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1 Introduction

The scaling violations of the deep-inelastic structure functions F(z,Q?) [1-13] in the
massless limit and twist 2 approximation are described by those of the twist 2 parton
distribution functions f; and massless Wilson coefficients C; in a perturbative expansion in
the strong coupling constant as(Q?) = as(Q?)/(4r), where Q? = —q? denotes the space-like
virtuality of the scattering process and = = Q?/(2p.q) is the Bjorken variable, with p the
nucleon momentum. In the present paper we calculate the Wilson coefficients in the case of
virtual photon exchange' in the unpolarized and polarized case to three-loop order, where
the latter results are new. For the structure function xF3 we consider the exchange of
both the weak W bosons. The present results are of importance for the experimental
data analysis of the deep-inelastic scattering data at HERA [14] and future lepton-nucleon
colliders, such as the EIC [15, 16] and the LHeC-project [17, 18] for precision measurements

'For the v — Z interference terms and pure Z-boson exchange structure functions the sets of Feynman
diagrams are different in part and also additional axial-vector couplings contribute.



in the unpolarized and polarized case, to extract the parton distribution functions [19] and
to measure the strong coupling constant at highest possible precision [20-23].

The calculation is based on massless virtual forward Compton amplitudes for on-
shell partonic states, which are gauge-invariant quantities. The structure functions are
described by

Fi.(z, Q%) ZC;“< ,Q2>®fz(aﬁ,u) (1.1)
with

Chi <:n f) = 6i40(1 +Z Zln ( )o,ffﬁ( ), (1.2)

where ;2 denotes the factorization scale and ® the Mellin convolution

A(z) © B(z) = /O iy /0 a0 — w19) A(m) Bls). (1.3)

The Mellin transform

MIA(2)](N) = /0 "z A () (1.4)

diagonalizes the expression in eq. (1.3) into the product M[A](N) - M[B](N) and will
therefore be often used in the subsequent calculation. The dependence on the factorization
scale diminishes for higher and higher orders in the coupling constant. One may also derive
representations in Mellin N space which are scheme-invariant order by order, see e.g. [24-27].
Here the preferred scale of the deep-inelastic process is pu? = Q.

The massless Wilson coefficients for the structure functions F(z, Q?), Fy(x, Q%) and
2 F3(z,Q?) have been calculated at one— [28], two— [29-37] and three-loop order [38-40].
Furthermore, also their Mellin moments have been computed at 2— [41] and 3-loop order [42—-
45]. In the polarized massless case the corresponding 1- and 2-loop Wilson coefficients for
the structure function g1 (z, @?) have been obtained in [46-50].

In the present paper we recalculate for the first time independently the massless Wilson
coefficients for the structure functions Fy(z, Q%) and Fp(z,Q?) as well as for the structure
function xF3(x, Q%) = a:F§’V+ (z,Q%) + xFV" (x,Q%). We calculate newly those for the
polarized structure function g;(x, @?) in the Larin scheme [51, 52]. The Wilson coefficients
are computed using the method of the forward Compton amplitude, through which they are
defined. Here the parameter z = Q?/(2p.q) is the variable on which the master integrals
and the associated differential equations depend. The Mellin moments of the structure
functions correspond to the expansion coefficients of the forward Compton amplitude in the
unphysical limit w = 1/ < 1 which is frequently exploited to compute low Mellin moments.
Therefore, the variable w corresponds to the parameter ¢ used in refs. [53, 54, 60] and the
subsequent technical steps are quite similar to those in the calculation of the three-loop
anomalous dimensions [53, 54]. One calls (A)’yqiq’s’NS;PS
dimensions, cf. [53-59].

Compared to [38, 40] we do not use special Ansétze for the structure of the solutions,

and (A)ygg quarkonic anomalous

or intermediary quantities, like linear combinations of shifted harmonic sums, cf. eq. (3.4)
of [38], but derive general difference equations with rational coefficients in Mellin N space,



which can have a much wider class of solutions. Equations of this kind may not even
factorize to first order. We feel we cannot assume a representation in terms of harmonic
sums a priori. Indeed, also elliptic structures can contribute in purely massless inclusive
scattering cross sections from a certain loop order onward, cf. [61], where elliptic integrals
start to contribute from three-loop order. In course of the present calculation it turns out
that these recurrences factorize to first order. As such they lead to sum representations
which need not to be harmonic sums, but can consist out of much more general sums,
cf. [62-64]. Indeed, intermediately recurrences solve also in terms of cyclotomic harmonic
sums [62] in the present case. Only in the end we see, that the solutions are spanned by
nested harmonic sums.? Because of this, our method is much more general than those used
in previous calculations. Further differences are the integration-by-parts (IBP) reduction of
the scalar integrals and the way in which the integrals are calculated. Thus, the present
calculation is technically different in many respects from the previous one for the Wilson
coefficients of the structure functions F5 ; and F3. Agreement with previous results will
therefore justify technical steps used in the earlier literature.

Furthermore, we represent all results by applying algebraic relations, known in explicit
form since 2003 [66], constituting a further difference to earlier work. By using these
relations the number of necessary special functions, both in N- and z space, is minimal. For
analytic continuations to the complex N-plane this is of immediate importance, as this has
to be performed for a much smaller number of special functions, here the nested harmonic
sums; for a rigorous method cf. refs. [67, 68].

The paper is organized as follows. In section 2 we discuss the basic formalism, including
the renormalization. We summarize the technical details of the calculation in section 3. In
section 4 the Wilson coefficients for the structure functions Fy(z,Q?) and F(z, Q%) are
calculated up to three-loop order. Likewise, we compute in section 5 those for the structure
function zF3(x, Q?) to three-loop order. Finally, we present in section 6 the results of our
calculation of the Wilson coefficients for the polarized structure function g;(x, Q?) up to
three-loop order.

We also remark that the quarkonic anomalous dimensions both in the unpolarized
and the polarized case are obtained as a by-product of the present calculation from the
O(1/e) terms of the unrenormalized Compton amplitude, and agree with the results in the
literature. In section 7 we present the small-x and large-x expansions of the respective
Wilson coefficients and compare to the large Np behaviour predicted in the literature.
Here Ny denotes the number of massless flavors. Section 8 contains the conclusions. To
shorten the presentation we will identify the factorization scale u? = Q2 and only print the
Mellin N space representation for the complete expressions. In ancillary files to this paper,
Nspace.m and Zspace.m, we present all Wilson coefficients in Mellin N and z-space in full
form including their scale dependence. Here z denotes the parton momentum fraction in the
nucleon, z € [0, 1], and is, for twist-2, identical to the Bjorken variable z. In an appendix
we compute the Z-factor ZYS(N), which allows the transformation between the Larin and
M-scheme [52] for the non-singlet contributions in the polarized case, to three-loop order
by using off-shell massless operator matrix elements.

2In the case of the massive 3-loop form factor, part of the first order factorizable contributions do lead to
cyclotomic harmonic polylogarithms resp. cyclotomic harmonic sums, cf. [65].



2 Basic formalism

We consider the forward Compton amplitude for neutral current photon exchange in the

unpolarized case for the deep-inelastic structure functions Fs(x, Q%) and Fr(z, Q?), as well

as for the structure functions g (x, @?) in the polarized case in the twist-2 approximation to

three-loop order. Furthermore, we study the charged current structure function zF3(x, Q?).
The hadronic tensor has the principal structure [13, 69]

A A )\ o
_ qudv 2 Pubv 2\ qp 2
W,uu—( g,ul/"‘ q2 )Fl (iC,Q)+ D.q FQ(.Z‘,Q) 'LE;W)\UQp.qFZi(x:Q)
A Qo
oS 2) ...
Figuro g1 (2,Q%) + . (21)

Here the ellipses denote contributions from other structure functions not considered in the
present paper, p denotes the nucleon 4-momentum and S the polarization vector of the
nucleon, which can be taken in the longitudinal case in the nucleon rest frame

Sp, = (M,0,0,0), (2.2)

where only the energy component is non-vanishing and M denotes the nucleon mass. The
vector p is given by
P=Dpu— %QM . (2.3)
All structure functions can be isolated by using corresponding projectors in D = 4 + ¢
space-time dimensions. In the polarized case one furthermore considers the polarization
asymmetry, i.e. the difference for S = Sy and —5. In the following we will consider the
structure functions F 1,(z,Q?) and g1(z,Q?) in the case of pure photon exchange, while
xF3(z,Q?) is measured for the arithmetic mean of W boson exchange.
The associated forward Compton amplitudes are given by the Fourier transform of the

time-ordered product of current operators

T =i [ dz €=(IT (J4()0,(0)) ). (24)
and 1
W = ;ImTW : (2.5)

We consider the deep-inelastic scattering cross section for pure photon exchange [70]

2 v 2 2
d*o” (A, £51) — Qwsa{y22xF1(x,Q2) + 2 <1 -y — 2y M > Fy (x’Qg)

dxdy Q* S
2 2
—2\y (2 —y— 2wy M ) g1 (x,Qz) + SAnyM go (m,QQ)] } )
(2.6)

2

+
S

with A the longitudinal charged lepton polarization, y = Q?/Sx a Bjorken variable, and
S the cms energy squared. We will use the collinear parton model [71] in the present
calculation, where the parton momentum is given by zp, with p the nucleon momentum,



and z € [0,1]. Due to this the Wilson coefficients of the structure function go(x, @?) cannot
be calculated. It requires the use of the covariant parton model [72-76] already at tree level.
One furthermore has

Fr, (a:,QQ) =F (:U,Q2> — 22 (;U, QQ) . (2.7)

The structure functions are related to the parton densities for pure photon exchange at tree

level as [13]
By (0,0%) =2 306 [ag (.0°) + a5 (r.0%)] 2.9
f=1
Np
g1 (az, QQ) = % Z efc [Aqf (ﬂs, Qz) + Aqy (:c, QQH , (2.9)

for pure photon exchange, with ¢;(g;) the unpolarized and Ag;(Ag;) the polarized parton
densities and Fj, = 0.

In the charged current case we consider the massless Wilson coefficients of the structure
function zF3(x,@?). One should notice, that here also strange-charm transitions occur,
which imply heavy flavor corrections [77-83]. They are of importance in quantitative
analyses. Here we consider all contributing quark flavors as massless. For incoming charged
leptons the scattering cross section reads, cf. [14, 84, 85],

d20_cc B Gis
dedy 8w

Myy
Q%+ Mg,

2
|| rama (e.02) 4 v (07) - i (2.0} 220

where G, denotes the Fermi constant and Y3 =14 (1 — y)? and both unpolarized leptons
and nucleons are considered. The structure functions are given by

Wo (x QZ) = FoQ (x,Q2> , (2.11)
W (2,Q?) = —sign (Qn) F5*¥ (2,Q?) | (2.12)

where @); is the charge of the incoming charged lepton. At tree level these structure functions
have the following quark flavor decomposition [84]

F5o (2, Q%) = 20y di (2,Q%) + (,Q%)] , (2.13)
Fo (ijQ) - Qxi u (:U,Qz) +d; (xQQ) , (2.14)
o (@) =2 i 7)1 (1.02)]. o1
o (@) =2 @) i (1.07)]. o

e.g. for four flavors,® and W, = FzC’Ql denotes the longitudinal structure function with
Fcc,:ﬁ: _ Fcc,:t 2 Fcc,:l:
L =2 Tarhy

3More generally, one has to account for the Cabibbo-Kobayashi-Maskawa mixing, cf. e.g. [81], effectively
redefining the down-quark densities in the charged current case.



In the present paper we consider in the charged current case the flavor non-singlet
structure function combination zF5" " (z, Q)+ F5% ™ (x,Q?). At the experimental side one
might consider the scattering off deuteron targets, obeying the SU(2) isospin flavor symmetry

U ($, Q2> =d (3:, QZ) , U (:E, Q2> = J(:c, Q2) , (2.17)

after deuteron wave function corrections. Through this one obtains at tree level

FS&Y — plu4d+2s +u +d+ 27, (2.18)
FSoY™ = glu4d +2c+ a4+ d + 25, (2.19)
Fyoht 4 et — 93 (2.20)
eFSOYT = plut d 425 —a —d — 24, (2.21)
ngc’d’f = 2fu+d+2sc —u—d— 23], (2.22)
eFSS 4 a P —gfu+d—u—d+s—54c—d,
= Qx[uv + d,], (2.23)
and
2 _ce,d, 2 _cc,d,—
ks = _Y_Zrﬁs : c(ljavdy+ -- c?mdy ] + }}f_r <FCC o F§C7d7+) % (WZF “ WL_d) ’

(2.24)
Here the non-singlet combinations for F2d and Wg o« Y, y? correspond to the quark flavor

combination

ST = 22[(s — 5) — (c — )], (2.25)

which vanishes under the assumption of symmetric sea-quarks of the same flavor and one
obtains the direct projection on l‘F?fl by the weighted differential cross section difference.
In other cases one has to perform fits in Bjorken y to separate the Y_ from the Y, and 3?2
contributions.

The projectors of the hadronic tensor allowing to isolate the Wilson coefficients of the
different structure functions are given by

8 3
P = ép“p”, (2.26)
2z » 4z
Pz“”Z—D_2<g“ —(D—l)QZp“p> , (2.27)
—1 4x
P = ! = wpo 2.28
CESTED I 229
1 2x

P — chvpo o,
a T (D-2)(D-3) Q2" Pl

applied to W, cf. also [86]. The twist-2 contributions to the structure functions in the

(2.29)

massless case are given by eq. (1.1).
The perturbative expansion of the structure functions

F, (g; QQ) = f: a (QQ) Fix(2) (2.30)

k=0



obey the following renormalization group equation (RGE) in the massless limit [87, 8],
see also [24],

(D + 7, + Yy = nyry — naval B (N, Q) =0 (2.31)
with

) )
e RGO

in Mellin space with as = as(p?), 5(as) the £ function of Quantum Chromodynamics

(2.32)

(QCD), and setting u = up = pgr, where pp g are the factorization and renormalization
scale. vy, are the anomalous dimensions of the currents forming the forward Compton
amplitude and ny4) and ~y,(4) are the numbers of external quark (gluon fields) and their
anomalous dimensions. One may now split eq. (2.31) for those of the renormalized Wilson
coefficients and renormalized parton densities,

Z [9 ( ) dij + VS NS gy — nA’YA} i (N, MQ) =0, (2.33)
J

2
> {D(MQ)%‘ + Y5 + VR — %S]NS} C; <N7 3) 0. (2.34)
J
In this way the Z factors of the massless Wilson coefficients and the massless parton
densities are related.*

Before we turn to the renormalized Wilson coefficients we will study the unrenormalized
ones, as those emerge in the calculation. They have the following representation. Here and
in the following we work in Mellin /N space.

1 _
NS —1+a {5 NS, (1, 1)+CNS,(1,)+€NS(11)+52 NS( 2 L0 )}

'Lq 1,9
.21 nNs2,-20 1 ns NS, (2,0 2,1
+ﬁ{§%ﬁ )+guf )+Qg()+wm()+0()}
31 Ns,3,-3 1 ~s,3,-2) 1 ns NS, (3,0 .
+w%§%f T )+7W( Dy @010 +0(al),

(2.35)

A 1 1
PS ~ PS,(2,-2) PS 1) PS,(2,0
C:>=a {62 Z,q + 7q (2= +c ¢, .q ) +

6PS(21)+O( )}

zq

1 _ 1 1
+&§{CPS’(3’ 3)+7 Ps,(3,-2) 1 Ps,@-1) PS(30)+0(€)}+0(&;1)7

63 1,9 52 qu B 1,q 1,9
(2.36)
. 1
g € lg
(2,-2) 1@ 1) () ()
+as{82 ig + +ci, tec, +0(e )}
(3,-3) 1<3m 1@1) @m 4
val{ el P 5l e v 0@ fo(at) . @an

4This is different in the massive case, cf. [89], and even in treating heavy quarks as light at asymp-
totic scales.



with the bare coupling constant as. These relations apply synonymously to the structure
functions ¢ = Fs, F3, g1.

For those of the structure function F}, one obtains

CFLq i {CNS,(1,0)+ ﬁfé D L2 NS(12)+O< )}

Fr,q CFr.q
1 _
2 NS, (2,-1) S,(2,0) S,(2,1) 2
+as{€cFL7q +c FLq +e FLq +O<5 )}
31 ns@3,-2) 1 ns,3- 3,0 .
+ ag{gchL,é ' ECFL,SI Ve FL S0 1o )} +0 (aﬁ) ; (2.38)
1 _
PS — A2 PS,(Q, ) ( ) (2 1)
CFL,q - aS{ECFL:q +c FL q +e FL +0 ( )}
31 ps3,-2 1 ps3— PS, R
+ ai{chLé )+ ECFL,EJ U FL,(q Y+o0 (5)} +0 (aﬁ) ) (2.39)

1,0
Cr,g = el + el + 2l 4 0 ()}

1 (o
+ &i{sc%’g” + 620 42D o (52) }

Fr.g FL.g
1
+ ag{cg;’g?) n Cg’L R o(g)} 10 (ag) . (2.40)

The renormalization proceeds in the following way. The coupling constant is renormal-
ized in the MS scheme

Gy = <1+25° + a2+ 0 (a )) (2.41)

Here (3; denote the expansion coefficients of the QCD j-function, [90-100].

4ﬁo 51
5

Bo(Nr) = —Ca— TrNp, (2.42)

34 5
B1(Np) = ?(J}g —4 <3CA + (JF) TrNp. (2.43)

The color factors are Cp = (N& —1)/(2N¢),Ca = Ne, Tr = 1/2 for SU(N¢) and Ne = 3
for QCD; Np denotes the number of massless quark flavors. Later we will also need the
color factor®

(N& —1) (V& —4)

da Cdabc _
b 16N¢

(2.44)

The dimension of the adjoint representation is Ny = N(% — 1. We are carrying out a
partial renormalization of the Wilson coefficient of the structure function xF3 for the axial
vector coupling, which is performed by multiplying the unrenormalized Wilson coefficient

®We follow the notation of COLOR, see ref. [101].



by Z4, [40], see also [51, 102],

Za=1 4 & 232 CuCp — §CFTFNF + a3 ;( 428740ACF %CACFTFNF
64CFTF F> + - (32186’146’1: - 3880ACF — %CACFTFNF + 69 CiTpNp
432 CFTFNF>] (2.45)
The non-singlet Wilson coefficients are renormalized via
Cre = ZpP Oy (2.46)

Ccs r (O3
e | = 787 .| S 2.47
(Ci7g> <Civg> 7 ( )

1 1 0).NS3
= (a%(q)’

2 2
DA+ Sl + 2 @)

with

(0) NS

ZNS—1+a57 —i—ag 3
€

+ ag

1 (1 ) Ns2 0),NS 0),NS
(271511) + 507(5(1) + 2 ’ngq)

B (ONS? ﬁz (O)NS) L1 (;

1 (9)Ns
+§’Véq)7

+0 (al) (2.48)

0),.(0 (0) (1)
(2%3 9D + Bor ) + 2*%] ]

4
<6%(10)71(k)71€] + 50%1 '7(0) + 363%'(3(‘))>

o

S 2
ZZ‘]‘ = 5z‘j + as -

+ ag

—i—ag’

(1), 0, (1) W, 2, @), 1 @ 4
+E <6'Yzl 7[] + 3'7” '713 + 6 7 + gﬁl%; ) + g")’w ‘| +O (as> . (249)
The pole terms of the Wilson coefficients are predicted by the anomalous dimensions
and the expansion coefficients of the unrenormalized Wilson coefficients in lower orders,
where in the polarized case one has to refer to the corresponding polarized quantities, e.g.
for the anomalous dimensions +;; to Av;;, etc.

NS, (1,—1
et = —ﬁqs’(“) : (2.50)
NS,(27—2) — NS 0
Cig =720 (8o R 03, (2.51)
NS,(2,~1 NS,(1,0 1

Ciq @ = Cig (0 (7(11\118’(0)4‘2/30) —5%11\;8’(1) ) (2.52)



ngsﬁ(:s,f:a):_%l]\;s,(o) (éﬁngﬁo'yé\f] 0,1 7(11\118 ,(0) ) 7 (2.53)
fq&(& 458 i\qu (1,0) 16 NS,(O)
+38 CNS 10)7Ns (0>+;ch5 /(1,0) quS< +§50,YN8,(1)+;,Y§IS (0), NS M (2.54)
ngs,(&fl):_ﬂl NS,(1,0) 4ﬁ2 NS, (1,1) 4%6?’15,(2,0)_3600Ns (1, 1)%(1 (0)_01\1118 ,(2,0) NS (0)
- 1\15 oy yqs’(O)Z S MOANSD) _ NS, (2.55)
e (2.56)
b ) = el — S, (2.57)
cra Y = =Bl — 511 5 O (2:58)
v =3B el + 2759)752) 50+ 370D e 424 {D4 0 4 1 O D
+;7;2)%11\;s (0),, (10 L4 ﬁ s 1)+;7§]S( )%ZS o (2.59)
iy = —4ﬁocf§’(20 N PR P ST A PR L P
— 3 g D A Oy O = e Ol — e Vg O
—3% . (2.60)
and
cg V==, (2.61)
o = B+ 57 + 51D v, (2.62)
b = —280cly” A9 el Ay Y - A, (2.63)
o = =308~ B — 199 — 508 24— bn e
— 2D DN 240 NSO (2.64)
cl(?g’ 2) 4,33 Elgo +380 Cl(lgO ’ygg)—i-; ,(190) ’yg;)2+151’Y§2)+3ﬂoc§qs’(l’0)fy§2)
56 U+ 5D + 5ol A + 5809 + 39
+§c?§ GO O+ gy g )+37§2’7§f Wi, 26)
eV =gyl —aB3els Y —4p0cEY - 36 D0 2040
iﬁlg” % 5o 0158 —3Bochy DD — i O D) — P00
5% ) = 5el ) — sen Uy =308
%ci\lqs o fgg)qu o (2.66)

~10 -



For the longitudinal structure function F7, the poles are predicted by

cﬁff"” == (@ +28) (2.67)
cﬁf,q _ 482N FLq )+3ﬁoc§f’§1 O)ﬁf( )%6125721,0) ,Yévqs,(m?, (2.68)
NG g NSOO_yg2 NS _ g5 NS0 _ g5 NS(L), N5,0)_ NS(20),N5,0)
L Lm0, (200
ra = (270
P2 _ 350 chO;JF (0),(0)(10) 4 1 (0) (0) NS,(1,0) 1 (0) NS, (0)(1,0) (2.71)

9799 V9q €Fr,g T 379q Vag' CFp.q 5Y9q Yag = CFy.g
PS,(3,—1) _ 0 (L) __(0) (20) _1_q(0) () (1,1 1 () (1,0
CFr.q _4B FL q —3B074q CFL 0 Vod CFr.g~ 37ag Yod CFp.9~ 379¢ CFL g

(0),(0) NS,(1,1) __NS,(0) .PS,(2,0) 17(0) NS, (0) .(1,1) 1,YPS,(1)CN37(1,0)

279q Yag €Frq  “Vaqg CFpq 579q Yag ~ CFL.g 3 Vaq Fr.q
(2.72)
270 (1,0) 0) NS,(1,0)
CFr.g =—2f CFLg ngg) CFr,g~ ‘SQ)CFL,CI ) (2'73)

3,—2) 0 1,0) 1 NS,(1,0
C%Lg 4’80 FL)+3’8 C%Lgfyég)—i_ C(F‘L;’ygg +3ﬁ CFLQ )7(0)+2 FL‘(Z ),yég)%gg)

+s L), 0),(0) 4 1 NS,(1,0) (0),NS,(0) (2.74)

Fr,g79d Vag CFL g ag Vag
(3,— (2,0) (0 (1 1) _(0)2
CFy, 9 _B FL 9 4B0 FL g —4foc FL 9 —3foc FL Q’Y!gg) CFL 975(79) 92 CFr.g '75(79)
(1 0) NS,(1,1) NS,(2,0) PS,(2,0) _(0) 1 NS,(1,1) (0
2 CFy, 9799 —30oc CFr.q ég)_CFL,q 759)_6&761 '7(59)_5 Fr.,q ég) qg)
(1,1, (0),(0) _ L NS,(1,0) (1) 1 NS,(1,1)_(0),NS,0)
B 2CFL g éq) tgg) QCFL:‘] fgg) §CFL,q Yag Vaq (2'75)

The renormalized Wilson coefficients for the structure functions Fb, F3 and g7 have the
following structure

NS Q? 1 _Ns,0)], NS,(1,0) Q (0)
oh —1+as{ln<ﬂ ){ 2O+ } {ln (M )[ Bor NS
NS0 2 Q° 8,(1,0) , 1 N8,(1,0)_Ns,(0) 1 NS,(1,1)
+5 %0 }m(/ﬂ) [Bochy 0+ 5cie M @ g O +260ci
1 2
eI NS0) 1 N5 (20)}+a§{—ln3< )[ Bovae O +580 v ©

S,( 1 3 S,
+£7§18() }—Hn ( )[52 NS,(1,0) Zﬂl’&s’(o)ﬂjﬁo N (10),73;8()

1 NS(lO) NS NS,(1) , 1 Ns, N
56 Yag '’ R 5 07Yqq ()+47qq ()qu U}—ln( ) [51 Cig

1 2
+458 i\IqS ,(1,1) +25 NS( 0)+3/3 NS 11)7NS (o)+1 NS, (2, O)'VNS( )+7 NS,(1,1) ’YNS’(O)

2 Cigq qq 2 75,q qq
1 NS NS, N 2 NS,(1,2) NS (2,1
+§ i\ (1, )’qu (1)+§7qq (2) ‘|‘,8102~7 +450 Cig +45 )

NS 1,2 NS, (2,1 1 NS,(1,2 1 NS,(1,1 NS, (3,0
+3GpcNS (12 N5,(0) 4 NS )Vgs,(ourici’q( ) 50 +26m( NS (1) 4 (NS )}

+0(a3) (2.76)

- 11 -



P AN Q*\ 1 (.10 1_ps, (1,1)
Cia =0 {ln () [87“5’2)7‘59)}_111 <u2) {5 (c b Yo ))Jrﬂqq ()}Jr ig 5q

PS,(2,0) 3 3(Q%)\ 1 0)..(0 L (0).(0).(0 0) NS, (0
TCig }+as{—ln (/12) [é (ﬁofyfgq)’ycsgg+Z87559)75q)7§g)+24’7§q)’ytgg)7qq ! )}

2 (@ (1,0) (0 (1,0) 1 NS,(1,0)_(0),,0) L (1),(0
+in ( >{4ﬁoci,g ()+ §Cig 75(79)7§q)+§cz,q Véq)759)+§75(1q)76(19)
(1,0) PS,(1) , 1 _NS,(0).PS,(1 Q°
+8’Y£(1q)%gg)+ Cig Vod Yag 3 ﬁ Vaq ()+17qq O ()}—ln (,ﬂ)
1
x [260cky ®0 +380c; 9D+ 500 + 2l Dy D0+ 2l Oy

1 1 1 1
LS00 | LPSE0NS0) , L11),)(0,850 | LNS0,p50)  Lyps.2)]

2%, Yaq Tag T 3% 2Ciq

4Bnc 3 (1,2) (0), .(21)_ (0) ;1 (12) (0),(0) ( D, (1)
+ 5001, + Bo 0Cig Yoq tCig Vgg T3Cg Vog Voq +2 ig Tgq

1 NS,(1,2) PS,(2,1) N (1,2) NS 1 NS,(1,1) _Ps,(1 PS,(3,0)
+§ ’yéq)’yég)—i-c 7qq >0 )+ czg 7§q)7qq 0 )+§Cz‘,q “aq ( )+Ci7q }
+0(al) (2.77)

_ Q*\ 1 (1,0) 2(Q 1 0.0
Ci,g—a {—IH(M ){2'}’,59)} +C } {1 (//L >|: 5 ’qu 8'75(;9)'}’(59)

1 S, 1,0) 1 (1,0 1 NS(lO
0] () [l + e+ 55 O+ iy

—1-25001(-715]’1) 5191)7“5,2)—4-02] (1,1) (0)+c(2 O)}—i-a { In? < ){ 50 q
1 0).(0 ( 0) . NS,(0 0 0
+§507§g)7§g)+48 Vég) Vtgg)"_ gﬂéq) 7{19) +3 B VSg)qu (04 875(79)759)'761(1 .
1 (0) .NS,0 2 (1,0) 10) 0 (1 0) 0
+41737‘5’57) Yag " ]—Hn < > [50 Cig 7B 7§g)+8 ig 759 i 517()

NS(IO) 1 NS,(1,0)_(0)( (0) (1)

(1,0)_ (0) .,(0) 1
+igfocky g +gely Y+ 59800+ gels ) + 5oy + 5y

1 NS( 0),,(0) N 1 0), NS, (1 1
L R RS ST R RRER SHHEMRET SR

(5 ) [(Buels) + 488l +280es" +30cl a9+ 5l fD

1 11 (2,1 (1,0 +35 CNS 11)7(0)—&—101\]8 ,(2,0) (0)+1 PS, (2, 0)7(0)

+§ci,g 99 T3 ng 799 2",q 2%i,q q9
1 NS,(1,1) 1(11) 1NS(10) 1NS(11) (0,1 @
2Ciq 5(19)7659)+ Ciyg 'Véq) tgg)“'z iq gt )+2 iq 'Vfgg)qu ( )"‘5%59)]
1,1) 2,1 1 (1,2 2
ey +asgel +4ﬁc V4800 i) el + el o)

L (11 1,2)
+5Cig 799 ) +380 clq 'y(gg)—l—c

1 (1,2 1 NS,(1,1 1 NS,(1,2 3,0
+§c§’g )’752)758)*'5%(; ( )7(%)4—50@-# ( )732)7}1\118’(0)%—01(& )}+O(a§). (2.78)

SN0 LN, 0 L LN, 0,0
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Accordingly, one obtains for the structure function Fy,

NS, (1,0 NS,(10) | 1 NS,(1.0 NS, (1,1
CFLq—as{ch] )}—i—as{ ( )[ﬁ FL((z +5c ( H};;S(O]JFMOCFL,((I )

NS,(1,1) | NS,(0) , NS,(2,0) 3 2 NS,(1,0) NS,(1,0) NS, (0
TCrg  ag ()+CFL7Q }—l—a { ( )[50 CFrq 3 ﬁ CFrq Tag O+

1 NS,(1,0) NS, Q? NS,(1,1) (2,0
+§CFL7‘(1 )'qu © ]—111(# ){,6’ FLq +4ﬂ§ FLq +25 FL )

NS,(1,1) N 1 NS,(2,0) _NS,0), 1 NS,(1,1) _NS,0)2, 1 NS,(1,0) N8,
+3’BOCFL7(1 ’qu 2042 5CFq  Vag 042 CFLQ Yaq © +5Crq  Vag ()}

NS, (1,1) NS,(1,2) NS,(2,1) (1,2 NS, (2,1
+B1cpy V1483 D) a8y B 1360 (12 NS (0) 1 8.2 N, 0)

Fr.q Fr.q qq Fr.q
1 NS,(1,2) NS, 1 NS,(1,1) NS, (1 NS, (3,0) 4
+3%%q  u 0% 5CFrg T ( )+CFL7Q }+O (as) ' (279)

Ps Q*\ 11/ (1,0) (1,1) PS,(2,0)
CFL,qag{_ln (#2) [5( FL797£(JQ))}+CFL 975(10)+ CFr.q }
(1,0) (0 1,0 0 1NS(10) 0) (0
T {m ( >[ Bocry 47, éq)+8 Fr,g7 ég) éq)+8 Fr.,q 7§q)’h§g)

1 (1,0) NS, Q? ,(2,0) 1 (2,0)
+3 CFL g7$(7q)7qq ()} ( > {2ﬁ FL +3foc FL gvéq)+2 CFy gryé(lq)

4L (1 1)_(0),(0 )+ (1,0) (1)+lcNS,(171) (0)7(0)_‘_1 PS,(2,0) NS, (0)

2CF1L,9799 V9q T 3CFr,gV9d T 3Fr.q  Vaqd Vag 5 Frq ')'qq
1 (1,1) NS 1 NS( ) (1,2)
+3 CFL gryéq)’)/qq 0 )+ 2 Fr.q } +45o c +3’B CFL g’yéq)

(2,1) (1,2) (0 (1,1)_(1 1NS(12) 0) (0
+CFL gPYéq)+§ Fr,9 5(79)7511)—1_ CFL g7s(iq)+2 CFr.q '7@(7(1) tgg)

S,(2,1) _ NS, (0 (1,2) NS, 1 Ns,(1,1) _PS,(1 PS,(L) 4
+c FLq 7‘1'1 ()+ CFL 97§q)7qq ()+QCFLq 7 . )+ q(3,0)}+0<as>7 (2'80)

(1,0) (10, 1,00 0, 1 N500,_ (0
CFLQ_GS{CFL 9}+a { < ){’B FLQ 26FL.g7 S(?g)+2 Fr.,q ’Yfgg)}

ALl g Sl ()
+350 Ff’; D+ 5ok Y+ 3 Bocye P9 + 3y AP
+z C%LO;’Yéq)Vég)JrlCl;S {0 0)752)728’(0)]11(1( >[ﬁ W0 yapet)
360l A9+ 5D + el s A9+ e Y

NS,(1,1) 1 NS,(2,0) 1 PS,(2,0)_(0) , 1 NS,(1,1) 0
+3’BOCFL 'q 7’59)+§CFL q %59)—1_ CFL q ’7( )+ CFL q ’75(19)7‘59)

4280 0(20

1) 1 NS(10) (1), 1 NS,(11) , 7 2 (1.2)
T3¢m, gfyéq)%gg)"" CFp.q ’Vég)"’_i Frq ’Vég)’qu :|+/610FL’9+4ﬂOCFLa9

2,1) 1 (1,2 2 1 (1,1
+400 CSF'L 9+35 CFL (0)+C%L;7§9)+§C§:‘L7;7§2) +§C%L7_‘)]7.gé)
S,(1,2) S,(2,1) PS,(2,1) (0) , 1 NS,(1,2) (0).(0
+3'BOCFL7‘1 ég)Jr CFrq tgg)+ CFr.q 7§g)+§CFL,q ég)%gg)

1 (1,2) _(0)_(0 1 NS,(1,1) _(1 1 NS, (1,2) (3,0)
+§CFL7g’Yéq)’Yég)+§CFL7q ’Y(Sg)+§CFL,q f}/(gg) qq S,(0 )+CFL g}+0< ) . (281)
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The Wilson coefficients for the different deep-inelastic structure functions are split w.r.t.
the parton contents they are mapping to, the observables and the specific couplings of the
gauge bosons exchanged, see ref. [103].

For pure photon exchange there are two contributions in the flavor non-singlet case. One
corresponds to a through-flowing external fermion line to which the photons are coupling
to, which is of relative weight wi; = 1. The second case corresponds to a photon coupling to
one through-flowing line and another to a closed internal fermion line, with relative weight

tr(Qrra) 1 <A tr(QfAa)

wp = A

— N ey, < =3, (2.82)
tr(Q3Aa) NF 12 tr(Q%Aa)

for SU(Np) and A, the generalized Pauli-Gell-Mann matrices. e ¢ denotes the fermion
charge and Q = diag(2/3, —1/3,~1/3,2/3, —1/3) the quark charge matrix of the electro-
magnetic current.

The flavor non-singlet structure functions for photon exchange read [37]

FlNS+ (2, Q%) Z f[CNS < ig?) o, Cd“bc (az QQ)] ®fNS+( 2) ’ (2.83)

tr Qf tr Qf)\a 1 1
W = ](\7 ) (Az ), w2 (Np=3)=0, W2<NF:4):§a W2(NF:5):g-
Footr (Q f/\a)
(2.84)
The non-singlet distribution function is given by
- 1
NS,
BT (202) = fog (2.02) + Jog (2.0%) - Nt i), (2.85)
with the quark singlet distribution
Np B
S (22) =3 for (2.02) + Jog (2.0) - (2.86)
f=1
In the flavor singlet case the weight factor ws appears
2
1 (Z f=1 6f) 1 1
W3 = 7, W3(NF:3):0, W3(NF:4):f, W3(NF:5):f,
Np Zf . ef 10 55
(2.87)

because of the overall normalization to the sum of the quark charge squares for all diagrams
in which the electromagnetic current couples to two different fermion lines.
The flavor singlet structure functions for photon exchange are given by [37]

2 2
FP(,Q%) = ( Z f>[ Zq< 3>®E(xu)+029<:vcj>®6’(xu)],(2.88)
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with
d,
Cis,q - ngs +wsCig + Cil,DqS ’
Ci,g = Clq,g + W3C;fgbc 3 (290)

and G(z, u?) denotes the gluon distribution and C’S (’11 the non-weighted contributions and
C’S ;12 the one corresponding to the charge weight factor ws. Synonymous relations apply to
the structure function g1 (z, Q?) by replacing the unpolarized quantities by the corresponding
polarized ones.

Usually the deep-inelastic structure functions are represented referring to Np = 3
massless Wilson coefficients and massive Wilson coefficients [82, 83, 89, 104-120] due to
charm and bottom quark corrections. The scaling violations of the heavy flavor Wilson
coefficients are very different compared to those in the massless case.

The renormalization of the forward Compton amplitude is performed by renormalizing
the strong coupling constant and removing the collinear singularities into the running of the
parton distribution functions. In the case of the non-singlet structure function xFs(x, Q?)
the original calculation is performed in the Larin scheme and we finally switch to the MS
scheme by a finite renormalization. Here we refer to the MS scheme only in the flavor
non-singlet case, since there the corresponding Ward-identity is known. In the singlet
case one sometimes uses a related scheme, called M—scheme, which has been introduced in
ref. [52]. At 3-loop order we will not refer to the latter scheme for the Wilson coefficients in
the singlet case.

In the case of the structure function gi(z, Q?) this last step requires the knowledge of
the polarized four-loop anomalous dimensions in the singlet case. Because of this we present
the corresponding Wilson coefficients in the Larin scheme and switch to the MS scheme in
addition only for the non-singlet Wilson coefficient, since here the respective Ward identity
is known in explicit form. Thereby, we also derive the Z-factor Z)S(N, a,) from the ratio
of off-shell massless non-singlet operator matrix elements to three-loop order.

3 Details of the calculation

The Feynman diagrams for the different massless Wilson coefficients are generated by
QGRAF [121] using the forward Compton amplitude.

We maintain all contributions up to the first order in the R¢ gauge parameter &,
which is canceling already for the unrenormalized result. For the Compton amplitude the
corresponding crossing relations have to be observed [12, 70]. We decompose the Wilson
coefficients into their flavor non-singlet qus, pure singlet C’Z-}: qs and gluonic C; 4 parts. At
one-loop order the contributions up to O(e?) and two-loop order up to O(g) are required to
extract the three-loop Wilson coefficients. We perform the calculation keeping the gauge
parameter £ to first order as a test for gauge invariance and show that the corresponding
terms disappear. The Dirac and Lorentz algebra is performed by FORM [122, 123] and the
color algebra is performed by using Color [101]. The crossing relations [12, 70] imply that
for the Wilson coefficients contributing to the structure functions F(z, Q%) and Fy,(z, Q?)
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only the even moments contribute and to xF3(x, Q?) and g1 (z, Q?) only the odd moments.
The corresponding generating variable w = 1/x appears therefore dominantly quadratically,
except of a factor w in the case of xF3(z, Q%) and g1(z, Q?).

The irreducible three-loop diagrams are reduced to 293 master integrals using the code
Crusher [124] by applying the integration-by-parts relations [125-130]. The master integrals
are mapped to w? dependent structures and a sufficiently high number of their Mellin
moments is calculated and inserted into the forward Compton amplitude. To generate a
large number of Mellin moments we use the method of arbitrarily high moments of ref. [131],
which allows to compute a much higher number of Mellin moments than possible using
the algorithms of Mincer and Matad [132-134]. The required numbers of moments are
summarized in table 1. For the gluonic and non-singlet structures we do not map to a
manifestly w? dependent structure a priori.

The number of moments in table 1 in the lower loop orders includes also the terms
needed to renormalize the Wilson coefficients at three-loop order. As has been observed
before in ref. [53] there is a small number of master-integral relations which are difficult to
prove for vanishing powers in w. We have verified them explicitly for their moments up to a
much higher number than requested and to the respective contributing power in ¢, cf. table 1.
We determine recurrence relations for the corresponding color and ¢-value projections [135]
of the Wilson coefficients using the method of arbitrary large moments [131] implemented
within the package SolveCoupledSystem [136].

This is done by using the method of guessing [137, 138] and its implementation in
Sage [139, 140]. For the calculation of the necessary initial values for the difference equations
we use the results given in [130, 141-145]. In the three-loop case the calculation is based
on 5000 even or odd moments. We have explicitly checked, that the other moments
vanish, which is implied by the amplitude crossing relations. The difference equations are
solved by using methods from difference field theory [146-158] implemented in the package
Sigma [159, 160] utilizing functions from HarmonicSums [62-64, 66, 67, 161-169], to obtain
the three-loop Wilson coefficients. The largest difference equation for the individual color,
gauge parameter, and (x-factors contributing in the present case has order o = 25 and degree
d = 778 and needed 4305 moments. In parallel, we calculated the Wilson coefficients by using
the differential equations for the master integrals directly in the variable w, using the method
presented in ref. [65]. The depth of the initial conditions in the dimensional parameter
€ is the same as in the method described previously. The corresponding systems were
decoupled using the formalisms of refs. [170, 171] implemented in the package ORESYS [172]
and we further proceeded to find the N-space solution by using algorithms contained in the
package HarmonicSums.

Comparing to the reconstruction of the anomalous dimensions and unpolarized Wilson
coefficients out of their moments performed in ref. [138] in 2008 the largest difference
equation had order o = 35 and degree d = 938 requiring 5114 moments. Here, however,
even and odd moments had been used. The overall computation time using the automated
chain of codes described amounted to about one year on Intel(R) Xeon(R) CPU E5-2643
v4 processors, using also parallelization.

Working in the variable w? rather than w we obtain the results of the recurrences first
for only the even or odd moments expressed in terms of cyclotomic harmonic sums at
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argument 2N. For a systematic study of this class of nested sums see [62] in the present
case. These objects can be algorithmically reduced to simple harmonic sums at argument
N using HarmonicSums here.

Therefore, all Wilson coefficients can be finally expressed by harmonic sums [161, 162]
N . k
b
Sa) =3 PO g 00 sy =1 baezoLNem{o) ()

If it is clear from the context we will write Sz instead of Sz(IV).
Their Mellin inversion to momentum fraction z-space

C(N) = /0 L dzN-160(2) (3.2)

can be performed using routines of the packages HarmonicSums and is expressed in terms
of harmonic polylogarithms [163] given by

Hpq(2) = /OZ dz fy(x)Hz (), Hp =1, b,a; € {—1,0,1}, (3.3)

with the alphabet of letters

1 1 1
Q[ = = —y _ = 5 = . 34
" {h@) S ) = AG) 1_z} (3.9
In z-space one distinguishes three contributions to the individual Wilson coefficients because
of their different treatment in Mellin convolutions,

C(z) = CO(2) + CPM(2) + C™°%(2), (3.5)

where C%(z) = cod(1 — z), C™8(2) is a regular function in z € [0, 1] and CP™(z) denotes the
remaining genuine +-distribution, the Mellin transformation of which is given by

CcPu(N) = /0 Lz (N1 —1) CPue). (3.6)
We will use this representation later on.

In the Mellin N space representation it can technically occur that there are factors
of up to 1/(IN — 2)? contributing and structures of 1/(N — 1), in the cases that they are
physically not allowed. However, these are all tractable poles, which can be shown by
expanding at NV = 2 and N = 1 using HarmonicSums. No Kronecker symbols have to be
introduced for this case and the usual analytic continuation, described in ref. [67], can be
applied to the N-space expressions directly.

The Wilson coefficients can be represented in N space by harmonic sums weighted by
rational functions in N. Here the degree of the numerator needs not to be smaller than that
of the denominator, which needs special care in performing the inverse Mellin transform to
z-space. After applying the algebraic relations between harmonic sums, cf. e.g. [66], one
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Wilson coefficient ‘ 1 loop ‘ 2 loop ‘ 3 loop ‘

FNS 126 | 1219 | 4305
FPS 0 374 | 1708
FY 104 | 960 | 3534
FNS 48 560 | 2387
FPS 0 175 774
Fy 54 | 434 | 2046
2 F)NS | 126 ] 1219] 4171
¥ 126 | 1219 | 4171
gis 0 175 | 1458
qi 84 | 1166 | 2998

Table 1. The necessary maximal number of non-vanishing even (resp. odd) Mellin moments for
Fy, Fr, (zF3,¢1) to determine the Wilson coefficients.

obtains the following set of 60 harmonic sums

{51; S9,5_92;53,5_3, 52,1,572,1;54, S_4, 572,2, 53,1, 373,1, 52,1,1, 572,1,1;557 S_s, 3—2,3, 52,3,
52,—3, 5—2,—3, 52,2,175—2,1,—2, 5—2,2,154,175—4,1752,1,—27 53,1,1, 5—3,1,1, 52,1,1,1, 5—2,1,1,1§S67 S_6,
5—3,3, 54,2, 54,—2, 5—4,2, 5—4,—2, 55,1, 5—5,1, 3—2,2,—2, 5—2,2,2, 52,—3,1, 5—2,3,1, 5—3,1,—2, 5—3,—2,1,
5—3,2,1,5—4,1,1752,3,1, 53,1,—2, 53,2,1754,1,1, 5—2,—2,1,175—2,1,1,2, 5—2,2,1,1, 52,—2,1,1,52,2,1,1,53,1,1,1;

5—371,1,1752,171,1,175—2,1,171,1}- (37)

One may, furthermore, apply also the structural relations [67, 68] and obtains the
following 31 harmonic sums:

{51,5-11,5-21,5-31,5-41,5-51,52,1,541,5-1,1,1,52,1,1,51,2,-1,52,1,-1,5-2,1,-2,52,1,—2,

S_.31,1,53,1,1,5-22,-2,5-3-21,53.1,-2,5-4,1,1,54,1,1,5-2.1,1,1,52,1,1,1,5-3,1,1,1,5-2,-2,1,1,

sty syt

572,1,1,27 372,2,1,17 52,72,1,1a52,2,1,17 572,1,1,1,1752,1,1,1,1} (38)

spanning all quantities. The representation in ref. [38] contains 167 harmonic sums
for comparison.

In z space, the number of harmonic polylogarithms is, usually, higher if compared to the
objects needed in Mellin NV space. Here 68 harmonic polylogarithms of up to weight w = 5,
weighted by one more letter, contribute:

{H71,H0,H1,H0,71,H0,17H0,71,71,H0,71,17Ho,o,fhH0,0,1,Ho,1,71,H0,1,17H0,71,71,717H0,71,71,17
Ho,—1,0,1,Ho,—1,1,—1,Ho,—1,1,1,Ho,0,—1,—1,Ho,0,—1,1,Ho,0,0,—1,Ho,0,0,1,Ho,0,1,—1,Ho,0,1,1,Ho,1,—1,—1,
Ho,1,—1,1,Ho,1,1,—1,Ho,1,1,1,Ho,—1,—1,—1,—1,Ho,—1,—1,—1,1,Ho,—1,—1,0,1, Ho,—1,—1,1,—1, Ho,—1,-1,1,1,

sdady

Ho—1,0-1,—1,Ho,—1,0,—1,1,Ho,—1,0,1,—1,Ho,—1,0,1,1,Ho,—1,1,—1,—1,Ho,—1,1,—1,1,Ho,—1,1,0,1, Ho,—1,1,1,-1,
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Ho,—1,1,1,1.Ho,0,—1,—-1,—-1,Ho,0,—1,—1,1,Ho,0,—1,0,—1,Ho,0,—1,0,1, Ho,0,—1,1,—1,Ho,0,—1,1,1, Ho,0,0,—1,— 1,
Ho,0,0,—1,1.H0,0,0,0,—1,Ho0,0,0,0,1,H0,0,0,1,—1,Ho0,0,0,1,1,Ho,0,1,—1,—1,Ho,0,1,—1,1,Ho,0,1,0,—1,Ho0,0,1,0,15
Ho0,1,1,—1,Ho,0,1,1,1.Ho,1,—1,—1,—1,Ho,1,—1,—1,1,Ho,1,—1,1,—1,Ho,1,-1,1,1,Ho,1,0,1,—1,Ho,1,0,1,1,

H0,1,1,71,71,H0,1,1,71,1,H0,1,1,1,71,H0,1,1,1,1} (3.9)

after algebraic reduction. In comparison, the results of [38, 40] were represented by 128
harmonic polylogarithms.

4 The three-loop Wilson coefficients for the structure
functions Fy(x, Q?) and Fr(z, Q?)

Before we present the three-loop Wilson coefficients we would like to remark that the
unrenormalized three-loop forward Compton amplitudes depend on the complete anomalous
dimensions up to two-loop order, cf. e.g. [60], and contain the following three-loop anomalous
dimensions in their pole terms of O(1/¢): *yé?]) NS, fy(%)’PS, A’y(%)’NS, A’y(%)’PS,'yg) and A'y(gg).
We confirm the previous results given in refs. [53-59, 106, 173—-176].

We now turn to the unpolarized three-loop Wilson coefficients for neutral-current
deep-inelastic scattering for pure virtual photon exchange, Fs(x, Q%) and Fr(x,Q?). We
have calculated the different Wilson coeflicients contributing to these structure functions
along the lines being described in sections 2 and 3. These are the Wilson coefficients

O3y = 140,030 ™ + 208 + af [ 4 wo O o] (4.1)
CFS = 20278 | TS, (4.2)
Ci,g = a;Cly + a2Cyy + a3 [ CF7) + ws g’ o] (4.3)
and
CE% _ C’(l) NS C(z) NS g8 [Cf:) NS Cé) abC,NS} 7 (4.4)
CFS = a2CPMS LB, (4.5)
Crg = asChly +a2C) + a3 [Cf) + wsC )] (4.6)

where we have split off the dg;. terms. In the structure of the following expressions there
are some evanescent poles at N = 1,2, which are, however, all tractable. Therefore, the
analytic continuation [67] to N € N can be carried out directly.

Despite the fact that the above equations contain terms in which the power of N is
larger in the numerator than the denominator, the whole expressions behave maximally
o In(N)/N for large values of N for the Wilson coefficient of Fy and o In(N)/N? for that
of Fr. Our results agree with those of [38] and the previous one- and two-loop results,
cf. section 1. We have expressed them in terms of a much smaller number of basic functions
by using the algebraic relations both in N- and z-space, [66].

Despite being the first independent recalculation of these quantities using quite different
techniques we present the results on request only in an ancillary file, but do not print the
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results. This is done although having provided a more compact form of the results by
eliminating algebraic dependencies inside previous three-loop results. The ancillary files
of the results are electronically readable. For the convenience of readers who are more
used to texts we mention the following opportunity. One may automatically produce the
respective formulae in loading the package Sigma.m [159, 160] into a Mathematica session
and import the respective Wilson coefficients of the structure functions Fs, Fr, and xF3
from the ancillary files Nspace.m or Zspace.m, and apply then the command

SigmaToTeX [expr,PolynomialSize — 500,DropArguments — True,
InsertLinebreaks — 45]

and copy the result as plain text into an executable LaTeX environment. We apologize
for this inconvenience.

The mathematical structure of the final expressions is in some way similar to the Wilson
coefficients of the polarized structure function g;(x, Q?) given in section 6.

5 The three-loop Wilson coefficients for the structure
function zF;(x, Q?)

In order to renormalize the Wilson coefficient for the structure function xF3(x, Q?) we have
to renormalize the coupling and the axial-vector coupling. Furthermore, we have to remove

)

the collinear singularities to arrive at C( , see section 2. This quantity still requires the

5,7
finite renormalization to restore the Ward identities which is performed by
3 _ ®3)
Cp,= Z5CFM, (5.1)
with, [40],

107 4
Zs =1+ a,Cp [-4 - 10e + €2 (—22 4+ 20)| + a2 [—CACF +22CF + 5CrTrNr

662 7229
208 5834 62 32<3>
T2N S, | 202TpNp [ —— — =22
+a 810FF F+CACF(27 60C3>+ Crlrp F( o7 3
356 32 2147 ‘ 370
+2C4CrTpNp ( + C?’) + C3CF (— + 56C3> +C3, (— + 96C3)]
81 3 27 3
(5.2)
One obtains
CRy = 14 a, O + a2CR + a3 [CR1T 4wyl 5] (5.3)

Our results agree with the results of [40] at three-loop oder and previous results at one-
and two-loop order, see section 1. They are given, together with the one- and two-loop
results, in the ancillary files to the present paper in N- and z-space, again after applying
the algebraic relations between the special functions, in computer-readable form.
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6 The three-loop Wilson coefficients for the structure
function g, (z, Q?)

The 3-loop Wilson coefficients for the polarized structure function g (z,@?) have not
been calculated before and we are presenting the results in explicit form. The Wilson
coeflicients read

ACNS =1+ a,ACSH, + a2 ACSINS + a3[ACEHINS + wp ACE) dabeNS) (6.1
ACES, = a?ACSDTS + a3 ACEDTS, (6.2
ACy, 4 = asACg}{q +a2ACE + a3[ACE) + w3 AC;ave], (6.3)

We calculate them first in the Larin scheme. Up to 2-loop order and for the non-singlet
case at three-loop order one may transform them to the M—scheme, since the respective
transformation relations are known.® For completeness we list also our results at one- and
two-loop order. At one-loop order the Wilson coefficients read

2 -5N —6N? —9N3 (—2+3N +3N?)
(L _ 2 _
ACS CF{ N2 V) + NI S1+257 —2%, (6.4)
1
Acfgl)q ACg(ll)til éq) ’ (6'5)
4(N -1) 4
(1 _ 1) _
ACS) = TpNp(N 1){ N2 T M) i +N)51}. (6.6)

The two-loop results both in the Larin (L) and M—-scheme are given by

ACNS.L CF{TFNF

Pss1 2Ps39 3 8 a3
54N3(1+N)3+( 27N2(1+N)2+3SQ)51 51

2(—6+29N+29N?) , 2(—6+85N+85N7)
IN(1+N) 1 IN(1+N)

Pass 2(6+11N+11N?)
6NN (1L N2 eN) T\~ BN(I+N) 2

88 16
So— 9534-35271}

+Cx

Pous

TSNS (14N

+2453— 165’2’1 — 165_271 —48C3) S1+ 2525%4— (452

So—453

—66+367N +367N2 o2 (66—929N —2134N? —1067N?)
18N(1+N) 1 18N(1+N)?
2(—36+121N+121N?)
9N(1+N)

4Pi6s
(NN (1 NPETN)

53—854+<

5141657 —852>S 2—12522+< —881)53

8
(1+N) N(1+N)
4(—6+11N+11N?)
3N(14+N)
6(1+3N)(2+3N) 2 P56
N(1+N) C?i }+OF [8(N—1)N4(1+N)4(2+N)

—205_4— S21—24531+85_22+165_31+2452 1,1

+ +

5In the non-singlet case it is even the MS scheme.
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Paye Pays 2(—2+3N)(5+3N)S2

+2N2(1+N)2S2+<2N3(1+N)3 - N(1+N)

—2453 + 1652 1

2(-2+3N+3N?)
N(1+N)

Pays
INZ(1+N)2

2(—2+9N+9IN?) S5
N(1+N)

P

+325_271+48C3> Sl+< —2032>S%+

16

+251 4653 —

8Piss
~ (N=1)N(1+N)2(2+N)

4(—24+3N+3N?)

1
N(1+N)

—32512+1652>S_2+24522+16<—

+51>S_3+405_4+ S9,1+40831—165_22—325_31

N(1+N)
_2452,1,1_72@,] , (6.7)
NS,M 2),NS,L (1),NS,L (1 2),NS
ACESM = ACES— (ACE— ) =
(2),NS,L _ 16(—3-N+5N?) 4Pa47
=A% +CF{ TrNp INZ(1+N)2 +Ca IN3(1+N)3

o [ 8(114+16N-+11N?)  §(—4+3N)
+N(1+N)S_ }+CF ~ N(+N)? NI+ N L
16 2 32
(2),PS,.L _ 4Pss50 8(24+N)(24+N—-N>+2N°?)
ACglvq - CFTFNF |:(N—1)N4(1+N)4(2+N) N3(1+N)3 Sl
LAN-DEHN) g2 AN-DE+N) o 64
N2(1+N)z P17 TN2(1+N)2 P27 (N-DN(I+N)(2+N)
XS?}? (6.9)

8(2+N)(—1-N+N?)
N3(1+N)3 ’
4 P55 4 Psso
(NN I+ N2+ N2 T\~ N N)P N
00V-1) ¢ \ g 8(3—N?+N?) 8(3—2N+N2+N?)
N(1+N) 2) 1= N2(14N)? N2(1+N)?
4(N-1) 8(2+5N+5N?) 16Pygs
- 3N(1+N) 3N(1+N)(2+N) (N-T)N(1+N)2(2+N)?
16(24+N+N?) 16( 4+N+N2) 16(v_1)
N(1+N)(2+N) 1) 2T NI O3 T NN
64 24(2+N+N?)
TNOIMEIN 2T 1+N 2+ N) <3]

ACELPSN — ACEINSL _@)PS _ A\CEINSL | (TN

AC®, = CATr Ny [—

+ S+

Sa

S3+

Si+

Sa1

+CrpTrNp|—

2P254 + 4P249
(N—1)N*(1+N)*(2+N)2 " \ N3(1+N)?(2+N)

20(N—1)

+ 3N(14+N)

12(N71)S )Sl_Q(N )(—8+3N+9N?

2
N(1+N) "2 NZ(1+N)2 51— Si+

—99 _



2(4-19N—10N*+9N?) 64(1+N+N?)

N2(1+N)? 27 3N(1+N)(2+N) 53
128 16(10+N+N?) 64
+ (_ N(1+N)(2+N) S1+ (N—1)(2+N)? )S—Q_ N(1+N)(2+N) S-3
16(N—1) 128

+ S_o1+

N(1+N)(2+N)>3

48(2+N+N?)
N+ P2 T NI 2+ ]’

with the polynomials

Pig3=N°+3N*—3N3-9N? 8N -8, (
Pigs =2N° +6N*+ N3 —6N? 411N +10, (
Pyys=—27TN*—42N3 —47N? 424, (
Poys=95N*+178 N> +123N?+40N — 16, (
Poy7 = 103N*+140N3+58N? +-21N +36, (
Py3g = 24TN* 1548 N3 +-223N% + 30N +72, (
Pyys =—51NS—131N°—163N* —81N34+26 N2 —8N —16, (6.18
Payg=N°+5N°+3N*—13N?—20N?+12N +16, (
Pyso=TNS+16N° —~11N*—18N3+6N? —44N —32, (
Py51 =1371N643429N° +3437N*4+655N3 —940N2 472N +360, (
Payz =3155N°+9951N°+9867N*+3473N?+546 N> — 72N —432, (
Pysy =6N®+20N7+2N%—36N° —43N* — 62N> —47TN?+12N 420, (
Pys3 = —16395N10—74235N% — 111388 N® —28126 N" +111413N® 4125177 N°

+41930N1+12464 N3 +23688 N2 4-3600N — 5184, (6.24)
Posy =2N0 418N 426 N8 —42N7 — 253N —563N° —633N* — 181 N3 +126 N2

+4N —40, (6.25)
Poss =4ANY 418N —2N® —74ANT 45N+ 141 N5+ 99N* +171N3+122N2

—44N —56, (6.26)
Pos6 =331N'10 41451 N° +2196 N8 4606 N " —2293N°® —2697N° — 2506 N4

—92336N3—1232N?+112N 4224, (6.27)

and the coefficients zi(Jl.) given in [54, 55]. Up to two-loop order, the Wilson coefficients were

given in different schemes [47, 49, 50, 119]. In particular the non-singlet Wilson coefficients
are also given in the MS scheme [40, 120]. Our results agree with the results given in
different form in refs. [46-48] and [49].

We now turn to the Wilson coefficients at three-loop order. The non-singlet Wilson
coefficient is given by”

NS,(3) _
Acgl,q -
c2loa |- 20¢5 P54 85_2,1,-2Prs3 165_2 3 Pr60 36(2 Proa _
FAMYA|IT3NA+N) "~ 3N(1+N) IN(I+N) ' 5BN2(1+N)2

"The polynomials P; to Prs2 mostly describe the different parts of the Wilson coefficients of F», Fr, and
xF3, given in the ancillary files to the present paper.

~ 93 -



455 Pres 459,11 Prre 52 Prgg 4S5_31Ps15

~ 9N(1+N) 3N2(1+ N)? T 2TN2(1+ N)2  9(—1+ N)N2(1+ N)2(2+ N)
I 85 _2,2Pga1 4 454 Ps3r

27(—1+ N)N2(1+ N)2(2+ N) " 27(—1+ N)N2(1 + N)2(2 + N)
i 4531 Ps3s _ 8S5_2,1,1Ps39

27(—=14+ N)N2(1+ N)2(2+ N) 27(-1+ N)N2(1+ N)2(2+ N)
n (3Pss0 i Pgsa

3(—1+ N)N3(1 - NP2+ N) ' 648(—1+ N)2ZNS(1 + N)5(2 + N)
+ 2C3P828 _ 253P820

31+ N)N2(1+ N2+ N)  27(—1+ N)N2(1+ N2 (2 + N)

+ 85—2,1})836 + P878

271+ N)N2(1L + N)2(2+ N) " 648(—1 + N)ZN5(1 - NP (2 + N)

455 1 Prso2 Psas 2960 160 15104
— 3 93+ 551 —55-21

TN (TN T <162N3(1+N)3(2+N)

8(15+ 236N +236N?)S5  8( — 99+ 734N + T34N?) S,
IN(1+N) + IN(1+ N)

+ 480C3> So +

2080 8( — 1212 4 869N + 869N?) S 1
+ 25685 + =5 Sa.3 + 39205, 5 — NI
8(1662 + 61N +61N?)S 25 32(107 + 50N +50N?)S 31
- IN(1+ N) 3N(1+N)
4000 40(6 + 13N + 13N?)S211 11552
+ 64572773 — T574’1 — AN(1+N) ~ 3 52,1,72
32(— 1020 + 239N + 239N?)S 511 11744 12224
— S 01,2— 7S 221
IN(1+ N) 3 3

+ 24054,1

— 38405 53 —

32
- 352,2,1

+ 198453,171 -

6784

S 511 — 12855111 + 117765 51,11 + 560§5> Si+ ( 155 Prac

1,1, _m

Psgs 40 oo 4( =744 + 733N + 733N?) S3
T 36(—1+ N)N*(1+ N)i2+N) 3"2 t 9N(1+ N)

16(30 4 29N + 29N?) Sz 2464S 208( — 544 19N + 19N?)S 5,
IN(1+ N) Ty ooslt IN(1+ N)

7216 6304 16256 4(94+ 35N +35N?) (3 9
+ 5 S22+ 5531 +8051 — =521+ NO TN ST

— 8854

Psas 4(108 + 491N +491N?) Sy 1648 320
T (54N3(1 + N3 27TN(1 + N) + 5 S3 — 75271 + 1120521

—110 + 433N + 433N? 44 616
_ 96(3) ST+ ( ;N(l n jv) + 882) Si+ 557+ (—354 +8805_3,

N Pars 16( — 1143 + 1159N + 1159N?) S5

324(—14 N)N*(1+ N)*(2+ N) 2TN(1+ N)

3760 20(4+9N +9N?)S>1 3136 8( — 446 + TIN + TIN?)S 5,
-3 S22 3N(1+N) 3 73 3N(1+N)

3
544 12736 12(18 + 77N + 7T7N?) (s 64 3
_ 752,1,1 + TS_Z’M - NOTN) So + 352

Pgyg 1072
. (81(—1 +N)N3(1+N)32+N) 9 S2,1 + 2656521 + 256<3) Ss+
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3392 o 16C3P753 + 4SQP832
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_ 85.21Pm9  8S3Pres 2Pg76
3BN(1+N) 27N+ N) 8I(—1+ N)2Ni(1+ N)42+ N)
4Psgr 8(24 + 185N + 185N?) S,
T T 81(—1+ N)2N3(1+ N)3(2+ N) + 3N(1+ N)

+

S2 + 22456 + (

+ 60853

11264 1312 4Ps23
+ S0+ T3S a0 + 1248C3> S1+ < 9(—1+ N)N?(1+ N)2(2+ N)

32(150 + 71N + 71N?) S5
IN(1+N)

16(81 + 139N + 139N?) 57

4
27N(1+ N) +3257 -

- 11252> S? —

128
3

S3 + 22245, — 3136531 — 17285 99 — 2048531 + 44805 91 1 + ?c%)s,rz

2Pa1s 4( — 2224 161N + 161N?) S,
T sarmearyeeey T SN+ N)

_|_

+ 39257

Sa

9 32 3 4P859 2176
- 16852>S—2 — 35T <81(—1+N)N3(1+N)3(2+N) * < 3

i

4Psoo g 8(1044 + 335N + 335N%)S; 2416
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4( = 678 + T7T3N + 7T73N?) S
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— 272085 + ( ( ) 406451)5_2

3N(1+ N) 3

2Pz40
(=14+ N)N2(1+ N)2(2+ N)

— 80521 + 35845 51 — 64(3)S_3 — 1184525 + ( o7

4( =126 + 31N 4 31N?) S,

45657 + 1505, + 9605_2) S_4+ ( APros

IN(1+ N) ~ 9N(1+N)
392051 544 4Psae 2
3 >5—5 -3 o6t <9N3(1 +NBE2+N) 288C3> S, 44053,
16( — 303 + 431N + 431N?)Sy5  4(2898 + 487N + 487N?) S, 5
9N(1+ N) B 9N(1+ N)
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T RO T MM+ VPN
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— 23845_472 — 12165_47_2 + 2885_5’1 + ON(LT V)
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— 216052, 31 + 2784531 2 + 485321 + -S40 + ( SN TN )
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Pgs = 1963N84-7582N7 + 13276 N +-8530 N —63305N* — 126830 N3 — 44544 N2
+45216N +33696,

Pgs7 = 3761 N®+15422N 7 +6284N°® —22930N° +78905N* 4182846 N3 461872 N>
—51408 N — 36288,

Pgsg = 4258 N8 +16762N 7 +18841N° —1469N° —28625N* —39305N3 — 126722
+15102N +12636,

Pgso = 5894N8 424143 N7 +14789N°® —22336 N +120647N* 4264683 N3
+91248 N2 —80460N — 55728,

Psgo = 17529N8 456958 N 7 +34840N°® —52470N° —72773N* —21696 N3 —4220N 2
—10440N — 7344,

Pgg1 = 28551 N8 +92280N7 +118370N° +46548 N° — 11961 N4 + 10748 N3
+12600N2—14112N —9936,

Pggo =43949N8 4169784 N7+ 155918 N —99922N° — 174643 N* —20848 N3
+15276 N? —15534N — 7884,

Pgg3 = 50689 N +208318 N7 4323478 N6 4236812 N° 486401 N* +16554 N3
—2304N?—2772N —540,

Pggs = —T1503NY — 425688 N°® —980826 N " —1101180N°® —615171N°
— 147456 N* — 4292 N3 + 4428 N2 +2940N 472,

Pgsgs = 24N 4+82N8 — N7 —166N®+590N°+262N* —1321 N3 —1098 N2
+52N +424,

Pgeg =261 N°+783N8—127N" —1760N° —493 N> —1289 N* —1879N*>
—758N%4114N —36,

Pggr =T868 N +22794N® +4185 N7 —36138N°® —70242N° —28434N*
+88933N3+85194N2 —6336.N — 36720,

Pggs = —5563N 10 —22141 N —36762N® — 34822 N7 + 5681 N +48719N°>
+42980N* +28996 N3 +19056 N% — 7936 N — 10560,

Pggog = —4253N10—19223N° —23706 N® +10042N " 439207 N° +16757N°>
—6072N*+1800N3+6168 N2 —528 N — 1760,
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(6.140)

(6.141)

(6.142)

(6.143)

(6.144)

(6.145)

(6.146)

(6.147)

(6.148)

(6.149)

(6.150)

(6.151)

(6.152)

(6.153)

(6.154)

(6.155)



Pgro=561N" 42523 N9 44538 N8 +4510N " 4+1005N° — 5025 N° —8992 N4
—T960N3—8936 N2 —1968 N +1312,

Pg71 =6009N10+21117N° 38586 N® + 68306 N 461705 N6 428925 N°
—2468N* —31900N3 438584 N2 473824 N +29088,

Pg7o =80453N 101440578 N +771262N® +284116 N7 — 538565 N°® — 656852 N>
—328702N* —44730N3 483592 N2 +19008 N — 16848,

Pgr3 =463143N10 12173209 N° +3165914 N8 + 374654 N 7 — 3058933 N'©
—2659411N° —640204N* —29428 N3 — 117840 N2 426496 N + 53568,

Pg7y =245 N 4944 N1 4786 N —975 N8 — 1959 N7 —1998 N6 — 1756 N°
—695N*4+T748N34+228 N2 —112N —64,

Pgrs = 10683 N 442732 N 10+ 25931 N — 78468 N® —83703N " — 19116 N©
—61407N° —68436 N* —10052N3 414856 N2 — 468N — 648,

Py = 27981 N +110952N1° 473084 N — 183261 N® — 220299 N7
—92178N°—170226 N® — 155637 N* +92 N>+ 35868 N2 — 3960 N — 3024,

Pgrr =599375N 1243815193 N1 48947106 N 10 +8383052 N — 1037899 N ®
—9404623N7 — 8442036 N —2234074N° 41430550 N* + 814536 N3
—384156 N2 —321408 N — 50544,

Pgrg = —458487N13 —2189691 N2 — 3476151 N — 706147 N 1°
+5181991 N2 46607155 N° —353013N 7 —6891201.N° — 4645260 N°
1669484 N1 +2725928 N3 +-920640 N? — 844704 N — 521856,

Py = —3069N 12 +2556 N12+ 79368 N 1! 4221328 N0 +43770N° — 547648 N'®
—435404N7 —15640N° — 194549 N> —563692N* — 68324 N> +170136 N>
+10848N —26784,

Pggo =3003N "3 +13255 N2 427059 N 32543 N1 397N — 54447 N8 —26095N 7
+141989N6+192852N°+62644N* — 92576 N3 — 56336 N2 +29952 N
420672,

Pgg1 = 428649N "3 41845381 N2 +2026189N ! —1935731 N'° — 5520669 N
—1634037N®+3712287N" +2628591N° 4266216 N° + 1213892 N*
+461088 N3 —542160N2 —82944 N 4119232,

Pggo = —5729259N 1% — 30802914 N 14 — 53071856 N 12 — 478888 N 12
+104531506 N1 +96490716 N 10 — 31073520 —90914040N® — 6356436 7N 7
—54366650N° —31332904N° +18604224N* 4+ 17762832 N3 — 2637792 N>
—4240512N — 559872,
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(6.162)
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(6.164)

(6.165)

(6.166)
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Pggz = —T255N° —40527 N — 54850 N '3 + 77690 N 12 4228204 N ! +-45864 N 10
—240778N? —240422N8 —203989N 7 — 270809 N6 —72500N° 4144732
N*4+110144N3 —17904N?2 — 37248 N — 10176,

Pggy = 494694N 1 +2631933 N1 4-3703662N 3 — 3856542 N2 — 13210842 N !
—3078616 N0 +14028102N° 413282506 N8+ 9865380 N 7 414654523 N6
47299204 N° —6176300N* — 4977096 N> +807456 N2 41390176 N
+300672.

The transition from the Larin scheme to the MS scheme is performed by

ACNSEM(N a.) = Z5Y(N, as) ACYSBL(N, a,)

91,9

(6.169)

(6.170)

(6.171)

and the Z-factor Z5 Y(N, a,) providing the finite renormalization is calculated in appendix A.
Comparing (6.171) to the non-singlet Wilson coefficient of F3(x, @?),® without the dg.

term one obtains

ACNS, ()M _ NS, (k)

o =Cpa fork=1,2,3

in the MS scheme.
The function AC’gfﬁj’(s) is given by

daped®® 64 Pggs 512Pgg7

Acdabcv(‘?’) o

91,4 No NF{(Nl)N(1+N)(2+N) T (N“DNOA+N)2+N)

S3.1

256 Psgs 512Pgos
(N -1)N2(1+N)2(2+ N) (N —1)N2(1+ N)2(2+ N)
32Pyo0 128( — 16 + 5N + 5N?)
3(N—1)N(1+ N)2+N) Gt (‘ (N—1)N(1+ N)(2+ N)
B 256 Psos 5 1024 S
(N —1)N2(1+ N)2(2+ N) (N-1)(2+N)"%
1024(2 + N + N?) 128(2 — N +2N° + N*)
T (NSDN2(1+ N2 2+ N) C3> 51— (N—1)N(1+N)(2+N)
64 Psgo 256( — 1+ 2N +2N?)
+ (_ N-DONITNEEN) (N DNIT M+ N !

Sa +

_l’_

1024

¢ 256 Pyor
N1+N)>

(N=1)N(1+N)(2+N)
512 64(6 + N + N?) 1024

(N — 1)(2+N)Sl>5_3 TN DEE N S-a-
512 1024 512

- N(1+N)S_2’3 T (vN- 1)(2+N)S_3’1 TN+
2048 1280(N — 2)(3 + N)

(N —1)(2+ N) 3N(1+N) G (s

+ )5_2 + 6452, + (

_l’_

S_41

+ S 211 —

8See the ancillary files to the present paper.
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(6.172)
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with

Psgs = N* +2N% — 7TN? — 8N + 30, ( )
Pygy = N* +2N3 —4N? — 5N + 2, ( )
Pygs = N* 4+ 2N% — N? — 2N — 4, (6.176)
Pggg = 5N* + 10N? — 19N? — 24N + 10, (6.177)
Pooo = TN* + 14N3 — 19N? — 26N + 216. ( )

The Wilson coefficient AC’gfch’(:s) obeys

ACare () (N = 1) = 0 (6.179)

91,9

and does not contribute to the Bjorken sum rule [102, 177-179]. Three and four-index
dapeq Structures do, however, contribute at four-loop order. Let us also present this term in
z-space. One obtains

—z dabed™™ N 224, 32 1280
ACutp O072) (z) = e 28 {64+160<2+3 G- -5 <5] 5(1—2) (6.180)
dll C) ’ —_—
Acghbq ® +(z) =0 (6.181)
Te, da cdabCN 1 1
Acgla"chv(S)v 9(z)= chF{—768(1—z)—|—1+z [l—z (32(2+Z+3z2—3z3+z4)H%

—6;,24H8+1§8(—6—11z+322+1lz3+624)H0C2) +64(—3

+32+112%)Ho—128(1+6z+2%)Ho 1 +64(—5+52+32°

64(1+72+2°)

2172
3z HOHl

+z3)42} +(1-2) {—896H1+6;H3H1 +

128 256(1+72+2°) 128(1+472+2%)
— =3 HoHo ——————HoHHo +———Hj,
256(1+72+27) 256(1+72+2 512
+3—ZH0H0,1,1*3—Z)H0,0,1,1+72H0,71,0,1
256(1+72+27) 256 (1+72+42° 512
+(TH0H1C2—%HOJQ—TZHO,A@
512(14+42+2°) (1-2)°

P chg] +(1+2) [ (64H%,Ho—128H_1Hy _4

z
512(1—
+128Hp _1,-1)+ % (Ho,—1,01—Ho,—1(2) +

64(3+4z+322 128(1— 2422

MO g U e g

128(3—|—14z—|—322) 512(1—z+2%)
3z 3z

64(1—8z+27) 512(1—-2+27)
-, Ho-1T— 3,

64(1—-8z+2%)

z

XHleO*

+256H_;HaHg 1 — H_1Ho1+

X H2_1H0’1 —256H0H%71 —

z

12 512(1—z+22
H_1H0H07_1+78(7+32)H0,071—1024H_1H0H07071—%x
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512(1—z+22 128(3+142+322
><H71H0,0,1+%H71H0,0,71+¥H0,1,71

1024 (1—z+22
+256(H0,1,1—H0,1,—1)H3—%

128(3+142+322 1024(1—2z+22
+—< w ) 0,—1,1——(3Z ) —1Ho, 11

H_1Ho1,—1—256Ho 1 1H}

+512(1—z+22)
3z

512(1—2+42%)

HoHo,—1,—1+1024H_1Hg 00,1+ 5
512(1—2+42%)

xHog,0,1,—1+1024HoHp0,1,-1+ Ho0,—1,1+1024HoHp 0,—1,1

3z
512(1—2+27) 1024 (1—2z+2%)
_(T 0,0,—1,—1 (TH0,1,71,71+512H0
1024(1—z+22 1024(1—z+22
XHO,—l,O,l"‘%HO,—I,L—l‘F%HO,—I,—IJ

+1536H0,0,0,1,1 —1024H0,0,0,1,—1—1024Hg 0,0,—1,1 +1024H 0,1,0,1

512(1-2+42%)

—512Hp0,-1,0,1+ H_1HoCo+256H_1Hj (o

3z
64(9+222+92 512(1—2z+2z
+(3—Z) — C2—¥H2,1 2+512H0H071C2
2048
—512HoHy, _1§2—1024H001C2+512H00_1§2——H 1¢3
256(1—z+27)

—512H_1Ho(s+ H_1¢3—512H0,1¢3+512Hg,-1(3

128(—3—42—62>+10z°)
3(1—2)z

128

2(6+2)HgHo,1 — HoHo_4

128(—3—2—132"+32°)
3z

256 512
2?H3Ho 1+ —-2(6+2)HoHo 0,1+

X Ho 0,—1 + %22H0H0707,1 - 1024ZH0707071 - 512221’1070707,1

—1282(242)H3 (o +

64(1— zi(l-i—z HyGo _’_72(44_ )ng

+<—634(79—25z+15z )+256C2>C3—( 6+2)2Ho(3+2560(5

(256Ho 0,-1—192C5 )} (6.182)

1—2

Illustrating three-loop heavy flavor effects on the polarized non-singlet structure function

®) , despite

g8 (z,Q?) in ref. [120] it was assumed that there is no contribution by ACgf,”qC’
this function is only known now. This is correct for the three massless quark flavors dealt
with there, but changes if four or five massless flavors are considered at very high virtualities
or energies. One may generally assume some suppression due to (6.179), but there is a
finite contribution. Note that AC’gf,”qc’(g) is independent of the scheme employed for the
treatment of s, since its contribution is finite.

The other Wilson coeflicients are calculated in the Larin scheme. The pure-singlet
Wilson coefficient at three-loops reads

128(3 Poo2 _ 32Py36
N —DN2(L+ N)22+ N) _ 243(N — 1)2N5(1 + N)5(2 + V)

ACPS().L CF{T§N% +

91,9
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_32(2+ N)Porg
SINI(1+ N)

32(N — 1)(2+ N)S,
INZ(1+ N)?

o

)Sl+6

4(N —1)(2+ N)S}
27TN2(1 + N)2

16(2+ N)(21 4 17N — 6N + 16N?) 5§
+ 2INS (1 NP

Sy — 160(N — 1)(2+ N)S;

N 16(2 + N)(21 + 5N — 24N> + 46N?)

27TN3(1+ N)3

512(—5— 12N +5N?%)S_»

27TN?(1 + N)2 9(N — 1)2N

(1+N)2@2+N)

_ 10245 _3

3N - DN+ N2+ N)

645_3,1 Poo1 2054 Poos

+CaTrNp [3(1\7 “IN21+ N)2Z2+N)  3(N-—DN2(1+ N)2(2+ N)
B 16S_2,2Poos + 16.52,1 Poos 645_2,1,1 Poor

(N _DN?(I+ N2+ N) " 3NS(1+ N)® ' 3(N _ N1+ N)2(2+ N)
+ 8Si’)P910 _ SS—4P915 . 16S_271P923

2TN3(1+ NP 3(N - DN2(1+ NP2+ N)  3(N - DN3(L+ NP2+ N)
+ 833P927 + 8P938

27(N —DN3(LL NP2+ N) | 243(N — 1)2NS(1 + N)5(2 1 N)
_ 852 Py13 i 16S5_21Po11 _ 853 Py12

9N3(1+ N)3  3(N —1)N2(1+ N)2(2+N) 9(N —1)N2(1+ N)2(2+ N)
8Po34 4Py2g 80(N —1)(2+ N)S

T 8I(N — 1)N5(1+N)5(2+N)>51 + (

2TN4(1+ N)*

)

3N2(1+ N)2

2 2 2 2
< S2 4 28(N - 1)(2+N)Sf 16(5 — 2N — 2N?)S3 B 16(22 + N + N?) 5t
1 9N2(1+ N)2 3N2(1+ N)2 3N2(1+ N)2

n 1651 Po22 16 Po33

BN DNS(1L NPEIN) T 9

(N —1)2N* (1 + N)*(2+N)
16( —2+3N +3N?)S2,

452 Poas

32(8 4+ N + N?)S
B (8+N+ )2>52_

3N2(1+ N)? 3N2(1+ N)2 ~ 27TN4(1+4 N)*
n 8Pyos 4 851Po16 S
3IN—DN3(1+ NP2+ N) " 3(N—DN2(1+N)22+N) )°3
320(24+ N + N?)Ss 32(N —1)(2+ N)S211 96(N —1)(2+ N)¢3
(N—DN2(1+ N)2(2+ N) 3N2(1+ N)2 T T BN2(1+ N)2
3(N—1)N2(1+N)22+N) 9N —1)N3(1+N)3(2+N) G
2 64.53,1 Pooa 854 Pooo
T CFTFNF{_ (N DN2(1 L NP2+ N) T 3N DN (1+ NP2+ N)
_ 853 Po20 _ 455 Py31
9N -—1N3(1+N)B2+N) 3(N—-1Ni1+N)I2+N)
B 8Py37 i 1653 Po14
3(N —1)2N5(1+ N)5(2+ N) 9(N —1)N2(1+ N)>(2+ N)
- 852P917 + 8P935
3N3(1+N)3 " 3(N—1)2N5(1+ N)5(2 + N)

256(2+ N + N?)S_2,
(N—-1)N%2(14+ N)2(2+ N)

)Srf—
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4P932 112(N — 1)(2 + N)SQ 82
T DN MIET ) T 3NE(1+ N 1

16(2+ N)(22 4 2N — 15N% + 27N*) S 68(N — 1)(2 + N)S2
9N3(1 + N)? 3N2(1+ N)2

(N—12N3(1+N)3(2+N) (N—1)2N3(1+ N)3(2+ N)

128( — 4+ N + N?) ¢ 128( —4+ N+ N?) 5, g
(N —1)N2(1+ N)2(2+ N) (N—1)N2(1+N)2(2+N)> —2

n 64Py1s __IBIV-2)B+ NS g
(N—DN3(1+N)22+N) (N—-DN2(1+N)322+N) )73
128( -6 +5N +5N%)S_y  64(4+ 3N —3N*+2N?%)S;,

~ (N-1)N2(1+N)2(2+N) 3N3(1+ N)3
256(6 — N — 2N+ N®)S 51 256( —2+3N +3N?)S 5,
~ (N-1)N3(1+N)2(2+N) (N —1)N2(1+ N)2(2+ N)

1024( =1+ N+ N?)S_31  32(N — 1)(2+ N)Sa1.1

(N—-1)N2(1+N)2(2+N) 3N2(1+ N)2
96(N — 1)(2 4+ N)¢3 102458211 44(N —1)(2+ N)S?

5NZ(1+ N)2 (N-1)N(1+ N)(2+N) INZ(1+ N)2

32Pyn 128(7+ 4N + 4N?) Sy

(6.183)

with the polynomials

Pyg1 = N*4+2N3—63N? —64N +28, ( )
Pogy = N*42N%—39N? —40N +4, ( )
Pooz=N*4+2N3—15N2 - 16N +124, ( )
Pyos = N*+2N3+5N2+4N +20, ( )
Pyos = N*+2N?+73N?+72N —20, ( )
Pyos = N*+10N3 —5N2 418N +12, ( )
Poo7 =5N*+10N3+93N? 488N —4, ( )
Pyog = TN*+14N3-81N? —88N +100, ( )
Pogo =19N*+38N3 —105N? — 124N 4556, (6.192)
P19 =23N*4+ N3 —107N?4+167N +222, ( )
Py1y =25N*+50N3+137N?+112N +60, ( )
Py1o =3TN*474N3 —375N2 —412N —44, ( )
P13 =3TN*4+77TN3—97N?+151 N +246, ( )
Py14 =43N*+86N>+87N?+44N +316, ( )
Py15 =4TN*+94N3 —393N2 — 440N +308, ( )
Py16=63N*+126 N +127N?+64N +4, ( )
Py17 =65N*4+86 N3 —49N?+66 N +96, ( )
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Py1g =N+ 2N*+7N3 —6N+12, (6.201)
Py19=161N°+23N*+55N3+55N? — 12N — 18, (6.202)
Py2o =3NC®+27N° +157TN* +461 N3 +1212N?+380N +64, (6.203)
Pyo1 =3NC®+33N°+7IN*4-115N3 +294N? +4N —88, (6.204)
Pygo = 10N®4+24N5+7N* —30N3 —135N2 —64N 492, (6.205)
Pyo3 =21N°434N°—191N* —248 N3 —40N? — 184N —160, (6.206)
Pyoy =58N64+237N° 811N+ — 1741 N3 +873N? +652N —852, (6.207)
Poyo5 =63N°®+138N°+23N* 4228 N3+ 308 N2 —456 N — 240, (6.208)
Pyog =TINC+78N° —1526 N* — 1632 N3 — 794N —3351.N — 1710, (6.209)
Pyy7 = 199N +588N°+20N* —208 N3 +3177N?+1612N — 1068, (6.210)
Poog = 953N +2298 N° —664N* —2490 N3 +980N? —1455N — 1422, (6.211)
Pyog=N"+NS—10N°—14N* -35N34+9N?+20N —4, (6.212)
Py3o=NT"4+2N420N°+10N*—25N3 —92N? — 12N +32, (6.213)
Py31 =56 NS 4+205 N7+ 154N +40N° —84N* —977N3 —942N? + 308 N +472, (6.214)
P30 =156 N8 +501N"4164N° —374N° —242N* —1139N3 —958 N? + 524N

+600, (6.215)
P33 =45N4-57TN®+386 N" +232N°® — 1896 N® —2008 N* +937 N3 463 N>

—228N —84, (6.216)
P34 =2701N° +11348N° +6606N® — 13281 N7 +8301 N°®+20247N°+980N*

+32572N3+10626 N? — 17460 N — 10800, (6.217)
Py3s =96 N1 +302N0 —111N° —890N8—689N" 4706 N6 42477 N° 42544 N*

—497N®—1854N? 4324 N +664, (6.218)
Py3s =2042N 1 +6095 N0 —2575 N9 — 15042 N8 — 2412 N7 +15972N° +22057N°

+18358N* 42452 N3 —8427N? + 468N +2484, (6.219)
Py37 =260N'34+1033N12+-579N 1 —2050N 10 —2768 N — 582 N8 + 146 N” —680N©

+752N°+1237N* —765N3 —950 N2 +356 N +360, (6.220)
Pysg = 30520N 13 4123245 N2 4-50588 N1 — 274955 N1 —241017N 4129972 N®

+331898 N7 +404113N°+59461N° —137557N* — 25818 N3 +116766 N>

+1080N —29160. (6.221)

Finally, the Wilson coefficient AC;?,)g is given by
ACH, = ACH + ACH, (6222)

with
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X2 T RN NS (1L NP+ N)E T oINA+ N2+ N) 3
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- ( ) So.1— S 21

BN(1+ N)(2+ N)

64( — 46 + 5N +5N?)
IN(1+ N)(2+ N) C3)

BN(1+ N)(2+ N)

68(N —1) 4 4P1025
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Pygs = 485NC+975N°+-2077TN* +477T7N> +666N* — 3820 N + 13848,

Pygg =641 N®+1995N°+3601N* +5437 N3+ 11178 N*+6116 N — 1320,
Piogo = T64N° 41896 N° —592N* —1797 N3 +413N? — 3762 N — 3600,
Pioo1 = 1721N°® +3837N5 +29N* 4909 N + 4838 N2 — 5394 N — 5508,
Pioo2 =30N7+51N®—5N°—173N* - 63N> —22N? 118N +12,
Pioo3 = 140N" 4643 N6 4+902N° + N* —676 N3 +94N?4-264N — 216,
Pigos = 200N +1357N° +2729N° +1069N* —481 N3 +1174N? — 324N — 1080,
Pioos = 293N 7 +513N64+2089 N> 44287 N+ +11362N>3 49848 N2 +3496 N — 784,
Pioos = 383N +1702N° +689N° — 4466 N* —4516 N® — 176 N* — 312N — 336,
Pioo7 = 388N 41781 N® +1660N° —2725N* —5366 N3 — 2458 N? — 192N — 216,
Pioog = 1067TN 7 +5191N°+5663N° —2933N* —2176 N> +4672N % — 288N — 1008,
Pioog = 1427TN7+6712N°® +6878 N® —5021 N* — 4822 N3 +280N?2 — 12132 N — 8856,
Pio1o = 14TINT+7367N°®+12949N°+9107N* +6508 N3+ 4334 N2 — 12144 N

—10440,
Pio11 = —205N% —904N" 488 N6 43218 N° +2309N* 4254 N — 944 N? — 2584 N
—1424,
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Pig12 = 13N®+50N7+104N®+130N° +127N* + 136 N3+ 100N2 436 N — 24,
Pio13 =35N8+142N7 + 16 N® —424 N>+ 341 N* + 1418 N>+ 704N> +24 N +48,
Pio1a = 39N3+390N7—2192N°® —4350N° +10577N* +8384 N3 — 28776 N? —9800N

+13632,

Pio15 =42N8 +141N7 4284 N6 +351N° —1843N* —2925 N3 — 730N 2 —1272N
—960,

Pio16 = TIN®+290N" +108 NS —624N°4437N* +1838 N3 4384 N2
— 248N +48,

Pio17 =90N®+ 417N —155N0 —1779N° +7189N* +14142N3 46376 N2 +4776 N
+3504,

Pio1s =93N®+1048 N7 +2200N° +1622N° +1891 N*+890N3 —936 N2 +376 N
1624,

Pio19 =114N84+345N7—222 N6 —1074N° —1960N* —3335 N3 — 2280 N2 — 68 N
1416,

P20 =153N8+725 N7 +380N6 —2494N° —3431N* —399N3 —510N? —1672N
—1008,

Pioo1 = 191N8+684N7—217N®—1949N° — 1246 N*+2305N3 +4728 N2 +1120N
—432,

Pio2o =240N8+1089N 7 —917N°® —6465N° +6181N* +19980N3 48596 N2 43840 N
13168,

Pio23 = 339N8 4843 N7 —2092N6 —2274N° +1147N* — 14645 N3 —26082N? +116 N
+6360,

Pio24 = 430N8 41951 N7 —340N° —7385N° +2891 N +-11059 N3 +970N? +8136 N
13888,

Pioos = 1565 N8 +5906 N7 43476 NS —7570N° —4705N* 4152 N3 — 8328 N2 4-3888,

Pio2g = 1973N8+5921N7 +1402N°® —1417N°+14062N*+21596 N3 +41243 N>
+14832N —14076,

Ploor =4724N8+15473N 7 +3469N° — 22813 N> 448721 N* 4140300 N> 4112538 N
+15108N — 6480,

Pioos = 19N +63N®+192N7+162N° —513N° —513N* +230N3 - 720N
—216N +144,

Pio29 = 651N 43056 N84+ 1492N 7 — 12986 N® — 24959 N° — 15422 N* — 6056 N
—5680N2+1296N +2592,

Pio30 = —12043N1° — 52199 N? —68592N® —22926 N " 4115557 N6 +458949 N>
+428806 N4 —302176 N3 —337584 N2+ 149040 N + 140832,

~52 -

(6.297)
(6.298)

(6.299)

(6.300)

(6.301)

(6.302)

(6.303)

(6.304)

(6.305)

(6.306)

(6.307)

(6.308)

(6.309)
(6.310)

(6.311)

(6.312)

(6.313)

(6.314)

(6.315)



Pio31 =63N10 4291 N2+ 581 N8+ 1646 N +2335 N6+ 4289 N°+13213N*+5150N3

—12616N*+552N 45232, (6.316)
Pio32 =226 N0 41061 N%+860N® — 1831 N" —2444 N6 +2045N° + 8496 N* +6381.N3

—4438N?2 — 2268 N +2280, (6.317)
Pio33 = 5399N 10421865 N 44191 N® —66642N" —36909 N6 468193 N> +32287N*

+4016 N3 4+45360N2 + 3888 N — 19440, (6.318)
Pio3s = 5459N 1035950 N9 452398 N® — 48294 N7 — 52359 N® +143592N° 4 37432 N4

—26596 N3 +134946 N? — 70632 N — 87480, (6.319)
Pioss = 9429N 10 +33109N° —26912N8 — 199686 N — 184155 N +5745N° +39702N*

+97328 N3 4+-107792N? — 12816 N — 35424, (6.320)
Pio36 = 13789N104+60242N° +31062N8 — 128262 N7 — 48825 N6 4174492 N®

+110408 N* +144844 N3 +66474N?* — 183816 N — 115992, (6.321)
Pio37 =205N12 41122 N —2485 N0 — 21156 N® — 27453 N8 +17874N 7 +42893 N6

—5568N° —25832N* 42784 N3 +10512N2 4576 N — 384, (6.322)
Pio3s =254N12 41391 N1 4 413N 10 —8542 N9 —8007N® +22639N 74 38167N°

+10124N° —9715N* —4980N>+2736 N2 43344 N + 1328, (6.323)

Pioso = 1538 N2 4+8703 N1 +20491 N 104+ 20280 N2 —17340N8 — 20277 N7
+105025 N6+ 77580 N° — 83254 N+ + 66642 N> +131004 N2 — 18792 N

— 42768, (6.324)
Piogo = 3805N12+23880 N +31020N°—63109N° — 153501 N® —33090N " +131168 N6
+144597N° —48240N* — 172070 N> +49356 N* +44280N + 10800, (6.325)

Pios1 =4920N 12422305 N2 4218 N1 — 95044 N 10 —22165N° +174177TNE+27618N”
—156150N% —99101N° —98972N* — 72698 N3 +67716 N* +20376 N —22032, (6.326)
Piogs =617N 4 +4175 N3 +14349N 12+ 30747 N 42959 N 10 — 140311 N — 226729 N8
—109247N7 —131196 N® — 283508 N® — 248768 N'* — 18848 N3 +- 45408 N>
+6528N —2944, (6.327)
Pioas = 32968 N4 4+214291 N 13 4230166 N 12 — 1212607 N1 —2507302N 0 +1955271N°
+5076722N8 — 7562245 N7 — 17306682 N°® — 3182438 N5+ 7389328 N4 4339888 N3
—2572992N? + 515808 N + 673920, (6.328)
Pioas = 34763 N 1211157 N3 1229596 N 12 — 789770 N ! — 1434236 N1 41014978 N?
+2087956 N8 —1947938 N7 —3974499N6 — 2470711 N° 466548 N* +2887812 N3
+1290168 N2 — 982368 N — 702432, (6.329)
Pioss = —10701 N —42606 N4 —112294N13 —235574N 12 — 177548 N1 —133306 N 10
—388110N? 41317318 N® 43159337 N7 41521824 N°+1661012N° +2875000 N4
—65712N3 —1912320N 2439744 N 4466560, (6.330)
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Pios =23379IN'6 4176637 N1° + 336908 N 14 —418342N 13 — 1616541 N2 +367147N !
+3663481 N0 +1241253 N — 2594354 N® — 1895204 N7 +1153767N°
+3040589N° —340384N* —2307312 N> — 1311840 N+ 714096 N +-513216,  (6.331)
Pios7 =295317N 1642034216 N 15 +4013522 N1 — 2161486 N 13 — 8694264 N 2
430856978 N1 488306930 N 10 4-17465238 N? — 110878589 N® —41117522N 7
+85727340N° +17006960N° — 58178704 N* — 9306528 N3 413384512 N2
— 1838592 N —3027456. (6.332)

64(N — 2)(3 + N)Proas
IN(1+ N)(2+ N) &

32P1052

(N —1)N(1+ N)(2+ N)2

512P10s5 g
3(N—D)N2(1+ N)2(2+ N)2~4
64P1os8
45(N = 1)N2(1 + N)2(2 + N)? G

64 P1051
45(N —1)N(1 + N)(2+ N)?

37daC_
ACS(IL)Q = S5 —

Na 45N(1+ N)(2+ N)
128 P1o49
(N -—1)N(1+ N)(2+ N)
. 256 P1os3 S .
BN2(1+N2Z2+ N~ 2!

1024Py 055

TN DN (1 + NP2+ N)? S31 -

128( — 4+ N + N?) Pioso

 (N-1)N2(1+N)2(2+ N)2

daped®® N2 {_ 128(N — 2)(3 4+ N)Pioas

+ 25’34-45

S3 —

512P,0s6 512( —4+ N + N?)
3(N—1)N2(1+N)2(2+N)2<3+ N(I+N)(2+N)
1024( —4+ N + N?) Sz, 512(—8+3N+3N2)S g
NI +N)2+N) 3N(1+ N)(2+ N) —271} 1

_|_

Sy

128( — 19+ 3N +3N?)  256( -4+ N + N?) 512( -4+ N + N?)
[ 3N(1+ N)(2+ N) NI+N)2+N) °37 NA+N)2+N)
768( — 4+ N + N?)

2 64 P1054
x <3] SI—NITMes M

~ 45(N —1)N(1 + N)(2+ N)?
256( — 843N +3N?%) _,
3BN(1+N)2+N) 1

128
24+ N

S253 + [

256 P1os7
45(N — )N2(1+ N)2(2 + N)
256

— E(N_ 1)(—21+N+N2)[53+S—2,1+C3]:|S_2—

_l’_

251 -
s2,

128 Pyos3 256(—8+3N+3N2)S g
T BN2(1+N)22+N) 3N(I+N)2+N) “HP3

256( — 44 3N + 3N?) 128
T BNA+N)2+N) P a5

768( —4+ N + N?)
NOTMEs N 028~ Sal+

(N—=1)(—21+ N+ N?)S_5

256( — 8+ 3N +3N?)
3BN(I+ N)(2+ N) °—22
256 2 256( — 8+ 3N +3N?)
+ E(N — 1)( — 21+ N+ N )[3_273 + S_2717_2] + SNAT M2 TN
1536( — 4+ N + N?) 512(—8+3N+3N2)S
NI+N)2+N) “3LL 7 T3NI+N)2+N) 2,1,1}

S_31

(6.333)
with

Pioys=N*+2N>—16N*—~17N +120, (6.334)
Pios9 =5N*+10N?—16N?—21N +10, (6.335)
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Pioso =5N*4+10N3+3N? —2N —4, ( )
Pygs1 =46N*+92N°+1049N?+1003N — 3342, (6.337)
Pros2 =65N*+130N° —593N? —658 N +5232, (6.338)
Pios3 = N°+3N°+24N*+43N? —142N*~163N — 156, (6.339)
Pross =2N°+6N°+315N* +620N> —1391N? — 1700N +60, (6.340)
Pioss =3N®4+9N° —4N* —23N3 —14N? - N +12, ( )
Piose = IN°+27N° —13N* —TIN® —26N*+ 14N +24, (6.342)
Pios7 =45N°+135N° —140N* —505N? 435N * 4 310N +156, (6.343)
Pioss =2N®+8N"+815N°+2417N° —1509N* — 7037 N> —1780N">

+2140N +-624. (6.344)

At one- and two-loop order ACj is the same in the Larin and M-scheme [52]. The above
Wilson coefficients complete the massless parts of the polarized single and two mass heavy
flavor Wilson coefficients still missing in refs. [116-120].

7 The small- and large x expansions of the Wilson coefficients

We will represent the small x and large x behaviour of the different Wilson coefficients
first in Mellin N space, where the former corresponds to the expansion around N = (0 and
N =1, cf. [180-182], while the latter corresponds to the expansion in the limit N — oco.
Finally, we also consider the large N limit.

The non-singlet Wilson coefficients receive their leading small x contributions from
the expansion around N = 0, retaining the pole terms. The singlet ones also receive
contributions from the pole terms at N = 1. This is due to the Mellin transforms

1 —1)k-t In*1(x
(Nl)k:((k)l)!Ml x()](m (7.1)
_1\k—1
ﬁ = (kl_)l)!MUHk_l(w)](N)- (7.2)

In the large = region we will retain all terms up to o< 1/N in the asymptotic expansion.
Here, terms of the kind

L = (In(N) + 1)’ (7.3)
contribute, which we will replace by
1 1
In(N) + 76 = $1(N) ~ 52+ 0 <N2> , (7.4)

to derive in a more direct way the inverse Mellin transforms. One obtains asymptotically
up to terms of O(LX/N?), k>0, and smaller

M USH(N))(2) ~ — 11— + 1, (7.5)
MYSHN)) (@) = 22020 91— 2) — o1 - a) + 1, (7.6)
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MU SHV))(2) = — 00 36 51021 )~ 3In(1 — o) — 2646(1 — )
M-S (N)) (@) A0 n) _ Behll ) | 56 g3 ) 4+ 6ln2(1 - x)

+12¢ (1 — z) + 2C26(1 — x) — 662 — 8Cs, (7.8)
M S5 (V)] (2) ~ _5111;(_1;23) 302 llni(i—x) B 404311n_(1x— x) 135330

+5In*(1 — z) — 1031 — z) — 30¢2 In?(1 — ) + (30(a + 40(3)

x In(1 — x) 4 (20¢2¢3 — 24(5)d(1 — ) + 3¢2 — 20¢3, (7.9)
M_I[S?(N)](CC) ~ 61n;(i ; x)  60C llni(i— x) 1204311112(; — ) 18(2211117(1‘%— )

—~(120¢C5 — 144¢5) 7 — 61n°(1 — ) + 151 (1 - x)
+60C2 In®(1 — ) — (90¢2 + 120¢3) In?(1 — 2) 4 (120¢3 — 18¢3) In(1 — )

+ (4063 — 2¢3) 61 — x) + 963 + 120023 — 144G, (7.10)
and
M 2 ) & (1 - a), (7.11)
M- S?](VN): () ~ (1 — 2) — Co, (7.12)
M-! S%](VN): () ~ —In®(1 — @) + 3¢ In(1 — 2) — 2G5, (7.13)
M- Si(VN): () = In*(1 — 2) — 6¢2 (1 — z) + 8¢ In(1 — ) + 2G5, (7.14)
M- S?](VN): (2) > — (1 — 2) + 10 In3(1 — z) — 20¢3 In2(1 — ) — 32 In(1 — )
+2002Cs — 24C, (7.15)
M- S?](VN)_ () ~ InS(1 — 2) — 15¢ In(1 — ) + 403 In3(1 — ) + 92 (1 — )

+ (144G5 — 12002¢s) In(1 — ) — ¢} + 40¢3. (7.16)

We will now present the asymptotic behaviour of the Wilson coefficients in the small z and
large x region. For the pure singlet and gluonic Wilson coefficients of the structure function
g1(x, Q%) we refer to the Larin scheme.

7.1 The small = limit

In this section we will show the small x expansion of the Wilson coefficients calculated
above. The non-singlet unpolarized Wilson coefficients have leading singularities at N = 0,
x lnk(:c) and the unpolarized pure singlet and gluonic Wilson coefficients have their leading
singularity at N = 1, i.e. terms as In(x)/x and 1/x. Here we also list the logarithmic
contributions up to the constant terms. One obtains

O ~ Cp[3—2In(x)], (7.17)

— 56 —



178 16

Cray ”CF{TFNF *ln( )+8In(z) + o — & }'FC [ 51 2(2) —321In(x)

~ R 20— 1243} }+C%{—§ In®(z) +9In2(x) + (17+24¢) In(z) — 8,

+3 +56c3}, (7.18)

NS 1 67 1001
C’l(w;q :—20%1n5(3:)+{120%+012r(—m0 + - TFNFHl ()

2783

+ep (MCATFNF SETENZ+ ( +20g2> CA> +C3 (;gNFTF

835 262

+(——64C2)CA>+CF<5+C2>:| (w)+[CF( S TRNE

23062 2630

+84C2> CA) +CF (TFNF< =1

532 17315 265 113 299
5o () (2

4816

14392
+ (M52 - 166 ) ouTene+ (-5

78338 = 3058

+646C3>CF In*(z)+ |Cr —+ = C2)+CA<—81 + =G

TpnE (-4
14152 1376 256
+ 32(3 — 24(22) +CuTrNp (27 — 7C2 + C3>:| + C%v [TFNF <

2999 964 106801 |, 599 418 656
BN -2616 )+ Ca (Ut + e+ 6+ 550

+C%<1619 + @Cﬁ 1543 — 55662)] n(z)

193961 6014 13189 3434 1970
+ C%(CA( TR RN € R <2+520€2C3+<>

648
CTENp <_21%821 n %C _ 11804<3 _ 848<2)> Oy (Ci <_ 1711950823
14917C2 - 1960 7 G~ g(z @CQC?, - 152(5) +TENE ( 4;1230
n 922874‘2 " 128C3) CATrNp <447824938 9040 C T 704 Cz L 282 2824 Cs))
OB (% + B 10— $ 3 - 0046aGs - 87245)} , (7.19)
o) g, (7.20)
OIS~ CuTyp Ny L (55 226) 4 2 () - 21n%(2) + (112 - 3262) In(a)
+12— 16(3} (7.21)
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O et ~ g, (7.30)

1

1 /13568 256 128 2048 11264
C}(7L)q ~CF {T,%N%L(&—@) - n*(z )— =5 In(z)— 27}

+CaTpNp | ( 208 492465+ 6404“3) 0P () + 250 In?(x)
(S (R ) 42210 ) nta) + S50 61— 104G
+C2Tr Ny [i (3584 — 7@ - 256@,) —576¢s+ (160 — 512@) In(z)
1612 (2) + L (o )] (7.32)
o), =0, (7.33)
CR)  ~32C4TpNr |~ 5- —|—ln(aj)] —160FTrNp(In(z) + 1), (7.34)
,a 4352 128 7744 256
3584 256 3232 128 88192
=57~ *CQ - C3>} +CATENE ( - Cz) +CATFNF< =i
2080 640 160 80
+C2+C3)} { 7CATFNF C%TFNF-FCF <3CATFNF
+ W)TFNFH In3(z) + [EfchFNF —20C%TpNp + ?CAT;%N%
+CFg <—CATFNF+928TFNF> 1112(:6) —SZOC'ATFNF-FCF(
CaTrNp (—616 - 288(2) +TENZ (13664 - 256(2>) +C2 TNy (32
+ 1924“2) + O TR N (—7280 2405 )} n(z)+Cp [TFNF (20264
1664 2776 512
G 128C3> +CATrNF (—9 — 5 G+ 64C3>] +CATrNF (
5168
258 4 2006, — 704@,) + CFTFNF( 924+ 25605+ 384(3)
35200 ATANZ, (7.35)
O et ~ ), (7.36)
C]%)qNS ~ Cp[l-2log(x)], (7.37)
103 122 1327
CRS = Cp{ €| -2 (w) - 1 ) 4 (- 152 4 862) ) T+ o

— 60 —



+843]+TFNF P in?(z)+ 3 In(x) + 50— % ]}Jrq% T’ (z)
+21In%(x) + (21 +8¢2) In(z) — 3’ —20¢ + 1643} : (7.38)
Cg{;]NS ~ C%{TFNF {—3911114(33) - 4:éﬁlng(ac)—i— (—53;4 - % 2) an(x)—l— <_28711
=20 () + 4 S+ TG-S

+Cy

29, 5 43 . 4 24245 220 13297
— 1 In%(2) + 3. In (m)—i—( 6 —i—C) a )—i—( +401¢s

404119 16273 9206 3416 496687
+328C3) lHQ(x)"i'(_ 394 + 27 C2+ 9 C3 15 CZ) ( )_ 216

54412 1252 1865 5306
fa G (5 - 018G ) G+ 6|

3681 3(a)— 2848 lng(x)+( 6736Jr 42> n(z)— 35896

2 n72
+CF{TFNF 81 729

1 12 12 2 1544 432 224
3 7 G2t 843:|+CATFNF {71104(%)—%;71113(95)4‘(83—(2)

52168 6224 . | 608 433462 37480 . | 1288
X1H2($)+<81—42+C3> n(z)+ - — g Gt 563

64 2 166 9799 64 38642
-]+ pwt ) - i)+ (-2 - S ) )+ (-5

+ 200226 (s >+(—53‘“+“26()<2—‘“6<2—1696<) n(a)

_ 10114054895 5282114 o 1?28 2y ( 9932 @ G ) ¢y 396 C5H

-I-C%Ezlng‘(x)%—?;ln‘l(x)—k<—49—7104> 3(a )+<m§5_1373

—28643) n2(z) + (55453 2308C B 1978<3_ 4:?)8@) (a:)—i—%

BB (T e ) G- 21015 . (7.39)

) dase dabcizV“:NF {_i’?hﬁ(gg) + (_704 + 256@) (x)+ ( 1600 — @Cz

+ 288G 4 556 o)+ (~1056 496G+ 506 ) () - 11

9560, — 3104<2 (3904 1856(2)C3 B 3584C5} (7.40)
ACSINSL ~ —Cp(7+21n(z)), (7.41)

AC’g)qNSLNCF{CA{QIn?’() BL12(2) + <238+8§‘2) n(a)— S 280, 4 8ey| 4

— 61 —



+TpNp T 1n®(z) + 21 In%(z)

10, 2 56 502 16 2
ig'hl CE)‘F‘E*ID($)'+’7??'—‘?; 2] }‘+‘(7F

+(214-8¢2) In(z) + % —20(,+ 16@4 , (7.42)
(7.43)

ACPPSL ~ CpTpNp {2; In® () +581n?(z) + (172 — 32(2) In(x) + 280 — 962 — 16(3} ,

(7.44)

184

91,9 27

(3),PS,L 272 |

In*(z) — 7312 In?(x)+ (—37744 + 694C2> In?(x)

245504 1088 . 64 202640 | 14528 . 32, | 224 9
+(_ 213 | o7 C2_943>1n(5”)_ 213 T st C2_27C3+15C2}

+ OpTrNp [4 In®(2) + 2 In'(2) + (51;’6 - 13928@) In () + (2708

A 986 ) 12 0) - (2590046, ~ 2210+ 5203 ) i)

1712 1 1
+ T2 68566, + (—6360 + 32@) G+ oG+ 35245]

4105 () + 2450 In(z) + (67472 688 2) n¥(z) + (325580

+CATFNF 27 81 9 81

6992¢: 2395192 74464 21136 3088
— O 32ty ) (o) + (Z5% - Tt 0+ 5 (e

2166976 315832 93968 | 1808 10312
A TC R TR (27+3<2>C37L 15 C§264<5H’ (7.45)

ACY ~ AT Np[3+1n(z)], (7.46)

91,9 —

ZX(?é?L ::(1F13?pJF

133 In®(z) +411n%(x) + (160 — 32¢s) In(x) + 134 — 88@]
+CATrNp {238 In® () +901n?(x) + (304 — 64¢2) In(x) +484 — 168(s

- 48(;3} , (7.47)

13(7(3) ~ z}erP‘{ 1%;1

2 2
91,9 — Ca—21Ck

44 23 146
+Ci—3:C0r+Cr <45CA —4TFNF>

In®(z) + [

214 2654 12
= S CuteNe+ (% Ca = BTNy )| (o) + |20 e

61699 976 79220 | 176 132454
+C%<CA<‘ﬂ_-92>+I%A%(_81_+25@>)+C%( 31

656 602 332 422240 = 2600
30296

CF<TFNF(_ T3 @
4 221032 24
+20 ) oa (2 - 188G+ 56 ) ) + TN (250 48060 ) +

— 62 —



236002 6844 2216 877 824
O3 (B2 - B 206, ) 4 O3 (=577 - By 2526, ) | ()

3711364 = 37264 10064(- 224(2 728285
+|:CF<TFNF(_ 53 T 9 <2+ 5 G _ 5<2>+CA( 213

C+15<2 a3 3 2t G
52064 2755 1450 5632 5464
o)+ CH( T - 100 - B+ 5 )

970424 2144 1408 39635
+CATFNF<— 943 (o4 C3)} n(z )-I—CF( —1280¢>

| 46892 . | 2044 .5 | 27296 o (6175024 25564, 9968 .o
C3) ) +Cy (

2494 9568 640 11032 2218820 1035208
+ 2G4 RGP - HRG ) +0 (R - 1E,

83068 86584

495448 135320
(3+

<2+1544C2<3664C5>+CATFNF< TR

1456493 536656 75680
TFNF<— a1 T e et G

5696 1376
+ 7C3 - Cz) + CF

22288 367691 488996 7432
e 128<2<3+96<5)+CA(— 0oL _ d8806, IR,
72272 1936 12844
dabed®®NE [ 13952 8192
ACH)-dabe ~ N F{— 5 ——cz+640€3+ Cz} (7.49)

Note that the expansion has to be performed in z-space, since the Mellin space expression is
either applicable for even or odd moments. There are predictions of the leading series small
x behaviour of the Wilson coefficients of the structure functions Fy(x, Q%) and Fy(z, Q?)
from ref. [183], to which we agree to three-loop order except of the overall sign. A small z
expansion of the non-singlet Wilson coefficient of the structure function g;(z, @?) has been
considered in [184] based on [185], however, in a different not fully specified scheme.

7.2 The large x limit

In the large x limit one obtains the following leading term behaviour for the Wilson
coefficients calculated in the present paper. Here we dropped the terms O(L’; /N?), k>0.
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7.3 The large Np limit

There are also some predictions on the large Nr behaviour of deep-inelastic Wilson coef-
ficients. The O(CpT2N2) contribution to the flavor non-singlet Wilson coefficient of the
structure function Fy(x, Q%) agrees with eq. (15a) of [186], which can be brought into a
more compact form.

For the structure function FN°(N, as) the generating functional of the Wilson coefficients
reads [187].

< 1 o g¢®*T(z + N)
Grlg)=CrY (7.82)
ik ok | (1-2)2 —2) (A +z+ )T+ )TN | yair v,

The O(alg) Wilson coefficient is given by its kth expansion coeflicient in the variable g,
f ék) (g = as) to be multiplied by (—1)**!. This prediction agrees with the corresponding
contributions in our direct calculation to three loop order and implies a modification of [187].

8 Conclusions

We have calculated the unpolarized massless three-loop Wilson coefficients of the structure
functions Fy(z,Q?) and Fy(z,Q) for pure photon exchange and for the charged current
structure function xF3(x, Q?) to three-loop order. In the polarized case, we calculated
the Wilson coefficients to the structure function g;(x, Q?) to three-loop order in the Larin
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scheme and for the non-singlet case also in the MS scheme. We applied the forward Compton
amplitude for the respective scattering cross section and followed other technical calculation
steps having been described in great detail in our previous calculations of the three-loop
anomalous dimensions in refs. [53, 54]. By using the method of arbitrarily high Mellin
moments [131] we have obtained a sufficiently large basis to compute the Wilson coefficients
without any reference to further structural assumptions. In parallel, we also used the
method of differential equations [65] since we face only first order factorizable problems,
which, even further, relate to harmonic polylogarithms only in the final results. This method
works for any basis of master integrals. The Wilson coefficients depend on 60 harmonic
sums, weighted by rational functions in the Mellin variable N, after applying the algebraic
relations, and on 31 harmonic sums by also applying the structural relations. The results
in z-space are spanned by only 68 harmonic polylogarithms.

Our calculation of the Wilson coefficients of the structure functions Fo, Fr, and xFj is
technically very different from those in [38, 40], the results of which we confirm in a first
independent calculation. We also confirm the former one- and two-loop results, also for the
structure function g;(x, Q?).

The three-loop results for the structure function g;(x, @?) are new. Concerning the
polarized case we would like to remark that one may perfectly work in the Larin scheme,
expressing the Wilson coefficients, the anomalous dimensions and the parton densities at the
starting scale in this scheme, representing the polarized deep-inelastic structure functions
or any other observables. For convenience, we also provide the expansions of the Wilson
coefficients in the small x and large = region. The latter information may be of relevance
studying the high energy Regge limit and the soft region, respectively. We also checked
some predictions in the large Np limit. The present results are of importance for the
application in experimental and phenomenological analyzes of precision deep-inelastic data
and in particular for precision measurements of the strong coupling constant.
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A ZS()

In the following we calculate the function ZN(N) needed to transform the non-singlet
Wilson coefficient of the structure function g; from the Larin into the MS scheme to three-
loop order. To two-loop order it has been calculated in [52] in unrenormalized form.? In [60]
we provided the expansion coefficients needed to two-loop order at the required depth in e
for the present calculation in the unrenormalized case.

9Note that eq. (A11) in ref. [52] contains typographical errors.
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The practical approach consists in deriving Z5NS (N) in renormalized form, since it
provides a finite renormalization. It is given by

ANS,phys,ac,ren
99

(1),NS = 9 (2),NS
5

ZNS(N) = =1+asz " +asz + aszé?’)’Ns +0(ad), (A.1)

AquS,phys,Larin,ren
where the OMEs are calculated for anticommuting -5 (ac) and in the Larin scheme. The
gauge parameter £ is defined in [53]. Note that in the Larin scheme one has to add the
physical and EOM expansion coefficients projected in ref. [60], although the two projections
are orthogonal.
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Q15 =845N10 43292 N + 7545 N8 +11366 N" —121N®—19168 N> —19017N*

—2522N3 45420 N? +4008 N +1440, (A.19)
Q16 =6087TN0+24679N° +32532 N + 11838 N7 — 18471 N°® —38727N°
—37968N*— 12190 N> +11772N?+8352N +1728. (A.20)

To derive the above relations one has to apply the relations [135]

N n MNp—
Surom <2> _ omittny pzijsinn-~-»iw<N)- (A.21)
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