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ERROR ANALYSIS OF SECOND-ORDER LOCALLY IMPLICIT AND
LOCAL TIME-STEPPING METHODS FOR DISCONTINUOUS
GALERKIN DISCRETIZATIONS OF LINEAR WAVE EQUATIONS*

CONSTANTIN CARLE' AND MARLIS HOCHBRUCK'

Abstract. This paper is dedicated to the full discretization of linear wave equations, where the
space discretization is carried out with a discontinuous Galerkin method on spatial meshes which
are locally refined or have a large wave speed on only a small part of the mesh. Such small local
structures lead to a strong CFL condition in explicit time integration schemes causing a severe loss
in efficiency. For these problems, various local time-stepping schemes have been proposed in the
literature in the last years and have been shown to be very efficient. Here, we construct a quite
general class of local time integration methods containing local time-stepping and locally implicit
methods as special cases. For these two variants we prove stability and optimal convergence rates in
space and time.
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1. Introduction. In this paper we consider the discretization of linear acoustic
wave equations in space and time by a methods of lines approach. For the space
discretization, a popular choice is to apply discontinuous Galerkin (dG) methods, since
they allow one to handle heterogeneous or complex materials by using unstructured
meshes, cf. [16, 28]. At the cost of a larger number of degrees of freedom compared
to conforming finite element methods, a main advantage is that dG methods lead to
block diagonal mass matrices. In combination with an explicit time integrator, this
yields a fully explicit scheme.

Unfortunately, the system of ordinary differential equations (ODEs) resulting
from (any kind of) spatial discretization is stiff and thus explicit schemes suffer from
stability issues caused by a strong CFL condition. Roughly speaking, if we define
a local CFL parameter {x as the quotient of the wave speed and the diameter of a
mesh element K, then the time-step size 7 must fulfill T maxg x < 1 for stability.
Large values of £k are caused by a large wave speed or a small diameter of K. Even
if we have a large £k only on a single element K, this leads to a strong CFL condition
meaning that an explicit scheme has to use a very small time-step size on all elements.
Hence, explicit methods perform poorly if we have a large CFL parameter (and thus
a strong CFL condition) on only a few elements but a large number of elements with
a small or moderate CFL parameter (which require a weak CFL condition). Such
situations appear in many applications. For instance, locally refined meshes might
be necessary to resolve small-scale geometric features or if the exact solution locally
lacks regularity (corner singularities). In [39], it was shown that the solution remains
smooth over time in a certain distance away from the corner and that graded meshes
yield optimal convergence rates of the finite element discretization.

An alternative to explicit schemes are implicit methods such as the Crank—
Nicolson (implicit trapezoidal) scheme. The advantage of these methods is that they
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2 C. CARLE AND M. HOCHBRUCK

are unconditionally stable. This means that the time-step size is only restricted by the
accuracy of the approximation but not by stability. The disadvantage is that implicit
methods require the solution of a large linear systems of equations, which might be
unfeasible for problems in three space dimensions.

As a remedy, two variants of local time integration schemes have been proposed:
local time-stepping (LTS) and locally implicit methods. LTS methods for wave equa-
tions are constructed in, e.g., [3, 17, 18, 24, 26, 27|, and for Maxwell’s equations in
[25, 37, 38, 42]; see also references therein. Locally implicit schemes have only been
considered for Maxwell’s equations, see, e.g., [12, 13, 14, 19, 33, 34, 43, 45]. These
schemes use an explicit scheme, e.g., the leapfrog (Verlet) method, on the elements
with a small value of £x and either an implicit or an explicit scheme with a more
favorable CFL condition on the few remaining elements. A related approach, where
two explicit solvers are coupled with a Lagrange multiplier on the interface between
the two submeshes is presented in [8, 9, 10, 35]. These methods require the solution
of a linear system for the Lagrange multiplier in each time step, whose dimension is
much smaller than for locally implicit or fully implicit methods.

To the best of our knowledge there are only a few papers containing rigorous
error bounds: locally implicit methods for Maxwell equations in [33, 34] and [23] for
LTS for the linear, homogeneous wave equation. In [23], a modification of the very
efficient and popular scheme proposed in [17] was analyzed for finite element space
discretization combined with mass lumping. This modification was motivated by our
earlier work [6, 7] on second-order ODEs. For the related approach using Lagrange
multipliers, a rigorous analysis for arbitrary space dimension is given in [8].

In contrast to the existing literature on local time integration schemes we consider
a quite general class of methods which contains LTS and locally implicit methods as
special cases. The LTS schemes use the leapfrog method on those elements with
a weak local CFL condition and the explicit leapfrog-Chebyshev (LFC) method [7],
which are based on stabilized Chebyshev polynomials, on the remaining elements. To
ensure stability under the weak local CFL condition, the degree of these polynomials
and the stabilization parameter have to be chosen appropriately. For LTS schemes,
the coupling between the elements treated by the leapfrog and the LFC scheme,
respectively, enter the CFL condition. Our analysis is based on [6, 7]. It differs from
the recent work in [23] in the considered space discretization: we study a dG method
while in [23] finite elements with mass lumping are studied. In addition, compared to
[23] we could weaken the CFL condition, require less regularity of the solution, and
include inhomogeneities.

We are not aware of any rigorous results for locally implicit schemes so far for
wave equations. Our new result is a proof that this scheme is stable if the leapfrog
scheme on the elements with a small CFL parameter is stable. Hence, in contrast to
LTS methods, the stability is independent of the coupling. For both, LTS and locally
implicit methods, we prove error bounds of optimal order in space and time under
regularity assumptions on the solution which correspond to the ones required for the
leapfrog or #-scheme in [29, 36].

Outline. We start in section 2 by setting the analytical framework for the forth-
coming presentation. The construction of a general class of local time integration
methods for the linear wave equation is presented in section 3, where we also state
the main results of our paper. A review of the symmetric weighted interior penalty
discontinuous Galerkin method for the wave equation is given in section 4. In section 5
we shortly investigate the stability of the general scheme and state CFL conditions
for the special cases of LTS and locally implicit schemes. A crucial result is that these



LOCAL TIME INTEGRATION FOR DG DISCRETIZATIONS OF WAVE EQUATIONS 3

conditions only depend on the elements with a small CFL parameter {x. For LTS
methods, which are fully explicit, this holds if the polynomial degree and the stabi-
lization parameter used within the LFC scheme are chosen appropriately. Here, we
benefit from our results in [6]. Afterwards, in section 6, we perform the error analysis
showing error bounds of optimal order for the LTS and locally implicit scheme.

2. Analytic setting. In this section we shortly present the analytic setting. Let
Q C R4 d=1,2,3, be a bounded Lipschitz domain. For a set K C Q and u € L?(K)
sufficiently regular, say H'(Q), we denote the L?*(K)-norm and the L?(F)-norm,
F C 0K, by

fulle = [ wtde, ol = [ @@l dor

respectively. Whenever it is clear from the context, we abbreviate |-|| = ||-||,- Anal-
ogous definitions hold for vector fields U € L?(£2)%.
For a partition B of ) into finite disjoint Lipschitz subdomains, we denote by

H"(B) = {ve L*(Q) | v|p € H"(B) for all B € B}, r >0,

piecewise/broken fractional Sobolev spaces fitting the partition B. Here, we define
fractional Sobolev spaces H"(B) via Sobolev-Slobodeckij spaces or real interpolation
spaces; see, e.g., [2, 15, 44] for more information. For the norm and seminorm of the
Hilbert spaces H"(B) we write

2 2 2 2
lollrs =D lollos ol = D" lvl s
BeB BeB
where |v||,. 5 and |v], 5 denote the norm and seminorm of H"(B), respectively.

For a finite time 7" > 0 we consider the linear acoustic wave equation

(2.1a) Ou=V-(kVu)+f in(0,T)xQ,

subject to homogeneous Dirichlet boundary conditions and initial conditions
(2.1b) u=0 on (0,T) x 09,

(2.1c) u(0) =u’,  u(0) =1"  in (0,7) x Q.

By f: (0,7) x 2 — R we denote a given source term. We assume that the wave speed
k2. Q — R, is piecewise smooth and uniformly bounded, i.e.,

(2.2) 0 < Emin < K(2) < Kmax < 00 for all z € Q.

The acoustic wave equation (2.1) is a special case of a second-order evolution
equation

(2.3a) OPu=—Au+ f in L2(Q),
(2.3b) u(0) = u®,  du(0) = °,
with A: D(A) — L%(Q) defined via

Au = -V - (kVu)

on its domain D(A) = HY(Q)N{u € L*(Q) | V- (kVu) € L?(Q)}. It is well-known
that A is self-adjoint on L?(2) and coercive on H} (). Moreover, the following result
holds; see, e.g., [31, Theorem 4.3].
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LEMMA 2.1. Let u®€ D(A), v' € H} () and f € C(0,T; D(A))+C*(0,T; L*()).
Then, the exact solution of (2.1) satisfies

u € C(0,T; D(A)) N CH0,T; Hy (Q)) N C%(0,T; L*(Q)).

Additional to the above conditions we make further assumptions on the domain
Q and the material parameter x to simplify the representation and the proofs for the
error estimate of the space discretization. A definition of a polyhedron in R? is given
in [16, Definition 1.6], for instance.

ASSUMPTION 2.2. Let Q be a Lipschitz polyhedron in R%. Further, there exists a
partition By of Q into Nq € N disjoint Lipschitz polyhedra Q;, i € {1,...,Nq} such
that klq, s constant for alli € {1,..., Nq}.

These assumptions enable us to cover the domain 2 and its subdomains exactly
with a mesh. Moreover, the evaluation of k causes no additional quadrature errors.
Nevertheless, we expect that the following analysis can be extended to these cases
with additional technical effort; see, e.g., [31, 32] how to deal with such additional
approximations.

Moreover, since we are interested in error bounds of u in L?(Q), we require elliptic
reqularity for optimal error bounds (recall that A is self-adjoint).

ASSUMPTION 2.3. Let > % There is a constant coy = cen(2, p) such that for
all f € L*(Q) the solution z € D(A) of the problem

Az=f

belongs to z € D(A) N H™*(Ry) and satisfies 12[l1 4R, < cenllfl-

We emphasize that we do not assume 2z € H1#(Q) for a p > % which is clearly
wrong for the case of piecewise constant « (to obtain such a regularity one requires at
least Lipschitz continuity of x on ). Although even z € H'™*(R,) for > 3 does not
hold in general, there are cases for piecewise constant s such that the above regularity
holds; see, e.g., [11, 40, 41]. Moreover, in the case of constant x on general Lipschitz
domains (e.g., non-convex polygonal domains) one always obtains H3/2(Q) for some
e > 0; see, e.g., [22, Section 31.4] and references therein.

In the following, we let Assumptions 2.2 and 2.3 hold without mentioned explicitly
everywhere.

For the subsequent analysis, we assume a slightly more regular solution in space
than in Lemma 2.1. Based on the previous assumption we introduce for a p > % the
space

(2.4) V., = D(A) N H'TH(Ry).

This allows for well-defined traces in L? for kVu. We expect that the subsequent
analysis can be extended to the case V, = D(A) N H'T#(R,), u > 0. However, since
in this case (n - kVu)|p € H-Y2(T) for T' C 0Q;,Q; € Ry, the analysis becomes more
involved and technical; see [22, Chapter 41] for details how this can be done.

After setting the analytical framework, the next two sections are devoted to time
and space discretization.

3. Local time integration schemes. In this section we define a whole class
of local time integration schemes which comprise LTS and locally implicit methods
as special cases. The class has been introduced and analyzed in [6] for second-order
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ODEs. For the space discretization, we use a symmetric weighted interior penalty
discontinuous Galerkin method. Details will be given in section 4. This results in the
semidiscrete problem

(31) (r“)tQ’U,h = —Apuy, + fh, uh(O) = U?L7 8tuh(0) = ’U?”

where Ay, fr, u27 and vg denote the spatially discretized operator, source term, and
initial values, respectively. The boundary condition (2.1b) is weakly enforced within
the operator Ay,.

For the spatial mesh 7;, we define a local CFL parameter £x > 0 via

(3.2) €% = klrhy?, K €T,

where hg denotes the diameter of the element K. Recall that for constant wave speed
and a uniform grid, i.e., x = £ for all K € Ty, the leapfrog scheme is stable if 7& < 1.
We are interested in the situation, where x is large on only a few elements elements
while it takes small or moderate values on the remaining mesh. To be more precise,
we define a disjoint splitting of the mesh into submeshes which lead to a weak or
strong CFL condition, respectively, i.e.,

(3.3a) Tn = Thw U Ths, card(Tp,s) < card(Th w),
where

(3.3b) 0 <€k < Emaxyw for all K € Th w,
(3.3c) Emax,w < €K < Emax for all K € Tj, .

With this notation, the leapfrog scheme on the entire mesh 7y is stable if 7€nax < 1,
and this strong CFL condition must be satisfied even if 7, only contains a single
element. The idea of local time integration methods is to apply the very efficient
leapfrog method on as many elements as possible and to modify it on the remaining
elements in such a way that stability is guaranteed under a weak CFL condition
Témax,w S 1. Such schemes are attractive, if Emax,w <K Emax-

From our previous work on locally implicit methods for Maxwell equation [33, 34]
we know that it is not sufficient to modify the time integration scheme only on the

fine elements and thus we decompose the mesh 7; subject to

77L = 771,,6 U ﬁz,m, 771,5 C ﬁz,m; 777,,(3 C 77L,wa

where 7, . contains the elements treated with the explicit leapfrog scheme and T,
contains the elements treated by a modified scheme, e.g., an explicit scheme with a
weaker CFL condition than the leapfrog method or an implicit scheme. A precise
definition of 7 . and 7, r, is given in subsection 4.4 below. To define the local time
integration scheme we denote by x. and x,, the indicator functions on 75 . and Ty m,
respectively, i.e., for v € L?(2) we define

Vg, K€ Thp,
3.4 = ’ b .
(3.4) (xov)| K {07 K €T\ Thn, € {e,m}

We denote with 7 > 0 the time-step size and write ¢, = n7 for n € Ng. To
simplify the presentation, we introduce weighted means and second-order differences
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as

Qupdo = Oup ™ + (1= 20)ujf +0up ", Cui) = Cup )1,

(ui)o = 207+ (1 - 20) uf, ) = (up)s,

(up) = uZ'H —2up + uZ_l,
respectively. Here, § > 1/4 is a parameter.

With this notation we define a class of local time integration schemes via an

analytic function ¥ : [0, 00) — R satisying ¥(0) = 1 as follows
(3.5a) T = U(r2ApXm),
(3.5b) uh = u) + 7 (In — TOAL) ) + 172 (— Ayl + f),
(3.5¢) up ™ —2u +u) T = (up) = Tz‘/I\’(*Ath + ﬁ?),

forn =1,2,..., where ]?]LL denotes a discretization of f(t,) which is yet to be deter-
mined. This class comprises the following special cases:
> For

(3.6) V(=) =1, [ =[0=faltn),

(3.5¢) yields the well-known leapfrog recurrence on 7y,. In general, (3.5) corresponds

to the leapfrog scheme on 7} ., since @(0) =1.
> For § > 1/4 and

(3.7) U(z) = R(z) = (L+02)7Y,  fir =(fie.

the scheme corresponds to a @-scheme on 7, and the leapfrog scheme on 7p, .
For 6 = 1/4, the scheme (3.5¢) is equivalent to the Crank—Nicolson recurrence.
> For

~

(3.82) V=15, fr=fn

the scheme corresponds to the LFC scheme [7] on T, and the leapfrog scheme on
Th,.. Here, B, is a polynomial defined as

~ 2 z
Bl)z = Blz) =2 = =T (v = =),
p(vp) Qp
(3.8b) T
b (1) n
Ofp = 2 o l/;)7 = 1 —+ 72,
Ip(vp) 2p

where T, denotes the pth Chebyshev polynomial of first kind (p € N) and > 0
is a stabilization parameter. For f, = 0, and a continuous finite element space
discretization with mass lumping, the LTS scheme (3.5¢)&(3.8) has been analyzed
in [23].

> Further alternatives to the implicit #-scheme or the explicit LFC scheme are ex-
ponential integrators, e.g., a Gautschi-type method [30, Chapter XIII]. For a char-
acterization of functions \Tl, which allow us to perform the following stability and
error analysis, we refer to [5, 6] where the above two-step scheme was proposed and
analyzed for (stiff) ODEs.
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For the sake of presentation, we focus only on two choices for the modified scheme,
namely (3.8a), i.e., a LTS method, and (3.7) with 8 = 1/4, i.e., a locally implicit
scheme comprising leapfrog and Crank—Nicolson methods.

Our main result is the following error bound:

THEOREM 3.1. Let Assumption 2.2 and Assumption 2.3 hold with u > 1. Further,
assume that the solution u of (2.1) is sufficiently reqular. Consider the local time
integration scheme (3.5) complemented with either (3.7) (for 6 = 1/4) or (3.8) for
suitable choices of p and n). If T < TopL, where Tcr1, is independent of Ths and
K|T, ., then there is a constant C' > 0 independent of h and T such that

(3.9) u(ty) —ut|| < C(7% + hEF), t, <T,

where k denotes the degree of the polynomials of the dG discretization.

In the remaining paper, we will provide more detailed versions of this result and
also present their proofs.

4. Spatial discretization. In this section, we introduce the discrete setting
and define the discretization with the discontinuous Galerkin method. In addition,
we review some properties and estimates on the operator A, (and its “suboperators”
on the submeshes 7, ¢, Th,m) required for the error analysis.

4.1. Discrete setting. With 7 we denote matching simplicial meshes of €2, see,
e.g., [16, Definition 1.36] for a definition. As usual, the subscript h = maxgeT, hi
refers to the maximal diameter of all mesh elements, where hx denotes the diameter
of a mesh element K. We assume that 7, matches the partition R, of £ given in
Assumption 2.2, thus, k is constant on every mesh element K € T,. Moreover, we
assume that the mesh 7, is shape-regular, i.e., there exist a constant p independent of
h such that hg /0 < p for all K € T;, where §x denotes the diameter of the largest
ball inscribed in K.

The faces of mesh elements of T, are collected in Fj, = ]-"}Lnt U .7-'}3“‘1, where the
first set collects the interior faces and the second set the boundary faces. For a precise
definition of a face F' € Fj, we refer, e.g., to [16, Section 1.2]. The maximum number
of mesh faces composing the boundary of a mesh element is denoted by

Ny = d{F € Fp, | F C 0K
5 [Ifnea%lcar{ € Fn | F COK},

which is in case of matching simplicial meshes given by Ny = d + 1.

For every interior face F' € ]:}Lm we refer to the two neighboring elements sharing
this face arbitrarily by Kr; and Kp. We fix this choice and define ny as the outward
unit normal vector pointing from Kz to Kpo. For a boundary face F' € FP"d the
orientation of ng is always outwards.

Remark 4.1. The restriction to matching simplicial meshes can be dropped. The
following results hold true for more general meshes satisfying the shape and contact
regularity assumptions [16, Section 1.4.1] as well as an optimal polynomial approxi-
mation property [16, Section 1.4.4].

As discrete approximation space we use the broken finite element space

Vi = {n € L*(Q) | ¢nlx € P(K) for all K € T},

where PX(K) C P(K) C H*'(K) and PX denotes the set of polynomials of total
degree at most k; see, e.g., [21, Chapter 18]. Typically, one chooses P(K) = Pk. We
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point out that, since our bounds rely on elementwise estimates, it is easy to generalize
our analysis to varying polynomial degrees on mesh elements. For the error analysis
we also introduce the vector space

Vi =Vi+V,
as the sum of V, defined in (2.4) and the discrete space V},.
Further, we define the weighted average of a sufficiently smooth function v over

an interior face F' € F}™ as

wKF,l(v‘KF,l)‘F =+ WKF > (U|KF,2)|F

(4.1) folr =

)

WKr 1 + WKr >
where w:  — (0,00) is a given piecewise constant function satisfying w|x = wk for
all K € Tp,. Note that, if w is constant on a face F' € F;", we obtain the usual

arithmetic average, i.e., {-} = {-}£. The jump of v over an interior face F € Fi"*
is defined as

[Vp = (VlKe )P — (V]Ke,) P

For vector fields these operations act componentwise. On boundary faces F' € F, ,}fnd
we set {ol}y = [v]p = v|F.

4.2. Spatially discretized problem. For the discretization of the operator A
we use the symmetric weighted interior penalty bilinear form introduced in [20]; see
also [16, Chapter 4] and [22, Chapters 38, 41] for more information. The bilinear form
an: Vin X Vi p — R is then given by

an(un,on) = Y / KVup - Vo dz — /{’Wuh}}lp/m'w[[%ﬂpda
K F

(4 2) KeTh FeFn
- 3 [Vl e+ 3 ar [ fusleline do
Fer, ¥ Fer, 7F

where ap denotes a penalty factor on each face F'. The second, third, and fourth
terms correspond to jump and flux terms at faces F' € Fj, and are called consistency,
symmetry/adjoint consistency, and penalty terms, respectively.
As penalty factor we use ap = ng kp h;l on every face F' € Fj, with a penalty
parameter ng > 0, the local length scale hr given by
(4 3) hp = min{hKF.17hKF,2}’ Fe ]:}ilnt’ F= aI(F,l N 6KF,2,
' "7 b, F e Fd F =0Knon,

and the material-dependent penalty parameter

KKp 1 tRKR o

(4 4) 72HKF’1HKF’2 s F e ]:}ilnt7 F = 8KF,1 n 8KF72,
. Rp =
KK, FeFrd F=0KnoQ.

Note that our choice of the bilinear form a; coincides with the weighted version in
[16, Section 4.5], where a different notation is used.
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Remark 4.2. Other choices for the penalty factor ar and the weight w are possible;
see, e.g., [16, Chapter 4] or [28]. For instance, in d = 2,3 we could have used the local
length scale hp = diam(F’) for every face F' € F}, as well. For appropriate choices the
following results still hold, possibly with minor modifications.

It can be shown that the bilinear form ay, is bounded on V, 5, x V}, and coercive on
V3, with respect to a suitable norm if ng > n = NyCZ, see, e.g., [16, Lemma 4.51] or
[22, Lemma 41.11]. Here, Ci, refers to the constant from the discrete trace inequality
(A.3). We emphasize that n¥ is independent of hp and the material parameter s.
However, since Ci,. depends on the shape-regularity constant p, the polynomial degree
k, and the dimension d, so does 15. For instance, for matching simplicial meshes and
Vi, = PE(Th) one has Ny = d + 1 and CZ, < (k + 1)(k + d)p, hence n ~ (d+ 1)(k +

trc —

1)(k + d)p; see, e.g., [16, Lemma 1.46 and Remark 1.48] and [21, Lemma 12.10].
ASSUMPTION 4.3. The penalty parameter ns satisfies ng > NpC?2 ...

With this bilinear form aj, the spatially discretized problem of the wave equa-
tion (2.1) is given by

(4.5a) (8t2uh, vp) = —ap(up,vn) + (f, vr) for all v, € Vj,

(4.5b) up(0) = u) = mpul, Opup (0) = vy = mp0°,

where we take the L?-orthogonal projection of the exact values for the initial values;
see (4.8) below for a definition. Clearly, other approximations of the initial values
could be taken as well, e.g., interpolation. The boundary conditions (2.1b) are weakly
enforced through the bilinear form aj;. The error analysis of this semidiscrete problem
(with minor modifications in the bilinear form ap) was carried out in [28].

By introducing the operator Ay : Vj ; — V, which for v € V, 5, is defined by

(4.6) (Apu, on) = an(u,on)  for pp € Vi,

the semidiscrete scheme (4.5a) can be written in the compact form (3.1). Note that
the operator A is well-defined by the boundedness of a; and the Riesz representa-
tion theorem. Moreover, by using results from [4] we obtain from the coercivity of
the bilinear form aj (under Assumption 4.3) that there exists a constant éeoer > 0,
independent of h, such that

(4.7) |Anunll > 2, | unll for all up € V.

4.3. Consistency and projections estimates. Next, we state some properties
of Ay as well as projection estimates required for the error analysis. We start with
the definitions of the projection operators.

The L2-orthogonal projection 7, : L?(2) — V;, and the Ritz/elliptic projection
Uy Vi — Vj, are defined such that for u € L?()

(4.8) (mhu, on) = (u, o) for all o € Vp,
and for u € V,

(4.9) an(TTpu, op) = ap(u, on) for all o, € Vj,.

Observe that due to the broken space Vj, C L?(2) the L?-projection works locally on
each element, i.e., for u € L?*(Q) we have mpu|x = (mhu)|k for all K € Tj.
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LEMMA 4.4 (Consistency). For u € V, we have
(4.10) Apllyu = Apu = 7h Au.
Proof. We first observe that by u € V, we have [u]p = 0 for all ' € F}, and

[kVu]z = 0 for all F € Fi*. Elementwise integration by parts, cf. [16, Lemma 4.47],
then yields

(u, on) Z / kVu -V, dx — Z /{HVU}F ‘ng[ep]r do

KeTy, FeFy
=- Z / (kVu)opdz = (Au, pp),
KeTh
which shows (4.10) by using the corresponding definitions. d

We emphasize that this lemma does not hold true for v € H}(Q) N D(A), since kVu
admits no trace in L? in general. In fact, this is the main reason why we assume
u € H'H(Ry), u > % For the L?-projection the following results hold elementwise;
see, e.g., [21, Section 18.4].

LEMMA 4.5. For K € T;,, F € F, , F C 0K, and v € H'*?(T), o > %, there
are constants C, depending only on the shape-regularity constant p, the polynomial
degree k, the dimension d, and the regularity exponent o, such that

lw = mnull o < CR™Hul, 4y g IVu = Vmpullg < CR™[ul, 1y K,

lu — mhullp < OhT*H/zW”H,Ka [Vu — Vrpul p < Chr*71/2|u|r*+1,1<a

where r, = min{o, k}.

For the Ritz projection one obtains with Assumption 2.3 the following optimal
estimate.

LEMMA 4.6. Let Assumptions 2.2, 2.3, and 4.3 hold. Ifu € V,NH(T;), o >
we have

lu — jul| < Cglul h", r =7, +min{y, 1}, r. = min{o, k},

re+1,Th

where Cr is independent of h and u.

Proof. By definition (4.9) the Ritz projection II;, of u € V, is the solution of the
elliptic problem: Seek wuj € V}, such that

ah(U}“ Lph) = f((ph) for all ©Yh € Vh,

where £(p5,) = (Au,¢p) (note that by assumption Au € L?(f2)). For a proof of this
standard problem we refer to [22, Section 38.3], where the result is shown for Kk = 1
under the regularity Hg () N H'™(Q), o > 1, for the exact solution. The results
in there also hold for our regularity assumptions and can be directly extended to the

case of k Z 1; see also [22, Chapter 40 and 41] for further information. ]

Clearly, if Assumption 2.3 holds with p > 1 and u € V, N H**1(T},), we obtain the
optimal order hFT! for Vj, = P%(T},). Moreover, by definition we always have o > .
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4.4. Splitting of the mesh. To complete the construction of the LTS and
locally implicit scheme, we have to define the sets 7; . and 7, i.e., the sets of
elements treated with the explicit leapfrog scheme and the ones treated with the
modified scheme, respectively.

For this we recall that we are interested in situations where the mesh can be
split into two parts 7, ., and 7p s which require a weak and a strong CFL condition,
respectively and satisfy card (7}, s) < card(Tr,); cf. (3.3). In order to avoid that the
CFL condition of the leapfrog scheme on 7j, . depends on the strong CFL condition, it
is necessary to treat the elements in 75 s and their neighbors with the modified scheme
because of the flux terms in the bilinear form ap; cf. the locally implicit schemes for
Maxwell’s equations in [33, 34]. More precisely, the decomposition 75, = Th,m U The
is given by

Thm ={K € Ty | 3Ks € Th,s @ volg—1(0K NOK,) # 0},

4.11
( ) 771,6 :771\771,777,;

cf. [33, Definition 2.3].

For the stability of the local time integration schemes (3.5) it is important to
understand the behavior of the operator A;, on the submeshes 7}, ¢, Ts.m. Hence, we
define the self-adjoint, positive semidefinite operators

(412) Ah,e = XeAhXea Ah,m = XmAth7

acting on the submeshes 7, . and T, p,, respectively. They correspond to the “nonstift”
and “stiff” parts of the semidiscrete differential equation (3.1). By definition of x.,
Xm and &max, Emax,ws cf. (3.3), we have

460 ~ N Anlly, = [ Anmlly, > [Anelly, ~ 46haxws

cf. Lemma A.1 for detailed bounds. Here and in the following, |||y, = [Ty, v,
denotes the operator norm of an discrete operator T: Vj, — V},. In addition, we define
a coupling operator Ay, ¢, by

(413) Ah,em = XeAtha

which acts on the faces between 7p, ,, and 7, .. By the definition of 7 . and Ty, ., we
have [|Anemlly, < 5lA4n.elly,; cf. Lemma A.1.

~

5. Stability and CFL conditions. This section is devoted to the stability
analysis of the scheme (3.5). We call the scheme stable if for f, = 0, there is a
constant C' = C(u), v})) > 0 such that

(5.1) lup|l < Ct,, n=20,1,2,....

5.1. Representation formula. Recall that we use the leapfrog method on 7j, .
and a modified scheme defined by a suitable function T on Th,m. If the problems
on these submeshes decouple, i.e., Ap em = 0, then the scheme (3.5) is stable if the
following two conditions hold:

(i) the CFL condition of the leapfrog scheme on Tj, . is satisfied, i.e., 72(| Ap e[|y, < 4,

(i) the scheme defined by U is stable if applied to (3.1) with Ap,m instead of Ay,
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Unfortunately, this does not hold for LT'S methods if Ap e # 0.

A crucial observation for the stability of the general scheme (3.5) is the fact that
the two-step scheme (3.5¢) is equivalent to the leapfrog scheme applied to the modified
equation

(5.2a) Rup(t) = —AYup(t) + O fr(t)
with self-adjoint operator
(5.2b) AY = WA, = U(r2Apxm) A

Moreover, we have the following representation formula.

=

LEMMA 5.1. The approzimations uy of the two-step scheme (3.5¢) satisfy
~1 o
(5.3a) up = Cyuf) + Sy (uj, — CYuf) + Z;;l ngjlllffl, n >0,

with operators C\, SY : Vi, — Vj, defined by
(5.3b) Cy =T.(Xn), Sy=U,1(Xp), Xp=1I—3A},

where T, and U, denote the nth Chebyshev polynomials of first and second kind,
respectively (with U_1 =0).

Proof. We modify the proof of [7, Theorem 3.3] since it requires that the CFL
condition (5.5) holds. First, we define generating functions as formal power series

uQ) =Y upc",  EQ) = i
n=0 n=0

Next, we multiply the recursion (3.5¢) by ¢"*! and sum over n > 1. This yields

(5.4a) o(C)u(Q) = up + Cu, — 2CXpul + 72 (£(Q) — f2).
(5.4b) 0(¢) = (%I, — 20X, + I

To prove the representation formula, we first observe that X}, is a self-adjoint operator,
which only has real eigenvalues. By [1, Ch. 22] we have

o(Q)7 =D Un(Xn)(" =) S
n=0 n=0

Comparing the coefficients of (™ in (5.4a) yields

n—1
upp = S¥yyuf + Y (uh = 2X 0 ) + 72> SV
=1
The identity C) = SEH — 8Y X}, completes the proof. O

Thus, stability is guaranteed by the well-known CFL condition of the leapfrog scheme,
namely for

(5.5) 7 < 7cpr = max{7 > 0 s.t. all eigenvalues A of 72A} satisfy \ € [0,4]}.

Note that we have Tcpp, > 0 because of U(0) = 1. Moreover, (5.5) is sharp, meaning
that if the self-adjoint operator 72A} has an eigenvalue outside of [0,4], then [u}||
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grows exponentially in n. This can be seen directly from (5.3) by choosing the initial
values u% and 1)2 as a corresponding eigenfunction.

Unfortunately, (5.5) is not of practical use, because 7cpr, cannot be computed
explicitly for a given space discretization in general. Thus, we next show sufficient
conditions in terms of the operators Ay ., Ap e, and Ap ¢, and the function W.

5.2. CFL conditions. Since we use an explicit scheme on 7}, ., stability is sub-
ject to a CFL condition. In this section, we present explicit conditions for local time
integration methods, starting with the LTS scheme (3.5)&(3.8).

LEMMA 5.2. Let ¢ € (0,1]. Then the LTS scheme (3.5)&(3.8) is stable for all
T > 0 satisfying

492 32 42
(5.6a) 7 < s (9)? = max{ , min P }
[An]ly, { [Anmllv;, " [ Anelly, }

with ¢ = ||Ah,em||vh/||Ah,e||vh and

2 1 1
R R T REMIA A A7)

Proof. The statement directly follows from Theorem 3.14 (with g = 0) together
with Lemmas 3.17, 5.4, and 5.5 in [6]. d

Observe that the CFL condition (5.6a) is never stronger than that of the leapfrog
scheme applied on the entire mesh 7;,. A detailed discussion on the CFL condition and
the choice of the parameters p and v} can be found in [6, Sections 3.2, 3.4, 5.1, and 5.4].
In particular, 1] = 147/(2p?) in (3.8a) implies that m; and 372 /(4p®) can be bounded
in terms of  but independent of the polynomial degree p; see [6, Lemma 5.5] and [5,
Lemma A.7]. Extensive numerical observations showed that 7 = 1/2 (in which case
we have (32 /(4p®) > 0.9162) is sufficient for stability and in many cases, even n = 0.1
worked well (which gives (52/(4p®) > 0.9963). A comparison to the CFL condition
given in [23] can be found in [6, Remark 5.6]

Note also that there is a direct relation between 71,rs(¢) and the CFL parameters
introduced in (3.3b), namely

1 B 2
TLTS(ﬁ)QNmaX{ 5 ,mln{4£2p , ;/ }}

max max max,w

The polynomial degree p should be selected such that

2 2 2
1’2113)(, w 451%13,)( 1’2nax

Hence, as a rule of thumb, we recommend to choose p 2 &max/Emax,w- Then, the CFL
condition is independent of { for K € Ty, .

The situation for the locally implicit scheme is much simpler. For a proof of the
following lemma we refer again to [5, 6].

LEMMA 5.3. Let 9 € (0,1]. Then the locally implicit scheme (3.5)&(3.7) is stable
for all T > 0 satisfying

492

(5.7) ™ <m9)? = — .
A VY
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The lemma states that the CFL condition of the locally implicit scheme (3.5)&(3.7) co-
incides with the one for the leapfrog scheme applied to the semidiscrete problem (3.1)
on Tp... Hence, it is completely independent of the parameters on the mesh 7}, 5 and
of the coupling operator Ap, ¢y,

Under the above CFL conditions we further have the following stability estimates;
see [6] and [5, Section 5.3 and 5.5].

LEMMA 5.4. Let ¢ € (0,1) and n € N.
(a) For T < 1cpL, we have

(5.8) Iexlly, <1 7Sy Iy, < ta-

(b) If T < 7urs(9) and U= ﬁp defined in (3.8a), then there is a constant ¢;pg =
crrs (1, Ceoer) > 0 such that

(5.9) T ||57\I:||vh < cfrg = eppg (1 —92) 712,
(c) If T < 11(09) and U defined in (3.7) with 6 = 1. then
(5.10) TIISY Ry, < by = Ceoer(1 — 9%) 712

Here, Ecoer is defined in (4.7). For 9 =1 we formally set c¥rg, ¢V = oco.

6. Error analysis. After recalling the stability results in the last section, we
now turn towards the error analysis. For a more compact notation we abbreviate

u" = U(tn), fn = f(tn>7 ;zl = thn.

To bound the fully discrete error e” = u™ — u}} between the exact solution u(t,)
and the approximations uj, we split it into a projection error e and a discrete error
ej which stems from the time discretization of the spatially discretized equation, i.e.,

e" =u" —up =€ +ep, er =u" —Iu", e =Iu" —up € V.

Since the projection error e is bounded by Lemma 4.6, we focus on the discrete error.
To derive an error bound for e}, we insert the Ritz projected solution IIu™ into
the scheme (3.5¢) to define a defect d}} via

(6.1) I, (") = 2@ (AL + [ +df,  n=1,2,....
Subtracting (6.1) from (3.5) shows the error recursion
() =—T2WApel +d}, n=12...,
which leads with Lemma 5.1 to a representation formula for the discrete error
n—1 .
(6.2) ef =Creh +S¥(ep —Cled) + ijl Sy_.di.

A crucial step for the error analysis of both the LTS and the locally implicit
scheme is the following identity which, roughly speaking, allows us to express two
discrete spatial derivatives (via the operator AY) by a second-order central difference
quotient.
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LEMMA 6.1. Let Ak € Vi, k=0,1,...,n. Then A% = —72AYAF satisfies

n—1
(6.3) 3SP N, +> Sy N =CYA, - AL+ SY(AL - A)) + Z (&),
Jj=1

Proof. We refer to [6, Lemma 4.3] and [5, Lemma 5.22], where the same result is
shown for matrices instead of discrete operators and a special choice of A’L. 0

For the next steps in the error analysis we distinguish between the LTS scheme
and the locally implicit scheme.

6.1. Explicit LTS scheme. We start with the LTS scheme (3.5)&(3.8), i.e., we
have U = EJ(TQAth) and f,ff = f7 in (6.1). The main idea is to consider the defect
dy as a perturbation of the defect of the leapfrog scheme. Since we rely on Taylor
expansion for the defects of the time discretization, we abbreviate with

P 1) itk ) 1 k
©4) e [ @0 M ue s k) = g - )"
t .

n

the remainder terms of the (k — 1)st-order Taylor polynomial of 8{ a"*l at t,,.

LEMMA 6.2. Let u be the solution of (2.1). Ifu € C(0,T;V,)NW4(0,T; L?(52)),
then the defect d}} of the LTS scheme (3.5¢)&(3.8) defined in (6.1) satisfies

(6.5a) n— e+ AL AL =721, — )T 0Ru", n=1,2,...,
where
(6.5b) tr = (I = m)@") + 700k,  OLF = 040 4 + 040,

denotes the defect of the leapfrog scheme.
Proof. From (6.1) we obtain

dy —,@"™) = —TQ‘/I\’(ﬂ'h(—Aﬂn + M) = 2, 0u(ty,),

where we used the consistency (4.10) of Aj,, which follows from the assumption that
u™ € V,, as well as (2.3). By Taylor expansion we further have that

(6.6) @") = 72070 + 6’

Taking the L2(£2)-projection of this identity and inserting it into the above equation

proves (6.5). |
For the error of the first time step we have the following.

LEMMA 6.3. Let u be the solution of (2.1). Ifu € C(0,T;V,)NW31(0,T; L?(12)),
then the approzimation u}, of (3.5b)&(3.8) satisfies

(6.72) e, =€ — Lr?Ale) +dj,
where

(6.7b) dj = dip + 33 AYmL 0T + S0, dlp = (T — my) (@' — ) + 703

with A% defined as in Lemma 6.2.
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Proof. Replacing u}, u? in (3.5b)&(3.8) with yut, I,u° yields

It = 00 + 7 (I, — r2AY) ol + 5720 (— AL + f9) + df,
with a defect dY. Subtracting (3.5b)&(3.8) from this equation leads to (6.7a). For the

representation of the defect dj we use (4.10), v) = 7,9;u°, and Taylor expansion. 0O

With this lemma we obtain together with (6.2) (recall I;, — 3724} = ct)
n—1 .
(6.8) e =Cred +SYd) + ijl Sy_.dj.

The problematic terms for an error estimate are the defects A%,. To see this, we
first observe that because of F,(0) = 1 there exists a polynomial B,: R — R with

(6.9) B(2) = 1+ B(2)z.
A naive estimate would then lead to
AL < 72I(Tn — ) (7, — T)OFE" || + 74| (72 AnXom ) A xm 070" |
< Cr?(htHofan

roirg T Tl Anxm 07T ),

where we additionally used the boundedness of Ij, — ¥ and \T/(TQAhx,,L) under the
CFL condition (5.6) (see [6]) as well as Lemma 4.6. However, the second term cannot
be bounded uniformly in A in general; see Lemma A.2 below. Thus, such an estimate
would yield suboptimal convergence rates. A similar behavior occurs for locally im-
plicit schemes for Maxwell’s equations; see, e.g., [33]. The remedy consists in using

the identity (6.3) in Lemma 6.1.

THEOREM 6.4. Let 0 > 1, 9 € (0,1], 7 < mrs(V) defined in (5.6), and let
Assumptions 2.2, 2.3, and 4.3 hold. Further, assume that the solution u of (2.1)
satisfies

(6.10) u € C*(0,T;V, N H o (T)) n W0, T; L*(2)).

Then, for t, <T, the approzimations uj of the LTS scheme (3.5)&(3.8) satisfy
(6.11)  u(ty) —up|| < Cmin{clrg, tn} (7% +R7), r = min{o, k} + min{y, 1},
where C only depends on Cgr, n defined in (3.8b), and u and its derivatives.

Proof. We first notice that \/I\’(T2Ah7m) is invertible for 7 < mpg(1); see [6, Sec-

tion 3]. Together with the definition of the polynomial B, in (6.9) we then have for
the defect A, given in (6.5a)

(6.12a) AL = =720 (72 A Xom ) Ap Xom THOZU" = —T2AY A,
with
(6.12D) A = 72X U(T2 A ) " (72 Ay )Xo THOZU"

Hence, employing (6.8), (6.5), Lemma 6.1 with A = A}, taking the norm, and
using the stability estimates in (5.8), (5.9) yields

. 9 n—1 i ~
leql < Nefl + min{efps,ta} (el + 32 el + 24T mu0,a)

~ ~ ~ ~ n—1 ~
1R+ 1A%+ minfefps, ta} 2 (1A% - B+ D7 1CGERI)-
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The terms are bounded separately. For €) we have by the definition of 7, and
Lemma 4.6
h".

lepll = [lmn (Mpu® — )| < [, — @) < Crlu®l, 4y 7,

For the leapfrog defects defined in (6.5b) and (6.7b) we have by Taylor expansion, the
definition of & ; . in (6.4), and again Lemma 4.6

n—1 .
(el + 377 Nael) < Or mas (o) 1.7, b+ § max [Fu(s)] 7

r«+1,Th

tn [2%
+ CR/ |8t2u(s)|r*+17771 dsh” + %/ ||8f‘u(s)|| ds72.
0 0

Moreover, since 72[|AY|| < 4 and ¥ < cg under the CFL condition 7 < mrs(1)
(see again [6, Section 3]), we have with Lemma 4.5

172 A 0,00 < ||mndsi® — 9,2°|| + 1| AL0,a0| 72

< 100, oy .z B+ Leg )| 40,0 7.

For the terms involving &E we observe that under the CFL condition 7 < m1g(¢) we
have with [6, Lemma 3.2] for u € L?(2)

lIxm ¥ (T XmAnXm)~ 1\I/(7—2XmAth)Xnﬂrhu” < ma | xmmnull < mal[xmul,

since 7, and X, commute by definition. Note that the constant ms = ms(n) can be
bounded independent of the degree p of the LFC polynomial (3.8b); see [6, Section 5.1].
Hence, we obtain || A%|| < s xm020"|| and || A < s xmd2uP||. Moreover, again
with Taylor expansion, we have

tn
L8 - B+ 3, JEM)sm3<sx§g§]||xmafu<s>||+2 / IXmQ?U(S)HdS)TQ

Collecting these bounds and inserting them into the first estimate yields the bound
for |le}]|. The triangle inequality and Lemma 4.6 complete the proof. 0

Remark 6.5. The regularity assumptions (6.10) we pose for the exact solution u
of (2.1) coincides with those imposed for the leapfrog or #-schemes in [29, 36] to prove
(optimal) error bounds in the L?(Q)-norm. In contrast, the error analysis for the
LTS scheme in [23, Theorem 3.11] requires u € W8 (0,T; H**1(Q)) for the exact
solution. Moreover, compared to the error bounds in [29, 36] our result holds without
an additional factor of t,, for ¥ < 1, since min{crg,t,} < Vpg.

6.2. Locally implicit scheme. Next, we turn towards the error bound for
the locally implicit scheme (3.5)&(3.7) with 6 = 1, where U = R(r2AnXm) and
ﬁ’j = (f') in the general two-step scheme (3.5¢) and, thus, in (6.1).

In principle, we could use the defect from the LTS schemes in Lemma 6.2 by
additionally taking the modification of f}' into account, i.e.,

h=dip + A = 3T =2+ Y

with A% and df'y defined in (6.5). By assuming f € C?(0,T; L*(2)) we could then
perform the analysis analogously. However, since for § = i the locally implicit scheme
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does not admit a uniform bound for 7||SY || like (5.9) for the LTS scheme, the error
bound (6.11) would hold with ¢,, instead of min{c(9),t,} for a constant ¢(9) > 0.

As remedy to this problem we want to employ the bound (5.10). To do so, we
consider the defects as perturbation of the defects of the implicit trapezoidal rule or
f-schemes instead of the ones of the leapfrog scheme.

LEMMA 6.6. Let u be the solution of (2.1). Ifu € C(0,T;V,)NW4L(0,T; L3(2)),
then the defect dj of the locally implicit scheme (3.5¢)&(3.7) defined in (6.1) satisfies

(6.13a) dy = Wdy — 172 WA, xedlp + A, = — 1WA X 0Fn,
where df'p is given in (6.5b) and
(6.13b) dy = (I, — m)(W") + maly, 0f =640 4 + 040 _ — 272(05 0 4 + 055 ),

denotes the defect of the 6-scheme.

Proof. With the definition (3.7) of 1?{, the identity (u™) = u™ + i((ﬂ”)), and the
consistency property (4.10), the defect dj} defined in (6.1) satisfies

=1 ~n ~n ~n n
U dpy = (In + 177 Anxn) TR (@) — 72 (3 ARIL@") — ARILLQE™) + € F00)
= I1,,(@") — mp 72070 ) — 172 ApxeITn(@").
In the second step we additionally employed the differential equation (2.1) and the

fact that x,m, + xe = 1. The first two terms yield (6.13b) by Taylor expansion of
6 = (u"™) — 72(07u™). For the third term we observe that by (6.6) we have

=22 Apx @) = =377 Apxe (M, — 7)(@") + m01'p) — 272 Apxemn 07",

which yields (6.13a) by multiplying with . d
For the error of (3.5b)&(3.7) in the initial time step we have the following.

LEMMA 6.7. Let u be the solution of (2.1). Ifu € C(0,T;V,)NW31(0,T; L?(52)),
then the approzimation uj of (3.5b)&(3.7) satisfies

(6.14a) ey =eh — 22 A)e) + dj, 49 = wdf — iTQ\TIAhXed%F + AY,
where
(6.14b) dy = (I —mp) (@ = 0°) + 7 (88,0, — 572605 4)

and AY is defined as in Lemma 6.6.

Proof. Inserting the Ritz projections of u!, u° into the starting value (3.5b)&(3.7)
yields

0,0t = 10,20 + 7 (I, — 2r2 A7)0 + 172 (— AT, 00 + (f2)) + Y,

with a defect d). Subtracting (3.5b)&(3.7) from this equation leads to the formula
for e} in (6.14a). Since for ¥ = R(72ApXm)

Ih — %TQA;I: = ‘/I\’([h — %TQAhXe)y
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we obtain with similar arguments as above

~—1 ~ o~ 5
U dy= (I + 172 Apxm) IR (@' — 0@°) — 7(I— 372 Apxe)vp, — 377 (= AL E° + (f1))
=1, (" —a°) — m(r0° + £7%070°)) — 12 Apxe (I (@' — @°) — Tmp0?).

Next, we use Taylor expansion. For the first two terms this yields (6.14b) and for the
third term we have

— 172 Apxe (L@ — @°) — 7rp°) = =172 Ay xeddp + A,

Multiplying with ¥ leads to the formula for df. u|

As mentioned before, if xy. = 0 (i.e., all elements are treated implicitly), the
defects in Lemmas 6.6 and 6.7 reduce to those of the #-scheme. For the error result
we now insert the defects dj! into the error representation (6.8) as we have done for
the LTS scheme above. For the problematic terms — consisting of the terms A7} here
— we apply Lemma 6.1 with

n n 23 An An An 1,2 2~n
A = A} = —1"WA, AL, AL = A} = 77°Xemn0; U™,

Altogether we obtain the error result.

THEOREM 6.8. Leto > 3,9 € (0,1], 7 < 701(V) defined in (5.7), and let Assump-
tions 2.2, 2.3, and 4.3 hold. Further, assume that the solution u of (2.1) satisfies the
regularity assumptions (6.10). Then, fort, < T, the approzimations uj of the locally
implicit scheme (3.5)&(3.7) with 6 = § satisfy

(6.15)  u(ty,) —ul|| < Cmin{cly, t,} (72 + "), r = min{o, k} + min{p, 1},

where C' only depends on Cg, 6, and u and its derivatives.

Proof. Combining (6.2) with Lemmas 6.6 and 6.7, Lemma 6.1 with A7 = A},
taking the norm, and using the stability estimates (5.8), (5.10) yields

n—1 .
n : 9
el < liehl +mingefy, .} (I1dgl+ 2 Il )
e n—1 o ~ .
+ ||i7’28n q’AhXed%F|| + Zj:l HiTQSnflelAhxediFH
~ ~ ~ ~ n—1 ~ .
IR+ 1A+ minfefy, )2 (187 - A3+ 7 IGADI).

The terms are bounded separately. The bound for 62 is obvious. The defects dy can
be estimated similarly as in the proof of the LTS scheme, leading to

1 n—1 .
(a0 227 131 < e ma 1eu(s)

-1 3 2
Tt 1, T h" + 1 Slél[g,)i]”at u(s)|| 7

tn tn
+0R/ O2u(s)], 1 7. dsh’"+1—12\/§/ 190u(s)| ds 72,
0 0

For the defects involving d{F we observe that by the definition of S,‘f and because
of ¥y, = x. we have

Sg—jAgXediF = Agsrq:—j‘llxﬁdip
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Hence, the CFL condition (5.7) implies
157280 ¥ Anxedip|| < min{cy, t} | Xed] -

The bounds for || XediF” are the same as before. Moreover, again with Taylor expan-
sion we have

~ ~ n—1 ~ . tn
(134 - B0+ 37 W) < 4 (max Iopule)] + 2 [ ofuts)as )=

Collecting these bounds and inserting them into the first estimate yields the bound
for |le}]|. The triangle inequality and Lemma 4.6 complete the proof. 0

Appendix A. Bounds for discrete operators. In this appendix, we show
bounds for the operators Ay, , Ape, and Ap e defined in (4.12) and (4.13), respec-
tively. Tt is well-known that ||Apup| < €2, llunll for up € Vi, with &pax given in
(3.3¢); see, e.g., [29, Lemma 3.3] for a variant of the bilinear form ay. However, to
show the precise dependency of the bounds on the submeshes Tpp, b € {w, s,e,m},
we state them here in detail. In addition to these bounds we also show an estimate
for ||Apxpull, u € Vi, in Lemma A.2.

Notation. For the mesh faces F; we use the partition

]:h - ]:;;e U ]:h,m 5 ]:;Z,e = ]:h,e U ]:h,em-

Here, Fj, . and Fp, ,,, contain the faces between or at the boundary of elements treated
with the leapfrog and the modified scheme, respectively. The set F}, ¢ C ]:,ift consists
of the faces between the submeshes T; . and Ty m, ie., a face F' € f}Lnt belongs to
Fhem it F C 0K, NOK,, and voly_1(0K.NIK,,) # 0 for K. € The, K € Thym. We
use the convention that the normal ng is directed from K. towards K,,. From the
shape-regularity of 7;, (see subsection 4.1) we further have that there is a constant
py > 0 such that

hi
(A1) T < o for all K € Tpp, b€ {w,s,e,m}.
Note that p > pp and for locally refined meshes we might have p > p,, in addition to
Emax > Emax,up

For proving the subsequent estimates the inverse and the discrete trace inequality
for functions in V}, play a crucial role. For uy € V},, the inverse inequality is given by

(A.2) [Vun x < Cinwhi lunll & for all K € Ty,
and the discrete trace inequality by
(A.3) Junllp < CorchiPllunllc  for all F € Fy, K € Ty, with F C 0K;

see, e.g., [16, Lemmas 1.44, 1.46]. Since the constants Cj,, and C},. depend on the
shape-regularity constant p (and also the polynomial degree k of the finite element
and the dimension d), we denote the corresponding constants on the submeshes Ty 3
by Ciny,p and Ciyep (depending on py, k and d).

The split operators Ap m, Ape, and A ep introduced in (4.12) are bounded as
follows.
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LEMMA A.1. For uy € V}, we have

(A.4a) [ An.ctunll = lxeAnxetunll < Cond.w Enax wllXetnl,
(A.4b) [Anmunll = [XmArxmunll < Cond EmaxlXmunll,

with Cbnd,w = C'iznv,e + 2(7’5 + CiHV,e)Ctzrc,epi)Na’ Cbnd - CIIIV + 2(775 + CinV)Ctzrcp2N3’
and

(A.4c) AR emunll = IxeAnXmunll < Chug w Emasw | Xmunl

with and,w = (775‘ + Cinv,w)ctrc u;pra

Proof. We only show the bound (A.4a), the remaining ones can be proven anal-
ogously. Let ¢p, € V},. Using the definitions of Ay in (4.6), ap in (4.2), and of the
indicator function x. in (3.4), we have

(XeAnXeun, ¢n) = Z /Hvuh Ve dz + Z ap [[Xeuh]]FHXeSDh]]FdU
KeTh,e FeF; .,

- 3 [ @RV B nelede + AnV e B - nrlxeunle) do

Fer;

The terms on the right-hand side are now bounded separately. For the first term
we obtain with the Cauchy-Schwarz inequality, the inverse inequality (A.2), and the
definition (3.2) of i

un|[lonll-

3 / FVun - Vnde < C2, . S €& llunlicllonllc < C2y o2
KeTh,e KeTh,e

Next, for the penalty term, we again apply the Cauchy-Schwarz inequality twice

> ap | DeeunlrDxegnlr do
FE]'-*

/ /
<ns( 3 wpnlbvendel) (X hellxeendel)

FeF; FeFy;

h,e h,e

Since both factors are bounded by similar arguments, we only show the bound for the
first one. For this, we first observe that by the definition (4.3) of hr together with
the shape-regularity (A.1)

(A5) hrp < hKF,uhKFa < pwhp for all F € ]:;: e n fmt F = 8KF71 n 6KF,2,
and by the definition (4.4) of kg
(A.6) kp < Max{kKp , FKp, for all F € F}"*, F = 0Kr1 N OKps.

Thus, we have for all F € F, . N Fint

2
wp hp lunle |7 < 267 ont e (i, lun ., + B, lunli g )

2
< 20 tre,e pw max{gKFJ?gKFj }4<||uh||KF,1 + ”uh”KF,Q)’
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where we additionally used the discrete trace inequality (A.3) in the first step. Pro-
ceeding similarly for F' € Fj . N ]-','jb’nd and F € Fp, em (note that [xeurn]r = (unlk.)|r
for all F' € Fj, em) yields together with the definition of Nj

Z ap [[Xeuh]]F[[XE(phﬂF do S 2778 Ctzrc eNé?Pi; I2nax,w||X€uh|| H(Ph”
rer;, F

For the consistency and symmetry terms we observe that by the definition of the
weighted average (4.1) we have for all F' € Fj, o N F;™

hpt [k Vun 3 "5 <

2 2
L (190l I + V0] e )
2
S %Cgrc,ecgnv,eﬁ’%' h’ (h‘Ki 1 HuhHKF 1 + h’KF 2 HuhHKEz)
1
2

2
S CthC,eCiQHV,e pi} max{gKF,l ’ gKF.z }4 (”uh ||KF,1 + ”uh ||KF,2) ?

where we again used (A.5), (A.6), (A.3), and (A.2). Thus, using similar arguments
as for the penalty term leads to

> / {RV (xeun) 1" - nelxeenls + {6V (xepn) 1" - nelxeunly) do

Fer;

<20?

trc,e

unlllonll-

inv,e
Collecting the estimates of all terms and using the identity
[XeAnxeun| = sup  (XeAnXeUn, Pn)
PrEVh,llenll=1
finishes the proof. ]

The next lemma states that ||Ayxpul|, b € {e,m}, cannot be uniformly bounded
in h (or hyiy) for functions u € V.

LEMMA A.2. Foru €V, and b € {e,m} we have

1/2 1/2
AUl S u i( + Oor,cfimax,w h}_73 ||UH?7
lAnoul] < Al
KeThp FeFn,em

(A7)
+ Ctrcw a “maxw( Z h ! HVUHF>
FeFn em
with Cor,c = (2ns + Cinv,w)Ctrc,wj\fé/2 and Kmax,w = MAXKeTy,» KK -

Proof. Let ¢y, € Vj,. Since u € V,, we have xpyu € V, 5, as well as [u]lp = 0 for all
F € F, \ Frem and [kVu]p = 0 for all F € Fi**\ F, ... Elementwise integration by
parts then yields for all ¢, € Vj,

(Anxvu, ¢n) = an(Xxpu, vn)
Z / V- (kVu)pp dx + Z aF/ Ixvulplenlp do

KeTh b FE-F}L em
3 / (59 )l e fon B — £V (on) 3L - np Dxouly) do
FeFn em

Similar arguments as in the previous proof lead to (A.7). O
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