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Abstract

In this thesis we consider nonlinear Schrédinger equations with rough initial
data. Roughness of the initial data in nonlinear Schrédinger equations can be
understood as being of low regularity and as a lack of decay at infinity.

Firstly we prove low regularity a priori estimates for the derivative nonlinear
Schrodinger equation in Besov spaces with positive regularity index. These a
priori estimates are sharp at the level of regularity but are conditional upon
small mass. The proof uses the operator determinant characterization of the
transmission coefficient introduced by Killip—Vigan—Zhang.

Secondly we show global wellposedness for the tooth problem of defocusing
nonlinear Schrédinger equations, that is the Cauchy problem with initial data
in the space H**(R) + H®2(T). This result can be seen as an intermediate
step between the wellposedness theory in the L?(T)-based setting and more
generic non-decaying behavior at infinity. In the case s; = 1 we obtain an at
most exponentially growing energy, based on the Hamiltonian of the perturbed
equation. For the cubic nonlinearity we may choose sy > 3/2 whereas for higher
power nonlinearities our assumption is s > 5/2.

Finally we investigate the question of wellposedness of nonlinear Schrédinger
equations with initial data in modulation spaces. Modulation spaces M;)Q(R")
encode both regularity (s and ¢) and decay (p) in their indices. By making
use of multilinear interpolation we prove new local wellposedness results. The
local wellposedness results we obtain are proven to be sharp with respect to
the regularity index. Moreover we complement the local results by showing
global wellposedness in several cases, including low regularity and very slow
decay. This is done on the one hand by an extension of techniques developed
by Oh-Wang to a broader range of modulation spaces, and on the other hand
by applying calculations from Dodson—Soffer—Spencer to the modulation space
setting.
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Chapter 0

Overview

This thesis is a contribution to the theory of nonlinear Schrédinger equations.
Nonlinear Schrédinger equations appear in a number of physical applications
and have also aroused great interest in the mathematical community.

One of their first appearances as a model equation in physics was in the
1960s when high-power lasers became available. Laser pulses are electromag-
netic waves and as such their propagation in a medium is governed by Maxwell’s
equations. In an isotropic medium the highest order correction to the linear re-
sponse is cubic, leading to the so called Kerr nonlinearity for the electric field
equation. This term becomes physically relevant when the intensity of the laser
beam is high enough and is of major interest in the research field of nonlinear
optics and optical collapse. If one assumes an approximately linearly polarized
laser beam, applies the paraxial approximation, and drops certain second order
derivatives, the propagation of the electric field £ in a medium is described by
a two-dimensional cubic nonlinear Schrodinger equation [52, Section 1],

2ikot + Bayth + 2 WPY =0, v=d@p). (0
Here the electric field is written as £ = (&1, 0,0) with £ = e?(Foz=wob)y » is the
direction of propagation, = and y are the transverse coordinates, ng denotes the
(linear) refractive index and ns the Kerr coefficient. The strength of this physical
model is underlined by the fact that several mathematical predictions like self-
similar collapse with a universal radial profile can be found experimentally as
well [62, Section 14.5].

Equation suggests that the electric field can be modeled by a one-
dimensional nonlinear Schrédinger equation if one of the transverse coordinate
directions can be ignored. This is the case when the input laser beam is highly
elliptic or when the Kerr medium has a planar waveguide geometry, i.e. when
one of the transverse directions is narrow while the other one is wide.

Another situation in which a one-dimensional nonlinear Schrédinger equa-
tion serves as a model equation is the propagation of laser pulses in optical



fibres. In this situation the mathematical roles of time and space are reversed,
and the equation reads

i, + 1w + [Y)*Y =0,

see [52], Section 4]. Thus the initial condition at z = 0 is the signal which gets
transmitted by the optical fibre. Mathematical questions such as the question
of global existence for the initial value problem translate accordingly to the
question whether or glass fibre cables can be arbitrarily long in this description.
Apart from their application in nonlinear optics nonlinear Schrédinger equa-
tions also appear in asymptotic equations of Klein-Gordon, KdV and water wave
equations [I, Chapter 6]. They play a role in the form of the Gross-Pitaevskii
equation in mathematical models of Bose-Einstein condensates [52, Section 4],
and as derivative nonlinear Schrodinger equations in the description of Alfvén
waves propagating along a magnetic field in plasma [123, Section 3.4].
Mathematical interest in nonlinear Schrodinger equations mainly began to
sparkle with the birth of the inverse scattering method. This extremely powerful
mathematical tool was shown to be applicable to the one-dimensional cubic
nonlinear Schrédinger equation in a paper by Zakharov—Shabat [137]. Since
then the research area of dispersive equations has grown steadily, and the class of
nonlinear Schrédinger equations is only one of many that are being investigated.
This thesis is structured in the following way:

e Section [I] gives an introduction to nonlinear Schrodinger equations and
some of their most important theoretical aspects. We introduce the no-
tion of wellposedness, list some important local and global wellposedness
results, and motivate why both low regularity and lack of decay can be
understood as roughness of initial data.

e Section 2] focuses on completely integrable nonlinear Schrodinger equa-
tions. The transmission coefficient is introduced and we present two ap-
proaches of dealing with it analytically. We also show how low regularity
almost conserved quantities can be derived from it. Some of the calcula-
tions done in this section are based on joint work in progress of the author
with Prof. Dr. Herbert Koch (Universitiat Bonn) and Dr. Baoping Liu
(Peking University) [80].

e Section [3] deals with low regularity almost conserved quantities for the
derivative nonlinear Schrodinger equation. It is the result of a collabora-
tion with Dr. Robert Schippa (KIT) which has been accepted but not yet
published in Funkcialaj Ekvacioj. A manuscript is available online [82]E|
Only a few changes have been made to the manuscript to fit the work into
this thesis.

e In Section [d we consider the tooth problem for the nonlinear Schrodinger
equation and prove global wellposedness for it. Sections [£.1] to [4:3] are
based upon a joint work with apl. Prof. Dr. Peer Kunstmann (KIT)

IThere is also an arXiv preprint available at https://arxiv.org/abs/2007.13161.


https://arxiv.org/abs/2007.13161

which has been published in J. Math. Anal. Appl [RI]. The content
of Section [£.4] and some parts of Section are new. In Section we
include more estimates on products of periodic and non-periodic functions
compared to [8I]. In we extend the wellposedness theory from [81] to
initial data in S(R) + C>°(T).

e The topic of Section [f] is the wellposedness of the nonlinear Schrodinger
equation with initial data in a modulation space. It is based on a work of
the author that has been sent to a peer-reviewed journal, with manuscript
available online ﬂﬂﬂﬂ Few changes have been made to this manuscript in
Sections [5.2] to Section [5.1] extends the introduction from [79] to also
include higher dimensions and gives more examples as well as a proof of
the boundedness of the Schrédinger propagator in modulation spaces.

e Sections [I] to [5] are complemented by the Appendices to In
Appendix[A-T]we define the Fourier transform as well as Sobolev and Besov

spaces. Appendix [A.2]lists some often used inequalities. In Appendix
we describe some results from operator theory, and in Appendix [A-4] we
give a short overview of the theory of Hamiltonian equations.

2There is also an arXiv preprint available at https://arxiv.org/abs/2204.04957
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Chapter 1

Introduction to Nonlinear
Schrodinger Equations

In this section we review some basic results on the initial value problem for the
nonlinear Schrédinger equation (NLS). These results can be found for example in
the standard textbooks on nonlinear dispersive equations [26], Q0] 128, [84], 123].
We also want to mention the great overview article [27] and the lecture notes
[83].

The initial value problem for the nonlinear Schrodinger equation is given by

(1.1)

iu + Au = klulP~lu, p € [l,00),k €R,
(0, 2) = up(x).

Sometimes is also called generalized nonlinear Schrodinger equation due
to the power exponent p, and the case p = 3 is referred to as the NLS.

We search for a complex valued function u = u(t,x) : R x R” — C satisfying
classically, weakly or in the sense of an integral equation (i.e. mildly). The
initial value function wug is assumed to lie in a function space Xy, and in most
cases we want the solution to be an element of C°([0,77], Xo).

The parameter x is a coupling constant and depending on its sign we call
NLS either defocusing (k > 0), or focusing (x < 0). If k = 0, reduces to the
linear Schrodinger equation. Note that only the sign, but not the actual value of
k is important for later discussions, as we can always define u, (¢, z) = vu(t, z)
which satisfies the same equation with x,, = |v|72k. Thus in most cases, we
will simply assume x € {£1}. In the cubic, one-dimensional case p = 3,n =1
though we will slightly differ from this and choose x = +2, which results in
integer constants in the methods associated with the complete integrability of
the equation.

The nonlinear Schrédinger equation is a semilinear, dispersive PDE.
“Semilinear” means that the equation can be seen as a perturbation of a lin-
ear equation by some lower order nonlinear term. “Dispersive” means that the
phase velocity of a wave depends on its frequency, and that solutions of the



linear equation with localized initial data will spread out converge pointwise
in x to zero as |t| — oo (see e.g. Example [1.2). Other equations in the fam-
ily of semilinear, dispersive PDE include the (generalized) Korteweg-de Vries
equation,

Up = —Upgy + KUP " Ty, (1.2)

and the nonlinear wave (m = 0) and nonlinear Klein-Gordon (m # 0) equation
gy = Au — m*u + klu|P u,
see [27]. One can generalize equation and consider equations of the form
iug + Au = f(t, z,u, Vu),

for a function f : R? x C'*"* — C. Such equations are also called nonlin-
ear Schrodinger equations. Examples of interesting nonlinearities of this type
include combined power nonlinearities f = rp|ulP~ u + r4lu|?" u and spa-
tial variable power nonlinearities f = r|z|*|u[?~tu. Moreover, the cubic one-
dimensional derivative nonlinear Schrédinger equation

iy + e = K(|u?u), (1.3)

is another example of a completely integrable nonlinear Schrédinger equation.
For this equation, we will construct low regularity a priori estimates in Section

Bl
There are several important symmetries for (1.1). Assume that u(t,z) is a

solution to (|1.1f). Then, also

e u(t—tg,x — xp) is a solution for all ¢y, 2o € R (time and space translation
symmetry),

e eu(t,x) is a solution for all ¥ € R (phase rotation symmetry),
e u(—t,x) is a solution (time reversal symmetry),
o cire=In*y(t 2 — 2nt) is a solution for all y € R™ (Galilean invariance),

o uy(t,z) = AP~ Dy(A"2t,\"1z) is a solution for all A\ > 0 (scaling
symmetry).

Moreover, if u(t, z) is a solution of (|1.1)) and we consider the pseudo-conformal
transformation by defining for b € R,

wp(t, ) = e~ a0t (1 — bt)*%u(L L) (1.4)
’ 1—bt’1—bt)’

then up is again a solution of (1.1)) if p = 1+4/n. For general p, u; will solve a
nonautonomous NLS,

e |u|P~ .

tup + Au = k(1 — bt)



Closely tied to the symmetries by Noether’s theorem (see [123], Section 2.2]) are
the conservation laws of NLS. The quantities

M(u) = / lu(t, z)|* d, mass,
R
P(u) = Im/ u(t, z)Vu(t,z) dr, momentum,
R

1
B = [ 5IVu(t.o)f + Lofu(e o)l e, encrgy,

are all conserved for regular enough solutions wu(t,z). The pseudo-conformal
transformation is related to the equality

af/ 2t 2) |2 dz = 16E(u),
R

when p =1+ %.
The nonlinear Schrédinger equation (|1.1]) can also be seen as a Hamiltonian
equation. More precisely, let p be an odd integer and consider

2K p+1
H(g,r) = | VgVr + ——(qr)** da,
(q,7) /R q r+p+1(q7") T

which is well-defined for complex valued functions ¢(t, ), r(t,x) since p + 1 is

even. Define the functional derivatives %—H, %—If by the identity
q T

d 0H 0H
% H(q+5¢,7"+81/1)—\/RE¢+W¢dQE,

s=0
for all ¢,1 € S(R™). With these definitions, the Hamiltonian equations

16H 10H
- - == 1.
=5 "t 1 dq (1.5)
become

. ptl p—1
iqq=—Ar+rqg 2 r' 2,
1 +1

iry :Aq—ﬁq%r 7,

Setting ¢ = 7 = u reduces both equations to (1.1). Since H(u, @) = 2E(u), the
conservation of energy is a consequence of the Hamiltonian formalism. Indeed,
define the Poisson bracket

1 0F 6G OF 6G
F R Bl Al
{r.ay i 8q or dr dq 1:,

with which (L.5)) can be recast into the form

Qt:{an}7 T't:{T,H},



by setting

or(x) dq(x) or(x) dq(x)
= 6 €T — y = 5 == 0 = .
) T TS ) T o)
Then, in general, the time evolution of a quantity F(¢,q,r) can be recovered as

d

aF(YZ Q(tv ')v T(ta )) = (atF)(tv Q(t7 ')a ’I“(t, )) + {F7 H}(q(t7 ')7 T(ta )) (1'6)

In particular,

d

H(a(t),r(t)) = 0.

We refer to the Appendix for a more thorough overview of Hamiltonian
methods.

With respect symmetries and conservation laws the cubic, one-dimensional
case, n = 1,p = 3, is exceptional. It is completely integrable in the sense that
there exists a canonical transformation into action-angle variables which turns
into a set of ODEs which are trivially solvable [50, Chapter III]. We will
see in Section [2] that the cubic one-dimensional NLS also admits infinitely many
conserved energies. This property is shared by the derivative NLS and will
be used in Section

The dynamics of solutions to equation in the focusing and defocusing
case are different. In the focusing case k = —1, there exist decaying in space,
travelling wave solutions to , called solitary solutions, or for short solitons.
Consider Q € H'(R") a solution to the nonlinear elliptic equation

SAQ +wQ = —k|QIPQ. (1.7)
If k > 0, non-trivial H'(R™) solutions to this equation do not exist (see [27]).
For simplicity we set K = —1. Given such a solution Q,,, u(t,x) = e“'Q,(z) is

a solution of (|1.1)). In one dimension n = 1, and if w = 1, the solution (which
is unique up to phase rotations and translations) @ is given explicitly by

Qz) = (% sech? (p%l(x)))p%l

Making use of the Galilean invariance and phase rotation invariance gives an
equation for travelling wave solutions in one dimension,

. +1
¢ _ i(t+tnz—n’t+0) (p
u(t,z) =e 5

1

sech? (p ; ! (z — 217t))) T (1.8)
where 77,0 € R are arbitrary and give the velocity and initial phase of the soliton.

The existence of solitons is an effect that occurs only in the balance of the
linear and the nonlinear part of the equation: while the linear part tries to
disperse localized initial data (see e.g. Theorem , the nonlinearity tries to
focus it. Mixing these effects creates the possibility of solitons.

After deciding on the notion of a solution (classic, weak or mild), some of
the most important questions when dealing with initial value problems as
are:



e Do solutions exist?
e Are solutions unique?
e Do the solutions depend continuously on the initial data?

An initial value problem is called Hamadard wellposed [62] if all of these ques-
tions can be answered positively. We use the notion of local and global well-
posedness [128, Definition 3.4] to approach these questions:

Definition 1.1. We say that the problem is locally wellposed (LWP) in
the topological space Xg if for any ug € Xo there exists a time T' > 0, and an
open neighborhood B of ug in Xo, and a subset X of C°([~T,T), Xo) such that
for all 4y € B there is a unique solutioﬂ u € X to , and furthermore the
map tg — u is continuous from B to X (with respect to the C°([-T,T], Xo)
topology).

If we can take T arbitrarily large, we say that the problem is globally
wellposed (GWP).

From the time reversal symmetry we see that whenever X is invariant under
complex conjugation, we can restrict the wellposedness discussions to positive
times ¢ € [0,T]. In most cases the space X will have a more favorable structure
than just being a topological space, for instance in Sections [ and [f it will be a
Banach space, and often even a Hilbert space.

The inclusion of the space X in the definition of wellposedness comes from
its role as an auxiliary space for closing fixed point arguments. An standard
example is given by the Strichartz spaces (see Theorem and Theorem |1.9)).
There are situations in which the space X is allowed to be a space which is
not a subspace of C°([—T,T}], Xo), though one may discuss whether the name
“wellposedness in X7 is justified in this case. Finally, global wellposedness
is strictly weaker than being able to take C?(R, X) in the definition of local
wellposedness. Indeed, one could have global wellposedness even though

lim sup ||u(t) || x, = oo
[t]—o0

The scaling symmetry is of particular interest for the question of wellposed-
ness. It allows us to distinguish between the supercritical, the critical and
the subcritical case. More precisely, given initial data in an L? based Sobolev
space up € H*(R) and a solution u(t,z) of NLS, the scaled solution uy =
A2/ (X\=2t, \~12) solves NLS with initial data gy = u(0,-) which has
Sobolev norm

s+%—

_ _2
[uo A llms r) = A T [|uo | = r)- (1.9)

We define the critical exponent,

2
p—1

(1.10)

1
Se = —
2

L As mentioned earlier, the word “solution” can be understood in different ways and its
definition changes depending on the situation.



as the exponent for which scaling the solution leaves the s.-Sobolev norm in-
variant. Note that if u(¢, z) solves NLS on a maximal time interval of existence
[0,T%), then likewise u) solves NLS on a maximal time interval of existence
[0, A2T%,). Thus,

e for s > s. (subcritical case), we can scale down the initial data of the
solution (\ large) making the maximal time of existence even larger. This
shows that in most arguments, it is enough to consider small initial data,
and this is often the most favorable case to prove local wellposedness.

e for s = s, (critical case), the size of the initial data does not change when
scaling.

e for s < s. (supercritical case), decreasing the norm of the initial data also
decreases the maximal time interval.

Similar arguments are applicable to other function spaces that have a given
scaling, for example for Besov spaces B, , or Fourier-Lebesgue spaces FLP.

As a general guideline, in the subcritical case one may rather expect well-
posedness, in the supercritical case one may rather expect illposedness, and in
the critical case, the situation is unclear. These are not strict guidelines though
as the following two examples illustrate:

e For KdV, that is with p = 2, the critical scaling exponent is s, = —%,
while wellposedness in the sense of uniformly continuous dependence of the
solution on the initial data breaks down for s < —% on R and s < —%
on T [36], and continuous dependence of the solution on the initial data
breaks down for s < —1 [99, [100]. Wellposedness with merely continuous
dependence on the initial data for s > —1 was shown on the torus T in

[73], and on the line only recently in [76].

e For cubic NLS on the line R, one can reach any regularity above the
critical exponent s. = f% with continuous dependence on the initial data
[64], while for s < 0 uniformly continuous dependence is not given, and
illposedness in the sense of norm inflation holds for s < s. (see [37] for

both statements).

We refer to Section for a more detailed discussion on low regularity illposed-
ness.

1.1 Wellposedness for Nonlinear Schrodinger Equa-
tions
As (L.1)) is semilinear, it is instructive to first analyze the behavior of the linear
equation,
ug + Au =0,
u(O,m) = f(.%‘),



and to handle the nonlinearity perturbatively. Recall the convention on the
Fourier transform from Appendix We define the Schrodinger group S(t) =
e*2 on the Fourier side via

F(S)f)(€) = e MF f¢). (1.11)

The function u(t,z) = (S(t)f)(x) is easily seen to solve the linear Schrodinger
equation on the Fourier side
{at = —il¢a,

w(0) = f.
Using the fact that multiplication is mapped to convolution we can rewrite for
feSR),
n . 2
(S f)(x) = 2m) 2 (F e ) 1,
which by Lemma [A73] becomes,

Jz—y|?

(S()f)(x) = (dmit)# / T £y dy, (1.12)

n

and by density this formula extends to f € L*(R"™). In fact, since for f € S(R")

we have S(-)f € C(R,S(R"™)), the definition of S(¢) f can be extended by duality

to f € 8'(R™), and S(-)f € C(R,S’(R™)) in this case (see [26l Remark 3.2.3]).
From Young’s convolution inequality (Theorem |A.8|) we infer

ISE)fll e @ny < (Anlt) ™2 | fll 21 @) (1.13)

This estimate already shows a dispersive effect: as |[t| — oo, and if f € L'(R),
S(t) f will vanish uniformly in space. This is in contrast to the isometric property
of S(t) on L? based Sobolev spaces,

SO flles@ny = 1 fllma@mys st €R, (1.14)

which is immanent in (1.11)). In particular, (1.13) tells us that mass will spread
out over time, which is the effect usually referred to as dispersion. Using the

Riesz-Thorin Theorem to interpolate between (1.13) and (1.14) for s = 0

gives

Cp(i_1

IS@)fllzo@ny < @rlt) ™™D f L, p € [2,00]. (1.15)
Equation (|1.15)) describes the effect that higher decay in space of the initial
data f results in higher decay in time of S(t)f. A larger decay rate than ¢t~"/2
cannot be expected globally in space though, as the following example shows:
Example 1.2 (Example 4.1 in [90]). If ug(z) = e~"1=* then

|2 ar2it|z|?

(S(t)up)(x) = (1 + 4mit) "2 e Tr1677 g Trion?e |

In particular, the initial bump function is spreading out as t gets large, that is,
exponential decay is visible for |x| > t, and oscillations begin to arise in the
region |z| > t*/2. Moreover,

(S(tuo)(@)| > ct™ %, for |af <t.

10



We have seen in that the Schrodinger group acts by integrating the
function against an oscillating kernel. One way to deal with these integrals are
stationary and non-stationary phase estimates.

We begin with the one-dimensional case and let ¢ € C*°(a, b) be real valued
and ¢ € C*(a,b) complex valued. Define for A € R,

I\ = / ’ @y (1) dr. (1.16)

It turns out that the behavior of I for large A is effected by the behavior of
the derivatives of ¢. If ¢ is not stationary, and if ¢ is compactly supported we
obtain large decay:

Lemma 1.3 (Proposition 1, p. 331 in [120]). Assume ¢'(x) # 0 for all x € [a, b)
and ¢ € C((a,b)). Then, for all N > 0 there exists a constant cy > 0 such
that

TN < end™ as A — oo

We need the compact support of ¢ for this Lemma. Indeed, if for example
¢(z) = x and ¢(z) = 1, direct integration shows

b iA\b iAa
i € — €
ez)\x dr = -
o A

which decays like A™! but not faster.
There is a nice generalization of this non-stationary phase estimate to higher
dimensions. In this case let

) = / () dr.

Then:

Lemma 1.4 (Proposition 4, p. 341 in [120]). Assume ¢ € C*(R™), ¢ €
C>(R™), where ¢ is real-valued with Vo(x) # 0 for all x € supp(v). Then, for
all N > 0 there exists a constant cy > 0 such that

TN <enA™ as A — oo

If ¢ has critical points, these points destroy the large decay. We begin again
with the one-dimensional case. Firstly we can get rid of the compact support
assumption for ¢ since the possibility of large decay is excluded. The following
result is known as van der Corput’s Lemma:

Lemma 1.5 (van der Corput, cf. Proposition 2, p. 332 in [120]). Assume
|p*) (z)| > 1 for all x € (a,b). Then, there exists ¢ > 0 such that

IO) < A ([llpee + 191 20),

if either k > 2, or k=1 and ¢’ is monotonic.
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There is a result in higher dimensions as well:

Lemma 1.6 (Proposition 5, p. 342 in [120]). Assume ¢ € C(R™) has support
in a unit ball, ¢ € C°(R™), where ¢ is real-valued and there exists & € N™ such
that |0%¢(x)| > 1 for all x € supp(vp). Then, with k = |a] > 0,

O] < (@A ([l + [V4lls),

where the constant cx (@) is independent of ¥ and .

Note that this estimate in higher dimensions is often not sharp. One may
consider Example [1.2] where one has decay ¢~"/? instead of t~1/2.

As an application, let us consider a function f with compactly supported
Fourier transform and see what we can say about S(¢)f. This recovers some
of the properties of Example in the frequency-localized case and we will
later use this estimate to show boundedness of the Schrédinger propagator in
modulation spaces.

Lemma 1.7. Assume f € S(R) such that the support off is contained in
(=R,R)™. Then

enlz| =N if |z| > 4Rt,

_n ) (1.17)
ct™2 if t>1.

[(S(#)f) (@) < {
Proof. We write

(S()f)(x) = F~H (e f(€)) (x) = (2m) % / 1€ fe) de.

Assume |z| > 4Rt first. We want to take A = |z| as a parameter. In this case

x 2t&

x t _
EJE

[
If |z| > 4Rt then |¢/(2)| > 1, and we can make use of Lemma showing that

&, V(€

I(S()f)(x)] < enl|z|™™ forall N eN,

in this region.
For the second estimate we want to use A =t as a parameter. Then,

¢=§£—£2, v¢:%—2§, V2 =—-2id.

x

The phase is critical at £ = 7. In the one-dimensional case we can use Lemma
[l to find

(S()f) ()] < cft] 2.

12



In the higher-dimensional case Lemma gives the same decay rate of |¢|”2
To get the better decay |t|~% we calculate directly, for ¢ > 1E|

/ N fe)de = | M) fe) de

=oF [ e ae

22
= /n o f(77+ 2t) dn,
:ei%t_%/ e_ing(t_%c—l-%) dg,

by completing the square, shifting and scaling. Thus to get the decay of t~% it
is enough to show boundedness of the integral

/n e f (o) e

uniformly in ¢ > 1. Since the size of the support of f grows with ¢ this means
that we want to put f and its derivatives in L.

First we see that on the set {|¢| < 1} we can estimate both factors in L,
hence we may restrict to |¢| > 1. In this case define the operator

A= . = aw7
QWC vV, ¢V ;cj )

which satisfies
A= = ¢=i¢

By partial integration we find
Lo Gac= [ (Ae‘i@)f(t—%u =) dc
i (e ) e

where the boundary values B can be bounded via

Bl =| [ e i (e 5 | S e

If the divergence falls onto ﬁ we are in the same situation but with (up to
constants)

52
2This calculation may be compared to Theorem in which a phase correction of e Vi
is needed.
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as the integrated function. If the divergence falls as a gradient onto f, our
integrated function becomes

t_%cvf(t—%u =)

I¢I? 2t/
In both cases we gain decay of one power in { by paying with derivatives of f .

We repeat this procedure n more times and obtain sufficient decay in ¢ to be
able to put f and its derivatives in L°°. Finally, we arrive at

(n+1)
7| fllwntaee

a2 o, =1 X ; _
[ (e 5 ) de] S 1+
which completes the desired estimate. O

Another elegant way to capture the dispersive effects of the Schrédinger
group are Strichartz estimates. These estimates also play an important role in
the wellposedness theory of several nonlinear equations, and we can apply them
to solve the mass-subcritical NLS in L?(R").

Theorem 1.8 (Strichartz estimates, Theorem 2.3 in [128]). Fiz a dimension
n > 1. We call a pair (q,7) of exponents admissible if 2 < q,r < 00,

2 n_n

g r 2’
and if (q,r,n) # (2,00,2). Then for any admissible exponents (q,r) and (G,T)
we have the homogeneous Strichartz estimate

1S@)uoll 2y ®xrm) Sngr 1uollL2 @), (1.18)

and the inhomogeneous Strichartz estimate

t St —t)F(t',-)dt (1.19)
I

LILT (RXR™) SW’QJ‘,(LF HF”L;?/LZZ’(]RX]R”)'

If the power nonlinearity is not too large, and if Xo = L?(R), Strichartz
estimates allow to show wellposedness of the NLS . This works for all
mass-subcritical exponents, i.e. for all p > 1 such that s. < 0, see (L.10). To
this end, we use the integral formulation of ,

u(t) = S(t)ug — i/s/o S(t — s)(|JulP~ u)(s) ds, (1.20)

which follows from Duhamel’s principle.

Theorem 1.9 (Theorem 5.2 in [90]). Assume 1 < p < 1+ 1. Then (L) is
locally wellposed in L*(R) in the following sense: for each ug € L*(R) there
exists T = T(||uol|z2(r), > p) > 0 and a unique solution u of (1.20) with

u € C([0,T], L*(R™)) N L{LET([0,T] x R™),

14



where q is such that the pair (q,p+ 1) is admissible. Moreover, for all T' < T
there exists a neighborhood V' of ug in L*(R™) such that the data-to-solution
map o — u(t,x) is Lipschitz continuous as a map

L*(R™) — C([0,T'], L*(R™)) N LILET([0,T'] x R™).

From Strichartz estimates we see that the solution w constructed in Theorem
has more integrability than just L7 L2+, In fact, u € L{L%([0,T] x R™) for
all admissible (g, 7), see [90, Corollary 5.1].

Making use of the mass conservation law allows to show that NLS is globally
wellposed in L?(R") in the mass sub-critical case 1 <p < 1+ 2 ([90, Theorem
6.1]).

In the mass-critical case p = 1+ %, a similar local result holds, the main dif-
ference being that the time of existence T' now depends on the whole function
ug instead of |lug|p2(mny. As a result, the conservation of mass is not suffi-
cient any more to guarantee global wellposedness. On the other hand, when
luoll 2mny < €0 is small enough, global wellposedness can be guaranteed (cf.
Theorem 5.3 and Corollary 5.2 in [90]).

In fact, Dodson [43] (44 [45] [46] showed that both in the focusing and the
defocusing case, when

uollL2rny < 1@l L2(@n),
global wellposedness and scattering holds in the mass-critical case. Here @ is
the ground state, that is, the unique positive radial solution of withw =1
(cf. [27]), and by scattering we mean that the solution u behaves like a solution
of the linear equation, i.e. there exist ux € L?(R™) such that

S(t)us —u(t,-)||2@ny =0, as t— Zoo.

When |lug||z2@ny > [|Q|lz2rn), one has to distinguish between the focusing
and the defocusing case: in the defocusing case, one still obtains global well-
posedness and scattering [43] 45, 46]. In the focusing case though, there are
special solutions which cause problems. Indeed, applying the pseudo-conformal
transformation with b = 1 to the solution e¥Q(z), one arrives at

_n gat=le? T
u(t,2) = (1-)~Fe T Q).

This solution satisfies u € C((—o0, 1), L2(R™)), but u(1) ¢ L*(R™). Moreover
(see [27]), u blows up in any L" space,

u(t, Ml pr@ny = (1= 1) 20" Qll pr(rny,
and in H(R"),
IVu(t, ) rz@ny ~ (L =) 7HVQ|l2ny as t— 1L

This shows that in the focusing, mass-critical case, when the initial data is too
large, i.e. |lugl|L2mn) > [|Q]|L2(rn), one cannot expect global wellposedness in
H:*(R"™), s > 0.

15



Remark 1.10. Note that by a Gauge transform, the derivative NLS equation
(1.3) in one dimension is equivalent to a quintic NLS equation with a cubic
nonlinearity with derivative (cf. Equation (1.29) in [63]),

1
iUy + Upy = 1020, — §|u|4u.

For this equation, L?(R) global wellposedness in the sense of continuous exten-
sion of the flow map from

[~T,T] x S(R) — S(R)

to [-T,T) x L3(R) — L*(R), for arbitrarily large T > 0, was recently shown
[63]. This is all the more surprising, because for the one-dimensional focusing
quintic NLS,

Uy + Upy = —|u|4u,

which is mass-critical, the soliton mass ||Q||L2w) is a threshold for global well-
posedness.

Concerning higher regularity, the following result was proven by Cazenave-
Weissler [28] (see also [90, Theorem 5.8]):

Theorem 1.11. Let 1+ % <p<oo and

2

s> —,
p—1

n
2
[s]<p—1 if p isnotan odd integer.

Then (L.1) is wellposed in H*(R™) in the following sense: there exists a space
W™ such that for all ug € H*(R™) there exist T = T(||uol| g+ ®ny,s) > 0 and a
unique solution u of (1.20) in

u e C([-T,T), H*(R™)) N W™,

Moreover, for all T' < T, the data-to-solution map 1is locally Lipschitz continu-
ous as a map

H*(R™) = C([-T',T"), H*(R")), uo — u.

Some comments on the statement of Theorem [[L11] are in order. First of
all, the space W;7" is either a Strichartz space LI([—T,T], W*"(R")) with s
derivatives, when p is an odd integer, or a Strichartz space with some Besov
refinement, L([~T,T], B; 5(R")), when p is not an odd integer. In both cases,
the pair (g, r) is some particular admissible pair. The reason why for non-integer
s one has to resort to a Besov space is because the nonlinearity |u[P~!u is not
well behaved in the Sobolev spaces W= (R™).

Secondly, the regularity



is scaling critical, given p as in . For the range of p given by 1 + % <p<
00, the critical exponent s, is non-negative. Thus, Theorem [I.11| shows local
wellposedness for all subcritical NLS equations of type in non-negative,
subcritical regularity. The case of mass-subcritical L?(R™) wellposedness is
covered in Theorem [L.9

One can conclude that once the initial data is smooth enough (e.g. when
working in subcritical and non-negative regularity) and has enough decay (in
the sense that one works in L?(R) based spaces which are all decaying at +o0),
local wellposedness for can be achieved. The fewer regularity and decay one
has, the harder it is to obtain wellposedness results, and this is one direction
of research in the field of dispersive equations: how much can we relax the
assumptions and still able to define solutions and obtain some form of local
wellposedness? We will look at this problem in two directions: low regularity,
and lack of decay. Both can be understood as some form of “roughness” as we
will see in the next two sections.

1.2 Rough Data: Low Regularity

Theorem tells us that local wellposedness in Sobolev spaces H*(R) in the
non-negative, subcritical range s > max(s.,0) is given. As we will see this is
optimal in the sense that when s = s., continuous dependence in general fails.
If we consider the focusing case, the result can be proven by considering soliton
solutions:

Theorem 1.12 ([19], Theorem 5.9 in [90]). Let 1+ 2 < p < oo and k < 0.
Then (1.1) is illposed in H®(R™),

2
Se=75— —=
2 p—1

in the following sense: there exists cg > 0 such that for any d,t > 0, there exist
data uy,uz € S(R™) such that

vl prse vy + lluzl| s v) < cos lur — vzl groe m) <,
co
[[ua () — w2 (t) | moe ) > 5
where u;(t) denotes the solution of (L.1) with initial data w;.

Proof (Sketch). We restrict ourselves to s, > 0 and d = 1. Consider the family
of solutions given by

vu(t,x) = ethM(a:) _ ewtﬂﬁQ(\/ﬁx),

where @ is the ground state. Now from scaling criticality,
v = Vsl = M0 e + N0 1y = QReei(“l_“"‘)t/R|£\23°QMQM dg

= 2)|Q|[%,.. — 2Recilmm)t /R €20, O, de
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We calculate for the last summand,
2S¢ 25r 7 §
J 167 @uu e = )7 [ Q) ) e

() an

Now if we choose p11 = (N +1)? and po = N2, we get py — o2 > 2N and

&%1 as N — oo.

H2
This shows for t = 0,

Jim o, (0) = 0 O)13.. = 21Q1%.. —21QI%.. =

On the other hand given T' > 0 there exist N > 1, ¢ € [0, 7] such that

Re eir1—n2)t /]R ‘§|2sCQMQW d¢ = 0.

This shows

lim sup v, — v, |13, > 20Q1%..-

N oo +€[0,7] H1 p2ll frse Hse
From s. > 0 we see that the L%-part of v,(t,z) vanishes as N — oo, which
shows the result. O

In the defocusing case there are similar results, but the proof is more involved
due to the lack of explicit soliton solutions. Instead one may consider the explicit
solution to when the dispersion is set to zero. Using energy arguments,
it can be seen that this solution is close to the solution to the NLS with small
dispersion, for times that are sufficiently long if the dispersion is sufficiently
small. After scaling and invoking the Galilean transformation, the result follows.
We sketch the proof which can be found in [37].

Theorem 1.13. Let p > 1 be an odd integer and v € {—1,1}. Let s <
max(0,s.). Then (L.1)) is illposed in H*(R™) in the following sense: for any
0 < d,e <1 and for any t > 0, there exist initial data uy,us € S(R™) such that
||u1||Hs(R) —+ ||u2||H¢(R) < CE, ||U1 — u2||H°'c(R) < C(S,
|ur (t) — u2(O)[ s w) > ce,
where u;(t) denotes the solution of (L.1) with initial data w;.

The same conclusion holds when p > 1 is not an odd integer if we additionally
assume that p > k + 1 for some integer k > 5.

18



Proof (Sketch). By complex conjugation we can revert the time variable. Con-
sider (1.1) with a variable dispersion,

{—ws + 20,0 = k|g|P 1o, (1.21)

¢(0) = ¢o.

When v — 0, the solution is expected to behave like the solution for v = 0,

[P~

B0 (s,) = oly)ei™I% )

By making use of an energy argument, this is shown rigorously in [37, Lemma
2.1]: given ¢y € S(R") and k > ¢ there exists a solution ¢ to which
satisfies

l6(s) = 0 ()l mrrn@ny < Cv if - |s| < ¢ logv|*,

Here, ¢ > 0 is some constant and

S

Dl e (mmy = Z [()* 00|, .-

Jj=0

Now consider the initial data ¢o(y) = aw(y) where a € [3,1] and w € S(R™).
This gives rise to a family of solutions of , #(@) . By making additional use
of the scaling and Galilean transformations, a four parameter family is obtained,
where 0 < A < 1 and v € R",

u(a,v,)\,v)(t’x) — /\—2/(p—1)e—iv'z/QeHv\Qt/4¢(a,y) ()\_Qt, )\_11/(33 _ ’Ut)) ] (1.22)

By making v small, |v| large, A small and by comparing the solution for different
a,a’ close to each other, one can prove Theorem in the case s < 0. For
0 < s < 8¢, Theorem follows from Theorem O

Theorem shows that the data-to-solution map cannot be uniformly con-
tinuous in H*®e~(R™). In the case of a positive critical exponent, or a regularity
which is very low, a more extreme phenomenon called norm inflation may hap-
pen. This describes that in certain cases, norms may grow very rapidly. Again
we refer to [37] for the full proof and only sketch the idea.

Theorem 1.14. Let p > 1 be an odd integer and k € {—1,1}. Let 0 < s < s,
ors < —%. Then (1.1)) admits norm inflation in H*(R™) in the following sense:
for any € > 0 there exist initial data ug € S(R™) and 0 < t < £ such that

luollers@y <& lul)|msm >et,

where u(t) denotes the solution of (L.1)) with initial data ug.
The same conclusion holds when p > 1 is not an odd integer if we additionally
assume that p > k + 1 respectively —k < s < 0.
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Proof (Sketch). We consider the same family of functions as in the proof of
Theorem given in ([1.22). Setting v = 0, and scaling via A essentially
reduces the question to analyzing ¢(“*). Here one sees that when 0 < s < s,

64| s ey ~ t°

for large ¢, which is enough to conclude after scaling. The case s < 0 works
slightly differently and relies on the transfer of energy from high to low modes,
as opposed to the case s > 0. O

So far we have seen that initial data with low regularity can be seen as rough.
In this thesis we will look at rough initial data as follows:

e In Section [3] we consider low regularity initial data for the cubic one-
dimensional derivative NLS and prove a priori estimates in low regularity
Sobolev spaces.

e In Section [5| take initial data from a modulation space M,  (R). This
includes the case of low regularity by choosing s = 0 and taking ¢ as large
as possible.

The proofs of Theorems and [I.14] indicate that the interactions leading
to illposedness of the Cauchy problem ED in low regularity stem from the
nonlinearity of the equation. This is also clear from the fact that the semigroup
S(t) is an isometry on all Sobolev spaces H*(R"),s € R, and since the linear
Schrédinger equation is globally wellposed in these spaces.

This point of view will be applied to the question of illposedness of in
modulation spaces of negative regularity index, which is considered in Section
There the inspection of the first nonlinear Picard iterate is enough to
disprove some higher differentiability of the flow map.

1.3 Rough Data: Lack of Decay

In this section we want to obtain an understanding of what behavior we can
expect from solutions of when the initial data is only weakly decaying, or
not decaying at all. In contrast to before, the problems will already be visible
in the linear part of the equation.

Theorem is maybe the first result in which the effect of higher spatial
decay of f leading to better behaving S(¢)f is visible: if f € L'(R"), then
S(t)f decays in time like t="/2, whereas for f € L?(R™) Strichartz estimates
yield no decay (though in different norms). Such an effect can also be seen
in the differentiability properties of S(t)f. First of all, in the L? setting the
Schrodinger group has a general local smoothing effect: Define the operators

DYg(t,x) = F7(|&|74(t,€)),
and

DY?g(t,x) = F7(|€]24(t,€)).
Then:
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Theorem 1.15 (Local smoothing, Theorem 4.3 and Corollary 4.2 in [90]). If
n =1, then

sup / IDY2S ()1 () 2t < 112 s, (1.23)

and if n > 2, then for all j € {1,...,n},

su%/ IDY2S(1)f (1) Pdar ... dy 1y - dondt S | f2any.  (1:24)
TjE "

Moreover, forn > 1,

sup / / IDY25(t) () dedt < RY||f||poeny (1.25)
R>0,z0€R" JR J {|z—z0|<R}

If more spatial decay is available, there is more smoothing of the Schrédinger
group. The following result holds:

Theorem 1.16 (Corollary 3.3.2 in [26]). Let ¢ € L*(R") such that (x)™¢ €
L3(R) for some m € N. Then,

e S(1)0 € CR\ {0}, H™ ("))
with
oz (=5 5()9)
for all . € N, |a| < m. Thus

SCee () CUR\{0}, Hy P (R™)).

0<j<[n/2]

2[¢) 2] 2 gn),

.- =

In particular, if (x)™¢ € L?(R) for all m € N, then
S()¢ € C7L(R\ {0} x R™).
Theorem [1.16] can be compared to the properties of the heat semigroup,

_lz—y?

@)@ = (rt)F [ e p)

By , e f € C°(R™) for t > 0, even if f is only a tempered distribution,
f € 8'(R™). In fact, by taking time derivatives in ¢, it is not hard to see that
eAf € CPS(R\ {0} x R™). Thus, strong decay of the initial data gives nice
behavior of the Schrédinger group, making it comparable to the heat semigroup.

In view of Theorem and the time reversal symmetry S(—t)f = S(t)f,
one may wonder whether differentiability could in general also lead to decay.
This is not the case, as the following result by Bona-Saut [21] shows:

Theorem 1.17 (Dispersive blow-up, Theorem 2.1 in [21] and Lemma 2.1 in
[200). Let (t*,z*) € (0,00) x R™ be given. Then there exists a function ¢ €
C°(R™) N L (R™) N L?(R™) such that u(t,x) = (S(t)¢)(x) satisfies
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1. u € Cp(Ry, LA(R")),

2. w is continuous in (t,x) on (0,00) \ {t*} x R™,
3. u(t*,-) is continuous in x on R™\ {z*},

4. u blows up at (t*,x*):

lim |u(t, z)| = oo.
() —(t*,z*)

Proof (Sketch). The proof of Theorem is very explicit. Without loss of
generality assume t* = 1/4, 2* = 0. By choosing

2

$w) = (z)7*me™, (1.26)

one can use ([1.12)) to see that u(t, z) formally becomes

u(1/,0) = [ (o) " dy,
This integral is infinite when m < n/2, and if m > n/4 then ¢ € C°(R™) N
L*(R™) N L?(R™). Thus the function ¢ will satisfy the requirements. O

We take a closer look at the blow-up example with most decay, that is m = %

in (LZ0).

N

Blx) = (2) e
It is not hard to see that not only ¢ € L>®(R™), but also 0%¢ € L*°(R") for all
|a] < m. In particular the assumption ¢ € CJ'(R™) does not prevent pointwise
blow-up.
A similar dispersive blow-up result can be shown for solutions of nonlinear
Schrédinger equations (see [2I, Theorem 2.2] and [20, Theorem 3.4]). The result
holds for both focusing and defocusing nonlinearities:

Theorem 1.18. Let (t*,2*) € (0,00) x R", k € {—1,1} be given. Assume
2<p<4,orp>4andp>[3]+1 when p is not an odd integer. Then there
exist functions ¢ € C(R™) N L>®(R™) N H*(R™) with s =0 if 2 < p < 4 and
se(f— 2(%_1), 5] in the case p > 4, such that

1. There exists T = T(|lug||grsrn)) > t* such that (1.1) has a unique local
solution in a Strichartz space (see Theorem if s=0 and Theoremm
fors>0),

2. w is continuous in (¢t,z) on [0,T]\ {t*} x R",
3. u(t*,-) is continuous in x on R™\ {z*},
4. u blows up at (t*,*):

lim |u(t, )] = oco.
(t,x)—(t*,x*)
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The results of Theorem [L17 and Theorem [[LI8 are a serious obstacle for
the wellposedness theory of NLS equations in classes of functions without decay
assumptions at infinity.

One solution would be to weaken the norm in which we want to control the
solution, e.g. instead of trying to bound the solution « in L°°, one could allow for
growth in space as well. As the discussion at the beginning of Section [L.1|shows,
we can define S(¢) continuously on S&'(R™). On the other hand, from Section
we know that very low regularity will result in problems for the solvability
of the equation with a nonlinearity. Moreover there is a result by Gonzales [54]
(see below) which shows that any decay at infinity is already problematic.

Instead we can impose more restrictions on the initial data ug. To this end
we note that the proof of Theorem suggests that strong oscillations of ug
at infinity, which cancel with the oscillations from the dispersive semigroup,
are causing the solution to blow up. And indeed, assuming ug € W2 (R")
is enough to prevent blow-up of S(t)ug in L>®(R™) (see for example the work
of Dodson-Soffer-Spencer [48], and the work of Mandel [93] who identified a
different function space of weighted Sobolev norms in which blow-up can be
excluded). This can be refined by considering functions in modulation spaces
Moo 1 (R™). Such functions compose a superset of W2 (R"), and also pre-
vent norm inflation of S(t)ug by imposing restrictions on the oscillations. One
major advantage of modulation spaces is that the Schréodinger propagator S(t)
defines a continuous operator on these spaces, making them very suitable for
wellposedness theories for NLS. This ansatz will be pursued in Section

We want to state two more interesting and related results. When looking at
the continuity of S(t) on S'(R™) one may wonder if one can allow for even more
freedom for the asymptotics of ug at infinity. Unfortunately, we cannot expect
uniqueness in this case:

Theorem 1.19 (Exercise 2.24 in [128]). There exists a smooth function u(t,z) €
COO(RQ) which solves iu; + Uy, = 0, vanishes for t > 0 but is not identically
zero.

The idea is to consider an analytic function f(z) in the upper right quadrant
of the complex plane and to define u(t, x) f f(z Z(““Z dz, where 7y is the
boundary of said quadrant. If f is decaying fast enough on v, u is a well-defined
function satisfying the linear Schrodinger equation which by Cauchy’s theorem
is zero for t > 0 but is not identically zero.

Finally we want to mention the work of Gonzales [54] which shows that in
general it is not even allowed for the initial data of the Cauchy problem (|1.1)) to
grow like 2# for some 8 > 0 at infinity. More precisely, given an interval I C R,
define the space

oo

SP(I x R) = {f € C®(I xR), f(t,x) ~ > _(af(t) + ibf (1))a™ as x — oo,
k=0

afvbf (S COO(I)7ﬁ = ﬁO > 61 > ey and klingoﬁk = —oo}’
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as the space of smooth functions with prescribed asymptotic expansion of high-
est order § at +oo. Here we define the asymptotic relation ~ as follows: for
all compact intervals J C I and integers N,i,j > 0 there exists a constant
C =C(J,N,i,j) > 0 such that for all £1 > and ¢t € J,

N
0[0L(fF(t,x) = Y _(aj (t) + ibf (£))=™)

k=0

< C|I‘5N+1*j'

In [54], Gonzales constructs (asymptotic) solutions of the cubic NLS in classes
SB(I x R) where B < 0. Moreover he gives a simple argument why formal
solutions cannot exist for 5 > 0: plugging e.g. Zk olaf (1) + ibf (t))xP+ into
(1.1) with p = 3 formally yields

ZZ t) + bt ()2 + Zﬂk Be — 1)(aff (t) + b ()22

k=0

N N
:/-€<Z( S (t) + b (1) ) Z t) — bl ())xl*.

k=0 k=0

The largest exponent on the left-hand side is Sy = 8 while the largest exponent
on the right-hand side is 38y > [, assuming S > 0. This shows that the
coefficient in front of 3% must vanish, i.e.

k(ad +ibd)?(ag —ibl) = 0.

Hence ag = by = 0 which contradicts the maximality of 3.

To sum things up, initial data with lack of decay can be considered ‘rough’,
already for the linear problem associated to .

In this thesis we will consider initial data lacking decay in two different ways:

e In Section [4 we will investigate the global wellposedness problem for the
NLS with initial data in a sum space H*(R) + H*(T). This ansatz can be
seen as a toy model on the way towards initial data with less restrictive
non-decaying behavior as |z| — oo, and it has the advantage that both
in H°(R) and H*(T) when s > 1, the question of global wellposedness is
well understood.

e In Section [5] we will look at the NLS with initial data in a modulation
space M (R™). It is known that the Schrédinger group S(t) is a bounded
operator on all modulation spaces M,  (R") (see Lemma [5.11). In addi-
tion, the space M&,l(R"), is an example of a subspace of C}(R™) which
contains functions which do not decay and allow for more ‘generic’ non-
decaying behavior as |z| — +oo.
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Chapter 2

Complete Integrability and
the Transmission Coeflicient

In this section we focus on the cubic one-dimensional nonlinear Schrédinger
equation, thatisp =3 andn =1in . We state the basic theory of complete
integrability for this equation and introduce the transmission coefficient. This
serves as a basis for the construction of almost conserved quantities for the cubic
one-dimensional derivative NLS in Section [Bl

It is based on the recent papers [83] [77], [64], on the classical books [50} [T05],
and on work in progress [80]. More precisely, the construction of Jost solu-
tions and the transmission coefficient is a classical problem and was already
covered in [50, [105]. Koch-Tataru used the same construction but provided a
different functional analytic framework to make sense of the Jost solutions and
the transmission coefficient even in low regularity. Killip—Visan and Harrop-
Griffiths—Killip-Visan [77, [64] reintroduced a characterization of the transmis-
sion coefficient in terms of the Fredholm determinant of the Lax operator and
also extended its definition to low regularity. The connection of these construc-
tions will be spelled out in [80].

For later convenience relating to constants in the conserved quantities we
choose k € {—2,2}, where kK = 2 corresponds to the defocusing and k = —2 to
the focusing case. In this setting, the NLS

{iut + Uy = £2|ul?u, 2.1)
(0, x) = up(x).
is completely integrable.

Complete integrability is a property of some evolution equations with very
special structure. It originates from the theory of finite-dimensional Hamiltonian
systems, and can be defined as the ability to transform the Hamiltonian system
into a system of ODEs which is explicitly solvable. The initial value problem
(2.1) can be seen as a Hamiltonian equation, though in infinite dimensions. For
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the reader’s convenience we sketch an introduction to Hamiltonian mechanics
in infinite dimensions in Appendix [A-4]

Integrability is connected to the existence of conserved quantities. In the
finite-dimensional case it is intuitive that enough conserved quantities, that are
in some way ‘independent’, enable to cancel enough variables in the equation
to lead to trivial equations of motion. Without introducing the terminology
we state the mathematical meaning of this intuition in terms of the following
theorem (cf. [B, Chapter 10, Section 49]):

Theorem 2.1 (Liouville). Assume that Fy, ..., F, are functions on a symplectic
2n-dimensional manifold with pairwise vanishing Poisson brackets. Consider the
level sets

My ={z:Fi(z)=fi,i=1,...,n},

and assume that the 1-forms dF; are linearly independent everywhere on Mjy.
Then:

1. My is a smooth manifold, invariant under the phase flow with Hamiltonian
H=F.

2. If the manifold My is compact and connected, then it is diffeomorphic to
the n-dimensional torus T = {(¢1, ..., ¢n) mod 27},

3. The phase flow with Hamiltonian H determines a conditionally periodic

motion on My, i.e. in angular coordinates ¢ = (¢1, ..., ¢,) we have
d

4. The canonical equations with Hamiltonian H can be integrated by quadra-
tures.

In the infinite-dimensional case, complete integrability is connected to the
existence of infinitely many conserved quantities, or equivalently, infinitely many
non-trivial commuting flows. For the cubic, one-dimensional NLS, there is one
special conserved quantity which has particularly useful properties and gives
rise to conserved quantities on the level of Sobolev regularities H®, s > f%: the
transmission coefficient T'(z, u).

The first central object on the way to define the transmission coefficient is the
Lax operator associated to the NLS equation . Moreover, it is convenient
to see (|1.1) as the restriction of the AKNS system

1Qt = —Qzz + 2(]27",
o , (2.2)
1Ty = Tz — 2774,

to the set {¢ = £7 = u}, where the sign £ is the same as in (2.1). With this
convention, both the focusing and defocusing NLS equation can be treated at
the same time.
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The Lax operator for the AKNS equations ([2.2) which are named after their
inventors Ablowitz—Kaup—Newell-Segur [2] is given by

L(zq.r) = (‘iz‘ g L a) . (2.3)

r

With this definition, it can be checked that (2.1)) formally becomes equivalent
to the operator-valued equation

Ly =[P, L], (2.4)

where the operator P is given by (cf [83] Section 2.1])

P 20% —qr —q0 — g
"\ ro+or —20% 4+ qr) -

One of the consequences of is that if (g(t),r(t)) solve (2.2)), then the Lax
operator at time ¢, L(z,q(t),r(t)), and the one at time zero, L(z,q(0),r(0)), are
unitarily equivalent. This means that spectral information of the operator L
will be preserved, and motivates to look at its spectral information.

2.1 The Classical Approach via Jost Solutions

To define the transmission coefficient we look at the spectral information of L
given by the Jost solutions. These are special solutions to

L(z,q,m)¢ =0, (2.5)

which satisfy prescribed asymtptotics at +co. We assume that ¢ and r decay
fast, and z = £ € R. There exist a fundamental system, 1_,1__ normalized
at —oo,

T—r—00 T—r—00

lim e*%y_, (z) = (é) , lim e %%y__(z) = (2)

and another fundamental system normalized at oo,

T—00 T—00

hnle-%$w+<x>=:<?)’ “Hle“xw++<x>=:<é>'
The solution space of the problem ([2.5)) is a two-dimensional vector space. As

a consequence these solutions are linearly independent and thus connected on
the real line by

_ (a+(8)  b4(E)
(77[}+—a77[}—+) - <b+(§) a+(€>) (¢——,¢++)

There are simple alternative expression

0 () = Wity ) = det(optbs ), a () = W(thyr, o).
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Here W is the Wronskian, which is independent of x. The solutions %_, and
¥4 have a holomorphic extensions to the upper half plane {Im z > 0} and are
called left and right Jost functions. We define the transmission coefficient

T() ™ = W) = Jim eyl () = lim_ e g2 _(a).

T—r—00

for z in the upper half plane. Similarly, the solutions ¥__ and ¥ can be used
to define T'(z,u) in the lower half-plane.

To calculate the transmission coefficient, needs to be solved. To this
end define ¢ = e%**1). With this definition we can rewrite as

Or 1 = P2,

(0 — 2i2)d2 = ¢, (26)

By the variation of constants formula, and from the asymptotics of the left Jost
solution at —oo, we can transform (2.6]) into

o1 = [ oty +1
pa(x) = / 0 r(y) g (y) dy,
—00
which in turn can be cast into a single equatiorﬂ for ¢q,
P1(z) = / W) gy )r (1)1 (1) dy dyy + 1. (2.7)
—oo<z1<y1<T
We define the operator
(S(z,q,r) f)(x) = / W) gy ) () f (1) day dyr . (2.8)
—oo<r1 <Y1 <T
Thus has the form

¢: S(ZaQ7r)¢+ la

and can hence be formally solved by
¢ = Z Sn(za q, 7‘)1
n=0

Note that in this notation the 1 corresponds to the constant function with value
one. From this we obtain a series expansion

T (2,q,7) = ZTgn(z,q,r), (2.9)
n=0

IThese considerations have been done already in the very first works on the direct scattering
for NLS, see e.g. [3} Section 1.3]
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where for n > 1,
T2n(z7 q, 'I") = wll)ngo (S (Z7 q, T)l) (LL')

22 2= W) gy )r (1) . q(yn)7 (@) dady,
(2.10)

/11 <Y1<z2< <Tn<Yn

and Ty = 1 respectively.
It is not hard to see that when ¢ € L*(R),r € L>(R), and when Im z > 0,
the single operators

f s [ () f(y)dy respectively f s [ 2D (y) () dy,

are bounded as operators on Cf(R) with norms
lgllzir) respectively (2Imz)~!||r||po (k).

This would be enough to cover the case r = 1 and ¢ € L!(R) which corresponds
to the KdV equation. More generally, when looking at S(z,q,r), we find that
for all ¢ € LP(R),r € ¥ (R), by Young’s inequality (Theorem |A.8))

15(2,a,7) fll Lo ()
<l / eI == g4 (21) | dary iy
—oo<x] <Y1 <00

= 1l / (€72 = x50 * Irl) (1) a(w2)| din

—2Imz-

IN

”fHLOO(R)HQHLP(]R)He X{->0} * |T|HLP'(R)

1

< m”flll’m(R)IquLP(R)HT”LP’(R).

Here the constant (2Im z)~! appears by evaluating the L! norm of the function
e_QImZ'X{_>O}. Thus, the series in (2.9) can be guaranteed to converge in the
L? based setting:

Lemma 2.2. If ¢,r € L*(R) are such that

lgll2y, [I7]| L2y < (2Im2)72,
then the series (2.9)) converges absolutely and
Ton(z,¢,7) < (2Im 2) ™" (|qlI72 ) 17172 ()

In fact, Koch—-Tataru [83] showed that T5,, can be defined in lower regularity
as well. To this end, they define the spaces I2DU? as a replacement of the
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spaces Hr 1/ 2(IR) to which the theory does not extend (see Section 2| for a
definition of the spaces U2, V?). For instance,

. 2 3 1
| fll:2 pu2 STTH(/ (55_(1_1_'2) dﬁ) ) 0<s<g,

which shows that H~'/2%(R) embeds continuously into 2DU?. One of their
results is the following estimate (cf. [83] Proposition 5.10]):

Lemma 2.3. Let z = o +it. Assume q,r € 2DU?. There exists a constant
¢ > 0 such that

[ T2n(2,4.7)| < (el aliz puzlle* 72 pu2) ™.

In particular the series in converges uniformly in small enough balls in
H~'/2*(R), and the definition of the transmission coefficient can be extended
to these spaces.

So far we have seen how to define the transmission coefficient T'(z,q,r). It
turns out though that the logarithm of this object is even more useful. In the
case ¢ = u = £7, —logT serves as a generating function for the so called NLS

Hamiltonians,
(e ]

log T'(z,u) ~ —i Z(Qz)ianLS(u)a
n=1
as an asymptotic series. In fact we will also use —logT to construct the low
regularity almost conserved quantities in Section
From the series expansion of T~!(z,¢q,r), we can derive a series expansion
for —logT(z,q,7),

oo

—logT(z,q,r Z (z,q,7), (2.11)

where Thy, (2, A\q, vr) = (A)"To, (2, ¢, 7). Indeed, from the Taylor expansion of
log(1 + z) we infer

log (1+ZTM) :ZT%*%(ZTQ,})Zé(ZTQn)gi...,
n=1 n=1

n=1 n=1

and hence,
~ - 1 9 - 1 3
TQ:TQ, T4:T47§T2’ T6:T67T2T4+§T2,

Intuitively the bounds of T3, should carry over to bounds on Ty,. An indeed,
bounds on 75, can be derived via subordination from Lemma (cf. [83]
Proposition 5.10]). One arrives at:

Lemma 2.4. Let z = o +it. Assume q,r € 2DU?. There exists a constant
¢ > 0 such that

|T2n(27 q, T)| < (C||e2ia.q||l$DU2 ||672i6.71||l3DU2)n'
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It follows that the series in ([2.11)) is convergent as well, provided
1€%7°qlli2 pu= e~ 7|12 prr2 < 1.
This is true for example if ¢,r € H*(R), —% < s<0, z=1ir, and if,

HQHHS(R)a HT”HS(]R) < T%Jrs-

In fact, if q,r € I3DU?, then T~(z,q,r) is defined as a holomorphic function
for z in the whole upper half-plane. This can be seen from the fact that the Jost
functions can be constructed in the whole upper half-plane, and their depen-
dence on z is holomorphic. Moreover, T~1(z, ¢, r) cannot have any zeroes in the
region where converges, though in the focusing case it can still have zeroes
in the upper half plane away from the region of convergence (see Corollary 5.12
and the following discussion in [83]).

2.2 The Perturbation Determinant

We have seen how to use the classical approach via Jost solutions to define
the transmission coefficient and its logarithm. A different approach to define
—logT(z,q,r) for functions q,r with regularity below L?(R) was laid out by
Killip-Visan-Zhang respectively Harrop-Griffiths-Killip-Visan in [77, [64]. To
explain this approach, we take a fresh start and define for x > 1,

- (_1)n71 n
Ak qr) = ot ((AD)™), (2.12)

n=1

where

1

A=(k—0)"2q(k+0)" 2,
F=(k+08) 3r(k—0)"2.

[

Nl

Here the operators Ry = (k4 )~ ! and their square-roots are defined via their
Fourier transform, tr (A) denotes trace of an operator A, and is defined as in

Appendix In particular,
F((x£0)"21)(€) = (x £i6) 2 f(€), (2.13)

where we determine the complex square-root via y/k > 0 and continuity (see
[77]). We also define

a(k,q,r) = Re A(k, q, 1),
which up to signs coincides with the definition of [77, Chapter 4]E| After cycling
the trace, which is possible if we assume ¢, € S(R) one formally arrives at

N Vi

a(k,q,7) = Re [Z

n=1

tr ((R_qR+r)")]. (2.14)

2This sign difference stems from the fact that they consider cubic NLS with linear part
—10t + Ozq, i.e. with reversed time direction.
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At first sight the definition of A seems to appear out of nowhere. It can be
motivated though by considering the so called perturbation determinant for the

Lax operator L. If
Kk—20 0
Lo = ( 0 K+ 8)

denotes the Lax operator with ¢ = r = 0 and z = ik, then

—1 o 1 qu
logdet(L, L) = logdet (—R+r 1

has the formal series expansion

S E G (RrogRyr)),

n

which up to cycling the trace and a sign is exactly the definition (2.12).

To make these definitions rigorous, all traces in (2.12)) and (2.14) need to be
well-defined, and the series need to converge. To this end, it is enough to show
that A, T, R_q and R r are Hilbert-Schmidt operators with suitable estimates,
since by Theorem their products will be trace class. This can be checked
by calculating their kernels, and using Theorem For A,T one sees ([T7,
Lemma 4.1]

o &\ o)
I, = I, ~ [ 1o (14 15) £

This shows for —% < s < 0 that

de. (2.15)

A3, = Tl S 672 llgll e ey
and convergence of the series in (2.12)) is assured provided
1.
gl zre ey S w27
For R_q and R, r one can use that the integral kernel of (k & d)~! is given by
X F @-y)<0)- (2.16)
Using this we arrive at (see also the calculation in Lemma
1
1R flla, = 1B flla, = 672 (| fllL2m)-
Correspondingly, the series written as in (2.14) can be defined provided
1
||f||L2(1R) NGER

The significance of A(k,q,r) is that it can be shown to be conserved under the
AKNS flow (2.2). We give a proof, closely following [77, Proposition 4.3] but
with the difference of including the more general case of two functions ¢ and 7.
A different proof was given in [64].
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Theorem 2.5. Let ¢,r € C*°(R,S(R)) be a solution of the AKNS system ([2.2)).
Then for k > 1 large enough,

O A (K, q(t),r(t)) = 0.

Proof. We rewrite

A= i $ tr ((R—qRyr)")
n=1

by cycling the trace. Since
oo

O A = Z(—l)” tr ((R_qR+r)"_1(R_(—qm—l—2q2r)R+r—|—R_qR+(rm—27‘2q))),
n=1

it is enough to show that
tr ( — R_qu Ryr+ R_qRJrrm) =0, (2.17)
and for n > 1,

2tr ((R_qRyr)" Y(R_¢*rRyr — R_qRi77q))
= tr (R-qRy7)"(—R_quaRy7 + R_qRy722)).

To prove (2.17) we calculate (see Lemma [3.3)
tr (R-fR1g) = ((2x— )" £.3)

and use partial integration. We write the operator identities

(2.18)

oz = q(0% = 260 — £?) + (0% + 260 — £%)q + 2(k — D)q(r + 9),
Tow = (0% — 260 — K21 + (0% + 2k0 — k%) + 2(k + O)r(k — ),
in the form
Qra = qu + A2q + 2(53 - a)‘](’i + a)a
Taz = A17 + 1A +2(k + 0)r(k — 0).

The operators A; and As commute with R.. Hence, their contribution in the
right-hand side of (2.18)) cancels after cycling the trace, and it can be rewritten
as

2tr ((R-qRyr)"(—qr + R_qr(k — 9))),

which coincides with the left-hand side of (2.18)) after cycling the trace once
more. O

The conservation of A is not a coincidence, in fact

A(Ka q, T) = - 1OgT(i’%a q, 7").
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While this fact seems to be well-known, it is not easy to come up with a reference
for it. Though not explicitly stated in terms of the transmission coefficient, the
earliest reference for arguments leading to a formula for the KdV transmission
coefficient seems to be [72]. A more modern approach can be found in [I18]
Proposition 5.7], though again the statement is only shown for KdV. The work
[64] uses the result partially, in the sense that the convergence of the approxi-
mate Hamiltonian flows towards the mKdV and NLS flows gives the result for
the first terms in the asymptotic expansion. Finally, the full statement can be
derived from a result from [64] and an old calculation concerning the functional
derivatives of the transmission coefficient, going back at least to [I05 Section
10]. We give a proof by connecting these facts. Since it is based on the work in
progress [80] we include proofs:

Theorem 2.6. Let k > 1 big enough and q,r € S(R). Then,
- lOgT(iH, q, T) = A(Ka q, T)u
and in particular

TQn(ina q, 7”‘) = % tr ((R_qR+T)n)

Theorem [2.6] follows from the following results:

Lemma 2.7 (Proposition 3.1 and Lemma 4.1 in [64]). Let —3 < s < 0. There
exists & > 0 such that for all q,v € H* ||g||lps < 6, and all k > 1, the Lax
operator L is invertible on L?(R). Its inverse admits an integral kernel whose
off-diagonal entries G12 and G2y are continuous. In particular, they admit a
continuous restriction to x =y, qi2(x, K, q, 1), respectively go1(x, k,q,r). These
functions satisfy

)
7A = g21, 7A = —J12- (219)

Lemma 2.8 ([80]). For z in the upper half-plane, the Green’s function for the
operator L(z) is

B (@2 (12) (e (2))
Gy 1 («pi(a:,z)wi_(y,z) wzi<x,z>w§_<y7z>> o<y,
x,Y,z) = z
() Ul @l )
(i_u,z)w%ﬂy,z) §_<x,z>w£<y,z>> fy <z

Proof. We observe that the columns considered as functions of = satisfy
L(z)G=0

whenever z # y. It is the Green’s function since, for 2 being the limit from
above and x_ being the limit from below,

Glat,2) — Gla—,z) = (‘01 ‘1)) ,
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which on the diagonal reduces to the fact that

T(2)"" =W, ts),
and shows that L(2)G = §(z — y). O
Lemma 2.9 ([80]). For all g,r € S(R), and all k > 1 big enough,

0 0
—logT = — —logT = . 2.2
5q og 921, or og g12 (2.20)

Proof. The equation
L(z) = f

has a another fundamental solution G(z,y; z) given by 0 if z < y and otherwise
(observe that W (¢4 ,¢4_) =1)

B (z/}h(w)tﬁi(y) -y (@) () Yl (@)l (y) - wi(w)wh(y))
Vi ()Yt (y) — i (2)vi, () i (@)l (y) -3 ()9l (y))”

This can be seen by checking again that L,G(x,y; z) = 0 away from the diagonal
and by the jump condition

Gat,2) — Gla™,z) = (‘01 ?) ,

as this implies L, G(z,y) = é(x—y). To determine ‘;—Z and 2L resp. for Imz > 0,

recall

d
ST (2 q + 1 1) im0 =1 | — G+ —7rdy.
o (z3q 4+ tq,r + 1) |10 A qq+ Ty

We differentiate the equation with respect to ¢ (dots are t-derivatives) and con-
sider 1) = _4 to arrive at

o= (7).
Hence
9@) = vae) [ i)~ ) Wiy
— Yy (2) /; P (W)dly) — L (yeh idy,
and thus

d, . . . . ivw . .
ST a+tgr+7) = lim e (2) =/¢i—¢3+qdy—/¢i—¢1+rdij-
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Here, the second summand vanishes due to the assumption Im z > 0. Thus by
Lemma [2.8

ST~ 1 _ ST—1 _
5 Vi _Y?, =T g, = —pl Yl =T g,
The result for log T follows from this. O

We end this section by giving the explicit form of the quartic term in the
expansion. This will be needed in the construction of almost conserved quanti-
ties at the level of My 1 (R) regularity. For a proof we refer to [83] Section 8.1].
Tt uses from the construction of Jost functions laid out in Section Bl

Lemma 2.10. The quartic term satisfies

S Re(4(£1)3(€2)d(m1)d(n2))
T4(ZH, ¢ q) a 2 -/51+52_771 +n2 (27’.’% + 51)(2’“{ + 771)(2i’€ + 772) .

2.3 Low Regularity Conservation Laws for the
NLS

The gist of the works [83, [77] is that the conserved quantity —logT'(z,q,r) can
be used to construct (almost) conservation laws for the NLS at the level of
Sobolev regularities H*(R) for s > —%. This works for both defocusing and
focusing NLS (i.e. ¢ = +7) which is related to the fact that we only consider
the subcritical range.

The methods of Koch-Tataru [83] and Killip-Visan-Zhang [77] are somewhat
different in their precise form. Koch-Tataru make use of a shuffle algebra struc-
ture in the series expansion of —logT" to rewrite the term Ty, as a finite sum of
so called connected integrals. These connected integrals have nice decay prop-
erties and allow for LP based estimates, which are needed to obtain sufficient
decay in Imz. On the other hand, the representation of Tb, as a trace over
operators used by Killip-Visan-Zhang (see Theorem [2.6)) already allows for LP
based estimates. However, for larger s one has to make additional use of a grow-
ing number of cancellations to obtain the aforementioned decay in Im z, which
is more easily visible in the connected integrals than in the trace representation.

Both methods have their own advantages and disadvantages. In Section
we will make use of the Killip-Visan-Zhang ansatz, and we concentrate on this
method in this section as well. The Koch-Tataru ansatz will play a role again
in the construction of an almost conserved quantity adapted to the modulation
space Mz 1(R), but we will only use the explicit form of T, as a connected
integral as stated in Lemma [2.10]

To construct the conserved energies, recall the definition of a(k,q,r).
For simplicity we set » = ¢, assuming that we are in the defocusing case. We
write

azn(k, q) = Re {% tr ((quRM")n)}’
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and thus
o0
=3 an(k,q).
n=1

The main contribution in the construction of the almost conserved quantities is
played by as(k, ¢). Using the explicit integral kernels of Ry, it can be seen that
(see also [77, Lemma 4.2])

2
oa(m.0) = [ i@ de

For small data the conservation of «(k,q) (which follows from conservation
of A(k,q)) implies almost conservation of ay(k,q). By performing a weighted
summation over as in the parameter x, one obtains a quantity which is near a
Besov norm:

Definition 2.11. Let s € R and r € [1,00]. We define the B3, Besov norm as

1

(1052 er<) + Zwear NI flGenarercam) s 1< T < o0,

max ||f||L2(\5\§1), Sup yean NS||f||L2(N<\£\§2N) , ifr=o0

and the space B3 .. as all those f € S'(R) with | f||pg, < oo

Note that since we are working in the L? based setting this Besov space
definition coincides with the one from Definition which uses Littlewood-
Paley projectors, and we have equivalence of norms. The following quantity is
equivalent at negative regularity:

Lemma 2.12. Let —3 < 5 <0 and r € [1,00]. Given ko € 2V, define

r 1
Kl (ZN@N N”(f gﬁi’ﬁzmlf( )Izdé)Q)T7 if1<r< oo,
Zo — {
supyex N*( [ e FOFRdg) . ifr=oo

Then,
185, S Iz S 66 11F N 5., (2.21)

A proof of this Lemma can be found in [77, Lemma 3.2]. A closer look at
the Z,,, norm reveals that

1122, = ||V (r0N) 22 (0, )

er(Near)
With this definition we are able to prove:

Theorem 2.13 (Theorem 4.5 in [77]). Let —3 < s < 0 and r € [1,00]. Let

qg € C®(R,S(R)) be a Schwartz solution to the cubic one-dimensional NLS
(2.1). Then,

|s]
T—2[s]

la)lls, < la©)llss, (1+ I3, )
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Proof. Assume k > kg. From ([2.15)), cutting to intervals in frequency space,
and Holder (using r = 00), we see

1
Allg, S = i) d
AR, < - /“M GO+ 3

Ne2N

log (2 + kZN?k2 .
Chal ) / 1G(&)[? d€
kolN + K ko N<|€|<2ko N

_n1-2ls]
< (ror ™) g a3,

~

< R g 2,
Thus by continuity of the norm in time, if

R0 2 (L4 [[g(0) 3, ), (2.22)
we obtain
[All5, = IT|3, <c<1

for some small time interval I around ¢ = 0. This ensures convergence of the
series expansion ([2.14)) for a. Moreover, by the geometric convergence and the
estimate above, we also find for t € T

(s, q(t)) — aa(k, q()] S Ko I (1), -

We set k = kN, raise this estimate to the power r/2 and sum over dyadic N
to estimate

(30 N (oN)Elals a) — as(s, qt)IF) " S mg tllat)]%,,
Ne2N

with convergence in the sum over N since |s| < 5. This shows via conservation
of a,

_1 _ 1
ko 2la)ll 2., < ko ? || N*(koN)Z|a(ko N, q(t))] 2

kg —

£r(Ne2v)

+ i * [NV (50N) ¥ (o N, (1)) — (o, a()

r(Ne2h)

< 1y 2 | N* (ko) (o N, g(0)) 3

+0(ro * la(®) 2,,)?

£r(Ne2N)
_1 _1 _1
< g *9(0) 2., + O((ko * la(®)]| z.,)* + (5o * 4(0)llz.,,)?)

where in the last line we traded « against as once more. This estimate is
amenable for a continuity argument: Assume that

_1
Ko 2 [19(0)]|z,, <e < 1.

Let I denote the maximal time interval containing ¢ = 0 such that

_1
ko *lla®)llz,, < Ce,
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where C' > 0 is fixed but chosen later. Due to the continuity of the [|q(t)]|z,,
norm, [ is closed. But moreover, it is non-empty (since 0 € I), and it is open:
if t € I, then by the above estimate for some ¢ > 0,

_1 C
fo la(®)lz., < cle+* +C%%) < e,

assuming C' > 4c and (1 + C?) < 1. The latter condition can be assured by
making kg larger if needed, and (2.21)). This shows

sup [lg(V)| 2., < [l9(0)]l z, -
teR

Combining (2.21) and (2.22)) now yields the result. O

In Theorem the decay of as(k,q) in k was sufficient for all the sum-
mations involved. If one wants to obtain higher regularity conservation laws,
the decay is not sufficient anymore. The solution to this problem is to take
a linear combination of as with different spectral parameters, leading to more
decay in k. This was done in [77, Chapter 3] and will be used in Section in
the construction of almost conserved quantities for ANLS as well as in Section
in the construction of almost conserved quantities for NLS in modulation
spaces Ms 4(R) for g € [1,00).
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Chapter 3

Low Regularity
Comnservation Laws for the
Derivative Nonlinear
Schrodinger Equation

3.1 Introduction

This section is based on the joint work [82] of the author with Robert Schippa.
We closely follow the manuscript [82] and only changed some parts in Section[@
which have already been introduced in this thesis. We also added Remark [3.10]
which explains how the work [75] was able to remove the smallness condition
assumed in this section.

The following derivative nonlinear Schrédinger equation (dNLS) is consid-
ered

p 3.1
4(0) = 0 € H'(K), 34
where K € {R,T = (R/(27Z))}. In the seventies (3.1)) was proposed as a model
in plasma physics in [112, [96] O7].

In the following let S(R) denote the Schwartz functions on the line and S(T)
smooth functions on the circle. Here we prove a priori estimates

{ i04q + 0zeq +10:(lgPq) =0 (t,z) € R xK,

sup la(t) 15+ %o oz, 0 <5 < 3.
teR
where ¢ € C*°(R; S(K)) is a smooth global solution to , which is also rapidly
decaying in the line case, conditional upon small L?>-norm. These estimates are
the key to extend local solutions globally in time. Local wellposedness, i.e.,
existence, uniqueness and continuous dependence locally in time, in H'/? was
proved by Takaoka [124] on the real line and Herr [67] on the circle. They proved
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local wellposedness via the contraction mapping principle, that is perturbatively.
Furthermore, they showed that the data-to-solution mapping fails to be C®
below H'/? in either geometry, respectively. Moreover, Biagioni-Linares [I8]
showed that the data-to-solution mapping even fails to be locally uniformly
continuous on the real line below H'/2. Thus, the results on local wellposedness
in H'/? are the limit of proving local wellposedness via fixed point arguments.
However, on the real line (3.1) admits the scaling symmetry

q(t,z) = A"V 2q(A 72 A, (3.2)

which distinguishes L? as scaling critical space. Hence, we still expect a milder
form of local wellposedness in H® for 0 < s < 1/2. By short-time Fourier
restriction, Guo [60] proved a priori estimates for s > 1/4 on the real line,
which Schippa [IT5] extended to periodic boundary conditions.
Moreover, Griinrock [57] showed local wellposedness on the real line in Fourier
Lebesgue spaces, which scale like H®, s > 0. Deng et al. [41] recently extended
this to periodic boundary conditions; see also the previous work [58].

Less is known about global wellposedness. Conserved quantities of the flow
include the mass, i.e., the L?-norm,

Mlq) = / lq|*dz,
K
the momentum, related with the H'/2-norm,
_ 1 4
Plgl = | 1m(qq.) - 5lql*dz,
K
and the energy, related with the H'-norm,
2 3 or L 6
Elg) = | lazI" = S lal"Im(qgz) + 5lal°dz.
K

A local wellposedness result in L? seems to be very difficult due to the scaling
criticality. On the other hand, it is not straight-forward to use the other quanti-
ties to prove a global result due to lack of definiteness. The remedy in previous
works was to impose a smallness condition on the L?-norm and use the sharp
Gagliardo-Nirenberg inequality.

Wu [136] observed in the line case that combining several conserved quanti-
ties improves the L?-threshold, which can be derived from the energy (cf. [135]).
Mosincat—Oh carried out the corresponding argument on the torus [102]. Addi-
tionally making use of the I-method (cf. [38, 95]), Guo-Wu [61] proved global
wellposedness in H/2(R) for |lug|2. < 4, and Mosincat [I01] proved global
wellposedness in H/? (T) under the same L2-smallness condition. Previously,
Nahmod et al. [104] proved a probabilistic global wellposedness result in Fourier
Lebesgue spaces scaling like H'/ 2=2(T). On the half-line and intervals endowed
with Dirichlet boundary conditions, Wu [I35] and Tan [126] showed the exis-
tence of finite-time blow-up solutions.
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The question of global wellposedness for arbitrary L?-norm was still open
at the time of the first submission of the work [82]. Afterwards, there were
several new contributions to the global wellposedness of ANLS ([127, [7, [75]
68, [65] 63]). Among these, Bahouri-Perelman [7] showed global wellposedness
in H'/2 (R) without smallness assumption on the L?-norm, and later Harrop-
Griffiths—Killip-Ntekoume—Vigan[63] improved this result to global wellposed-
ness in L?(R). The new works are discussed at the end of the Introduction.

Kaup—Newell [74] already observed shortly after the proposal of that
it admits a Lax pair with operator

o+in? -
swa) = (THF 5. (5:3)

Consequently, there are infinitely many conserved quantities of the flow. How-
ever, to the best of the author’s knowledge, there were no prior works using the
complete integrability for solutions in unweighted L?-based Sobolev space, i.e.,
without imposing additional spatial decay. In particular, there were no results
for periodic boundary conditions making use of the complete integrability before
the present ones at the time of publication.

Via inverse scattering, Lee [86l [87] proved global existence and uniqueness
for certain initial data in S(R). Later, Liu [91] considered with initial data
in weighted Sobolev spaces H?2?(R) and proved global wellposedness via inverse
scattering. See the subsequent works [71l [69] due to Jenkins et al. for results
addressing soliton resolution in weighted Sobolev spaces and [70] for a recent
survey. Recently, Pelinovsky—Shimabukuro [ITI] proved global well-posedness
in HYY(R) N H%(R) without L2-smallness condition, but assumptions on the
Kaup—Newell spectral problem; see also [T10} [1T4].

There are major technical difficulties to apply inverse scattering techniques
in unweighted Sobolev spaces, e.g., on the line the decay of the data is typically
insufficient for classical arguments. For the nonlinear Schrodinger equation on
the line, Koch—Tataru [83] could use the transmission coeflicient to obtain almost
conserved H°®-energies for all s > —%. Killip-Visan—Zhang [77] pointed out a
power series representation for the determinant

log det( [(—846/%)—1 (_ai),z;)l] [—i;;_& i K] )
given by
i_oj(ﬂl)t {[- 02+ 0y qtk - 0] ],

which works in either geometry. Killip et al. [77] showed that it is conserved
for NLLS and mKdV by term-by-term differentiation. This led to low regularity
conservation laws and corresponding a priori estimates in either geometry. Tal-
but [125] used the same approach to show low regularity conservation laws for
the Benjamin-Ono equation.
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Motivated by these results, we show that the determinant

(0+ir?)~t 0 d+ik®>  —kq
log det( { 0 (0 —ir?)~1 Kq 0 —ik? ):
given by
> -1 lilJrll%l N N .
Z%tr{[(@—m) Y0+ &) }, (3.4)
1=1
where we formally set & = —ix? (we drop the tilde later on), is conserved for

solutions of (3.1). This yields the following theorem on the growth of Besov
norms:

Theorem 3.1. Let ¢ € C*(R;S(K)) be a smooth solution to (3.1). For any
0<s<1/2,r€[l,00], there is ¢ = c(s,r) < 1 such that

la(®)]

s, S lla(0)ls;, (3.5)
provided that ||g(0)]]2 < c.

Remark 3.2. We focus on regularities for which global results were previously
unknown. It appears feasible to cover higher regularities following [77, Sec-
tion 3]. This involves recombining a(k;q) as defined below to gain more decay
in Kk and more growth in € on the Fourier side similar to what is done in Section

4

In follow-up works to [77], Killip-Vigan showed sharp global well-posedness
for the KdV equation [76] and later on with Bringmann for the fifth order KdV
equation [25]. Sharp global wellposedness for NLS and mKdV on the real line
was shown by Harrop-Griffiths—Killip—Vigan [64]. In the first version of the
article [82] (07/2020) we raised the question whether is within the thrust
of these works.

Indeed, in 12/2020, Tang-Xu [127] pointed out an underlying microscopic
conservation law on the real line, which paralleled the results in [64] for mKdV
and NLS, but did not prove wellposedness. On the real line, Bahouri—Perelman
I7] (12/2020) showed global wellposedness in Hz (R) without smallness assump-
tions on the L?-norm, relying on profile decomposition, and also crucially on
complete integrability. Moreover, Isom—Mantzavinos—Stefanov [68] (12/2020)
showed that Sobolev norms H*(T), s > 1, of solutions to are growing
polynomially by using nonlinear smoothing and not relying on complete inte-
grability. In [75] (01/2021) Killip-Ntekoume—Vigan showed global wellposed-
ness of for go € H*(K), % <s < % but still under the restriction of small
mass ||qo|7. < 4. The small mass restriction was removed in [65] by Harrop-
Griffiths—Killip—Vigan (06/2021), paving the way towards the final result of
Harrop-Griffiths—Killip—Ntekoume-Vigan [63] who showed global wellposedness
of ANLS in L?(R) without any mass restriction.
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3.2 Preliminaries

We recall from Appendix[ATJour conventions on the Fourier transform is defined
on R. We will also work on the rescaled torus, for which we use the conventions
from [107]. Given A > 1, let Ty = R/(27r\Z). The scalar product on L*(T,) is
given by

2w\
(o) = [ pwolas = / f(2)g(@)d.

We set

~
o)

Z f zwf

EEL/A

27T\ st

for f € LY(Ty,C), where ¢ € Zy = A"'Z. The guideline for the conventions is
that Plancherel’s theorem remains true:

1 llz2(ma) = 1122 zx () 5)
where (d€), denotes the normalized counting measure on Zjy:
f Z f(€
£€ZA

For further basic Fourier analysis identities on T, we refer to [38] Section 2].
turn to the definition of L?-based Sobolev norms: For s € R, for f € §(T)) =
C>(Ty) we define

1f e (my) = (/Z (1+ |€|2)S|f(£)|2(d§)x> .

Recall the definition of Besov norms. We consider a smooth partition of unity of
the real line: Let 8; : R — [0, 1] denote a radially decreasing function 81(§) =1
for ¢ € [-1,1] and supp B1 C [-2,2]. For N € 2V let By (§) = B1(¢/N) —
B1(€/(N/2)), and let Py denote the Fourier multiplier on R or T:
(Py)(€) = By () F(©)-
We define the Besov norm of f € S(R) or f € S(Ty) for 1 <r < oo, s >0 by
1
By, =( > N”IPnflz)"

Ne2No

and with the usual modification for » = oco. Note that this gives an equivalent
norm compared to the sharp cut-off in Definition

For A € 2% let fy(z) = A~2 f(A\~'z). We record the following scaling of the
Besov norms:

A1A

By, SABs, S Iflle + AN fllss,, (3.6)
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which follows from

1Pl < (Ifllzz PN fallze = [IPanfllie (N €2Y).

Also recall the facts about trace class operators and Schatten norms from
Appendix [A73] which will be used in the following. For x > 0, k € Z, the
mappings (0 + x)* : S(K) — S(K), K € {R,T,}, are defined as in as
Fourier multipliers:

(O£ &)* (&) = (i€ £ w)*f(£).

Bounds in L?-based Sobolev spaces are immediate from Plancherel’s theorem.
We denote R+ = (0 + x)~1, which have the kernels on the real line given by
([2:16). On the circle, by the Poisson summation formula (cf. [I07, Lemma 3.3])
we find the kernels of R4 to be

e ((@—y)=2mA[ 52 T) e ((y=2)=2m AT T)

ki (Ha 'T7y) = - 1— 6_27‘.)\,/V ’ k-)&\-(’ivxay) 1— 6_271—)‘” ) (37)

where [-] : R — Z denotes the ceiling function given by [z] = min{k € Z : k >
x}. We note the following identity:

1+ 67271'/\}%

k2 (k, ,y)? = 1_ 2w

EX (2K, z,y). (3.8)

3.3 The Perturbation Determinant for the dNLS

In this section we show conservation of the perturbation determinant

i)+ l
Rez (0—r) g0 +x => o  (39)
1>1 1>1
through term-by-term differentiation. For the first term we note the following;:

Lemma 3.3. The following identities hold for f,g € S:

B ~ (2k—=0)"'f,3), fK=R,
_8 1 a 1 = —27 K
tr((k—9)" f(k+0) g) {}i‘;W<(2H—5>_1f’9>7 if K = Th.

Proof. We begin with the line case. Using the explicit kernels (2.16]), we find

(3.10)

(s —0) ™ f s+ 0) / [ € 1) dey
(2 —0)"'f,9),
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the last line using the L?(R) scalar product. In the circle case, (3.8)) yields

(=070 9)79) = [ K6k oy 2t dod

1 + 67271')\1%
Bk //2 2k, z,y) f(y)g(x) dedy
T

1+e—2ﬂ>\}€ B B
m«zﬁ - 0) 1f7 9)-

O

To ensure that we can differentiate o term by term, we show the following
trace estimates leading to geometric convergence:

Lemma 3.4. Let g € S(R) orq € S(Tx), A>1,1>2, and kK > 0. Then

—s R 21 0 s 4 ;
tr{[r(x — )" 'q(k +0)'q'}] S { 1|/|f||||(f”35)21( (SSZ T/i)/.) (3.11)

Hence, for ||qllr: < ¢ < 1 small enough, or k> ||lg|* for s > 0 and
a =min(1/4,s), « defined in (3.9) converges geometrically.
Proof. The L2-estimate in ([3.11]) follows by

1
IR+qll5, ~ ;HQHQL?’ (3.12)

To show the above display, we note that the kernel is given by K(z,y) =
k+(z,y)q(y), and we compute by Fubini and Plancherel’s theorem

[[ 1w Pdzdy = [ gt [ dslbsto )

d 2
= [l [ 55~ al

Observe that the argument works in either geometry and in the periodic case
gives a bound independent of the period length.

For the H®-part, set A = xk'/2R.q. Firstly, we argue that we can gain
powers of k by estimating ¢ in H®-norms. Note that

1All5, S llallz, N Al S &2 llglloo- (3.13)

The first estimate follows from and the second follows from viewing ¢
as a multiplication operator in L? and the bound ||R4|/z2_z> < 71, which is
immediate from Plancherel’s theorem. Interpolating the estimates in by
viewing A as a bounded operator from LP? — J, (cf. [II, Proposition I.1]) and
using Sobolev embedding, we find

IA]l5, < s Y2YP gl < k7% lgllas for s=1/2—1/p, 2<p < oc.
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Let 0 < s’ < 1/4 in the following and set s’ = 5 — p%. By Holder’s inequality
and embeddings for Schatten spaces, we find

ja| < [er((AA)%)] < JAIIS, < A5, S & llall}y.-
Similarly for the higher order terms [ > 3, we find

[ ((AA))] < AIIE, < AN, S w2 lall3.

This is the H®-estimate in (3.11]) for 0 < s < 1/2. Lastly, note that this implies
that the series (3.9) converges for ¢ € H®, s > 0 by choosing k > Hq||}{“ for
a = min(1/4, s) as claimed. O

Next, we show that « is conserved by term-by-term differentiation.

Proposition 3.5. Let ¢ € C*(R;S) be a smooth global solution to (3.1) with
lg(0)|l2 < ¢ < 1. Then

d
%a(/@ q) =0.

Remark 3.6. By Lemma a(kK; q) converges without smallness assumption
on the L%-norm, but provided that r is sufficiently large. However, we are not
able to show bounds for the B3 .-norm without L?-smallness assumption.

Proof. In the following we omit taking the real part in (3.4]) and will thus show
that both real and imaginary part are conserved. Consider

e l+1l
S I o a@ 010 = Y
=1 R Ry >1

We note similar to the considerations from [77, Section 4]:

(lg?9)= = (0 — r)(|al*q) — (IqIq)(d + k) + 2x(lq|*q)

_ B ~ ~ (3.14)
(laI*@)e = (@ + r)(la*@) — (a*@) (0 — &) — 2x(|g|*),
and furthermore,
Gez = q(0% — 260 — K?) + (0% + 20 — K?)q + 2(k — 0)q(k + ), (3.15)

Gow = (0% — 260 — K2)7+ G(0* 4 2k0 — k%) + 2(k + 0)q(rk — ).

Differentiating term-by-term, we find two terms 2 sicu = A+ By, which are given
by

Ay = —(—=)"rMr((R_qR1@)" ' [R-(|9]*q)s R+3 + R—qR+(|q*q)]
By = (=)' kMr((R-qR.q)' ' [R_ique R+-q — iR_qR 1 ua)).

We show that A;+Bj+1 = 0 by substituting (3.14]) and (3.15)). However, with the
substitutions introducing differential operators, we have to check that the single
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terms are well-defined and cycling the trace is admissible. Strictly speaking,
already writing A; and B; as in the above display requires cycling the trace.
Since R_qR.q, R_(|q|*q)+R+q, and R_q,, R, are of trace class, this is not an
issue. We shall prove A; + Bj41 = 0 for | > 2 by substitution and handle the
terms A, By, and By directly.

For A; we find after substitution of :

Ay = — (=) k'tr((R_qR+ @) (|g*qR+q — R-|q|* + 25R_|q|*qR+q

o g (3.16)
+ R_|g|* — R_qRy|q|?qR"" — 2R _qR|q|*q)).

With R_qR,q being trace class, for [ > 2 it is enough to check boundedness
of the remaining six factors. With R_ and multiplication by ¢ or ¢ a bounded
operator as ¢ € S, it only remains to check boundedness of the fifth factor:
R_qR.|q|>qR~'. Now R™' : L? — H~' is bounded and so it is enough to
see that multiplication with |¢|?g is bounded in H~! because R, is a bounded
operator H~! — L?. This follows from the estimate ||fg|lg—1 S| flla:llgllz-1s
which is immediate by duality and the algebra property of H'(K). Hence, we
can consider the traces of the single terms, and the second cancels the fourth
term. For the fifth term, we compute by cycling the trace

tr(R_qR1q(R_qR.q)' *R_qR|q|*qR"")
= tr((R_qR4q)'*R_qR{|q|"qR='R_qRq)
= tr((R-qR+q)' *R_qR.+|q|'R+q),

which thus cancels the first term. Hence, for [ > 2, we have proved
Ay = —(=)" Kt ((R-qR+ @) '[25R_|q|?qR 17 — 2kR_qRy|q?q)).  (3.17)
For Byy1, 1 > 1, we find after substitution of (3.15):

B = (=) s tr((R_qR4 ) [R-q(0% — 260 — K*) Ry q
+ R_(9* + 260 — k*)qR G — 2|q|* — R_qR, (0* — 20 — k%)q (3.18)
— R_qR4q(0* + 2k0 — k%) — 2R_|q*(k — 9)]).

We have to verify that the traces of the single terms are well-defined, for which
it is again enough to see the boundedness of the six factors with R_qR g being
trace class. This follows similarly to the above. Consider e.g. the first term
R_q(0% — 2k0 + k?)R,q. With (8% — 2k0 + k?)R, : L? — H~! bounded and
multiplication with ¢ or ¢ bounded in H®, s € R, we find that ¢(9% — 2k0 +
k?)R.q: L? — H~! is bounded. Composition with R_ yields L2-boundedness.

Next, observe that the first and fourth term cancel because constant coeffi-
cient differential operators are commuting. This also implies cancelling of the
second and fifth term, after additionally cycling the trace:

tr((R—qR+q)(R-qR1q)' " R_qR, q(0* + 2k0 — £?)]
=tr((R_qR4+q)"(0* + 260 — K*)R_qR 1 Q).

48



To summarize, we have found
Bip1 = (=) 26" tr((R-qRy )" [~ |al® + R-|g[*RZY)). (3.19)

The first term in (3.19)) is cancelled by the second term of (3.17)), and the second

term in (3.19) is cancelled by the first term of (3.17) after additionally cycling
the trace.

It remains to prove B; = 0 and A; + By = 0. The first claim was already
shown in [77, Eq. (51)] and follows from similar considerations as below.

We turn to the second claim: The substitution in A; cannot easily
be justiﬁe(ﬂ; for Bs remains correct. Hence, we resort to doing the
integration by parts in Ay directly. Recall

Ay = wtr[R_(|g*q)2 R+ q + R-qR(|a*q)a]-
By Lemma [3.3] we find
tr(R-(|a]*q)aR+7) = —((26 = 9) " (|4 @), q)
= —((25 = 9)71[(@ - 2r) + 2x)(l9I*a), @)
= (lal*q, q) — 2x((2x — 3)"*(la*q), @)
— [laltdo + 2tx(R_lgaR ).
In a similar spirit, we compute
tr(R-qR+(la*9).) = —{(2x — )" q, (la*q)x)
= (26 — ) qx, lal*q)
= ((26 — 0)71(0 — 2k + 2K)q, |q|*q)
= —{a.lal*q) +2x((2x — 0)""q,ql*q)
—~ [ lal*da - 20:(R_aR.laPD).
With the L*-norms cancelling, we conclude
A1 = 2r°(tr(R-|q|*qR+q — R-qR|q]*9)) = ~B>.

The proof is complete. O

3.4 Conservation of Besov Norms with Positive
Regularity Index

In the following, we want to construct Besov norms from the leading term of
a(q; k). Set

K (k/2)% R

- £2+4I€2 52_’_&2 - 4(£2+H2)(€2+4I€2)

IThe author thanks the referee of the article [82] for pointing this out.

w(§; k)
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and

z: = (Y N (fw(=in, N))72) (3.20)

Ne2N

11

The Z7—norm consists of homogeneous components, which can be linked to the
perturbation determinant. We will use the identities [77, Eq. (40), (55)]:

/]
/]

Consequently, it suffices to control the Z7-norm to infer about the Besov norms.

s

(3.21)
z: SflBs,.- (3.22)

Remark 3.7. In the ZZ-quantities introduced in [T7], there is an additional
parameter kg. One might hope that this flexibility helps to obtain a result for
arbitrary initial data. However, kg enters with a positive exponent into the
estimates. This reflects indeed the relation of ko with rescaling and the L?-
criticality of . To keep things stmple, we choose kg = 1.

3.4.1 The Line Case

To analyze the growth of the Z7-norm, we link the multiplier from above with
the first term of a. We recall the following identity on the real line, which is
immediate from Lemma B.3t

Corollary 3.8. For k>0 and g € S, we find

Re(sir (05~ 0) ot +0)9) = [ 0 ae

This yields

(f,w(—iax,N)f>=/§2+4N2|f eas - [ SL feppae

= Jlon (N, )~ aa(N/2, )]

We can estimate |« — ay| favorably by (3.11)

1> i, a(t)] S 54 a1, (3.23)

1>2

provided that 0 < s’ < 1/4 and ||¢(t)|| g < ds < 1. Let D, , denote the
constant such that

la®)lls;, < Dsr(lla(0)llz2 + lg@®)l 2

by (3.21) and L2-conservation.

:) (3.24)
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(3-23) gives by the embedding B, 5 — H* for s > s' and r € [1, ]

(q(t), w(=i0x, N)q(t))
< (a(0), w(=ids, N)g(0)) + N~ [[la()l|3.- + lla(0)]13;..]
< (a(0), w(=idy, N)g(0)) + N~*[la(®)lIBg + la(0)]B; -

Raising the estimate to the power r/2, multiplying with N"¢, and carrying out
the dyadic sums over N € 280, we find

la®)lz; < Nla(0)lz; + [lla(®)] i

provided that we choose s’ < s < 2s’. This can be satisfied for 0 < s < 1/2.
By (3.22) and L?-conservation, we arrive at

la(®)llz; < Crs(lla(0)lz; + la(O) 172 + [la(®)1Z; + la(0)lI%:]) (3.25)
with C; s > 1 provided that |lq(t')[|p;  is small enough for ¢’ € [~¢,] such that

(3-23) holds by [[q(')[| 7= < [la()] 55, -
(3.25)) can be bootstrapped. Suppose that

max({|¢(0)]

where ¢ is chosen below as € = ¢(Cy. 5, D, s). We prove that for any t € R

lg(®)]

For this purpose, let I denote the maximal interval containing the origin such
that (3.26]) holds for any ¢ € I. I is non-empty and closed due to continuity of
llq(t)]| zs. Furthermore, I is open: For ¢ € I (3.25)) yields

()]l zs < Crs(e 426> + (2C,,567)) < (3/2)Cy e

by choosing £ < (8C,. )1, but (3.25) hinges on veracity of (3.23). To guarantee
this, we choose € possibly smaller such that

%+ la0)]

zg:la(0)]|z2) < e <1,

7s <20, ¢. (3.26)

eDy (14 2C, ) < cy.

By [lq(t)[l 7o < llq(t)||Bs . and (3.24)), this additionally shows that (3.25) is true.
We conclude that I = R.

This finishes the proof for initial data with small L?- and Z*-norm. The
assumption [|¢(0)||z: < e follows for initial data with smaller L?-norm through

rescaling qo(z) = A 2go(A"*z), A € 2V by (3.22) and (3.6). The proof of

Theorem [3.1] is complete in the line case.

3.4.2 The Circle Case

In this section we discuss the case of periodic boundary conditions. We shall
rescale the circle, too, to accomplish smallness of the homogeneous norms. In
[77], this was not necessary due to more freedom in the parameter x. For the
leading term in we find from Lemma [3.3] (see also [107, Lemma 3.3]):
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Corollary 3.9. Let Kk > 1 and A > 1. Then we have

_ 1+ 6—271')\&

2|4 2
Retr (s~ 0) a(u +0) ') = Ty [ 21

\ 4K2+£2

(d&)x

for any smooth function q on T).

Set C(A\,N) = (1+e=2™N) /(1 —e~2mN)_ Clearly, C(\,N) ~ 1 for AN > 1.
With w defined as above, we find

. _ LN, ) ea(N/2, f)
(f, w(=i0e, N)f) = §[C(A,N) T COUN/2) J

Suppose that ¢ € C*°(R x T) is a solution to (3.1). Let ¢gx denote the rescaled
solution to (3.1)):

o RXTy—=C, ga(t,z) =AY 207200 1),

With the conventions introduced above, the identities from Lemma [3.4] and
Corollary [3.9allow for the same error estimates as in the real line case uniformly
for A € 2o, We arrive at

llax (®)]

Zs Sﬂ',s ||Q)\(O)|

7 + llax@®lIB;, + lax(0)3; 1

By L2-conservation and estimating the B; o-norm in terms of the Z7-norm:

lax(®ll 2z Srs llan(0)l1 2z + lax(0)117z + llax(@®Z; + llax(O)lZ]-

As in the real line case, smallness of the Z?-norm can be achieved by tak-
ing A — oo provided that the L?-norm of ¢(0) is chosen small enough. Also,
lgx(0)||2(r,y = 1l¢(0)[|z2. Hence, the continuity argument given in the line case
proves global a priori estimates in the circle case for small L2-norm of the initial
data. The proof of Theorem [3.1]is complete.

Remark 3.10. We shortly comment on how [75] were able to remove the small-
ness condition of the L? norm in Theorem . Write gqv = Pnq where Py is
the projection onto the dyadic frequency N. Firstly they show

Z [Reqn 222 S &1 min(VN, V&)|lgll 2,

N<N,

see [75, Lemma 2.4]. The proof of this statement works by combining
with the operator estimate |Reqn | 212 S VNE™Y|qn]||2 which follows from
Bernstein’s inequality. Using this information and using k as a frequency thresh-
old they are able to show

sup vV&||R+qllr2—r2 =0 as K — oo,
q€Q
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for every bounded and equicontinuous Q C L%. In particular for every such
subset Q they find kg > 1 such that for k > kg

sup Ve[| Reqll 212 <
q€Q

DO | =

This is applied to the series in (3.9) and yields convergence independent of the
size of the L? norm.
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Chapter 4

The Tooth Problem for the
Nonlinear Schrodinger
Equation

In this section we consider the wellposedness question for the defocusing non-
linear Schrodinger equation

WU + Ugy = ‘u|p71u’ (4.1)

U(O) =ug € X
with initial data in X = H*(R) + H*2(T). It is based on the joint work [81]
of the author with Peer Kunstmann. Section [£.4] and some parts of Section [4.2
are new. In Section we include more estimates on products of periodic and
non-periodic functions compared to [8I]. In we extend the wellposedness
theory from [81] to initial data in S(R) 4+ C*°(T).

The wellposedness problem for the NLS with non-decaying initial data has
been an area of active research for many years now. One of its motivations is
the propagation of signals in glass-fiber cables, where the cubic NLS is used as
an approximate model equation [78]. In this model, the roles of space and time
are reversed and the initial value ug describes the signal seen at a fixed point
of the cable. Hence, periodic initial data can be understood as encoding, e.g.,
an infinite string of ones. Such a signal carries no information, and we want
to consider signals where some of the ones have been overwritten by a zero.
Following [31] this is done by adding a nonperiodic part vg € H* (R) to the
initial data wg € H*®2(T). Global existence then translates to having no bound
on the length of the cable.

From a mathematical point of view, there is a large number of directions by
which NLS with non-decaying initial data has been approached, and we will only
name some of them. The most classical one of them is purely periodic initial
data, both in the general case [22] and even earlier in the integrable case p = 3
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under assumptions on the spectral properties of the corresponding Lax operator
[92]. A natural generalisation is to consider quasi-periodic, almost periodic and
limit periodic initial data [50] 24} [106]. NLS with prescribed boundary value
limg 400 |u(x)] = 1 is known as the Gross-Pitaevskii equation and describes
Bose gases at zero temperature [78]. For these mentioned types of initial data,
global results exist. Additionally, there are local results in the case of initial
data lying in the modulation spaces M5, ,(R) [13, 34] and the case of analytic
initial data [47].
Our approach is to consider initial data which are the sum of a periodic and
a decaying signal, i.e. ug € H*(R) + H*2(T). We note that this type of data is
more general than the periodic case, but is less general than for example uy €
5.2(R). Local wellposedness results for this problem have been covered in
[31, 133], and our main interest is to extend them to global solutions. These local
solutions are constructed as follows: By writing u = v + w € H**(R) + H®2(T)
and using the fact that u satisfies , w is seen to also satisfy but on
the torus,

iwy + Wy = WP w,

e+ Was = |u] (4.2)

w(0) = wo € H*2(T),

at least if u, v, w have suitable regularity in space and time. Hence v has to be
the solution of the perturbed problem

iV + Ve = v+ w|P (v + w) — Jw]P w, 13

v(0) = vg € H**(R), (4.3)
where w € C([0,00), H*2(T)) is the solution of (£.2). Equation is a pertur-
bation of NLS on the real line, and classical methods like Strichartz estimates
can be used to establish local wellposedness [33]. This type of decomposition
dates back at least to the works [23] and [132].

In order to extend local to global solutions, we only need to consider ,
because is known to exhibit global solutions. The main problem here is
that the conservation laws that exist both in the periodic and non-periodic case
give rise to a conservation law for with an L' part in it, for example we
have formal conservation of

/\u|2—|w|2d:c:/|v|2+2Re(vw)dx,
R R

but not of [ |v|*dz. As a consequence, these exact conservation laws are not
applicable in the L?-based setting. Instead, we want to make use of quantities
for which we can control the growth rate. In this setting, the power of the
nonlinearity plays a crucial role. Indeed, for the quadratic nonlinearity p = 2
[33] showed global wellposedness in low regularity by a Gronwall argument for
[ |v|? dz. Such a straight forward calculation does not work anymore if p > 2.
To overcome this problem, we will work with higher regularity and assume
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vo € H*(R). Note that for odd integers p, the time-dependent Hamiltonian

2
1. = [ aret = ((0+0)F 0 0)F )
R

p+1 (4.4)
—(qw + 7“w)|w|p_1 dz,
gives rise to (4.3) as the Hamiltonian equation
1)
i = ~ H(q,r ’ .
9 or (q ) (q,m)=(v,0)
Our main idea is to make use of the formula
d
S (60(t)) = {F H}(t,0(t) + (0F)(, 0(2)), (4.5)

which holds for Hamiltonian equations with Poisson bracket {-, -} (see Appendix
for more on the Hamiltonian formalism), and choosing F' to be the Hamilto-
nian of the equation itself. From it follows that the time derivative of
H with respect to the flow induced by itself is non-zero, but only contains time
derivatives that fall on w, because this is the only explicitly time-dependent
part of . We want to mention that these calculations were inspired by
calculations performed in [48] and the described Hamiltonian formalism makes
also transparent why they work there.

While the Hamiltonian structure lies implicit in all arguments used below,
we choose not to use the Hamiltonian language in what follows. The reason for
this is that the main difficulty in the calculation is not to calculate the formal
time derivative, but rather to make sure that taking time derivatives is allowed.
Still it may help the reader in understanding why the calculations work as they
stand, as it helped the authors in doing so.

The section is organized as follows: in Section [{.I]we give a proof that global
solutions on the torus exist, in Section we prove that local solutions on the
line exist, and in Section we show that the local solutions on the line are
global. Section [4.4]treats the case of smooth initial data in S(R) + C°°(T). For
the presentation we give simple and self-contained proofs. Compared to [81] in
Section [£:2] we include more estimates on products of periodic and non-periodic
functions, and Section [£.4] is new.

4.1 Global Periodic Solutions

The wellposedness theory of NLS with periodic data is a classical problem.
When 2 < p < 5, Lebowitz, Rose and Speer [85] (refering to [53] for a proof)
and later Bourgain [22] and Moyua and Vega [103] in lower regularity showed
existence of local solutions. These solutions are global due to conservation of
the L?(T)-norm and the dependence of the guaranteed time of existence on

||w0||L2(1r)~
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Theorem 4.1 ([22],[103]). If 2 < p < 3, the Cauchy problem (4.2)) is locally
wellposed in L?(T) with uniqueness in L*([~T,T] x T) for any wy € L*(T).
The guaranteed time of existence T depends only on ||wo||r2(r)-

The restriction 2 < p < 3 comes from the fact that the estimate is only in 4
and not in L% compared to the line (see Theorem [1.8)). Similar wellposedness
results in L? for 2 < p < 5 can be obtained with the help of X*® spaces, see for
example [49, Section 3]. Using these techniques, the Chaichenets, Hundertmark,
Kunstmann and Pattakos investigated the local wellposedness theory for 1 <
p < 2 [33]. Wellposedness in the mass-critical case p = 5 is an open problem [49]
p. 93]. In general, there is wellposedness in H*(T),s > 0if 2 < p < 1+ -
[22].

We only need wellposedness results in spaces H*(T), s > 1, which are far
away from being critical for any p. To prove global existence in H*(T), s > 1, we
first give the local result in H*(T) which due to conservation of energy becomes
immediately global, and then argue by persistence of regularity.

Theorem 4.2 (Local wellposedness for w). Given p > 2, the Cauchy problem
[4.2)) is locally wellposed in CO([—T,T), H'(T)) for any wo € H*(T).
The guaranteed time of existence T* satisfies T* 2> ||w0||};1?,ﬂ,),

Proof. Let S(t) = €92 The integral formulation of ([{.2) is

t
w(t) = S(t)wo +i/ S(t— s)(|wP~ w)(s)ds. (4.6)
0
We will show that the right-hand side is a contraction on
Xpr ={veC(0,T],HY(T)) : ||v| cqor,mr () < R}
where R, T will be chosen later. Note that

O (IfIP71f) = (0 = DIFP° Re(f fu) f + |f P71 fo

Thus when p > 1, we find by Sobolev’s embedding H!(T) C L°°(T) that given
fe H\T), |[fP1f € H(T) with £l oy S /%) Together with
the fact that S(t) is an isometry on H*(T) we can bound the C([0,T], H'(R))-
norm of the right-hand side of by

|lwo || g1 ¢y 4 <T'RP
for some constant ¢ > 0 if w € Xp . Choosing R = 2||wo| g1 (1) deals with
the first summand. For the second summand, we choose T' = (2¢)~tR1~P. This

guarantees that the right-hand side defines a mapping on X 7. The contractive
property is proven similarly: We have to estimate

t
/ S(t — 8) (o [P~ wn — [wnlP~ ws) ds (@.7)
0
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uniformly in H'(T). To this end, we bound
[lwr [P wr — Jws P~ ws| < clwy — waf (lwi [P+ fwa]P7?)

and by adding a zero (see also Lemma for a more general estimate)

|0 (Jw1 [P~ wy — [we P~ ws)| < ejwi P~ Hwy e — wa g

+ (Jwr P72 + w2 |P72) [wr — wo|wz ).
This shows that we can estimate (4.7) in C([0,T], H'(R)) by
CTRp71 ||w1 — w2||H1(’H‘).

Hence the contractive property can be achieved by possibly making T' ~ R!~P
a bit smaller. 0

Combining Theorem with conservation of the energy

1 1
E(w) = /T 5|wgc|2 + ]m|w|1’+1 dx (4.8)

we obtain global wellposedness in H!(T). Indeed,

2
lws ()72 — [wa ()72 = —— (lw(O)l770: — lw®)I753)
p+1
p+3

2 et p+1
S w3 we(0)ll5 < [lwollf:

Here, we are able to argue without any smallness condition on the L? norm,
because we are considering the defocusing equation. This shows
lw®ll S llwollar + lwoll 7 - (4.9)

We turn to higher regularity and will prove that the constructed solutions
are in C([-T,T], H*(T)) if the initial data is in H*(T). As a byproduct, we
obtain an exponential bound for these norms.

We need the following inequality, which was already used in the previous
proof with s = 1. Recall the notation [p] = sup{k € Z,k < p}. Then, if
0 < s < [p], respectively 0 < s < co when p is an odd integer, and K € {R, T},

P W e ey S NI e iy [ s - (4.10)
The proof can be found in the Appendix (see Lemma [A.14]).

Theorem 4.3 (Global wellposedness for w € H*(T)). Let p > 2 and wy €
H*(T) for 1 < s < [p]. Then the global solution of Theorem [4.9 is an H*(T)-
solution and satisfies

lo(@)zre < el @ g oy, (4.11)
for some constant c(||wol|gr(my). If p is an odd integer, the same holds for

1 <s<o0.
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Proof. Let w satisfy the integral equation (4.6)) on some time interval [0, T]. We
take the H*(T) norm on both sides and estimate with the help of Lemma

t
lw(@®)l s < llwollers(r) +/O 1w~ ]| =y dt’

t
—1
< |‘wOHH5(’]I‘) + C||w||iw([O,T]XT)A ||wHH5(’]I‘) dtl~

(4.11)) now follows from Gronwall’s lemma, where we get by Sobolev’s inequality
and the bound from energy conservation (4.9)),

p2-1

— — 71 )
lo@IE= S @5 S ol + lwollZry, ~ elwolls )

for the constant in the exponential. O

We end this section by noting that the bound on the H*(T) norm in Theorem
is not optimal, but sufficient in our case to prevent blow-up. For example
in the integrable case p = 3, there are infinitely many Hamiltonians which give
immediate control over the H™ norms for integer N.

4.2 Local Solutions on the Line

To show wellposedness of NLS-type equations on the line in L?(R), one usually
makes use of Strichartz estimates. Indeed, the following result (both for the
focusing and defocusing NLS) holds [33, Theorem 2]:

Theorem 4.4 ([33]). If1 < p < 5, the Cauchy problem (4.3) is locally wellposed

in C([0,T), L2(R)) N L% ([0, T], LP**(R)) for any vy € L2(R),wy € H'(T).

In the case 1 < p < 5, the guaranteed time of existence T depends only on
lvollz2ry and ||wol g1 (ry, whereas for p =5 it depends on the profile of vo and
wO”Hl(’JT)-

The restriction p < 5 comes from the fact that the problem is mass-
supercritical when p > 5. On the other hand, we want to consider solutions in
the energy space H'(R), and so we do not run into a supercritical range when
making p large.

Both in [3T] and [33], local wellposedness was shown under the assumption
of wgy being more regular than vy. Indeed, Theorem assumes vy € L? (R)
and wy € H*(T), and it is clear that their techniques can also be used to obtain
wellposedness if vg € H*(R) and wo € H?(T). This is due to the fact that the
bound

lowll @) < 10l =@y lwllzra+1m)

was used (see for example [31, Lemma 11]). A close inspection of the argument
shows that a bound of the form

lvwll s @) S N0l @) 1wl gesaz+ oy
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can be achieved by the same argument. On the other hand, the case s = 1
suggests that by localizing in space and using periodicity, one can also estimate
with the same regularity s, because for example

k+1
||’Uw/||%2(]R) = Z/k |U\2|w/|2 do < ”w/H%?(T) Z ||U‘|%°C([k7k+l))
keZ keZ

Sl Y- 10l gy = lwllm e lollm -
k

This gives a strictly better bound than putting w’ into L>°(T) = L°°(R) in the
first place. With this remark at hand, and using the arguments from [31] and
[33], we will obtain the local wellposedness results with initial data in H*(R) +
HY(T).

First of all, we generalize this calculation to the case where s is not necessarily
an integer. When we localize in space, working with the Fourier transform
becomes cumbersome. Instead, we prove the bilinear estimate in two steps: first
we prove it in high regularity via modulation spaces, and then we interpolate
for the low regularity estimate.

Lemma 4.5. Let v be a function and w be a periodic function. Let s > 0, then

V|| g w||. 1 , if0<s<1/2

Ul syl s gy, if s >1/2.

Proof. We begin with the case s > 1/2. Using the characterization of H*(R)
as Ms 5(R) and the Hélder-like inequality for modulation spaces (see Definition

and Lemma [5.10)) shows

lvwlFre @y ~ llvwllarg @) < lvllag @ lwlae @) + 10l @ vl @),

and we reduced the problem to proving the estimates

lwllare, ) S llwllz=(ry,

Hw”M;,?(lR) S Hw||HS(’H‘)7
for s > 1/2. By Theorem the second estimate implies the first. Now if
w € H*(T) we can write

w(x) = Zalem,
I€Z

S 0|l < o

lez

where

Choose a family of isometric decomposition operators [y, as in Definition [5.3}
Without loss of generality we may assume that the oy from ([5.2)) satisfy

supp(ox) C {[§ — k| <1}
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Taking the full space Fourier transform, we obtain

F(Opw)(€) =o(6 —k) Y aid(¢ o(& = k)ard(€ — k) = capd(€ — k),

leZ

where ¢ = ¢(0) > 0. Thus,
Jwllars, , = || (k) |DkaL°°le < |[(k) |ak|”zg = lwll gsm

Now consider the case s < 1/2. Let € > n > 0 be arbitrary. Then, the two
bounds

||7fw||L2(R) N ||”HL2(R)||w||H1/2+s(1r)a
||'UwHH1/2+"(R) S ||UHH1/2+"(R)||w||H1/2+E('J1‘)7

hold. Indeed, the first follows from Holders inequality followed by Sobolev’s
inequality, and the second is the case s > 1/2. We read these two estimates as
bounds on the linear operator

w- L2(R) — LQ(R), resp. H1/2+"(R) N H1/2+”(R)7

that acts by multiplication with the function w. Using the Riesz-Thorin inter-
polation theorem then yields

lvwll s ®) S Nollms @) 1wl grsze (my,
for all s < 1/2. Since ¢ was arbitrary, the claim follows. O

There is also a way to keep being able to localize in space and still use
fractional derivatives - that is the characterization of fractional Sobolev spaces
via the Gagliardo semi-norm. For a great introduction to this characterization,
see [42]. Using this, we can show a similar bound of the product that involves
an ¢2-localized L> norm of v. We believe that it is of independent interest and
put it into the appendix, see Lemma

We need estimates on difference terms. This is done in the next lemma.

Lemma 4.6. Let p > 2 and
G (v1,v2,w) = |vg +w|P™ vg +w) — |vg + wP~ (v + w).
There exists a constant ¢ > 0 such that the following estimates hold:
|G (v1,v2,w)] < oy — va| (1, v2,w) [P (4.13)

|G (v1,v2, W)z | <elvrz — V20| |(v1, vz, w) [P+ (4.14)
clor = v2|(v1,, V2,0, w3 )| (01, V2, W) P2

The same holds if we replace the function |x|P~ x by |x|P in all of the arguments.

61



Proof. Note that 9,|f(s)|? = p|f(s)[P~2 Re(fdsf). By the fundamental theorem
of calculus we can write with v(s) = vy + s(vy — v2) + w

G(v1, v, w) = (v1 — 7}2)/0 lv(s)[P~ ds

1
+ (- 1)/0 [0(s)[P"*v(s) Re(v(s)) (v1 — v2)) ds

Since |vg + s(v; — v2) + WP~ < |ug|P7L + v [P~ + |w|PL, this shows the first
estimate. For the second estimate, the first summand takes care of when the
derivative falls on (v; —vg). Moreover,

D10 S (o1 + [zl + ) (o172 + oal 2 + P 2)

which produces the second summand in the estimate coming from the derivative
falling on the integrand. The case of |z|P instead of |x|P~!x is proven analo-
gously. O

Theorem 4.7. Let p > 2. The Cauchy problem 1s locally wellposed in
C([0,T),HY(R)) for any vo € H*(R),wy € H*(T),s > 1.

The guaranteed time of existence T* depends only on the H* norms |[vol| g1 (w)
and ||wol| g1 (). More precisely,

T* > mi 1-—p 1-p *17227_1
~ min (HUOH}Il(R)v ||w0HH1(T)a HwOHHl(T) )

Proof. The proof is a Banach fixed point argument. If we let S(¢) = e“ai, then
the integral formulation of (4.3) is

v(t) = S(t)vo +i/0t St —t)(Jv+wP v +w) — |wP w)dt. (4.15)
We will show that the right-hand side is a contraction on
Xpr={veC(0,T), H'R)) : [vllcqo.r,m®) < R}
where R, T will be chosen later. We claim that
o+ w0+ w) — ol ) S ol ey (lll + 0k (4.16)
Indeed by Lemma with vy = 0,
|10+ w0+ w) = | S fol (Jol ! + ),
and
‘8(|v +w|P" v+ w) — |w|p_1w)‘

S oal (1o + feol? 1) + folla | (o} ~2 + oo} ~2).
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The L?(R) norm of the first term and the first summand of the second term
are seen to be bounded by the right-hand side of simply by putting
w € L>®(R) and Holder. For the second summand, we localize in space and use
Sobolev’s inequality on the interval [k, k + 1] to find

[ b2 ol + ol ) da
R
< bl (115 1150)” S Il gty

—2 -2 2
S ol ey 1011 ey (101133 gy + 0 )™

This proves (4.16])
For the H!(T) norm of w we have the energy bound (4.9)), and together with

the fact that S(t) is an isometry on H!(R) we can bound the C([0, 7], H'(R))-
norm of the right-hand side of (4.15]) by

p2—1
1 = _
lvoll @) + TR (llwolitey + llwoll 7py + RP™)

if v € Xgr. Choosing R = 2|lvg|| g1 (r) deals with the first summand, and for
the second summand, we let

. 1— _p’-1 _
T S min (||w0||H1’()T), ||w0||H1(%r) R p)

be small enough. This guarantees that the right-hand side of (4.15) defines a
mapping on X 7. The contractive property is proven similarly: If we keep the
notation from Lemma [£.6] and use it, then

G (01,02, w)| S o1 = va| (Jor [P+ Joa P71+ w]P ),
and
|G(v1,02,w)z| S 01,0 — v,z |([o1 [P~ + [P+ Jw]P)
+ o1 = o] (Jora| + [vze] + [wa ) (J1 P72 + oz P72 + [w]P2)
When there is no derivative term falling on w, the L?(R) norm of G respectively
G can be estimated by putting w in L*°. The worst term is

/ o — w22 wa 2 (o P2 + ol 2 + [wlP~2)? da

< (a2 + o122 + 1wl Y lor = vallfoe iy 1ws | 22y
k

and we can estimate as before by Sobolev’s embedding. Hence we find

t
o /
H/ St —t")G(vy,v9,w)dt HHI(R)

s ”vl - U2||L°° ([0,17, Hl(R))T(Rp b ”w”Loo (0,17, HI(T)))

_ -1 -1
S Nlor = vl oo o7, 11 @) T(RP ™ + [wo |31 gy + lwoll g3 y)
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In particular with the same relative smallness condition as before, we obtain a
contraction on Xg 7. O

As a byproduct of Theorem [£.7] we obtain a blow-up alternative for the
solution v to : Denote by T* the maximal time of existence. Then either
T* < oo and

lim sup ||v(t)| g1 (r) = o0, (4.17)
t—T*

or T* = 0.

Indeed, we see that if we had a maximal solution of (4.3)) with the property
limsup; 7« |v()|| g1 r) < o0, we could continue it to some time 7™ + ¢ by
Theorem [4.7] yielding a contradiction to its definition as a maximal solution.

4.3 Global Solutions on the Line

In this section, we will prove our main theorem. To this end, we define momen-
tum M, energy F and Hamiltonian H as

1 1 1
M) = [ lePde, B = [ Floaf +

1 1 _ _
H(v) = / Il + g (04wl — = (o4 D! Re(vw)) do

Moreover, we introduce the notation (f,g) = Re [, f(z)g(x) dz.

Theorem 4.8. Let v € C°([0,T), H'(R)) be a solution of (4.3)). Let p >3 and
wo € H*(T) with

e 3/2<s< o0, ifp=3,
¢ 5/2 < s< 00, ifp>5isan odd integer and
e 5/2 < s <[p], else.
Then there is a constant C = C(T, ||vo|| g1, ||wol||ms) > 0 such that

sup M(v(t)) + E(v(t)) < C (4.18)
t€(0,T)

In particular, (4.3)) is globally wellposed.

The idea of the proof is that by (4.5]), we know that there are no derivatives
falling on v, and we essentially just have to count factors of v in the time
derivative of H. Factors that depend on the L norm of w and its derivatives
are allowed since by Theorem it is bounded locally in time.

We will see that there are always more than two, but never too many factors
of v. If there are too many factors of v, we are not able to estimate by M*E!'~
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anymore, leading to a break down in the Gronwall argument. This is also the
reason of the higher regularity assumption wg € H°/?*(T) in the case p > 3,
because the estimate

+1
/ ool di < [Jog |28 o] {0+

only works for p < 3.
Before proving Theorem we need additional estimates in the spirit of
Lemma,

Lemma 4.9. Let p > 3. There exists a constant ¢ = ¢(p) > 0 such that the
following estimates hold:

[lo+w[P~" = wlP~" = (p = 1) Re(wd)[w|" 7| < cfo (Jw["= + [vP7%), (4.19)

v+ wP* —wlP* = (p+ 1) Re(wd) [w]"~" — [v"*]

4.20
< clo?fw|(Jw]P~2 + [v]P~?), (420
o+ =0 ) = ol = (= 1) Rewn) ol + olu )]
< cfo|*(Jw[P% + [v]P7?). '
In particular, there exists a constant c = c(p, |w|| (1)) > 0 such that
H<cM+E, E<cM+H. (4.22)

Proof. We define f(s,t) = |sv + tw|?. Note first that

0sf(s,t) = q|sv + tw|T? Re((sv + tw)v),

Oif(s,t) = qlsv + tw|T2 Re((sv + tw)w),

D2 f(s,t) = q|sv + tw|T2|v|* 4 q(q — 2)|sv + tw|T"* Re((sv + tw)D)?,
D50: f(s,t) = q|sv + tw|?? Re(v)

+q(q — 2)|sv + tw|7* Re((sv + tw)v) Re((sv + tw)w),
020, f(s,t) = q(q — 2)|sv + tw|?* Re((sv + tw)v) Re(v)
T qlg — Do+ tultuf? Re((sv + tw)w),
+ q(q — 2)|sv + tw|7* Re((sv 4 tw)v) Re(vd),
+q(q—2)(q — 4)|sv + tw|? % Re((sv + tw)v)? Re((sv + tw)w).

In particular, we see that for 0 < s,t <1,

1021 (s, )] < o (Jo]7% + |w]772),
|020:f (s, 8)] < Tl w] (Jo]7% + Jw|*~?).

Now the left-hand side of the first estimate is f(1,1) — f(0,1) — 95 f(0,1) with
q = p— 1, and so the first estimate follows from the fundamental theorem of
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calculus,
|f(171)_f(071)_8sf( ) )
1 s
| [ o2 vy asas| ool 4wl ),
o Jo

For the second estimate we note that f(0,0) = 9,f(0,0) = 0 and use the
fundamental theorem of calculus three times to see

( ’ )_asf(071)d8‘

IF(1,1) — £(0,1) — £(1,0) — 8f01|_‘///828t £(s,t) ds'dsdt
< ol fwl([0]72 + |w]??).

The third estimate follows similarly by arguing with g(s t) = \Sv + tw\p_1 (sv+

(p— 1)H ” (p+1)(p—2)/(p—1)

tw). With these estimates, we use Holder |v[|}], < |lv H Trtl

and Young to see

[H(v) = E(v)| 5 / o Jw|(lw[P~* + [o["~?) dx
S Ml f oy M @) + el ooy 0]

S Moy M (v) + [ w]| oo () M (v) 7T E(v) 51
<eE(w) + C(e)M(v).

Choosing ¢ small enough, we arrive at (4.22)). O

In order to prove Theorem we want to take time derivatives of E and
M and hence of v. If vy € H'(R), then v(t) € H'(R) and hence from
we see that v; € H~!(R) for all times. This is enough to rigorously calculate
OtM = (v,v¢), by interpreting the involved integral as a dual pairing between
H' and H~!. For the bilinear part of the energy, —(vgs,v¢), this does not
suffice any more. Our solution is to employ a twisting trick (see for example
[4] and [35]) and to work in the interaction picture, that is with the function

b(t) = e "u(t).

Proof of Theorem[{.8 Fix T > 0. We use Gronwall’s lemma to obtain an ex-
ponential bound on M + H. By , this is enough to bound M + E and
hence the H' norm.

First of all, note that for any 2 < ¢ < p+ 1, we have by Holder and Young

2B-atl +1)1=2 —q+1 a=2
o)), < (o2 (o] 57 < M) B)5 < M(v) + B(v).

This shows that powers of v ranging from two to p + 1 are allowed.
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We begin with M and see, interpreting the integrals in the first line as a
dual pairing between H! and H~1,
O M (v) = (v,v;) = (1V, —Vgp + v+ WP (v +w) — |wP~ w)
= (i, v + wP (v + w) — |wP w)
S EW)+ M) < H(v)+ M(v).
Here, the summand (iv, —v,,) vanishes by partially integrating once and we

used Lemma [£.0]in the last line. To calculate the time derivative of H, we start
with a formal calculation for the bilinear part,

1
at§ / |Uar:|2 d,CL' = (Utv _'Uxm) = _(Uta |U + w|p*1(v + w) - |w|p*1w)’

using ([4.3)) to rewrite —v,, and (v¢,iv;) = 0. As vy € H~! and v,, € H™1, their
product is not well defined and the middle step in the above calculation needs
to be justified. To make it rigorous, we define 1(t) = e~ v(t) = S(—t)v(t).
Recall that v(t) satisfies (4.15)), and hence v (t) satisfies

6O =t [ SEO(o+ul ot ) = ol ) .

In particular, we see that
0 = S(=t)(Jv +wlP~ (v + w) — [w]P~w)(?),

which shows ¢ € C*((0,T), H'(R)). Since S(—t) is an isometry on L? and
commutes with derivatives, we calculate

1
at§/|vx|2 = —(¢xx7wt)
= = (e, S(=1)(j0 + w0+ w) = o] w))
= _(Z.'U:vzv "U + w|p—1(v —I-’U}) - |w|p—1w)
= — (v +i(Jo +wP" (v + w) — [wP~ w), jv + wP" v + w) — [w]PLw)
= — (v |0+ w]P (v + w) — [P lw).

which is well-defined as a dual pairing, because |v + w[P~ (v + w) — |w|P~ 1w €

HY(R) by Lemma
For the nonlinear term of the Hamiltonian, we calculate
1
p+1

O /|v + w| P — [Pt — (p + 1) Re(wd)|w|P~! da

- Re/ (Jo + wlP~ (vr + we) (@ + @) — [wP~(w,w)
— (we|w|P + vyw|wP~ + (p — 1)wd Re(wyw)|w[P~?)

— Re/ (Jo +w|P~ (v + @)vy — [w]P~ o) + /R,
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where the remainder R only carries time derivatives on w,
R =Re (Jv+w[PH (o+@)w, — [wP~ (@ +0)w;) — (p—1)|w[’~* Re(wyw) Re(wD).

Since the first summand cancels with the time derivative of the bilinear part,
we arrive at ;H = [ R as predicted by (4.5). We conclude
O H = (we,|v+wP (v+w) — [wP~ (v +w) — (p— 1) Re(wd) |w|[P~>w)
= (wg,v(jv +w|P~" = [w|P7h))
+ (we, wlfo + wlP = w7 (p— 1) Re(wd) ).

We first argue how to handle this term in the case p > 3. In this case, we
assumed wg € H*(T), s > 5/2+ with corresponding upper bound depending on
whether p is an odd integer or not. This means by Theorem that we have

local in time boundedness in L of w,;, hence of w;. Now using Lemma
this implies

10,H] < ]| = / [o2(ofP 2 + [w]P2) da

+ lwel oo fwl| o / [0 (Jo"~2 + w|P~?) da
S E) +M(v) $ H(v) + M(v),
with a bound depending on p, wg,T. Gronwall gives
H(o(t)) + M(u()) S (H(vo) + M(v))eC",

and proves the theorem for this case.

We turn to p = 3. By plugging in the equation for w¢, we obtain two
terms for each summand in d;H, one with |w|?>w and one with w,,. For the
term with |w|?w, we estimate w in L> and argue as above. The other two terms
are

(iwga, v(Jv + w* = [w]*)) + (iwge, w(|v + w|* — |w|* — 2Re(wd)))
= (iwga, [v]*v + 20 Re(vw) + |v]*w).

We integrate by parts once. This produces terms where the derivative falls on
a copy of w, and terms where the derivative falls on a copy of v. The former
case is handled just as above because ||wy||L~ is bounded locally in time by
wo € H3/2T . In the latter case, we put v, in L? and estimate

‘(iwx, (|v]?v)s + 2v, Re(vw) + 2v Re(v,w) + (\1}|2)Lw)‘

< lwellpoe (llvellz2 0ll7s + lwllpoe lvel 2 o] £2)

< E(v) + B(v)T M(v)?

which can be estimated by E(v) + M (v) by Young. As before we conclude via
Gronwall and finish the proof. O
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4.4 Smooth Data

In this section we expand the results of [§1] and consider the case of smooth
data,
Uy = Vo + wWo € S(R) + OOO(T)

For simplicity we assume a cubic nonlinearity p = 3, though our results hold for
general odd integer p. Our goal is to show that the solution u will be smooth as
well. This is motivated by the fact that a similar result holds on the line [I3T],
and it is not hard to see that if wy € C°°(T) the periodic part w satisfies

w € C*([0,00) x T) (4.23)

as well. Indeed, by Theorem we have w € L>([0,T], H*(T)) for all T >
0,k € N. Arguing as in the proof of Theorem we can bootstrap this to
obtain time regularity. Since the proof of Theorem is more involved, we

skip the proof of (4.23)) here.
It remains to analyze v. To this end, our first step is to show persistence of

regularity for v:

Theorem 4.10. Let s € N, s > 1, T > 0. Ifvy € H*(R) and if w €
C°([0,T], H*(T)), then the solution to

{ivt + Vpe = [0+ w| (v + w) — |w|?w, (4.24)

v(0) = vg.

satisfies u € CY([0,T], H*(R)).

Proof. By taking H® norms in (4.15)) and using that the Schrédinger propagator
is an isometry on H*® we find

t
o)l =) < llvollmsw) + 2/0 I[o+ w]?(v +w) — [ww]| g+ ) ds.
We first use Lemma, to split off the periodic factors and then estimate

gl @ < If @ llgllze @) + 9]l @lfllo= @),

for powers of v. This yields
o+ w2 + w) — [wlPwl e S Tollze@ (1012 @ + l013m) (4.25)
Hence,
t
o) =@y < llvollms®) +C/0 0]l 2z ) (10l 2w ) + 01125z ) s
By Gronwall’s Lemma [A.7]

o)l sy < llvoll sy (1 + A(t))eA®
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where
A(t) = [0l 72 (0.4, 00 ®)) T 112 (0,0, 155 (1)) -
By the embedding H!(R) C L°°(R), Theorem and our assumption on w,
A(t) is bounded on [0,T]. This shows v € L>([0,T], H*(R)).
It remains to show continuity. From (4.15)) we find

v(ty) —v(t2) = (S(t1) — S(t2))vo — 2i/t 1(S(t1 —8) — S(ta — 5))G(v,w) ds,

where G(v,w) = |v+w|?*(v + w) — |w|*w. We take the H* norm on both sides.
For the first summand we see that

by the group property of S(t) on H*(R). For the second summand, we estimate
the H*(R) norm of the integrand as in (4.25) by

(S(tl) — S(tg))’l]oHHs(R) — 0 as ‘t1 — t2| — O,

cllvllzzs @ (07 @) + 1wl (x))-

Since v € L*([0,T], H*(R)) and w € C°([0,T], H*(R)) the integrand is inte-
grable in ¢/, and hence the integral vanishes as [t — t2| — 0. O

We turn to L? norms with spatial weights. Given r,s € R, and with the
notation F(J%v)(§) = (£)°v(€), we define

[l = [1¢)" T 0l 2,

2 - (4.26)
ss = (||U||H(J + ||UHH$?) )

[[v

and the corresponding spaces as the completion of S(R) with respect to the
norms. This notation follows the one given by Tsutsumi [I3T]. The proof of the
following Theorem uses ideas which stem from a paper by Hayashi-Nakamitsu-
Tsutsumi [66] and are standard by now.

Theorem 4.11. Let s,k € N, s > max(k,1), T > 0 arbitrary. If vy € S§(R) and
w € C°([0,T), H*(T)), then the solution to ([4.24) satisfies v € C°([0,T], S (R)).

Proof. We have already seen that u € C°([0,T], HS) for all T > 0, s > 0 and it
remains to show that u € C°([0,7], HY). Recall that on bounded time intervals,
the H® norm was shown to stay bounded,

sup Ju(t)||gs <1
0<t<T

Let P(t) =  + 2itd,. Then, P(t) and i0; + 0% commute. Indeed,

[P(t),i0; + 0?] = [, 02] + [2itDs, i8] = —20 + 20, = 0.
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This shows that if @(¢) is a solution to the homogeneous equation with initial
data @, then P(t)u(t) is a solution to the homogeneous equation with initial
data ztg. In formulas,

Taking adjoints reveals that

S(=s)P(s) = x5(=s),
and combining the two equations shows

P(t)S(t—s) = S({t)xS(—s) = S(t — s)P(s).
We apply this to the fixed-point equation ((4.15]),
t
PF(t)(t) = S(t)a:kvoni/ S(t—s)P*(s)(|o+w|?(v+w)—|w*w)(s) ds. (4.27)

0

First of all, we show that

lz*ullz2 S IP*(®)ullzz + (1 + )l e, (4.28)
1P (t)ull 2 < lle*ullzz + (1 + )l e (4.29)

for all u € S’,j. Indeed, we can write
k-1
PH(t) = (x + 2it0,)F = a¥ + " (2it)' A, + (2it)*0F,
=1

where for example

k—1 k—1 (k . 1)]€
— Zxkflflaxxl — Zxkflfl(xlax 4 lzlfl) — kxkflax 4 xk727

2
k—1
A2 — § Ik727l17lzamxllalez —_ C(Q)xk72a§ +szk 36 +62 k— 4
l1,l12=0

In general there exist ¢*,0 < m < min(l, k — {) such that

min(l,k—1)
_ m_ k—Il—m ql—m
A= g 'z a, ™.

m=0

Using Corollary Young’s inequality with e, and 2*=2" < zF + 1, we
estimate

T
Az S ||8§‘2mu||L2 e

Sed Nl M|z +C(e) Y 105~ ull e
m m

S ella®ul 2 + C(e)llull -
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This shows
IP*(t)u — z*ull 2 S ella®ullLe + C(e) (1 + t*)|ull e,

from which (4.28)) and (4.29) can be deduced.
Taking L? norms in (4.27) and using (4.28)) now shows

t
lz"o()llz2 S @+ )o@l e + lla*voll 2 +/O 1P*(5)G (v, w)(s) |l 2 ds,

where G(v,w) = |v + w|*(v + w) — |w]*w. By (4.29),
1P* ()G (v, w)(s)]| 2
S 12" G v, w) ()l 22 + (1 + )G (v, w)(s)l| e
< (lo(s)llEe + lw()lF) (la*v(s)llze + 1+ s5) o)l an)-

Using local in time boundedness of [[v(s)||%«, ||w(s)||%., and (1 + s¥)||v(s)]| g+
shows v € L>([0,T], HY) via Gronwall.
To prove continuity, we infer from (4.27)

Pk(t1)v(t1) — Pk(tg)v(tg) = (S(tl) — S(tz))x Vo

- Qi/ 2(S(t1 —5) — S(ty — 8)) P (5)G(v, w) ds.

ty

Since xFvy € L?, the first summand vanishes by the group property of S(t) on
L? as [t; — ta] — 0. For the second summand we use that

P¥(s)G(v,w) € L*((0,T), L?)

by the same estimate as before and since v € L°([0, 77, S¥). This shows that
the L? norm of the integral vanishes as |t; — t2| — 0. Hence,

t— P*(t)u(t) € C°([0,T], L?).
Now to conclude, we write

k—1
Z (2it)' A; + (2it)* ok

=1

~

as before. Arguing inductively, we may assume t — A;v(t) € C°([0,T], L?) for
all I < k — 1. Finally,
t = OFu(t)

is known to be continuous into L? and we can conclude. O
Theorem 4.12. If vy € S(R) and w € C*°([0,00) x T), then the solution to
(4.24]) satisfies v € C*°([0,00),S(R)).
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Proof. By Theorem the solution v is continuous as a map
0,T] — S
for all £k € N, T > 0. In particular it is continuous as a map
0,T] = S(R),

for all 7" > 0. Moreover since continuity is a local property, we find v €
C°([0,00),S(R)) and it remains to control the time derivatives. This is done by
bootstrapping.

Consider the linear part first. Given a semigroup T'(t) with generator A, we
have (defining D(A%) = X)

k
t T(t)z € () C7([0,00),D(A7)) if € D(AY),
§=0
see [I09, Lemma 4.2]. In particular for all k,m € N,
t— T(t)x € CF([0,00), D(A™)) if x € D(A®) =N ,D(A").
It follows that when X = S¥ for arbitrary k, and v € S(R),
t— S(t)vy € C*°([0, 0), X).

This shows the statement for the linear part of the equation.
Now if v € C™([0,0), S(R)), the integrand in the Duhamel term,

S(t— 8)G(v(s),w(s)),

is C™in0<s<t<Tinto SP(R) for all £ € N and T > 0. Moreover, it is
C™*L in t into Szfz(R) by the properties of the linear operator. This implies
that the map

(t(),t) — A S(to — S)G(U(S)/LU(S))

is C™*in ¢q into S; % and C™*! in ¢ into SE(R) for all s > k+2 € N, T > 0.
Hence its restriction to tg = ¢ satisfies

£ / S(t — $)G(u(s), w(s)) € C™H(0.T), 5572).

Since s > k + 2 are chosen arbitrary, this shows that if v € C"™ ([0, 00), S(R))
then v € C™%1(]0, 00), S(R)). This concludes the proof. O
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Chapter 5

Wellposedness for the
Nonlinear Schrodinger
Equation in Modulation
Spaces

In this section we investigate the Cauchy problem for the cubic NLS,
iug + Au = £2[ul?u, (5.1)
u(0,z) = up(z) € X,

with initial data in a modulation space X = M35 (R). It is based on the work
[79] of the author. Section[5.1]is an extension of Section 2 from [79] and includes
the analysis of modulation spaces in higher dimensions, as well as a proof of the
boundedness of the Schrédinger propagator on modulation spaces.

Modulation spaces M, , were introduced by Feichtinger [51] and have by
now been used in the study of various different PDE, see also [I13], [134]. One
of the reasons why they serve as an interesting space of initial data is because
the decay of functions in modulation spaces M, , is comparable to the one of
functions in LP. In particular, the spaces with p = oo include non-decaying
initial data and provide them with an elegant function space framework. In
contrast to LP and Besov spaces, the Schrodinger propagator is bounded on any
modulation space M,  , and dispersive L> blow-up phenomena as constructed
in [20] can be ruled out. A major open problem in this context is whether global
in time existence in M3, , can be guaranteed for certain s,q. Just to name one
of the many consequences an affirmative answer would have, this would solve
the question whether a local solution to

uo(z) = cos(z) + cos(V2z),
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can be continued globally. A unique local solution exists, e.g., by the work [47]
in a space of analytic functions, or by Picard iteration in the space M ;. While
we are not able to give an answer to this question, we are able to prove global
results with arbitrarily large p < oco. Among other results (see Theorem [5.1)) we
will show: In the defocusing case, if 1 < p < 00,1 < q < oo and if s > 0 is large
enough, there is a unique global solution of the cubic NLS in M;’q(R).

Local wellposedness results for nonlinear Schrodinger equations with initial
data in modulation spaces have first been proven in [133}, 8,13, [17]. These results
rely on boundedness of the Schrodinger propagator and an algebra property
which holds either when s > 0,¢ = 1, or when s > 1 — 1/¢q. Later, the works
[59, 108 [32] increased the range of admissible p, g for s = 0 using refined trilinear
estimates for p = 2,2 < ¢ < co and an infinite normal form reduction technique
for 1 < ¢<2,2<p<10q¢/(¢ + 6), respectively. Using complete integrability
of the cubic one-dimensional NLS, Oh-Wang [107] showed the solutions of [59]
to be global. Global solutions for initial data in M, ,» with p sufficiently close
to 2 were constructed in [30], though we note that these solutions were allowed
to take value in a different space Mj 5 for ¢ > 0. Using decoupling techniques,
Schippa [117] recently proved LP smoothing estimates and extended the range
of local wellposedness results for p € {4,6} and also, inspired by the work [48],
gave global results for ¢ = 2,2 < p < 00, s > 3/2. Finally we want to mention
the preprint [116] in which Schippa very recently considered the energy-critical
NLS with initial data in modulation spaces.

The goal of this section is twofold: On the one hand we want to give an
overview of local wellposedness results and to unify the local results for s = 0.
This is done by a Banach fixed point argument using multilinear interpolation
on the estimates obtained in [59] and the trivial estimates for ¢ = 1. From
this we obtain local wellposedness in a range of (p,q), comprising all of the
aforementioned range for s = 0 for which local wellposedness results were shown,
except for the point (p,q) = (4,2) from [117]. The regularity s = 0 is sharp if
we aim for analytic wellposedness by the considerations we provide in Section

On the other hand, we aim to extend the range of (p, ¢) with global results,
possibly assuming higher regularity of the initial data. To this end we first
extend the almost conserved energies constructed in [I07] to the range p =
2,1 < g < 2 and then use the principle of persistence of regularity to see that
for a restricted range of 1 < p,q < 2, the newly constructed local solutions are
also global. Finally, we prove as in [117) 48] that in the defocusing case when
we take s > 1, we obtain global solutions in M;’l for any 2 < p < oo. In fact,
the same technique shows global wellposedness in M, , for any 2 < p < oo if
s> 2—1/q is large enough.

An overview of the wellposedness results achieved is given in Figure 5.1 and
formulated in the following Theorem, also including the results described in

Remarks [5.24] and (.34}

Theorem 5.1. For the cubic one-dimensional NLS (5.1)) with initial data in a
modulation space My (R), s € R,1 < p,q < 0o we obtain
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1. Local wellposedness in the sense of Definition if s > 0 and at least
one of the following condition holds,
e s=0,1/¢>[1—-2/p|,
e s=0,p>4dandl/qg>1-2/p,
e s>1—-1/q.
2. Global wellposedness in the sense that the local solution exists for all times
if s > 0 and at least one of the following condition holds,
e s=0p=21<¢<oo,
o 5>1*1/q71§P§27
e s=1,g=1,2<p< o0, and (5.1) has a defocusing nonlinearity,
e s>2—-1/q,2<p<oo, and (5.1) has a defocusing nonlinearity.

3. Illposedness in the sense that the flow map cannot be C® at the origin if
s < 0.

Indeed, for s = 0, Theorem and Remark give the range of local
wellposedness whereas global wellposedness is deduced from Theorem and
Lemma @} If s > 1—1/q, local wellposedness in M, , follows from the
Banach algebra property of the space (see Theorem and boundedness of
the Schrédinger propagator (Lemma [5.11). Global wellposedness under the
additional hypothesis 1 < p < 2 then follows from Lemma [5.28] Theorem
and the almost conservation of the Mj; norm proven in Theorem [5.27, In
the case of a defocusing nonlinearity Theorem and Remark [5.34 give the
remaining global wellposedness results. Illposedness is shown in Theorem [5.35

This chapter is structured as follows: In Section we state basic facts
on modulation spaces, in Section [5.2] we introduce the notion of quantitative
wellposedness which gives the analytical framework to obtain our local well-
posedness results in Section In Section we prove the global results first
for p = 2, then for 1 < p < 2 and finally for 2 < p < co. The wellposedness
results are complemented by an illposedness result for s < 0 shown in Section
0.0l

5.1 Modulation Spaces

In this section we recall the definition of modulation spaces and state some
results we need in later sections.

Modulation spaces were introduced by Feichtinger [5I] in 1983 and have
found growing interest in recent years. They can be introduced either via the
short-time Fourier transform or equivalently via isometric decomposition on the
Fourier side which also shows their close connection to Besov spaces. Modern
introductions to modulation spaces are given in the books [56] [134], and we also
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Figure 5.1: Wellposedness results for with initial data in modulation spaces
M (R). The global results in My (R) for 2 < p < oo are restricted to the
defocusing case. Blue: Global wellposedness, Cyan: Local wellposedness. A
dashed line means that the boundary is not included.

want to mention the PhD thesis [29]. We will mostly refer to these for proofs of
the following statements.

We begin by the classical definition of modulation spaces via a mixed LP — L4
norm of the short-time Fourier transform.

Definition 5.2. The short-time Fourier transform of a function f with respect
to the window function g € S(R) \ {0} is defined as

n

V,f(z.€) = / e £ (y)gly — ) dy.

The modulation space norm of a function f is defined as

115,00 = ([ ([ Wart ol as)” €nae) "

With the usual modifications, this definition also includes p,q = oco. Note
that since the Fourier transform is defined for tempered distributions the same
holds for the short-time Fourier transform. We define the modulation space
M, (R") as those distributions in S'(R™) which have finite modulation space
norm. The modulation space norms for different window functions are equiva-
lent, hence the space M, , is independent of the window function.

One should think of the window function as something like a Gaussian or a
smooth bump function. In this sense, the short-time Fourier transform of f at
(z,€) can be understood as the usual Fourier transform at frequency & of the
function f localized around z (where we ignore the constant (27)~% to keep
consistency with [56, 134} 29]).
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The short-time Fourier transform in itself is a fascinating object and is used
in different areas, including microlocal analysis and the analysis of pseudodif-
ferential operators (see e.g. [129] for a short introductory overview). Instead
of diving into its vast theory, we use an equivalent norm on modulation spaces
related to a uniform partition in frequency.

Such a uniform partition of unify can be constructed as follows. Let p €
C2°(R™) be a smooth, symmetric bump function, that is 0 < p <1, p(§) =1 if
€] <172, (&) = 0if ¢] > 1. Let

pr(§) = p(§ = k), keZm
Define Qo = [-1/2,1/2)" and Qi = k + Qo for k € Z™. Define
-1
0k(£)=pk(€)( > Pk(f)) , keZ" ¢eR™
kezn

Then, for some ¢ > 0, the functions oy, satisfy

lox(§)| > ¢, V€€ Qr,Vk el
supp(ok) C {|€ — k| < /n}, VkeZ™
Zkezn O-k(g) = la v§ S Rn7
|Da0k(£)| S Cm, Vf S an |C¥| S m.

(5.2)

Definition 5.3. Given a sequence of functions (ox)gezn satisfying (5.2)), the
sequence of operators
O, = F topF, keZm,

s called a family of isometric decomposition operators.

Definition 5.4. Given p,q € [1,00], s € R and (Ok)x a family of isometric
decomposition operators. The modulation space norm with respect to (Ok)g is
defined as

1z ey = IR 10 AL o g oy
With these definitions at hand it can be shown that:

e different window functions g in Definition lead to equivalent modu-
lation space norms || - ||az; - and hence equivalent modulation spaces [29]
Proposition 2.9],

o different families of isometric decomposition operators [ in Definition
lead to equivalent modulation space norms | - ||, [29, Proposition
p,q

224,

e on S’(R™), the norms || - H?qu and || - |[ag  are equivalent, hence My,

can be equivalently characterized as those distributions in S” which have
finite modulation space norm || - [|ars  [29, Proposition 2.26].
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We use the notation M, 4(R") = MJ (R™).

A useful fact is that the space of Schwartz functions S(R) is dense in M, ,
for any p, q € [1, 00) [29], Proposition 2.15]. If p = oo, density fails. For instance
we have continuous embeddings CZ(R) C M1 C CP(R) (see Lemma .

Moreover, duality works as expected in the sense that
! s
(My (R") =M%, (R"), 1<pg<oo,seR

see [29, Proposition 2.17].

The following theorem shows how modulation spaces are nested. The first
inclusion describes that the lower p and ¢ are, the stronger are the assumptions
on a function f to be in a modulation space M, .. In particular in the graphs in
Figurethe smallest space is in the upper right corner (i.e. M7 ;), and we have
inclusions going to the left and downwards in the picture. The second inclusion
shows that we can trade regularity for (¢ summability. We give a short proof
to emphasize the usefulness of the modulation space norm written in terms of
isometric decomposition operators.

Theorem 5.5 (Embeddings, Proposition 2.5 in [I33]). The following embed-
dings hold,
o Mpi, (R") C Mpz (R")if pi1<p2q<qzs1 282,

o My, (R") C Mp2 (R") if q1>qe,81> 82,81+ ;- > 82+ L.

Proof. The first inclusion is a consequence of Bernstein’s inequality and the em-
bedding of £? spaces, whereas the second is a consequence of Holder’s inequality.
More precisely, Bernstein’s inequality

1Bk fllre SOk f Lo, p1 < p2,
follows from Young’s inequality (Theorem |A.8]) and the fact that
16kl = [0l < oo,

uniformly in k& € Z™. Together with the embedding ¢+ C ¢92 if ¢; < go this
shows the first inclusion. For the second inclusion, write

115 = 3 K== 0% = 3 (ke (e Og 5,

kezm kezn
a2 a1-az
< ( Z <k>slq1HDk”%1p) a1 ( Z <k>(52—81)41‘Z2/(q1—QQ)) a1 ’
kezn kezn

by Holder’s inequality. From comparing to the integrals and using radial coor-
dinates,

Z <k>(52—51)Q1Q2/(Q1—‘12) ~ Z<k>”—1+(52—81)qm2/(m—Q2)’
kezn JEZL
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which is convergent if

n(gr — ¢2) < (81— 852)q1 42,

which translates into the condition of the second inclusion. This shows the
statement. O

In one dimension, the second inclusion gives for example H'/? C My 14+
respectively HY?+ My 1. This is sharp since Ms; C L* whereas HY/? 7
L*>°. On the other hand, ¢ summability does not gain regularity (see [133]
Proposition 2.8]):

Lemma 5.6. We have that My, , ¢ B, ,UBS , forany0 <e <1,1<p,q,r <
00.

In particular an embedding of the form M5 ; C H? can never hold for positive
regularity s > 0. The obstruction for this is £ ¢ ¢2 for s > 0 in the sense of
weighted sequence spaces. Indeed, one can just consider the sequence a,, = 1/k?
if n = 2% and a,, = 0 else, i.e. spreading out mass in ¢! can be done without any
problems - in contrast to £2.

There are some general results on relations between modulation spaces,
Besov spaces and LP spaces. The following inclusions give a hint of the most
important ones:

Theorem 5.7. The following continuous embeddings hold,
1. M3, (R™) = H*(R™) with equivalence of norms,
2. M,1(R") C C)R™")NLP(R"), if 1<p<oo,
3. Mpy (R") C LP(R"), if 2<p<oo,

4 M2, (R") € Byg(R), if o = max (0,n( oy — 1)),

5. By g(R™) € Myy(R™), if 7= max (0,n(L — bos)).

Proof. The first embedding follows from Plancharel’s theorem. Up to the con-
tinuity, the second inclusion is shown in [133, Proposition 2.7], i.e. that

M, 1(R™) C L®(R™) N LP(R"™), if 1<p < oo.

Continuity on the other hand follows from density of S(R™) if p > 1 and the
fact that (CP(R™),| - ||r=) is a Banach space. The third, fourth and fifth
embeddings are proven in [29, Proposition 2.34], [I33}, Theorem 2.12] and [133]
Theorem 2.14], respectively. O

We take a closer look at the consequences of Theorem For example
we see that in one dimension B;,/IQ C My; C L*® N L2 In this sense Ma;
can be seen as a replacement for the space H'/2, admitting an embedding into

80



continuous functions and being less restrictive than 3217/12. On the other hand
note that in many applications one wants to keep the same scaling with respect
to the parameter s which is lost when going to modulation spaces (see Lemma
5.13).

On the other hand, Theorem allows to understand better what kind of
functions belong to M, 1(R™). We first give a small instructive lemma showing
that functions in M, 1(R™) allow for exactly the same decay as functions in
LP(R™), the only difference being their regularity:

Lemma 5.8. Let p € [1,00]. There is a continuous inclusion W?P(R) C
MPJ(R)'

Proof. Let o, be such that O f = f‘l(okf). Define ¢, = F 1oy and ¢ = 9.
Then, because the Fourier transform maps translation to modulation,

Ouf(2) = / F@ — y)be(y) do = / F(x — y)evap(y) dy.

As we can bound ||[Tofllr < ||fllze, we assume k # 0. Then by partial inte-
gration, and because ¢, ¢’ " — 0 as |z| — oo

Ouf (2) = / F(x — y)e P p(y) dy
1

"

e M (flx—y)(y) dy

7ER

=5 [ 90— 28 @ - ) ) + G~ ) d
R

We estimate f, f/, f" € LP and ,v’, " € L' via Young’s inequality (Theorem
IA.8]) and find for k& > 0,

IO flle So (k)21 f lw2.r,

which shows the statement. O

In particular we can take any function in LP(R™), make it smooth via con-
volution without altering its decay, and obtain a function in M, ; (R™). It also
means for example that the space My 1(R™) is generic enough to include pe-
riodic functions, sums of periodic functions with irrational frequency relations,
e.g.

cos(x) + cos(V2z),
or functions which are an infinite sum of bump functions with different ampli-
tude, i.e.
fla) =) ah(z—1),
lezn
where h € S(R™) and (a;); € £°.

From Theorem [5.7| we also see that the Holder space C™*¢(R™) embeds into

Moo 1 (R™):
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Lemma 5.9. There is a continuous inclusion C"¢(R"™) C Moo 1(R™).

Proof. We use the alternative characterization of Holder space norm (see e.g.
[55, Theorem 6.3.7]):

[l

cn+a(Rn) ~ sug Qj(n—‘re)”PjUHLoc(Rn) = ||U| B;LOJF;(R")’
JjE ’

where Py is the Littlewood-Paley projector supported at frequencies 2V~1 <
|€] < 2N+1 Now by Theorem

lull Moo s @y S llullBr | @) = Z2j("+5)27j6||PjU||L°°(R") S lull grre, gy
jeN

using Holder’s inequality in the last line. O
We remark that this embedding is sharp. Indeed, consider n = 1 dimension.

Then there exists a function in M. 1(R) which does not lie in the Zygmund
class of functions defined via

||| 51

00,00

® = sup 2V || Pyu|| < cc.
NeN

Indeed, we define

u(z) = Z 2_Nei2N’”,

NeN

Hu”Moo,l = Z 2_N < 00,
NeN

and see that

but one can check that w is nowhere differentiable and hence not a Zygmund
class function (see [55, Exercise 6.3.4]). On the other hand, there are functions
which are continuous and bounded but which do not lie in M., ;. Indeed, any

function of the form _
u(x) = Z ape'*®

with u € My 1(R) must satisfy a; € ¢1 and hence has absolutely convergent
Fourier series. On the other hand, there are continuous functions whose Fourier
series diverge, see for example [I21] Section 2.2].

Next we analyze what happens when we multiply modulation space func-
tions. As a consequence of Holder’s and Young’s convolutional inequalities, we
obtain bilinear bounds. These imply in particular that the spaces M, 1(R") as
well as M ,(R™) N My ,1(R™) are algebras under multiplication for all p,q €
[1, o0].

Lemma 5.10. If% =" i and m — 1+ % =", i then

i : ' ok 5.3
Hz—Hlf Hh{p,q(Rn) ~ H Hf ||Mpivf1i(R ) ( )

i=1
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. 1 _ 1 1 1 _ 1 1 _ 1 1

@®)- (5.4)

Proof. We give a short proof since [29] Theorem 4.3] only proves a similar state-
ment. If we use the notation I + Iy = k for Iy + 1o = k + A, where

A={l{] <2vn}nZ"

g||Ms

gHMPwIz &) + ||f||MP1=T1 (R™) p2.T2

1fgllars )y S I llazs

S (]R")

Then,
Ok (fg) = Ok ( Z O f) ( Z Oi,g9) = D Z (O, ) (O, 9).

ez loez™ Li+laxk

By writing out the Fourier multiplication as a convolution and by Young’s in-
equality (Theorem [A.8)) the operators O are bounded uniformly in k on LPi.
Hence
I0k(fD)lLr@ny S Y 100 Fller @) 100 £l Loz ey -
Lt~k

Consequently, (5.3) with m = 2 is obtained from Young’s convolutional inequal-
ity using that the set A is finite. The case of general m follows by induction.
For (5.4) we use Peetre’s inequality to see

1T (fDlr@n S D 0 I00 f Lo @) 1O f | 2oz ey
l1+loxk

+ 180, fllLer ey (L2) * (1B £l Loz (7

and we conclude using Young’s inequality again. O

The bilinear bound from Lemma allows to handle algebraic nonlinear-
ities. More complicated nonlinearities on the other hand can cause problems.
In [113] Ruzhansky-Sugimoto-Wang raised the question whether an inequality
of the form

+1
A Fllagg , S IS

p

holds if @ € (0,00) \ 2N. A negative answer for s = 0,¢g = 1 is given by
Bhimani-Ratnakumar in [I7]. In fact, they proved the stronger result that if
a function F : R? — C operates in M, for some 1 < p < oo, then F must
be real analytic on R%2. This also shows that in general, neither implication
between f € M, and |f| € My 1 holds. On the other hand there is a result by
Sugimoto—Tomita—Wang giving a positive result for ¢ = 2 under the assumption
that « is sufficiently large and s > n/2 [122].

We are interested in estimates for the Schrodinger propagator in modula-
tion spaces. The following inequalities are optimal with respect to the time
dependence of the constant. A first version of them are proven in [§] in the case
p = 2 which [12] then extended for p,q € [1,00]. Sharpness of the exponent for
p € [1,2] was proven in [39] and extended to p € [1,00] in [29, Theorem 3.4].
For the sake of completeness we give a proof using the isometric decomposition
operators. It is similar to the one given in [I33] Proposition 6.6] but uses a
kernel estimate similar to the calculation in [II7, Proposition 3.2].
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Lemma 5.11. Let 1 <p<oo and 1 < q < oo. The following hold:

1S@) fllrte,e = £l (5.5)
IS fllar,, S @+ D210, ., (5.6)
1St fllag,, S @+ [E) " 2P fllag, o for p>2, (5.7)
IS fllag,, S @+ )™ 2P flag, - (5.8)

Proof. The equality (5.5) follows from Plancharel’s theorem. Now consider
(5.6). For small times we can estimate

1S@) fllag, o < WSO fllass, = 1 fllar, < M lla, s

due to the fact that p > 2, whereas for large times we use the estimate (|1.15]
on frequency localized functions to get

n

IS8k flle S 1172V O f

This gives for large times in view of commutativity of S(¢) and Oy and
after summing.

Since the estimate is obtained by interpolating between with
p=1,00 and , it is enough to prove . Clearly it is enough to show

IS0k Ne S L+ [t) 2 100l e,
uniformly in k. We calculate the left-hand side,

|F (e 0k () F(©))| . = [|F (e a(€) f € + K)) |,

Since |e~**”| = 1 and since the the modulation =2k

lation via inverse Fourier transform, this is the same as

||-7:_1(e_“‘5‘200(§)f(5 + )l

is mapped to a trans-

We write f = 1ezn 01 f and apply the triangle inequality and Young’s inequal-
ity (Theorem [A.8)

1F (e 00 (©)g) | o < D I1F e a0()end) | .

lex
<Y IF e 00@) || |7 e ()
leA
where §(£) = f(€ + k) and
A={l¢<2vninz”
is a finite set. Since ||dyg| e = |TkrrfllLe it is enough to show
|F (e oo (&) 0 S L+ [t])E. (5.9)
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If K(t,z) = (F! (e‘i”g'zao(é“))(x), then we showed in Lemma [1.7| that

ct[=%, if Ja| S,
enle|™N, if =] 2]t

[K (L, )| S{

From this (5.9)) follows and the proof is finished. O

We remark that in view of the discussion after the blow-up result for the
Schrodinger propagator in Theorem and the embeddings Cp't*(R™) C
Moo 1(R™) C L (R™), Lemma shows a sharpness of the modulation space
Mo, 1(R™) in terms of preventing blow-up for the Schrédinger propagator in
spaces of functions without decay at infinity.

We need two more properties of modulation spaces. One describes the be-
havior under complex interpolation and the other one under scaling.

Theorem 5.12. Let po,p1 € [1,00] and qo,q1 € [1,00] such that o # oo or
q1 # oo. Let sp,s1 € R and 6 € (0,1). Define

s=(1—0)so+ Osq,
1 1-6 0 1 1-6 0
== + = +

P o mq qo ¢

b

with the usual convention in the extreme case p;,q; = oo. Then

[Mzo . (R™), M3 (R")}e =M, , (R"), (5.10)

0,40 P,
in the sense of equality of spaces and equivalence of norms.

As we have seen the expectation of whether or not local wellposedness holds
is often tied to scaling. Since the decomposition on the Fourier side is uniform
in the modulation space norm, there is no neat scaling relation for modulation
spaces. Estimates still hold (see Theorem 3.2. in [40]) and we list the ones for
p = 2 and one dimension n = 1 here:

Lemma 5.13. We have the scaling inequalities

ATV2][|ag if 1<q<2
M- < 2,4(R) ‘ =9 =
O, 5 { Yo LIS

and

AV [ if 1<q¢<2
A > 2,¢(R)» ) — 1 =
WDt 2 { N ) 25

for all X <1 and i € My 4. Similarly,

M2 ANy ), if 1<qg<2

<
||w|M2,q<R>~{A11/q||¢<A~>>M2,q<R>’ if 2<g<oo
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and

AVl s if 1<g<2
> 2,q(R)» 4>
olass. o0 2 { 2O s s i 2<q < 50

for all A >1 and ¥ € My 4(R).

If w is a solution of cubic NLS (5.1)), then so is ux(z, ) = A u (A~ 1z, A72¢)
for all A € (0,00). Choosing A > 1 we find that

)\*%u:r,t , if 1<¢g<2,
llux (@, N28) || 0z () S _;H (@ )llags.0cm ,

A7 (@, )] sy, () 5 if 2<¢g<oo
and

1
A a||u(z, t , if 1<g<2,
Jun(@, X2 araacey 2 4 4P sy, 38 1<
A2 lu(z, )| ar, 4 (R) if 2<¢g<oo.

In particular as long as ¢ < oo we are in a subcritical range with respect to
scaling.

5.2 Quantitative Wellposedness

Following [9] we quickly introduce the notion of quantitative wellposedness.
While it is just a reformulation of the standard Picard iteration for homoge-
neous algebraic nonlinearities in a more quantitative fashion, it gives us the
means to simply show linear and multilinear estimates and immediately obtain
wellposedness. Our focus of application lies on the cubic NLS on the real
line,

u(0) = f,

though the notion applies basically to any semilinear evolution equation with
multilinear nonlinearity.

{iut + Uy = £2|ul?u,

Definition 5.14. Let L be a linear and Ny be a k-multilinear operator. The
equation

u=Lf+ Ng(u,...,u)

18 called quantitatively wellposed in the spaces D, X if the two estimates

ILfllx < Cillfllp, (5.11)

k
| Nk (ut, ... ur)|| x SCQHHWHX (5.12)
i=1

hold for some constants C1,Cy > 0.
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We will only consider norms which are invariant under complex conjugation,
hence we may allow the nonlinearities here to be k-multilinear on real-valued
functions, and complex conjugation in the nonlinear part as in plays no
major role. As a consequence of polarization identities for real symmetric mul-
tilinear operators [130], in order to show an estimate of the form , or more
generally for some Banach space Y,

k
[Nk (sl S T wallys

it is enough to show the estimate
[T [y 1|

Indeed it is not hard to see via polarization that this implies

||Nk(u1a-~-7 HX Z”ulHY’

and now putting u; = s;@; with [[s; = 1 and minimizing over s; proves the
claim. This shows that for symmetric multilinear nonlinearities and norms that
are invariant under complex conjugation, the contraction property of the cor-
responding operator in the Banach fixed point argument usually follows from
being a self-mapping. In a similar manner one proves that the estimate

[Nk (s u)]x S

implies the estimate

[Nk (ur, . un)lx < ZHHUJ()H%

oc€Sy i=1

where Si denotes the permutation group of order k.
Denote by BX(R) the ball of radius R in the space X. The reason for
speaking about wellposedness in Definition is the following;:

Theorem 5.15. Let the equation
u=Lf+ N(u,...,u) (5.13)
be quantitatively wellposed. Then there exist € > 0 and Cy > 0 such that for all

f € BP(e) there is a unique solution u[f] € BX(Cye) to (5.13). In particular,
u can be written as an X -convergent power series for f € BP (),

=3 An(f), (5.14)
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where Ay, is defined recursively by

ni+--+ng=n

and satisfies for some Cy,Co > 0,

14 (f) = An(@)llx < CTIf = glo(Ifllp + llgllip)" ",
[An(F)llx < C2IIFIID-

We will work in modulation spaces which do not admit homogeneous scaling,
and are also above the scaling critical exponent for NLS. As a result, the bounds
and will depend on the time variable 7. This will show that a
solution exists with guaranteed time of existence depending on | f||p, and will
result in a blow-up alternative later.

Lemma 5.16. Let (5.13) be quantitatively wellposed in D, X = Xr, and assume
that the constants in (5.11)) respectively (5.12)) are

01 = C1 <T>a1, CQ = CQTQ2 <T>a3.
Then we may choose

k-1 P
(k—l)al—i—ag—i—ag’ 2T Qi ’

Tmmin(sfﬁl,sfﬁz)7 B =

as a guaranteed time of existence.
Proof. Tt ®(u) = Lf + Ni(u,...,u), then and give
[@(u)||x < Cie+ Ca(Coe)*,
which has to be smaller than Cye for a contraction on BX(Cye). Taking Cy =

2C1 we need that
205(201e)F 1 < 1,

which amounts to
T2 <T>a3+a1(k—1)€k—1 <1.

When ¢ is small, we can make T large and T' ~ (T') so that f; is the relevant
exponent for . When ¢ is large, (T') ~ 1 and we arrive at 2. It is not hard
to see that this also guarantees the Lipschitz bound to hold, and we obtain a
contraction. O

We apply this general setting to cubic NLS and obtain:

Definition 5.17. Let D a Banach space of functions and let S(t) = et We
call a function v € X7 C C°([0,T],D) a (mild) solution of NLS with initial
value ug if it solves the fixed point equation

= S(tuo T 21’/0 S(t — 7)(|ul2u)(r) dr (5.15)
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i Xr. The supremum of all such T is called mazimal time of existence and
denoted by T* = T*(up).

In the following we use the notation

t
N(uy,ug,u3) = N3(ug,uz,uz) = 22'/ S(t — 7)(urtgus)(7) dr,
0
and note that all local results we prove hold for both the focusing and the
defocusing equation.

Corollary 5.18. Consider the Cauchy problem (5.1) with initial data f = ug
in a Banach space D. If the bounds

1S uollxr < (T)* [luollp, (5.16)
t 3
| [ st nmmwmar]  sreme T, 610

hold for some ay, s, a3 > 0, then for all R > 0 and ug € BP(R) there eists
T > 0 such that for all T' < T there exists a unique solution u € X to (5.15)).
Moreover, the blowup-alternative

T" <oo = limsup|u(-t)]|p =00 (5.18)
t T

holds.

Proof. The existence and uniqueness follow from Theorem [5.15] Assuming that
lu(T)||p < C < oo with T arbitrarily close to T, the assumptions from Lemma

are satisfied, hence there exists a small ¢ > 0 such that (|1.1)) can be solved
on [T*,T* + §), which contradicts the maximality. O

5.3 Local Wellposedness via Multilinear Inter-
polation

5.3.1 The Triangle 1/q > max(1/p’,1/p)

We recall the Strichartz estimates from Theorem [[.8 which lead to local well-
posedness of (5.1) in L?(R): for all (¢,p) and (¢, p) admissible we have

IS@flegee < N fllz2s (5.19)

H /Ot St~ 5)F(s.) (5.20)

LaLy SJ ||F||L§IL£,'

This allows to prove local (and due to L? conservation also global) wellposedness
of cubic NLS in L?(R) by a fixed point argument: Let X7 = L L2([0,7] x R)N
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LILX(]0,T] x R). Then from Hélder’s inequality,

t
IV (u, ug, us)llxr = II/ S(t = s)(urtigus)(s)ds| x,
0

3
S Nwtigus| s as STV T il xo-
¢ ’ i=1

Corollarytogether with L2-conservation then gives global wellposedness
in L2(R). The space L L2([0, T]x R)NLEL1([0, T] xR) would have been enough
for the iteration of the trilinear term, too.

By Corollary we obtain local wellposedness in M, ; for all 1 < p < o0
with X7 = C°M, 1([0,T] x R) due to the trivial estimate

t
[NV (ur, ug, us)l xr S II/0 S(t = s)(Jul*u)(s)ds| x,
STA+T)2 P,

which follows from the Banach algebra property of M, ;.

Starting from the estimates for M, and L? = Mss we use multilinear
interpolation to obtain new local wellposedness results. The range of p, g that
can be reached as line segments between points in {(1/p,1),p € [1,00]} and
(1/2,1/2) is exactly the triangle 1 < ¢ < 2, 1/q > max(1/p’,1/p), and this is
where this simple multilinear interpolation works.

Theorem 5.19. Let 1 <p < oo and 1 < g <2 such that 1/q > max(1/p’,1/p).
Then for any initial data ug € MP 9, there is a T > 0 and a unique solution u

to (1.1)) in
X2 = LM, ([0, T] x R) N LY [M;1, L*4([0,T] x R). (5.21)
Here, the numbers 6 € [0,1] and p € [1,00] are determined by 1/p = (1—0)/p+

0/2 and 1/q =1—0/2. Moreover, either the solution u exists globally in time,
or there is T < oo such that

limsup [|u(t)| s, = oo-

Remark 5.20. Note that due to My C L™ we have that [M; 1, L*]g C L*/°.
This shows that the constructed solutions are also distributional.

Proof of Theorem[5.19 Without loss of generality we assume 7' < 1. The as-
sumptions on § and p imply that M, , = [Mp1, L*]s. We interpolateﬂ the linear
estimates

[S®)uoll oo r2rsra < lluollre,

1S uollLeensy, S llwollars,s s

IStrictly speaking, instead of interpolating with the intersection we interpolate first on
both spaces and then take the intersection. Interpolation of mixed-norm LP spaces was shown
to work in [I0]. Since we can apply this to Oy f for each k the same works if we consider
mixed-norm combinations of LP and modulation spaces.
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to obtain
[S(t)uollxze < lluollarr.a- (5.22)

Moreover, the nonlinear estimates

3
IN (u1, 2, us) || oo r2mrsrs S TV [ willpsra

i=1
3
IN (ur, g, us) || sonrmn ST ] Iwill oo as
i=1
give, by Theorem
3
IN (ur, uz, us) | o S T2 T il xpe (5.23)
i=1
The result now follows from Corollary O

5.3.2 The Triangle 1/q > |1 —2/p|

Using Bourgain space techniques, Guo showed local wellposedness of cubic NLS
in M 4,2 < g < oo [59]. Since his results were also derived from a trilinear
estimate of the form @, we can use interpolation to get more wellposedness
results in modulation spaces. The triangle 1/q > |1 —2/p| is strictly larger than
the triangle from Section and can be obtained by means of interpolating
between the three endpoints M. 1, M1 and M3 . Since the latter space
contains the Dirac delta distribution and there is no local wellposedness theory
for it, we have to exclude it and obtain wellposedness in a half-open triangle.
We introduce the UP and VP spaces in which wellposedness was achieved.

Definition 5.21. A U/'L2((a,b) x R) atom is a function A : (a,b) — L? of the
form

K
A= ZX[tk,l,tk)d)kv

k=1

where a = tg < --- < tg =b and (¢1,...,0x) € (L*)X which has unit norm in
1, ie. Y, |l¢ill. = 1. The space U L2 is defined as the space of elements of
the form 3722 | \jA;, where (X;) € I'. It is equipped with the norm

llulloe = mf{]|(Aj)][;n 2 u= Z NjAj for Aj UP atoms}. (5.24)
j=1

The space UX is defined as S(-)UF L2 with norm

lullug = I1S(=t)u®)llvpLe (5.25)
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The spaces U? and its close cousin V;? can be seen as refinements of Bourgain
spaces in the case of b = 1/2, which satisfy UY € L° for all 1 < p < oo. Indeed,
the X*° space would be defined by the norm ||ul| ys» = [S(=t)u(t)|| g s - The

usual Strichartz spaces are connected to the U spaces via

||U||LfL% S ||U||Ug-
A proof of this can be found in [84) Chapter 4] and we refer to this book as a
reference for an introduction to these spaces.

Theorem 5.22 ([59]). Let 2 < q < oo and let X7 denote the space of all
tempered distributions w such that the norm |ullx« = [[[|[Onullyz (o,rp)lla s
finite. Then

3
IN (s, us)lxg < (724 T4 TV T Jusllxg (5.26)
i=1
This estimate gives local wellposedness in X% C L M?9([0, T] xR). Indeed,

for the linear part the definition of Ua gives
1S()uollx, = [[EnS(E)uollyz llie = [[[Bnuollyzrz [lie
(5.27)
S Bnuollz llie = [luollarz.a,

Since this result was only shown for 2 < g < oo for the sake of simplicity let
us define X4 = X% if 1 < ¢ < 2, where X2 is as in Theorem Then we
arrive at the following theorem which is proven analogously to Theorem [5.19

Theorem 5.23. Let 1/q > |1—2/p|. Then for any initial data uy € My, 4, there
is a T >0 and a unique solution u to (L.1)) in

(Lo My 1, X9, if 1 <p<2,
ue Yt =4{ X7, ifp=2, (5.28)
[L2°Moo,1, X o, if 2 < p < o0.
Here, ¢ is chosen such that
1 0 1 1-2, if p < 2,
—=1-0+-, -=4{, ? Z.fp (5.29)
q i p & ifp>2.

Moreover, either the solution u exists globally in time, or there is T* < 0o such
that

limsup [|u(t)||a,,, = oo
t—T*

Remark 5.24. Taking into account the wellposedness in My o from [I17], these
results can be slightly strengthened to include the line 1/¢g =1—2/p, 4 < p < co.
Indeed, in [117] the estimate

1S(E) fllao,yxr) SNl aas

24
is shown to hold, which gives rise to an iteration in LMy o N L,” L2, Interpo-
lating the linear and the corresponding trilinear estimate with the estimates for
q =1,p = 0o puts us into the setting of Corollary[5.18
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5.4 Global Wellposedness

5.4.1 Global Wellposedness if p = 2

If p=2and 2 < ¢ < oo, Oh-Wang [107] showed the existence of almost

conserved quantities that are equivalent to the norms in the spaces M, ,. To

this end they used the complete integrability of cubic NLS via techniques from

Killip-Visan-Zhang [77] in combination with the Galilean transform. In this

subsection, we extend these almost conserved quantities to the case ¢ € [1,2)

by using a weight with more decay, as it was done in [77] for Besov spaces B3,
We recall some of the basics from Section 2.2

e The perturbation determinant

=3 oon(k,u), (5.30)

where x > 0, and

(-1

aan (. ) = Retr (((k —0) (s +0) (s — 9) "))

is a conserved quantity for regular enough solutions of cubic NLS ([5.1)).
e The series (5.30)) is absolutely convergent if u € H~'/2* due to the esti-

e o)
U n
laon (£, u)| S (/RMW) . (5.31)
e The leading order term satisfies

2xla(6)[”

ol 632

az(k,u) = Retr ((x —9) Mu(k +0)"'a) = /R

In [I07] the construction of the almost conserved quantity on the level of Mo ,
for 2 < g < oo worked as follows: Combining the above facts and invariance of
(5.1) under Galilean transformations, we obtain almost conservation of

|a(€)[?
/R<£—n)2+1d§’

—1/2—

uniformly in n € Z.

Moreover, considering (£) instead of a compactly supported bump func-
tion for the uniform decomposition on the Fourier side in the definition of the
modulation space norm gives an equivalent norm for 2 < g < co. More precisely,

if one defines
||fHMH0<z— E K63 —n H ),
nez

Q=
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then for § < —1/2 and 2 < ¢ < oo one has

IfIaeme.a ~ [1f1 0,

We follow the proof (see Lemma 1.2 in [I07]) to motivate our next definition.
The estimate “>” is trivial since for o as in Definition [5.3|we have (&) < (£)9.
For the converse estimate, write I, = [k — 1/2,k + 1/2). Then,

1

I flasero.a = (%(/}R<§”>2€|f(f)|2d§>2)q

~ Hz@wze JRLGIRE Z/

kezZ "

29|1/2 / 1F(6))? de z‘?/Z
Sl

We see that both the restriction ¢ > 2 and § < —1/2 enter in the third line
when Young’s convolution inequality is used. If we have more decay available,
i.e. if § < —1, we can also use the triangle inequality to get the full range of q.

Lemma 5.25. If0 < —1 and 1 < q < 0o, we have

[ larzzo.a ~ W fllats -

Proof. Again “>” follows immediately from o,, < (-)Y. Now for the converse

statement write

(/R@—m”\f( |2ds% /Zal n)*|f(6) |2ds)
()2 d)

[N

leZ
1
leZ
1
3
=S - (/ GHGRGR
IEZ
Thus,
1
lullarzoa = (D 1€ =) FOIS 2)"
neL
<[ e -mionsize e
lez
< ) lex [lull arz.a,
by Young’s inequality in the last step. Since 6 < —1, ||<n>9||z7ll < oo. O
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From the form of as in (5.32)) we see that we will have § = —1 there. By
recombining as for different values of , we get more decay (see also Lemma 3.4
in [77]).

Definition 5.26. Define the weight function w(€, k) as

3r1
w(ER) = E @ T (5.33)
A short calculation reveals that
e =
and hence
4m2(g,u) - gaz(m) - /w(g, k)| a(€)[? de. (5.34)

Correspondingly we define F((,u) (&) = w(€ — n, 1)/24(¢) and
lull gr2.0 = I1Onll 2 [z
With these preparations we can prove:
Theorem 5.27. Let g € [1,00). There exists a constant C = C(q) such that

2_ .
O+ w0 3sz,) 7~ w(0) sz, if 1<q<2,
%

5.35
OO+ @)l V@) sy s i 2<g<00 O

[u(®)]|ar,,, < {

for all uw € S(R) solutions to the cubic NLS on R.

Proof. The case 2 < ¢ < oo was treated in [I07]. In what follows we slightly
modify its argument when 1 < ¢ < 2. Consider the case of small initial data in
M, 4 first and assume

(), < = < 1.

For n € Z, define u,(z,t) = e~ +inty(z — 2nt,t) which satisfies |iiy, (¢, 1) =
|(€ + n,t)| and is a solution to cubic NLS as well.
By Lemma (5.31)) for any 6 > 0

S ale, 2 J
o (0. 5) =m0 5)| £ 3 ( [ e Sogyres)

Jj=2

Now for any ¢ € (1,00) if ¢ is small enough,

a(€,0))? 1 X 2
/R (1 + (f _ n)2)1/2—6 ~ Z (1 + (k _ n)2)1/2—5 /Ik ‘U(§70)| df

k
< N[u(0)lf3s, .

95



uniformly in n € Z. Indeed, if 2 < ¢ < co we can employ Hélder’s inequality
with exponent ¢/2 if § > 0 is small enough. The case 1 < ¢ < 2 follows from
q = 2 because of the embedding M, C L?. This shows that at time ¢ = 0 the
series for « is convergent. By continuity in time we can then choose a small
time interval 0 € I such that the series stays convergent, and

i , 2 2
oan):3) = a0 3)| % [ g —ars)

for all ¢t € I. The same argument works for x = 1 instead of k = 1/2.
We calculate the difference of o and as by first making use of the above
estimate, then localizing in Fourier space and then using Young’s convolution

inequality, with I = [k, k + 1),
3y (6, 1)P :
)< (S ety

(3 lo(on3) - on(sn0:3)
~ [tk =y / ()P de

SR T2 o llulls, -

< llullis, .

provided § > 0 is small enough such that we can choose ¢ < 2¢—, and ¢ > 1.
We use the definition of M» 4, the subadditivity of the square root, Minkowski’s
inequality, conservation of «, and the above estimate to find

s, = 1@ g = | (40250 0)) — 3aCtme) .
<l =) (5 000) = 302 = 00|

+| (m(%,un(t)) _ %a(l,un(t)))%

S

q
£ n

a

4t %H(az — )1, un(t))

L2
+ “)4@(%,1%(0)) — %a(l,un(O)) ? o
<Oy +4 S e —@(w(s))\\j%

s€{0,t},ke{1/2,1}
< 00l + ClalO) g, + ()l )

for some constant C' > 0. Using a continuity argument gives

[u(®) a2,y S [[w(0)l|arz,, (5.36)

if |u(0)||ar,, < € with e sufficiently small.
For general initial data, we apply Lemma and the discussion thereafter.
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Consider uy(z,t) = A~ tu ()\_11'7 /\_2t)7 which is a solution to NLS for all A > 1.
Then for 1 < ¢ < 2, we have

[ux(O)llag,,, S A2 1wO)]lar,, <& <1
if A~ (1+ [[u(0)|las,,)? On the other hand,

1
lu(®)llar,,, S A7 [Jua(X?)

lass., -
and so
2_
(), S A2 w0z ~ (1 + [4(0)llaz,,,) 7 1w(0) [ ara

which finishes the proof if 1 < ¢ < 2.

This proof does not extend yet to ¢ = 1 because the estimate of the tail does
not have enough decay in n. The problem here is the coefficient a4 since for the
tail of order homogeneity 6 and more we can estimate with Young’s inequality

%VJ‘(“H)*O‘ un) — aau |/2<Z</ |“ . )))1/2_a>g
~ [ | i

S k)™ 1+2‘SII% lullZe < lullz,

~

as long as ¢ stays small enough. To handle the sum

D laa(un)'?,

neZ

we need to take a closer look at its structure. We use Lemma 2,10/ and the fact
that ay = ReTy(ix). Thus

[ _L/ Re (a(&1)a(&2)0(E3)0(64))
e1+ea=tat (

Ty(ik) = . ’
4(ir) 27 2ik + £1)(2iK + &3)(2iK + &)
which implies that a4 can be written as

1 26(&1&5 + &1€a + E364) — 8KP

2 e sermisre, G+ )2 + (a1 (HEONHE)IG)IED)

We concentrate on the part where there are frequencies in the numerator because
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the other part is more easily estimated. Now for example,

/§1+§2£3£4—0 (42 + 5%)(451_51_3'5%)(%2 ) [a(&)[|a(€2)]|a(€s)]|a(€a)]
laa wite e -
= 4/€|2§—,E§2 ‘ i?, 4&2152 L1||ﬁ||L1
2
| rallaerel, .

Here we used Young’s convolution inequality and the fact that

J1@is =3 [ 1l < iz = b,

kEZ kEZ

Thus to bound 3, ., |ova(k, u,)|'/? we estimate

[ ()2 @ (O] 0\

3 f[k | dg f[k |l d€ 3
NnZE:Z”u”M“(zk: 42 + (k 224/-@2 l—n2>
Jr lal?dg N3 Jr laldg N3
(;4K2+(kn)2) <Z41£2+(l7n)2)

1 . 1 ; 1
< HU||12\/12,1(HU||%2ZW )* (Il e 2452_'_12 )’
k

S K_1||UHM2,1 ||’ILHL2.

1
<},

02 2

-

In the first line we estimated with the inequality from above, then we discretized
in Fourier space, then we estimated via Holder and Young’s convolution in-
equality, and finally we used again that the L! norm of the Fourier transform is
bounded by the M, 1 norm and that the scaling behavior of the sums is x~1/2.

Arguing as before, we also obtain the case ¢ = 1. O

5.4.2 Global Wellposedness if p < 2

If p < 2, the spaces M, , are contained in M, and we expect an upgrade to
a global result with the use of the principle of persistence of regularity (see
e.g. [128]). We use Gronwall’s Lemma to obtain the following blow-up
alternative:

Lemma 5.28. If for all T > 0,

sup [u(t)|ar.,, < o0,
t€[0,T]
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and if cubic NLS is locally wellposed in My (R) for some 1 < p,q < o0, s >0,
then it is also globally wellposed in this space.

Proof. By Corollary we have to show that the M,  (R) norm cannot blow
up. Now u solves

u(t) = S(tuo + 2i /O St — 8)[ulu(s)ds, (5.37)

and hence if 0 < ¢t < T, estimating with (5.4)),

¢

lu@)llazg , S lluollag, + ||U||%oo([o,T],Mm,l>/0 l[w(s)llarg , ds- (5.38)
Using the assumption HUH%w([O,T],MOO,l) < C we can use Gronwall’s inequality
and conclude. O

Lemmal5.28]tells us that the M. ; norm is a controlling norm in this setting.
This shows that when 1 < p < 2,1 < ¢ < oo and s is high enough, not only
the question of local but also of global wellposedness becomes trivial: From the
embedding HY/?* ¢ My 1 and the construction of conserved quantities adapted
to H® for any s > —1/2 [83] [77] we find global in time bounds in My 1 if we
just embed into HY/2+_ In the spaces M, with 1 < p <2 we also find global
wellposedness due to Theorem The case p > 2 is more complicated and
treated below.

For s = 0 and general 1 < ¢ < oo, we obtained the local wellposedness via
interpolation. In the upper triangle 1/¢ > max(1/p’,1/p) the Picard iteration
space was

X = L My,g(10,7] x R) 1 L] [Mpa, L([0,T] x R).
Note that we could equally well have iterated in

- 4

X7t = LMy 4([0,T] x R) N L] [Mj,1, L=]([0, T] x R),

because the Strichartz estimates holds up to L} LS° in one dimension. With this
at hand, we can prove:

Lemma 5.29. Cubic NLS is globally wellposed in M, ,(R), 1 <p <2, 1/q >
1/p.

Proof. We interpolate the multilinear estimates

lwrtiouslar, , S llwallar o luzllar o lusllaz;

lurtgus|lpe < [|usllLee [luz|| Lo [lus|| L2
to obtain

|urtiguslar, , S Nutllare 1 poots |2l (v 1zt a0, 4 (5.39)
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where p, q, 0 are exactly as in Theorem This shows

t t
| [ ste=sePuds|, 5 [l pe, s, ds
0 Mp,q 0

and we can conclude as in Lemma if we know that |ullz2(j0,77,[Mu 1,20
remains finite. Now with continuous inclusion with T-dependent constants,

[LOOqO?T]?M?,l)aL4([O7T]7LOO)L9 C [LZ([(LTLM2,1),L2([0’T]’LO®)]9
= Lz([O,T], [M2,1aLOO]9)
C L*([0,T], [Muo 1, L>]p).

Since we could have chosen the left-hand side as the iteration space in Theorem
[5.19) we conclude that the solution has locally bounded norm in this space with
estimate

lull o (011,05 1), 24 (0,11, 25)]5 < Ul nz, -

Note that p < 2, hence M, , C My, The M, norm does not blow up by
Theorem hence the norm on the left-hand side does not blow up even if we
replace [0, 1] by a time interval [0, T] as we can just glue together solutions. [

5.4.3 Global Wellposedness if p > 2

In the case uy € Mp 1 with 2 < p < oo, we want to use techniques inspired by
[48]. Similar results were obtained for p = 4 and p = 6 in [I17]. Note though
that the spaces M , and M§, with s > 3/2 embed into M/, and Mg ; in which
we will prove global wellposedness. The goal is to make use of the fact that
there is a number N such that for n > N, the nth Picard iterates will be in an
L? based space. Indeed, if we keep the notation from Theorem then by
the multilinear estimate ,

143 (u0) | Lo (10,17, 02.1) S 1S uol*SE)uoll Lo o,11.01.1) S wollfsg 5

and similarly for each natural number of the form 4n + 2, n € Ny, we have

[ A1 (uo) || o (f0.1].882,) S llw0lI3E 2, - (5.40)

More generally, we find:

Lemma 5.30. Given odd natural numbers ki,ks, k3 € N and 2m + 1 = ki1 +
ko + k3, and n € N with m > n, we have

IN (ks Arys Arg ) L= (0,10, 0,0) S T2 o 13780 (5.41)
| A2n 11l oo ([0,77,0M0.1) S Tn<T>”H/2||Uo||?\2ffll+2,1 (5.42)
n 2(m—n
1Az 1ll o (0.7, 000,1) Som T T2 g 3252 o357,
(5.43)
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Proof. We use the estimate for 0 <t < T

t
I (e Aty Au) g, = || [ 50— )40 Ay A s
0 p,1

S T2 A gy 1 1A 8 1 AR 11 1

provided >, 1/p; = 1/p. Plugging in the definition of Ay, from Theorem
iteratively shows that after m iterations we arrive at

||A2m+1(UO)||M 1 + ||N(Ak1aAk27Ak, )”M , Sn Tm<T>'7”
P 3 P,

2m+1
|LU0 HJ\;)/(LZ'NL+1)P’1 ’

if k1 + ko + k3 = 2m + 1. Together with

2m+41

||Lu0||?\;’z2—tj+l)zi,l ’S<T> ’ HuOH?\Z:;ﬂlH)PJ’

(5.41) and (5.42)) follow. To prove ({5.43) we additionally use

||uvw||M4n+2,1 5 Hu”Moo,l Hv”Moo,l ||w||M4n+2,1’

once we reached p = 4n + 2 in the iteration. O

As is shown for the usual Picard iteration (see for example Theorem 3 in [9]),
and because there is no loss in the constant from Holder’s inequality , the
constant in grows at most exponentially in n meaning that we are able
to sum the remainder term. This motivates that we will be able to construct a
solution of NLS of the form

2n—1
u(t) = Z Ap(ug) +v =1+, (5.44)
k=1

where
i € C°([0,T), Myns2,1) and v e CO[0,T], May).
If w has the form (5.44) and solves NLS then v will solve the difference NLS

iy + Ve = |ul?u— G(t), (5.45)
v(0) =0
where G(t) is given by
2n—1 B
G(t) =il +liga = » >, A, (uo)Ap, (1) Ap, (uo).
k=3 ki+kot+ks=k
As a fixed point equation this equation reads
2n—1 2n—1 2n—1 2n—1
o(t) = N(v+ D Aglwo) v+ D Ax(uo),v+ Y Axluo)) = Y Ax(uo).
k=1 k=1 k=1 k=3
(5.46)

The existence and uniqueness issue for v is covered in the following lemma.
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Lemma 5.31. Let n € N, ug € Mypy2,1. There exists T > 0 and a solution
v e CY0,T],Ma1) of (5.46). The solution is unique in L>([0,T], Mani2.1)-
If T* denotes its mazximal time of existence, then either T* = co or

limsup [|[v(t)| a1y, 4., = 00
t—T*

Proof. We ignore permutations of the arguments of N and rewrite (5.46) as
2n—1 2n—1 2n—1 2n—1

o(t) = N(v+ > Ax(uo)v+ > Ax(uo),v+ Y Axluo)) = 3 Ax(uo)
k=1 k=1 k=1 k=3

2n—1 2n—1 2n—1

= N(v,v,v) +N(U,v, Z Ak(uo)) +N<v, Z Apg(ug), Z Ak(uo))
2n—1 2nli:11 2n—1 = 2n—1 =

V(Y Auluo), Do Axluo), 3 Ax(uo)) = D7 Ax(uo).
k=1 k=1 k=1 k=3

If we define the function in the last line to be F(¢,z), then we can show

1 2o o002, 0) S T 2 o |37, L, + T2 T3 w1572

Myni2,1 Mani2,1"
(5.47)
Indeed, we rewrite
2n—1 2n—1 2n—1
N( > Ax(uo), > Axlu), > Ak(UO))
k=1 k=1 k=1
2n—1

=S N(A (o), Ay (), Ak o) + Fit,)
m=1 k1+ks+ks=m

2n—1

Z Ag(ug) + F(t,x),

k=3

and use Lemma [5.30] to estimate. In the same fashion, we find

2n—1

A H < (T\1/2 Tn=1/\n=1/2 -1
H ; k(uo) L5 ([0,T), Moo 1) N< > ||u0||M4n+2,1 + < > ||'U/0||1\/[4n+2,1

This shows that if ®(v) is the right-hand side in (5.46)), and if [|v|| Lo (j0,77,015.,) <
R, we have

1@ (V)| o< j0.77.022,1)
STR® + TR(T) oy, , + T2 R H|uoll3y,; 2

Man42,1
+ T2 g3, + T3 (D) 3 o572, -

Choosing T < min(1, ||U0||]T/[in+2 ) and R ~ |[uo||nsy, ., makes ® into a map-
ping ’
D : {HUHLOC([O,T],MZJ) S R} — {HU||L°°([O,T],M2,1) S R}
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Since we can obtain a similar estimate on ®(v1) — ®(vq) via polarization, this
shows that we can employ the Banach fixed point argument to get a unique
solution v € L*°([0,T1, M2,1) of . Since we could have iterated in the
space C°([0, 7], M2 1) as well, we obtain continuity of v.

To prove the stronger blow-up criterion, if ||v(T)| s, ..., stays bounded close
to T*, we can use 4(T) +v(T) € Man12,1 as new initial data for NLS. But then
we transform this into an equation for v again and obtain a small 6 > 0 such
that we can solve on [T,T + 6] with T+ 6 > T*, yielding a contradiction
to the maximality.

For the stronger uniqueness statement we note that we can also construct
a unique solution u of NLS in L*°([0, T, M4n+21) directly due to its algebra
property. Since w and v only differ by finitely many terms which do not blow
up in Myp421, the uniqueness from u transfers too. O

To go from local to global wellposedness we need to bound a controlling
norm for large times. Our controlling norm will be the H! norm and the way to
bound it will be via estimating the derivative of the time-dependent Hamiltonian
and using a Gronwall argument. Since we need the Hamiltonian to control the
energy, the method only applies in the defocusing case. This method has also
been used in Chapter [4] (respectively [81]) to prove global wellposedness of NLS
equations in H*(R) + H*(T), as well as in [I17], and it proves to be valuable
here as well. More precisely, the difference NLS equation is Hamiltonian
with respect to

H(tv) = / %|vgc|2 + i(w L)t — a(t)]* - 4Re(8G(1))) da.

From the embedding H' C M1 C Myy42,1 and Lemma we see that a
bound on the H! norm suffices to upgrade our local to a global result. Arguing
as in Lemma we find that if we start with one more derivative, i.e. take
up € Mjn+2717 then the same holds for the solution .

We first show that when adding the square of the L? norm, the Hamiltonian
is strong enough to control the H' norm:

Lemma 5.32. For all T > 0 and ug € Mupy2,1 there exists a constant C > 0
such that

E(v) + |[vllZ: < H(t,v) + [lv]7 + 1 < E(v) + [lv]72 + 1, (5.48)

where ) )
_ - 2 - 4
B(w) = [ gluaf? + o do

The constant depends on n, ||uol|rsy,, s, and T.
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Proof. For 0 <t<T,
/|v +alt — |v|* — |a|* 4 Re(|a)|*av) dx

<c [ 1oPfal(l + Jal) da
el o1 + = o)
(Il ol + Nl oz o1)

<
<c
< (14 (Ce)alF=lvlZ2 +eE(v).

This term is fine due to the estimate @ L= St |luolasy, ., Knowing that

tx N

/ @t de < (o]l atarmn T,

it remains to show that |@|?@ — G(t) can be estimated in L? if ug € Myp12.1.
Indeed, we rewrite it as

@Pa= > A (o) Ara(uo) A, (uo)
Koy ko kg =1
=YY A () A (o)A, (w0) + R() = G(t) + ()

k=1 ki+kotks=k

where R(t) has only terms of homogeneity 2n + 1 < k < 6n — 3. Thus as in the
proof of Lemma for all T' > 0,

IRl o.71.22) St luoll 3t | + luoll¥r;2, -

Hence

/Re((\ﬂl%— G(t))v) dz Sr [[vll e (luoll37 7, , + lluollz 3, )

Many2,1 Min2,1

< HU”%ﬁ + C(||u0||M4n+2,1)7
which implies (5.48). O

Theorem 5.33. Let 2 < p < oo and assume that uy € M;’l. Then the local
solution from Lemma |5.31| exists for all times. In particular, there exists a
unique global solution u € C°([0,00), M, ;) to the defocusing cubic NLS with
ingtial data u(0) = up.

Proof. Via scaling (see e.g. Theorem 3.2. in [40]) we reduce to consider small
initial data. Moreover, there exists an n € Ny such that p < 4n + 2, hence
Lemma [5.31] is applicable and thus without loss of generality we may assume
p=4n + 2. Fix some T > 0.
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We look at the time derivatives of the L? norm and H and aim to use
Gronwall. Now with the notation

(.9) = [ Re(rg) .
we calculate that for 0 <t < T,
Ol = (v,0) = (oo + (0 + ) ~ G(1)
S / [P (lf? +[af?) + |v|(|a*a — G(t)) da
S B) + Al 0 o 1y xmy 01172 + 0]l 22 1|@1*@ — G(t) ]| Lo 0,71, 22)
S E(@) + [vl7z + 1.

The last inequality was proven in the proof of and its constant depends
both on T and |ug||rs,,,..,- For the Hamiltonian, we argue as in Theorem (4.8
respectively [81, Theorem 4.1] to see that only time derivatives on terms with
@ and G prevail,

O H = (ty, |v|*v + [v*T + 2Re(v@)v) + (v, 0 (|T*0 — G)). (5.49)
Indeed, for the bilinear part of H we calculate E|
1
6t§(vz,vm) = (U, —Vzz) = —(vg, |V + @|(v+ @) — G),

and for the remaining part,

4
= (v, Jo +al*(v + @) = G) + (G, [v + af* (v + @) — |a*a) - (v, Gy),

from which (5.49) follows. We recall 4; = —iG(t) + ity and plug this into the
first summand. The worst term is

o /1(|u +a|* — |a[*) — Re(vG) da

(ttaa, [0]0) = = (G, ([0*0)0) S el [0lIFallvzllze S E(v),

since we are able to bound u, in L* because uy € M41n+271 C M§o71. Since G,
i, and u, can be bounded in L uniformly in time, the other terms in the first
summand of (5.49) are estimated more easily. It remains to estimate

(v,0i(i]*@ — G)) = (v,0:R),
where with the notation from the proof of (5.48)) we have

2n—1

R= Z Akl (UO)A/CQ (uo)Aks (UO)

ki,k1+ko+k3>2n+1

2Strictly speaking this is only formal, the term (v¢, —v4z) is not well-defined because both
factors are only distributional. One can make this rigorous by going to the interaction picture
in the calculation, see Theorem respectively [8I, Theorem 4.1] for details.
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Now for each k,

10: Ay, (UO> + OﬁAk <UQ) = Z Akl (UO)AkQ (uO>Ak3 (’u,o)
k1+ko+kz=k

Again the worst term comes from the two derivatives. From partial integration,

(’U, (agAkl )Akz Ak's)
= —(Va, (0p A, ) Agy Aky) — (U, (02 Ak, ) (02 Aky) Aky) — (v, (8 Ak, ) Ar, 0 Ak, ).

In order to use Cauchy Schwarz we have to be sure that the functions that are
integrated against v or v, are in L2. But this holds since ki + kg + ks > 2n+1
and since ug € M, 5. All in all we find

O(H +C|v|32) SH+C|v|2: +1 forall 0<t<T,
and hence by Gronwall’s lemma

sup H(t,v) + C|v||32 < oo,
t€[0,T)

which proves the theorem. O

Remark 5.34. The same method_applies to My , for 2 < p < oo and s >
2 —1/q. In this case by Theorem an embedding M7 , C M;’l holds so that
the local wellposedness becomes trivial by the algebra property. See also [117] for
p =4 and p = 6, and the remark therein for general p and q = 2. This shows
that for all spaces My , with2 < p < 00,1 < g < 0o one has global wellposedness
if s is large enough. Using Lemma[5.28 and Theorem the same holds for
1 < p < 2. It remains open whether a global result can be achieved in a space
M5 with p = oo.

p.q

5.5 Illposedness for Negative Regularity

We complement the wellposedness results and prove that the cubic NLS is not
quantitatively wellposed in My if s < 0. This includes the cases p,q = o
and extends considerations from the introduction of [I17] where illposedness
was shown using Galilean invariance. We want to remark that results on norm-
inflation for nonlinear Schrédinger equations in modulation spaces have been
proven in [I5], though some of them rule out the cubic case due to the complete
integrability. Norm inflation and infinite loss of regularity for fractional Hartree
and cubic NLS equations have been investigated in [16]. The proof of our result
is inspired by [98]. More precisely, we show that:

Theorem 5.35. Let 1 < p,q < oco. When s <0, there is no function space Xp
which is continuously embedded into C([0,T], M ,(R)) such that there exists a
C > 0 with

1O flxr < Cllflus (5.50)

106



and .
II/ S(t = s)|ul*u(s) ds| x, < Cllul%,- (5.51)
0

In particular, there is no T > 0 such that the flow map f — u(t) mapping f
to a unique local solution on the interval [=T,T)] is C* at f =0 from M} . to
M,

Proof. We first prove that the failure of the above estimates implies that the

data-to-solution map cannot be C3. Indeed, we consider f = yuy where vy €
M, , is fixed, and denote by u(y,t,z) the unique solution of (5.15)). Then

t
w = S(t)yup F 2@/ St — 8)(|ul?u) ds,
0
t
Oyu= S(t)uo F Qi/ S(t — s)(2Jul*0yu + w?0,1) ds,
0
t
02u = ;21-/ S(t — $)(2uf20%u + w2020 + 410, ul?u + 2(0,u)?a) ds,
0
t
8,?;u = F2i / S(t— s)(2|u|23,?;u + uzaiﬂ + 68§u&yuﬂ + 663/u8yﬂu + 68,3113,,uu
0
+ 6|0 ul?0,u) ds.
Putting v = 0 will give u = 0, then dyu = S(t)uo, then 92u = 0 and,
t
agu(O,t, x) = 1122'/0 S(t — 5)(|S(s)uo|*S(s)ug) ds.
If the flow is C3, then this implies for any ¢ € [0, T] the bound
t
I [ 5= 956l s dslug, <y, (552

We will show below that (5.52)) fails, which then gives the claim.
To show that there is no quantitative wellposedness, we show failure of ([5.52))
as well. Indeed, using the linear bound in the nonlinear bound would exactly

imply (5.52)).
To prove failure of (5.52)), we look for a lower bound in M , of

t
g(t,z) = / S(t — )(1S(s)uo|2S(s)uo) ds.
0
Denote by §(t, &) the Fourier transform z — £ of g. We rewrite

t
i(t,€) = / emilt=)¢ / e 4 (6 )T (6o (E3) déy dEsds
0 1—&2+E3=¢

eitx -1

X

= et / o (€1)ao(€2)a0(&s) d&1dgs,
1—€2+€3=¢
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where y = €2 — £2 + &3 — £€2. We choose 19(§) = @n.o a positive bump function
compactly supported around N of width «, where N > 1, o < 1. Then, g can
only be nonzero when £ € [N — %a,N + %oz]. Moreover, when £ = & — & + &3,
we have the factorization

X =2(§ = &)(€ — &), (5.53)
which is of size a. In particular,
itx _ 1
- =t+ O(t*a?).
(2%

Now the modulation space norm in M, , of ug is

luollasy,, = N*lluo|z» ~ N*a'~7,

which can be seen from shifting and scaling on the Fourier side. Consider the
case 1 < p < 2 first. From the pointwise bound

19(t, )] 2 [t] tio (&1) 0 (§2) 10 (§3)d1dEs
§1—82+E€3=¢
if [t|a? < 1, we infer
S| A s —LaA s 5
lg(t, Marg, = llg(t, Marg, ~ N*Ng(t, )lzz 2 Na™2(|g(t, )| ~ Ntaz.

Here we used Holder’s inequality in the second last inequality and explicitly
calculated the convolution ||g(t,-)||,1 ~ o for the last equality. This shows
that in order for (5.52)) to hold, we need to have

N5|t|a% < N335,

Since t, o are fixed this gives a contradiction if s < 0 by letting N — oo.
We turn to the case p € (2, 00]. Write

g(t7£) = gl(ta 5) + QQ(tag)v

where

(.6 = teite” / e BoEio(E)in() s,

Ga(t, €) = te i€ Z/ e to(&1)0(&2)a (53)(( )) d&1d€s.

Write g1 (t, &) = te= € G(€), where G = |ug|*uo. Now, §1(t,€) is still supported
on an interval of size 3a around N, and

It Mer = sup (ga(t,)h) = sup / e~ i1 GEYR(E) de
Al =1 IRl =1JR

G112
ISOGIl o’

/ - ©OF e =t
IF=*(e ”5 GO
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by choosing an L? normalized version of F _1(6_”52(;’(5)) for h. By Fourier
localization of G and from Lemma 7?7 we see

1 1 9,1
IS(VG o S O FG o < ()2 o]l ~ (80”5,
and hence, with |G|z ~ a2,

1 _1
lgr (8, )lagy, 2 N*t(t) " 20”2,

On the other hand we can estimate ga(¢, ) by Lemma 77, the Hausdorff-Young
inequality, the triangle inequality and |x| ~ a2, and Young s convolution in-
equality,

lon(t ||m<|t\ZHS HF! i (61) 0 (€2) i (€5) )

P (k+1)! < &”H

p’

E

& k
MOt G H [ @i dads

0 Z't'kﬂ H / e TolEi0(E)0(E) derdss]|

[t*(ca®)*
< |t|{
o Z =y
= c<t>§|t|2a5*5(1 + O(ta?))
In particular assuming |t| <1 and o < 1 we see that

g2t Mars,, < llgalt, )z ,-

Hence the bound (5.52)) would imply
Nott) "3 a5 < lglt,)ary, S N*a® 77

which as before leads to a contradiction if s < 0. O
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Appendix A

Appendix

In this section we introduce our notation and state some preliminary results and
estimates that are used throughout the thesis.

A.1 Fourier Transform and Function Spaces

Proofs for the statements about the Fourier transform can be found in [90]

Chapter 1 and 2]. Note that our definition of the Fourier transform involves

different constants, but the proofs from [90, Chapter 1 and 2] remain valid.
For a function f € L'(R™) we define its Fourier transform by

FHE = f(6) = (2m) % / e~ £() do.

n

Here 2§ =z - € = x1& + ... xn&,. With this convention, the inverse Fourier
transform of a function g € L'(R") becomes

Flg(@) = j(z) = @m)~ % / €7 g(£) d.

n

If f e L'(R") and 9, f € L*(R™), then

F(0u, £)(€) = i f(€).

Given f,g € L*(R™), multiplication is mapped to convolution in the sense that

n ¥

F(f=9)(€) = 2m)2f(©)3©),  FHf+g)(x) = (2m)"2f(£)g(9).

Moreover, both F and F~! can be extended to bounded linear operators on
L?(R") which have the isometry property

1Fllz2ny = 1l zn)-
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The Fourier transform is unitary in the sense that if f,g € L?(R"), we define

(f.g) = /R F(@)g(@)da.

Then, .
(f,9)=(f.9)-

For multiindices v, § € N™ define the seminorm
1£1lv,6 = 12705 || Loo (rny,
and the Schwartz space S(R™) as
SR") ={p € C*[R") : ||¢|l,,p < oo for any v, 3 € N"}.
Convergence in S(R™) is defined as follows: we say ¢; — 0 as j — oo if
165llvp =0, as j — oo,

for all v, 8 € N™. As derivatives are mapped to multiplication and vice versa,
the Fourier transform maps Schwartz space into Schwartz space. Even more:

Theorem A.1. The map F : S(R™) — S(R™) is an isomorphism.
The space of tempered distributions is defined as
S'(R™) ={¢: S(R") — C : ¢ is continuous and linear}.

Any locally integrable function f € L} (R™) with at most polynomial growth

at infinity can be identified with a tempered distribution via

o= p(9) = [ fx)p(x)dr.

R

Note that the map f ~— 1y is injective. Given a tempered distribution ¢ €
S'(R™) we define its Fourier transform ¢ € S'(R™) by

D(g) =v(¢) forall ¢ e SR").

This definition is compatible with the identification f +— ¢y because for f €
LY(R™),

Yy =1y
We can define the convolution of a Schwartz function ¢ € S(R) and a tempered
distribution ¢ € S§’(R) via

(Y *x @) (x) == p(d(x —)).
The result is a function which satisfies

) xp e C2(R™) NS'(RY). (A1)
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With other words, convolution preserves the maximal differentiability, but also
takes the minimal decay of its arguments. Moreover,

Fx¢)=(2m)%¢ inS'(R"),

in the sense that F(1¢)(n) = (2m)21p(¢n) for all n € S(R™). We endow S’(R")
with the weak-* topology, which is to say that a sequence ¥; — 0 in S'(R"™) if

Yi(¢) =0 as j— oo,
for all ¢ € S(R™). With this definition we find:
Theorem A.2. The map F : S'(R") — S'(R™) is an isomorphism.

One of the most important examples for our purposes is the following (see
[90, Example 1.11]):

Lemma A.3. We have

112

(Fe ) (e) = (2it) Fe'ir .
Proof (Sketch). Consider
e (z) = e (eHitllal”,

Due to the decay we gain by adding the ¢ in the exponent, we have ¢. € L*(R")
for all € > 0 and we can calculate directly

1£12

$<(€) = (2(e 4 it)) " Fe TeHm
Taking € — 0, we see (55 — qAS in §’(R™), which shows the statement. O

We turn to periodic functions. For a reference for these statements see [49]
Chapter 1], and [12I]. Denote T™ = (R/(27Z))". Then a continuous function
f :R™ — C is periodic with period 27 in each coordinate direction if and only
if it can be written as a continuous function f : T™ — C. We write

@ar= [  s@an

Tn

whenever the integral on the right-hand side is defined. In the periodic case
the space of Schwartz functions S(T™) coincides with the space of smooth pe-
riodic functions C*°(T™). In the same way, tempered distributions are simply
distributions, i.e. continuous linear functionals on C'*°(T").

For an integrable, periodic function f € L*(T") we define its Fourier coeffi-
cients as

Ff(k) = f(k)=(2n)" % . f@)e *de, kel
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If f € £*(Z), the inverse Fourier transform becomes
f@)=(F @)= @0 % Y fke™,  zeT
kezn

The Cauchy problem for the (linear) Schrédinger equation is the initial value
problem

{iut + Au =0,
u(0) = f.
By taking Fourier transforms on both sides, the equation formally becomes
ity — [¢[*a = 0,
i .
and can be solved by d(t, &) = e~ € f(¢). This shows that

(2m)7F fpo €T f(€)dg, e R™
(2m)7F Spen € (R),  we T,

solves the linear Schrodinger equation formally. In the real line case, Lemma
can be used to write the integral in terms of a convolution.

In the following we define Sobolev and Besov spaces. We follow [55]. Let
K e {T,R}.

Definition A.4. A function g € L}, .(K") is called jth weak derivative of f €
LY (R™) if for all ¢ € S(K™)

loc
[ 1@, 0ta)da == [ gla)ote) e

In this case write g = Oy, f. Similarly one defines higher order weak derivatives.

We say that a function f € LP(K™) is in the Sobolev space f € WkP(K"),
p € [1,00],k € N, if for all &« € N", |a| < k, there exist weak derivatives 0% f
which satisfy

(S )(x) = ("2 f)(x) = {

9°f € LP(K™).

The Sobolev space norm is defined as

I fllwer@ny = Z 0% fll e (-

la| <k

With this norm, W#?(K") becomes a Banach space. In the case p = 2 there
is an equivalent definition extending to fractional k:

Definition A.5. The Sobolev space H*(K™), s € R, is defined as the set of all
e S'(K™) with finite norm

I leery = ([ 1+ 1ePyIFEPag)

where the integral is understood with respect to the counting measure in the case
K =T, that is as a sum over £ € Z".
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In fact the definition for s € R can be extended to LP spaces with 1 < p < 00
in the same fashion: define

11

e = [FHEO O

and the space L correspondingly. Then this definition coincides with W if
k = s and gives an equivalent norm.

To define Besov spaces we need Littlewood-Paley projections. Let 81 : R™ —
[0,1] denote a radially decreasing function 51(§) =1 for || < 1 and supp 8; C
{1¢] < 2}. For N € 2N let B (&) = B1(§/N) — B1(€/(N/2)), and let Py denote
the following Fourier multiplier on K":

o~ ~

(PN f)(&) = Bn(£)f(E)-

Definition A.6. Define the Besov norm of f € S(K") for 1 <p,q < o0, s >0
by

-

1z, = (2 N=lIPasIL)"

Ne2No

and with the usual modification for p,q = oco. The notation N € 2% means
that we sum over N = 27, € Ng. The Besov space is defined as the set of all
f € 8'"(K") with finite Besov norm || f[| s & < oo.

A.2 Inequalities

The following inequalities will be used frequently in this thesis.

Lemma A.7 (Gronwall, Lemma 3.3 in [6]). Let u, a, 8 : [a,b] — R be continuous
with B > 0. Assume that for all t € [a,b],

u(t) < alt) —I—/ B(s)u(s) ds.
Then also

u(t) < aft) + /ta(s)ﬂ(s)efjf%s’)ds’ ds.

Theorem A.8 (Young’s convolution inequality, Theorem 2.2 in [90]). Let f €
LP(R™) and g € LY(R™), 1 < p,q < oo. Then f*g € L"(R™) with

£ *gller@ny < 1 flle@n)llgllLagrnys
if

1 1 1
1+-==-4-
r p 4q
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Theorem A.9 (Riesz-Thorin, Theorem 2.1 in [90]). Let py # p1, qo # q1. Let
T be a bounded linear operator from LP°(X, A, 1) to L% (X, B,v) with norm M
and from LPY(X, A, ) to L (X, B,v) with norm My. Then, T is bounded from
L (X, A ) to L9 (X, B,v) with norm My, where

My < My—MY,

and

L0 0 L 10 0 o).

Do Po b1 de do T
Theorem A.10 ([14], 4.4.1). Let (Af, A7) w=1,...n) and (Bo, B1) be compatible
Banach couples. Let N : 3.5 _ Ay AY — By N By be multilinear such that

IN (@, a0 5, < Mo Tl Nl
IN (a1, an)l 5, < ML flaw Ly

Then T can be uniquely extended to a multilinear mapping Z?Svgn[/lg, AYlp —
[Bo, B1]o with norm at most My~ M.
Theorem A.11 (Sobolev embedding, Theorem 6.2.4 in [55]). Let 1 < p < 0.
o Let 0 < s <n/p. Then L2(R™) continuously embeds into LI(R™) if 1/p —
1/q = s/n.
o Let 0 < s =n/p. Then LE(R™) continuously embeds into LI(R™) for all
n/s < q<oo.

e Let n/p < s < oo. Then LP(R™) continuously embeds into CP(R™) in the
sense that every function f € LP(R™) can be modified on a set of measure
zero so that the resulting function is bounded and uniformly continuous.

Theorem A.12 (Gagliardo-Nirenberg interpolation inequality with weights,
[89]). There is a constant C > 0 such that the following inequality holds for all
u € C°(R™)

; o 110 1-6
2l D7l < Clll* D™ ul| L, [[l21 ]|, (A2)
if and only if the following conditions hold:
L y=j_yl a-m 1.8
—+ _e(p+ . )+a 9)(q+n), (A.3)
a+(1—-6)8 >, (A.4)
1 1 —
bla—m)+(1-0)F+j<y if ~4+2=1p0=m (A.5)
g n p n
ba+(1—0)B=~ if 9:%. (A.6)

Corollary A.13. For all 0 < j < k, there is a constant C > 0 such that the
following inequality holds for all uw € C°(R)

1—4

lle/*~ Diu|,, < C||D*u|| L, |||zl ul|;5 *

(A7)
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Proof. Set y =k —j, a =0, 8=k, and r = p = ¢ = 2 in Theorem [A.12] and
check that all necessary conditions are fulfilled. O

The following result is a standard result when s is an integer. The proof
follows from [128, Lemma A.9] by following the explicit control on the constant
in the estimate.

We introduce the notation [p] = sup{k € Z, k < p}.

Lemma A.14. Let 0 < s < [p] and K € {R,T}. If f € H*(K) N L>*(K), then
also |f|P~1f € H*(K) with bound

IF1P~ Fllere i) S Iy 1 s - (A.8)
If p is an odd integer, the same holds for all 0 < s < 0.
Proof. The case of p being an odd integer follows from the classical estimate
vl =y S llll oo gy vl s ey + lwll s gy oll Lo )

Moreover, we may assume 0 < s < [p] because in the case s = [p] the norm can
be easily estimated by calculating the weak derivatives directly. We denote by
Py the usual Littlewood-Paley projection onto frequencies around the dyadic
number NN, which in the torus case is a projection onto a finite number of
frequencies. Similarly, we define P>y and Py .

First of all we note that

IP<t|FIP7 fllze < IS Al e

meaning that we can restrict to frequencies N > 1 in the sum

P e ey ~s [1P<lFP7 PRy + D NP IPN AP £
N>1

We write f = P<ny f + P>nf and observe that

P2 — [Pan fIP T Pen fllze < plIPon fllce | FIl5

since (|z[P~tx)" = p|z[P~! and by the fundamental theorem of calculus. The
high-frequency contribution can now be estimated since

YONZNPenfla < Y NUNPIPwfIIEe S Y (N P fIZe

N>1 N'>N>1 N’'>1
We turn to the low-frequency contribution and write for k = [p],
IPN(|P<n fP Pan )2 S N728 0" (|Pan fIP7 Pan £l

From |0'(|z|P~tx)| <; |z[P~! for | < k and repeatedly using the chain rule, we
see that

0" (| P<nfP P ) Sp IFIESE D 10 Panf].. |07 Py f].
ritetre=k
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We can square this bound and estimate the squared sum on the right-hand side
by the sum of the squares, losing a p-dependent factor. Because the number

of such tuples depends only on p, we show the estimate for fixed rq,...

s Tk

By performing a Littlewood-Paley decomposition in each factor and giving up

another combinatorical factor by ordering the frequencies, we see

10" (|P<n fIP~ Pn f)]IZ2

2p—2k T TR — T
S IFIIZ > N0 P flEe 107 P flI e 107 P £ 72

N1 <--<Ny<N

2p—2k 1 r
SIS > NI NP fl e P f e 1P 2

Ni1<--<Np<N

SIAIZE? Yo (NI Py fllZe,

N'<N

where from the third to the last line we estimated ||Pn;, f|/Le

S [ fllze to

then do the summation first in Ny, then in Ns and lastly in Np_1, and rename

N, = N’. We conclude that

> NPy (|Pen fIP Pen £l

N
2 1 55—
SIARZDST ST N2 Py f 3

N N'<N

S Z )2 Py £l

by summing over N first.

Lemma A.15. Let s € (0,1). Then for some constant ¢ > 0,

||U7UHHS(R) < C(||UHHS(R)||7~U||L°°(T) + ||’UHZ2L°°HU)”HS(T))7

where the 2L norm is

1
[ollizzoe = (D017 0 (prrsny)) *-

keZ

In particular,
lowll s @) < N0l as ) llwll &5 (1)
when s > 1/2.

Proof. For a set I C R, we define

lu(x
HUHH s(I) // |1+2s dl‘dy—'_ ||uHL2(I
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If I = R, we see that by a change of coordinates z = x — y, Plancherel, and
another change of coordinates n = £z,

lu(z) — u(y)? / —1-2 2
—————dxdy = z (- + 2) —u(-)||72 dz
/ Iz y|1+25 Y | ‘ H ( ) ( )”L

i€z _ 112
-/ '6|Z|1+i' 2 la(E) P de
— C(s) / €2 la(e) ? de,

where C(s) = [, [e" —1[?|n|~1~2* dn. This shows that [Jul| g. gy ~ [ullF. @) In
the case Where u is a periodic function on [0, 2], a similar consideration shows

that ||U||Hs([o72]) ~ lull = ().
The main contribution of the Gagliardo-seminorm comes from the diagonal
{lx —y| < 1}. Indeed, we have the trivial estimate

7 ()|2dd <|| H2
(lo—y|>1) \:c— y|i+2s Y S ULz (Rr)-

Taking this into account, we can write the norm on R as an [? sum over localized
norms,

HU”?{P(R) ~ Z Hu”i}s([kﬁk+2]) + Hu”?ﬂ
keZ

Note that the intervals [k, k + 2] and [k — 1,k + 1] have to overlap, because
otherwise not the whole region {|z — y| < 1} near the diagonal is covered.
Indeed, one estimate is trivial,

2 |u —u(y)[?
Z Hu”H [k, k+2]) = Z Tz -yt drdy < 2”“”1{ s(R)?

kEZ keZ

while for the other estimate we simply note that

Ju(z) - u(y)? ) iy
‘/ |I’* |1+23 dx d Z/ / |1+2s dx dy

keZ
<[ [ B gy <
{|z—y|>1} |5C -yl
Lastly, we see that the estimate
lowll ga(ry < 0l ooy llwll sy + 10l oy 1wl oo 1y
holds, simply because we can write
v(@)w(z) —v(y)w(y) = v(@)(w(z) —w(y)) + (v(z) —v(y))w(y),

and by Hélder’s inequality with L?(I) and L>(1).
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We are ready to give a proof of (A.9)). Without loss of generality, we may as-
sume that w is 2-periodic, otherwise we have to take a slightly different localized
sum. Then, by the above considerations and Minkowski,

1
2
ol ~ 10wl ey ~ (30 1001 sz

kEZ
1 1
2 2
< (S ol a0 o)+ (0 00 oy 0 e b))
kEZ keZ
1 1
S lewllarsmy (3 103w qrap) * + ol (3 1015 orsa)
kEZ keZ

S lwllas ey lvllizre + lwll Lo (ry |0]] 275 ) -

This proves (A.9). Now (A.10]) can be deduced with the help of the local Sobolev
embedding [42] Theorem 8.2]

[ollzeery S llwllm= 1y, (A.11)
when s > 1/2. O

A.3 Operator Theory

This section follows [I19, Chapter 3]. We introduce traces and determinants of
operators, and state trace class inequalities.

Consider a Hilbert space H with inner product (-, -). We want to define trace
class operators, which needs the concept of orthonormal bases.

Definition A.16. Let H, (-, ) be a Hilbert space. A family of vectors {¢;}icr
is called orthonormal basis if (¢;, ;) = ;5 for all i, j € I, and if the linear span
of {¢i}ier is dense in H.

Moreover, we need to be able to take absolute values of operators. Denote
by L(H) the linear, continuous operators on H.

Definition A.17. Given A € L(H), define |A] := vV A*A as the absolute value
of A.

Such a square root always exists and is unique, hence |A] is well-defined (see
[119] Theorem 2.4.4]). Assume that H is separable. Given A € L(H) and a
countable orthonormal basis {¢,,}52;, define

S(A7 {(ﬁn}%o:l) = Z<¢nvA¢)n>’ (A12)
n=1
So(A{dn}ne) = D A0ull*. (A.13)

Under the assumption that the summands are non-negative, these definitions
do not depend on the choice of orthonormal basis:
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Theorem A.18 (Theorems 3.6.1 and 3.6.2 in [119]). Let A € L(H). Then So
is independent of the basis, and for all orthonormal bases {¢,}52 4

Sa(Ai{dntazy) = S2(A%{odn}nly)-
If moreover A > 0, then S is independent of the basis.
With these preparations, we can define trace class operators.

Definition A.19. Let A € L(H). We say A € 31, the trace class, if and only
if for all orthonormal bases {¢n}52 4,

S(|AL{ontnzy) < oo

One can show that all trace class operators are compact (see [I19, Proposi-
tion 3.6.5]). For compact operators, we define singular values using the Hilbert-
Schmidt theorem.

Theorem A.20 (Hilbert-Schmidt, Theorem 3.2.1 in [119]). Let A € L(H) be
positive and compact. Then there is an orthonormal basis of eigenvectors whose
eigenvalues only accumulate at 0. More specifically, there exist two orthonor-
mal sets, {pn}N_1, {m}M_, (possibly with N,M = oo) whose union is an
orthonormal basis of H so that

A¢n:)\n¢na )\12)\22"'>0,
A, = 0.

Definition A.21. Given A € L(H) compact, the singular values {p; (A)}jy:(f)

(where N (A) = rank(A)) are the eigenvalues of |A|, written in decreasing order,
counting multiplicities.

In the case where A has finite rank, one often writes p;(A) = 0 for all
j > N(A). Using the Hilbert-Schmidt Theorem and polar decomposition, the
following canonical decomposition can be shown to exist for compact operators
(see [I19, Theorem 3.5.1]):

Theorem A.22. For every compact operator A € L(H) there exists an expan-
ston

N(4)
A= pi(A) (g, s,
j=1
where p1;(A) are the singular values of A, ¢; are orthonormal, and A¢; =
1 (A) ;.
With these preparations, it can be shown that

oo

S(IA[{dn ) = sup D (W, Adn),

{#n},{¢ym} orthonormal sets , —
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and if one of these quantities is finite, they coincide with

1Al = un(A)
n=1

where p1,,(A) are the singular values of A (see [I19] Proposition 3.6.5]). More-
over, for all A € 7y, B € L(H),

[A% o, = [[Allsy, [1BAlla, < [BllllAllays [[ABll5, < [IBl[[[All, -

Correspondingly, for trace class operators, we can define the trace.

Theorem A.23 (Theorem 3.6.7 in [119]). For any A € J1 and any orthonormal
basis {Pn }22 1, define
tr(A) =Y (b, Adn). (A.14)
n=1

Then this sum is absolutely convergent and independent of {pn}S2 ;. Moreover
J1 satisfies the operator ideal property, i.e. for all B € L(H), AB,BA € 7.
Finally,

tr (AB) = tr (BA). (A.15)

We will refer to (A.15) as ‘cycling the trace’. One can generalize trace class
operators similar to Lebesgue spaces:

Definition A.24. Givenp € [1,00], define J,, as the set of all compact operators
A€ L(H) with
[ Allz, == llun (Al < oo

This definition generalizes the trace class, and it has similar properties (see
[119, Proposition 3.7.2]):

Proposition A.25. Let p € (1,00) and A € L(H). Then, for all A€ J,,

A5 = sup > [, Ad) [P (A.16)

’ {¢n} {tbm} orthonormal sets ,—;

and moreover A € L(H) is in J, if either side of (A.16]) is finite.

The trace classes J, are Banach spaces with respect to || - ||3,, and for all
A €3, Be L(H), one has

4%, = I All5,,
I1BAls, < IBlllAlls,. [1ABls, < [BllAl5,,
A+ Blls, < |[|Ally, + [|Blls,,

see [II9, Theorem 3.7.3]. In particular, J, are also operator ideals. Finally,
the trace class norms inherit Holder type inequalities ([I19, Theorems 3.7.4 and
3.7.6]):
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Theorem A.26. Let p € (1,00) and % —i—% =1. Then for all A€ 3J,,B €7,
we have AB € J1 and

|tr (AB)| < [[ABl||5, < [|All5,[Bll3,-
Moreover,
tr (AB) = tr (BA).

More generally, if A € 3,, B € I, where 1% + % = %, where p,q,r € [1,00), then
AB €73, and
[AB||5, < | All3, || Blla,-

The case p = 2 plays a special role, and operators A € J, are called Hilbert-
Schmidt operators. There is an elegant characterization in this case ([I19, The-
orem 3.8.3]):

Theorem A.27. If A € 7y, then A*A € 31 and
tr (A*A) = [[A]13,.
Moreover, Jo is a Hilbert space with inner product
(A, B)3, = tr (A*B).

If H= L?(,dp) is the space of square-integrable functions, and if A € L(H)
is an integral operator, one can characterize the Hilbert-Schmidt norm in terms
of the integral kernel ([I19, Theorem 3.8.5]):

Theorem A.28. Let H = L*(Q,du), where (0,3, p) is a o-finite measure
space. Then A € Jo if and only if there is an integral kernel K a(x,y) € L*(£2 x
Q,dp @ dup), such that

(Af)(x) = /QKA(x,y)f(y)du(y), for all = €Q.

Moreowver,
[All3, = I1KallL2(@x0,dusdp)-

Consider A € L(H) with integral kernel K4(x,y). Then, A* has integral
kernel K 4+«(z,y) = K(y,x), from which one derives

tr (A% A) = [|Al3, = 1 Kalli2@x0.dusdn = /QKA*A(%:B) dp(z),

where
A&mwaAK@@KMMW@,

is the integral kernel of the composition A*A. From these formulas one could
think that given A € L(H), which has integral kernel K4 such that z —
K4 (x, ) is continuous, then A € J; if and only if

/ |Ka(z,x)|dp(z) < oo.
Q
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This equivalence is false in general though (see [119, Example 3.11.1]). Still, the
following statement can be shown|T}

Lemma A.29. Let A € J; be trace class operator on L*(S),du) with integral
kernel K a(x,y). Then, x — Ka(z,x) € LY(Q,du), and

tr (A):/QKA(:E,:r)d,u(m).

Proof. Since A is compact, there is a canonical decomposition

A= Z /'[/J ¢)J7 ¢ja

where N(A) is the rank of A, u1 > pp > ..., and {¢;}_;, {¢;}}L, are or-
thonormal families. Without loss of generality we assume N(A) = oo, setting
tn(A) =0 if n > N(A). Note that

IAfI? = Z,Un Ubn, HI? < Nn (A7 1F12,

and likewise one shows absolute convergence of the series. Now,

| Eatw ) d Z,JJ )| )t
=AZMM@@wmmwmm
j=1

where in order to exchange summation and integration in the last step, we have
to show that the map (j,y) — a;(y) = 1;(A)d;(y)ié;(2)f(y), mapping from
N x Q — L?(Q, du), is integrable in (j,y) with respect to the counting measure
in j, and p in y, in the sense of Bochner integrals. Indeed, since A € J7, and
since ¢;,1; are normed,

Z/Q 1145 (A) 5 () F W15 22 0, dp0) dialy) < Zlug M2, < 00
j=1
By the Schwartz kernel theorem this shows that for almost every x,y € €,
0 [
y) =Y 1i(A)d; (v (x).
j=1
Now note that

/\KA(:E x)|dp(x /Z‘Uy H¢J V()] dpp(x Z

1The author, who was not able to find a reference for this lemma, wants to thank Dirk
Hundertmark for showing him this proof.
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since we can exchange integration and summation via Fubini for positive func-
tions. This shows z +— Ka(z,x) € L'(Q,du). Finally,

( Z ¢naZNJ ¢J7¢n 77[}3 Z,un ¢n7¢n>
fz/un V(@) on(z) du(e /KAmdu)

where in the last equality we have to use that the map (n, ) = i, (A)dy, ()10 (2)
as a function N x 2 — C is integrable with respect to the counting measure in
n and p in x. O

The definition of the trace given in Theorem does not involve eigen-
values. On the other hand we know that in the finite-dimensional case, the
trace of a matrix is the sum over its eigenvalues. The same holds for trace class
operators and this result is known as Lidskii’s Theorem:

Theorem A.30 (Lidskii, Theorem 3.12.2 in [119]). Let A € J; and {)\n}nN:(f)
be its eigenvalues counted up to algebraic multiplicities. Then,

N(A)

=> A
n=1

In finite dimensions the natural comrade of the trace is the determinant: in-
stead of summing eigenvalues one multiplies eigenvalues. Clearly when N(A) —
00, the most interesting case is when then eigenvalues of the operator A approach
one as n — 0o, otherwise the infinite product will be either zero or not defined.
This is why we are interested in the determinant of 1 + A where A € J;. We
will not dig into the full story of defining the alternating algebras AF(A) and
just state that there is a definition of the determinant reading

det(1 + A) Z tr (A"(A (A.17)

which generalizes the finite-dimensional theory. Indeed:

Theorem A.31 (Theorem 3.10.4 in [I19]). Let A € 3. Then the sum in (A.17)
1s absolutely convergent, and

o |det(1+ A)| < det(1+|A]),
o |det(1+ A)[ < exp(||All5,),

e The map z — det(1 + zA) is an entire function on C.
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A.4 Hamiltonian Formalism

In this section we give an overview over the Hamiltonian mechanics in the
infinite-dimensional case that we work with. We follow the book of Marsden—
Ratiu [94]. Only the AKNS example and the last calculation connecting Lie
bracket and Poisson bracket are not from this book, the latter being also part
of the work in progress [80].

Let Z be a real Banach space, possibly infinite-dimensional. In classical
mechanics one chooses Z = R2", while for our purposes Z will always be some
function space. Let 2 : Z x Z — R be a continuous bilinear form. € is said to
be (weakly) nondegenerate if (21, z2) = 0 for all z3 € Z implies z; = 0. Define
the induced continuous linear mapping

O Z =7 Q(z)=Qz,-).

Thus nondegeneracy of 2 is equivalent to injectivity of Q°, and we call  strongly
nondegenerate if Q° is an isomorphism. In this case, define Qf = (Q°)~!. Note
when it exists, the open mapping theorem guarantees continuity of the inverse
map QF. Note also that in the finite-dimensional case, weak and strong degen-
eracy are equivalent, because Z and Z* have the same dimension.

Definition A.32. A nondegenerate skew-symmetric bilinear form Q on Z is
called a symplectic form. The tuple (Z,Q) is called a symplectic vector space. If
Q is strongly nondegenerate, (Z,Q) is called a strong symplectic vector space.

In the finite-dimensional case, Z can only admit a symplectic form € if it
is even-dimensional. Indeed, if Q;; = Q(e;, e;) for a basis (e;) of Z, then the
matrix of 0 relative to the basis (e;) of Z and the corresponding dual basis (e?)
of Z* is Q'. Injectivity is then equivalent to invertibility, and a skew-symmetric
matrix of odd dimensions is never invertible.

We list some examples:

0 I,

— R2n —
o If Z=R andJ—(_In ;

>, where I, is the n-dimensional identity

matrix, and
¢
Q(Zl, 2’2) = Zl.]ZQ,

then (Z,Q) is a strong symplectic space.

e If W is a vector space, let Z = W x W*. Then there is the canonical
symplectic form

Q(w1, 1), (w2, a2)) = ag(wr) — a1 (ws)
on Z. For example one can consider W = H*(R) or W = S(R).

e If W is a vector space with inner product (-,-), then

Q((w1,w2), (21,22)) = (22, w1) — (21, W)
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is a symplectic form on Z = W x W. If we use the inner product to identify
the dual space of W (for example when W = L?(R)), this coincides with
the last example.

For Z = C", define the Hermitian inner product as (z,w) = z'w. If we
identify C™ = R™ x R™ in terms of writing z; = x; + iy;, then Re(z, w)
is the real inner product and —Im(z, w) is the symplectic form from the
last example.

Consider Z = S(R) x S(R) and

1
Q(q1,71), (g2,72)) = ;/ q2r1 — 172 d.
R

While €2 is not a form since it maps into the complex number, it is still
weakly nondegenerate and symplectic and serves as the starting point
to define the AKNS equations. We can extend this definition to Z =
L?(R) x L*(R).

If Z = S(R), then
Quy,uz) = /R(a_lul)(a:)ug(x) dx

is a weakly nondegenerate symplectic form. Here, the operator 0! is
defined as

Clearly this is a well-defined operator if v € L', and 0~ 'u will in general
be a function in L*> which does not have decay any more. If we know that
there exists w € S(R) such that w’ = u, then by the fundamental theorem
of calculus w = d~'u. Nondegeneracy follows by choosing u; = uj: if
us # 0, then Q(uy, us) = |lual|2, # 0. If we want to define this symplectic
form on L?-based Sobolev spaces, then H~1/2 ig the correct choice. This
symplectic form is used to define the KdV equations.

Definition A.33. A smooth map f: Z — Y between symplectic vector spaces
(Z,Q) and (Y, ©) is called symplectic, or canonical if

O(Df(2)z1, Df(2)z2) = Q21, 22),

for all z,21,20 € Z. Here, Df is the derivative of f.

At first sight, it may be confusing that the property of being symplectic is
defined in terms of the derivative. This is due to the fact that we are working
on vector spaces instead of manifolds. In the latter case, Df is the map on
tangent spaces that needs to be considered.
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Note that in the finite-dimensional case, when Q(z1, z2) = 2t J29 = O(21, 22)
the condition of being symplectic can be reformulated as

Df(2)'JDf(z) = J,

for all z € Z. This means that Df : Z — Sp(n,R), where Sp(n,R) is exactly
the subgroup of invertible matrices A such that A*JA = J. It is called the
symplectic group.

Definition A.34. Let (Z,Q) be a symplectic vector space. A vector field X :
Z — Z is called Hamiltonian if there is a C' function H : Z — R such that

(X (2)) = DH(2),

forall z € Z. In this case, we write X = Xy and call H a Hamiltonian function
or energy function for X.

In the AKNS example from above the definition gives

XH(CLT): (%%(%T)» 16£(q7r))a

i oq
where %H denotes the fractional derivative of H in the variable ¢. In the KdV
example, we find

/B*IXH(ul)uQ dx = DH (u1)us :\/;H(Ul)UQ dx.
R u

Thus we see that 5
Xpg(u) = aﬁH(u)

satisfies the equation.

In the finite-dimensional case, strong non-degeneracy implies that given H,
the vector field Xy (2) exists for all z € Z. In the infinite-dimensional case this
is not guaranteed, but if it exists it is unique due to weak nondegeneracy.

Moreover, in the case where Z is infinite-dimensional, in many applications
the vector fields X are not actually defined on all of Z but only on a certain
subset. Take for example the KdV vector field

X(u) = —Uggy + 6uu,.

If Z = S(R), then this vector field indeed maps Z — Z, but we can also consider
it as a map L? — H 3, where some flexibility is needed in this definition.

Not all vector fields are Hamiltonian, but if we have a Hamiltonian vector
field, we can (up to constants) recover its Hamiltonian by

H(z)—H(O)z/O %H(tz)dtz/o O Xp(tz), z) dt.
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In the KdV case for example,

1
1
H(u) — H(0) = / / (07 (~Hute + 62 Judt = 5 / W2 4 2P da.
0 R
In a similar fashion it can be seen that
H(g,r) = / G + ¢°r° da
R

is a Hamiltonian for the cubic NLS equation if restricted to the subset
{r ==£gq} of Z.

The natural question arises how to decide whether a given vector field is
Hamiltonian. The following holds:

Proposition A.35. Given a symplectic vector space (Z,§2) a smooth vector
field X : Z — Z is Hamiltonian if and only if for all z,z1,20 € Z,

Q(z1, DX (2)22) = - QDX (2)21, 22).

Note that in the special case where X is a linear vector field, the Hamiltonian

can be chosen to be H(z) = $Q(Xz, z). Also note that due to being symplectic,

the condition is equivalent to
Q(z1, DX (2)22) = Q2z2, DX (2)21),
for all z, 21,20 € Z.

Proof. We begin with the ”if” part. Define H(z) by the integral formula above,
that is

1
H(z) = / Q(X(tz),z)dt.
0
We claim that X = Xp. Indeed,

DH(z)v = d

= H(z+ sv) = /0 QDX (tz)tv, z) + QX (tz),v) dt

s=0

= /1 QDX (tz)tz,v) + QX (tz),v) dt
0

- Q(/O1 DX (t2)tz + X (tz) dt,v) - Q(/O1 %(tX(tz)) dt,v)
= Q(X(2),v).

We used the ”if” condition in the transition from the first to the second line.
Conversely, assume that X = X, that is

Q(X (2),v) = DH(2)o,
for all z,v € Z. Differentiating with respect to z in the direction u gives

Q(DH(2)u,v) = D*H (v, u).
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If H is smooth, then the second partial derivatives are symmetric and hence
Q(DH(2)u,v) = D*H(v,u) = QDH (2)v,u) = —Q(u, DH(z)v),
finishing the proof. O

Definition A.36. Hamilton’s equation for H € CY(Z,R) is the (system of)
differential equations given by

Selt) = Xn(e(t),

where a solution is a differentiable curve ¢ : (=T,T) — Z. The flow of Xg
18 the collection of maps ¢y : Z — Z that satisfy Hamilton’s equation for all
t € (=T,T) where T > 0, with initial condition ¢o(z) = z.

Proposition A.37. The flow of a vector field X is Hamiltonian if and only if
it consists of canonical transformations.

Proof. We begin with the ”only if” part. Let ¢; be the flow of a vector field.
By the chain rule,

d d

5 D9t(2)v = D de(2)v = DX (¢1(2)) (Db (2)v)-

This shows

iQ(Ddﬁt(Z)% D¢y (2)v) = QDX (¢1(2))(Ddi(2)u), Doy (2)v)

dt
+ QDo (2)u, DX(1(2)) (D1 (2)v))-

By Proposition [A.35] if X = X g then DX (z) is Q-skew for all z € Z, and hence
the right-hand side vanishes. Thus for all ¢ € (=T, T),

Q(Doi(z)u, Doy(2)v) = QDo (2)u, Doo(z)v) = Q(u,v),

since ¢g(z) = z. This shows that ¢; is canonical.

Conversely, let ¢; be canonical for all ¢ € (=T,T). Then we see that
Q(Doi(2)u, Dg¢(z)v) is independent of time, and the same calculation shows
that

0 = QDX (¢¢(2))(Dr(2)u), Di(2)v) + UDP(2)u, DX (¢1(2))(Dpr(2)v)),
hence for all Z = ¢4(2), 21 = D¢y (2)u, 2o = D¢y (2)v, we have
0= Q(DX(E)Zl, ZQ) + Q(Zl, DX(é)ZQ)

Thus we are left to show that ¢(z) is bijective and D¢y (z) is invertible. But
this follows easily ¢ = 0 because for t = 0, ¢+(z) = z and D¢, = id. Thus by
Proposition X = Xy for some Hamiltonian H. O

129



Definition A.38. Given a symplectic vector space (Z,Q) and two differentiable
functions F,G : Z — R, the Poisson bracket {F,G} : Z — R of F and G is
defined as

{F,G}(z) = UXFp(2), Xa(2)).

By the definition of the Hamiltonian vector fields Xz and X¢, this is equiv-
alent to
{F,G}(z) = DF(2)X¢(z2) = —DG(2)XF(2).
In the AKNS example from before, this means
1 [ 0F6G O6GSF
{F,G}(q,r) = 7 R(S—qy TR x.
For KdV we find

(F.GY) = [ S-P)o5Gl),

and we recover the usual Gardner bracket.

Definition A.39. Given a vector field X : Z — Z, and a function F : Z — R
the directional derivative of F' in the direction X is given by

(LxF)(z) = DF(2)X(2),
forall z € Z.
With this notation, the Poisson bracket can also be written as
{F,G} = LxoF = —Lx,G

It is useful to note that the Lie derivative can be written as a derivative as

LxF(z)= % s:oF(z + sX(2)),

as long as z + sX(z) doesn’t leave the domain of definition for F.

Definition A.40. The Jacobi-Lie bracket [X,Y] of two vector fields X,Y is the
vector field defined by the formula

,C[X,y]F =LxLyF — Ly LxPF,
forall F: Z — R.

Rewriting this in terms of derivatives, we see that

LixyF(z) = % s:ODF(Z +5X(2)Y(z 4+ sX(2))
- dis S:ODF(Z +8Y(2)X(z+ sY(2))

= DF(2)(DY ()X (z) — DX (2)Y (2)),

which shows
[X,Y](z) = DY (2)X(2) - DX (2)Y (2).

The connection between the Lie bracket and the Poisson bracket in the case of
Hamiltonian vector fields is given as follows:
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Proposition A.41. Let F,G : Z — R be functionals. Then,
X(ray = —[Xr, Xcl.

Proof. Since () is weakly nondegenerate, we can test the left hand side in 2
against an element u € Z. Then,

U X¢pay(2),u) = D{F,G}(z)u = DQUXF(z), Xa(2))u

and the result follows. O

Lemma A.42. The flows of two smooth vector fields X, Y commute if [X,Y] =
0. If X = Xp,Y = X¢ then this is equivalent to {F,G} = 0.

Proof. Denote by ¢ resp ¢} the corresponding flows. Let z € Z. We differen-
tiate with respect to the time variable s and see

%@f(cﬁf@)) = &1 (63(2))) = X (63 (&7 (2)) — (D} ) (02 (2)) X (6 (2))-

We claim
(D) )(2)X (2) = X(¢7 ().

Assume the claim. Then the right hand side is

X3 (1 (2)) = X (0} (63 (2))

and by Gronwall’s inequality, the identity for s = 0, and local Lipschitz conti-
nuity of X, we find ¢X (¢} (2)) = ¢¥ (¢X(2)). It remains to prove the claim. To
this end we differentiate with respect to ¢.

4 (DY ()X (2) ~ X(6} (2))

= D(Y (¢} (2)))X(2) — DX (¢ (2))Y (¢} (2))

— DY () (2))Ds} ()X (=) - DX (6} ()Y (6] (2))

= DY () (2))(Dé} (2)X(2) — X (&) (2))) + (DY)X — (DX)Y) (6} (=)
= DY (8 (2))(De} (2)X(2) — X (Y (2))) + [X.Y)(6) (2))

and the claim follows again by [X,Y] = 0, Gronwall’s inequality, the identity
for s = 0 and local Lipschitz continuity of DY. The Hamiltonian case follows

from Proposition O

Very much connected to the above result is the following:
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Lemma A.43. If [X,Y] =0, then
G oo = T

Proof. Calculate

S0% 001 (2) = X(6¥ (61 (2)) + Do (6] ()Y (9] (=)
We have seen that if [X,Y] =0,
(DEF) ()Y (2) = Y (65 ().

This shows d
2701 081 (2) = (X +Y)(e7 (6/ (2)),

and the claim follows. O

We end this overview on Hamiltonian mechanics with a calculation connect-
ing Lie bracket and Poisson bracket in a special case. Another example of a
symplectic form on Z = S(R) is given by

Quy, usg) :/RRul(x)uQ(x)dx,

where R is again some operator mapping Z — Z* that satisfies R* = —R, hence
generalizing the KdV example. Define J = R~!. The vector fields for a given
Hamiltonian H are again

5
Xy = J 5 H(u) = JVH(u).

We claim that in this case,
—[JVH,,JVHy] = JV{H1, H2}.
Indeed, let w, ¢ be test functions. Then, with X = JVH,,Y = JVH,,
(DX (w)Y (w) = DY (w) X (w), $)

_ % ’0<JVH1(w +sY (W) = JVHy (w + sX (w)), 6)

_ _%‘O%‘OHI(U}HY@)) +tJ¢) — Ha(w + sX (w) + tJ0)

_ _% (VH(w+ 6), JVHy(w)) ~ (VHy(w + tJ6), JV Hy(w))
_ _% (VHi(w+tJ9), IV Ha(w +t]6))

= (JV{H1, Hz2}(w), ¢),

hence proving the claim. A similar calculation can be made for the AKNS
example.
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