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1. Introduction

1. Introduction

Frequency combs are optical signals consisting of a multitude of equally spaced fre-
quency lines. The first generation of frequency combs was realized in 1998 and is due
to the group of Theodor Hinsch who introduced them as a new approach to measure
the frequency of light with femtosecond laser pulses emitted from a mode-locked laser
[66]. Their discovery initiated research on a wide range of applications. In timekeeping,
they allow a very precise type of atomic clock and with that improvements in satellite
navigation systems [15]|. In astronomy, they can be used for detecting exoplanets outside
the solar system [14, 71| and possibly even for measuring the expansion of the universe
[17]. In optical communications, they allow for high speed data transmission [52]. Due
to the huge impact of frequency combs in these and other research fields, Theodor Hén-
sch and John Hall received both one fourth of the Nobel prize for physics in 2005 “for
their contributions to the development of laser-based precision spectroscopy, including
the optical frequency comb technique” [28, 27]. Although comb sources implemented by
mode-locked lasers are still considered as rather bulky and expensive scientific systems
they are still the most common commercially available frequency comb source |24]. For
technical applications it is necessary to reduce the cost, size and energy consumption
of these devices. Also the physical properties of the emitted frequency combs, such as
the covered spectral range of the emitted spectral lines or the comb line spacing (free
spectral range, FSR), can be inappropriate for some applications |[63]. A comb gen-
erator with smaller optical length has a larger FSR as needed in systems like optical
telecommunication networks based on wavelength division multiplexing [63]. Therefore,
nonlinear Kerr microresonators with a size down to a few cubic centimeter and a total
power consumption down to 100 mW have become particularly relevant comb sources
[12, 60]. These are photonic structures in which monochromatic light from a separate
pump laser can be converted into a frequency comb through the Kerr-nonlinearity by de-
generate and non-degenerate four-wave mixing [63]. The experimental setup is depicted
in Figure 1 [19].

Microresonator

Laser Amplifier
V-
|
P, P, P
T 1 w T w T_I‘_J_gu

Figure 1. Generation of Kerr frequency combs. A continuous wave laser emits light
at frequency w, which is first amplified and then coupled into a microresonator where
it is converted into a frequency comb through the Kerr-nonlinearity by degenerate and
non-degenerate four-wave mixing.



1. Introduction

The frequency w, of the pump laser is set close to a resonance frequency of the microres-
onator such that light is coupled into one of its resonant modes. Inside the microres-
onator degenerate four-wave mixing converts two photons of the same frequency w, into
two new photons with frequencies w, + a and w, — a. In a next step, non-degenerate
four-wave mixing converts two photons with different frequencies w, + o and w, + 3 into
two different photons with frequencies w, 4+~ and w,+a+ 3 —+. In this way, a frequency
comb is formed [37]. Varying the power and the frequency of the input pump can lead to
many different forms of Kerr frequency combs due to the complex nonlinear dynamics.
Among these, the stable single-soliton state is most important for applications due to its
smooth spectrum, its large optical bandwidth and the high coherence among all comb
lines [63].

In 2010, Kerr comb dynamics were described mathematically by Chembo and Yu via a
modal expansion approach [8]. They introduced a system of nonlinear coupled ordinary
differential equations describing the dynamics of each resonator mode. Indeed, numerical
simulations of this model are in agreement with experiments |[7]. This formalism enabled
the understanding of many essential features such as threshold phenomena and the role
of dispersion [3]. However, this modal expansion approach becomes less useful when a
large number of modes is excited since it results in high computational effort [8]. By
considering the spatiotemporal slowly varying envelope of the total field, Chembo and
Menyuk showed in 6] that under suitable simplifications the modal expansion approach
is equivalent to a single PDE, the Lugiato-Lefever equation (LLE), which allows a less
complex numerical and analytical investigation. The LLE is a nonlinear Schrédinger
equation that includes damping, driving and detuning. In dimensionless, normalized
quantities the LLE reads

ia, = (( —i)a — dag, — |a*a +if, a 27-periodic in z. (1.1)

Here, a(T, z) represents the optical intracavity field as a function of normalized time 7
and angular position x € [0,27] within the ring resonator. The detuning parameter ¢
denotes the normalized frequency mismatch between the frequency of the input pump
and the closest resonance frequency of the microresonator. The parameter d quantifies
the dispersion in the system (the case d < 0 amounts to normal and the case d > 0
to anomalous dispersion) and f represents the normalized power of the input pump.
Stationary solutions of (1.1) are of particular interest due to their invariance in time.
Among these, highly localized states are most important as they feature a broad comb
in the frequency domain. Equation (1.1) admits constant solutions ay € C which cor-
respond to the case where only the primary mode is excited. Hence, these states do
not form frequency combs themselves but under modulation instability they serve as
starting point for a bifurcation analysis in order to find highly localized, stable states.
This has been thoroughly studied, e.g. in [11, 18, 25, 26, 41, 43, 48, 19, 50, 51, 59]. In
[18] the authors presented a heuristic algorithm for detecting the optimal choice of the
detuning offset ( leading to the most localized single-soliton. They use the full-width
at half-maximum (FWHM) as quantification of localization, cf. Figure 2. The heuristic
given in [18] relies on numerical path continuation methods. Based on this approach, a
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quantitative characterization of most localized solitons using the comb bandwidth and
the pump-to-comb power conversion efficiency as performance metrics was given for
many different values of d and f.

i
=

max

1 ) T

Figure 2. Full-width at half-maximum of a single-peak state, defined as difference be-
tween the two values where the average of maximum and minimum is attained.

Future progress in applications based on nonlinear Kerr microresonators highly relies
on possibilities to increase the pump-to-comb power conversion efficiency and the comb
bandwidth. Usually, Kerr frequency combs are generated by using a monochromatic
pump which only excites one single primary mode of the microresonator. However, the
simultaneous pumping of two or more different modes permits us to achieve the Kerr
frequency comb generation with the appealing benefits of thresholdless comb generation
in both normal and anomalous dispersion regimes [29, 38|, stabilization of the comb
repetition-rate [17], and manipulation of the comb mode spacing [61], which attracted
significant attention in recent years. In the present thesis we theoretically analyze the
dual pumping scheme (two pumped modes) and demonstrate that in the anomalous
dispersion regime d > 0 the pumping of two modes leads to Kerr frequency combs with
both higher pump-to-comb power conversion efficiency and higher comb bandwidth as
compared with single mode pumping.

In Section 2 we derive the Lugiato-Lefever model for a dual-pumped ring resonator
starting from an adapted modal expansion approach which models the situation with a
second pumped mode [62]. In dimensionless, normalized quantities this modified LLE
reads

ia, = (€ —1i)a — dagy — |a?a +ify + ifiel®rz=17), a 27-periodic in . (1.2)

Compared to (1.1) the forcing term now includes a second expression if;e!*17=*17) Here,
k1 € N denotes the difference of the mode indices of the two pumped modes and the
parameter f; describes the normalized power of the second input pump. Since there are
now two pumped modes there are also two detuning parameters denoted by ¢ and (;
which are taken into account in (1.2) by the parameter v; = ¢ —(; +dk?. At some places
we will also use the notation (y for the first detuning (.
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Section 3 is based on the preprint [21] which is joint work with Tobias Jahnke, Michael
Kirn and Wolfgang Reichel. Here, we provide several existence results as well as a
uniqueness result for time-periodic and spatially 27-periodic traveling wave solutions of
(1.2). We also provide numerical illustrations of our analytical results. The particular
form of the forcing term ify + if;el®1#=17) of (1.2) suggests to change into a moving
coordinate variable s = x — w7 with w = £- and study solutions of (1.2) of the form
a(t,z) = u(zr — wt). These traveling wave solutions propagate with speed w in the

resonator and their profile u solves the stationary ODE
—du” +iwu’ + (¢ —i)u — |u*u +ify +ifie™* =0, u 2m-periodic. (1.3)

Since the specific form of the forcing term is not essential for many of our results we
choose a slightly more general approach in Section 3 and consider

—du” +iwu + (¢ —i)u — |u|®u+if(s) =0, u 2m-periodic, (1.4)

where
f(s) = fo+ fre(s)

with a 27-periodic (not necessarily continuous) function e : R — C and fy, fi € R. Our
main results on the existence of solutions to (1.4) consist of

e Theorem 3.1 which is based on a-priori bounds and ensures the existence of a
solution of (1.4) in the general case where f; does not need to vanish,

e Theorem 3.6 and Corollary 3.8 which describe how a constant solution of (1.4) for
fi = 0 can be continued into the regime f; # 0 and which also describe nonlocal
properties of this continuation,

e Theorem 3.9 and Corollary 3.10 which show how a non-constant solution from the
case f; = 0 can be continued to f; # 0 and which again also describe nonlocal
properties of this continuation.

In Figure 3 we visualize how a constant solution of (1.3) for f; = 0 can be continued
into the regime f; # 0. The parameter choices are w =1, d = —0.1, fy = 2 and k; = 1.
The black curve represents the trivial solution curve of (1.3) for f; = 0 and f, = 2, and
the colored branches show the continuations of selected points on that curve into the f-
direction. One can observe that some of these continuations seem to be unbounded while
others form closed loops. This will be described analytically in Theorem 3.6 using some
kind of global implicit function theorem. In Figure 4 we visualize how a non-constant
solution of (1.3) for f; = 0 can be continued into the regime f; # 0. Here the parameter
choices are w = 0, d = —0.1, fy = 2 and k; = 1. Since w = 0, this time we find additional
primary and secondary bifurcation branches (colored in grey and brown) for f; = 0
which consist of non-constant solutions. For ¢ € {3,3.3,3.6,3.9} one can observe that
continuations into the fi-direction also happens from those non-constant solutions. This
will be described analytically in Theorem 3.9 using the Crandall-Rabinowitz Theorem of

10
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Figure 3. Colored branches show continuations of selected constant solutions into the
fi-direction. The parameter choices are w =1, d = —0.1, fo =2 and k; = 1.

bifurcation from a simple eigenvalue. Appendix B listed in Section 3.8 is not part of the
preprint and contains results on a-priori bounds and uniqueness that are tailor-made for
the original two mode equation (1.3). In fact, the generalized forcing term used in (1.4)
enforced some estimates in Section 3 which can be avoided in case of equation (1.3).
The results presented in Appendix B recover for f; = 0 those stated in [11]| for the one
mode equation.

Figure 4. Grey and brown branches for f; = 0 are bifurcation branches. Other colored
branches show continuations of constant and non-constant solutions into the f;-direction.
The parameter choices are w =0, d = —0.1, fo =2 and k; = 1.

11



1. Introduction

Section 4 consists of the preprint [22]. This preprint is joint work with Christian
Koos, Huanfa Peng and Wolfgang Reichel. Here, we theoretically demonstrate that the
quality of Kerr frequency combs in resonators with anomalous group-velocity dispersion
d > 0 can be significantly improved by pumping two resonator modes instead of only a
single one. The main outcome of our study was found using numerical path continuation
methods, and can be summarized as follows:

(1) We show that pumping two modes is advantageous to pumping only one mode.

(2) We present heuristic insights for finding the optimal detuning parameters that
provide the most localized 1-soliton states.

(3) We determined the optimal power distribution between the two pumped modes. Tt
is given by a symmetrical distribution where 50% of the power is pumped into each
mode, and it simultaneously optimizes all performance metrics (comb bandwidth,
full-width at half-maximum, and pump-to-comb power conversion efficiency). Also
the two detuning offsets between pump and nearest resonant mode are then equal.

(4) Under optimal power distribution we determined trends of the performance metrics
w.r.t. varying dispersion and normalized total input power.

In Figure 5 we illustrate the simultaneous optimization of comb bandwidth, full-width
at half-maximum and pump-to-comb power conversion efficiency stated in (3). Here,
the power distribution is described as (fo, f1) = (f cosp, fsinp) with ¢ € [0,27) and
the normalized total input power f% = f2 + fZ.

o

o

St
—
=
=

Full-width at half-maximum
&y E

(2) 30 0.4 ()

20

o
= o
ot o
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. In o 0 I I 3 p &n3n Inog 0
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;: [ o
. §
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-
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= LA T
Figure 5. Pump-to-comb power conversion efficiency, comb bandwidth and full-width at
half-maximum as a function of ¢ for three different examples. The blue curves correspond

tod = 0.1 and f = 2, the red ones to d = 0.25 and f = 2 as well as the green ones to
d=0.1and f =5.
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1. Introduction

In Section 5 we discuss the time-dependent Lugiato-Lefever equation
ia; = (—i+)a — dag, — |a*a +if, a 2m-periodic in x, (1.5)
and the time-dependent two mode modification
ia; = (=1 4+ C)a — dag, — |a|®a + ify + ifieFre=t) a 2m-periodic in . (1.6)

Note that in contrast to (1.1) and (1.2) here we write ¢ instead of 7 for the normalized
time since it is mathematically more common. In Section 5.1 we present some first
results on the question whether all time-periodic solutions of (1.5) are constant in t.
This includes Theorem 5.2 which is based on Bendixson’s negative criterion and which
shows that this is true in the case d = 0, and Theorem 5.5 which is based on a-priori
bounds and shows that for |f| < 1 all time-periodic solutions of (1.5) are actually
constant both in ¢ and in z. Likewise, in Section 5.2 we present some first results on
the question whether all time-periodic solutions of (1.6) are traveling waves, i.e. of the
form a(t,z) = u(z — wt), where u is a solution of (1.3) and w = L. In a first step
towards this we establish the local uniqueness result Theorem 5.10 which is based on
the implicit function theorem and the global uniqueness result Theorem 5.18 which is
based on a-priori bounds and holds for fZ + fZ < 1.

Section 6 is dedicated to approximation results. In [68], Wabnitz used an approxima-
tion formula for soliton solutions of the following variant of the stationary LLE

—dd" + (—ia+ Q)a—|al’a+if,=0on R,  d/(0)=0. (1.7)

It is based on the following explicit solution family for « = 0 and f, = 0,

ag(x) = \/isech<\/§x) e’ 6eo,2n)

and reads as
a(z) X aoo + ag- (),

where cos 0" = fSC and where the constant background a., € C denotes the solution

with smallest magﬁitude of

(i + Q) aoo — |doo]? oo +ifs = 0.

In Section 6.1 we provide a mathematically rigorous approximation theorem for the
equation
—dw"” + (—ie + Qw — |w|*w +icf =0on R, w'(0) = 0. (1.8)

We use a bifurcation approach based on the Crandall-Rabinowitz Theorem of bifurcation
from a simple eigenvalue and consider € as bifurcation parameter. We provide math-
ematical background on the approximation formula used by Wabnitz and a first order
correction term. In Section 6.2 we discuss a generalization to the two mode case.

13



1. Introduction

In Section 7 we give an outlook on the situation of pumping more than two modes.
Starting from an adapted modal expansion approach we derive a modified LLE which
models the situation of n distinct pumped modes. We discuss constraints which allow for
traveling wave solutions and present initial investigations indicating that it is beneficial
to pump as many modes as possible.

Summing up, one of the main objectives of this thesis is to present for the first time
a detailed analysis of traveling waves in the dual pumping scheme based on a-priori
bounds, fixed point theorems, the implicit function theorem and bifurcation theory both
for anomalous and normal dispersion. The second main goal is to use numerical path
continuation methods in order to demonstrate that the quality of Kerr frequency combs
in resonators with anomalous dispersion can be significantly improved by pumping two
modes instead of only a single one.

Appendix A contains an independent topic not related to frequency combs. Here, we
study the spectrum of fractional Schrodinger operators with periodic potentials which
formally read as L = (—A)*+V () 4+ adper (). Here, s € (12,1), « € R, V € L>*°(R™, R)
is 2m-periodic in x4, ..., z,, and dpe, denotes a 2m-periodic Dirac comb. In the case a =0
we even allow s € (0,1). Our proceeding is motivated by the following considerations,
cf. [16, Chapter 3]. The most important tool for the spectral theory of differential
operators with periodic coefficients is the so-called Floquet-Bloch theory. Let

denote an uniformly elliptic and formally symmetric second order differential operator
on R". The (sufficiently smooth) coefficients are complex-valued and assumed to be
2m-periodic in x4, ..., x,. Viewed as self-adjoint operator

A HXRY) € L*(R") — [*(R"), Au = Lu,

the spectrum o(A) can be represented in terms of the spectra of associated operators
Ay, acting on the periodicity cell P* := (0,27)". For k € B" := [—1/2,1/2]" the operator
Ap is defined on the domain

D(Ax) = {ulpr 1 u € HY (R"), u(x + 2me;) = ™u(z) for j = 1,...,n} C H*(P")

by
Ay D(Ag) C L*(P™) — L*(P"), Agu = Lu.

Elements of D(Ay) are said to satisfy quasiperiodic boundary conditions. Floquet-Bloch
theory now gives the important connection

o(A) = ] o(Ap).

keBn

14



1. Introduction

The operators Ay have purely discrete spectrum o(Ag) = {N(k) : | € N} with real
eigenvalues

Ar(k) < Aolk) < oo < N(k) 22 o0

The sets I; = {N\(k) : k € B"} are compact intervals, whence o(A) = J,cy I; has
so-called band structure. In Appendix A we generalize this result to the fractional
Schrodinger operator L = (—A)* 4V (x) + adper (). For a = 0 this was already done in
[23]. Floquet-Bloch theory does not answer the question whether gaps really occur in the
spectrum or whether the bands actually overlap. Using the one-dimensional examples
L = (—A)*£276,e: (), we show the existence of at least one spectral gap in the fractional
case s € (1/2,1).

15






2. Lugiato-Lefever model for a dual-pumped ring resonator

2. From an adapted modal expansion approach to
the Lugiato-Lefever model for a dual-pumped ring
resonator

In this section we derive the LLE model (1.2) for a dual-pumped ring resonator starting
from an adapted modal expansion approach, cf. [62, 32]. When a resonant cavity is
pumped by two continuous wave lasers with frequencies w,, and w,, a system of nonlinear
coupled mode equations can be used to describe the evolution of the field inside the
cavity. The numbering %k of the resonant modes in the cavity is relative to the mode
ko = 0. We use the cold cavity dispersion relation wy, = wy + di k + dyok? for the resonant
frequencies wy, where d; corresponds to the FSR of the resonator and 2d; to the difference
between two neighboring FSRs at the center frequency wy. With ko, k1 € Z, ky < ki,
we denote the two pumped modes. If A}, is the mode amplitude of the k-th resonant
mode normalized such that |A;|? is the number of quanta in the k-th mode, then the

simplified set of equations reads as follows, cf. [62, 32]:
DA K ! i( )t
G_tk T §A’“ + Z(Sk%} VEesje R el
=0
+ 1g Z Ak/Ak//Ak///e_i(wk,+wk/l_wk/”_wk)t. (21)
k/./+k/.//7k/.///:k/.

The first term on the right-hand side of equation (2.1) is a damping term, where x =
Ko + Kext denotes the cavity decay rate as a sum of intrinsic decay rate ko and coupling
rate to the waveguide key. The second term describes the inflow of photons by the
two input lasers. Here, ¢y and ¢; are the initial phases of the pumps. If Py, Pna

are the powers of the two input lasers then s; = | /Pinyj/hng, 7 = 0,1 are the powers

coupled to the cavity. The last term is due to four-wave mixing which happens only if
k+ k" =k + k". Here, the nonlinear coupling coefficient

fiwdeng
g =

2
ng Vet

denotes a per photon frequency shift of the cavity due to the Kerr nonlinearity and thus
describes the strength of the cubic nonlinearity of the system with linear refractive index
ng, nonlinear refractive index no and effective cavity nonlinear volume Vig. Finally, c is
the vacuum speed of light and A the Planck constant.

By using the transformation

2 (2N s
a(r,x) =/ Fg > A (ET) e ik Teik
keZ

the system (2.1) of coupled mode equations may be rewritten in a dimensionless way as

17



2. Lugiato-Lefever model for a dual-pumped ring resonator

a PDE,

o o
ia—a = —dd" —ia— |afa+1) _ fe'®* ) G 2n-periodic in x, (2.2)
T
7=0

where 7 = kt/2, d = 2dy/k, and (; = 2(ng — wy,)/K, Vj = d%? — (i, N = Kext/R,
= /8ng/k?s; for j =0, 1. To see this, first note that it can be checked that

3
29\ 2 N . ~ ) b
a 24 —i(wpr+win —wpm —wg+dok?)t ikx
=\ A () Ay () A (t (wpr +wpn —wyr —wi+d2k?) )
(7, z)|a(T, z) <K> Z Z o (8) A (8) A (£)e o

kEZ k' +k' —k"'=k

Equation (2.2) then follows from

aa 2 aAk- —idk2 . 2 7 —idk2 ik
— idk*T A idk*T |  ikz
(1,) 1\/ E (H T idk*Ag(t)e e

/8g 0Ak 2
da” 7_ l’ § : —idk Telkac
/13

by inserting (2.1). Using the final transformation

a(r,x) = e (Rol+2dkor—v)—07400) G (1 v 4 OkT — 1) (2.3)
with ¢ = (¢1 — ¢o)/k1 we find that a satisfies

ia, = (€ —i)a — da" — |a*a + ify + ifye!®r@=7), a 2m-periodic in x,

with k1 = ki — ko, AC = Co — ¢ and vy = ) — 1y — 2dkoky = AC + dk2. Thus, we
can always assume, for simplicity, that the pumped modes are ky = 0 and k; € N and
that the initial phase of both pumps is zero. Moreover we see that the change from a to
a shifts the time-dependent Fourier-coefficients from Ay, to A,z and multiplies them

with e~i(Cm+¢0+k¥) o5 that the power in each individual mode is (up to an index shift)
preserved by the transformation (2.3).
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2. Lugiato-Lefever model for a dual-pumped ring resonator

We end this section by summarizing physical and normalized quantities in tables.

Physical quantities

Eigennumber of first pumped mode ko
Eigennumber of second pumped mode El
Frequency of first pump Wy
Frequency of second pump W,

FSR of resonator dy
Second-order dispersion coefficient 2dy
Resonant modes of resonator Wi, = wo + dik + dok?
First pump power P
Second pump power Pia
Planck constant h

First power coupled to cavity Sg = ’ZUEZ
Second power coupled to cavity 51 = Z)zll
Initial phase of first pump oo

Initial phase of second pump 01
Intrinsic decay rate Ko
Coupling rate to the waveguide Kext

Cavity decay rate K = Ko + Kext
Coupling strength n = "ot
Vacuum speed of light c

Linear refractive index o
Nonlinear refractive index N9
Effective cavity nonlinear volume Verr
Nonlinear coupling coefficient = fﬁ;;;
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2. Lugiato-Lefever model for a dual-pumped ring resonator

Normalized quantities

Natural time (slow time)
Difference of pumped modes
Dispersion

First detuning

Second detuning

Difference of detunings

Second “detuning term”
First pump power

Second pump power

20
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Go=¢= %(WEO — W)
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3. Global continua of solutions to the
Lugiato-Lefever model for frequency combs
obtained by two-mode pumping

This section is based on the preprint [21], which is joint work with Tobias Jahnke, Michael
Kirn and Wolfgang Reichel. Section 3.1 to Section 3.7 are taken from the preprint and
were adapted in order to fit the layout and the structure of this thesis. Appendix B
(Section 3.8) is not part of the preprint. It contains additional results which are of
interest in comparison with results in [11].

[Start of preprint]
ELIAS GASMI, TOBIAS JAHNKE, MICHAEL KIRN, AND WOLFGANG REICHEL

ABSTRACT. We consider Kerr frequency combs in a dual-pumped microresonator
as time-periodic and spatially 27-periodic traveling wave solutions of a variant of
the Lugiato-Lefever equation, which is a damped, detuned and driven nonlinear
Schrodinger equation given by ia, = (¢ —1i)a — dag, — |al?a + ify + ifielFre—7),
The main new feature of the problem is the specific form of the source term
fo + frel®12=17) which describes the simultaneously pumping of two different
modes with mode indices kg = 0 and k1 € N. We prove existence and uniqueness
theorems for these traveling waves based on a-priori bounds and fixed point the-
orems. Moreover, by using the implicit function theorem and bifurcation theory,
we show how non-degenerate solutions from the 1-mode case, i.e. fi = 0, can be
continued into the range f; # 0. Our analytical findings apply both for anoma-
lous (d > 0) and normal (d < 0) dispersion, and they are illustrated by numerical
simulations.

3.1. Introduction

Optical frequency comb devices are extremely promising in many applications such as,
e.g., optical frequency metrology [65], spectroscopy |53, 72], ultrafast optical ranging [64],
and high capacity optical communications [12|. For many of these applications the Kerr
soliton combs are generated by using a monochromatic pump. However, recently new
pump schemes have been discussed, where more than one resonator mode is pumped,
cf. |62]. The pumping of two modes can have a number of important advantages. In
particular, 1-solitons arising from a dual-pump scheme can be spectrally broader and
spatially more localized than 1-solitons arising from a monochromatic pump, cf. [22] for
a comprehensive discussion of the theoretical advantages. Mathematically, Kerr comb
dynamics are described by the Lugiato-Lefever equation (LLE), a damped, driven and
detuned nonlinear Schrodinger equation [26, 39, 18]. Our analysis relies on a variant
of the LLE which is modified for two-mode pumping, cf. [62] and [22] for a derivation.
Using dimensionless, normalized quantities this equation takes the form

ia, = (C —1i)a — dage — |a?a +ify + ifiel®rz=1m), a 2m-periodic in x. (3.1)
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3. Global continua of solutions to the Lugiato-Lefever model for frequency combs ...

Here, a(T,z) represents the optical intracavity field as a function of normalized time
7 = 5t and angular position z € [0,27] within the ring resonator. The constant £ > 0
describes the cavity decay rate and d = %dg quantifies the dispersion in the system (where
Wi, = wo + dik + dyok? is the cavity dispersion relation between the resonant frequencies
wr and the relative indices k& € Z). Here, the case d < 0 amounts to normal and the
case d > 0 to anomalous dispersion. The resonant modes in the cavity are numbered
by k € Z with ky = 0 being the first and k; € N the second pumped mode. With
fo, J1 we describe the normalized power of the two input pumps and w,,,w,, denote the
frequencies of the two pumps. Since there are now two pumped modes there are also two
normalized detuning parameters denoted by ¢ = 2(wy—wp,) and (1 = 2(wy, —wp, ). They
describe the offsets of the input pump frequencies w,, and w,, to the closest resonance
frequency wy and wy, of the microresonator. The particular form of the pump term
ifo +ifiel®z=17) with vy = ¢ — ¢ + dk? suggests to change into a moving coordinate
frame and to study solutions of (3.1) of the form a(7,z) = u(s) with s = z — w7t and
w = Z—i These traveling wave solutions propagate with speed w in the resonator and
their profiles u solve the ordinary differential equation

—du" +iwu + (¢ = u — |ulPu+ifo +if1e** =0, u 2m-periodic. (3:2)

In the case f; = 0 equation (3.1) amounts to the case of pumping only one mode. This
case has been thoroughly studied, e.g. in [I1, 18, 25, 26, 41, 43, 48, 49, 50, 51, 59]. In
this paper we are interested in the case f; # 0. Since the specific form of the forcing
term is not essential for many of our results, we allow in the following for more general
forcing terms

f(s) = fo+ fie(s)
with a 27-periodic (not necessarily continuous) function e : R — C and fy, fi € R.
Hence, we consider the LLE

—du" 4w + (¢ —i)u — [ufu+if(s) =0, u 2m-periodic. (3.3)

Our main results on the existence of solutions to (3.3) are stated in Section 3.2. In
Section 3.3 we illustrate our main analytical results by numerical simulations. The proofs
of the main results are given in Section 3.4 (a-priori bounds), Section 3.5 (existence and
uniqueness), and Section 3.6 (continuation results). The appendix contains a technical
result and a consideration of the case where in (3.2) the value k; is not an integer but
close to an integer.

3.2. Main results

In the following we state our main results.

e Theorem 3.1 provides existence of at least one solution of (3.3) for any choice of
the parameters and any choice of f.

e Theorem 3.6 and Corollary 3.8 describe how trivial (constant) solutions from the
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3. Global continua of solutions to the Lugiato-Lefever model for frequency combs ...

special case f; = 0 can be continued into non-trivial solutions for f; # 0.

e Theorem 3.9 and Corollary 3.10 show how a non-trivial solution from the case
f1 = 0 can be continued to f; # 0.

Our first theorem, which ensures the existence of a solution of (3.3) in the general case
where f; does not need to vanish, is based on a-priori bounds and a variant of Schauder’s
fixed point theorem known as Schaefer’s fixed point theorem. A corresponding unique-
ness result, which applies whenever |(| > 1 is sufficiently large or (essentially) || f]|s < 1
is sufficiently small is given in Theorem 3.17 in Section 3.5 together with more precise
details.

We will use the following Sobolev spaces. For k € N the space H*(0, 27) consists of all
square-integrable functions on (0, 27) whose weak derivatives up to order k exist and are
square-integrable on (0, 27). By H{jer(O7 27) we denote all locally square-integrable 27-
periodic functions on R whose weak derivatives up to order k exist and are locally square-
integrable on R. In both spaces the norm is given by ||ul| = (Z?:o H(%)juH%g(ozﬂ))lﬂ.
Clearly HE,.(0,2m) is a proper subspace of H"(0,2n) since u € HF, (0,2m) implies that

(4)iu(0) = (<) u(2m) for j = 0,...,k — 1. Unless otherwise stated, all of the above
Hilbert spaces are spaces of complex valued functions over the field R. In particular, for
v,w € L*(0,2m) we use the inner product (v, w)s = Re fogﬂ vw ds. The induced norm is

denoted by || - [|2-

Theorem 3.1. Equation (3.3) has at least one solution u € H_,(0,2m) for any choice

of the parameters d € R\ {0}, ¢,w € R and any choice of f € H?(0,27).

Next we address the question whether a known solution g of (3.3) for f; = 0 can be
continued into the regime f; # 0. This continuation will be done differently depending
on whether wg is constant (trivial) or non-constant (non-trivial). Moreover, we first
concentrate on one-sided continuations for f; > 0 (or f; < 0). Two-sided continuations
will be discussed in Section 3.2.3.

3.2.1. One-sided continuation of trivial solutions

In the special case f; = 0 there are trivial (constant) solutions uy € C of (3.3) satisfying
the algebraic equation

(¢ = i)ug — |uo|*ug +1ifo = 0. (3.4)

From |11, Lemma 2.1] we know that for given f, € R the curve of constant solutions
can be parameterized by

t

V1=t

In Figure 6 we show the curve of the squared L?-norm of all constant solutions of (3.3) for

fi=0and fo =1, fo = Qé/—\g and fo = 2. The curve may or may not have turning points
which are characterized by ¢’(t) = 0. This condition can be formulated independently of

C(t) =1 —t)f5 + up(t) = (L= t*)fo —ifotvV1— 12, te(-11). (3.5)
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t by the equivalent condition (? — 4|ug|*¢ + 1+ 3Jup|* = 0. By a straightforward analysis

one can show that with f* = 23/—‘227 we have

e 10 turning point for |fo| < f* (cf. Figure 6 green curve),
e exactly one (degenerate) turning point for |fy| = f* (cf. Figure 6 red curve),
e exactly two turning points for |fo| > f* (cf. Figure 6 blue curve).

Note that for |fo| > f*, as
a consequence of the exis-
tence of two turning points,
three different constant solu-
tions exist for certain values
of .

Starting from f; = 0 we
use a kind of global implicit
function theorem to continue

Figure 6. Curve of squared L?-norm of all constant so-

a constant solution uy € C > N
of (3.3) with respect to fi. lutions of (3.3) for f; = 0 and fo = 1 (green), fo = T

This procedure is analyzed in (red) and fy = 2 (blue) when ¢ € [—1,5]. Turning points
Theorem 3.6. The continua- (if they exist) are marked with a cross.

tion works if the constant so-
lution uy € C is non-degenerate in the following sense.

Definition 3.2. A solution u € HZ,(0,27) of (3.3) for f; = 0 is called non-degenerate

per
if the kernel of the linearized operator

Lyp = —d¢" +iwg’ + (¢ —i—2Jul’)p —u’p, ¢ € H},.(0,2)
consists only of span{u'}.

Remark 3.3. Note that L, : H?,.(0,27) — L*(0,2n) is a compact perturbation of the
isomorphism —d-&; +-sign(d) : HZ..(0,27) — L?(0,27) and hence an index-zero Fredholm
operator. Notice also that span{u’} always belongs to the kernel of L,. Non-degeneracy
means that except for the obvious candidate «’ (and its real multiples) there is no other
element of the kernel of L,. Notice also that a constant solution ug is non-degenerate
if the linearized operator L, is injective, and, as a consequence, invertible in suitable

spaces.

Lemma 3.4. A trivial solution ug € C of (3.3) for fi = 0 is non-degenerate if and only
if

(a) Case w # 0:
¢* — 4fuol*¢ + 1 4 3lug|* # 0.
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(b) Case w = 0:

(¢ + dm?*)? — 4lue|*(¢ + dm?) + 1+ 3|ug|* #0  for all m € N.

Proof. Let ¢ € H?,.(0,27) be in the kernel of the linearized operator, i.e.,

per
—d" 4wy’ 4+ (¢ — i — 2ue?)p — udp = 0.

This implies that the Fourier coefficients ¢, of the Fourier series p = >, ©mel™ have
the property that

(dm® — wm + ¢ — 1 — 2luo|*)pm — ugP=m =0

for all m € Z. If we also write down the complex conjugate of this equation

T2 om + (dm* + wm 4+ ¢+ i —2Jue) )P =0

then we see that non-degeneracy of ug is equivalent to the non-vanishing of the deter-
minant for this two-by-two system in the variables ¢,,, ©_, for all m € Ny. Computing
the determinant we obtain the condition

(C 4+ dm?)* — 4lue)*(¢ + dm?) + 1+ 3lug|* — w?m? — 2iwm # 0 for all m € Ny, (3.6)

In the case w # 0 this is trivially satisfied for all m # 0 (because then the imaginary
part is non-zero) and for m = 0 by assumption (a) of the lemma. In the case w = 0
condition (3.6) can only be guaranteed by assumption (b). O

Remark 3.5. Trivial solutions of (3.3) for f; = 0 are determined by (3.4). For w # 0
all trivial solutions wug of (3.3) for f; = 0 are non-degenerate except those at the turning
points described above. In the case w = 0 all trivial solutions uy of (3.3) for f; = 0
are non-degenerate except those at the (potential) bifurcation points and the turning
points. This is true (up to additional conditions ensuring transversality and simplicity of
kernels) because the necessary condition for bifurcation w.r.t. ¢ from the curve of trivial
solutions is fulfilled if and only if the expression in (b) vanishes for at least one m € N,

cf. [18],[41].

Theorem 3.6. Let d € R\ {0}, ¢,w, fo € R and e € H*(0,27) be fized. Let furthermore
ug € C be a constant non-degenerate solution of (3.3) for fi = 0. Then the mazimal
continuum! C* C [0,00) x H},.(0,27) of solutions (fi,u) of (3.3) with (0,ug) € C* has
the following properties:

(1) locally near (0,ug) the set C* is the graph of a smooth curve fi — (f1,u(f1)),

(i) CT N[0, M] x H2,(0,27) is bounded for any M > 0.

per

LA continuum is a closed and connected set.
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Moreover, if pr,(C") denotes the projection of CT onto the fi-parameter component, then
at least one of the following properties hold:

(a) pri(CT) = [0,00),
(b) Fug #uo: (0,ul) eC™.

A mazimal continuum C~ C (—o00,0] X ng,,(O,ZW) with corresponding properties also
ex1sts.

Remark 3.7. If property (a) of Theorem 3.6 holds, then C* is unbounded in the direc-
tion of the parameter f; € [0, 00) and hence this is an existence result for all f; € [0, c0).
Property (b) means that the continuum C* returns to the f; = 0 line at a point uj # u.

Corollary 3.8. Property (a) in Theorem 3.6 holds in any of the following three cases,

nfRll | T
"

(Z) 51gn(d)§ < —C(d, f0)21d<0 — 27(1 + >O(d, f0>6,

w2

(ii) sign(d)¢ > 3C(d, fo)* + 1d’

(iii) V3C(d, fo) < 1,

where

C(d, fo) = | fol (1 + 27 f51d] ).
In particular |¢| > 1 or | fo| < 1 is sufficient.

3.2.2. One-sided continuation of non-trivial solutions

One can ask the question whether also non-trivial (non-constant) solutions at f; = 0
may be continued into the regime of f; > 0. This depends on two issues: existence
and non-degeneracy of a non-trivial solution of (3.3) for f; = 0. First we note that
for w = 0 there is a plethora of non-trivial solutions, cf. [18],[!1]. For w # 0 we do
not know whether non-trivial solutions exist for f; = 0. The fact that for w # 0 there
are no bifurcations from the curve of trivial solutions indicates that there may be no
solutions other than the trivial ones. Although by the current state of understanding
the hypotheses of Theorem 3.9 (see below) can only be fulfilled for w = 0, we allow in
the following for general w € R.

In order to describe the continuation from a non-degenerate non-trivial solution, let
us first state some properties of (3.3) for f; = 0: if ug solves (3.3) for f; = 0 and if we
denote its shifts by u,(s) = ug(s — o), then u, also solves (3.3) for f; = 0. Hence

per

o [ R & RxHL(0,2m),
|l o = (0,u,)
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describes a trivial curve of solutions of (3.3) from which we wish to bifurcate at some
point (0, u4,). Recall also from non-degeneracy that ker L,,, = span{u/,}. Since L, also
has a one-dimensional kernel, there exists ¢ € HZ,.(0, 27) such that ker L, = span{¢}, }.

Notice that ¢%(s) = ¢i(s — o). Finally, oy will be determined in such a way that there

exists a unique solution &, € H2,.(0,2m) of

Lw)gao = _ie(' + 00)

with the property that &,, L2 uj. Details of the construction of oy and &,, will be given
in Lemma 3.21.

Theorem 3.9. Let d € R\ {0}, ¢,w, fo € R and e € H*(0,27) be fized. Let furthermore

Uug € ngr(O,Qﬂ) be a non-trivial non-degenerate solution of (3.3) for fi =0. If oy € R
satisfies
2m
Im/ e(s+ 09)P5(s)ds =0 (3.7)
0
and )
Im/ e'(s+ 09)p5(s)ds # 0 (3.8)
0

then the mazimal continuum C* C [0,00) x Hp,.(0,2m) of solutions (fi,u) of (3.3) with
(0,ug) € C has the following properties:

(i) there exists a smooth curve C : [0,0) — C* with C(t) = (f1(t),u(t)), fr(0) =1,
C(0) = (0,uy,) such that locally near (0,uy,) all solutions (fi,u) of (3.3) with
f1 = 0 lie on the curve S or on the curve C,

(i) CT N[0, M] x H2, (0,27) is bounded for any M > 0.

per

Moreover, if zero is an algebraically simple eigenvalue of L., and if furthermore
2m o 2m o o
2 Re/ (2uo|&oo|* + T2, ) 65 ds Re / (upto + 2uouy) gy ds
0 0
2m 2
+ (Im/ (s + 00)dh(s) ds) :
0

then there ezists a connected set C;- C Ct with pr,(C;) C (0,00) and (0, uy,) € C which
satisfies at least one of the following properties:

(a) pri(C;) = (0,00),

or

(3.9)

(b) Fug # oy : (0,uf) € CF.

A mazimal continuum C~ C (—o0,0] X ngr(O,QW) with corresponding properties also
exists.
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ik1s

For the special choice e(s) = ¢"* Theorem 3.9 takes the following form.

Corollary 3.10. Let k; € N, e(s) = e and d,(,w, fo,ug be as in Theorem 3.9.
Assume that

/ " k1505 (s) ds # 0 (3.10)
0

and that oy € R satisfies

tan(kyoo) = fo% cos(kys) Im ¢f(s) — sin(kys) Re ¢f(s) ds (3.11)
o fzw sin(kys) Im ¢ (s) + cos(kys) Re ¢ (s) ds -

0

Then the conditions (3.7) and (3.8) of Theorem 3.9 hold.

Remark 3.11. («) It follows from the implicit function theorem that in the setting of
Theorem 3.9 assumption (3.7) is a necessary condition for bifurcation (non-trivial kernel
of the linearization). Assumption (3.8) amounts to the transversality condition. In the
setting of Corollary 3.10 this means that, if (3.10) is satisfied, assumption (3.11) is a
necessary condition for bifurcation.
(8) Assumption (3.10) in Corollary 3.10 guarantees that the numerator and the denom-
inator of the right-hand side of (3.11) do not vanish simultaneously. In the case where
the denominator vanishes, Equation (3.11) is to be read as cos(kj09) = 0. In the interval
[0, 7-) equation (3.11) has a unique solution o € [0, ). All solutions of (3.11) in [0, 2)
are then given by oo+ j- for j =0,...,2k; — 1. This can result in up to 2k; bifurcation
points. Smaller periodicities of uy may reduce the actual number of different bifurcation
points. E.g., if £y > 2 and if uy has smallest period i—f then only two bifurcation points
exist.
(7) Let j € N not be a divisor of k; and vy be QJ—ﬁ—periodic. Then assumption (3.10) is
not satisfied since ¢, inherits the periodicity of uy. We will say more about this case in
the Appendix.
(0) The non-trivial solutions ug of (3.3) for fi = 0 and w = 0 constructed in [18],[11] are
even around s = 0. In this case, (3.9) is not an additional assumption because it coin-
cides with assumption (3.8). The reason is that ¢ (spanning ker L ) inherits the parity
of uy (spanning ker L,,) which implies fo27r (uhtio + 2ugup)uhgh ds = 0, cf. Proposition
3.22. Also, the value of oy in Corollary 3.10 is determined by the simpler expression
tan(kyo0) = — Oz: s?n(kls) Re ¢§(s) ds.
Jo " sin(kys) Im ¢ (s) ds

0

It is an open problem if (3.3) admits solutions for f; = 0 and w = 0 which (up to a
shift) are not even around s = 0.

(¢) Note that in property (b) we exclude that ui = u,, but we do not exclude that ug
coincides with a shift of ug different from u,,.
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3.2.3. Two-sided continuations

Here we explain how we can use the results of Theorem 3.6 and Theorem 3.9, Corol-
lary 3.10 for the continua C* and C~ in order to obtain two-sided continua w.r.t. the
parameter component f;.

As a first trivial observation we can construct a two-sided continuum in the following
way both for the setting of Theorem 3.6 and Theorem 3.9: let C C R x HZ,(0,27) be
the maximal continuum of solutions (fi,u) of (3.3) with (0,u9) € C. Then C contains

both Ct and C~.

Next we assume that the generalized forcing term f(s) = fo + fie(s) satisfies the
symmetry condition that e(s + k,ll) = —e(s) for some k; € N. This symmetry condition
is motivated by (3.2) where e(s) = e*1°. If we denote by R the reflection operator which
acts on solution pairs and is given by

R:(fu,u) = (—fru(-+ 2))

then, again both for the setting of Theorem 3.6 and Theorem 3.9, the continuum C has
the following property:

(fi.u) € C & R(f1,u) €C.

This shows that globally the solution sets for positive and negative f; only differ by a
phase shift. The following global structure result is a consequence of this symmetry.

Proposition 3.12. Let d € R\ {0}, (,w,fo € R and e € H?*(0,27) be such that
e(8+ kll) = —e(s) for some ky € N. Let furthermore ug be a solution of (3.3) for fi = 0.
Then the mazimal continua Ct, C~ and C containing (0,ug) satisfy C~ = R(CT) and
CoCctuc .

Proof. 1t is obvious that C D CT UC~. Now we prove that C~ = R(C™). Clearly, C*
and R(C™T) contain all shifts {(0,u,) : ¢ € R}. Since additionally R(C*) C (—o0,0] x
H2,.(0,27) is connected we find that R(C*) C C~. If we assume that R(C*) C C~ then

per
we obtain C* C R™!(C™), which contradicts the maximality of C*. O

As another consequence, we have that either pr,(C) = (—o0,00) or pry(C) is bounded
from above and below. In the latter case, we call C a loop.

Our final result builds upon Theorem 3.6 and the resulting two-sided continuation of
a trivial solution wug. It describes the shape of the L?-projection of the continuum C
locally near (0,ug). In particular, local convexity or concavity can be read from this
result. In Section 3.3 we will put this result into perspective with numerical simulations
of the fi-continuation of trivial solutions.

Theorem 3.13. Assume that the assumptions of Theorem 3.6 are satisfied and that
additionally e(s) = e*° is fived for a k; € N. Then we can determine the local shape of
the curve fi — ||u(f1)]|3 as follows:

d2

d Ly
P

—|lu (I3 lrimo= 4m(Re(uo?) + |af* + 5[
dfy

(Ol [5,=0=0,
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with

—i(dk? + kyw + ¢ +1— 2|ugl?)
(€ + dk? — 2|ug|?)? — (wky +1)2 — |up|*’
_ iud
S (G 7 ey gy R

.T:C—i—2|U0‘2,
2

Yy = _u07
z = dug(|a)? + |B)%) + 4ugas,
TRy + 2T
> = [y|*

3.3. Numerical illustration of the analytical results

In this section we restrict ourselves to equation (3.2), i.e., we fix e(s) = e¢**. For this
choice, we know from Section 3.2.3 that the one-sided continua C* and C~ are related by
C~ = R(C™). The following numerical examples were computed with d = —0.1, fo = 2,
ki=1,and w = 1.

05—

0 A~ — e

24 26 28 3 32 34 36 38 4 42 2

Figure 7. Continua of solutions (fi,u) of (3.2) for selected values of the detuning ¢. The
other parameters were set to d = —0.1, fo =2, k; =1, and w = 1.

Figure 7 illustrates some of the two-sided continua C* UC™~ obtained by continuation
of trivial solutions for different values of the detuning (. Every point on the black and
colored curves corresponds to a solution u of (3.2), but for the sake of visualization in
a three-dimensional image every solution has to be represented by a single number. In
Figure 7, the quantity 5-||u|3 was used for this purpose.

The black curve corresponds to spatially constant solutions of (3.2) obtained for f; =0
and ¢ € [2.4,4.3]. The colored curves represent (parts of) the continua associated to
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these solutions. Every trivial solution (possibly except the ones at turning points) has
an associated continuum, but for the sake of visualization these continua are only shown
for selected values of ¢, namely ¢ € {2.4,2.6,...,4.0,4.2}. The picture is symmetric
with symmetry plane {(¢,0,z2): ( € R,z € R}. This is an immediate consequence of the
relation C~ = R(C™) and the fact that shifting u does not change ||ul|,.

For ¢ € {2.4, 2.6, 4.2} there is only one trivial solution, and for these three values
Figure 7 shows a part of the associated two-sided continuum C* UC~. Although f; was
restricted to [—2, 2], each of these continua appears to be global in fi, i.e. we conjecture
that the continua continue for all values f; € (—o0, 00). This corresponds to case (a) in
Theorem 3.6.

For ¢ € {2.8, 3.0,..., 4.0}, however, there are three trivial solutions. For these values
of {, there is one colored loop which connects two solutions, and one continuum which
seems to continue for all values of f;. The former corresponds to case (b) in Theorem 3.6,
the latter to case (a). For ¢ € {2.8, 3.0} the “lower” two solutions are connected, whereas
for ¢ € {3.2, ..., 4.0} it is the “upper” two solutions which are connected. Hence, there
seems to be a threshold value ¢* that determines which of the two scenarios occurs.
Computations with more values of ¢ show that this threshold value (* lies between 3.1344
and 3.1359; cf. Figure 8. The union of the continua for (-values close to the threshold
¢* (ie. for ¢ = 3.1344 and ¢ = 3.1359) is nearly the same, and the two continua nearly
meet in two points.?2 The mathematical mechanisms which cause this qualitative change
are not yet understood. One could expect that the connectivity threshold coincides with
the value where the square of the L?>-norm of the solutions as a function of f; changes
from being locally convex to locally concave. However, Theorem 3.13 shows that this is
not true.

Figure 9 illustrates the same application, but depicted from a different angle and with
more values of (. Repeating the simulation with d = 0.1 (anomalous dispersion) instead
of d = —0.1 (normal dispersion) did not change the picture essentially.

Figures 7, 8, and 9 were generated by discretizing (3.2) with central finite differences
(1000 grid points), and by applying the classical continuation method as described in,
e.g., |1], to the discretized system.

The result of Theorem 3.13 can be interpreted as follows: each point on the trivial
curve is a local extremum of the squared L?-norm of the solution curve f; — u(f;). The
type of local extremum is described by the sign of the second derivative % Nlu( )3 |5 =o-
We visualize this by an example for d = —0.1, fy = 2, k& = 1, w = 1. By using the
parameterization t — ((t),t — wug(t) for t € (=1,1) from (3.5) we can illustrate the
sign-changes of the second derivative. In Figure 10 we are plotting the curve ¢ —
(C(t), |ug(t)|*) and indicate at each point on the curve the sign of 47 (Re(uo(t)e(t)) +
la(t)]? + |B(t)[?), where €(t), a(t), B(t) are taken from Theorem 3.13 with ¢ = ((t) and
up = up(t). In this particular example, as we run through the curve of trivial solutions

2As mentioned earlier, only the L?-norm of solutions can be visualized in Figure 7, 8 and all other
plots. The fact that two functions have (nearly) the same norm does, of course, not imply that the
functions themselves are (nearly) identical. It can be checked, however, that the two solutions which
correspond to the two points where the distance between the two continua is minimal are indeed
very similar (data not shown).
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Figure 8. Same situation as in Figure 7. Zoom to the region close to the threshold where
the continua change connectivity.

%Hu(fl)H% | f,=0 occurs at ¢ &~ 0.8533.

from left to right a first sign-change of
A second sign-change (in fact a sin-
gularity changing from —oo to +00) I
occurs at the first turning point.
Then, the next sign-change occurs on

the part of the branch between the

fwo turning points at ¢ ~ 3.34. Fi- &

nally, the second turning point gener- 1

ates the last sign-change from —oo to

+00. Clearly, the changes in the na- o 0 1 ) 3 . 5
ture of the local extremum of f; — ¢

|u(f1)||3 at fi = 0 do not correspond
to the topology changes of the solu-
tion continua which occur near the
threshold value ¢* € (3.1344,3.1359).

Next, we keep the parameters d = —0.1, fo = 2, k; = 1 but choose w = 0 instead of
w = 1. Recall that for w = 0 there is a plethora of non-trivial solutions of (3.2) for f; = 0,
cf. [18],[11]. In fact, this time we find additional primary and secondary bifurcation
branches for f; = 0 which are illustrated in Figure 11 in grey and brown, respectively.
Bifurcation points are shown as grey dots. The bifurcation branches consist of non-
trivial solutions. Further, some numerical approximations of the two-sided maximal
continua C obtained by continuation of trivial or non-trivial solutions for different values
of the detuning ¢ are shown. If we start from a constant solution at f; = 0, then C*
are described by Theorem 3.6. Likewise, if we start from a non-constant solution at
f1 = 0 which has no smaller period than 27, then C* are described by Theorem 3.9. In

Figure 10. Sign of the second derivative of f; —
|u(f1)||3 at fi = 0; blue=positive, red=negative.
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Figure 9. Same situation as in Figure 7, but depicted from a different angle and with
more values of (.

both cases, C D C* UC~ by Proposition 3.12, but in all examples below we observe in
fact equality. If we expect a maximal continuum to contain two or more (non-trivial)
different simple closed curves, then we illustrate the latter ones with different colors.
Let us look at some particular values of ¢ where different phenomena occur.

Figure 11. Continua of solutions (f1,u) of (3.2) for selected values of the detuning .
The other parameters were set to d = —0.1, fo =2, k; = 1, and w = 0.

At ¢ = 2.7 we see exactly one solution for f; = 0. This solution is constant and its
continuation appears to be global in f;. For ¢ = 3.9 and f; = 0 we see three constant
solutions but also one non-constant solution (up to shifts) which lies on one of the grey
bifurcation branches. The continuation of the constant solution with smallest magnitude
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again appears to be global in f;, while the other three solutions lie on the same eight-
shaped maximal continuum which we will denote as figure eight continuum. Note that
the latter continuum contains all shifts of the non-trivial solution for f; = 0.

The figure eight can be interpreted as an outcome of Theorem 3.6 applied to one of the
constant solutions on the figure eight. Here, case (b) of the theorem applies. However,
the figure eight can also be interpreted as an outcome of Theorem 3.9 applied to the
non-constant solution ug at f; = 0. Again, case (b) of the theorem applies. A plot
(which we omit) of the non-trivial solution uy at f; = 0 shows that u has no smaller
period than 27. Thus, according to Remark 3.11.(/3) exactly two shifts of it, which differ
by m, are bifurcation points. To sum up, we observe that the figure eight continuum in
fact contains a simple closed figure eight curve which exactly goes through two shifts
of uy (which differ by 7) in the point where the orange lines intersect the grey line of
non-trivial solutions. The two shifts cannot be distinguished in the picture, because a
shift does not change the L?-norm. To illustrate the different continua for ¢ = 3.6, we

3.5 N
3. L
25 1
aN
I
oI5
D)
1\
0.5
0
\ \ \ ] 1 ]
3.6 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
¢ fi

Figure 12. Zoom at ¢ = 3.6.

provide a zoom in Figure 12. We obtain again an unbounded continuum and a figure
eight continuum. However, here we also find a third maximal continuum which cannot
be found by simply continuing one of the constant solutions. This continuum consists
of the blue and the light blue simple closed curve connected to each other by shifts at
f1 = 0. The parts of the blue and the light blue curve in the region f; > 0 are described
by case (b) of Theorem 3.9 applied to one of the non-trivial solutions uy at f; = 0 on
it. They have no smaller period than 27 (plots not shown). Going from the blue part
to the light blue part is a consequence of reflection. At f; = 0 the blue curve intersects
the grey line at exactly two points. The light blue curve does the same, but at w-shifts
of these points.

For ( = 3.3 the situation is more complicated. In this case, we see three constant
solutions for f; = 0 but also seven non-constant ones. The continuation of the upper
constant solution (orange) appears to be unbounded. We observe that the blue, the
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red and the green simple closed curve in fact form a single maximal continuum, since
all curves are connected by shifts of non-constant solutions at f; = 0. Viewed from
top to bottom, we find (plots not shown) that the first, the third and the last one are
m-periodic while the remaining ones have smallest period 27w. All together, we observe
that exactly two shifts of every non-constant solution at f; = 0 are bifurcation points.
For the solutions which have no smaller period than 27 this is a direct consequence of
Theorem 3.9, cf. Remark 3.11.(/5). However, at the three remaining m-periodic solutions
at fi = 0 Theorem 3.9 does not apply, cf. Remark 3.11.(7). Nevertheless, we observe
continuations from these points. Interestingly, these points seem to be characterized by
horizontal tangents, at least in this example.

28

2.6
N

— R I
%

24 /Q;)\
2.2 |

1.8 s
N

2
2

o= llull

/
)

‘T\\ ' ] \
“.0.3 -0.2 -0.1 0 0.1 0.2
¢ fi

Figure 13. Zoom at ( = 3.3.

For ¢ = 3 we see three constant solutions and four non-constant ones at f; = 0.
Again, the continuation of the upper constant solution is unbounded. We provide a
more general investigation in Figure 14, where we also depict several of the continued
solutions u of (3.2) for f; # 0. Since u is complex-valued, we use the quantity |u(s)|* for
illustration purposes and plot it against s € [—m, 7]. In Figure 14(a) we show a bounded
continuum consisting of the light blue and the red simple closed curve connected to
each other by shifts at f; = 0. Starting from the constant solution on the light blue
curve and proceeding first into the f; > 0 direction, Figure 14(b)-(c) show plots of
functions corresponding to colored triangles. In Figure 14(d)-(f) functions corresponding
to colored dots on the red curve are shown, where we start again at the constant solution
and initially proceed in the f; > 0 direction. We observe that both curves cross the (-
periodic) non-constant solution with second largest norm, but at two different shifts: the
leftmost dark-red curves in (¢) and (f) only coincide after a non-zero shift. Continuations
from m-periodic solutions at f; = 0 are not covered by Theorem 3.9. Nevertheless,
they are observed in the numerical experiments, again with horizontal tangents. The
explanation of these continuations remains open, cf. the Appendix for further discussion.
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Figure 14. Zoom at ¢ = 3 and illustration of selected functions.

3.4. Proof of a-priori bounds

We use the notation r; = max{0,r} to denote the positive part of any real number
r € R and also 1,0 to denote (as a function of d € R) the characteristic function of the
interval (—oo,0). We write || - ||, for the standard norm on L?(0,27) for p € [1,00]. A
continuous map between two Banach spaces is said to be compact if it maps bounded
sets into relatively compact sets.

Theorem 3.14. Let d € R\ {0}, (,w € R and f € H?*(0,2w). Then for every solution
ue H2 (0,27) of (3.3) the a-priori bounds

per

lulla < F, (3.12)
1 1
[u'[2 < Bllull3 < BF'%, (3.13)
Jullo < C (3.14)
hold, where
F=F(f) = |fll2
FlATl / 1 y 1 , F
B=B(d.f) = g + 20/ P + \/Hf o+ 207 (y 5+ 1),
F )

C=C(d,f)=——+V2rBFi,

V21
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For (sign(d) < —C?14 these bounds can be improved to

i
luls <D, fulles < (E N \/_QWB)D

where

) [ Fi+|w|BF?+]dB? \*
= D(d7 fw, C) - ((—gsign(d) — 021d<0)+

Remark 3.15. The improvement in the second part of the theorem lies in the fact that
the bound D becomes small when the detuning ¢ is such that (sign(d) is very negative.

Proof. The proof is divided into five steps.
Step 1. We first prove the L? estimate

lullz < F' = || f]l2- (3.15)
To this end we multiply the differential equation (3.3) with @ to obtain
—du"t + iwu'a + (¢ — i) |ul|® — |u* +ifu = 0. (3.16)
Taking the imaginary part yields
—dIm(u"u) + wRe(u'n) — |u|* + Re(fu) = 0. (3.17)
Let h := |u|> — Re(fau), H = —dIm(u'a) + $|u|>. Then H' = h by equation (3.17) and

H(0) = H(2m) by the periodicity of u. Hence

O:H(27r)—H(O):/Oﬂhds:/0ﬂ ul? — Re(f) ds

which implies

2
lull3 = /0 Re(fu) ds < || fllzllullz = F[ul]2.

Step 2. Next we prove
lu/ll2 < Bllulli < BF?. (3.18)

From (3.3) we may isolate the linear term u and insert its derivative u’ into the following
calculation for |[u/||3:

2 27
|u']|3 = Re/ @ ds Re/ (idu” + wu' — iCu + iju*u + f)'u ds
0

/ idu" ' + wu"t’ — ¢ |* +i(|ulPu) @ + f'u' ds

Re
2T 2T
/ u'a')) + < ]u| s—Im/ (|ul*u)@ ds + Re f'a ds

0
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2m
_ _ _ |27
= /0 (lul?) Im(aw') — Re(f"u) ds + Re f'al,

IN

w
(Y (Sluf? = H ) + 1" lalulls + 21 el

[e=]

21 w 1
| Y = GUPYH + 1 el + 21 el
2 1
/ == ([al?)' (H = H(0)) + [1f"lallell2 + 2]/l oo ulloo-

0

Next notice the pointwise estimate
b= luf? = Re(fa) > Jul? ~ |fllul > ~|fF
from which we deduce the following two-sided estimate for H — H(0):
H(s) ~ HO) = [ hr)dr = ~JIf8 (s € [0.27)  and
Hs) = HO) = ()~ AEm) =~ [ hiryar < {1718 (s € (0,20

Continuing the above inequality for |[u/[|3 we conclude

/113
2|d|

/113 < S izl + 1 2l + 211 oo lullo-

Next we want to get rid of the ||u||,, term. For that we note that there exists sy € [0, 27]
satisfying [u®(so)| < 5= |lul|3. We use this in the following way,

1 2
[ull% < [u?(so)| + sup [u?(s) —u?(s0)| < 5—]lull3 +/ 2Jullu’| ds
s€[0,27] 27 0

N

1 9 ,, (318 F ,
—llullz + 2[ullflulle < S=llullz + 2full2|lw]]2
2 21

F
_th(—+1+mw2,

N

2
1 F
ol <l (4 55 + 1+ 1l )
e

1913 < WL o+ 07l + 20 el (2 + 1+
— 2/d 27

from where we find

In total, we have
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(3.1 ) Fﬁ ’ " 3 F / 1 i
STl s lfalld 1l 4 7o F 2 a3 + 211 oo ] o= T 1) 2 f ot Jullz ]2

F11 s ) = )
- (M 2 o )uuusuwug ; (||f”||2F2 +2\|f’||oo(\/% i 1>) lul?

1
= Aullull3 ol + A3ull3.

This is a quadratic inequality in ||u'||o which implies

1 1 1
Allull} + v/ A2alld + 442 u)

1 1 1
5 < Aylullz + Asflullz = Blull3

lu'll2 <

as claimed.

Step 3. Here we prove
Julloo < C. (3.19)

There exists s, € [0, 27] satisfying |u(s1)| < % The claim now follows from

< lull2
\ 2T

[ull2

[ullse <[uls1)[+ sup [u(s) —u(s1)| <
s€[0,2m]

(3.15),(3.18) 3 1 (3.15)
< 2y VorB | i <

il O [

;

Step 4. Next we show in the case (sign(d) < —C*1, the additional L*-bound
[ull2 < D. (3.20)

After integrating (3.16) over [0, 27| and taking the real part of the resulting equation we
get

2 2w
d||'|[3 :w/ Im(u'a) ds — ¢lull + IIUI|3+Im/ fuds.
0 0

In order to prove (3.20) we first suppose d > 0. Then we have on one hand

2 ®2 Bl
dully < dB|ull3 (3.21)
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and on the other hand

27 21
w/ Im(u'a) ds — Clul? + lullt + Im [ fads

0 0
> —|w||lull2||e]| — ¢llul|? — Flu
(318)| [l ||52 [ulls = Fllulls (3.29)
> —|w|Bllull; — ¢llull; — Fllull
(3.15) 3 1 9 3 1
> —|w|[BFi|lull; = ¢llully — F2[[ul]3.

Combining the two estimates (3.21), (3.22) and grouping quadratic terms and terms of
power 3 of ||ul|s on separate sides of the inequality we get

1
~Cllul < (F? + [w|BFY + dB?) |lul)

which finally implies |luls < D whenever ¢ < 0. Assuming now d < 0 the estimate
(3.21) becomes
dllw/|[3 > —|d|B*[[ull3 (3.23)

whereas in (3.22) the term ||u||], which was previously dropped, now has to be estimated
by |lulli < |Jul|%||lul|3 < C?||ul|3. The estimate (3.22) now becomes

2T 27
w/ (/@) ds — C|[ul2 + ||u\|3+1m/ fads
0 0

(3.24)
3 1 3 1
< [wIBF|ull3 + (C* = Q)llull3 + F=ul)3.
The combination of (3.23) and (3.24) leads to
1
(¢ = CO)llully < (F3+ w|BF? +1dB?) |lul;
which again implies ||u|s < D whenever —¢ < —C®2.
Step 5. Finally we prove
Fi
ullo < [ —= + V2rB ) D1 3.25
fulle < (o + V) 3:5)

whenever ( sign(d) < —C?14-¢. For this we repeat Step 3 and use in the final estimate
that |lulls < D. O

3.5. Proof of existence (Theorem 3.1) and uniqueness
(Theorem 3.17) statements

Let us consider the operator L : H2, (0,27) — L?(0,2n) with Lu = Lou — iu and Lou =

per

—du" + iwu' + Cu. Since Lo : H2,(0,27) — L*(0,27) is self-adjoint its spectrum is real

per
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and we see that L has spectrum on the line —i+R. In particular, L is invertible and L™! :
L?(0,27) — H2,,(0,27) is bounded. By using the compact embedding H?2 (0,27) <

per per

H!,.(0,27) we see that

per

L~ L*0,27) — H!, (0,27) is compact.

per

Since moreover H], (0,27) is a Banach algebra we can rewrite (3.3) as a fixed point

problem u = ®(u), where ® denotes the compact map

®: H . (0,21) — Ho o (0,2m), @(u) = L7 (Jul?u —if(s)).

per per

In order to prove our first existence result from Theorem 3.1, let us recall Schaefer’s
fixed point theorem (|10, Corollary 8.1]).

Theorem 3.16 (Schaefer’s fixed point theorem). Let X be a Banach space and ® : X —
X be compact. Suppose that the set

{z € X : x=AP(z) for some XA € (0,1)}
15 bounded. Then ® has a fixed point.

Proof of Theorem 3.1. Let u € HJ,.(0,27) and u = A®(u) for some A € (0,1). Then
u e H2,.(0,2m) and

—du” 4w + (¢ —i)u — MuPu +irf(s) =

Let us now define v € H>,,(0,27) by v(s) = v/ Au(s). Then

per
—dv" + 1w’ 4 (¢ —i)v — o2 +1if(s) =
with f = A2 f. Estimate (3.12) of Theorem 3.14 with F' = F(\2 f) = A2 F implies
b

Ll —FoaF<F
f T

Using (3.13) from Theorem 3.14 with B = B(d, A2 f) we also find

lull2 =

|u']ls = —=|v'[ls < —=BF1
\/— \/—
3 3

F AP
= X 20| o F +\/A2||f”HzF+2Ai|\f/||oo(4_+ﬁ)

2|d| V2
+ \/F) — BF1.

- 2\(1\ V2T

The assertion now follows from Theorem 3.16. OJ

F
Lo Ft 4 \/ L7 F + 21l ||oo(
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For the next uniqueness result, cf. Theorem 3.17, let us rewrite the constant D from
Theorem 3.14 as

D 3
DZDd?fvwvc :( . )
( ) (—¢sign(d) — C*1aco)+

with o \ \

D = D(d, f,w) = F? + |w|BF% + |d| B>
Our result complements the existence statement provided in Theorem 3.1 by a uniqueness
statement. It consists of three cases: (i) and (ii) cover the case where |(| > 1 is
sufficiently large whereas (iii) builds upon ||f|| < 1 measured in a suitable norm || - ||
such that the constant C' = C(d, f) becomes small. This is the case, e.g., if ||f|l2 < 1
and || f”||2 remains bounded.

Theorem 3.17. Let d € R\ {0}, (,w € R and f € H*(0,2r). Then (3.3) has a unique
solution u € H2,.(0,27) in the following three cases,

(1)
sign(d)¢ < G,
(ii)
(i)
V3C < 1,

where (, <0 < (* are given by

27(F3 + 27 B)SD
83 ’

C* = C*(dv f?w) = _02]—d<0 -

* * d 2 w2
C = C ( 7faw) =3C" + Ma
and F = F(f), B=B(d, f), C =C(d, f) are the constants from Theorem 3.14.

Proof. Tt suffices to consider the case f # 0. By Theorem 3.1 we know that (3.3) has
at least one solution u; € H2(0,27). Now let up € H},.(0,27) denote an additional
solution and define

. F3 1 .
R=R(d, f,w, ()= mln{C, (T% + VQWB)D4 } ¢sign(d) + C?1aco < 0,
¢, Csign(d) + C*14-9 > 0.

Then ||u;||cc < R for j = 1,2 by Theorem 3.14, which easily implies

H|u1\2u1 — |uQ|2uQH2 < 3R*||uy — upl|s.
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Since u;,j = 1,2 solves the fixed point problem u; = ®(u;) we obtain
lur — wslls = [[@(u1) — ®(uz)|la < 3R|L™H|[lur — ual2,

where ||L7Y| = sup,er2(0.20), ofo=1 1L~ 'v][2. Next we show 3R?*||L~"|| < 1 which implies
u; = uy and thus finishes the proof. To this end we decompose a function v € L?(0, 27)

into its Fourier series, i.e., v = v,,,e™* so that
’ ’ mez

v .
L= i e,
de2—wm+C—1

meZ

On one hand we get ||L7!| < 1 since

2
L2 = 2 U | <2 m2
171018 = 2 3 ™ s < 27 o = ol

mEZ

On the other hand, if sign(d) (¢ — j—;) > 0, we get

- |Um|2 |Um|2
1L )3 =27 2 ;=2 2
mezl+(dm —wm+ ) mGZl—i—(d(m—%)z—l—C—w—Z)

cory Ll L
ez €= %) ((—%)

ie. [|L7Y| < sign(d) (¢ — <),

In case (i) where sign(d)¢ < ¢, < —C?14.0 < 0 we use ||[L7!]] < 1 and find by the
definition of R and (, that

F

( 4+27TB)D
2

:3F4+27TB (

1
2

BRYILTH| <3

1
3

¢ 51gn — (2?1449 )

S (Fi +27B) T
2m —G — 021d<0 -

In case (ii) where sign(d){ > ¢* > %jq > 0 we use ||L71|| < sign(d)(¢ — Z’—;)_l and get
by the choice of (*

3C? 3C?
3RYL7)| < - B
sen(d)((—2) -2
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In case (iii) where v/3C' < 1 we use ||L~!|| < 1 to conclude

SRYIL7Y <30 < 1.

3.6. Proof of the continuation results

In this section we continue to use the notion for the operator L : HZ,,(0,27) — L*(0,27)
from Section 3.4. We also use that L~' : L*(0,27) — HZ,.(0,27) is bounded and that

L7': L*(0,27m) — H},(0,27) is compact. We first consider continuation from a trivial
solution. In order to prove Theorem 3.6 let us provide the following global continuation

theorem.

Theorem 3.18. Let X be a real Banach space and K € CY(R x X, X) be compact. We
consider the problem

T\ z)=2—K(\z)=0. (3.26)

Assume that T( Ao, xg) = 0 and that 0, T ()Xo, o) is invertible. Then there exists a con-
nected and closed set (=continuum) Ct C [Ag,00) X X of solutions of (3.26) with
(Mo, zo) € CT. For CT one of the following alternatives holds:

(a) Ct is unbounded,
or
(b) Fzg € X \{zo}: (Mo, 2g) €CT.

If one chooses CT to be mazimally connected then there is no more a strict alternative
between (a) and (b) and instead at least one of the two (possibly both) properties holds.

Remark 3.19. («) The theorem follows from |2, Theorem 3.3| or [57, Theorem 1.3.2]
since deg(T' (N, -), Be(20),0) = deg(0.T (Mo, xo), B:(0),0) # 0 because 0,1 (g, xo) is in-
vertible.

(B) There exists also a continuum C~ C (—o00, A\g] x X of solutions of (3.26) with
(Ao, zo) € C™ satisfying one of the alternatives of the theorem.

() Alternative (a) of Theorem 3.18 means that C* is unbounded either in the Banach
space direction X or in the parameter direction [Ag,00) or in both. If unboundedness
in the Banach space direction is excluded on compact intervals [Ag, A], e.g., by a-priori
bounds, then unboundedness in the parameter direction follows, i.e., the projection of
C* onto [\, 00) denoted by pr;(C*) must coincide with [\, 00). This is an existence
result for all A > Ay which is one aspect of Theorem 3.6.

(0) Alternative (b) of Theorem 3.18 means that the continuum C* returns to the A = \g
line at a point zd # .

Proof of Theorem 3.6. Let K : R x H! (0,27) — H (0,27), K(f1,u) = L7 (|Ju|*u —

per per

ifo —ifie(s)) and T(f1,u) == u — K(f1,u). Then, as explained before Theorem 3.16, K
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is compact and

_ ) 3.4 _ .
T(0,ug) = up — L (Juo*ug — ifo) &4 uy — L 1((( — 1)u0) = uy — ug = 0.

Next we show that 0,7°(0, ) is invertible. To this end note that

0uT(0,u0)p = ¢ — L™ (2Juo ¢ + ugp) for ¢ € Hy,(0,2m)
and hence, as a compact perturbation of the identity, 9,7(0,up) is invertible if it is
injective. Since wug is constant this amounts exactly to the characterization of non-
degeneracy of ug as described in Lemma 3.4.

Now assertion (i) follows from the classical implicit function theorem and Theorem 3.18
yields that the maximal continuum C™ C [0, 00) x H!, (0, 27) of solutions (fi,u) of (3.3)

per
with (0,ug) € C* is unbounded or returns to another solution at f; = 0. The continuum

C* in fact belongs to [0,00) x HZ,.(0,27) and persists as a connected and closed set in

the stronger topology of [0, 00) x H?..(0,27). Next we show that the unboundedness of
C* coincides with pry(CT) = [0,00). According to Remark 3.19.(7) we need to show that
unboundedness in the Banach space direction H;er(O, 27) is excluded for f; in bounded
intervals. To see this suppose that 0 < f; < M for all (f;,u) € C* and some constant,

M > 0. Then, by the a-priori bounds (3.12) and (3.13) from Theorem 3.14 we get
[ull < [[fo + fre(s)lls < V2r[fol + Mle]ls = N = N(fo, M, e)

and

3
/|2 < % +2M||e|| N2 + \/MHe”HgN + 2M || || oo (\/% + \/N)

for all (f1,u) € C*. Hence C* is bounded in the Banach space direction. Assertion (ii)

follows in a similar way by using the a-priori bounds of Theorem 3.14 and the fact that
by (3.3) the bounds for ||u||2, ||u||2 and ||u|/~ translate into a bound for |[u”|s.

According to Remark 3.19.(3) the above line of arguments also yield that the maximal

continuum C~ C (—o00,0] x H2,(0,27) of solutions of (3.3) with (0,ug) € C~ satisfies

pry(C~) = (—o0, 0] or returns to another solution at f; = 0. This finishes the proof. [

Proof of Corollary 3.8. The result follows from a combination of Theorem 3.6 and The-
orem 3.17. For f; =0, i.e. f(s) = fo, the abbreviations F, B, C from Theorem 3.14 and
D from Theorem 3.17 reduce to
P(fo) = V2rlfol. B, fo) = 237 % | fol F1d| 7,
C(d, fo) = [ fol (L + 272 f|d| "),
D(d, fo,w) = (2m)3 | fol2 (ld] + mfleo] + 2 ) ld| .
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Hence the constants (., (* from Theorem 3.17 take the form

2 2 r4
C.(d, fo,w) = =C*(d, fo)la<o — 27<1 + T‘}‘E"w‘ + W’dﬁo)C(d, fo)®,
2
C*(d, fo,w) = 3C(d, fo)? + ﬁ

Finally, the conditions (i), (ii), (iii) from the uniqueness result of Theorem 3.17 translate
into the conditions (i), (ii), (iii) from Corollary 3.8. O

Now we turn to continuation from a non-trivial solution. Theorem 3.9 will follow
from the Crandall-Rabinowitz Theorem of bifurcation from a simple eigenvalue, which
we recall next.

Theorem 3.20 (Crandall-Rabinowitz [9],[30]). Let I C R be an open interval, XY
Banach spaces and let F' : [ x X — Y be twice continuously differentiable such that
F(X,0) =0 for all A € I and 0,F(X,0) : X — Y is an indez-zero Fredholm operator
for \g € I. Moreover assume:

(H1) there is ¢ € X, ¢ # 0 such that ker 0, F (), 0) = span{¢},
(H’Q) a:%,)\F()\OaO)[QS] ¢ range 8IF()\0aO)

Then there exists € > 0 and a continuously differentiable curve (\,z) : (—e,€) = I x X
with A(0) = Ao, ©(0) =0, ©(0) = ¢ and z(t) # 0 for 0 < [t| < € and F(A(t),z(t)) =0
for allt € (—e,€). Moreover, there exists a neighborhood J x U C I x X of (Ao, 0) such
that all non-trivial solutions in J x U of F(\,x) = 0 lie on the curve. Finally,

132, F (Mo, 0)[0, 9], ¢%)
2 (02, F(X,0)[¢], ¢%) ’

where span{¢*} = ker 0, F (X, 0)* and (-,-) is the duality pairing between Y and its dual
Y.

A0) =

Next we provide the functional analytic setup. Fix the values of d,w, (, fo and the
function e. If ug € H2,(0,27) is the non-trivial non-degenerate solution of (3.3) for
f1 =0 (as assumed in Theorem 3.9) then for o € R we denote by u,(s) == up(s — o) its
shifted copy, which is also a solution of (3.3) for f; = 0. Consider the mapping

a. R x H2,.(0,2m) — L*(0,2m),
' (fi,u) — —du” +iwd + (¢ —)u — |ulPu+ify +ifie(s).
Then G is twice continuously differentiable. The linearized operator Oy, )G (0, u,) =

(ie, Ly, ) with L, asin Definition 3.2 is a Fredholm operator and (0, ) € ker 9y, )G (0, u,).
As we shall see there may be more elements in the kernel. Next we fix the value o (its
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precise value will be given later) and let H2,.(0,27) = span{u, } & Z where, e.g.,

per 00

/
Z = H2..(0,2m) Nspan{u, }"+* = {gp — Mugo o€ H2 (0, 2#)}.
<u0'07 uo’o>L2

It will be more convenient to rewrite u = u, + v with v € Z. In order to justify this,
note also that the map (o,v) — u, + v defines a diffeomorphism of a neighborhood of
(00,0) € R x Z onto a neighborhood of u,, € HZ,(0,2m) since the derivative at (o, 0)
is given by (X, ) — —Au,, + ¢ which is an isomorphism from R x Z onto HZ,.(0,27).
Now we define

_ { RxRxZ — L20,2r),

(Uv flvv) = G(fla“a“’“)

which is also twice continuously differentiable and where 0y, ) F'(09,0,0) is an index-zero
Fredholm operator. Our goal will be to solve

F(o, f1,v) =0 (3.27)
by means of bifurcation theory, where ¢ € R is the bifurcation parameter. Notice that
F(0,0,0) =0 for all 0 € R, i.e., (f1,v) = (0,0) is a trivial solution of (3.27).

Next we show (H1) of Theorem 3.20.

Lemma 3.21. Suppose that oy € R satisfies (3.7), i.e. Im fo% e(s + o9)P5(s)ds = 0.
Then dimker Oy, ,)F(00,0,0) = 1 and range d(y, , F (00,0,0) = span{¢; } 2.

g0

Proof. The fact that Oy, ,)F(00,0,0) is a Fredholm operator follows from Remark 3.3.
For (a,1s,) € R x Z being non-trivial and belonging to the kernel of 0y, ,)F(00,0,0)
we have

a(flﬂ))F(UOa 0, O)[aa Zpao] = LUOOwo’O +ive = 0. (3.28)

If o = 0 then by non-degeneracy we find 15, € span{u;, }NZ = {0}, which is impossible.
Hence we may assume w.l.o.g. that a =1 and 1,, has to solve

Ly oy = —ie (3.29)
which, by setting ¥,,(s) = &,,(s — 00), is equivalent to
Luy&oy = —le(- + 09). (3.30)

By the Fredholm alternative this is possible if and only if —ie(- + o) L2 ¢§. If this L*-
orthogonality holds then there exists ¢, € H},.(0,27) solving (3.29) and v, is unique

up to adding a multiple of u, . Hence there is a unique 5, € Z solving (3.29). The
L?-orthogonality means

27 27
0=— Re/ ie(s + 09)pg(s) ds = Im/ e(s+ oo)P5(s) ds
0 0
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which amounts to (3.7). Finally, it remains to determine the range of 9y, .)F (00, 0,0).
Let ¢ € L*(0,27) be such that ¢ = 9y, »)F (00,0,0)[a,¥] with ¢ € Z and a € R. Thus

Ly, ¥ +ice = ¢ (3.31)

and since ie L2 ¢} by the definition of oy, the Fredholm alternative says that a
necessary and sufficient condition for ¢ to satisfy (3.31) is that ¢ € span{¢; }* as
claimed. Note that in this case ¢ € H7,,(0,27) = ker L, ® Z and hence, for every given
o € R and ¢ € span{¢} }*z2 there is a unique element ¢» € Z that solves (3.31). O

Proof of Theorem 3.9. The proof is divided into three steps.

Step 1. We begin by verifying for (3.27) the conditions for the local bifurcation theorem
of Crandall-Rabinowitz, cf. Theorem 3.20. By Lemma 3.21, 04, ,)F'(00,0,0) : R x Z —
L?(0,27) is an index-zero Fredholm operator and it satisfies

ker a(fl,v)F(Uo, 0, O) = Span{(la @Z}Jo)}v

where 1), denotes the unique element of Z which solves (3.29). Hence (H1) is satisfied.
To see (H2) note that

8(2f17v),aF(007 07 0)[17 wao] = 2u;0m¢00 + QUTWUU()¢UU + QUUOU/U()w_O'O'

On the other hand, differentiation of (3.29) w.r.t. s yields

Ly Wy = 2ty Uy oy + 2uly Uy, + 2ol Yoy — i€ (3.32)

so that

0y )0 F(00,0,0)[1, thgy] = Lu, 1y, + i€, (3.33)
Hence the characterization of range 0y, ) F (00, 0,0) from Lemma 3.21 implies that the
transversality condition (H2) is satisfied if and only if Re fozw ie’(s)¢y,(s) ds # 0 which
amounts to assumption (3.8). This already allows us to apply Theorem 3.20 and we
obtain the existence of a local curve ¢ — (o (), f1(t),v(t)), f1(0) = 1, f1(0) = 0, v(0) = 0,
c(0) = oo with F(o(t), fi(t),v(t)) = 0. Assertion (i) is then satisfied with u(t) =
Uo(r) + v(t). Assertion (ii) follows like in the proof of Theorem 3.6.

Step 2. From here on let us additionally assume that zero is an algebraically simple
eigenvalue of L,,, i.e. vy ¢ range L,,. Next we want to show that L, is invertible for
0 < |t| < 6* and §* sufficiently small, i.e. that the critical zero eigenvalue of Ly = L

UO-O
moves away from zero when t evolves. Let us define

H2,.(0,21) x Z xR — L*0,27),
H ber
(w,v, 1) = Ly(uj +v) — p(u,, +v).

48



3. Global continua of solutions to the Lugiato-Lefever model for frequency combs ...

Then H(uy,,0,0) =0 and

ZxR — L0, 277)

a(v»N)H(uUOﬂ 0)0) : { (w Oé) — L w

clearly defines an isomorphism due to our assumption that u, ¢ range L,,,. By the
implicit function theorem we find neighborhoods U C ngr(O, 27) of Uy, V C Z of 0,

J C R of 0 and continuously differentiable functions v* : U — V', p* : U — J such that
v*(Ugy) = 0, p*(tpy) = 0 and

Y(u,vo,pu) €U XV x J: Hu,v,u) =0 v=v"(u),p=p"(u).

Thus, for [¢| sufficiently small we find L) (u), + v*(u(t))) = p*(u(t)) (u,, + v*(u(?))).
With o(t) = u, +v*(u(t)) and u(t) = p*(u(t)) we have p(0) = ug , (0 ) =0 and

Luyp(t) = pu(t)e(t) (3.34)

so that we have found a parameterization of the eigenvalue p(t) nearby 0 with eigen-
function ¢(t) of L,y). Next we want to compute £i(0) and show that £(0) # 0 so that
the critical zero eigenvalue moves away from zero. Differentiating (3.34) w.r.t. ¢ and
evaluating at ¢t = 0 we get

— 2y, (0)u,

Ly, #(0) = 20(0) gy, oo — 2oy (0, = fu(0)u]

o0 a0 a0’

Theorem 3.20 yields 9(0) = v, from which we find 4(0) = —u, 5(0) + ¥g,. Thus,
Luoo ¢(0)— 2(¢Uou_mu;() +uoo¢_oouim +uUO¢UOuTO'()) + 2&(0)7470 (u_UOu/ao + 2uaoquo) = N(O)u:m
Using (3.32) this gives
Lugyp(0) = Lu,, ¥, — i€’ + 20 (0)ug, (T, + 2ucqtf,) = [1(0)g, .
Testing this equation with ¢} and using fi(0) € R we obtain

2w

27
Re/0 —ie'¢r, + 26(0)ul, (Usguly, + 2upyul, )05, ds = f1(0) Re/0 uy, %, ds.
Due to u, ¢ range L,, we have Re f027r ul, ¢t ds # 0 so that

Im fo (s 4 00)d(s) ds + 26(0) Re fo uly (Toup + 2ugup) o ds

1(0
Al = Re 27ru6 ods
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From Theorem 3.20 we know that

50) = 1P 00,0010 ), ()} 65,
’ <8(2f1’v)7”F<0-0’ 07 0) [17 ¢00]7 ¢;0>L2 '

Therefore, using (3.33) and

8(2f1,v)2F(007070)[(17¢00)’ (1’¢Uo>] = _2u_<70¢)c270 - 4u00|¢00|2

we find that the condition /1(0) # 0 amounts to assumption (3.9) of the theorem.
Finally, employing some arguments from spectral theory, we ensure that no other
eigenvalue runs into zero. For u = uy + iug € H2,(0,27) let us define the C-linear

per
operator
ngr((0>27r)762) - LZ((Oa 27T),(C2),
C .
Ly : Y1 N —dp] —wpy + (o1 + o2 — 3Uf¢1 - U%% — 2uyugp2
P2 —dily + w4 Cp2 — o1 — uips — Bujps — 21Uz

which is constructed in such a way that

o (#1) _ (ReLu(pr +ip)
Y\ w2 Im L, (1 + i2)
whenever ¢,y € H2,((0,27),R). Since Ly is an index-zero Fredholm operator, its

spectrum consists of eigenvalues. The real part of these eigenvalues (weighted with
sign(d)) is bounded from below by ¢ € R which is chosen such that

T N N [
P2 P2 L2((0,27),C2) P2

holds. This implies that the resolvent set p(L%) is non-empty and the compact embed-
ding H2,.((0,27),C?) — L2((0,27),C?) ensures that LS has compact resolvent so that

per

2

L2((0,2m),C?)

o(LY) consists of isolated eigenvalues. Now choose ¢ > 0 such that J(LS(O)) N BE(0) =
{0}. Using [35, Chapter Four, Theorem 3.18] we find that a(LS(t)) N BE(0) exactly con-
sists of one algebraically simple eigenvalue if |¢| is sufficiently small. If in addition |¢| is
chosen so small that ;(¢) € (—¢, ) then this means U(Lg(t)) NBE(0) = {u(t)}. But from
£(0) # 0 we know that u(t) # 0 for small |t| > 0 which guarantees that 0 ¢ U(Lg(t)) for
0 < |t| < ¢* and ¢* sufficiently small. Finally, L, inherits the invertibility of Lf(t).

Step 3. Using f1(0) = 1 and Step 2 we find a local reparameterization (fi,u(f;)) of
C(t) = (fi(t),u(t)) such that L, is invertible for 0 < fi < fr. Next we construct
the connected set C;. For this we want to apply Theorem 3.18 to the map T : R x
H..(0,21) — H,,.(0,27) from the proof of Theorem 3.6. Note that this theorem can
not be applied directly at the point (0, u,,) since 9,7(0,u,,) is not invertible. Instead,
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we apply it to the points (fl, (fl)) with f; € (0, ff) and obtain that the maximal
continuum C*(f;) C [f1,00) x HL, (0,27) of solutions of (3.3) with (f17 (f1)) € CT(f1)

per 2
is unbounded or returns to another solution u*(f1) # u(fy) at fi = fi. As in the proof
of Theorem 3.6 we see that the continuum C*(f1) persists as a connected and closed set
in [f1,00) x H?,,(0,27). Let us define

per

U ¢ty cet
f1€(0,f5)

Clearly, pr,(C) € (0,00) and C; is connected since C*(f;) € CT(fy) for fi < fi. Let
us now suppose that pr,(C}) # (0, 00) so that pr,(C;) is bounded. By (ii) this implies
that CI is bounded too. Hence C*(f;) is bounded for f; € (0, f#) and contains the
additional element (fl,u+(f1)). Let us take f, = L and consider the two sequences

of solutions (%, u(%)), and (%,u*(2)),. Using Theorem 3.14 we obtain uniform C*-

bounds for both sequences (u(%))n and (u*(+)),. Therefore we can take convergent

subsequences (denoted by the same index) and obtain u(+) — u,, and u*(%) — ug in

C2([0,27]) as n — oo. In particular (0, u,,), (0,ul) € CI and the uniqueness property
from (i) guarantees that ud # u,,. This finishes the proof. O

Proof of Corollary 3.10. We first check assumption (3.7) of Theorem 3.9. For e(s) = elk1*
we have

2w 2m
Im/ e(s+ 09)i(s) ds = Im/ etfr(sto0) gx (5 s
° 27r0. 2
= cos(ky00) Im/ e*15 5 (s) ds + sin(ky o) Re/ eMEpi(s) ds,
0 0
where
2 2
Im/ Mgt (s) ds = / sin(k1s) Re ¢g(s) — cos(kys) Im ¢ (s) ds
0 0
27 2T
Re/ 15 x(s) ds = / cos(k1s) Re ¢y (s) + sin(kys) Im ¢y (s) ds
0 0

Since assumption (3.10) guarantees that Im f02 15 9%(s) ds and Re fo e*15%(s) ds do
not vanish simultaneously condition (3.11) ensures that assumption (3.7) of Theorem 3.9
is fulfilled.

Next we check that assumption (3.8) of Theorem 3.9 holds. For this we compute

27 27 27
Im/ (s + 00)pi(s)ds = Im/ ik ek (490 g (6) ds = ky Re/ et (sto0) e (5) dls.
0 0 0

(3.35)
From (3.10) we know that f% k1 (5+90) i (5) ds = ek190 fo% e*150%(s) ds # 0 and more-
over Im fo ef1(5+90) g (s) ds = 0 by the definition of oy. Therefore the expression in
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(3.35) does not vanish and so assumption (3.8) of Theorem 3.9 holds. This is all we had
to show. O

Proof of Theorem 3.13. Let us fix all parameters d, w, ¢, k; and fy and consider u : f; —
u(f1) as a function mapping the parameter f; € [—f], fi] to the uniquely defined solution
of (3.2) in the neighborhood of the trivial solution ug. The existence of such a smooth
function follows from the implicit function theorem applied to the equation T'(f1,u) = 0,
cf. proof of Theorem 3.6. Similarly we consider the functions v : f; — dulh) and

) df1
w: fi — 24 Then
df?2

d 27 d2 27
=2 [ Retw)ds. (il =2 [ Re(wm) + P ds (330
df: 0 dfi 0
and the differential equations for v, w at f; = 0 are given by

—dv" +iwv’ + (¢ = 1)v = 2Jue[*v — uv + 1™ = 0, (3.37)

—dw" +iww' + (¢ = Dw — duglv|* = 2ugv® = 2fue|*w —ugw = 0 (3.38)

both equipped with 27-periodic boundary conditions. The first equation (3.37) has
a unique solution since the homogeneous equation has a trivial kernel, cf. proof of
Theorem 3.6. Thus v(s) = ae®® + Be~ %1% where o, 3 € C solve the linear system

(dk? — kyw + ¢ —i—2Jug|*)a —uZB +i=0,
(dk? + kyw + ¢ —i— 2|ug|?) B — uda = 0.

Solving for a, 8 leads to the formulae in the statement of the theorem. Since v is the

sum of two 27-periodic complex exponentials and ug is a constant we see from (3.36)

that d}ilHu(fl)H% |f,—o= 0. Having determined v we can consider the second equation

(3.38) as an inhomogeneous equation for w. It also has a unique solution since the

homogeneous equation is the same as in (3.37). Since the inhomogeneity is of the form

cre'2ks 4 coe12ks 4o the ;solution has the form w(s) = vye?¥15 4 fe~121 4 ¢. Moreover,
d

for the determination of & |[u( f1)|I3 the values of v, d are irrelevant and only the value
1

of € matters. Using
0[2 = a2 + |82 + 2 Re(aBe21),  ? = a2ei2h1s | G2Ze—i%1s | 903
we find from (3.38) that the equation determining e is
(€ —i)e — dug(laf* +|B[*) — 4upaB — 2luo|*e — uge = 0.

Since this is an equation of the form ze + y€ = 2 with z,y, 2 given in the statement of
the theorem we find the solution formula e = % Finally, only the constant contri-
butions from w and |v|? contribute to the integral in the formula (3.36) for %Hu(fl)ﬂg

and lead to the claimed statement of the theorem. O
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3.7. Appendix A

Here we raise the issue mentioned in Remark 3.11.() that assumption (3.10) from

Corollary 3.10 is not satisfied if ug is 2J’T -periodic and j € N is not a divisor of k;. Let

us first prove that ¢ (spanning ker LY, ) inherits several properties from u; (spanning
ker L,, ).

Proposition 3.22. Let uy € ngr((), 27) be a non-constant non-degenerate solution of

(3.3) for fi = 0 and let ker L}, = span{¢y}. Then the following holds:
i) If ug is —pemodzc with j € N then ¢ is -pemodzc
(i) J 0
(ii) If w =0 and if ug is even then ¢f is odd.

Proof. (i) By assumption we have that ker L,, = span{uj,} and u}, is a Z* ~-periodic func-
tion. Let us define D ={p e H,
{p e L*0,27) : p is =& perlodlc} If we consider the restriction

(0,2m) : @ is ——perlodlc} and smrularly L3(0,27) =

2
L# D — L2(0,2nm),
@ = Lyyp,

then L7 is again an index-zero Fredholm operator with ker L# = span{u)}. Further we
have (L#O) (L:,)* where

D — L30,2m),
(L* )# . { ( 7T)
SO '_> L’u,()(p

is the restriction of the adjoint. But since 1 = dimker(L} )# = dimker L it follows
that ker(L} )# = ker L% and hence ¢} € D as claimed.

The proof of (ii) is very similar. Due to the assumption w = 0 we can restrict both
the domain and the codomain of L,, to odd functions and observe that it is still an
index-zero Fredholm operator. O

Instead of k; € Nlet us consider a perturbation k;(¢) € R\{k} with lim. o k1(€) = k;.
For € ~ 0 one may have maximally connected continua C; as described in Theorem 3.9.
In a topological sense one can describe liminf{C : ¢! € N} and limsup{CS : ¢! € N}
as in [70]. However, having in mind sequences of loops degenerating to one point, we
do not intend to make any existence statement about a bifurcating branch obtained
through such a topological limiting procedure. Let us abbreviate by e.(s) the periodic
extension of [0,27) — C, s — ¢*1(9% onto R. Note that

2T —00,¢ ]
Im/ (s + 00,0 )05(s) ds = Im/ etk E)ngﬂoo (s)ds =Im et (O(ste0.0) ga(s) ds
= cos(k1(€)ope) Im lkl(e)sgb*( ) ds + sin(k1(€)oo.) Re/ e’k1(€)s¢3(3) ds
—00,e —00,e
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so that assumption (3.7) from Theorem 3.9 becomes

ffﬂ_ao’e cos(ky(€)s) Im ¢ (s) — sin(ky(€)s) Re ¢ (s) ds

J0,¢

ffw—a(),e sin(ky(e)s) Im ¢ (s) + cos(k1(€)s) Re ¢f(s) ds

J0,¢

tan(ki(€)oge) =

One may expect that if (as a result of such a limiting procedure) a bifurcating branch
at ki = lim._,0 k1(€) exists then it bifurcates at oy = lim,_,o 09 determined from

f%_go’e cos(ky(€)s) Im ¢f(s) — sin(ky(€)s) Re ¢§(s) ds
tan(kyop) = lim —><
0 [70 "0 sin(ka(e)s) Im @5 (s) + cos(ki(e)s) Re ¢y (s) ds
B f_zz(? s sm(k‘13) Im ¢f(s) + s cos(ki1s) Re ¢g(s) ds
a ffzo_ao ssin(kis) Re ¢y (s) — s cos(kys) Im ¢ (s) ds

(
(

However, this is not supported by our numerical experiments and we have to leave the
correct determination of oy in this case as an open question.

[End of preprint]

3.8. Appendix B: Some tailor-made results for the original
two-mode equation

Clearly, the a-priori bounds from Theorem 3.14 can be used to obtain bounds for the
special case f(s) = fo+ fie**. However, we can find tailor-made a-priori bounds in this
case. For f; = 0 they recover the bounds stated in [11] for the one mode equation.

Theorem 3.23. Let d € R\ {0}, fo, f1,{,w € R and k; € N. Then for every solution
ue H2 (0,27) of (3.2) the a-priori bounds

per

[ulls < F, (3.39)
/]2 < Allull2 + By/|Julls < AF + BVF, (3.40)
ullo < C (3.41)

hold, where

2
= Flfoofi) = Vo[ + 2. A=Al fo. ) = 5

= B(fi, k1) = \/VZrl fullkal, c:m¢mﬁmn:%%+¢%mF+&ﬁy

54



3. Global continua of solutions to the Lugiato-Lefever model for frequency combs ...

For (sign(d) < — these bounds can be improved to

D
ulle < D, Nu|loo £ —=+ V27(AD + BV D),
Julle < D, Julls < 2= + V2R(AD + BVD)

where

F + BVF(Jw| + F?) + |d| B

e S N

and
|d|A? + |w|A, d >0,

— d, 9 7k7 =
1= o S ) {|d|A2+CQ+Iw|A7 d <0.

Proof. The proof is divided into five steps.
Step 1. We first prove the L? estimate

lulls < F = V2my/f3 + f2.
To this end we multiply the differential equation (3.2) with « to obtain
—du"t + iwu't + (¢ — ) |ul® — |u* +ifou +ifie™*a = 0.
Taking the imaginary part yields

—dIm(u"a) + wRe(u'n) — |u|® + fo Re(u) + f1 Re(e™*a) = 0.

(3.42)

(3.43)

(3.44)

Let h := |u]> — foRe(u) — fiRe(e**u), H := —dIm(u'u) + £|u[*>. Then H' = h by

equation (3.44) and H(0) = H(2m) by the periodicity of u. Hence

2 2T
0=H(2r)— H(0) = /0 hds = /0 lul?> — foRe(u) — f1 Re(e**q) ds

which implies

21
|u||3 = /0 (fo + ficos(kis)) Re(u) + fisin(kys) Im(u) ds
1/2

21
§HMb</‘(ﬁ+ff+2hﬁam%wa%
0
= V2m\/ 2+ fEllull2 = Fllull2.

Step 2. Next we prove

[o']]2 < Allullz + BV |Julls < AF + BVF.

(3.45)

From (3.2) we may isolate the linear term u and insert its derivative «’ into the following
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calculation for ||u’'||3:
2 (3.2) 2 "
|5 = Re/ u'a ds = Re/ (idu” 4 wu' — iCu + i|ul®u + fo + fre™*)d ds
0 0
2m
= Re/ idu"d + wu"a' —iC|u'|? +i(julu) @ + ik, fre*od ds
0
27 2w 1 ! 2w )
= —d/ (Im(u"@")) ds + w/ (§|u’\2) ds — Im/ (|u*u)d + ki fre™*d ds
0 0 0
2
= / (Jul*)' Tm(au') + k7 f; Re(e**a) ds
0
T 2 (Y 2 2 ik1s-
- / ~(luf?) <§|u| - H) + K2 f; Re(e*15q) ds
0
= [y Sy H R ds
o 4d d !

= [Ty B )+ R R ds
0

Next notice the pointwise estimate

h = [u]* = foRe(u) — f Re(e"*a)
= [u = Re((fo + fre™*)a) = Jul* — | fo + fre™||ul

1 .
> —Z\fo + frets)?

from which we deduce the following two-sided estimate for H — H(0):
Hs)~HO) = [ W)z -3(B+5) (sefo.2n]) and
0
2m
H(s) ~ HO) = H(s) - Hw) == [ hlydr < J(5+ 1) (s € 0.27).

Continuing the above expression for ||u'||3 we conclude

m(f§ + f7)
[/ < #HMEHU% + V2rki| filllulle = Allull2]le|l2 + B?||ulls-

This is a quadratic inequality in ||u'||s which implies

Alull + VPE = 35l
ol < VAl < Alula + BTl

as claimed.
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Step 3. Here we prove
Julloe < C. (3.46)

By (3.42) there exists s; € [0, 27] satisfying |u(s)] < \/% The claim now follows from

F F (3.45)
lull < Jusi)l + sup fus) =u(sn)| < —=+ 'l < = + V2l < C.

s€[0,2n] V2 V2

Step 4. Next we show in the case ( sign(d) < —v the additional L?-bound
[ull2 < D. (3.47)

After integrating (3.43) over [0, 27| and taking the real part of the resulting equation we
get

2

27 27
Al = [ tm(uayds =~ Clul+ luli = o [ mds— fi [ Do) ds
0 0 0

2
—o [ tut) ds =l + ol
27
+ / fisin(kys) Re(u) — (fo + ficos(kyis)) Im(u) ds.
0

In order to prove (3.47) we first suppose d > 0. Then we have on one hand

(3.45) 2 3
a3 < d (Allulls + Byullz) = dA%jul + 24 AB][ul3 + dBull s,
(3.42) '
< dA?||ul? + 2dABVF||ul|y + dB?||ul|,
and on the other hand
2T 2
w/ Im(v'u) ds — C||ull3 + ||u|3 +/ fisin(kys) Re(w) — (fo + f1cos(k1s)) Im(u) ds
0 0
> —|wlllullalle [l = Cllull3 — Fllulls
(3.45) 9 3 9
> —lwlAl|ull3 = [w|Bllull3 — (llull3 = Flull2

(3.42)
> —|w|Allull3 — [w BVFlull2 = Cllull3 = Flul,.
(3.49)

Combining the two estimates (3.48), (3.49) and grouping quadratic terms and linear
terms of |lul|o on separate sides of the inequality we get

2 2 2
(—¢ = dA® — [l A)|ul3 < (F + BVF (| + 2d4) + dB?) lul;

=F2
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which finally implies ||ull < D whenever ¢ < —v. Assuming now d < 0 the estimate
(3.48) becomes

d|o|[3 > —|d|A%|ul3 — 2|d| ABVF||ulls — |d| B |[ul], (3.50)

whereas in (3.49) the term ||u||], which was previously dropped, now has to be estimated
by ||ulli < [JullZ]|ull3 < C?|ul|3 with C from step 3. The estimate (3.49) now becomes

2

w/o Im (v'a) ds — C||ull3 + |Jul|3 + i fisin(kis) Re(u) — (fo + ficos(kis)) Im(u) ds

< [wlAllull3 + [wBVFullz + (C* = ¢)llull3 + Fllull2. (3.51)

The combination of (3.23) and (3.51) leads to
(¢ = 1|42 = €2 — |l A)ull} < (F + BVF (| + F?) + |d|B) Jull

which again implies ||u|s < D whenever —( < —+.

Step 5. Finally we prove

lullo < % + VZR(AD + BVD) (3.52)

whenever (sign(d) < —v. For this we repeat step 3 and use instead of |julls < F' the
estimate ||ullz < D. O

Based on Theorem 3.23 we can also find a uniqueness result which is tailor-made for
the case f(s) = fo + fie™*. For that let us rewrite the constant D from Theorem 3.23
as B

D

D= P Jo I buotes ) = e ni@ =0,

with
D = D(d, fo, 1, k1,w) = F + BVF(lw| + F?) + |d|B*.

Theorem 3.24. Let d € R\ {0}, fo, f1,{,w € R and k; € N. Then (3.2) has a unique
solution u € HZ,(0,27) in the following three cases,

per
(i)
sign(d)¢ < G,

(i)
sign(d)¢ > ¢7,

(iii)
V30 <1,
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where ¢, < 0 < (" are given by

D(1+27A)?

(\/sz2 +/2m(1+2m4) - 7r3>27

2

= _3c2y @
¢ =¢"(d, fo, 1, k1,w) = 3C +4|d|

C* = C*(da f0>f17k17w) ==

and A = A(d, fo, /1), B = B(f1,k1),C = C(d, fo, f1,k1),v = v(d, fo, 1, k1,w) are the
constants from Theorem 3.235.

Proof. The proof is very similar to that of Theorem 3.17. We only need to adjust the
definition of R in the following way,

min {C, £= + V3(AD + BVD)}, Csign(d) +7 <0,

R:R(d7f07f17k17w7<):{ :
C, (sign(d) +~v >0,

and need to slightly modify the calculation made for the case (i). For this, note that it
can be checked that for f2 + f2 # 0 the value —(, — vy is the unique positive zero of the
strictly decreasing map

. —\ 2
(14+27A)D | D
t—= 3| ——=—"—+V2rB\/— | —L
( V2t t
Then, in case (i) where sign(d)¢ < ¢, < —y < 0 we use ||[L7!|| < 1 and find by the
definition of R and (, that

3R*|L7Y| < 3(\/% +V2r(AD + B’\/E))2

~ ~ 2
[ 1+27A ‘ D D
- 3( Var Com@ VP \/—csignw) - 7)

~ ~ 2

14+ 27A D D

<3 . +V2nB =1.
( V2T —C— 7 _C*_’7>
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4. Bandwidth and conversion-efficiency analysis of
Kerr soliton combs in dual-pumped resonators
with anomalous dispersion

This section consists of the preprint [22]. The mentioned preprint is joint work with
Christian Koos, Huanfa Peng and Wolfgang Reichel and was adapted in order to fit the
layout and the structure of this thesis. In contrast to the remaining parts of this thesis

we use the notation [ju|3 = 5= 0% |u(s)|? ds in this section.

[Start of preprint]

E. Gasmi, H. Peng, C. Koos, and W. Reichel

Kerr frequency combs generated in high-Q microresonators offer an immense po-
tential in many applications, and predicting and quantifying their behavior, per-
formance and stability is key to systematic device design. Based on an extension
of the Lugiato-Lefever equation we investigate in this paper the perspectives of
changing the pump scheme from the well-understood monochromatic pump to
a dual-tone configuration simultaneously pumping two modes. For the case of
anomalous dispersion we give a detailed study of the optimal choices of detuning
offsets and division of total pump power between the two modes in order to op-
timize single-soliton comb states with respect to performance metrics like power
conversion efficiency and bandwidth. Our approach allows also to quantify the
performance metrics of the optimal single-soliton comb states and determine their
trends over a wide range of technically relevant parameters.

4.1. Introduction and main results

Optical frequency combs have revolutionized many applications, comprising optical fre-

quency metrology [65], spectroscopy |53, 72|, optical frequency synthesizer |34, 58], op-
tical atomic clocks [16], ultrafast optical ranging 6], and high-capacity optical commu-
nications using massively parallel wavelength-division multiplexing (WDM) [12]. The

recent and rapid development of chip-scale Kerr soliton comb generators offers the
prospects of realizing highly integrated devices which offer compactness, portability,
and robustness, while being amenable to mass production and featuring low power con-
sumption [37]. Whereas Kerr soliton combs have conventionally been generated by using
a monochromatic pump, dual-tone pumping configurations permit to achieve threshold-
less comb generation in both normal and anomalous dispersion regimes [29, 38|, while
stabilizing the comb-tone spacing to a well-defined frequency [17, 61|. The dual mode
pumping scheme can be implemented either by using a phase- or intensity-modulated
continuous-wave laser or two lasers with different wavelengths. Prior works theoretically
investigated the dynamical properties of dissipative cavity soliton generation in a dual-
mode-pumped Kerr microresonator by using the Lugiato-Lefever equation (LLE) with
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the addition of a secondary pump term [69]. However, a comprehensive study of the
optimal pumping conditions for attaining the broadest comb bandwidth and the highest
power conversion efficiency in the anomalous dispersion regime is still lacking.

In this paper we study a variant of the LLE based on a modification for dual-tone
pumping [62], and we use this equation for a more detailed study of the benefits of dual-
tone pumping. Focussing on resonators with anomalous dispersion, we find that dual-
tone pumping allows to significantly improve key performance metrics of Kerr frequency
combs such as bandwidth and power conversion efficiency. Mathematically, Kerr comb
dynamics with a single pumped mode have been described by the LLE, a damped, driven
and detuned nonlinear Schrodinger equation [39, 26, 48]. Our modification of the LLE
arises due to a forcing term which describes the pumping of two resonator modes instead
of only a single one.

Using this equation as a base, we exploit numerical path continuation methods for a
more detailed analysis of comb properties, the results of which can be summarized as
follows:

(1) We show that pumping two modes is advantageous to pumping only one mode.

(2) We present heuristic insights for finding the optimal detuning parameters that
provide the most localized single-soliton states.

(3) We determined the optimal power distribution between the two pumped modes,
which corresponds to a symmetric distribution where 50% of the power is pumped
into each mode?. This power distribution simultaneously optimizes all performance
metrics (comb bandwidth, full-width at half-maximum in time domain, and power
conversion efficiency) in case equal detuning offsets between pump tones and near-
est resonant modes are used.

(4) Under optimal power distribution we determined trends of the performance metrics
w.r.t. varying dispersion and normalized total pump power.

This paper is organized as follows: In Section 4.2 we introduce the Lugiato-Lefever
model for a dual-pumped ring resonator. In Section 4.3 we present the main ideas
for finding localized solitons in the case of pumping two adjacent modes. Section 4.4
is dedicated to the determination of the optimal power distribution between the two
pumped modes. Here we use the comb bandwidth, the power conversion efficiency and
the full-width at half-maximum as performance metrics. In Section 4.5 we provide trends
for varying dispersion /forcing of this performance metrics under the provision of optimal
equal power distribution between the two pumped modes. In Section 4.6 we describe
the optimal solitons achieved by pumping two arbitrarily distanced modes. Appendix
A is dedicated to the derivation of the Lugiato-Lefever model for a dual-pumped ring
resonator. In Appendix B we explain the details of the heuristic algorithm for finding

3For purposes of simplifying the analysis this was exactly the case discussed by the authors in [29].
Our findings validate their assumption of the pumps having equal amplitude and phase detuning.

62



4. Bandwidth and conversion-efficiency analysis of Kerr soliton combs in dual-pumped ...

localized solitons in the case of pumping two adjacent modes and Appendix C contains
the heuristic for the case of pumping two arbitrarily distanced modes.

4.2. Lugiato-Lefever model for a dual-pumped ring resonator

Kerr comb dynamics are described by the LLE, a damped, driven and detuned nonlinear
Schrodinger equation [39, 26, 48]. As in [62] we use a variant of the LLE modified for
two-mode pumping, for which we provide a derivation of equation (4.1) starting from a
system of nonlinear coupled mode equations in physical quantities in Appendix A. Using
dimensionless, normalized quantities, this equation takes the form

ig—f_ = —dd" — (i—C)a — |al®a +ify + ifelFrz=7) (4.1)
Here, a(7, x) is 2m-periodic in z and represents the optical intracavity field as a function
of normalized time 7 = xt/2 and angular position x € [0, 2] within the ring resonator.
The constant £ > 0 describes the cavity decay rate and d = 2dy/k > 0 quantifies
the anomalous dispersion in the system (2dy corresponds to the difference between two
neighboring FSRs at the center frequency wy). Since the numbering k € Z of the resonant
modes in the cavity is relative to the first pumped mode ky = 0 we denote with k; € N
the second pumped mode (there is no loss of generality to take k; as a positive integer
since k; and —ky are symmetric modes). Since there are now two pumped modes there
will also be two normalized detuning parameters denoted by (p = 2(wy — wy,)/x and
¢ = 2(wg, — wp,)/k. They describe the offsets of the input pump frequencies w,, and
wp, to the closest resonance frequency wy and wy, of the microresonator, respectively.
Finally fy, fi represent the normalized power of the input pumps. If we set A(=(y — (4
and v; = AC + dk} then (after several transformations, c¢f. Appendix A) equation (4.1)
emerges with the specific form of the second pump fe!kF1z=»17).

In the case f; = 0, equation (4.1) amounts to the case of pumping only one mode.
This case has been thoroughly studied, e.g. in [18, 26, 25, 49, 50, 48, 41, 43, 11, 51|. In
this paper we are interested in the case f; # 0. The particular form of the pump term
ify 4 ifielF1#=17) guggests to perform a change of variables into a moving coordinate
s = x — w7 with w = 11 /k; and study solutions of (4.1) of the form a(7,z) = u(x — w7).
These traveling-wave solutions propagate with speed w in the resonator, and their profile
u solves the stationary ordinary differential equation

—du” +iwu’ — (1 — G)u — JuPu +ify +ifie™* =0, (4.2)

where u is again 27-periodic in s. In Fourier modes a and u are represented as a(1,z) =
> wez e (T)e™, u(s) = -, o, ke, The intracavity power P of the field a at time T is
given by

1 2w
_ ~ 2 _ 2
P luf = 5= [ latra)Pd.

keZ

Since the Fourier modes of @ and u are related by (1) = Gze 7 one finds P =
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Sz [l = 5= OQW |u(s)|*ds. In particular, P is independent* of the time, and since

fo% lu|>ds = Re O%(fo + fie®®)uds we see that P < f2:= f2 + f2, i.e., the intracavity
power cannot exceed the normalized total input power. Details are given at the end of
Appendix A. Here, the notation z denotes the complex conjugate of the complex number
z e C.

4.3. Heuristic for finding localized solitons in the case of
pumping two adjacent modes

In the following section, we explain the main idea of the heuristic for finding strongly
localized solutions of (4.2), where two adjacent modes are pumped, i.e. the pumped
modes are kg = 0 and k; = 1. In Appendix B we provide a more detailed explanation,
and in Appendix C we show how the heuristic can be adapted to arbitrary values of
ki € N. The parameters d > 0, k; = 1, fo and f; are fixed, and our goal is to find
optimally localized solutions by varying the parameters (, and w since they can be
influenced by the choice of the pump frequencies w,, and w,, through the relations

2
Go = E(WO _Wpo)a w= ;(WO — Wpy — (wr _wp1) +d2)~
Optimality is understood as minimality with respect to the full-width at half-maximum
(FWHM) of the field distribution |u|? in the time domain. We have developed our
heuristic by using the Matlab package pde2path (cf. [67], [15]) which has been designed
to numerically treat continuation and bifurcation in boundary value problems for systems
of PDEs.?

In short, the basic algorithm is explained as follows: First we obtain a single-peak
solution for the correct value of the parameter f; (ignoring the values of the parameters
(o and w). Then we alternately run a continuation algorithm by varying either the (-
or the w-parameter (while keeping the other parameter fixed) and detect among the
continued solutions the soliton u with minimal FWHM of |u|? in the time domain. We
denote the soliton obtained from the j-th (yp-optimization as A; and the one obtained
from the j-th w-optimization as B;. We stop the algorithm when the relative change of
the FWHM of B;;; and B; is sufficiently small. In our numerical experiments it was
always sufficient to perform at most three optimizations in both of the variables (y and
w.

In Fig. 15(a)-(c) we plotted the spatial power distributions of the solitons A; and B;
for two iteration steps j = 1,2 and three different choices of the parameters d, f and f;.
It is well visible that the solitons get more localized after every optimization step and

4In fact, the power |i|? = |ax(7)|? in each mode is independent of time.

Continuation and bifurcation solvers for boundary value problems (on which pde2path is based)
allow to globally study the variety of different stationary comb states by exploiting the full range of
technically available parameters. In contrast, time-integration solvers mostly only allow to access

specific comb states which strongly depend on the chosen device parameters and initial conditions.
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Figure 15. Spatial and spectral power distributions of the solitons obtained from two
iterations (two (p-steps leading to A;, Ay and two w-steps leading to By, Bs) and a
stability plot for Bs (obtained from the third w-step) for three different choices of the
parameters d, f and fi;. Every column corresponds to one choice. In (g)-(i) we plotted
in green the spectrum of the finite-element discretization of the linearized operator L at
Bs. The black dashed line in (g)-(i) represents the imaginary axis. The spectrum lies to
the left of the imaginary axis so that the solitons are spectrally stable.
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that the solitons Ay and B, from the second iteration steps do not differ significantly.
In the second column of Fig. 15 in (b) and (e) the blue soliton A, is not visible, since it
is covered by the almost identical magenta soliton Bs. In the second row Fig. 15(d)-(f)
we show the spectral power distributions. The final magenta comb B, covers almost
entirely the blue comb As. The third row of Fig. 15 contains information on the spectral
stability of the optimized solitons. This will be explained next.

Stability of optimal solitons. To investigate the stability of the solitons, we use the
transformation a(7,z) = b(7,x — wT) to rewrite (4.1) as

% = —i(—db" +iwb — (i — ()b — |b]*b +ify + ifleikls), (4.3)

where b is again 27-periodic in s. Solutions u of (4.2) correspond to stationary solutions
b(t,s) = u(s) of (4.3). Spectral stability is based on the following considerations. Let
b(r,s) ~ u(s) + d(s)e’ +1(s)e’™ with 2r-periodic functions ¢, 1), and insert this ansatz
into (4.3). After keeping only the linear terms in ¢ and v, we find that ¢, have to

satisfy the eigenvalue equation
7))
LlZ)=X7%
(1/) (4

(Wi +wi —1—i¢ + 2ifuf iu?
—iu? —idL +wd —1+i¢ — 2iful?

with the linearized operator

We see that the perturbation ¢(s)e*™ + 1(s)e’™ will tend to zero if and only if the
eigenvalues \ of L lie in the left complex plane. Using this criterion, we found that
the optimized solitons (optimized w.r.t. {y and w by the above heuristic) discussed in
this section are all spectrally stable. To show this, we computed the eigenvalues of the
finite-element discretization of the operator L and observed that they entirely belong to
the left complex plane, cf. Fig. 15(g)-(i). One sees that there is always an eigenvalue
very close to 0. The reason for this is the following. The optimized solitons are found
near turning points along branches of the {y-continuation, c¢f. Appendix B. These turning
points are necessarily associated with a 0 eigenvalue of the linearized operator L. Hence,
for u being in the vicinity of a turning point, there will be an eigenvalue of L very close
to 0.

4.4. Optimal power distribution when pumping two adjacent
modes

In this section we answer the question which amount of the normalized total input power
f? = fZ + f# needs to be pumped into each mode in order to obtain the best soliton,
i.e., we determine the optimal power distribution between the two pumped modes. The
power distribution is described as (fy, f1) = (f cos ¢, fsin¢) with ¢ € [0,27). As before,
we assume anomalous dispersion d > 0 and fix the indices kg = 0 and k; = 1 of the two
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pumped modes. Additionally, the normalized total input power f? is given. Armed with
the heuristic from Section 4.3 we are able to identify for any fixed ¢ € [0, 27) a 1-soliton
with the strongest spatial localization, i.e., with minimal FWHM.

Using this approach, we calculate for each such a comb state u(s) = Y, _, e the
power conversion efficiency (PCE), the comb bandwidth (CBW) and its FWHM. The
PCE is defined as the ratio Prc/f? between intracavity comb power

_ ~ |12 fl2 ~ 12 fg ~ 12
Pro= Y il +F|U0’ +F|U1!
keZ\{0,1}

= > il +sin®(9)|do|* + cos® ()]
keZ\{0,1}

and the normalized total input power. Note that the intracavity comb power is a
weighted sum over the power in each mode. The weights fj2/f2, 7 = 0,1 of the power
of the zero mode and the first mode are such that f; = 0 or fy = 0 lead to the usual
definition of PCE and fy — oo or f; — oo lead to an exclusion of the power contributed
by the zero or first mode, respectively. The CBW is defined via the 3dB points, i.e.,

CBW =k + k;
with minimal integers & > 0 and £ > 0 which fulfill

2

. . 1, .
a1 ?, [lrge]® < 5’“2\27

respectively. Note that the 3dB comb bandwidth is defined with respect to the power
|_1]? and |tz|* of the modes directly adjacent to the pumped modes rather than the
power |do|? and |4 |? of the pumped modes themselves.

To find the optimal power distribution between the zero mode and the first mode we
performed a parameter study in ¢ for three different examples, cf. Fig. 16. In the first
example we chose d = 0.1 and f = 2, in the second example we kept f = 2 but changed
the dispersion to d = 0.25 while in the last example we kept d = 0.1 and changed the
forcing to f = 5. For these three examples we computed the most localized 1-soliton for
¢ € [0,27) based on the heuristic of Section 4.3 and evaluated the PCE, the CBW as
well as the FWHM of the resulting comb state.

The results depicted in Fig. 16 clearly demonstrate the advantages of dual-tone pump-
ing, in particular when using equal power in both modes. In all of the examples PCE
and CBW increase while the FWHM decreases with ¢ € [0,7/4]. Moreover, as we
will explain at the end of this section, PCE, CBW and FWHM are 7/2-periodic and
symmetric w.r.t. 7/4. We conclude that

(i) pumping two modes is advantageous to pumping only one mode,

(i) PCE, CBW and FWHM are monotonic functions of |fo| + |fi| = [f|(| cos¢| +
|sing]),
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(iii) the optimal case arises for equal pump powers | fo| = | f1].

In Fig. 17(a)-(b) we plotted the optimal values of (s and w (for which the most localized
soliton was found) against ¢. Since k; = 1 we have w = A( + d so that the optimal
value of w can be easily translated into an optimal value of A(. We added in Fig. 17(c)
a plot of the optimal value of A( against ¢ since the normalized detuning difference
A( = (o — (7 is the physically more tangible quantity while from a mathematical point
of view it is more convenient to work with w. In all of the examples the optimal values
of (o, w and A( increase with ¢ € (0,7/4]. Once again we observe several symmetries,
which we will address in the end of this section. We further conclude that

(iv) the optimal value of (, is almost independent of d,
(v) the optimal value of w is almost independent of f,

(vi) the optimal value of w coincides with the dispersion d in case of optimal power
distribution |fo| = | f1]-

Asw = A(+d, (vi) means A¢ = 0, i.e., optimal solitons require equal detuning distances
W — Wy, = W1 — Wy, in case of equal power distribution |fy| = |f1]. From Fig. 17(c) we
further find that the optimal values for {y and (; satisfy the relation |fo| > |f1] & (o < (i,
i.e., pumping more power into one mode is compensated by a larger detuning for the
second mode.

For each of the three examples from Fig. 16 and Fig. 17 we added in Fig. 18 plots of
the spatial and spectral power distributions of the optimal solitons for selected values
of ¢ € [0,7/4]. In this range for ¢ we have fy, fi > 0. The particular values of ¢ are
chosen as fZ = 100%f? (one mode case), f& = 90%f? (slight perturbation of the one
mode case), and f& = 50%f? (optimal two mode case). Since for f; > 0 there is no
shift-invariance in (4.2) anymore all of the depicted solitons are localized around s = 0,
which is the unique point in the interval [0, 27) where the absolute value of the pump
term is maximal, i.e., fo+ fi = maxsep2m [ifo +1f1e"|. In other words: the best soliton
positions its maximum at the point where the pump has maximal absolute value.

Finally, we explain the symmetry properties of Fiig. 16 and Fig. 17 from the symmetries
of (4.2). If u solves (4.2) then u(-+ ) solves (4.2) with f; replaced by — f; and —u(-+)
solves (4.2) with fy replaced by —fo. This means that the signs of fy and f; are not
relevant for the curves in Fig. 16 and Fig. 17. The symmetry with respect to m/4 of
the curves in Fig. 16 stems from the interchangeability of fy and f;. Namely, if u solves
(4.2) with given values of (y,w then v(s) = u(—s)e'* solves

—dv" 4 iv' (i — (v — [vPv +ify +ifee’ =0

with (; = (p—w+d and w = 2d—w. Note that the roles of f; and f; are now interchanged.
The fact that (y and w have changed to (; and w is not relevant since we optimize anyway
in these parameters. Together with (vi) this also explains that the curves in Fig. 17(b)
and Fig. 17(c) are odd with respect to the points (7/4,d) and (7 /4,0), respectively. We
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Figure 16. Power conversion efficiency, comb bandwidth and full-width at half-maximum
as a function of ¢ for three different examples. The blue curves correspond to d = 0.1
and f = 2, the red ones to d = 0.25 and f = 2 as well as the green ones to d = 0.1 and
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Figure 17. Optimal values of {y, w and A( as a function of ¢ for three different examples.
The blue curves correspond to d = 0.1 and f = 2, the red ones to d = 0.25 and f = 2 as
well as the green ones to d = 0.1 and f = 5. The blue and the red curves in (a) as well as
the blue and the green curves in (b) and (¢) are plotted dashed so that one of the curves
is not completely covered by the other one. The dashed lines colored in magenta in (b)
emphasize that the optimal value of w coincides with the dispersion d in the optimal
case | fo| = |f1| where ¢ € {7/4,3n/4,57/4,7m/4}. The dashed lines colored in magenta
in (c) emphasize that the optimal value of A vanishes in the optimal case |fo| = | f1
where ¢ € {m/4,3n/4,57/4,Tr/4}.
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Figure 18. Spatial and spectral power distributions of optimal solitons for selected values
of ¢ € [0, /4] which correspond to fZ = 100% 2, fZ = 90%f* as well as f& = 50% f>
for three different examples. Every column corresponds to one example.

also mention that the curves in Fig. 17(a) are not symmetric with respect to m/4 but
this is not visible in the plot since the difference A = (y — (; = w — d is small compared
to C() and Cl'

4.5. Trends for varying forcing and varying dispersion

For the results in this section we have carried out a parameter study w.r.t. dispersion d
and normalized pump amplitude f, considering the behavior of PCE, CBW and FWHM
of the best solitons (i.e., minimal FWHM) under optimal power distribution fy = f; =
f/\/§ As before, we have fixed the two pumped modes to kg = 0 and k; = 1. We
have considered dispersion parameters d = 0.1,0.15,0.2,0.25 and normalized total pump
amplitude f € (0,10]. From Section 4.4 we know that under optimal power distribution
the solitons with minimal FWHM arise for w = d. Using this information we can reduce
the optimizations from the heuristic of Section 4.3 to a single optimization step in (.
Since fo = f1 we see that now PCE is the ratio between
Pro= 3l + sliof? + i
2 2
kezZ\{0,1}

and the total pump power f2.

The results are shown in Fig. 19. We observe the following trends: CBW increases
whereas FWHM and PCE decrease with increasing forcing f. Additionally, one can

70



4. Bandwidth and conversion-efficiency analysis of Kerr soliton combs in dual-pumped ...

> _ g .
2 50 (b) 7 g 3 (c)
g = g
i = = G 2.5
= = 40 = - g
(5] — =
Z - -— )
g o
2 2 30 == 3
g = d=01,..,025 _= = <15
4 - N =
g2 £ 20 v =
S 3 —— g !
g © 19 ._::—_ E 05 d=0.1,..,025
& — =
0 =0
0 5 10 0 5 10 0 5 10
f f f

Figure 19. Power conversion efficiency, comb bandwidth and full-width at half-maximum
as a function of the forcing f and dispersion d = 0.1,0.15,0.2,0.25.

see that with d — 0" once again CBW increases and FWHM, PCE decrease. This
observations are in good agreement with the trends from the one mode case, cf. [18].
Further, one can observe in Fig. 19(c) that FWHM tends to 7 as f — 0. This can be
understood as follows: as f — 0 the solutions of (4.2) tend to 0 and behave like the
solutions of the linear equation

—du" +iwu’ — (1 — Copt)u +ifo +if1e" = 0.

Since d = w for optimal solitons under optimal power distribution f, = f; = f/v/2 the
above linear equation is solved by
if .
u(s) = —=————(1+¢")
\/5(1 - CO,opt)

and the latter has a FWHM of 7. Similarly, in agreement with Fig. 19(a), we have

1

PCE(u) — —2(1 n C&*)

1
< =
-2

as [ — 0T, where we assume (p . = lims_,o+ (o opt-

Finally we mention that the jumps of size two in Fig. 19(b) could be caused by our
choice of the discretization of the f-interval (0, 10]. It is possible that a finer discretiza-
tion would lead to more plausible jumps of size one. Nevertheless, the finer discretization,
which leads to significantly longer run times of the code, has no essential effect on the
trends of the curves.

4.6. Pumping two arbitrarily distanced modes

Also in the case where the pumped modes are ky = 0 and k; > 2 we have a heuristic
algorithm which enables us to identify a 1-soliton with the strongest spatial localization.
The algorithm is based on a variant of the one from the case k; = 1, cf. Section 4.3, and
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(b)

Figure 20. Spatial and spectral power distributions of the optimal 1-solitons from the
case d = 0.1 and fy = f; = /2 for k; = 2,3,4. Plot (b) is a zoom of plot (a) which
highlights the background of the solitons.

details can be found in Appendix C. Applying this algorithm our experiments suggest
that the optimal power distribution is again given by the equal distribution |fy| = |fi|
as in the case k; = 1. Moreover, for equal power distribution, w = k1d turns out to be
optimal, which once again translates into equal detuning offsets A¢ = 0. In Fig. 20(a)
we plotted the spatial power distributions of the optimal 1-solitons from the case d = 0.1
and fo = fi = V2 for ky = 2,3,4. One can observe that the optimal 1-soliton gets less
localized as ki increases. In Fig. 20(b) we added a zoom-in to better point out the
background of the solitons. Since with u also u(- 4 27/k;) is a solution of (4.2) optimal
1-solitons can be shifted by multiples of 27/k;. We see that the 1-soliton localizes once
again around one of the points where the absolute value of the pump term ify + if;e'**®
is maximized. In Fig. 20(c) we added the spectral power distributions of the optimal
1-solitons. Necessarily each comb is peaked at the pumped modes ky = 0 and k;.

4.7. Summary

We have considered pumping two different modes for a Kerr nonlinear microresonator
with anomalous dispersion. Using numerical path continuation methods we found and
tested a heuristic algorithm which allows to find for fixed normalized total pump power
the optimal detuning offsets that provide the most localized 1-soliton. The heuristic
applies in its simple form to the case of pumping two adjacent modes and in a more re-
fined form (taking bifurcations into account) also to the case of pumping two arbitrarily
distanced modes. Optimal 1-solitons appear to be spectrally stable and localize them-
selves around the intensity maxima of the pump. While it became clear that pumping
two modes is always advantageous to pumping one mode, in the case of pumping two
adjacent modes we went deeper into the question of how the normalized total input
power should be divided into the two pumped modes in order to optimize quality met-
rics like PCE, CBW, and FWHM. A detailed parameter study shows that the optimal
distribution is always the equal distribution |fo| = |fi| = |f|/v/2 with equal detuning
offsets. The situation appears to be similar in the case of pumping two arbitrarily dis-
tanced modes. Our approach has thus validated the assumptions in [29]. Finally, we
determined trends of PCE, CBW, and FWHM by varying anomalous dispersion and nor-
malized total input power. The trends are in good agreement with the case of pumping
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only one mode, cf. [18]. Our approach is well-suited to determine and analyze optimal
pumping schemes in the case where more than two modes are pumped.

4.8. Appendix A: Derivation of the Lugiato-Lefever model for a
dual-pumped ring resonator

In this section we derive (4.1) from a system of coupled mode equations, cf. [62, 32].
When a resonant cavity is pumped by two continuous wave lasers with frequencies wy,
and w,, a system of nonlinear coupled mode equations can be used to describe the
evolution of the field inside the cavity. The numbering k of the resonant modes in
the cavity is relative to the mode ky = 0. We use the cold cavity dispersion relation
wi, = wo + dik + dyk? for the resonant frequencies wy,, where d; corresponds to the FSR
of the resonator and 2dj to the difference between two neighboring FSRs at the center
frequency wg. With kg, k1 € Z, kg < ki, we denote the two pumped modes. If Ay, is the
mode amplitude of the k-th resonant mode normalized such that |A,|? is the number
of quanta in the k-th mode, then the simplified set of equations reads as follows, cf.

(62, 32]:

3121 K A ! —i(wp, —wz )t .
o PA Y g ey TR e (4.9
=0
+1g Z Ap Ay Ay 71w i —wm =it (4.5)
k/+k//_k///:k

Here, k = Ko + Kext denotes the cavity decay rate as a sum of intrinsic decay rate ko and
coupling rate to the waveguide ke, and ¢, ¢ are the initial phases of the pumps. If

P, P are the powers of the two input lasers then s; = , /Pimj/hwkfj, 7 =0,1 are the

powers coupled to the cavity. The nonlinear coupling coefficient

2
_ hwgens

2
ngy Vet

denotes a per photon frequency shift of the cavity due to the Kerr nonlinearity and thus
describes the strength of the cubic nonlinearity of the system with linear refractive index
ng, nonlinear refractive index no and effective cavity nonlinear volume Vig. Finally, c is
the vacuum speed of light and A the Planck constant.

By using the transformation

/2 - (2 . ‘
a(r,z) = ) Z Ay (—7’) o ik gk
K K

kEZ

the system (4.4) of coupled mode equations may be rewritten in a dimensionless way as
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a partial differential equation,

o Lo
1a—a = —dd" —ia— |afa+1) _ fe'®* ) G 2n-periodic in x, (4.6)
T

Jj=0

where 7 = kt/2, d = 2dy/k, and (; = Q(WEJ. — wp,) /K, V; = d%gz — G N = Kext/K;
fi = \/8ng/k?s; for j = 0,1. By setting

a(r, x) = e Rt 2dRoT—0)TomH00) G (o 4 9T — )

with ¢ = (¢ — ¢)/k1 we find that a satisfies (4.1) with ky = k; — ko, AC = (o — (; and
v, = U — Vg — Zd%Okl = A( + dk?. Thus, we can always assume, for simplicity, that
the pumped modes are ky = 0 and k; € N and that the initial phase of both pumps is
zero. Moreover we see that the change from a to a shifts the time-dependent Fourier-
coefficients from Ay to Ak+120 and multiplies them with e~ 1(C7+%0+k¥) g6 that the power
in each individual mode is (up to an index shift) preserved.

Finally, let us explain that the intracavity power P =Y, , |ux|* = 5= OQF lu(s)|*ds
of a 2w-periodic traveling-wave comb state u cannot exceed the normalized total input
power f? = f& + fZ. To see this, we multiply the equation (4.2) for the traveling-wave
profile u with u(s) and take the imaginary part to obtain

—dIm(u" (s)u(s)) + wRe(u/'(s)u(s)) — |u(s)]* + Re((fo + fleikls)ﬂ(s)) =0.

Integration over the interval [0,2x], using integration by parts for the first term and
Llu(s)[* = 2Re(u'(s)u(s)) for the second term together with the Cauchy-Schwarz in-
equality yield

1/2

27 27 } 2

[ s = [T he(tho+ st ds < ([ iuras) Vo
0 0 0

and hence o= [*7 u(s)|*ds < f2 + f2.

4.9. Appendix B: Detailed explanation of the heuristic for
finding localized solitons in the case of pumping two
adjacent modes

Here we explain in detail the heuristic algorithm mentioned in Section 4.3 for finding

strongly localized solutions of (4.2) in the case of anomalous dispersion d > 0, where

two adjacent modes are pumped, i.e. the pumped modes are kg = 0 and k& = 1. We

recall that the parameters d > 0, k; = 1, fy and f; are fixed and that the goal is to
find optimally localized solutions by varying the parameters (, and w since they can be
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influenced by the choice of the pump frequencies w,, and w,, through the relation

2
CO:E(WO_WPU)7 w:E(wo_wpo_<wl_wp1)+d2)'

Without loss of generality we assume 0 < f; < fy. The heuristic algorithm consists of
the following steps. For all our computations we carried it out by using pde2path.

Step 0: Initialize with fl(o) =0, Céo) =2+ 12, w9 =0, find uy = constant solution
of (4.2) and set j =1

Step 1 (fi-continuation): with Céo), W= start from fl(o) and continue ug in fi-
parameter until desired value f, is reached, keep solution T}

Step 2 (Co-optimization): with wU=V, fi start from ¢\ and continue T; in Co-
parameter until 1-solitons have been exhausted, find optimal C((]j), keep optimal soli-
ton A;

Step 3 (w-optimization): with Céj), fi start from w9V and continue Aj in w-
parameter on closed loop, find optimal w9, keep optimal soliton B;

J — 7+ 1, return to Step 1 unless desired accuracy achieved

Now we comment on the individual steps.

Step 0: The algorithm starts by choosing suitable initial values for the parameters fi, (g
and w. For the values of fl(o) =0 and Céo = 2+ f? we can determine a constant solution
ug of (4.2). Tt satisfies

0= —(1 — éo))uo — |U0|2U0 + lfo

If we choose C(SO) sufficiently large (in all numerical experiments Céo) = 2+ f? was
sufficient) then wug is uniquely determined. Since the dispersion d and the difference
of the normalized offsets between the pump frequencies w,, and the resonant frequencies
w;, © = 0,1 turn out to be rather small we expect that also w = A{ + d is rather small.
Therefore the initial value w(® = 0 is feasible.

Step 1 (f1-continuation): Starting from Céo), wU=1 and fl(o) pde2path performs a con-
tinuation algorithm in the fi-parameter. With the side constraint of always solving (4.2)
the trivial state ug is continued numerically w.r.t. the fi-parameter until the desired
value f; is reached for the first time. Although the starting point ug is independent of
w the continuation w.r.t. the fi-parameter is sensitive to the current value of w.

Step 2 (Co-optimization): Now that the fi-parameter has reached its correct value we
freeze the values of wU~Y and f; and start the optimization w.r.t. the (y-parameter
from Céo) = 2 + f2. Starting from Céo), the continuation of solutions of (4.2) w.r.t.
first provides almost trivial solutions until they develop into 1-solitons followed by less
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localized higher solitons. From the point of view of FWHM-minimization it is therefore
reasonable to continue from Céo) until the part of the branch containing 1-solitons has
been exhausted. Along this part of the branch the optimal solution A; of (4.2) with the

minimal FWHM together with the optimal parameter value Céj ) are kept.

Step 3 (w-optimization): Now we freeze f; and C((]j). The optimal point A; from the
previous step serves as starting point for the subsequent w-continuation. Beginning
with wU~Y the continuation of solutions to (4.2) in the w-parameter always delivers a
closed loop. From this closed w-loop the optimal solution B; of (4.2) with the minimal
FWHM together with the optimal parameter value w? is kept.

At this point the algorithm is not yet finished since a single optimization in (; fol-
lowed by a single optimization in w is not an adequate substitute for a continuous
two-parameter optimization in (; and w. Therefore, the algorithm has to be suitably
iterated until a desired accuracy (measured in the deviations of A;, B; from its prede-
cessors Aj_1, B;_1) is achieved. One might think of using B; as starting point for the
next (p-continuation. However, this turns out to be non-optimal in some cases because
after the update of w¥ the solution B;j no longer lies on a (p-branch that leads to an
optimal FWHM. Instead, our strategy is to only keep the value w@, forget the solution
B; and iterate by starting again with Step 1 instead of Step 2, i.e., by starting the

fi-continuation from fl(o) = 0 (with the by now updated value of w). The subsequent
(p-continuation of Step 2 provides a (p-branch with apparently smaller FWHM.

In Fig. 21 we have illustrated Step 2 and 3 for three different values of the parameters
d, f and fi. In the first row Fig. 21(a)-(c) we are plotting (y-branches, i.e., the intracavity
power of the soliton, given by |ju|3 = 5= OQW |u(s)|*ds, versus the value of {, (Step 2, (o-
optimization). The points A; indicate the optimal soliton with the smallest FWHM and
they are located near a turning point. They serve as starting points for the subsequent
w-continuation (Step 3). The w-branches, i.e., intracavity power of the soliton versus the
value of w, depicted in Fig. 21(d)-(f) turn out to be closed loops. The points B; indicate
the optimal soliton on the closed w-loop. In the last row Fig. 21(g)-(i) we illustrate the
optimality of the points A;, By by plotting the value of FWHM along the (y-branches
(blue) and the w-loops (green). The FWHM is depicted as a function of normalized arc
length of the corresponding curves. Since the (y-curves are unbounded, we decided to
plot the FWHM between the reference points S; (start) before the relevant 1-solitons
begin and F; (end) after the relevant 1-solitons have been passed.

An iteration of the (y- and w-optimization steps (until a desired accuracy is reached)
provides similar pictures. In our numerical experiments we always performed three
optimizations in both of the variables {y and w (unless stated otherwise).

4.10. Appendix C: Heuristic for finding localized solitons in the
case of pumping two arbitrarily distanced modes

By considering additional bifurcations we will demonstrate how the heuristic from Sec-
tion 4.3 can be adapted to arbitrary values of k1 > 2. A first observation is that the very
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plotted vs.

values of (y or w. First row: blue branch as achieved by the first (y-

optimization. Second row: green branch as achieved by the first w-optimization. Third
row: FWHM along these branches. Columns correspond to different values of d, fi, f.
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same heuristic as used in Section 4.3 would lead to solitons which are not only 27- but
in fact 27 /k;-periodic, i.e., the algorithm detects no 1-solitons. This is essentially due
to the fact that starting from a constant solution any kind of parameter-continuation
will develop solutions that have the shape of the pump.

However, in contrast to the case k; = 1, we also detect bifurcations this time. The
idea of the adapted heuristic is to switch in every (y-optimization step to a bifurcating
branch containing 1-solitons. For d = 0.1, f = 2, fZ = 25%/? this is illustrated in
Fig. 22(a),(d) for k; = 2,3. The gray branch is the new additional branch bifurcating
from the first continued (blue) branch in (, and A; indicates the optimal point with
the minimal FWHM on that branch. The point A; is then used as starting point for
the subsequent w-continuation and from here on we can once again iterate the whole
process.

The mentioned bifurcations turn out to be not of simple nature in general. For exam-
ple, if k; is odd, pde2path detects no bifurcations at all (which may be due to an even
number of eigenvalues crossing zero simultaneously). However, we can easily overcome
this issue by using an interpolation trick for branch-switching. For that, we consider a
(o-value near a turning point, where we find two distinct solutions (named X and Y')
for one and the same value of (o. In Fig. 22(a) we used {; = 3.3 and in Fig. 22(d) we
used (o = 3.1 for this purpose and marked the mentioned solutions in red and green,
respectively. Fig. 22(b) and Fig. 22(e) show the spatial power distributions of X and
Y. It turns out that a 1-soliton-like state, which is not 27 /k;-periodic anymore, can be
glued together from parts of these solutions. The resulting soliton Z is marked in blue
in Fig. 22(a) and Fig. 22(d) and its spatial power distribution is given in Fig. 22(c) and
Fig. 22(f). The interpolated soliton serves as starting point for another (y-continuation
yielding the gray branch which actually is a branch which bifurcates from the original
curve and connects two of its turning points.
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Figure 22. Example for d = 0.1, f = 2 and fZ = 25% /2. First column: branches show
intracavity power ||ul|3 = 5= 027r |u(s)|? ds of the soliton u plotted vs. (y. Blue branch as
achieved by first (y-continuation and gray branch obtained from first bifurcation from
blue branch. Second and third column: spatial power distribution of solutions used
for branch-switching. Plots (a)-(c) correspond to the case k; = 2 while plots (d)-(f)
correspond to ky = 3.

[End of preprint|
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5. Time-dependent Lugiato-Lefever equation

5. Time-dependent Lugiato-Lefever equation
In Section 5 we are interested in the time-dependent LLE
ia; = (—i+ ()a — dag, — |al*a +if, a 2m-periodic in x, (5.1)
and in the time-dependent two-mode modification
ia; = (=14 C)a — dag, — |a|?a + ify + ifielFre=) a 2m-periodic in . (5.2)

In Section 5.1 we present some first results on the question if all time-periodic solutions

of (5.1) are constant in ¢. This includes Theorem 5.2 which is based on Bendixson’s

negative criterion and which shows that this is true in the case d = 0, and Theorem 5.5

which is based on a-priori bounds and shows that for |f| < 1 all time-periodic solutions

of (5.1) are actually constant both in ¢ and in x. In Section 5.2 we likewise present some

first results on the question if all time-periodic solutions of (5.2) are traveling waves, i.e.
|12

of the form a(t, z) = u(z — wt), where w = 71 and u is a solution of

—du" +iwu’ + (=i + Qu — |u*u +ify +ifie™* =0, u 2m-periodic. (5.3)

In a first step towards this we establish the local uniqueness result Theorem 5.10 which
is based on the implicit function theorem and the global uniqueness result Theorem 5.18
which is based on a-priori bounds and holds for fZ + f2 < 1.

5.1. One mode case

The time-dependent LLE (5.1) may or may not have time-periodic solutions which are
not constant in ¢. This is a fundamental question which still needs to be answered. In
a first step towards this we neglect the dispersion term, i.e. we consider the ODE

ia; = (—i+()a — |a’a +if. (5.4)
Splitting a = u + iv into its real and imaginary part we obtain the first-order system
g —u+ (v —utv— v+ f
<vt) - ( —v — Cu+u® + v?u ) (5:5)
Our next result relies on Bendixson’s negative criterion (cf. |5, p. 318]).

Theorem 5.1 (Bendixson’s negative criterion). Assume that h € C*(R? R?) and that
div h does not change sign in R?. Then the system

(“t) = h(u,v) (5.6)

Ut

has no non-constant periodic solution.
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5. Time-dependent Lugiato-Lefever equation

For the reader’s convenience we repeat the short proof.

Proof. Assume that (ug,vg) is a non-constant periodic solution of (5.6) with (smallest)
period 7' > 0. Then

T = {(uo(t), v0(t)) : t € [0,T]}

is a closed C'-curve in R? with no self-intersection points. Let  denote the interior of
[ (cf. Jordan curve theorem). By the divergence theorem we have

/ div h(u,v)d(u,v) = / h(ug(t),vo(t)) - v(uo(t), vo(t))
Q 0

- [ () 00| ()

N

where v is the outward unit normal vector on I'. On the other hand [, div h(u,v) d(u,v) #
0 since div h does not change sign, which is a contradiction. ]

Theorem 5.2. Let ¢, f € R. Then equation (5.4) has no non-constant periodic solution.

Proof. We find

- (—u+Cv—vtv =P+ f) _
d1v< o Cutd )T 1 —2uv+ (—142vu) = -2 <0,
so that the result follows immediately from Bendixson’s negative criterion. O]

We also have the following more general result which draws a connection between
the non-existence of non-constant periodic solutions and the non-vanishing of a certain
potential V.

Theorem 5.3. Let ¢, f € R and assume that V € C(R,R) is periodic and that V has
no zeros. Then the differential equation

iV(ta, = (=i + Qa — |al*a +if
has no non-constant periodic solution.

Proof. W.l.o.g. we can assume V' > (. Splitting a = v + iv we get
V(t)u\  [—u+Cv—uv*v—v*+f
Vi) \ —v—Cu+ud+*u )

Let us assume that (u,v) is a non-constant periodic solution of this system. Consider
the bijective function H € C'(R,R) defined by

H(t) ::/0 Vé_) dr.

82



5. Time-dependent Lugiato-Lefever equation
For @, 0 defined via u(t) = a(H(t)) and v(t) = v(H(t)) we then find

= V(ue(t) = —u(t) + Cu(t) — u(t)*v(t) —v(t)’ + f
= —u(H () + Co(H (t)) — a(H(1))*0(H () — 0(H () + f

and

so that (@, ) solves the autonomous system (5.5). But from Theorem 5.2 we know that
this system has no non-constant periodic solution so that the proof is finished if we
can ensure that (@, ) is periodic. Note that the latter follows from the fact that (@, ?)
is a non-injective solution of an autonomous system. Observe also that (@, ) directly
inherits its non-injectivity from (u,v). O

Let us return to the general case where the dispersion term is not neglected any-
more. For small values of |f| we can provide a global uniqueness result for time-periodic
solutions of (5.1) which is based on the following a-priori bounds. Let us abbreviate
(a(t))(z) = a(t, z), ¢* = max{0, £¢} and write | - ||, for the standard norm on LP(0, 27)
for p € [1, o0].

Theorem 5.4. Let d € R\ {0}, f,{ € R and T > 0. Then for every solution a €
Cl ([0, T], H2,,(0,27)) of (5.1) the a-priori bounds

per per

sup la(t)]|5 < F?, sup la,(t)[3 < B, lall 2o 0.1y x 020y < C
t€[0,7] t€[0,T]

hold, where

F=F(f)=v2r|f],
F_2(C+_|_3)7 d<0,
_ _ 7

F2
C=Cldf,Q)=5-+ 2FVB.

Now we can state our global uniqueness result.

Theorem 5.5. Let d € R\ {0}, f, € R and T > 0. Then (5.1) has a unique solu-
tion a € C,,,([0,T), H,(0,2m)) if 3C < 1, where C = C(d, f,() is the constant from
Theorem 5.4. In particular, |f| < 1 is sufficient. The corresponding unique solution is

constant both in t and in x.

Theorem 5.4 and Theorem 5.5 will follow from the more general results Theorem 5.16
and Theorem 5.18 of Section 5.2 by setting f; = 0. Finally, we note that it remains
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5. Time-dependent Lugiato-Lefever equation

unanswered if there is a choice of the parameters d, f, such that (5.1) admits a time-
periodic solution which is not constant in .

5.2. Two mode case

Every solution u of (5.3) from Section 3 generates a time-periodic solution of (5.2) by
setting a(f,x) = u(zr — wt) with w = 2 and it is an open question if solutions exist
which are not of that type. In a first step towards this we establish a local uniqueness
result based on the implicit function theorem and a global uniqueness result (for small
normalized total input power) based on a-priori bounds. Let us abbreviate T' = ﬁ—ﬁ and

Q= (0,T) x (0,27). Recall that in the special case f; = 0 there are trivial (constant)
solutions ag € C of (5.2) satisfying the algebraic equation

(—i+ Q)ag — |ao|*ap +ifo =0,

cf. (3.4). As in Section 3.2.1 a constant solution ay € C of (5.2) for f; = 0 may be
continued into the regime where f; # 0. This relies on the properties of the linearized
equation

1y = (_i + C)l/} — Ay — 2|‘10|2¢ - agﬁ

oz 12T
We decompose ¢ = Y, o, Vr %7€ 71 and define the operator

2m - * ikx _il2T
Lo = Z (l?d}k,l — ity + Cry + dk2¢k,l - 2|a0\2?/1k,l - aéwk,l)e kel Tt (5.7)
klEZ
on L*(Q) with canonical domain

2
D(La,) = {¢ eL}(Q): Y \z% + dk?
kl€Z

2
|¢k,z|2 < OO}-

Here we write ", ; :=1v_ .

Definition 5.6. A constant solution ag € C of (5.2) for f; = 0 is called non-degenerate
if the linearized operator L,, from (5.7) is injective.

Next we derive conditions for the invertibility of L.

Lemma 5.7. A constant solution ag € C of (5.2) for fi = 0 is non-degenerate if and

only if
(¢ + dk*)* — 4]ao* (¢ + dk*) + 1 + 3|ao|* # 0 for all k € Ny.

In this case Ly, : D(Lg,) — L*(Q) is invertible.

Remark 5.8. Note that this condition already appeared in Lemma 3.4(b) and was
discussed in Remark 3.5.
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5. Time-dependent Lugiato-Lefever equation

Proof of Lemma 5.7. Let g = ZMEZ greF%e 7t ¢ L?(Q) be arbitrary. The equation
Loy = g then means

2
(l?7T —i+(+dk? - 2’%’2)%,1 —agy”y, = gry for all k.1 € Z.

If we also write down the complex conjugate of this equation

2T . * *
—ao r + (_ZT +i4(+dk* - 2‘30’2>¢—k,—l =0 k1

we find

12 —i+(+ de — 2|apl? —a? Ykt \ _ | 9k
_aO —ZQTW +1+ C + dk? — 2]a0|2 wik,fl g*,ky,l .

If we wish L,, to be injective these matrices need to be invertible which leads to

4 2
D(k, 1) = (C + dk®)? — 4(C + dk?®)|ao|* + 3|ao)* + 1 — I — +l—17é0forallkl€Z
2

T

For [ # 0 this is trivially satisfied so that this condition amounts to
(C+ dk*)? — 4(¢ + dk?)|ao|* + 3lag|* + 1 # 0 for all k € Ny.

In this case,
(—52% + dk* + i+ ¢ — 2|ao|?)gry + @39ik,—l
D(k,1) '
Next we want to show that this defines an element ¢ € D(L,,), whence L,, is surjective.
First we show that ¢ € L?*(). Note that |D(k,1)|? is bounded away from zero since

Uiy =

167T2 167T
2 > 2"

for [ #£0
and since
D(k,0) = (¢ + dk*)* — 4(¢ + dk*)|ao|* + 3|ao|* + 1 — oo for |k| — oo.

Thus,

and it remains to show

(12 4+ dk? +i+ ¢ — 2]aol?)gry
D(k,1)

th = € EQ(ZQ)

For k,l € Z with | — 128 + dk? + i+ ¢ — 2|ao|*| < |ag|* + 1 we can use once again that
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5. Time-dependent Lugiato-Lefever equation

D(k,1) is bounded away from zero to get |hy;| < C|gi,| for some constant C' > 0. In
the case | — 12X + dk? +1+ ¢ — 2|ag|?| > |ag|* + 1 we get

(=13 + dk* + 1+ ¢ — 2|ao]?)gr,
'(—l%” + dk? +1+ ¢ — 2|ao?) (1% + dk? — i+ ¢ — 2|ao|?) — |aol*
| — 122 + dk? + 14 ¢ — 2|ao|?|
- |—l2”+dk2+1+c 2|ao?||13 + dk? — i+ ¢ — 2|ao|*| — |aol*
| =13 + dk* 41+ ¢ — 2]ao|?|
T = EE 4 dR? + i+ ¢ — 2]aol?] — |ao

|Pa| =

|9k7z|

A

E | x|

|aol* )
—(1+ _
(et e g
< (1 +laol*)|g.l

so that hy, € (*(Z*) and thus ¢ € L*(2) is proven. Finally, to obtain ¢ € D(L,,) note
that by construction we have

>

kl€Z

2
= Z |gka|? < 00

k,l€Z

2T . *
l? —i4 ¢+ dk* — 2!ao’2>¢k,z - a?ﬂﬁ-k,—l

which due to ¢ € L?(Q) easily implies

S ‘z— n dk:?‘ na]? < oo

k,leZ

]

Remark 5.9. Note that the above proof in fact shows that L_' : L*(Q) — L*(Q)
is continuous which also implies the continuity of L' : H2, () — H},(Q) since L,
commutes with derivatives. Roughly speaking, we do not know how much regularity we

gain by applying Lgol but at least we do not lose regularity.
From the implicit function theorem we find the following continuation result.

Theorem 5.10. Let d € R\ {0}, (, fo,v1 € R and k; € N be fized. Let furthermore
ag € C be a constant non-degenerate solution of (5.2) for fi = 0. Then there exist
neighborhoods (—6,0) C R ofO and B.(ag) C H},,.(Q) of ag and a continuously differen-
tiable curve @ : (—0,0) — B:(ag) with a(0) = ag such that all solutions (fi,a) of (5.2)

in (=0,8) x Be(ag) are exactly given by {(fi,a(f1)) : fr € (—=0,0)}.

Proof. The operator L, : D(Lg,) — L*(2) is invertible by the non-degeneracy assump-
tion. Consider the map

per per

R x H2,.(Q) — Ly (H%.(Q)),
(fi,a) = —ia;+ (=i + )a — dag, — |a?a +ify +ifielrz—nt),
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5. Time-dependent Lugiato-Lefever equation

Note that A is well-defined since
A(f1,a) = Laya + 2|ao*a + aZa — |a*a + ify + ifiel*rz=—nt)

and
2aol®a + a2a — |a?a +ify + ifre!®1* 1D € H2 (Q) C Lo, (H2,(Q)),

per per
cf. Remark 5.9. We equip Lq,(Hp,, () with the norm ||g[|1, 2, = [1La 9llmz.. ()

50 that Lag|uz, (@) @ Hye(Q) = Lay(H(22)) becomes an isometric isomorphism and

per per

Lo, (Hp,(2)) a Banach space. Since A(0,ag) = 0 and 9,A(0, ag) = Lay|uz,. @) : Hper(Q2) —

per per

Lao(H3p () is invertible, the assertion follows from the implicit function theorem. [

In fact, we can provide some more information about the deduced solutions.

Corollary 5.11. In the setting of Theorem 5.10, d(fl) s a traveling wave of the form
u(x — wt) for |fi| sufficiently small. Here, w = %+ and u is a i—?—periodic solution of

(5.3). "

Proof. Note that Theorem 3.6 provides continuations u of ag which are not only 27- but
in fact i—?—periodiCG, cf. Section 4.10. Thus, a(t,z) = u(x — wt) has time-periodicity

% = T and space-periodicity i—’lr In particular, a € ngr(Q). By uniqueness, the
assertion follows. O]

Remark 5.12. The benefit of Theorem 5.10 lies less in the existence part but rather
in the statement that the locally uniqueness of a(f1) is no longer restricted to traveling
waves but holds for all space- and time-periodic solutions.

Next we want to analyze the domain D(L,,) and point out why global continuation
results seem to be challenging in this setting. For this we introduce the norm

el

27
6 0r = D (14 |15 + ak?

klEZ
on D(Lg,) which makes the operator Lq, : (D(La,), || - |D(L,)) = L*(2) continuous.
Proposition 5.13. The embedding (D(La,), || - |p(L.,)) < L*(Q) is not compact.

Proof. For every k € N we can choose [(k) € Z such that

2w 2 g2
(k)= +dk?| < —.
‘ ( )T * - T?
The sequence (e*7e!®71) i bounded in (D(Lay), || - |(L4y)) since
ik il(k) 25| 2 _ 27 5|2 2
oo O =1 R T+ k| <1+

%In case of e(s) = ¢"*1* we can work in HJ,, (0, %) instead of Hp,,(0,2n) in Theorem 3.6.
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But due to . . , ' . e
Helklxed(kl)%t — e‘k”e‘l(k"’)%tHLg(m = 4nT for ki # ks

this sequence has no convergent subsequence in L?*(2). O

Next we want to show that there are no choices of " > 0 and d # 0 such that

2T
‘z? +dk?| > e

for some ey > 0 and almost all (k,I) € Z* Note that in the case ¢ € Q this is
easily proven. In fact, if £¢ = ™ for some m € Z and n € N, then with (k(r),{(r)) =
(rn, —r?mn), r € Z one finds

2
T

2T Td
= Zlir) + ok

27r m
—r?mn 4+ —r?n?| = 0.

l(r) = =T "

+ dk(r)?

The case 14 gé Q is more complicated. Note that here the assertion can be reformulated
as 5
inf ‘1—” + di?
(kDez2\{(0,0}| T

To show this we will need the following result from Heilbronn (cf. [30]).

= 0.

Theorem 5.14. For every integer N > 1 and every real 0, integers n and g can be
found such that )
1<n<N, In*0 — g| < c(n)N 21",

where 1 is an arbitrarily small positive number and where c(n) depends on n only.
We can use Theorem 5.14 to obtain the following statement.

Proposition 5.15. Let T' > 0 and d # 0 be such that % ¢ Q. Then

inf ‘z- +dk?| =0,
(k,1)€Z2\{(0,0)
Proof. Choose 6 = —g—;f, n= i and consider N — oo in Theorem 5.14. ]

Next we want to establish a global uniqueness result which is based on the following
a-priori bounds.

Theorem 5.16. Let d € R\ {0}, fo, f1,(,v1 € R and k; € N. Then for every solution
a€CL([0,T),H2,.(0,2m)) of (5.2) the a-priori bounds

per per

sup [la(t)[|3 < F?, sup [la,(t)[3 < B, lalfw@) < C
te[0,T] te[0,T]

hold, where

= F(fo, i) =\ 27 (3 + fD),
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( F2 4 2713 ff+(<++2)F>7 d <0,
= B(d. fo. fr.0) = {
s Jos J1, v, 8dF (/FPF2m02 f24(( +2)F ) +Ad2 F2 45 F6

4d2 )

d>0,

F2
C'=C(d, fo, fr.0,0) = - + 2FVB.

Proof. The proof is divided into three steps.
Step 1. We first prove the estimate

sup [la(t)|3 < F? =27 (f5 + f).
te[0,T

To this end note that

d 27
la(t)] :2Re/ da, dz

2

(3:2) —2Re/ 1 (—i+¢)a —day, — ]a‘2a+1f0_i_iflei(kleylt)) dr

0

27
= -2 Re/ a + (ia — idag, — ilal?a — fo — flei(klx_ylt)) Jr

0
= —2[a(t)])3 + 2 Re / 2 (fo 4 fretz0) gy

0

< —=2[la()[I3 + 2lla(®) ][] fo + fre®r 0],
— —2lla(®)[; + 2lla®lly/27(f3 + £2)

< —lla(®)l3 +2n(f2 + f2)

so that q
= (e lla®l3) < 2x(fF + £
By integration this yields

la@®)z < e [la(0)]2 + 27 (fg + f)(1 —e™).
Now let t € [0, T]. Then, for m € N, we get
la@®)3 = lla(t +mD)|; < ™D la(0)|3 + 2m(f5 + f7)(1 — e D)
by the time-periodicity of a. Finally, m — oo yields

la(®)ll; < 27 (f5 + £7).
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Step 2. Next we show

%( F2+27w12f12+(<++2)F>, d<0,

2 _
ti[%%} ||a/27<t)||2 S B - 85[}7‘(1 /F2+27Tul2fl2+ffd;+2)F)+4d2F2+45F6’

(5.9)
d> 0.

For this let us introduce the modified energy (cf. [33])
E _C_l 2 _1 b 4 R, o : : i(k1z—v1t) Bd g b 2
(.8) = Gleal} = 101+ Re [ ifo-+ i Do + 5 0l

fort >0and b e H!

per(0,27). Then,

d 2 ) )

&(C:(t, a(t)) = Re/ dawamt — ]a\2a5t + (lfo + iflel(klxiylt) )Et + Ca&t + I/lflel(klziylt)a dz
0

21
= Re/ (—dam —la?a +ify + ifeltie—mt) 4 Ca)dt + 1y frelFre=tg gy
0

ot
o

(

2
) Re/ l(at —|— a/)at _|_ Vlflei(klm—ylt)a dx
0

27
= Re iaa, + vy felF1 =g de
t 11
0

27
Re/ —la;a + Vlflei(klx_”lt)adx
0
2T
= Re/ ((1 —Q)a+ dag, + |al*a —ify — iflei(klm’l’lt))d + vy frel T =g dg
0
21
= —Clla®)5 — dllaz ()15 + [la(t)]; — Re/ ifo+ (i—wn) fe™e g de
0
1 27 ]
= —2&(t,a(t)) + §||a(15)||§11 + Re/ ifo + (i+ 1) fre12=19g da.
0

In order to prove (5.9) we first suppose d < 0. In this case

d
—&(t,a(t)) > =2E(t,a(t)) — V2m\/ f&+ [+ vifE|a(t)|2
SE(talt) = —2E(t, a(t) — V2 13 + f7 + v R at)| 10

Y oe(t,a(t)) - 2w\ S+ f 4RI+ 1

so that

C(ettav)) = ~2m\/f + 12+ 01 1 + 1

By integration we find

E(t.alt)) = e ME(0,a(0) —m\/f3 + f2+ VEFA FE 4 F2L— 7).
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5. Time-dependent Lugiato-Lefever equation
Now let t € [0, T]. Then, for m € N, we get

E(t,a(t)) =E(t+mT, a(t+mT))

> e 2DE(0,(0) — 7/ + 7+ RS+ 21— 2 D)
by the periodicity of £(-,a(-)) and hence

E(talt)) = —m/ 3+ 2+ vRI 3+ 12
Thus,

—m B R

d 1 o b i(eimept) ¢
< Sl = ol + Re [ (ifo + i) ds + 5alo)
0
(5<'8)£l 2 9 ( £2 2 +( 42 2
2”%(75)”2 + m(fg + fOlla®)llz + ¢ (fg + f1)
(5.8) d

< §|\ax(t)|\§ +2n(f5 + 1) + 7 ¢ (f§ + )

from where we finally deduce

a0l < TR IL( e s+ 05+ )
= I%WW +2m 24 (¢ + 2)F).

Assuming now d > 0 the estimate (5.10) becomes

d
—&
dt

(t,a(t)) < 26 (,a(0) + 5 sup a(r)lf+2m /53 + 73+ R f + 12

re[0,T]
so that

d 2t eZt 4
— E(t,alt < — su a oI 2 2 2 f2 24 f2 2t
dt <e ( ’ ( ))) - 2 rz[o,pﬂ || (r)||4 \/f(] fl Vi1 \/f() e

By integration,

-2t
E(t,alt) < e E(0,a(0)) + (sup ||a(7“)||ii+47r\/f3+ff+V%f%\/f§+ff)
rel0,7]
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5. Time-dependent Lugiato-Lefever equation

and hence

£t a(t) < 7 swp ()l +my/73 + f2 4R+

rel0,7]

Thus,

2 sup [la(lli+ /S + 2+ vRAR F + 12

4 rel0,T]
d 2 1 4 o . : i(klz—lllt) — C 2
> O = Lt +Re [ o+ ihe®e0)ade + S0
0
(58) d 1

2 a8 2 sup fla(r)E— 2073 + 1) — wC (53 + 1)
re[0,T]

from where we find

o3 < sup fla(r) I+ o[+ R (VR + R+ R+ (2 R+ 1)

= sup |a(r)|]+ F(\/F2 +2m2f2 4+ (¢ + 2)F>
]

rel0,T

Using the Gagliardo-Nirenberg inequality (c¢f. Lemma 5.17 below) and Young’s inequal-
ity we can control the fourth order term,

64
@l < SVRla@) oz
6 2( 27d 3M||a<r>||fz;)

< 57V avg It inoan + ig

d 4096
= 5llax (Il + Flla(r)llz + == llalr)lis

729d

(5-8) d F2d 45

< Zlag(r)||? + — + —FS.

< SlalE+ ="+ o

Combining the previous two estimates we find

, _ 8dF(\/F?+2mift+ ((” +2)F) + 4d*F? + 45F°
sup |la.(2)[3 < A2 ’
te[0,7)

Step 3. Finally we prove

FQ
lal|feeiq < C §+2F\/§.

IA
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5. Time-dependent Lugiato-Lefever equation

Using (5.8) we find for every ¢t € [0,T] an element x; € [0, 27| such that

2

F
t LR q—
|a( ’xt)| — 27T

Now we can conclude

F2 2
oft,2| < falt, 2|+ alt, 2 =t ) < 542 [ laltpaste)] dy
0

F? F?
< o=+ 2lla(®)|l2llaz ()]l < 5= +2FVB.
2 2
O

Let us provide the Gagliardo-Nirenberg inequality used in the above proof. Recall
that || - ||, denotes the standard norm on L?(0,27) for p € [1, o0].

Lemma 5.17. Let b € H'(0,27). Then the inequality

64
< =

b4
ol < 5

V2ol 116l a1 0.2

holds.
Proof. From |11, Corollary 5.15] we find

16

[Vl Za@) < 2—7||v||3iz(R)llv'l|L2(R) (5.11)

for v € H'(R). Now let b € H'(0,27). We want to construct an extension c, € H'(R)
with ¢, |2 = b. First we extend b to a function b, € H'(—m,3) in the following way,

b(—x), —m<x<0,
<z <27,
b(dr —x), 2r <x <37

o
*

=

I

o
2

(@)

IN &

and observe [[b.(|72(_ 5y = 2[10]|3 as well as [[b,]|7,
Y € HY (—m,3m) N Ce(—m, 3m) defined by

) = 2[|t'[|3. Consider the function

—7,37

0, —nr<z< -1,
14z, -1 <2 <0,
W(r) =<1, 0 <z <2,
2n+1—x, 2r <z <2m+41,
0, 2n+1 < x < 3m.

\

Note that ¢ == b, € H'(—m,37) N C.(—m,37) is an extension of b and that 0 < <1
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5. Time-dependent Lugiato-Lefever equation

as well as
| (z)| <1 for almost all x € (—, 37). (5.12)

Finally, ¢, € H*(R) will be defined by

eo(z) = {c(z), —7m <z < 3m,

0, otherwise.
Clearly, C*l(ojgﬂ) = b, ||C*||L2(IR<) = ||C||L2(—7r,37r) as well as ||C;||L2(R) = ||C/”L2(—7r,37r)- Hence,
11) 16 16
Bl3 < llewllzawy < S=llelzemlldlizg = Flelzemam 1€l

16 16

= 5 19022 | (WD) 22 mamy < S l1Ball ey 19D + 4Bl 2 30
32

< = V2(BIS (06 2 3wy + [1970ell 22 3m))

27

(512) 32 > el
< SV (I Nrrsm) + 1bellz2nm) = 52 IBIB(IY 12 + 1ol1)

64
< 2—7\/§Hb||§||b||H1(0,27r)

which finishes the proof. ]
Now we can state our global uniqueness result.

Theorem 5.18. Let d € R\ {0}, fo,f1,{,vn € R and ky € N. Then (5.2) has a
unique solution a € C,,.([0,T], H2,(0,2m)) if 3C < 1, where C = C(d, fo, f1,11,¢) is

the constant from Theorem 5.16. In particular, f& + f? < 1 is sufficient.

Remark 5.19. The corresponding unique solution is of the form a(t,z) = u(x — wt)
where u is a i—l—periodic7 solution of (5.3) and w = t+. Thus, it has the shape of the

pump.

Proof. Equation (5.2) has at least one solution a; € C},.([0,T7], H2,,(0,27)) due to The-

per per
orem 3.1. Now let ay € C}.([0,T], H2,.(0,27)) denote an additional solution. Then

per
HajH%oo(Q) < C for j = 1,2 by Theorem 5.16, which easily implies

H|CL1‘2(11 - |a2|2a2||L2(Q) S 30”&1 — CL2||L2(Q).
Note that a;, 7 = 1,2 solves the fixed point problem

a; = L7 (|a;%a; — ifo — ifrel®ro7it),

where 5 52
L=—-1—+(-14() —d=—
ot ( % Ox?
"In case of e(s) = ¢"*1* we can work in HJ,, (0, %) instead of Hp,,(0,2) in Theorem 3.1.
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5. Time-dependent Lugiato-Lefever equation

Hence,
lar — asl| 20y < 3C|| L7 |[lar — a2l 12q),
T | L~ || 12(). Next we show 3C||L7'|| < 1 which

implies a; = a9 and thus finishes the proof. To this end we decompose a function
. . . . . : 2127
b € L*(Q2) into its Fourier series, i.e., b=, ., e €€ 7" so that

where ||[L7Y| = sup,cr2o),

- bk ika il 2%
L lb:k’lzezl%ﬂ—i‘dké—i'f‘cek el t,
Since
20y = 20T 3 ot 5 2 = i
pacr L+ (IF + dk? + () ke
we get ||[L71| < 1 which, due to our assumption 3C < 1, is all we had to show. O

Note that it remains unanswered if there is a choice of the parameters d, fo, ¢, k1, v1, f1
such that (5.2) admits a time-periodic solution which is not of the form a(t, z) = u(x—wt)

where v is a solution of (5.3) and w = .
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6. Approximation formulas

6. Approximation formulas

6.1. One mode case

In [68], Wabnitz used an approximation formula for soliton solutions of the following
variant of the stationary LLE

—dd" + (ia+{)a—|a]’a+if, =0on R,  a'(0) =0, (6.1)

where we assume «,d,( > 0 and f, # 0, c¢f. also [31]. Note that in the anomalous
dispersion regime it is reasonable to consider the LLE on the real line since strongly
localized solutions of (6.1) serve as good approximations for periodic solutions, cf. |31].
Note also that the condition a’(0) = 0 breaks the shift invariance. An advantage of this
approach is that for a = 0 and f, = 0 the explicit solution family

ag(x) = \/2¢ sech<\/§x) ¢’ 6elo,2n)

is known, where sech denotes the hyperbolic secant. It serves as the basis for the
approximation formula used by Wabnitz which reads

a(r) = ax + ap(x),

where cos6* = %ﬁf and where the constant background a., € C is the solution with
smallest magnitude of
(=i + Voo — |Gso|? o0 +ifs = 0.
Here, the parameters have to be chosen such that /8¢ < 7| f.|.
Our goal is to provide a mathematically rigorous approximation theorem. We use a
bifurcation approach and consider the equation
—dw"” + (—ie + Qw — |wf*w +ief =0on R, w'(0) =0, (6.2)

where ¢ is considered as bifurcation parameter. Compared with (6.1) we have ov = ¢ and
f« = f so that cos0* = ‘/F—Bif in our setting. We fix ¢ > 0, f # 0 such that /8¢ < 7| f]
and denote by we. = ws(€) € C the solution with smallest magnitude of

(—ie + OWao — |Woo|*weo +icf = 0. (6.3)
This choice of wy is made since we want to have a curve with w.,(0) = 0. We will work

with the real Hilbert spaces H = {¢ € H*(R) : ¢(z) = ¢(—x)} and L = {¢ € L*(R) :
¢(z) = ¢(—x)} and the scalar product

(b, 9) L2(m) = Re/Rngdx.
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6. Approximation formulas

Roughly speaking, we can formulate our approximation result in the following way.

Approximation result 6.1. Let d,( > 0, f # 0 such that

V8¢ V8¢

X 2 <1 and cosf* =

mlf| wf

Then, localized solutions of (6.2) have the form

w(e) = weo(€) + ag- + e + O(e?)

= ap- +a<w - %) +0(e?),

o (1) = @h<\/§)

and where 1) € H is a suitable solution of

where

— 2if
2 2 . 2
W — agp = lage — —=|ag<|” + “ag..

0 ¢ c %

Remark 6.2. (o) Compared to the approximation formula used by Wabnitz, our result
also provides a first order correction term €. Details of the function ¢ will be explained
in Theorem 6.6.
(8) In physical constants the LLE reads

[ 1 Pin
—dya” + (—ig +wo — wp>a — gla?a +i ngo =0,
cf. Section 2. By a(x) =, /ﬁ&(, /ﬁx) we get

—dy" + Gy — 2|ap-

1 2 8gnPm 3
—a'+ <—ie+f(w0—wp)>a— )% + i }_5170#53 = 0.
Comparing the last equation with (6.2) we see ( = 2(wy — w,) and f = %\/E.

Now the condition /8¢ < 7|f] leads to

2(wo — wp) hwok

5 < Py.
T™ng

Next we want to find and prove a mathematically more precise formulation of Ap-
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proximation result 6.1. We decompose w = wy, + w with w € H and define the map

) RxH = L,
l (e,) = —dw" + (=g + O — [weo + WP (Weo + W) + [Weo|*Wee.
Note that
) R = RxH,
‘ 0 — (0,&9)

describes a trivial curve of solutions (e, w) of (6.2), i.e. G(T'(A)) = 0 for § € R, from
where we wish to bifurcate at some point (0, ap+). In particular, (0,9pap) = (0,iag) lies
in the kernel of 0(c,#)G(0, ap). As we shall see there may be more elements in the kernel.
Next let us fix the value 6* such that cos0* = ‘/ﬂ—gjf and let H = span{iag-} © Z where,

e.g., Z = H Nspan{iag-}1r2. It will be more convenient to rewrite w = ag + v with
v € Z, cf. Section 3.6. In order to justify this, note also that the map (6,v) — ag + v
defines a diffeomorphism of a neighborhood of (6*,0) € R x Z onto a neighborhood
of ag- € H since the derivative at (0*,0) is given by (A, %) +— Aag- + ¢ which is an
isomorphism from R x Z onto H. Let us define

) RxRxZ — L
' (0,e,v) — G(g,a9+v)

which is twice continuously differentiable. Our goal is to solve
F(0,e,v)=0 (6.4)

by means of bifurcation theory, where # € R serves as artificial bifurcation parameter.
Notice that F'(0,0,0) = 0 for all 6 € R, i.e., (¢,v) = (0,0) is a trivial solution of (6.4).
We will use the following formulation of the Crandall-Rabinowitz Theorem of bifurcation
from a simple eigenvalue [9, Theorem 1.7].

Theorem 6.3 (Crandall-Rabinowitz). Let I C R be an open interval, X,Y Banach
spaces and let F: I x X =Y be twice continuously differentiable such that F(X\,0) =0
for all X € I and 0,F(X\,0) : X — Y is an index-zero Fredholm operator for \g € I.
Moreover assume:

(H1) there is ¢ € X, ¢ # 0 such that ker 0, F (\g,0) = span{¢},
(H’Q) 8923,)\F()\070)[¢] ¢ rangeamF(A()aO)'

If K is any complement of ker 0, F' (Ao, 0) in X, then there is a neighborhood U of (Ao, 0)
in I x X, an interval (—a,a), and continuously differentiable functions \ : (—a,a) — I,

€:(—a,a) = K such that A\(0) = o, £(0) =0 and

FHO)NU = {(Ma),ad + a(a)) : |a] < a} U{(N,0): (\,0) €U}
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6. Approximation formulas

Finally,

3(0) = — L 1P 00, 0)19, 91, 67)
2 (02,1 (X0, 0)[¢], %)

where span{¢*} = ker 9,F ()Xo, 0)* and (-,-) is the duality pairing between Y and its dual
Y.

In order to show (H1) let us define the operator

L
A:{H — L,

o =Y+ (Y = 2]ag [P — agi)
and %/ y
. i i
b= —iag- + T\%*\Q — Zag*.

Observe that 9, F(0*,0,0)1 = Az for ¢ € Z. Within the next lemma we will show that
0.F(0*,0,0) = b and that 6* is chosen in such a way that

Ap = —b (6.5)

has a unique solution in Z, which we denote by ¥*.

Lemma 6.4. Let d, > 0, f # 0 such that /8 < 7|f| and cosf* = \{r—gjf. Then, the

kernel of O F(6%,0,0) is one-dimensional and range d(. ) F(6*,0,0) = span{iag- }-22.

Proof. From [19, Lemma 3.5] it follows that A is a self-adjoint index-zero Fredholm
operator with ker A = span{iag-} (cf. also [20]). Further,
O.F(6%,0,0) = —iag — 2|ag-|*w’ (0) — az.w’_(0),

[e.e] o

where w’_(0) denotes the derivate of € — w(¢) at € = 0. From (6.3) one finds (w’_(0)+
if =0, whence
21f if 5

a&-F(e*?0,0) = —ia,g* + T|CL9*|2 — ?ae* = b

For (§,1) € R x Z belonging to the kernel of J(c,)F(0,0,0) we have
ey F(67,0,0)[6, 9] = Ay + 5b = 0.

If 6 =0 we find Ay =0, i.e. ¢ € span{iap-} N Z = {0}. Hence we may assume w.l.o.g.
that 6 = 1 and ¢ has to solve (6.5). By the Fredholm alternative and the self-adjointness
of A this is possible if and only if b 1 ;2 iag+. This is true due to the choice of #*, in fact,

o :
(b,iag+) 2y = Re/ (—iag* + %f\ag* 2 — £a§*> (—iag-) dx

R ¢

= Re/]R —2( sech? (\/gx) + f\/g(ge—w* — ¢%") sech? (\/gx) dx
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= / —2( sech? (\/Ex) + f\/%cos 6* sech® (\/Ex) dx
R d d
= /R —2( sech? (\/gm) + % sech® (\/gx> dx

= —2\/%/Rsech2(x) dx+8\7/rd_C/Rsech3(x) dx

—_——— —_———
=2 =

Wl

=0.

Thus, there exists ) € H solving (6.5) and ¢ is unique up to adding a real multiple of
iag-. Hence, there is a unique ¢* € Z solving (6.5) so that dimker d(. ,)F'(6*,0,0) =1
and it remains to determine the range of Ji . F(6*,0,0). Since b € range A we find
range J(. ) F'(6*,0,0) = range A = span{iag- }""2*> which is all we had to show. ]

From the proof of Lemma 6.4 we know that ker 9. ,)F'(6*,0,0) = span{(1,1*)}, where
* € Z denotes the unique element of Z which solves (6.5). Let us prove the transver-
sality condition (H2) in the next lemma.

Lemma 6.5. Let d,{ > 0, f # 0 such that /8 < w|f| and cos0* = gf. Then,

8(25,v),9F(9*7 0, O) [17 ¢*] Q/ range a(a,v)F(0*> 0, 0)'

Proof. Recall that

% i
Oewy F(6,0,0)[1,9"] = =d(*)" + (" = 2l|ag[*y" — ag)* —iag + Tf|@0|2 - ?fa(%,
whence of
0%y o F(07,0,0)[1,¢%] = ag: — 2iag.9* + ?ag*.
Further, range 9. ., F'(6*,0,0) = span{iae- } 72> by Lemma 6.4 so that it suffices to show
o 2f , —
Re ag- — 2iag.* + ——ag. | (—iag) dx # 0.
R ¢
In fact, using Aag- = —2|ag-|*ag-, we find
— 2
Re/ (ag* — 2iag.* + —faz*) (—iag-) dx
R ¢
9
= Re/ —i|ag:|? — 2|ag-|*ag-1h* — i\a9*|2ag* dx
R ¢
9
= Re/ Aagp* — i\ag*\Qag* dx
R ¢
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== Re/ ag*Aw* - i|a9* 2@9* dz
R ¢
) 21 if 21
= Re/Rag* (—1@9* + Tf]ag* 2 ?fag*2> — Tf]ag* 2ag+ dx
= Re/ —z|a9* Yage dx = ilm/ |ag- |*ag- da
R ¢ ¢ R

=2/2(f Im/ sech? (\/§x> e dr
R
— —2V/2df sin §* / sech®(z) dw = —7 fV/2dsin 0* #£ 0
N

Wl

since | cos 0] < 1. O
Now we can state our approximation theorem.

Theorem 6.6. Let d,( > 0, f # 0 such that

E<1 and cosf* = V8¢

mlf| f

Then, there is a > 0 and a continuously differentiable curve C : (—a,a) — R x H with
C(e) = (e,w(e)), C(0) = (0,ag-) such that G(C(g)) = 0 for |e| < a and such that locally
near (0, ag-) all solutions of G(e,w) = 0 lie on the curve T or on the curve C.
More precisely,

W(e) = age + (b + iyag:) + O(e?),

where Y* € H is the unique solution of (6.5) with ¥* L2 iag- and where
Re [ a2 (4")? — o ag- + Lagy de 72— 16
7 fv/2d sin 6* m2(

Proof. The assumptions of Theorem 6.3 are satisfied due to Lemma 6.4 and Lemma 6.5.
If £ is any complement of span{¢*} in Z then K = R x K is a complement of
span{(1,9*)} in R x Z. Thus, Theorem 6.3 provides an interval (—a., a.) and continu-
ously differentiable functions 6 : (—a,a.) = R, & : (—a., a.) = R, & & (—as, a.) = K
with 6(0) = 6%, £&1(0) = 0, £&(0) = 0 such that

FO(a), a(1,9") + a(&(a),&(a)) = F(O(a), a+ a& (o), a™ + aba(a)) =0

for |a| < a, and such that locally near (6*,0,0) all non-trivial solutions of F'(0,e,v) =0
are of that form. Let us abbreviate (o) = o+ af;(a) and v(a) = ar* + as(a) so that
F(f(a),e(a),v(a)) = 0. Next, observe that G(s(a), w.(a)) = 0 for W, () = aga)+v().
Since £(0) = 1 we find a local reparameterization (¢,w(e)) of (e(«), w.(cr)) on some
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6. Approximation formulas

interval (—a,a). Note that
@(e) = age + 5(¢* + ié(O)a9*> + O,

so that the proof is finished if we can show 6(0) = ~. Theorem 6.3 yields

1 0% 02 F(07,0,0)[(1,97), (1,4")], g+ ) s

6(0) =
0= s F(0,0,0)[L, 9 a0 ) gy

From the proof of Lemma 6.5 we already know

<a(25,v),0F(9*7 07 O) [17 w*]a ia@* >L2(R) = —Wf\/Zl sin 0*.

Further,
e )2 F(07,0,0)[(1,47), (1,47
= — 2a5 ()2 — dag- | |2 — 2iv* + %amw + ?fa(,* Im ¢
g\ e*\2+2C—j;2 ag- —2<—J;2@9 - 25; age,
whence
(O F(07,0,0)[(1,4%), (1,97)], 10+ ) o

Af V8df

- Re/ 20 (0" 20T+
R

which is all we had to show.

6.2. Two mode case

sin 0*(7* — 16)

Here we want to provide an approximation result for a simplified version of the following

two mode equation

—du" +iwu’ + (=1 + Qu — |uPu +ify +ifie™® = 0.

The simplified equation will hold in the case |fi| < |fo| and will have the advantage of
admitting constant solutions. We start with the derivation of this model which is due

to Huanfa Peng®. The main idea is that

f1 sin(ky @) f1

Jot 147 =\ J3 + 2fo i cos(huz) + f2e! RS 2 foe'

8Institute of Photonics and Quantum Electronics (IPQ), Karlsruhe Institute of Technology, 76131

Karlsruhe, Germany
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6. Approximation formulas

in the case |f1]| < |fo|, where we made use of arctanz ~ = for x — 0. Equation (6.6)
then becomes

f1
—du" +iwu + (—i+ Qu — |ulu + i foel o Sn1®) —
Cf .
The ansatz u(z) = v(z)e o ™" leads to
—dv" +iV(z)v' 4+ (—iW (z) + U(x))v — |v|*v +ify = 0,

where V(z) = w—2dki ¢+ cos(kix), W (x) = 1—d%k‘% sin(kyz), U(z) = C+dk%% cos?(kyz)—

wk:1
to

# cos(kix). Next we use the realistic simplifications W(z) ~ 1 and U(z) ~ ¢ leading

—dv" + iV (2)v" + (=i + Qv — |[v[*v +ify = 0. (6.7)

In order to fit (6.7) into a mathematical theory similar to the one used in the previous
section we need to restrict to the special case where w = 0, i.e.

—dv" — Qidkl% cos(kiz)v’ + (—i+ Qv — [v[*v +ify = 0. (6.8)
0

We use a bifurcation approach and consider the equation
—dw" + 2ieBsin(kz)w’ + (—ie + Ow — |w]*w +ief = 0 on R, w'(0) =0, (6.9)

where ¢ serves as bifurcation parameter. Note that the sine term of (6.9) can be trans-
formed into a cosine term like it appears in (6.8) by a simple shifting argument. Roughly
speaking, we can formulate our generalized approximation result in the following way.

Approximation result 6.7. Let d,( >0, f #0, f € R, k; € N such that

ﬁl—J@‘ iﬁf@‘%)’

< 1 and cosf* =

where
sinh(x)

dz.
cosh®(z) v

d
R = R(ﬁ, C, d, ]{51) = —4BC/ sin( —k1I>
R ¢
Then, localized solutions of (6.9) have the form

w(e) = weo(€) + ag- + e + O(e?)

= ag+ + s<¢ — %) + O(?),

ag-(r) = \/isech(@x) elf”
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6. Approximation formulas

and where 1) € H is a suitable solution of

Lif e

+ —ag. — 2B sin(kyx)ay..

¢

. % f
Y — agup = lag- — —]ag*

—dy" + (Y — 2|ap-|? c

Remark 6.8. The counterpart of (6.7) in physical constants (pumped modes: ko, k1)
reads
HT/Pin,O

hwy

—dpv" + iV ()" + (—ig +wp — wpo)v — glv]Pv +i =0,

where

SO Wi — Wy, — Wi +w Pawyg
by = i — ko and V(z) = S B ok — 2k = R cos(ky ),
1 in,OWE1

cf. Section 2. By v(x) =, /2g€z(x - ﬁ), we get

2d 2ie o 2 8911 o _s
—7282" + %EV(:I;)Z’ + (—ie + f(wgo — wp0)>z — |2)*2 +i gg@gﬁfag =0, (6.10)
where
~ Wy — Wy, — Wi T w Ppiws
Vir)= o200 TP ok + 2daky g | o sin(ky ).
k1 in,0Wg,

In order to fit our mathematical situation, we need to restrict to the case where

Wiy — Wpo — WE, + Wy,

¢ doky =0
s + daR )
i.e.
V(z) = 2dyk Bin 10y, sin(kyz).
= Z2d2ky Prvowy, 1

Physically, this means that if the frequency wy,, of the first pump is tuned arbitrarily,
the frequency of the second pump needs to be tuned to w,, = wp, + wy, — Wi, — dok?.
Comparing (6.10) with (6.9) we see ¢ = Z(wp — wy,), f = 8977131,10\/5 and 3 =

1n 1w
—d2k1 %o Using sinz ~  for z — 0 and

P ]700.}]61
inh
/:U81n3 (x) dr — 1
r cosh’(z)
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6. Approximation formulas

we can approximate R ~ —45ky+/(d. The condition Tl ‘1 4\ﬁ‘< 1 then simplifies to

(o 2 ) s,
K

P owy, 91nPmo

In order to find a mathematically more precise formulation of Approximation re-
sult 6.7 we can proceed analogously to the last section and only need to do some slight
modifications. In the definition of G we need to include one extra term, i.e.

1
G(e, ) = —§w” + 2ieB sin(ky )W 4 (—ie + )W — |Woo + W|* (Woo + W) + |Woo|*Woe.

Thus, the operator A remains the same but the function b becomes

2i i
b= —iag + Tf|a9* — g

ag. + 218 sin(kyz)ap. .

The change of b also effects the definition of §* which is determined by (b, iag-) 12(r) = 0.
In fact, with

R(B,¢,d, ky) = —46{/5111(\/71611:)de ~ —4fk1+\/Cd

cosh? ()

we find this time

(b,iag+) 2wy = V2d(—/8C + 7 f cos6*) + R

V8C 1 R \/SC
mf 4\/_

Note that the change of b also effects the definition of Y*, cf. (6.5). In order to prove
the transversality condition (H2) we now find

whence

cos * = (1 + Bky1).

— 2
8(28,U),9F(9*7 0,0)[1,%*] = ag- — 2iaz.\* + ?faz* — 28 sin(kyx)ay.
instead of of
OF )0 F(6%,0,0)[1,0%] = ag. — 2dag.v* + ?ag*
But since

(=28 sin(kyx)ay., iag+) 2wy = 0

we once again see that (H2) is satisfied. For the determination of  notice that this time

<a(257v)2F(0*707 O)[(17¢*>7 (17¢ ) la9*>L2(R
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=Re / 2idge>(1*)? — 20 agr + %am%ﬁ* + 4B sin(kyz) (¢*) ag- dx

R
V8df 9 R
in 6* —16(1 - —
- ¢ sinf (7T 6( 4\/C_d>)
instead of

<a(2€,v)2F(0*7 07 0)[(1a ¢*)’ (17 ¢*)]v ia9*>L2(R)

= Re/ 21@2(2/}*)2 — 2¢*a9* + %a9*21/}* dx +
R

\/gf sin 0*(7* — 16).

Hence,

Re [ ig-*(4")? — @ + 2Lag-2y* + 2B sin(kys) (") - da
B 7 fv/2d sin 0

)

Now we can state our generalized approximation result.

Theorem 6.9. Let d,( >0, f #0, 8 € R, ky € N such that

VK| R VK[, R
1] 1—4\/<_d<1and cos —7(1—4—@).

Then the conclusions stated in Theorem 6.6 hold with
Re [ i@g-2(")? — " + Zag-2y" + 28 sin(kys) (V") e da
e 7 fy/2d sin 6%

+%2C(W2—16<1—%i>).
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7. Outlook - Pumping multiple modes

In Section 4 we have illustrated that 1-solitons arising in a dual-pumped resonator are
spectrally broader and spatially more localized than 1-solitons achieved by pumping only
a single mode. Therefore, it is natural to ask what happens if more than two modes are
pumped. Here we write again (o instead of ¢ for the detuning of the first pump. Let us
denote by k; € Z, j € {0,...,n — 1} the n distinct pumped modes. If we assume (for
simplicity) that the initial phases of all pumps are zero then the evolution of the field
inside the cavity is described by the following nonlinear coupled mode equations

&Zlk K i

A —i(wp, —wz )t . a2 —i _ _
W = _§Ak+ E 6k’]‘€'j\//€ext5je Pk +1g E Ak/Ak//Ak///e iwpr e —wpm wk)t,
7=0 Kk — k! =k

cf. Section 2. The description of the physical quantities is the same as in Section 2 with
the only difference that j = 0,1 has to be replaced by 5 = 0,...,n — 1. By using the

transformation
~ /29 i (2 —idk?r ik
a(r,z) = E Al —7 |e 9" Te™

kEZ

we find the partial differential equation

- -1
.0a e e X (Tw s 3
18_ = —da" —ia — |a|2a +1 E fje‘(kﬂ_”ﬂ), a 2m-periodic in x,
-
Jj=0

where 7 = kt/2, d = 2dy/k, and (; = Q(W';;j — wy,)/K, Vj = dif? — G N = Kext/K,
fi = \/8ng/k%s; for j =0,...,n — 1. Setting

a(t,z) = e_i(%("””d%ﬂ_%ﬂ&(ﬂ T+ 2d%07)

leads to
Oa n-l
ia = —da" — (i — Go)a — |afa +ifo + iz fielkie=vim), a 2m-periodic in

Jj=1

with k; = k; — ko and v; = (o — ¢; + dk? for j = 1,..,n — 1.

In the two mode case the traveling wave ansatz was crucial for simplifying both the
analysis and the numerical computations. In the general case of pumping multiple modes
such a traveling wave ansatz is not possible for arbitrary parameter choices. However,
by imposing the following side constraints we can overcome this issue,

k.
vj = k—iyl forj=2,..,n—-1 (7.1)
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7. Outlook - Pumping multiple modes

Note that in this case

k k;

kjx — v;T = kjxr — k—jle = k—](klx — ) for j=2,...,n—1.
1 1
The conditions (7.1) translate to
k; k; .

or, in terms of physical quantities,

ki — k Ky — k;
Wi —Wy, = J—J)(w;gl—wpl)%—f =
! ki — ko ki — ko

(w%o_wpo)+d2(Ej—z0)(Ej—E1) for j =2,...,n—1.

Physically, this means that if the first two lasers are set to arbitrary detunings wy —wp,
and wy — wp, then the detunings of the remaining lasers must be tuned in the unique
way imposed by (7.1). The traveling wave ansatz a(7,z) = u(z — w7r) with s = 2 — w7
and w = vy /k; now leads to

n—1
—du” +iwu’ — (1 — C)u — |ulu +ify + iz fie*s =0, u 2m-periodic.
j=1

First numerical experiments with pde2path suggest that as in Section 4 pumping of
adjacent modes with equal power distribution between the modes leads to optimal combs.
Thus, from here on we choose the pumped modes as k; = j with j = 0,...,n—1 for some
n € N and consider the problem

n—1
—du” +iwu’ — (1 — Go)u — [ul*u+ifo +ifs Z e’* =0, u 2m-periodic, (7.3)
=1

where f; = fi > 0 for j = 2,...,n — 1. Note that the side constraints (7.2) then read

G =56+ (1= )+ d(G —1)j for j =2,.on — 1

and observe also that several of the theoretical results stated in Section 3 hold for
equation (7.3) due to the general forcing term used there. In order to find localized
solutions of (7.3) we can apply a heuristic algorithm similar to the one mentioned in
Section 4.3. That is, starting from f; = 0 and a constant solution ug € C we perform
a continuation w.r.t. the fi-parameter until f; = fy is reached, whence we alternately
run a continuation algorithm by varying either the (y- or the w-parameter. Since our
experiments suggest that the choice w = (n — 1)d is optimal in the case of equal power
distribution fy = ... = f,_1 we can in fact reduce the optimizations from the algorithm
to a single optimization step in (. Let us denote the normalized total input power
by f? = Z;:S f7. For the example d = 0.1, f = 2 we computed the most localized
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7. Outlook - Pumping multiple modes

soliton (i.e., minimal FWHM) for the expected optimal power distribution fo = ... =
fno1 = f/+/n for any choice of n = 1,...,50 and evaluated the PCE, the CBW as well
as the FWHM of the resulting comb state u(s) = >, _, @xe'**. The results are depicted
in Figure 23. We see that PCE and CBW increase while the FWHM decreases with
increasing number of pumped modes. Hence, it seems to be beneficial to pump as many
modes as possible. Here, the PCE is defined as ratio Prc/f? between intracavity comb

power
n—1 f2
.12 ks |2
Pyc = Z || — Z FW!J
keZ k=0
and the normalized total input power. In the special case fo = ... = f,_1 = f//n we
find

1 n—1
Prc =Y _lig)* = =l
n k=0

keZ
The CBW is again defined via the 3dB points of the adjacent non-pumped modes, i.e.,
CBW =k + k.

with minimal integers & > 0 and £} > 0 that fulfill

1 1
N 2 L2 . 2 L2
A e (Y e (Y e
2 2
respectively.
0.8 30 0.3
06 e .
a e L2 - = 0.2
004 e 5 o)
[a o &) B
10 - 0.1
0.2- 07 T e
0 0 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 2 30 40 50

n n n

Figure 23. Power conversion efficiency, comb bandwidth and full-width at half-maximum
of expected optimal soliton for d = 0.1 and f = 2 as function of number of pumped
modes.

In Figure 24 we added plots of the spatial and spectral power distributions of the ex-
pected optimal solitons for d = 0.1 and f = 2 for n = 3,4,5,6. One can observe that
the soliton gets spatially more localized and spectrally broader as n increases. Note that
for k£ € N the power in the mode £ is higher than the one in the mode —k since we only
pump modes with nonnegative indices.
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60 -1
—n=6 -n=6
50 —n =
n=4
40 —n=3
EZ’)O
20
10
0 — -
-7 -5 0 5 T -20 -10 0 10 20
s k

Figure 24. Spatial and spectral power distributions of optimal solitons for d = 0.1 and
f=2forn=23,4,5,6.

In order to formulate a limit equation for the case n — oo let us consider u,, as an
optimal solution of

—du +iwu’ — (i — Co)u — |ul*u + u 2m-periodic.

if tL
— e’® =0,
Von +1 j:zn

Note that here we are summing from j = —n to j = n in order to include all modes for
n — oo. In this case the optimal choice of w for equal power distribution translates into
w = 0, whence

—duy, — (1 — Con)tn — |Un\2un u, 2m-periodic,

if “L
TR S )
v2n+1 j:zn
where (o, denotes the optimized (y. For v,(s) = v/2n + lu,(s) we find

1 LI
n 1|vn|2vn +if Z e’ =0, w, 2m-periodic.

j=—n

—dvp — (1= Con)Un —

2n

Since >0, ¢% tends to a delta potential 278y for n — oo it would be interesting to
find and analyze an appropriate limit equation for n — co. Note that Theorem 3.14 only
implies ||u,||3 < 27 f?, whence (v,)neny does not seem to be bounded in L?(0,27). But
due to better L'(0, 27)-bounds of the pump one may find boundedness in the L'(0, 27)-
setting. This is currently not yet understood and it would be interesting to see more
detailed research in this direction in the future.

112



A. Band structures for periodic fractional Schrédinger operators

A. Band structures for periodic fractional
Schrodinger operators

A.1. Introduction

Appendix A is not related to frequency combs. Here, we study the spectrum of frac-
tional Schrodinger operators with periodic potentials. The operators formally read as
L= (-A)+V(z) 4+ abper(zy). Here, s € (1/2,1), a € R, V € L>*(R",R) is 2m-periodic
in x1,...,2, and O, denotes a 2m-periodic Dirac comb. In the case a = 0 we even
allow s € (0,1). We give an exact definition of these operators using sesquilinear forms.
Our goal is to generalize the well-known band structure of the spectrum of periodic
differential operators to the fractional case. We use Floquet-Bloch theory to give a
representation of the spectrum o(L) in terms of the spectra of associated operators Ly
acting on the periodicity cell P™ := (0,27)". Note that Lj can not be simply defined by
acting via the same expression since L is a nonlocal operator. We show that the spectral
definition of the fractional Laplacian, denoted by (—A);, leads to the right operators
Ly = (—A); +V(z) + ad(xy,). Our main result is given in Theorem A.14 and states

o(r) = | o(L),

keBm

where B" = [—1/2,1/2]" denotes the Brillouin zone. The operators Lj have purely discrete
spectrum o(Ly) = {\(k) : I € N} with real eigenvalues

A(k) < Aolk) < oo < N(k) B2 o0
The sets I; == {N(k) : k € B"} are compact intervals, whence o(L) = J,cy i has
so-called band structure. Floquet-Bloch theory does not answer the question whether
gaps really occur in the spectrum or whether the bands actually overlap. Using the
one-dimensional examples L = (—A)® £ 2m0,e, (), we show the existence of at least one
spectral gap in the fractional case s € (1/2,1). In Section A.2 we collect some important
facts about fractional Sobolev spaces. Section A.3 is dedicated to direct integrals which
occur in a natural way in Floquet-Bloch theory. Section A.4 introduces the Floquet
transformation which is the right tool for connecting the whole space problem with a
family of problems on the periodicity cell. In Section A.5 we start our spectral theory
in one dimension and we provide a multidimensional generalization in Section A.6. In
Section A.7 we treat our one-dimensional examples in which a spectral gap occurs.
Section A.8 contains the proofs of some technical results. Finally, in Section A.9 we
prove that the eigenvalues \;(k) of the periodicity cell operators depend continuously on
the parameter k.
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A. Band structures for periodic fractional Schrédinger operators

A.2. Some background on fractional Sobolev spaces

In Section A.2 we collect some important facts about fractional Sobolev spaces. A
detailed introduction can be found in [13].

Let 2 C R"™ be open and s € (0,1). The fractional Sobolev space H*(€2) is defined as

HY(Q) — {u € 12(Q) : /Q Qdedy < oo}.

|z — g+

This space is endowed with the natural norm

1
_ 2 u(z) — u(y)l? ?

e (/ﬂ Q%@ d@J)é

is the so-called Gagliardo seminorm of w.

Il

where the term

If 2 = R", there is an equivalent definition via the Fourier transform,

1

Fp(&) =p(&) = W /Rn @(w)e’if% dx for p € L'(R"), ¢ € R™.

As usual, F extends to a unitary map F : L?*(R") — L?(R"). By |13, Proposition 3.4],

E) = {ue PE): [ (141 BePds < oo

and
[u] s @ny = Ci(n, s) s |EPla(e) | de (A1)
for the constant ) (1)
_ — cos(zy
Cl(n, S) = 2/n WLT dz. (AQ)

Therefore,

|

win = ([ (0416w ae)

defines an equivalent norm on H*(R"™). We define the fractional Laplacian (—A)¥? by
(=A)72u = FH(|¢]*u(€)) for u € H*(R™). Note that although (—A)® appears in the
formal definition of L, we will only need to deal with (—A)*? since we follow a sesquilinear
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A. Band structures for periodic fractional Schrédinger operators

form approach.

By [13, Proposition 3.8], any function u € H*(R") for s € (1/2,1) has a trace v on the
hyperplane {z, = 0}, such that v € L2(R"!). In order to study our sesquilinear forms,
we will need the following inequality. The proof is given in Section A.8.

Theorem A.1. Let s € (Y/2,1) and ¢ > 0. Then there exists a constant D = D(n,s) > 0
such that u € H*(R™) has a trace at {x, = 0} and

(-, )12 n-1y < D(e”s/%*luuuig(w) + gQS[U]zs(Rn)).

Next, we move to the periodicity cell P" = (0,27)" and want to equip H*(P™) with
quasiperiodic boundary conditions. For this purpose, if u € L?(P"), k € B" = [—1/2,1/2]"
and [ € Z", then we write

1 . T 1 ‘ T
S i(k-+) (.)> _ (k0T g
Ukl (27_[_)71/2 <U7 (] L2(pn) (27T)n/2 /n U(I)e X

Observe that ((27)7"/%1(’“”)”'))lezn forms an orthonormal basis in L*(P") and

1 (BT
- E o elEHD ()
u = = Up, 1€ .
(2m)"/ =

Let s € (0,1) and k € B". By means of a discrete Fourier characterization, we define
the space Hj(P") as

HE(P") = {u € L*(P"): Z (L4 [k +1%)" [ * < OO}>

lezn

with norm

=

|yu||H;(pn) = (Z (1 + |k + 5‘2)s |@,w|2> )

lezn

Further, the quasiperiodic fractional Laplacian (—A)';/2 : Hi(P") C L*(P") — L*(P")
is defined by
Ay e 57 el RH)T0)
(—=A)Pu = T > 1k + 1P Tge . (A.3)
lezn
Note that (A.3) holds for s = 2, i.e. for the usual Laplacian, which motivates this

definition. Note also that (—A)Z/Q is self-adjoint and that H;(P™) is a Hilbert space.
The following lemma shows that, in fact, H;(P") is a subspace of H*(P"). The proof is
an adaption of [13, Proposition 3.4].
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Lemma A.2. Let s € (0,1) and k € B". Then, for u € H{(P"),

[y < Ca(m, ) [[ (=)0 oy
where the constant Cy(n, s) is defined by (A.2).

Proof. We consider u as quasiperiodically extended to R™. Then,

|u(z) —uly)l? Z+y u(y)|?
i /n/n |J:— |"+2s dedy = n n_y |2[n+2s dedy

lu(z +y) —u(y)|®
// |2[+2s dzdy = - |Z—|n+zs 7Dn| u(z +y) —u(y))? dy dz.

By the Plancherel theorem we further conclude

i < [ MMSD (et )~ Wl dz

lezr
/ |2|m+2s D 1 1Pl da
lezr
1—cos((k+1)%2) .
=2 Z /n |22 dz [ii|.

Now choose an orthogonal matrix R € R™" with R(k + 1) = |k + l|e;, where ¢; =
(1,0, ...,0)T. Using the transformation 2 = RT¢ we have

/ 1 —cos((k+1)"z) dz:/ 1 —cos(|k +1]¢1)

‘Z’n+23 K“n+2s dC

A further transformation ¢ = |k + [|7*¢ (we can assume |k + | # 0) yields

_ T 1— 1
/ 1 — cos((k +1)") dz:/ L@damu%:Eclm,s)lkﬂl%,

‘Z‘nJrZs ’£|n+25

so that finally

[u]%IS(P") < Cl(nws) Z |]€ + l|28|@k,l|2 = Cl(n’S)H(_ S/2 || ]

L2 Pn)
lezn

We can also prove an analogon of Theorem A.1 for functions acting on the periodicity
cell. The proof is given in Section A.8.

Theorem A.3. Let s € (1/2,1) and € > 0. Then there exists a constant C = C(n,s) >0
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such that w € H*(P™) has a trace at {z,, = 0} and
i Oz2(on—r) < C<(E2S + e ullFa oy + 525[U]%rs(7>n>>'

A.3. Direct integrals

Direct integrals occur in a natural way in Floquet-Bloch theory. We limit ourselves to
the most important facts and refer the reader to [55] for more details.

Let H be a separable Hilbert space and (2,9, 1) a o—finite measure space. We call

(&)
/ Hdp = L*(Q, H)
Q

a constant direct integral. We say that a map k +— By from Q to the space L(H) of
bounded linear operators on H is measurable if Q@ — C, k +— (B, ¥) y is measurable for
all o, ¢ € H. Further, we call amap k — Ay from 2 to the space of (possibly unbounded)
self-adjoint operators on H measurable if the map Q — L(H),k — (A +1iId)~! is
measurable. For such a map we define an operator

T @
A:D(A)C/ Hd,u—>/ Hdu
Q Q
with domain
®
D(A) = {w € / Hdp: (k) € D(Ag) for a.a. k € Q,/ | Apab (k)13 dk < oo}
Q Q

by
(AY) (k) = Agp(k).

52
A:/ Ay dk.
Q

In this situation we have the following result, see [55, Theorem XIII.85].
Theorem A .4.
(a) The operator A is self-adjoint.

We write

(b) For every A € R one has

Neo(A) e Ve>0:p{keQ:a(A)N(A—e A+e) #0}) > 0.

A.4. Floquet transformation

For simplicity, we start our investigations in one dimension, i.e. in Section A.4 and
Section A.5 we fix n = 1. For a local differential operator, its restriction to a periodicity
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cell can be defined on suitable function spaces (i.e. with included quasiperiodic boundary
conditions) by acting via the same differential expression. It is a-priori not clear how
this can be done for the nonlocal operator (—A)¥2. Here, we show that the spectral

definition of (—A)Z/2 from (A.3) is the right one.
The Floquet transformation

U L(R) = L*(P x B), Uf)(w,k) =Y fla = 2mm)e’™

meZ

is the right tool for transforming a problem on the whole space into a family of problems
on the periodicity cell and vice versa. For k € B, let us define the quasiperiodic extension
operator

Ep: L*(P) — L} (R), (Epu)(z + 2rl) = u(z)e*™ ¥ for x € P,l € Z.

loc

Then, by |16, Lemma 3.4.1], we have the following result.
Lemma A.5. The operator U is unitary and its inverse is given by
U g)(z) = /(Ek 9(- k) (z) dk for x € R.
B

With the help of U, we find the following important relation between the operator
(—A)¥? and the operators (—A);/Q.

Theorem A.6. Let s € (0,1) and f € H*(R). Then, for a.a. k € B and all g € H}(P),
AV £ _ k), (—A))
<(U( A) f)( k), 9>L2(77) <(Uf)( k), (—=A)) g>L2(P)'

For the proof we need the following lemma, see |4].

Lemma A.7. Let s € (0,1), ¢ € S(R) be a Schwartz function and
S.(R) = {f € C™(R) : sup(1+ |$|1+S)‘f(m)(a:)} < oo for allm € No}.
z€R

Then, (—A)72p € S.u(R).

Notice that in general (—A)7?¢ ¢ S(R) for ¢ € S(R) because |¢|* introduces a lack of
differentiability at the origin, so that |{]|*@(£) no longer need to be a Schwartz function.
Transforming back via F !, the lack of differentiability translates into a lack of rapid
decay.

Proof of Theorem A.6. First, let f € C®(R) and g = (27)"72e{*)0) for an integer
j € 7. Then,

<(Uf)(~, k), (_A)Z/29>L2(7’)
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1 -|s i j)(-
= \/_‘k+]‘ <<uf)('?k)7e(k+])()>L2('p)
_ ‘k‘i‘]‘ / Zf T — 27rm) 2mikm ,—i (k+j)x dr

= —|k+j° Z f x — 2mm) e2mikme =ikt g
\/_

meZ
—27rm+27r

— |k + ]| Z 27r1kme—i(k+j)(:v+27rm) dr
V2 _

mez 2mm

= ——|k+ '5/ z)e k)T gy
it [

~

= [k+ 77 f(k+7).

On the other hand, since (—A)7?f € S.,(R) by Lemma A.7, via a similar calculation,

(UL R) 9) 12y
_ \/2_/ Z S/2 _27Tm)627rikme—i(k+j)xdl,

MEZ

— (A" (k+)
= Jk+ 1T+ ).

Next, to generalize the result to arbitrary g € HZ(P), we define for M € N,
M
5 ik
\/— Z k.l
By linearity, we have

<(u<_A)S/2f)('7 k>7gM>L2(73) - <(Z/{f)<, k) ( A>;/2gM>L2(P).

Since gy — ¢ in L*(P) as M — oo and

M
. 1 . )
() = = > [k + G005 (~A) g in L*(P)
vV 27T Pt

(A.5)

as M — oo, the claim follows for f € C°(R). Finally, let f € H*(R). Then, we find

fn € C=(R) with f,, — fin H*(R). In particular, f,, — f and (=A)72f,, — (—A

)

in L2(R). By Lemma A.5, Uf,, — Uf andU(—A)"?f,, — U(—A)7>f in L*>(PxB). Since
L*(P x B) = L*(B, L*(P)) we can assume (up to a subsequence) by the Riesz-Fischer

theorem that (U f,,)(-, k) — (Uf)(-, k) and (U(—A)S/Qfm)(nk) — (U(_A)S/Qf)(‘v
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L*(P) for a.a. k € B. The assertion follows from

(A1) ),0) gy = (@), (D))

by taking the limit m — oc. O

Remark A.8. Inspired by [56, Theorem A] and armed with Theorem A.6, we can
provide an alternative view onto the operator (—A)s/ *. The canonical way to define the

periodicity cell operator (—A), 72 is the following: Take a function ¢ € Hi(P), extend
it quasiperiodically to the whole of R, insert it into the whole-space operator (—A)%2
and finally restrict the obtained function again to the periodicity cell P. The fact
that Exg ¢ L*(R) for g # 0 now requires a definition of (—A)¥? for a larger class of
functions. For this, we notice that (—A)7? : S(R) — S.,(R) is not only well-defined (cf.
Lemma A.7) but also continuous if we equip S./,(R) with the family of seminorms (see

[4)

[flm —sgﬂg(lﬂ:v!”s ) ().

The symmetry of (—A)? allows us to define (—A)7? : S,(R) = S'(R) by duality, i.e.
(=A)7f,0) = (f.(=2)"p), f € Su(R), 0 € S(R).
Next note that Ejg defines a distribution in S;,(R). In fact, for ¢ € Sy (R),

1
E dz = | |Evgl———— (1 + |z|**)[y| d
[ 1Baglivlds /| kol o (L el )10 o

1
< Z / |Ek9|m dz []o

2m(5—1)<|z|<27j

= Eygld
- Z 14+ (Qﬂ(j _ 1))1+s | k9| x [MO
=t 2m(j—1)<|z|<2mj
J sSlx|samy
. 1
=2 : 9]l L1y [¥]o,
jzl 1+ (2n(j — 1)1+ ®
and the last series converges since s > 0. Further, for ¢ € S(R),
2m(m+1) '
<Ekg> (—A)S/QQO> = / E'kg( Sde = Z/ l‘ _ 27Tm)82mkm(—A)s/2(pd$
R 2mm
2m
= Z / e*mhm ( A)S/ng) (x + 2mm) dx
meZ
= / 9(z) Z ((=A)p)(z + 27m)e*™ ™ dx
0

meZ
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- /0 7rg(:c) (Z/{(—A)S/2g0) (x,—k)dx = /0 7rg(:c) (Z/{( A) /g )(:c k) dx
= <ga (Z/{(—A)S/Q@)(,k)>[/2(7)) = <( A);/2g7 (Z/{@)(,k)>
= /0 7r(—A)Z/Qg (U(p) (x,—k)dx ®) /RE;C(—A);/Zggpdx

= (B(=0)0"g.%).

L2(P)

Therefore, (—A)/?Eyg = Ek(—A)Z/Qg, whence (—A)Z/2g = ((—A)S/QEkg)’P. Note that
(%) follows in a similar way as

/R Erg (—A) " de = / " g(@) U~ D)) (x, k) d.

which was proven during the first steps of the calculation.

A.5. One-dimensional spectral theory

Next, we turn to the analysis of the operator L = (—A)*+V (z)+adper(x). We assume s €
(1/2,1), € R and that V' € L>*°(R,R) is 27-periodic. First we define the corresponding
sesquilinear form By : H*(R) x H*(R) — C by

Llu,v] = /|§\28A )o(€) d§+/R V(x )u(m)@dm—l—aiu(?wl)v@ﬂ).

leZ

Recall that s > 1/2 implies the embedding H*(R) < Cy(R). By Theorem A.3 we find
for any € > 0 and [ € Z,

@) 2 < C(( + ™) ulrmargrny + Wb masairy)  (A6)

for a constant C' = C(s) > 0. Therefore, using (A.1), we find,

S lu@al)P < C((¢* + e fulfam + 2 () ulag) (AT

leZ

for a new constant C' = C(s) > 0. For a suitable choice of ¢, this results in

1 s
ul > 5”(_ & HL2 CQHUH%Q(R) for a constant Cy = Cy(a, s, V),  (A.8)

whence By, is semibounded and closed. By [51, Theorem VIIL.15] we may view L as a
self-adjoint operator on a suitable domain D(L) C H*(R) given by the relation that for
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u e H*(R),w € L*(R),
u € D(L) and Lu = w < Yv € H*(R) : Brlu,v] = (w,v) 12(w).

We note that

D(L) = {u € H5(R) : |¢]*u(€) Zu (2ml)e 2™k € LQ(R)},

ZGZ

Lu=F! {|§|28a( )+ u(2rl) ‘2’”*} + V(z)u.

F%

Here, Y, ., u(2nl)e ™% converges in L7 (R) since Y, [u(27l)> < oo for u € H*(R)
by (A.7).

We proceed by introducing the associated periodicity cell operators Ly = (—A); +
V(x) + ad(z), k € B. The corresponding sesquilinear form By, : Hi(P) x Hi(P) — C
is defined by

27
By, [u,v] = Z |k + 1) ** T 10y +/ V(z)u(z)v(x) dx + au(0)v(0).
lez
We note that s € (1/2,1) implies the embedding H*(P) — C%?(P) for f = s — 1/2, see
[13, Theorem 8.2]. Combining (A.6) for [ = 0 and (A.4), we find, for u € H;(P),
| ( )|2 < C«((€23+5 2s/25— 1)||u||L +625H 5/2 HL2(7;,>

for a constant C' = C(s) > 0. Again, for a suitable choice of &, this results in

—H A))” — Cful|2p) (A.9)

BLku u > HL2

for the constant Cy = Cy(a, s, V) from (A.8), whence By, is semibounded and closed.
The corresponding self-adjoint operator is given by

D(Ly) = {u € Hi(P) : |k + [>Ty + \/%u( ) € e2(Z)},

1 o
Lyu = —— (|k + 15Ty + —u(0)> DO L V(2w
\ 2T ; V2

Since P is bounded, compactness arguments can be used to prove the existence of a
L*(P) orthonormal basis (¢;(-, k))ien of eigenfunctions from Ly, with corresponding (real)
eigenvalues satisfying
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and
o(Ly) = {N(k): 1l €N}, (A.10)

Proving the analogon of Theorem A.6 for L and L, directly seems to be hard by
the complicated structure of D(L). Therefore, we follow [3] and choose a sesquilinear
form approach. Since we are studying a spectral problem, we may assume w.l.o.g.
(introducing a shift by Cy + 1/2) that By, and By, define scalar products on H*(R) and
H{(P), which are equivalent to the usual scalar products on H*(R) and H}(P).

An important step is to prove that U is also a unitary map between (H*(R), B[, ‘])
and the Hilbert space (H, (-, )3 ) defined by

H = {uec L*(P x B) : u(-, k) € Hi(P) for a.a. k € B, ||ulx < oo},
(u, )y = / BLk[u('>k)7U('7k)] dk, |l = v/ {u, u)n.
B
Note that H = D(f[?(—A)sk/2 dk) and that the graph norm of f[?(—A)sk/2 dk defines an
equivalent norm on H. Here, using L*(P xB) = L?(B, L*(P)), we interpret f[?(—A)ZQ dk

as an operator in L*(P x B). Part (a) of Theorem A.4 now implies the completeness of

H.
Theorem A.9. The map U : (H*(R), BL[-,-]) = (H, (-, )n) is well-defined and unitary.

Proof. Let u € C°(R). Since mk,z =u(k+1), ct. (A.5) for s =0, and u € S(R),
we conclude (Uu)(-, k) € H(P) for all k € B. Further, for u,v € C*(R),

BLkKuu)(’ k), (UU)(, k)}

2m
= Z |k + 10k + Dok + 1) + Z e?2mik(m=m) / V(z)u(z — 2rm)v(x — 27m) dx
0

lEZ m,meZ
+a Z 2mk(m=m)y, (—27m)v(—27m).

m,meZ

Integration over B yields

/B By, [(Uu) (- k), Uv) (-, 1)) d

1 - 2 -

— /2 b+ 1%k + Dok + 1) dk + E / V(z)u(x — 2rm)v(x — 27m) dx
1
3 ez 0

ez v~
+ Z u(—2mm)v(—27wm)
mez
%Jrl _ —2mm+-27T _
= Z/ \k|**0(k)o(k) dk + Z / V(z)u(x)v(x)de + « Z u(2ml)v(2ml)
ez Y 3t mez Y —2mm lez
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/ €120(€)D(€) dE + / V(z)u(z)v(z) dz + &Zu(?wl)v(%rl) = Byrlu,v].
R I€7,

Hence, Uu,Uv € H and By lu,v] = (Uu,Uv)y. Now let u € H*(R). We find u,, € C(R)
with w,, = v in H*(R). Since Bp[uy, — w, upm — w] = U, — Uw|3,, we conclude that
(Ut ) men is a Cauchy sequence in H and thus converges to some w € H. In particular,
Ut,, — w in L*(P x B). On the other hand, by Lemma A.5, Uu,, — Uu in L*(P x B).
Thus, Uu = w € H and Uu,, — Uu in H, so that Bplu,v] = (Uu,Uv)y follows for
all u,v € H*(R). Conversely, let g € H. Tt remains to show that &4~'g € H*(R). For
v € H*(R),

(AP0, UT ) gy = UL 0, 6) 1oy
/B<(U(—A)é/2¢)(,k),g<,k}>>L2(P) dk = /B<(U¢)(ak?)7 <_A);/2(g(’k))> dk

L2(P)
Ay N AR
<U¢/( A)/ dk9> =<1/1,U‘ / (—A)y dk‘g> ,
L2(PxB) B L2(R)

where we used Theorem A.6 and twice that U : LQ(R) — L*(P x B) is unitary, cf.
Lemma A.5. Using that (—A)7?: H*(R) C L*(R) — L*(R) is self-adjoint, the assertion
is proved since U~'g € D(((—A)7?)*) = D((—A)7*) = H*(R). O

Armed with Theorem A.9, we get the following result at operator level.

Corollary A.10. The relation
®
U(D(L)) = D(/ Ly, dk)
B

2
L :u—l/ Ly dk U p(r).-
B

J(L):a(/B@Lkdk)

Proof. Let f € D(L) C H*(R). Then, for > € D(; L, dk) C H,

</B Ly dk 4, Uf> o) /<Lk 1)), UF) (K)o

- /3 B [ k), U)o k)] dh = (6,2 ) = B[, f]
= <Z/l_1¢, Lf>L2(]R) - <77Z)’uLf>L2(P><B)

holds and

In particular,
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by Theorem A.9 and Lemma A.5. Using part (a) of Theorem A.4, we conclude
® ®
Uf e D</ Lkdk) and / LiydkUf =ULS.
B B
Conversely, let g € D( [ L dk) C H. Then, for ¢ € D(L) C H*(R),
<L77/}7u_lg>L2(R) = BL [lﬂau_lg} = <u¢7 g)'H = /BBLIC[<U¢>(’ k)v g(a k)] dk
= /B (UD)( k), Li(9(- K)) ) oy db = <uw> /B

b
_ <¢,u-1 / Ly dk g>
B L2®)

by Theorem A.9 and Lemma A.5. Using that L is self-adjoint, we conclude

&

L2(PxB)

5]
U g e D(L)and LU ‘g = ul/ Ly, dk g. O
B

As a last step towards o(L) = (J, .5 0(Lx) we show that

0(/;9 Ly dk;) =J o).

keB

A crucial step towards this is the a-priori closedness of | J, .z 0(Ly). For this, for [ € N,
we set [; .= {\/(k) : k € B}. Then, by (A.10),

o) =1 (A.11)

keB leN

Lemma A.11. The set J .5 0(Ly) is closed.

Proof. Each [; is a compact interval since \;(k) depends continuously on the parameter
k, see Theorem A.20 in Section A.9. Next, we show that

min I, =% . (A.12)
For this, we recall that By, [u,u] > 1| (—A)ZzuHig(P) since we introduced a shift. There-
fore, by the min-max characterization of eigenvalues, it suffices to consider the case

a =0,V =0. In this case,

{N(k) e N} ={|k+j*:je€Z},
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and one finds

in [, = min A (k L—1)*

ooy - (5)
whence (A.12) follows. Finally, let (z,)men be a sequence in |J,oy [; converging to
some o € R. By (A.12) and the boundedness of the sequence, we find [y € N with
{x;, :m € N}N 1T = for all [ > ly. Thus, there exists a number my € N satisfying that
Ty € Ipy, for infinitely many m € N. As the corresponding subsequence converges also
to x, we conclude xg € I, by the closedness of I,,. In particular, zy € | J;cy Li- O

a(/ijdk) = J (L)

keB

Lemma A.12. The relation

18 true.

Proof. First, let € | J,cp (L), i.e. = Ny(ko) for some [y € N and some ky € B. Let
e > 0. By the continuity of k — X\, (k) (see Theorem A.20), we find § > 0 such that
Ao (k) € (u—e,pu+e) forall k € BN (ko — 9, ko + 9). In particular,

o(Li) N (1= pn+e) D {A(k)} #0
for all k € BN (kg — 0, ko + §), whence (with A denoting the Lebesgue measure)
M{keB:o(Ly)N(p—e,p+e)#0}) > ANBN (ko —6,ko+6)) > 0.

Part (b) of Theorem A.4 now implies pu € a(fl;e Ly dk). Conversely, let p € R\
Ukes @(Li). By Lemma A.11 we find gy > 0 satisfying that [v — p| > g¢ for all
v € Upeso(Li). In particular,

o(Lg) N (p— 0, pp+0) = 0
for k € B, whence
)\({k ebB: O'(Lk)ﬂ (/L—Eo,,u—i—&“o) #@}) = )\((Z)) =0.

Again, part (b) of Theorem A.4 implies € R\ o( [ Ly dk). O

Combining Corollary A.10 and Lemma A.12, we obtain the main result of this section.

Theorem A.13. Let s € (Y2,1), « € R and V € L*(R,R) be 2w-periodic. Further, let
L= (-AP+V(z)+ adper(x) and Ly = (—A); + V(x) + ad(z) for k € B. Then,

o(L) = J o(Ly).

keB
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Remembering (A.11), we can write the last equation also as

=z

leN

Thus, we proved the so-called band structure of the spectrum of L, i.e. o(L) is a
countable union of compact intervals.

A.6. Multidimensional spectral theory

As stated before, for simplicity we restricted the previous considerations to one dimen-
sion. Here, we provide a multidimensional generalization.

We start with the analysis of the operator L = (—A)* + V(z) + adper(2,). Now we
assume s € (1/2,1), o € R and that V € L>*(R" R) is 27-periodic in z1, ..., z,. First we
define the corresponding sesquilinear form By, : H*(R") x H*(R") — C by

Bplu,v] = |§|28A( (€ )d§+/ V(z)u( d:lH—ozZ/ w(a, 2rl)v(a’, 2wl) da’.

" leZ

By Theorem A.3 we find for any € > 0, [ € Z and m € Z"!,

il QWZ)H%Q(P"_IHW’") = C<(€28 T 5_25/23_1) ||u’|%2(77"+27r(l,m)) +e* [u]%{S(P"—&—Zw(l,m)))
(A.13)
for a constant C' = C(n, s) > 0. Therefore, using (A.1) we find,

Z||U(‘727Tl)||2L2(Rn 1) Z Z -, 2ml) HL2(P” 1427m)

leZ IEZ meZn—1

< (J((e% + &7 ul|Za gy + €% (— 5/2u||L2(JR")>

for a new constant C' = C'(n, s) > 0. From here, we can proceed as in one dimension, in
order to see that B is semibounded and closed.

Next, we introduce the associated periodicity cell operators Ly = (—A); + V(z) +
ad(z,), k € B". The corresponding sesquilinear form By, : Hi(P") x Hi(P") — C is
defined by

By, [u,v] = Z|k:—|—l| uklvkl—f—/

lezn P

V(z)u(z)v(z) dz + a/ u(x’, 0)v(x’,0) dz’.

’pn—l
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Combining (A.13) for I = 0,m = 0 and (A.4), we find, for u € H;(P"),
S —2s/25— s s 2
e, O)Bagpn sy < € (€ 4+ ™) [ullzagony + €2 [[(=A) ul 3oy )
Again, by proceeding as in one dimension, we see that By, is semibounded and closed.

Next, we present a multidimensional generalization of Theorem A.13. We omit the
proof since the main ideas are completely covered by the one-dimensional case. We only
note that the Floquet transformation now reads

U:LAR") — LA(P" x B"), Uf)(x. k)= > flz—2mm)e?™* ™.

mezn

Theorem A.14. Let s € (Y2,1), « € R and V € L*(R™,R) be 2r-periodic in x1, ..., Tp,.
Further, let L = (—A)* + V() + adper(x) and Ly, = (—A);+V(z) +ad(z,,) for k € B".
Then,

o(L) = | o(Ly).

keBn

The restriction s > 1/2 is only due to the delta potential term. In fact, in the case
a = 0, we have the following result. Again, we omit the proof.

Theorem A.15. Let s € (0,1) and V € L>®(R",R) be 2n-periodic in x1, ..., x,. Further,
let L =(—A)*4+V(x) and Ly = (—A); + V(x) for k € B*. Then,

o(L)= | o(Ly).

keBn

A.7. One-dimensional examples

Floquet-Bloch theory does not answer the question whether gaps really occur in the
spectrum or whether the bands actually overlap. Using examples, we show the existence
of at least one spectral gap in the fractional case s € (1/2,1). We work again in one
dimension.

Note that Lyu = L_;u. From this, we conclude \;(k) = \/(—k). Therefore, it suffices
to consider k € [0,1/2] instead of k € B, i.e. I, = {\ (k) : k € ]0,1/2]}.

As a first example, we set V' = 0 and a = 2, i.e. L = (—A)® + 2m6pe(x) and
Ly = (—A); + 2m6(x). Calculating the eigenvalues of Ly, results in an infinite system of

equations,
|]{7 + l|28ak71 + Vv 27Tu(0) = /\ﬂm for [ € Z.

Using u(0) = (27)~"/? > iz Uk,j, it suffices to consider

(A= 1k +11*) U, = Zak,ja (A.14)

jET
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whence

~ 1 ~
JEZL

for A # |k + [|**. From this, one finds that for \ # |k + 1|**,

1
leZ

and that X is a simple eigenvalue in this case. The case in which A = |k + [|* for an
integer [ € Z must be treated separately. One can check that this leads to no additional
eigenvalues for k € (0,1/2), but to the additional simple eigenvalues |I|**, I € N in the
case k = 0 and to the additional simple eigenvalues |/2+ 1%, | € Ny in the case k = 1/2.
Indeed, if for example k = 0 and A = 0, then (A.14) reduces to —|I|*ug; = Y. Uo; for
I € Z. For | = 0 this leads to ), up; = 0, which then for [ # 0 implies @; = 0. But
from )., uo; = 0, we then also find U = 0, i.e. A =0 is no eigenvalue for k = 0. If
in contrast A = 1, then we find again >, 1o ; = 0 (this time for [ = &1), but only that
up; = 0 for [ # £1. Hence, uy_1 + Ups =0, i.e. A =11is a simple eigenvalue for k = 0.

We can interpret
1

D(k, \) ;:1+%Z:—|k+”28_A

as some kind of infinite determinant. For more information on infinite determinants
appearing in such a context (in the non-fractional case), we refer the reader to [10,
Section 2.3]. We also note that

2\

i.e. in the non-fractional case s = 1 it is possible to replace the infinite series by a
trigonometric term, cf. [10, Section 2.3]. Figure 25 shows a plot of D(1/4,-) in the non-
fractional case s = 1. The spectrum o(L/,) consists exactly of the zeros of D(1/4,-).
Note that D(k,-) has the poles

2 &+ l1|2 —5 = 5o (eot(mlk = V) — cot(m(k + VX)), (A.15)

< (1-k)®<(1+h)*¥<2-kb*<2+k* < ..
for k € (0,1/2). For k € {0,1/2} some of the mentioned poles coincide.

Next, we show that there is a spectral gap between [; and I, i.e. max/[; < min /5.
First, we observe that D(k,\) — 1 as A — —oo and that D(k,-) is strictly increasing
in every branch cut. Thus, there is exactly one zero between two adjacent poles. Note
that (L) consists exactly of these zeros for k € (0,1/2). In contrast, for k = 1/2, the
spectrum o(Li/,) also contains all the poles themselves. The same holds for k = 0 except
for the pole at A = 0. Therefore, 47 < (1 — k)* < \(k) < (1 + k)** for k € (0,1/2].
Combining this with A\y(0) = 1 > 47°, this results in min I, > 47°. Hence, the assertion
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-10 -5 0 5 10

-5+

Figure 25. Plot of D(1/4,-) for s = 1.

is proven once we show that max[; = 47°. Clearly, A\;(1/2) = 47°, whence it remains
to show that A\;(k) < 47° for & € [0,1/2). By the monotonicity of D(k,-), the latter
is the case if D(k,47%) > 0 for k € [0,1/2). In the non-fractional case s = 1, we have
D(k,47') = 1, which follows using (A.15). However, in the fractional case s € (1/2,1)
the situation is slightly more complicated. The main idea is to use a comparison with
the case s = 1. For k € [0,1/2) and s € (1/2, 1),

. 1
D(k,47%) = H%Z:—“H”QS—‘“

1 1 1

—1 S

R e s D DR s
leZ\{-1,0}

1 1 1
> 1 3
M Fp e kT If — 41
1€Z\{~1,0}
1 1 1 1

:1+k28—4*8+(1—k:)25—4*3_k:2—4*1 (1 -k -4t

Further,

L, 1 1 1 -
k2 —4—s | (1—k)»—4— k2 —41 (1—k32—417
& (B A7) (1= k)" =4 (R =47 (1= k)" =47

+ (1= k)" = 47) (K" =47 (1~ k)* —47)

1+
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+ (K — 475 (K —47Y((1 = k)* =471
— (K =47 (1= k) —47)(1 - k)* =471
— (k> =47 (1 = k) =47 (k* =47 >0.

For k € [0,1/4] and s € (1/2,1), we rewrite the left side of the last inequality as

(1 —=k)* —47%)((1 - k)* - 4*12(/{2 — 47 kP 47

(R a7 (k2 — 47 (L= R — 47)((L— k)2 —47)

e
>0 >0

+(1—k)? -4 —(1—k)>+477].

By checking monotonicity in k one can find that the remaining terms, i.e. k% — 471 —
k* +47% and (1 — k) — 47" — (1 — k)?* +47%, are also nonnegative for k € [0,1/4] and
s € (1/2,1). On the other hand, for k € [1/4,1/2) and s € (1/2,1), we use the representation

[B(E* —47)((1 — k)* — 4—SV) + (1= k)" + k=247 (k= 271)%(k +27) (k — g)
=:h(k,s) 26
+2(47 =B (1= k) —47)(k —271)",

-~

>0
whence it suffices to show that h(k,s) < 0. We have

1
2_8%(]{:7‘9) _ 3k25—1(1 o k)Zs—l(l o 2]{5) + (3. 475 — 1)((1 _ ]{3)28_1 _ k25—1)
Z 3]{728_1(1 _ ]’C)Qs_l(l _ 2]{)) _ 4—1((1 _ k,)?s—l _ k,25—1)
1-k
=3k* M1 —k)* (1 —2k) —47" / (25 — 1)z 2 dx
k

> 3E% N1 — k)TN — 2k) — 471 (25 — DE*2(1 — 2k)
= k721 = 2k)(3k(1 — k)>* ™t —471(25 — 1))
N’

>0

and by checking monotonicity in k£ one can show that
3k(1—k)>* 1 —471(25—1) >0

for k € [/4,1/2) and s € (1/2,1). The assertion finally follows since k(271 s) = 0.
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As a second example, we set V =0 and o = =27, i.e. L = (—A)® — 2m0per(x) and
Ly = (—=A); —27(x). Now, we set

~ 1
leZ

and observe that, for \ # |k + 1|,

Aeo(Ly) < D(k,A) =0
and that A is a simple eigenvalue in this case. Again, the case in which A = |k + [|** for
an integer [ € 7Z must be treated separately and leads to no additional eigenvalues for
k € (0,1/2), but to the additional simple eigenvalues |I|**, [ € N in the case k = 0 and to
the additional simple eigenvalues |1/2 + [|*, | € Ny in the case k = 1/2. Figure 26 shows

a plot of D(1/a, -) in the non-fractional case s = 1.

-13

Figure 26. Plot of D(1/4,-) for s = 1.

Again, we show that there is a spectral gap between I; and I. First, we observe
that D(k,\) — 1 as A — —oo and that D(k,-) is strictly decreasing in every branch
cut. Therefore, 0 < k* < My(k) < (1 — k)** for k € [0,1/2). Combining this with
Ao(1/2) = 47° > 0, this results in min /; > 0. Hence, the assertion is proven once we
show that max [; < 0. Clearly, A\;(0) < 0, whence it remains to show that A\ (k) < 0
for k € (0,1/2]. By the monotonicity of D(k,-), the latter is the case if D(k,0) < 0 for
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k € (0,1/2]. In fact, for k € (0,/2] and s € (1/2,1),

1 1
) <1 <14 <1,
gkaPS k2s —

whence the assertion follows.

A.8. Proofs of Theorem A.1 and Theorem A.3

This section contains the proofs of Theorem A.1 and Theorem A.3.

Proof of Theorem A.1. By the Gagliardo-Nirenberg inequality (see [11]), for w € H*(R),

||w||L°°(R < M||w||L2 R)H( )5/2

(R)
with a constant M = M (s) > 0. Using Young’s inequality, we conclude
[w(O)F < M2 (7wl + 2 Il(=A)wlfagm) ).

Now let uw € C°(R"). Then,

-, )72 = / Jua’, O)F da
T B G e (SN b A P
(&l + 6 O e
< (7 e + <O )

< D<5_25/28_1||UH%Q(R") + 525[“]?#(1@))
for a constant D = D(n,s) > 0, whence the general assertion follows by an approxi-

mation argument. Note that the equality () is not obvious and needs an explanation,
which follows now. For this, we first notice that

Flu(@', (&) = F 7 [al- &))(=)
for 2/ € R" ! and &, € R by the (n — 1)-dimensional Fourier inversion formula. In fact,

@) = —— [ A €)™ ae

27r 2 Rn—1

)z

1 il T (¢l i/ Tl

—_— / - / (y/7 yn)e (' yn) " (€',6n) d(y” yn) 65 dé"/
271') 2 Rr—1 2
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1 1 / _'y/TEI '{/T / / / s
— " i it o d iYnén d "
Gt Tt o fo 1 0

g

=u(z’,yn)

= Flu(e', )] (&n)-

Using the Plancherel identity this finally results in

L MVl My i = [ N Flale, N6 gy s
— [ el F A @) e 0
S A O AIED]
R
o LT T .
R

6B ey D

Proof of Theorem A.3. From |13, Theorem 5.4] it follows that P™ is an extension domain
for H®, i.e. there is a constant M = M (n, s) > 0 such that for every function u € H*(P")
there exists u € H*(R") with u|p» = u and [[u[|| gsgny < M||ullgspn). Here, we need
to know that the last inequality in fact decomposes in [u]gs@n) < Ll[|uflfspny and
|| 2mny < Lj|u||2¢pny for a constant L = L(n,s) > 0. This follows easily by studying
the proofs of [13, Section 5]. Using Theorem A.1 we conclude

e, Ol Zaqpny < 17,0 agn sy < D& [ll3agun + 2 e

S DL2(8725/2371HU||%2(73,1) +€2S|HUH

2
Hs(P™)
= C((2 + ) |ul3a(pm + & ufre(pm))

for a constant C' = C(n,s) > 0. O

A.9. Continuity of eigenvalue functions

We follow [35, Chapter 4| to prove that the eigenvalues \/(k) of the periodicity cell
operators Lj depend continuously on the parameter k. For this we first introduce the
concept of generalized convergence for closed operators, which generalizes the norm
convergence of bounded operators.

Definition A.16.

(a) For Banach spaces X,Y the set of all bounded operators A : X — Y will be
denoted by L(X,Y’) and the set of all closed operators T': D(T) C X — Y by
% (X,Y). In particular, € (X) = €(X, X).
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(b) For any two closed subspaces M, N of a Banach space Z we set

0 , M ={0}
sup  dist(u, N) , M # {0}

ueM,||ul| z=1

S(M,N) =

and

~

3(M, N) == max{6(M, N),5(N, M)}.

(c) T,S € €(X,Y), their graphs G(T), G(S) are closed subspaces of X x Y and we
define
o(T,5) = o(G(T),G(S))

as well as

-~ ~

3(T,S) = 6(G(T),G(S)) = max{s(T, S), (S, T)}.

(d) We say that T,, € €(X,Y) converges to T' € €(X,Y) in the generalized sense if

-~

T,,T) — 0.

We have the following lemma, see Theorems 2.23 and 3.1 in [35, Chapter 4].
Lemma A.17.

(a) If T, € €(X,Y) converges to T € €(X,Y) in the generalized sense and if
Ae L(X,Y), then T,, + A — T + A in the generalized sense.

(b) Let T € €(X) and let T’ be a compact subset of the resolvent set p(T). Then there
is an € > 0 such that I' C p(S) for any S € €(X) with 6(S,T) < e. In particular,
[ C p(Ty,) for sufficiently large n € N if T,, — T in the generalized sense.

Next, we show the continuity of the map B — € (L*(P)), k — L.
Lemma A.18. Let k, € B converge to k € B. Then, Ly, — Ly in the generalized sense.

Proof. By part (a) of Lemma A.17 it suffices to show that T}, == (—=A)} +ad(z) converges
toT = (—A); +ad(z) in the generalized sense. For this, we first show that 6(7,7,,) — 0.
Let u= (f,Tf) € G(T) with

lullzemyxrze) = 1 f 2y + ITFll72m) = 1.
Then, it is easy to see that (el*»=R0) f T, eika=R0) ) € G(T,,), whence
(dist(u, G(T))[* < [|f = MO f|1 2oy + ITf = Tae PO £ 72 ).
Further,
Hf . el(kn—k)()fH%Z(P) < sup |1 _ ei(kn—k)x‘2l|f|li2(7)) < 47T2|k'n _ k,|2 H—OO> 0.

z€(0,2m)
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On the other hand,

ITf — D60 [y, = [Tf — 0 HOTf 4 9O f - T, 000 2,
<2|Tf - el(knfk)(')TfH%%P) + 2!t POT Tnel(knfk)(')fH%?(P)

For the first part, we have

HTf kn*k TfHL?(P sup ’1 _ ei(knfk)z|2||Tf||%2(p) < 47T2‘/€n . ]{Z|2 7L—>_OO> 0.

z€(0,2m)

By taking into account

1(kn k)( Z(|k+l|28fkl+ ( )) i(kn+10)(-)
€Z

ﬂ\

and

T,¢€ i(kn—k)(

ZZ(V‘? +l\2ssz+\/—_ ()) i(kn+0)()

ﬁ\

we conclude for the second part,

i(kn—k)(- (ke —EK) (- s S12| 7
e/t ROTf — T RO F112, ) = |k + 1 = [k + 1| fral

lez.
Using the mean value theorem, we find
o + 117 = [k + 1% < A (1+ [k + 1) 2|k — k[? < 452(1 + [k + 1) | — K[>
Hence,

||e kn—k)()Tf Te (kn—k) (") fHL2 <482]k —k| Z 1+|k+l|)25|fkl|2

l€Z
< 8520k — k2 (I~ Q) 22y + 1 )
< 852 lky — K2 (2ATf, f)izr) + 205 + DIf 32
< 852k, — K (2T 2oyl 2m) + (20 + DI o)
< 852 max{2C, + 3, 2}k, — k> 2225 0

with the constant Cy = Cy(av, s) from (A.9). Thus, 6(7,7,) — 0. By a similar calcula-
tion, §(T,,,T) — 0, whence 6(T,,,T) — 0. O

Before we can prove the continuity of the eigenvalue functions, we need a final lemma
(see § 3.5 and Theorem 3.16 in [35, Chapter 4]). For an operator T' € € (X) we denote
by 04(T) its discrete spectrum (consisting of all isolated eigenvalues in ¢(7") with finite
algebraic multiplicity).
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Lemma A.19. Let T,, € €(X) converge to T € € (X) in the generalized sense. Further,
let Ao € oq(T) with algebraic multiplicity mqa(XNo,T) € N and € > 0 such that

a(T) N B:(Ao) = { Ao}
Then, for sufficiently large n € N,
o(T,) N B:(\o) C 0a(T})

and
> ma(ATh) =ma(Xe,T).

Ao (Trn)NB:(Ao)
Theorem A.20. Let |y € N and k, € B converge to ko € B. Then, A\, (k,) — N\, (ko)-

Proof. First of all, we have \;(k) > 1/2 since we introduced a shift. For k € B we denote
by (u(k))en the strictly increasing sequence of eigenvalues from L which counts each
eigenvalue exactly once and we choose I! < ly with pp (ko) = A\ (ko). Moreover, we
choose €1, ...,y > 0 such that the intervals J; == (uj(ko) — €j, pt;(ko) + ;) are disjoint
and such that py (ko) +ep < d = 27 (uy (ko) + pr41(ko)) as well as py (ko) —e1 > 0. Now
let € € (0,ey] be arbitrary. The set

I':=10,d]\ ((Ml'(ko) — &, (ko) +€) U U Jj)

is a compact subset of p(Lg,), thus a subset of p(Ly, ) for n > N = N(e) by part (b) of
Lemma A.17 and Lemma A.18. Next, we use Lemma A.19. For j = 1,...,I'’ — 1 we find
n; € Nsuch that, for n > n;, o(Ly, )N.J; consists of eigenvalues from Ly, whose multiplic-
ities add up to that of 11;(ko). Further, we choose ny = ny(e) € N such that, for n > ny,
o (L, )N (pwr (ko) — €, py (ko) +€) consists of eigenvalues from Ly, whose multiplicities add
up to those of py (ko). Finally, let n > ng := max{N,nq,...,ny}. The operator L, has
no negative eigenvalue since \;(k) > 1/2. Further, since n > N, there are no eigenvalues
of Ly, in I". In what follows we write my; == m, (1 (ko), Lk, ). Since n > ny, the interval
Ji contains exactly the eigenvalues \i(ky,), ..., A, (k). Similarly, since n > n;, the in-
terval .J; contains exactly the eigenvalues A, 4. 4m;_1+1(kn), s Amytootmy_y+m, (kn) for
j = 2,...,I' = 1. Finally, since n > ny, the interval (uy(ko) — €, uy (ko) + €) contains
exactly the eigenvalues A, 1 1my,  +1(Fn), s Amtdmy +my (Kn). In particular, this
includes A\, (ky,) so that [N, (kn) — A (ko)| = [ Nig (kn) — pr (ko)| < e. O
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