ﬂ(IT \/ya\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

On potential-based shape derivatives of the
electromagnetic transmission problem

Tilo Arens, Felix Hagemann, Frank Hettlich

CRC Preprint 2022/75, December 2022

CRC 1173

- _

phenomena

KIT — The Research University in the Helmholtz Association 2ot se

mmmmmmmmmmmmm
nnnnnn



Participating universities

Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



On Potential-Based Shape Derivatives of the Electromagnetic
Transmission Problem

Tilo Arens! Felix Hagemann] Frank Hettlich*

16 December 2022

Abstract

Domain derivatives are an important tool to characterize and compute shape derivatives. If
some quantity of interest depends on the shape of an object such as the obstacle in a scatter-
ing problem, shape derivatives are used to describe the effect of variations of the shape on that
quantity. We here consider the scattering of time-harmonic electromagnetic waves by a pene-
trable obstacle. As an alternative to the formulation using the Maxwell system, the problem
may be posed as a coupled system of Helmholtz equations with complicated transmission condi-
tions. We prove equivalence of the two formulations and then proceed to characterize the domain
derivatives of the scattered fields in the potential formulation. Our main result is the equivalence
of the characterizations of such derivatives in the Maxwell and in the potential based problem
formulation.

Mathematics subject classifications (MSC2010): 35Q61, 78A25
Keywords: Maxwell’s equations, domain derivative for penetrable scatterer, potential formulation

1 Introduction

Shape derivatives are an indispensable tool in a range of inverse and optimal design problems. An
objective functional such as the misfit between measured far field data and the field produced by a
given scatterer in an inverse scattering problem, depends on the shape of the given object. Optimiza-
tion of the objective functional through gradient based methods naturally leads to the question of
how derivatives of this functional with respect to the shape of the object can be computed. Compu-
tationally, it is useful that this derivative can be characterized by the domain derivative, a solution
of the original PDE, but with different boundary conditions.

In the present paper, we are concerned with shape derivatives for the electromagnetic scattering
problem for a bounded penetrable object. We consider a time-harmonic electromagnetic incident
field (E*, H') in a homogeneous isotropic background medium characterised by a constant positive
permittivity eg and permeability po. Suppose that in a bounded, open set D C R3, the permittivity
¢ and permeability p differ from the background values. The total field (E, H) then is a solution to
the system of Maxwell’s equations

curl E —iwpuH =0, curl H +iweE =0 (1)
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in R3, while the incident field satisfies this equation for the material parameters £ and o throughout
R3. Moreover, the scattered field (E°, H®) = (E,H) — (E', H") is assumed to satisfy the Silver-
Miiller radiation condition

lim (Vo H*(z) x @ — |z[ /&0 E*(x)) = 0, (2)

|| =00

uniformly in & = x/|x|. The objective functional typically is a functional of this scattered field
and hence inherits the dependence of the scattered field on the shape and physical properties of the
scatterer D.

In this paper, we will be mainly concerned with the well-known approach of representing the elec-
tromagnetic field by potentials: one may choose a vector field A and a scalar function ¢ such that

E=iwA—grady, H:;curlA. (3)

Analogous representations for the incident and scattered fields hold. Such representations are not

unique. Under the assumption that div A = 0 in an appropriate sense, Helmholtz decompositions

will provide them. A different approach, more useful for computational purposes, is to impose the
Lorentz gauge condition

divA —iwepp =0 (4)

instead. This approach has been pursued in [6], where the authors show that for piecewise homoge-
neous media, the approach leads to a well-posed system of integral equations defined on the boundary
of the scatterer that can be used to compute the potentials A® and ¢® of the scattered fields.

In our present work, we pursue how to use these potential representations for computing domain
derivatives. The new results are two-fold: Firstly, we give formulations of the method described in [6]
in mathematical terms, using the language of weak formulations of boundary value problems, and
mathematically rigorously establish equivalence to the original electromagnetic scattering problem.
Moreover, and more importantly, in the case when the material properties are piecewise constant,
we characterize the domain derivatives of the potentials A®, ¢® and establish their relation to the
domain derivative of E?°.

Let us motivate why this approach has computational advantages over other established ways to
compute domain derivatives in relevant situations. One example of an application in which such
scattering problems feature prominently is the optimal design of an object with respect to its electro-
magnetic chirality [3,10]. An electromagnetic field can canonically be split into components of pure
circular polarizations or helicities. Electromagnetic chirality is a physical concept describing how
different a scatterer interacts with fields of the two helicities. The goal is to design a scatterer that is
(nearly) invisible to incident fields of one helicity while it strongly interacts with fields of the opposite
helicity. Using a simplified model [5], such designs have been realized using shape derivatives [2].
Particular examples have been found at or near optical frequencies and consist of thin elongated
structures that are made of noble metals [11]. However, these objects are too thin to realistically
be fabricable in the near future, and thus thicker objects need to be considered for which the sim-
plified model is no longer valid. The goal thus is to solve electromagnetic scattering problems and
compute domain derivatives for piecewise homogeneous media in a regime where the real part of the
electromagnetic permittivity inside the scatterer is negative. Although the problem in principle can
be formulated as a conventional uniquely solvable system of integral equations and corresponding
domain derivatives can be computed [14], the material properties lead to slow convergence of iterative
solvers when solving the corresponding discretized system. This renders the approach unusable in
practice.

As discussed in [6] and also below in section 3, the formulation of the scattering problem and charac-
terization of the domain derivatives via potentials can be formulated as a system of integral equations



with operators arising in conjunction with the Helmholtz equation rather than the Maxwell system. A
solution strategy is provided that requires only the inversion of discretizations of boundary operators
that are applied to one scalar unknown, greatly reducing computational complexity. The application
of a direct solver becomes viable, avoiding convergence issues with iterative solvers. Moreover, in the
numerical computation of a domain derivative the solver typically has to be invoked many times for
different right hand sides, making a direct solver even more attractive.

There are possible alternatives that have been derived recently to robustly solve boundary integral
equations for electromagnetic scattering for a wide range of material properties. The Debye poential
based approach of [7-9] has a very convincing theoretical foundation, however it requires non-standard
integral operators that are difficult to implement for complex geometries. Other integral formulations
for the time-harmonic Maxwell system with robust dependence on the material properties have been
reported on [12,13,16,17], but require substantial implementational efforts to evaluate.

In what follows, we will discuss the mathematical formulation of the electromagnetic scattering
problem and its formulation using potentials satisfying (3), (4) in section 2. In particular, we will
provide a mathematical formulation of the transmission problem for A, ¢ given in [6] and establish
that a solution of this problem in turn gives rise to an electromagnetic field (E, H) that solves the
original problem. Thus we establish well-posedness of the transmission problem for the potentials.
Limiting ourselves to the case of piecewise constant media in section 3, we discuss the solution of
the problem via an integral equation formulation. Finally, in section 4, we consider the domain
derivatives of the potentials and characterize them as the solutions of a transmission problem with
the same operators as in the problem for A and ¢. As the central result of this paper, in Theorem 4.5,
we prove that the domain derivative of the electromagnetic scattered field can in turn be obtained
from the domain derivatives of the potentials. Some results which are not essentially new, have been
collected in the appendix. This in particular concerns the characterizations of the domain derivatives
which are analogous to previously established results [15, 18] except for the the more complicated
transmission conditions.

2 The electromagnetic transmission problem

Throughout this paper we will work with a weak formulation of the problem (1), (2) posed in
appropriate Sobolev spaces. Given some bounded Lipschitz domain €2, we use the usual Hilbert
spaces

HY(Q) ={ue L*Q): gradu € L*(Q)},
HY(Q,C%) = {U = (U,,Us,U3)" :U; € H'(Q)}.

For vector valued functions U and a differential operator D, so that DU takes values in C¢, we also
require the Hilbert spaces

H(D,Q)={U € L*(Q,C?) : DU e L*(Q,C"}.

Typcial choices for D are curl, div or curl®. As is usual, a subscript loc will be used to indicate cor-

responding spaces of functions having the required regularity on every open set compactly contained
in Q.

We also require a number of trace spaces on 9€2. The spaces H*(912), s € (—1,1), and the correspond-
ing H—*-H*-duality (-,-)so and their analogues for vector fields, are standard. Let vp : HY(Q) —
H'2(99) denote the usual Dirichlet trace operator. For a vector field U € H(div, (), the normal
trace will be denoted by U, = v -U € H~'/?(dQ). For v € H'(Q) with Au € L?*(Q2), the normal
derivative on 0f) will be denoted by % € H1/2(09).



In addition, there are a number of spaces of (in the weak sense) tangential fields. Denote by v the
outward drawn unit normal vector to 92 and define for a sufficiently smooth vector field

"}/tU =U x v,
and hereby the spaces,

L2(09Q) = {U € L*(09,C?) : U - v = 0}
H(00) = (WU U e BNQ)},  H; (00) = (5 (00)"
H~'2(Div,09) = {U € H; *(09) : DivU € H/2(0Q)} .

The symmetric bilinear form

U, Vyipa= | U-(vxV)ds, U,V ecL}9),
onN

extends to a duality between H~/2(Div, 9Q) and itself, and the tangential trace extends to a bounded
operator 7; : H(curl, Q) — H~/?(Div, Q). Precise definitions of such relations and of the surface
differential operators used here may be found in [4]. Note that for surface differential operators such
as Div above, it will always be clear from the context with respect to which surfaces these operators
are applied. Hence we do not include this surface as an index to the operator.

All these traces may differ when taken from opposite sides of a boundary. As usual, we will indicate
that the trace is taken from the direction the normal vector is pointing to by a superscript +, and
the opposite side by a superscript —. For normal components, this is indicated by U,,|jE =v-U \i
and for normal derivatives by %F. Jumps and mean values of traces taken from opposite sides of a
boundary are denoted with the common bracket notation, e.g. in the case of a Dirichlet trace,

(VHu+pu)

N

[ypulyg =vhu—vpu,  {ypulyg =

For vector valued functions, additional notation for derivatives is required. We will denote the
Jacobian matrix of any function U : R? — C? by Jy. We will use this notation in particular when
dealing with transformations of the domain and domain derivatives in section 4, but we also note
the useful identity

3
Z/ gradU; -gradV;dx = / tr (JU J‘T/) dx .
j=179 Q

Also, the vector of normal derivatives of the components of U can then be written as Jyv.

To conclude this section on notations, we note that we sometimes will make use of distributions. The
action of a distribution f on a test function ¢ € C§°(R?) is denoted by (f,¢).

To ensure uniqueness of solution to the electromagnetic scattering problem, we need to prescribe
regularity assumptions on the material parameters ¢ and pu. We will assume for now that both are
piecewise continuously differentiable functions, that Im(g) > 0 and that there are constants c¢1, ¢ > 0
such that g > ¢; on R? and either Re(e) > ¢y on R3 or Im(g) > ¢y on some open set. Finally, we
assume that outside some bounded Lipschitz domain D contained in the ball Bg of radius R centered
at the origin, both functions are equal to positive constants £y and pg, respectively. Later on in this
paper, stronger assumptions will be imposed.

The transmission problem will be formulated in weak form in Bg. The incident field E', H' €
Hioe(curl, R3) is assumed to be a solution of (1) for e, p replaced by g, o in all of R, and gives rise
to the scattered field (E°, H*) = (E, H) — (E*, H"). To ensure uniqueness of solution, the scattered



field is assumed to satisfy the Silver-Miiller radiation condition (2). The Calderon operator is the
bounded operator given by

C: H'?(Div,0Bg) - H Y?(Div,0Bg),  WwE*+— yH".

The variational formulation of the scattering problem, based on the weak form of the curlcurl
equation for the electric field, is to find E € H(curl, Bg) such that

1
/ ( curlE -curlV — w?: E - V) dz —iw (CwE, %V )08,
Br \ M

=iw (H' — CYwE", %V )i 08, for all V € H(curl, Bg). (5)

Unique solvability of this problem can be proved as in section 4.6 of [22], also using the unique
continuation result of [24]. For the case of Re(¢) < 0 on D, see also [19].

As described in the introduction, we consider potentials A, ¢ such that (3), (4) hold. This leads to
potentials that satisfy a Helmholtz equation with compactly supported distributional source term,

Au+ Kk u=f, (6)
and k = w ,/eu. This is the approach used in [6] and we will discuss it in more detail below.

The appropriate radiation condition for outgoing solutions to the Helmholtz equation is the well-
known Sommerfeld radiation condition. Analogously to the Calderon map, we introduce the DtN-
operator on dBg which is the bounded operator given by

ou’®
ov’
where u® denotes a solution to (6) in R?\ Bg that satisfies the Sommerfeld radiation condition. The

variational formulation for the total field u € H'(Bpg) that solves (6) in the homogeneous case f = 0
due to an incident field v’ € Hl (R?) then is

A:H'?(0Bgr) — H"V?(0Bg),  ~pu®

/ (gradu -gradv — kQU’U) dz — (Aypu,vpv)oB, = <8u — Avpui,v> (7)
Br ov 9Br

for all v € H'(Bgr). Below, we will also encounter a variant of (7) with the scalar product of the
gradients multiplied by e, corresponding to a jump in the Neumann data of v along discontinuities
of e.

Throughout the paper, we will assume that the incident field E°, H* also has a potential represen-
tation of the form (3),

, . . 1 .
E'=iw A" —grad ¢, H'= — curlA’
Ho
with potentials ¢ € HL (R?), A" € H (R®) that satisfy (6) and (4) with &, p replaced by &y and
1o, respectively, and vanishing source terms.

Theorem 2.1 Let E € H(curl, Bg) denote a solution to (5) and set H = 1/(iwu) curl E. Then
there exists a scalar potential ¢ € H'(BR) and a vector potential A € H'(Bg,C?) such that (3) and
(4) hold in Br. Moreover ¢ and A are weak solutions to inhomogeneous Helmholtz equations,

/ (e grad ¢ - grad v — w2y pv)de — o (AMypep, YDV) B
Br
. Ay’ i
= —iw(grad () - A, v) + o — Aypy',v (8)
ov 0Bg




for all v € C§°(R3) and

/ <tr (JAJ‘T/) —wi*uA- V> dz — (AMypA,7pV)yp, = —iw(grad(eu) ¢, V)
Br
+/ (b — o) H - curl Vdax + iw/ (1t —po)eE - Vda + (Jqv — A’YDAi77DV>8BR (9)
Br Br

for all V € C$(R3,C3), respectively. Both ¢ — ', A — A’ may be smoothly extended to radiating
solutions to the Helmholtz equation in R\ Bg.

Remark 2.2 As e = g, 1 = po outside of D, the distributions on the right hand sides of (8) and
(9) have compact support in Br. For piecewise constant material parameters as we will consider
later (see Theorem 2.4 below), they reduce to terms with support on the interfaces between materials
and can be formulated as interface conditions for the potentials.

Proof (of Theorem 2.1):  We start by following the arguments in [1, section 3.5] to obtain a standard
Helmholtz decomposition of E. Denote by o) € H}(Bg) the uniquely determined solution of the
Dirichlet problem

/ grad oV . grad v dz = — E -gradvdx for all v € HY(BgR). (10)
Br Bgr

Set A = (iw)™! (E + grad go(l)). Then div A = 0 in By and hence A" e H(curl, Bg) N
H(div, Bg). Note also that p(!) = 0 outside of the support of div E, so in particular in the neigh-
borhood of 0B where ¢ = ¢ and u = po. Hence iw AW = F in this neighborhood. We conclude
that iwr - AV = v . E is smooth on dBp and thus AD) € H'(Bg,C?) by Corollary 2.15 in [1]. Tt

also follows that all Cartesian components ofiA(l) — (iw)~LE" can be smoothly extended as radiating
solutions to the Helmholtz equation to R3 \ Bg.

We now modify the decomposition to satisfy the gauge condition. Continue ") by 0 to a function
in H'(R?) with compact support. Then the equation

Ago(Q) + wlep <p(2) = —w?ep 90(1) in R?

2 (R3) that satisfies the Sommerfeld radiation condition. Set
0= + 0@ 4 and A =AW + (iw)~! grad(p® + o), giving (3). Also,

has a unique solution in ¢ € H?2

div A = div AW + (i) A(e® + o) = iwepp,

so that (4) holds. Obviously, ¢ — ¢’ is a radiating solution to the Helmholtz equation in R3 \ Bg.
Noting
. 1 . ) 1 . 1
A-A'=A—- —(E'+grady’) =AY - —E'+ — gradp®@ ,
iw iw iw
it also holds that all Cartesian components of A— A’ can be smoothly extended to radiating solutions
of the Helmholtz equation in R? \ B.

From E € H(curl, Bg) satisfying (5) we conclude eE € H(div, Bg) and, in particular, we have
div(eE) = 0 € L?(Bg). From the potential representation, the gauge condition and the divergence



theorem we now obtain for v € C§°(R3) that

0
/(5 grad ¢ - grad v — w252u4pv)dm — €0 <(;0>7DU>
v 9Br

Br
= / ((iwe A — eE) - grad v + iwe div Av)de — eo(v - (iw A — E),'yDU>aBR
Br
= —iw(grad(¢)- A, v) . (11)

Taking into account that ¢ — ¢’ is radiating gives (8).

As the last step of the proof, we show the variational equation for A. For V € C§° (R3,C3) there
holds

/tr (Jad) de = (Jav, 1DV )op, = — (AA V). (12)
Br

Now, from standard identities from vector calculus, (3) and (4), we obtain

AA =graddivA — curl’ A

= iw grad (eup) — curl (,u — M0 curl A> — curl (,uo curl A>
[t [

= iw grad(ep) ¢ + iwep grad ¢ — curl((p — po) H) — o curl H (13)
= iw grad(ep) ¢ — curl((x — po) H) — w?ep A — iwepE — pig (—iweE) .

Inserting into (12) and observing that A — A’ is radiating completes the proof. n

Indeed, we may also obtain the original variational equation (5) for E from the equations for the
potentials A and . This shows equivalence of the original electromagnetic scattering problem (5)
to the variational problem (8), (9).

Theorem 2.3 Assume that ¢ € H'(Br), A € H'(Bg, C3) satisfy (8), (9) with E = iw A — grad ¢,
H = (1/u) curl A. Then ¢, A satisfy the Lorentz gauge condition (4) and E is a solution of (5).

Proof: Starting from the definition of E, we observe E € H(curl, Br) with curl E = iw curl A.
Additionally, we note that from (8) and (9) ¢° and Aj can smoothly be extended to radiating
solutions of the Helmholtz equation in R? \ Bg.

First, we show that the Lorentz gauge condition is satisfied. Let us consider w = div A — iwepp €
L*(BRr). We choose a test function v € C§°(Bg) and set V = grad v. Then

/ divAAvdz = — (graddivA, V) = — (AA+curl’A, V) = - (AA,V),
Br

as curl V = curlgrad v = 0. Hence, from (12), we obtain

/ w (Av + w25,u0v) de = / tr (JAJ‘—;> de — iw/ e Avde
Br Br B

R

+w2,u,0/ EdiV(A)de—iwg,uo/ Eppvde.
Bpr Br



Substituting equation (9) and observing curl V' = 0 leads to

/ w (Av + OJQE;L()U) dz = w2/ epA-Vdr —iw(grad(ep) ¢, V)
BR BR

—i—iw/ (,u,—,uo)eE-Vd:I;—iw/ ep e Avde
Br Br

—i—wQ,uo/ Ediv(A)vdw—iwguo/ E2upvde
Bgr Br

:wQ/ s(u—uo)Aonx—Hw/ ep grad ¢ - Vdx
BR BR

+ iw/ (w—po)eE - Vda — iw3u0/ 2ppvde —wiug (grad(e) - A,v).
Br B

R
Next we use equation (8), which yields
/ w (Av+w2€uov) dzr = iw/ e(pw—po)[-iwA+gradp+ E]-Vdzr=0.
Br Br

by the definition of E. Theorem 4.38 (b) in [19] implies w € H?(U) for any open set U such that
U C B and Aw = —w?epow in U. Additionally, since A = A— A’ and ¢* = ¢ — ' can be extended
to radiating solutions of the corresponding Helmholtz equations, we conclude A and ¢ to be smooth
in a neighborhood of OBg. In particular, we have w € H?(Bg) and the divergence theorem leads to

/ grad (div A — iwepp) - grad v — w?epg (div A — iwepp) vdz
Br
o .. .
=50 (div A — iwppepyp) , v
OBR

Thus, with the gauge condition for A® and ¢, the function w = div A — iwepyp satisfies (7) with
k = w/epg and vanishing incident field. By uniqueness of solution for this problem, we conclude
that w = 0.

It remains to show that F is a weak solution to the Maxwell system. As the Lorentz gauge condition
holds, we may combine (12) and (13) with (9) to obtain

0= iw,uo/ eE-Vdz + po(curl H, V) for all V€ C§°(R3,C?).
Br

This equation is easily seen to be equivalent to (5) without the terms involving terms on 0Bp. [

An important case for applications, which we will focus on in the remainder of the paper, is a
piecewise homogeneous medium. For simplicity, we will just consider the case when D is a Lipschitz
domain, R?\ D is connected and for some constants €1, j1,

€1, x€D, i, x*x €D,
(@) = D ) = N (14)
g, TR\ D, o, xTE€R>\D.

We note that the case of several disconnected scatterers, each with different material constants, may
be treated in a similar fashion.

Theorem 2.4 Let (14) be satisfied. Then ¢ and A from Theorem 2.1 satisfy the variational problem

a ((‘;‘) , <‘U/>) =/ <(‘;>> for all (‘;) € H'(Bg,C?) x HY(Bg), (15)

8



A\ (V)Y o
a((gp ’<v>> —/(5grad<,o gradv — w’e’ppv)de

Br
1 T ) 1
+ m tr (JAJV> —w'eA-V |dz —eo (MY, YDV 95, — " (MDA, V),
R
. iw
+iw ([eloapv - A, vpv)sp + % ([elop YD, v - V)5p
1 1
+ < [} Jav|™, 'yDV> — < [] v, curl A, 'ytV> , (16)
Hlap aD H1lop t,0D
ol (V) = 0p' — AMypy', ypu +i<J v — AypA',ypV) (17)
. =¢€o o YD¥' YD A Al TDASTDVY )opy -

Proof: We rewrite the distribution on the right hand side of (8) as

(grad(e)- A, v) = —/ (evdivA+cA-gradv)de
R3

for all v € C§°(R3). Applying the divergence theorem in D and in R3\ D gives
(grad(e) - A, v) = ([elop Av, YDV)p -
Next, we multiply (9) by 1/uo and obtain
o [ (94 —weud V Yda o 004DV, — o (g = MDA DV )y
MOBR Ho Ho R

1 1

__w (grad(ep) @, V) + < — ) / (t1 H -curlV +iwpie; E-V)de
Ko D

Mo M1
The first term on the right hand side is treated as above:

(grad(ep) ¢, V) = ([eplopvpe, Vv)op -

Using the potentials, divergence theorem and gauge condition, we rewrite the second integral as
/D (1 H -curlV +iwpes E- V) da
= /D (curlA -curl V — w251u1 AV —iweu grad - V) dx
= /D (curlA ccurl V +divA divV —wleipu A- V) dx — (iweimype, v-V)ap .

The theorem now follows by adding (8) and (9), using the last three equations and Lemma A.1.



3 A system of integral equations

In this section, we will assume that (14) holds and additionally, that 4 = po = p1. In principle,
a similar analysis can be carried out for the magnetic case, however the non-magnetic case is more
important for practical applications while its analysis is simpler.

For the materials under consideration, the problem from Theorem 2.4 may be formulated as follows:
both ¢ and A satisfy the Helmholtz equation in D with wavenumber ki = /€1 w, and in R3 \E
with wavenumber ko = ,/10€0 w, respectively. The potentials of the scattered fields ¢ — o', A— Al
satisfy the Sommerfeld radiation condition and the following interface conditions hold on 9D:

[Yyp¥lop =0, [YypAlop =0, (18)

[g (iw A, - 8“’)] —o, (19)
ov)|sp

liwpoe ypev — Jav]yp = 0. (20)

Here, (18) is obtained from H'! regularity across D. The conditions (19) and (20) are obtained from
(15) — (17) and applications of the divergence theorem.

The fundamental solutions of the Helmholtz equation for the materials under consideration are

1 elkilz—yl

) (2, y) = T#y, J=0,1.

it |z —y|’

The corresponding single layer potentials on 9D are

SLO () = [ (@ y) (@) dsly), @R\ OD,
oD

for smooth enough ¢ such that the integral exists. However, by density arguments, the definition

of the single layer potentials extends to more general densities [21], and will use these both with

scalar densities in H~'/2(dD) and vectorial densities in H~/2(dD, C?). They represent solutions to

the corresponding Helmholtz equations in D and R?\ D, respectively, and satisfy the Sommerfeld

radiation condition. The corresponding boundary operators are

S = qpSL) ¢, DW=t 9SLYI ¢
| ? v oD

on 0D, and from the jump relations we have

NNES
aSL(J)C

‘ =7F +D(j)C on 0D.
ov

DO [y

From (18) — (20), we immediately obtain the following equivalent formulation of the boundary value
problem for the potentials as a system of integral equations.

Theorem 3.1 Let 1) € H-'/2(dD), ) € H-'/2(dD,C?), j =0, 1 and set

( :{SL(O)qb(O)(a:)—i-cpi(zc), x €R3\ D,

SLM MW (), xeD,
( SLO O (z) + Al(z), xzeR3\D,
€r) =

SLM M (), xeD.

10



Then ¢, A are solutions to the problem (15) if and only if o), ¢(j) are solutions to the system of
integral equations

SO g _ gMg®) = ¢
SO0 — gy = £,

% (eod,w) I 51¢(1)) —eoD©p© 4 o, PMWEMD 4w (50 §Oep©) _ ¢, 5(1>¢(1>) — fa, (21)
% (¢<o> 4 ¢(1>) — DOyp© 4 PWapM) 40w (EO S5O0 _ ¢ S(1>¢,<1>) ~ £,
on AD, where
fi= —’YD(Pii f2=-"A",
f3=c¢o (%ﬁl—iwf‘lf,)a fa=Jav—iwpeo o' v.

Theorem 3.2 Suppose that k? is not a Dirichlet eigenvalue of —A in D, j =0, 1. Then the system
of integral equations (21) has at most one solution.

Proof: Let ¢©, ¢M, 4© 40 denote a solution to (21) for ¢! = 0, A* = 0. Let ¢ and A
be defined as in Theorem 3.1. Then these functions are solutions to the transmission problem for
vanishing incident fields and hence by uniqueness of this problem, vanish themselves. Thus we have

S(j)¢(j) =0, S(j)'z,b(j) =0, j=0,1.

By the assumptions, S : H=1/2(9D) — H'/?(dD) is an isomorphism [21, Theorem 7.6], hence the
assertion follows. [

Under the conditions of Theorem 3.2, it is also possible to obtain explicit expressions for the solution
of (21). This requires to introduce some auxiliary operators and establish their bijectivity. As S 0
and SW are isomorphisms, we can define

KU — <_; +D<j>> (SO j—01,  L—KO_ g0

Lemma 3.3 Under the assumptions of Theorem 3.2, the operator L : H'/2(0D) — H~1/2(dD) is
invertible.

Proof: Given ¢ € HY/?(dD), consider the problems

Aw+kiw=0 inR3*\D,
’ygw =( ondD,
w satisfies the SRC.

Aw+kw=0 inD,
Ypw =¢ on dD,

L maps ¢ onto the jump in the normal derivative of w across D, L{ = [0w/0v],p. Note that w is
the solution of a transmission problem with vanishing jump of the Dirichlet trace. This is a special
case of the problem treated in [25]. Theorem 4.5 in [25] states that for every prescribed jump of the
Neumann trace there exists a unique solution w, i.e. L is bijective. [
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From the second equation in (21), we obtain

1 ~
<_2 4 D<o>> B0 = KO (s0p 4+ 1),

1 -
<2 n D<1>> B = KO (5Op0 _ ).

Subtracting these expressions from the fourth equation in (21), respectively, gives the equations

LMy 4 iwﬂo,,<50 SO 50 5<1)¢<1>> o+ KO,
(22)
PIOM0 +iw0,,(505<0>¢<o> _ E1S<1>¢<1)> o KOf,

Hence
L (505(0)¢(0) — 81‘5*(1)¢(1)) = iwpo(eo — 1) (50 vSOp0) _ ¢ V5(1)¢(1))
- (60 - 81) f4 - (E()K(l) - €1K(0)) f2 .

Applying iwv - L~! to this equation, we can insert into the third equation in (21) to obtain
— €0 (K(O) + W (g0 — 1)V - L_lu) S©pO) 4 g (K(l) + w?g (g0 — 1)V - L_1V> S

= fs+iwv - Lt [(60 —e1) fa+ (EOK(l) - 51K(0)) fQ] (23)

We now introduce another operator M : H/?(0D) — H~Y/2(0D) by setting
M¢ = KW¢ —gKO¢ —w?ug (69 — 1)?v- LY w¢), ¢ e HY?0D).
Combining the first equation in (21) with (23) finally gives the expressions for ¢(9), ¢(1),

MSDeO) = f3 4+ ey KW fy +iwv - L7 (g0 — £1) (4 — iwpos1 v 1) + <€0K(1) - 51K(0)) fs]
(24)
MSWeW = f3+ eoKO fi +iww - L7 (0 — 21) (£4 — iwpos1 v 1) + <€0K(1) - le“”) £)

The following Lemma now ensures solvability of the system of integral equations (21).

Lemma 3.4 Under the assumptions of Theorem 3.2, the operator M : H/?(dD) — H~'/2(0D) is
invertible. Thus, the system of integral equations (21) has exactly one solution for every right hand
side.

Proof: First consider L = ey K1) — g K(©). This operator can be interpreted as L in the proof of
Lemma 3.3, but with the Neumann traces of w multiplied by weight factors g and &1, respectively.
Analogous arguments as in that proof show that L is invertible.

For ¢ € HY?(9D), multiplication with v € L>®(9D,R3) yields v¢ € L*(0D,C?). As L' is bounded
from H_l/f((?D) to H'/2(9D) and the imbedding of L?(9D) into H~Y/2(dD) is compact, it follows
that M — L is compact, and hence M is Fredholm with index 0.

In the arguments above, we have shown that the system (21) is equivalent to (23) and (24). Suppose
that M is not injective. Then, for a homogeneous right hand side, (24) has a non-trivial solution
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pair (¢(9,¢(M) and using (23) we obtain a corresponding non-trivial solution of (21). This is a
contradiction to Theorem 3.2. L]

Let us note a possible extension of this approach: If one replaces the ansatz for the solution in Theo-
rem 3.1 by a version combining single and double layer potentials in the spirit of Brakhage/Werner,

(@) = (DL —iSLO) O (x) 4 i(x), xecR3\D,
A (L —iSLW) O (), zeD,
Alz) = (DLO —iSLO) O (z) + A¥(z), xeR3\D,
T OO SiSLO) O (), xecD.

one may dispense with the conditions on the wave numbers in Theorem 3.2. The corresponding
combined operators are always invertible, and the rest of the solution procedure will not change.
However, the resulting system will be more complicated to implement in that it contains double-
layer and hypersingular boundary operators.

4 Domain derivatives

In this section we will investigate the Fréchet derivative of the scattered field with respect to pertur-
bations of the boundary of the domain D. We will make the same assumptions about the material
constants as in section 3. It is then known that the derivative E’ of the scattered electric field exists
and that it can be characterized by a solution of a boundary value problem which is essentially (5)
but with a more complicated transmission condition [18]. We will report these results in more detail
below and then prove a similar results for derivatives of A® and ¢°. Finally, we will investigate the
relation between these derivatives and E'.

Let us clarify how we describe perturbations of D and of the corresponding solutions of the scattering
problems. Consider first a diffeomorphism i : B — Bpg and the transformation of a scalar function
v defined on Bgr, v = v on. Then we have

(gradv)on = J,;T gradv.

This transformation is also applied to vector solutions of Helmholtz equations. A vector field U
that solves the Maxwell system, needs to be transformed as U = J;,r U o7 in order to preserve the
property of being an element of H(curl, Br). It then follows (see [22, section 3.9]) that

(curlU)on = Jy curl U.

1
det Jp,
Introduce h € C}(Bgr,R?) with ||h||10 sufficiently small such that the transformation n(x) =
 + h(x) is a diffeomorphism. Then we obtain the perturbed scatterer

Dy ={n(x):x € D}

with boundary 0Dy, = {n(x) : ¢ € 0D}.

Below, we will always denote by E the solution of (5) for the unperturbed scatterer D and by H
the corresponding magnetic field. We will denote the solution of the variational equation (5) with
D replaced by Dp, as Ej. The main idea to derive an expression for the Fréchet derivative of the
scattered field as pursued in [18] is to consider the difference of E and E}p, = JJ Epon. The following
theorem sums up the main results from [18]:
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Theorem 4.1 There exists a vector field W € H(curl, Br), called the material derivative, such that

IRll1,00—0 [|R]]1,00 1En || #(cur1,BR)

The map h — W s linear and bounded from C'(Bg,R?) to H(curl, Bg).
Moreover, if D is of class C' (and thus E|p € HY(D,C3), Elp,.\p € HY(Bgr\ D,C?)), defining the
domain derivative E' = W — J,] E— Jg h, we have E'|p € H(curl, D), E'|p.\p € H(curl, B\ D),

and E’ is the unique radiating weak solution to the transmission problem

curl? E' — w?cpE' =0 in D and in R3\ D, (25)
[V E'] ap = [Grad (hy Ey) X v]yp (26)
[%H,]BD = [Grad (hy, Hy,) X Vs, +iw [elyp by (v x 2 E). (27)

A similar representation can be found for domain derivatives of ¢ and A, which we present next
with detailed calculations collected in the appendix. Consider the variational problem (15) with D
replaced by Dp, and corresponding solution (Ap, ¢p). Applying the transformation 7, we obtain the
variational equation

an ((‘%) , (‘:)) =/ <<‘U/>> for all <‘U/> € HY(Bg,C3) x HY(Bg), (28)

with the variational form ap, defined as
ap ((éﬁ‘) , <V>> = / 5 (grad %TJJIJ;Tgradv — oJQ,uoapth) det(Jy,) dx
Ph v Bgr
1 —
+ ~ tr (J~J—1J—TJT) ~ WA -V> det(Jy) dz
/BR <'u0 A,n In YV h ( 77)

+iw <[E]8D 'YD(E;L y Ve J1;1V det(JTI)>aD +iw <[€]3DV : Jy;lA\;L » YDV det(Jn)>8D

~ 1 ~
— &0 {(MDP, YDV) R, — o <A'VDA, ’YDV>8B : (29)
R

Analysing the difference between (15) and (28) leads to the definition of a corresponding material
derivative and the following result. As the steps of the proof are analogous to the corresponding
result for an acoustic tranmsission problem, we omit the proofs of the this and the next result here
but present them in the appendix for completeness.

Theorem 4.2 Let A, o, ANh and @p, as above and let the material derivative (Aw,pw) be defined
as the solution of

a <(;‘VVZ> , <‘;>) =l <<‘:>> for all Cj) € H'(Bg,C?) x H'(Bg), (30)

Ly ((‘;)) = / 5 (grad o <Jh +J - div(h)[) grad v 4+ w?ioe diV(h)(pU) dex
Br

1
+/ ( tr (JA (Jh TRy A div(h)]) J‘T,> +wlediv(h)A - V> da
Br \ MO

iw <[g]aD oo, v (div(h)I — Jp) v>aD ~iw <[g]3D v (div(R)] — Jp) A, ’yDv>aD
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Then

X N
(%) - () - ()l
12 ll1,00 || \ PR ® ew ) || 1

Proof: See appendix C. m

as h — 0 in C1(Bg,R3).

In order to numerically compute the domain derivative, a characterization as in Theorem 4.1 is
desirable. As is usual with such result, stronger regularity assumptions are required for the domain.
Formally, we consider the Taylor expansion with respect to h, which motivates the definition of the
domain derivative (A, ') by A’ = Ay — Jah, and ¢’ = py — grad ¢ - h, respectively.

Theorem 4.3 Let D be of class CH'. Then there holds A’ € L?*(Bg,C3) with A'|p € Hl@,(C3)
and A’|BR\5 € HY(B,\ D,C?) and ¢' € L?(Bgr) with ¢'|p € H'(D) and ARV S HY(Br\ D) can
be extended to radiating weak solutions of the transmission problem

AA" + e A =0,
T e inR3\ 9D, (31)
Ap' +w ey =0
(oA p = —hu [Javlsp (32)
Iy
/
¥ | op = —h [] (33)
[ ]aD v oD
o 0y T .
eliwA, — = [iwe (A, - Grad(hy) — h, div(4,v))
ov ) lsp

— e Div(h, Grad ¢) — €2w2uohu90] oD

[iwpoe yp' v — Jov] op = [iwpoe (¢ Grad(hy,) — hy, div(ev)v) — w2uoah,,A] oD (35)

Proof: The proof is given in appendix C. =

Remark 4.4 Note that the above transmission problem ezxactly corresponds to (15), but with a dif-
ferent right hand side. This becomes more obvious when comparing the interface conditions with (18)

- (20).

Having established characterizations for both the domain derivatives of E® and of ¢*, A% it remains
to establish how these are connected.

Theorem 4.5 Let ', A’ denote the domain derivatives of ©° and A° and hence the radiating
solutions of (31)—(35). Let

1
E' =iwA’ —grady’, H = —curlA’.
Ho

Then E', H' is a solution of the transmission problem from Theorem 4.1 and
div A" —iwepgyp’ =0

holds.
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Proof: We remark that in this proof we omit the Dirichlet trace operator throughout to simplify
notation. We will also employ the splitting of vector fields into tangential and normal components
as described in Appendix B.

We first prove that E’, H' satisfy the transmission condition (27). With the definition of H' and
the tangential component of (35) we have

1 1
/ _ / _ T/ . ,
v x H'|gp = MO[churlA]aD o [((JA JA)V>J5D

= i _<JT/V) } + i [iw,uofsgoGradh —w2,u0€h A ]
po LN"A ) 2lop T g v vAr]op
1 -

— m _(JLV)J b + [iwehy, (— Grad ¢ +iwA;)| 5 + [iwe Grad(h,¢)]5)
Lo, . :

= % _((JA/V) TL)D +iwlelophy Er + [iwe Grad(h,v)|5p

in the sense of traces in H~2 (0D). Furthermore, from (32) and (20), as well as properties of .J,, from
Appendix B,

[((J;,V)JBD - [u x (Jj,,u X 1/)] - [ ((grad(A v) — J]A') x V)LD
= [Grad(A"- )] ,p, + [P v x (J] (Jav) xv)|
— [Grad(A L+ [muoah ov x (Jlv x V)LD
— [Grad(A’ )] o -

Using the normal component of (32) and the transmission condition (20), we conclude

1 . 1 .
o [((JLV)T] op + [iwe Grad(h, )]sy = o [Grad(A’ - v +iwepo hu9)|

1
= — |Grad(—hyv" Jav + iwepo by =0.
MO[ rad( v Jav +iwepg SD)LD

Thus, together with

[ x Grad(hy Hy)lgp = ——[v x Grad(h,, curl(A4) - v]sp
Ho

1
= — v x Grad(h, Div(v x A))ap = 0,

we conclude the second transmission condition in Theorem 4.1.

In a second step, we show that the Gauge condition holds if A’, ¢ satisfy (31)—(35). Define
w' = div A’ —iwpgey’ .

From the Helmholtz equation we obtain graddiv A’ — curl®> A’ = AA’ € H'(Bg \ D). Thus, we
obtain the Helmholtz equation

Aw' = div(grad div A') — iw’e®u1fy’ = —w?pee (div A’ —iwepgy’) = —w?pgew’

in L2(D) and in L?(Bg \ D). Additionally, w’ is uniquely extendable satisfying the Sommerfeld
radiation condition.
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We use (37) to obtain from (32) and the normal component of (34)

[div A’ oD = [iwpoee’ + iwpoehy, div(er) + wz,uoehl,Al,] oD
— [Div(hy, (Jav):)]op — 26[hur T Jav]op -

As A € H'(Bg,C?), tangential components and their derivatives do not jump across dD. Hence
[Div(hy(Jav)+)]op = 0. From the identity 2x = divy and (19), we obtain

[div A’] ap = [iwuoap'] ap + 2khy [iw,uoago — v Jav b

Hence, the Dirichlet traces of w’ are in H %(aD), and (20) implies that they do not jump across 0D.
In particular, we conclude w' € H'(Bg).

Furthermore, since Aw' € L*(D) and Aw’ € L*(Bg \ D), exterior and interior Neumann traces of
w’, and in particular of div A’ exist on dD. Thus, in the trace space H _%(8D) we obtain from the
transmission condition (34)

[v-gradw'],, = [v-graddiv A’ +w’epov - A' — w’poe (A, - Grad b)),

+ [w2,u05 h, div(A,v) — iwppe Div(h, Grad ¢) — iw3u352hug0] 8D -
It holds
v - (graddiv A’ +w?epg A') = v - curl> A’ = — Div(v x curl A’) = —po Div(v x H').

We now use the second transmission condition in Theorem 4.1, which has already been established
above, and observe Div(v x Grad f) = 0 for any scalar function f. Hence

[v-gradw'], , = [~ Div (iwpochy (iwAr — Grad ¢))],yp — [w?noe (Ar - Grad ho)lop
+ [w?poe hy div(A,v) — iwpge Div(h, Grad ¢) — iw’piehy @] oD

= [w2u05 (Div(h, A7) — (Ar - Grad h,) + h, diV(A,,V))]aD - [iw?’u(Q)th,,gp] oD *

oD

We further compute
Div (hy Ay) — (A, - Grad hy) = hy, Div A, = h,, (div A —vT JATI/) = hy div A,
as
0=grad(A, - V))TI/ —v'Jav+AlTv=v"]sv.
We have already established in the proof of Theorem 2.3 that w = div A — iwepug ¢ = 0 in H2(U) for
any open subset U C Bpr and thus has vanishing exterior and interior trace on dD. We conclude

[v - grad v'] op = w? o [ehy (div(Ar + Ayv) —iwpee )lyp =0,

Thus, we have established that also the Neumann trace of w’ does not jump across 9D. Collecting
all results, we see that w’ is a radiating solution of a homogeneous transmission problem for the
Helmholtz equation, and by uniqueness w’ vanishes.

We now show that E’, H' are solutions to the Maxwell system. Immediately from the definition of
both functions, we have
curl B/ =iwcurl A’ = iwugH' .
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From the Gauge condition established in the second step, we conclude
! 1 2 / 1 : / 1 : / !/
curl H = — curl’ A’ = —(grad div —A)A’ = — (grad(iwpeey’) — AA")
Ho Ho Ho
= iwegrad ¢’ + w?c A’ = iwe(grad ¢’ — iwA') = —iweE'.

It remains to prove the transmission condition (26). From (32) and (33), we find that

v X E'|,, = [vx (wA —grady')],, = —iwh, v x Jav]yp — [v x Grad ¢']
= —iwh, [V x Jav]yp + [V x Grad(h, v - grad ¢)],, -

With

vxgrad(A-v)=vx (Jav+JJA)=vx (Jy —Ja)v+v xJav+v X J A
=—vx(curlAxv)+vxJav+vxJ A,
we have, as [A]pp =0 and [v x H]spp =0,
h, [v x Jav]yp = hy [uxgrad(A-u)—}—l/x (curl A x v) —v x J] A

oD

= {Vxgrad(h,,A-u)—VxA,,grad(h,,)+uou>< (Hxv)—hy,vxJ A b

= [v x Grad(h, A,)|,p -
Thus, we conclude the first transmission condition ,

[1/ X E’}a = —v x [Grad(h, (iwA — grad ) - V)]s, = —v x [Grad(h, E,)],p -

D
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A An integral identity
We make use of the following weak form of a well-known identity of differential operators.

Lemma A.1 Let D a bounded Lipschitz domain and U, V € HY(D,C3) with AU € L*(D,C3).
Then

/ (JUJ‘T/ —curlU - curl V — divU div V) da
D

3
=Y (Juv, wV)ep — (neurlU, %V), 5p — (ypdivU, v - V)sp
7=1

Proof: The identity follows for smooth function from the identity curl? U = grad divU — AU and
applying partial integration formulas to the individual terms. The lemma then follows from a density
argument. ]

B Identities for surfaces

The analysis of domain derivatives relies on a number of identities for surface differential operators
and smooth extensions of functions defined on these surfaces. Such results can be found for C?
smooth surfaces in the literature [23]. However, for the analysis presented in section 4, C'! regular
surfaces appear to be more natural and hence we will describe here, how the necessary results can
be obtained in this case.

For a bounded domain D C R? of class C1!, for any point « sufficiently close to dD, there exists a
uniquely defined projection p(x) € 9D such that

| —p(z)| = min |x— 2|

The existence of such a minimizer follows from compactness of 9D, and a variational argument
establishes that for every minimizer y there holds * = y +dv(y). Now, uniqueness of the minimizer
in a small enough neighborhood of 9D follows from Lipschitz continuity of v.

Lemma B.1 For every bounded domain of class C%' the exterior unit normal can be Lipschitz
continuously extended to a neighborhood N of dD. This extension is given by

v(x) = £ grad |z — p(x)|, x cR3\ 0D,

where the + sign is taken for points in the exterior of D, the — sign in the interior of D. The
extension satisfies curlv =0 and Jyv = 0. Also, J,, is symmetric.

Proof: With the remarks above, everything in the lemma can be established as in [23, Section 2.5]
r [15]. -

The mean curvature of 9D can now be defined almost everywhere in N as k = (1/2) divv. We also
decompose a vector field U defined in N into its normal part U, and tangential part U,

U=U,v+U-,
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where U, = U - v. We may then establish the following relations for U, V. € HY(N,C3) by
straightforward calculations.

Div(U,V,)=U,Div(V,)+ Grad(V,) -U,, (36)
U,
div(U) = Div(U,) + 26U, + aay , (37)
U,
v JgV =V, Grad(U,) +V, 8(% +VvInLU,, (38)
U
div(Uyv) = 26U, + aay” : (39)

C The domain derivatives of ¢ and A°®

In this sections we will provide the proofs of Theorems 4.2 and 4.3. We start with some remarks
concerning the transformation n from section 4. The outwards directed normal vector v at « € 0D
and the outwards directed normal vector vy, at ¢(x) € 9Dy, are related by
-7
o~ Y
i

and we have

/ ds—/ Det(J,)ds  with Det(Jn):det(Jn)‘JET’/’v
0Dy, oD

see Lemma 3.17 and 3.18 in [15]. We will make frequent use of linearizations: from J, = I + Jp,
straightforward calculations show

Jot=T—J,+0(||h]Z:1) and det(J) =1+ div(h)+ O (||h]E:) (40)

as h — 0 in C1(R3,R3) (see e.g. [18]).

Let us also introduce the shorthand notation
X = H'(Bg,C?) x H'(Bg)

for the Hilbert space underlying the variational equations, and its scalar product (-,-)x. There are
bounded linear operators A, A : X — X and £ € X, such that

a(r,y) = (Ar,y)x , an (z,y) = (AnZ,Y) x » r,ye X,

and

Then, (15) and (28) are equivalent to
A (;‘) — A (f‘l’) _r. (41)

Lemma C.1 The solutions of the equations (41) satisfy

H (%) B (?) HX < Clhlloo L]
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Proof: From (16) and (29), we obtain for any = € X by straightforward estimates that

1A~ An)l% = la (2, (A~ An) 2) — an (x. (A~ Ap) 2)] < C ( | 1= g0 det(any)|

o0
1= det() ]+ 11 = Ty et ) 1A= An)al el
Applying (40), we conclude
[(A—=Ap)z| x < Okl ||2]x

Since we know A to have a bounded inverse, we conclude by a perturbation argument [20, Theorem
10.1] that ||.A~! - .A,_LIH < C'||h||1,00- Using (41) finishes the proof. ]

We are now in a position to prove the existence of the material derivatives.

Proof of Theorem 4.2: Denote by (Aw, ) the solution of (30). We will show that

)|
Oh— ¢ — W

o)y [Rlliee = 0.
From linearity and (41) we obtain
(G i) G - (3) (5
Ph — P~ PW Ph Yh w
Starting from (15), (28) and (30), and adding and subtracting integrals in a convenient way, leads to
(%))
Yh—p—-w v
= /BR 5 (grad on ' (I — J,;lJ;T det(J,) — Jp — Jp + div(h)I) grad v) dx
— W /B % (1 — det(J,,) + div(h)) pp vdx + w2,u0/B e2 div(h) (pn — @) vdx
R R
+ /B cgrad (¢, — @) (Jh +J - div(h)[) gradvdx
R

v Z/ grad Ay, (I I T T det(Jy) = Jn — Ji) +div(h)[> grad V; da
Br

—w2/ e (1 —det(J,) — 1 +div(h)) Ap - V da +w2/ e (Kh - A)  V div(h) dz
Br Br

+ = Z /BR grad (A,U Aj)T (Jh +J - div(h)[) grad V; dz

+iw <[s]ap Yo@h, v (I = J;7  det(Jy) + div(R)I — Jp) V>
(Elop (0@ = 10) v (@) = T V)
+iw <[5]3D v (I = J;  det(Jy) + div(R)] — Jp) An, VDU>6D

lopv " (div(h)I — Jp) (ANh - A) g 7Dv>8D

oD
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Substituting the linearizations (40), we obtain for h sufficiently small

Ap—-A-A 14 . .
o (A2 A7 A (V) < 0@lm ol 18IE o + 155 = el )

+C (| Anl IVl 113 o + 1 AR = ALl [V g [l ) -

Now Lemma C.1 implies the assertion.

Proof of Theorem 4.3: For a domain D of class C1!, it follows from standard regularity results for
elliptic PDEs [21, Theorem 4.18] that A|p € H*(D,C?), A|p,\5 € H*(Br\D,C?) and ¢|p € H*(D),
¥ Ba\D € H?(Br \ D). From the corresponding variational problems it follows that ¢, ¢, and the
cartesian components of A, Ay are weak solution of the Helmholtz equation in D and radiating
weak solutions in R\ D as asserted. The Dirichlet transmission conditions for A’, ¢ follow directly
from the definition and from the fact that A, Ay € HY(Bgr,C3), ¢, pw € H'(Bg). Thus it remains

to show the two last transmission conditions.

+ defnition () () =a (). (0)) e (2 ) ()

Note that h has compact support in Bgr. Thus from (30) and the definition of a (see Theorem 2.4),

we obtain

v

/
a ((A,) , (V>> = /B 5 (grad o' (Jh + Ji - div(h)I) grad v + w?pge div(h)gov) da
R

2

3

1

+ / — E grad AjT (Jh +Ji - div(h)]) grad V, + w?ediv(h)A -V | d=
Br \ M0 55

—iw <[g] o0, v (div(h)I — Jy) V>8D —iw <[g] op V| (div(R) —Jp) A, ’yDv>8D

— / € (grad (grad ¢ - h) - grad v — w?epuy grad ¢ - hv) dx
Br

3

1

—/ — E grad (grad A; - h) -grad V; —w?eJph -V | dx
Br \ M0 5=

— iw <[57D grady - hl,p , VTV>8D — iw < [5 I/TJAh} op 7DU>8D .

From elementary calculations we have
div <(h -grad p)gradv + (h - grad v) grad ¢ — (grad ¢ - grad v)h)
=grady' (Jh + Ji - div(h)[) gradv + (h - grad ¢)Av + (h - grad v)Ap.

and Green’s first identity leads to

—/ e grad (gradgp-h)-gradvdm:/ e(h-grady) Avde
Br Br
ov

+ <€0 75 (h - grad ¢), ™

23

+ —
_ ov
> - <517D(h-gradgp), 81/’ > .
oD oD



Combining these equations with the Helmholtz equation for ¢, we obtain
/ € (grad o' (Jh +J - div(h)I) grad v + w?pge div(h)cpv) da
Bgr
- / 3 (grad (grad ¢ - h) - grad v — w?jpe grad ¢ - hv) dx
Br

= / ediv ((h -grad p)grad v + (h - grad v) grad ¢ — (grad ¢ - grad v)h> dx
Br

_l’_

_ ov
> —<817D(h-gradg0), (97
oD

Applying the divergence theorem to the integrals on the right hand side gives

+ / w?poe? div(pvh)de + <50 75 (h - grad o), 90
By ov

IS

/ € (grad o' (Jh +J - div(h)]) grad v 4 w? e div(h)gpv) dax
Br

- / e (grad (grad ¢ - h) - grad v — w?poe grad ¢ - hv) da
Br
_l’_
= <60 <h,, *yE grad p — g:f h) , *yE grad v>
oD

— <51 (h,,’yl_) grad o — gi‘ h) YD gradv>

—w?po ([e%],p hwD® s YDV, -

oD

We now decompose h into its tangential and normal component of 0D, h = h+ + hyv. Since ¢,
v € HY(Bg), the tangential components of their gradients do not jump across dD. Hence we have

/ € (grad o (Jh + Ji - div(h)I) grad v + w?pge div(h)gpv) dex
Br

— / 3 (grad (grad ¢ - h) - grad v — w?ppe grad ¢ - hv) dx
Br

0
= <[5]3D hy, Grad ¢ — [5 8(5] hr, Gradv> —w?pg <[52] op 'w 1D, 'VDU>3D :
oD oD

Completely analogous calculations may be carried out for the components of A instead of ¢. Com-
bining these equations, we have

(@)

= <[5]8D hy, Grad ¢ — |:€ 81/} . h,, Grad v>aD — W <[€2]8D hy YDy, 7DU>8D

1 <~ /[0A;
_ iy} h‘ra GradV> —w2 £ hl/ DA7 DV
Ko Z<[ ov :|8D ’ oD elop b ! >6D

~iw <[5]8D oo, w1 (div(h)I — Jp) V>8D ~iw <[5]8D v (div(R) — Jy) A, fyDv>

- do-Hlop w1V, =i ([T Tak], . 200)
1w<[5fyDgra % ]aD,uvaD iw(lev' Ja op 1PV

oD

oD
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We now use the transmission conditions (19), (20) to replace the normal derivatives of ¢ and A;.
Subsequently, partial integration is applied to all surface gradients. Combining (36)—(39) yields

Div(A,h,) — A, div(h) + v JobA — v Jsh = A, - Grad(h,) — h, div(A,v).

Furthermore, we have
3
> Div(pvjhs) V= Div(h, )v 'V + oh[J,V + h] Grad(p)v 'V,
j=1
T _ T
v'J,V =grad(hy,) -V —h_ J,V,
which leads to
3
Z Div(pvjh,)V; — ov Vdiv(h) + pv ' J,V — (grad(e) - h)v'V
j=1
= ¢Grad(h,) -V — h, div(ev)v' V.
Therefore, we finally obtain
(()-()
a / ’
© v
= ([iwe (A, - Grad(hy) — hy, div(A,v)) — e Div(h, Grad ¢) — 2w’ uohu¢) oD ,’yDv>8D

. . T
+ <[1wu08 (¢ Grad(hy) — hy, div(ev)v) — w?pgeh, Al 8D 'yDV>8D ,

ie. A', ¢ is a weak solution of the exterior boundary value problem as asserted. =
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