qr\O QrNoO
>

82 (lall ey + 18]) / [ d 4 K / i 2 .
Qr\O E
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This contradicts Theorem 4.1 with M = Qg \ O and ¢ = 0, which guarantees the existence of a
sequence (gm)men C V4= with

ub 1? de — oo and ul |2 dx — 0 as m — 00.
am — am
E Qr\O

Hence, Re(Ny) £fn 81 for all B € R.

If ¢|E < gmax,r < 0 and aTp <g, Re(N,) for some a € R, then the Corollary 3.5 with ¢; =0
and ga = q shows that there is a finite dimensional subspace V; C L?(CRr) such that, for any
geVi,

0< / g <Re(Nq)g—aTBg> ds < k‘Q/ (qluggl® — axpluf|?) dz
CR QR
=1 [ (alugol? — axslib?) d+ K [ (ghuggl — axelu?) do
Qr\O QrNO
<

qumaX/ B ]uqﬂg\z dx + kz\a|/ 7\%]2 dx + qumaX7E/ ]qu\z dz.
Qr\O Qr\O E

We define M := Qr \ O. Since 9D is piecewise C''! smooth, there is a connected subset
I' C OF \ M that is relatively open and C''! smooth. Applying Theorem 4.6 we find that there
exists a sequence (gm)men C V+ such that

[ luag P dz oo ad [ g P, P de 0 asm o oo
E R

Since gmax,r < 0, this gives a contradiction. Accordingly, aTp Zsn Re(Ny) for all o € R. O

6 Numerical examples

To demonstrate the feasibility of the shape reconstruction algorithm, we present some exam-
ples for two-dimensional scattering problems with sign-definite contrast functions. We consider
obstacles with constant refractive index which differs from the background medium. In this
case, the scattering problem may be formulated as a transmission problem. The solution can be
obtained by solving a system of two second kind weakly singular boundary integral equations
using the approach of [34]. We solve these integral equations by a Nystrom method.

To discretize the operators N, from (2.11) and T from (5.1), a suitable subspace of L?(CR)
needs to be chosen. We define a complete orthonormal system on L?(Cg) induced by the
Neumann eigenfunctions of —A on X,

g (@) = <9m(0”“’2>>, 9 (@) = (0 (0 ) € L*(Cr) = L*(CR) x L*(C),  meN,.
m Q?Z)

As we consider a two-dimensional problem in @ = R x (0,h) in this section, the Neumann

eigenvalues are k2, = m?72/h?, m € Ny, with the corresponding eigenfunctions 6y(y2) = /1/h

and 0, (y2) = v/2/hcos(kny2), m € N, for y» € ¥. Fixing M € N, we obtain the 2M + 2

dimensional subspace

X = span {gld), g2 | m=0,1,....M} C I*(Cp).
The incident fields corresponding to these basis functions are easily worked out using the modal
representation (2.9) of the Green’s function

© e*iE(R+m1) e*im(R+I1)

— ) O, 0 = — O, , € Qg,
2 28, o(z2) ( Z>L2(O,h) 28, (72) z R

U;w () =
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and likewise

i e_im(R_l’l)
U o) (x) = —————Op(z2), z€Og.
@ (@) o m(22)
We now obtain a discretization Ny := (N, 7}' ) ¢ € C?MT222M+2 of the near field operator N,

nym
by computing the orthogonal projections of the scattered field on the basis functions of Xy,

N;’Zm = <u2%),géy)>L2(0R) , vip=1,2,4,m=0,...,M.
In our implementation, these scalar products are computed by the composite trapezoidal rule on
(0, h) which is highly accurate as the integrands extend to even 2h-periodic smooth functions.
In the examples below, we use a rule with 81 quadrature points.
In what follows, we implement the criteria from Theorems 5.1 and 5.2. As the test domain,

we chose a square B = & + (—a,a)? C Qr with center point £ € Qr and lateral length 2a > 0.

The Born scattering operator Tp from (5.1) applied to one of the basis functions gﬁ# ) of X M

with ¢ = 1,2 and m € Ny satisfies

k2 S Op(x2) : .
() - _ Tet2) iBelz1—y| (
(789%)) (@) = —=; > /e Ou(y) ! o (y) dy, @ € Cr.

Introducing the coefficients

&ata
Yem = / 00(y2) Om (y2) dy2, ¢,m € Ny,
13

2—a

and inserting the expressions for the incident fields, we obtain

&1+ _
<TBQ( ) ZW me(22) / T Bl B (R (1)) dy;, x€Cg.
_ Bﬁﬁm §i—a
The discretization Tp := (Ty;) ve € C2M+2x2M+2 of T is again obtained by orthogonal
wm

projection on Xj;, which gives

TR (Trg®) ) _ R e [T (e (1)) B (R (1)
tm = < BYm > Yy >L2(CR) = Zﬁgﬁ ’ et e dyr .
m 1—a

Both this remaining integral and the coefficients vy ,,, can easily be computed analytically.
In the case ¢ > 0, for a given parameter «, lateral length a, cut off parameter § and grid of
center points £, we compute the indicator function I, : Qr — N,

I,(§) == #{\ < =6 | A is eigenvalue of Re(N,) — aTg}.

Theorem 5.1 suggests that I, is larger for test domains B = & + (—a, a)? that do not intersect
the support supp(q) of the scattering object than on test domains B contained in supp(q).
Appropriate value of § was estimated from a plot of magnitude of the eigenvalues of the matrix
Ny. In all examples below, we have chosen § =2 - 1076,

In a first example, we consider a waveguide of height h = 5 and the wavenumber k£ = 6.0.
This corresponds to N = [hk/7| = 10 propagating modes in the waveguide in either direction.
We take one evanescent mode in either direction into account and accordingly, choose the 22
incident fields generated by the Neuman eigenfunctions 6,,, m = 0,...,10, on CE and Cj,
respectively, for R = 6. Including these two evanescent modes in our computation slightly
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Figure 6.1: Indicator function for an ellipse in a waveguide at wavenumber k£ = 6.0 and contrast
g = 2.0 for lateral pixel size 2a = 0.02 and various values of a. The boundary of the true
obstacle is shown in white.

improved the reconstructions. Contributions from further evanescent modes are so small that
they offer no further improvement. The obstacle in this example is an ellipse located near the
center of the waveguide with constant contrast g = 2.

We have chosen equidistant grid points £ € Qg with a step width 7 = 0.05 and a lateral
length 2a = 0.02 for the test squares. Plots of the corresponding indicator function I, for four
different values of « are displayed in Figure 6.1. As expected, the value of the indicator function
is lower for points inside or close to the obstacle than for points away from the obstacle.

In the example shown in Figure 6.2, we consider a similar scattering problem, but at the
wave number k£ = 11.0. The obstacle is a circle with ¢ = 2 and it is placed towards one
of the waveguide edges. In this example, there are 18 eigenfunctions corresponding to modes
propagating in either direction. These are used in the reconstruction, i.e., we choose 36 incident
fields, and do not include any evanescent modes. Again we plot the indicator function for four
different values of «, but with the same mesh and lateral test domain length as previously.

In the final example, we return to the wavenumber k£ = 6.0 but now consider an ellipse
shaped obstacle with a negative contrast ¢ = —0.5. The same 20 propagating modes as before,
but no evanescent modes, are used to discretize the near field operator and the test operator. In
this example, due to the negative contrast in the refractive index, the indicator function needs
to be modified to

I,(&) == #{\ >0 | A is eigenvalue of Re(INy) — aTr}

(see Theorem 5.1). We again choose § = 2-1075. The results for various values of o are displayed
in Figure 6.3.

In all examples, with an appropriately chosen value of «, the indicator function clearly has
lowest values for points located inside or close to the obstacle. Low values of the indicator
function also occur near the waveguide edges. Some of the examples also show that a badly
chosen value of « leads to a the appearance of patches with low values of the indicator throughout
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(¢) @ =0.0375 (d) @ =0.05

Figure 6.2: Indicator function for an ellipse in a waveguide at wavenumber k = 11.0 and contrast
q = 2.0 for lateral pixel size 2a = 0.02 various values of «. The boundary of the true obstacle is
shown in white.

(¢) a=-0.03

Figure 6.3: Indicator function for an ellipse in a waveguide at wavenumber k& = 6.0 and contrast
q = —0.5 for lateral pixel size 2a = 0.02 various values of . The boundary of the true obstacle
is shown in white.
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the waveguide. A clear reconstruction of the shape of the obstacle appears to be beyond what
can be achieved from the available data. The magnitude of the cutoff value § had to chosen
significantly larger than for the numerical results presented in [19], mainly due to the accuracy
with which the waveguide Green’s function G is evaluated in the boundary integral method to
generate the scattering data. In particular, at the higher wavenumber, where more propagating
modes and thus a larger data set are available, the reconstructions are significantly better.

Conclusions

We have shown that the rigorous monotonicity-based shape characterizations for inverse bound-
ary value and inverse medium scattering problems from [19, 27, 29, 43| can be transferred to
inverse medium scattering problems in closed cylindrical waveguides. In particular the treat-
ment of the near field operator in the proofs of the monotonicity relation and of the existence
of localized wave functions required some additional nontrivial estimates and the introduction
of a near field equivalent of the scattering operator in the waveguide. Having established the
monotonicity relation and the existence of localized wave functions the final proofs of the shape
characterizations turned out to be rather close to the corresponding proofs in [19, 27]. In our
numerical examples we have seen that the method works reasonably well using only the prop-
agating part of the scattered fields in the waveguide, which is not covered by our theoretical
results.
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