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MULTIPLICATION OPERATORS ON A CLASS OF HARDY SPACES
FOR FOURIER INTEGRAL OPERATORS

DOROTHEE FREY

ABSTRACT. We show boundedness of multiplication operators M, on Hardy spaces for
Fourier integral operators H%, Io)a(Rd), which are adapted to structured Lipschitz coef-
ficients. The boundedness is described in terms of regularity of g in adapted Besov and
BMO spaces. This improves a recent result on multiplication operators on H. IO,a(Rd)7
where more regularity on g was required.
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1. INTRODUCTION

The function space H};o(R?), called Hardy space for Fourier integral operators, was first
introduced in [15], with the purpose to have a function space at hand that is preserved
by Fourier integral operators of order 0 associated to canonical transformations. In the
more recent work [7], the construction of [15] was then generalised to all p € [1, 0],
and it was shown that the Hardy spaces Hp;,(R?) are again preserved by Fourier integral
operators of order 0. The results in particular imply the boundedness of the wave operator
cos(v/—A) on HY,,(R?Y), and, because of sharp Sobolev embeddings between H7,;, and LP
spaces, one recovers the fixed-time L” estimates for wave equations of [1112] as a special
case. Much more general results have been obtained in the subsequent work [§|, where
the well-posedness of linear wave equations with C! coefficients on H;,(R?) was shown.
The spaces H%,,(R?) play a key role in [8] for the construction of a parametrix.

In our recent work [6] together with P. Portal, on the other hand, we introduced a class
of Hardy spaces for Fourier integral operators H%. IO,a(]Rd) that are adapted to structured
Lipschitz coefficients. The precise condition on the coefficients is described below. We use
the Hardy spaces H%IO’G(]RCI) to show fixed-time L” estimates for the half-wave operator
(e”ﬁ)teR, where e.g. L = — E;lzl 0;a;0;, see also the definitions of L; and L, in Section
below. This was done by showing boundedness of the half-wave group on Hy,, ,(R?)
together with sharp Sobolev embeddings for Hf,q ,(R?).

A natural question occurring in this context is the boundedness of multiplication operators
on Hp;o(RY) or Hypp ,(RY). Results for Hf;,(R?) have been obtained in [14] and rely on
Coifman-Meyer type paraproduct arguments with additional decompositions in angular
directions in order to respect the anisotropy inherent to Hp,;,(R?). Since the construction
of H} ;0 ,(RY) relies on the Phillips calculus as a generalisation of the Fourier multiplier
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construction of Hp;,(R?), the arguments of [14] cannot be applied directly for an anal-
ogous result on Hﬁloya(Rd). In [6], we give a first result on multiplication operators on
HY, IO,a(Rd) through Leibniz type rules for the operator D, as defined in the next section.
In this article, we are now able to significantly improve the result of [6, Theorem 10.1]
and obtain boundedness of

Mg : H?IO,a(Rd> - H?IO,a(Rd%

whenever p € (1,00), s > 2 = &1L — 1 and g € L*(RY) is such that g € BOLx

2 p 2 00,00

1 .
VLn?g € By and Ly g € BMOp,, form =1,2.
As a corollary of |6, Theorem 10.1], we obtained in [6] the boundedness of the half-wave
operator under first order perturbations with g in the above class of functions for all
s > s,. We refer to 6, Corollary 10.3| for the precise statement. With our new result in
Theorem , we can now weaken the assumptions on g to s > 22 instead of s > s,,.

In follow-up work, we will apply Theorem |3.1]to pseudodifferential operators with symbols
of limited smoothness and establish their boundedness on H7, ,(R?) , cf. [14] for corre-
sponding results on H%,,(R?). We moreover expect that Theorem [3.1| will play a crucial

for the investigation of nonlinear wave equations with structured Lipschitz coefficients.

2. WAVE PACKET TRANSFORM AND HARDY SPACES

For a detailed description of the setting, we refer to [6]. We recall the most important
definitions.

For j € {1,...,2d}, let a; € C%'(R) with £a; € L*, and assume that there exist
0 < X < A such that A < a;(z) < A for all z € R. We denote by a; € C*'(R?) the map
defined by a; : © — a;(z;).

Definition 2.1. For £ = (£y,...,&) € RY, define

d 0 —a;qd
R —UWy4dUy
S-Da —ng( d‘;aj ]0 / )7

=1
d S
0000, 0
\/D? = . Aj+d0;ja ;05 v )’
Vb ;5] ( 0 V= @;05;140;

as an unbounded operator acting on L*(RY; C?), with domain WH2(R4; C?).

As in |10, Section 4, Case 11|, ie;.D, generates a bounded Cy group on L*(R% C?) for all
j =1,..,d, since e;.D, is self-adjoint with respect to an equivalent inner product of the
form (u,v) — (A7, v), where A is a diagonal multiplication operator with C®! entries.

|6, Proposition 4.3] states that for ¢ € R? and p € (1,00), the group (exp(it€.\/D2))icr
is bounded on LP(R%; C?). Given ¥ € S(R?), we can therefore define ¥(,/D2) using the



Phillips functional calculus associated with the commutative group (exp(i§.1/D?))¢cpa:

V(D) = sz [ W) explicoy/ DRt

We restrict our attention to functions W that satisfy ¥ = U* where

\IJS(;L‘) = 2_d Z \If(51x1, ey 5d{Ed),

(53')?:16{_1:1}(1

Rd

and write W(D,) instead of W(y/D2) when ¥ = W¥* is symmetrised.

We recall the definition of wave packets from [6] (see also |7)13]). In the following we only
consider functions that are symmetrised, i.e. ¥, , = V§ |

Let ¥ € C>°(R?) be a non-negative radial function with ¥(¢) = 0 for |¢| ¢ [3,
> d
(2.1) | w0 -
0

for ¢ # 0. Let ¢ € C°(R?) be a radial, non-negative function with ¢(¢) =1 for [¢| < 3
and ¢(¢) = 0 for |¢| > 1.

For w € S o > 0 and ¢ € R?\ {0}, set p,,(¢) := copp ( f) and Y, = Puo°, where
~1/2

2
Cp = (/ © (61 — V) dv . Set p,(0) := 0. Set furthermore ¥, (¢) := ¥(0()
Sd—1

2], and

Nz
and ¥,,,(¢) = U, ({)puo(C) for w € S o > 0 and ¢ € R% By construction, we then
have

(2.2) / o Vo (0)? dw— =1

for all ¢ € R?\ {0}, see |7, Lemma 4.1]. For w € S and ¢ € R?, we moreover set

4 d
= / %,T(C) _T
0 T

We then have, for all f € L2(R?), the following resolution of identity

R Y K Ty T

We recall the definition of Hardy spaces Hy,q ,(R?), and refer to [6, Section 7] for more

details. In order to define H%. 10.a (R?), we first define test function spaces adapted to our
setting.

Definition 2.2. Define
Si={feH (R :3Igec L'RHYNL*RY) Ir >0 f=V(rD,)g},
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and for p € (1,00)
S,={fcP(RY : Jgc LPRHYNL*RY) It >0 f=V(rD,)g}.

We can then define Hp,, ,(R?) in the following way. For the definition of tent spaces
TP2(RY), we refer to [4].

Definition 2.3. Let p € [1,00). We define the space Hﬁloya(Rd) as the completion of S,
for the norm defined by

P
= [l [(0,2) = 11,00y (@) W (0 D) f(2) + L) (0) 2 (D) W(0 Do) f (@) o120

3. MULTIPLICATION ON HARDY SPACES
We denote by L; and L, the operators

d d
R T Py

j=1 j=1

(L O _ e
andsetL.-(O Lg)_D“'

For a function g : R? — R, we denote by M, the multiplication operator (f, F) — (gf, gF).

For the definition of Besov spaces 325%0 associated with the operators Ly, we refer to [2],
and for the definition of BMO spaces BM Oy, , we refer to [5].

We obtain the following improvement of |6, Theorem 10.1].

Theorem 3.1. Let p € (1,00), s, = (d — 1)|% — 1 and s > 2. Let g € L*(R?) be such
that g € B%L:  VI,2q € BgoLgo and L?,g € BMOyp,, form =1,2. Then

My - H%IO,a(Rd) — Hg‘IO,aGRd)
1s bounded.

The proof will be a consequence of Lemma [6, Lemma 10.4|, Lemma and Lemma
below.

We use the following paraproduct decomposition, which is a refinement of the decompo-
sition in [6]. Let ® € S(R?), ¢ € S(R?) with ¢(0) = 1 and ®,(¢) = ¢(0?|¢|?) for o > 0,
¢ € R4, We denote by My(r)g and My, respectively, the multiplication operators

Myyg : (f, F) = (&(L1)g.f, ¢(L2)g.F),
Mypyg = (f, F) = (6(La)g.f, ¢(L1)g.F).



For f € S, and g € S(RY), we use (2.3) to decompose the product gf as follows.
* 5, dT * o . dT
M, f = ) M(rr)g¥ (7 Do) f? + ) (Mg — My(r)g)¥(TDa) f?
! 9 5, dT
+ Myrr)gpr(Da) V(Do) f —dv
sd—1 Jq T

1
d
(31) +/sd—l/0 (Mg - M(i)(‘rL)g)QDV(Da)Q\D(TDa)Qf TTdV

We omit the proof for the two low-frequency terms in the first line, as they are similar but
simpler than the high-frequency terms and can be treated with similar arguments as in
e.g. [1] without additional angular decomposition. We now further decompose the term
in the third line of and write for 7 € (0,1)
Jo
(1= ¢(rL))g = Y (6(2"'7°L) — (2*7°L))g + (I — ¢(7°L))g,
k=1

where, for notational simplicity, we assume that j, € N can be chosen such that 270 = 771

(otherwise one adds another similar term to the decomposition). Now note that for k =
L5 Jos
B2 7°L) — §(2H7°L) = V(2L),

for some function ¢ € C°(R?), with ¢)(¢) = 0 outside a compact annulus not containing 0.

In order to prove Theorem it is therefore enough to estimate the term in the second

line of (3.1]), the term

! dr
(3.2) /S . /0 (My — My(r2r)g) 0 (Da)* U (7D,)* f —dv,

as well as the term

1 Jo d
(3.3) /Sdl/() Z(Mw(zkﬂL)g)SOV(Da)QIII(TDa)zf Tle/.

k=1
For the term in the second line of ({3.1)), we recall |6, Lemma 10.4].

Lemma 3.2. Let p € (1,00). Let g € L™ be such that g € Bgfgg and V Ly g € Bgong for
m=1,2. Forall f € H}0 ,(R?), we have that

! dr
[(w,0,°) = Yue(Da) /Sdl/o M¢(TL)9‘PV(Da)2‘I’(TDa)2f?d’/HLP(Sd”;Tp’Z(Rd))

1
S (llglloe + max gl oty + max ||V Lm*gll s )L/ N erz o, ).
Since we have

1= o D)g == [ o0l bds = [ (0T
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with some ¢ € C2° with compact support away from 0, we obtain with integration by
parts

Ahﬂwmm%w>7Dw—//w2L¢4><mﬁ@@

S T

gleMylwﬂﬂ ﬁDVE?

g/o W(s2L)g - ¢ (Da)?®(1Dy) f ‘f

omitting possible additional low frequency terms. The term in (3.2 can therefore be dealt
with as in [6, Lemma 10.6], noting that because the scaling of My 2r), is now in 7 instead
of 7, we only require that L°g € BMOy,, for m = 1,2 and s > 2. Note also that ¥(7D,)
can be changed to ¥(7D,)? by renormalisation.

Lemma 3.3. Let p € (1,00), let s > 2. Let g € L™ be such that L},g € BMOy,, for
m = 1,2, and let f € H}, ,(RY). Then

! dr
||((.U, g, ) = ww,a(Da> /Sd ) / M‘I/(TQL)Q : WV(Da)Q(I)(TDa)f _dVHLP Tp:2)

< max HL g”BMOLmeHHFIO o (RD):

The main part of the proof is the estimate for (3.3) with ¢ restricted to intermedi-
ate frequencies. We recall the following result for the boundedness of wave packets on
LP(S%=1, TP2(RY)) from |6, Remark 8.2

Lemma 3.4. For all p € (1,00), we have

1,0, ) 5 0 E (D) F (o, s imaqaary S Il
for all F € TP2(RY).
We also recall the following result on factorizations for tent spaces.

Theorem 3.5 (|3, Theorem 1.1]). Let p,q € (1,00). If F € TP*(RY) and G € T>4(R?),
then FG € TP(R?) and

[F" - Gllrramay < CIF||rre®e) | Gllr=.ama),
with a constant C' > 0 which is independent of F' and G.

For the estimate of intermediate frequencies, we refine the angular decomposition used
in |6, Lemma 10.4]. We then however proceed with a tent space factorization TP? =
TP . T°? as in |6, Lemma 10.6], since the cancellative term acts on g and not on f (i.e.
we are dealing an operator of type ¢ instead of ¢, acting on g).

Lemma 3.6. Let p € (1,00) and s > 2. Let g € L>(R?) be such that Li,g € BMOy,,
form=1,2, and let f € Hypp (R?). Let k € N, and set (2°7°L) = 0 for 7 € (0,1) with



2k > % Then

1
dr

.0 ) Do) [ [ Moy o DaP 0D f T ane

-1.Jo

N nIP:al),(Q HLingBMOLm HfHHf;Io,a(Rd)'

Proof. Since the result is true for p = 2 with s = 0, by interpolation and duality it suffices

to show the statement for s = % = % and p € (1,2). We decompose the integral in 7
into the two regions 0 < 7 < ¢ and 0 < 7 < 1 and the integral in v into the two regions

lv — w| < 200=k)/2 /7 and its complement.
Part 1: We first consider the case 0 < 7 < ¢ and |v — w| < 200=*)/2, /7 By [6, Lemma
6.8], |9, Theorem 5.2] and Hardy’s inequality we then have

min(o,1)
||¢W7U(Da) / / j Mw(szzL)g (’D”(DG)QQ)(TDa)f _dVHLP(TP,Q)
0 lv—w|<260—R)/2 /7 =
min(o,1) J
_d—1 T
Slem / / Myorr21)g 0, (Dy)*®(1D,) f —dv||po(rr2)
0 lv—w|<2W0—k)/2, /7 -

_d-1
(34) % / I / My 9o(Da)2 (7 D) f dv s d.
Sd—1 |V_w\§2(10*k)/2\ﬁ

Now observe that by [6, Lemma 6.1] we have that ||[F (0, ®;)| 11ge) S 7“7 uniformly
in 7 and v, thus

s | L) |1 dv S 7 T (U0 R/2 i1y 50 gl
lv—w|<2Uo—k)/2 /7

We can therefore modify the arguments of |6, Proposition 7.9] and replace the operator
O, (D,)pn(D,) (with o replaced by 7, w replaced by v) in the second part of the proof of
|6, Proposition 7.9] by

T T 0, (Dy) P (D,) dv.

v—w|<200=R/2 /7

Since we have the corresponding off-diagonal estimates, we obtain the following estimate
for the nontangential maximal function

/Sd L ” ‘ <2l0-02 /7 QkTTT@V(Da)Qq)(TDa)f dI/HTp,oo dw 5 ||fHH;IO,a(Rd)'
- v—w|<2U0~ T
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The factorization of tent spaces stated in Theorem then yields that the expression in
(3.4) is bounded by a constant times

d—1 d—1
27M% |77 (2577 L) g e
./Sd H/I <20 k>/2f2kd217—d41%(D“>2@(7Da>de|‘Tpm dw
-1 r—w|<2V0~ T

_pd-1 _d-1 d-1
§ o~k H(rizL) 7 w(QkTQL)L 4 gHT"OQHfHHf;IOYa(Rd)

_pa=L

d—1
24 mas 1148 gllmion, 1 lug, o 00,

where in the last line we use |5, Lemma 4.3].

Part 2: Now consider the integral over 0 < 7 < ¢ and |v — w| > 260=%)/2, /7 In this case
lw.v| < 200=k)/2 /7 In order to estimate

min(o,1) dT
[ (Da) / / , Myarr2ryg - (Do) VU (TDe)* f —dv|| po(ro2),
0 lv—w|>200—k)/2 /7 T

we apply the product rule by distributing derivatives from the factor o, (D,)*¥(7D,)?f
onto the other parts. More precisely, we use that
M\I,(QszL)g(ej.Da) = (ej'Da)M\Il@k‘rQL)g - M(ej.Da)\I/(QkTQL)ga
for j =1,...,d, where
M(ej.Da)xI/(ri2L)g (L E) = (_%ajq’(QkTZLl)g - F, d}aj‘I’(QkTQLQ)g - ).

In order to handle derivatives onto the operator on the outside, we denote by (w, wy, ..., wq 1)
an orthonormal basis of R?, and write

d—

0Dt (D2) = L0010 Do (00) #7200 VT 5 Dadtis D)

~ \/;(Q(jo—k)ﬂz + \/g)&wvg(Da),

o

with @Ew,o some function satisfying the same assumptions as 1),,, (up to constants). On
the other hand, we can write

T(1.D) V(2572 L)g ~ 27 %20 (2572 L) g ~ 200~R/2 /r (2872 L) g,

again with U being similar to U. Applying the product rule 2M times, we obtain -
suppressing similar terms with L replaced by L -

min(o,1) ir
o) [ [ Mg, e (D)D) Ll
0 lv—w|>200=k)/2 /7 T

< _max HTM(Q(jfrk)/?Z + \/g)l(Q(jokW)ZM%w,a(Da)

1=0,...,.2M o

min(o,1) i 0
/ / ' Mytrar)g - Pv(Da)*W(1 Do)’ f —dv|| zp(re2y.
0 |v—w|>200—k)/2, /7 T
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Repeating the arguments of Part 1 and applying [6, Lemma 6.8|, |9, Theorem 5.2] and
Hardy’s inequality together with Theorem [3.5] we get that the last expression is bounded
by a constant times

o - _ _d-1 - =
l:g,la,};M /gd—1 ||(2(]0 n/2 + 1)l(2(]0 k)/2)2M ZTMT * M\il(2k7—2L)g ) @V(Da)Q\Ij(TDzJQf”TPvQ dv

S R R U gl [ 17 G DD g d
Sd—1
~ 2’?M2’“d41||(2’%2)‘T\il(2’“72L)9HT°°’2/ |75 3u(Da)* (7 Da)? fl| .0 dv
Sd—l

i -1
S 27 e | Ld” a0, 111z, )

Part 3: Now consider the integral over 0 < ¢ < 7 and |[v — w| < 200=F/2, /7 We choose
M € N sufficiently large depending on p, d and write @fZ;W,(Da) = 1,,(D,)(0?L)™™ with
pr a function with the same properties as 9, , up to constants. We can then write with
similar arguments as in Part 1, using |6, Lemma 6.8] and Hardy’s inequality,

1
dr
wa,au)a) / / v Mw(2k72L)g @V(DG)ZCD(TDa)f _dI/HLp(Tp,Q)
min(e,1) J |[v—w|<200=F)/2, /7 T

1
_d-1 dr
S oM / / _ LM[sz(sz?L)g ©u(Da)*®(7D,) f] —dv||Lr(rr2)
lv—w|<2U0=k)/2, /7 T

min(o,1)
_d-1
S o P Mg DD A
v—w|<2V0~ T

Now use for j = 1,...,d the product rule

(ej'Da)M‘I/(QkTQL)g = M‘II(Q’“TQL)g(ej‘Da) + M(ej.Da)‘l/(QkTQL)w

and note that with [ € {0,...,2M} even, m = 1,2 and § € {0, 1}, we can bound the
above expression by multiples of terms of the form

d—1

HT4/ <20 szMT“(ej.Da)é(f%m)l/w@kr%)g (7Da)* M0, (Da)* (7 Da) f dv|| Lo (rw)-
v—w|<2V0™ T

Terms of this form can now be estimated similarly as in Part 1. The estimate of the factor
involving f does not change significantly, as the operator (7D,)* =%, (D,)?®(7D,) has
the same (for 2M — 1 —§ = 0) or better properties than ¢, (D,)*®(7D,). For the estimate
of the factor involving ¢, we have to deal with the following term, which again behaves

the same or better than the corresponding term in Part 1,
d—1

275 |75 7 (€. Da)’ (7 Lin) (27 L gl e

_pd=1 1.0+l _d—1~ _gd—1 d—1
S22 e T (2 P L) gl S27FF max || L gluoy, -

Part 4: For the integral over 0 < ¢ < 7 and |v — w| > 200=%/2, /7 we combine the
arguments of Part 2 with the use of the Leibniz rule in Part 3. This is done just as in the
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last part of the proof of |6, Lemma 10.4], with first applying the product rule argument

of Part 2 in order to gain a factor T%, but still keeping some operator QZWJ(DG) in the

expression. One can then apply the product rule argument of Part 3 with M > MT/

sufficiently large in order to get into a position where Hardy’s inequality in ¢ < 7 is
applicable. The occurring terms change from Part 2 to Part 4 in the same way as they
did from Part 1 to Part 3. U
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