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Abstract

We study weak solutions and its approximation of hyperbolic linear symmetric Friedrichs
systems describing acoustic, elastic, or electro-magnetic waves. For the corresponding first-
order systems we construct discontinuous Galerkin discretizations in space and time with
full upwind, and we show primal and dual consistency. Stability and convergence estimates
are provided with respect to a mesh-dependent DG norm which includes the L, norm at final
time. Numerical experiments confirm that the a priori results are of optimal order also for
solutions with low regularity, and we show that the error in the DG norm can be closely
approximated with a residual-type error indicator.

Keywords Weak solution of linear symmetric Friedrichs systems - Discontinuous Galerkin
methods in space and time - Error estimators for first-order systems

Mathematics Subject Classification 35K20 - 65M15 - 65M60 - 65M55

1 Introduction

Linear wave equations are hyperbolic, and the formulation as first-order symmetric Friedrichs
system provides a well established setting for analyzing and approximating solutions. A
specific feature of hyperbolic systems is the transport of discontinuities along characteristics.
Our goal is to provide a numerical scheme which is efficient for smooth solutions as well as
for weak solutions with discontinuities.

For smooth solutions of linear symmetric Friedrichs systems O (h°~!/?) convergence can
be established for discontinuous Galerkin approximations in space with respect to suitable
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mesh-dependent DG norm [9, Chap. 57], [5, Chap. 7]. For acoustics, the convergence analysis
of a space-time approximation in a DG semi-norm provides estimates for all discrete time
steps [2, Prop. 6.5].

Finite volume convergence O (h'/?) for hyperbolic linear symmetric Friedrichs systems is
established in [18] combined with first-order time-stepping. Discontinuous Galerkin methods
in time are analyzed in [12] for tent-type space-time meshes. This is adapted to space-
time discontinuous Galerkin methods on general space-time meshes with upwind flux for
acoustics in [2], where the convergence is established for sufficiently smooth solutions based
on estimates in a suitable DG semi-norm. In particular, the analysis includes the adaptive
approximation of corner singularities.

Here, we consider a DG method in space and time for linear symmetric Friedrichs systems,
and we show inf-sup stability and convergence in the DG norm. Therefore we transfer our
results for space-time Petrov—Galerkin methods in [6, 7] with continuous approximations in
time and for the DPG method in [10, 11], where convergence in a stronger graph norm is
considered. Our analysis includes bounds for the consistency error in the case that piecewise
discontinuous material parameters are not aligned with the mesh. Convergence in the limit
for piecewise discontinuous solutions of Riemann problems is established only in L.

The space-time method is realized in the parallel finite element system M++ [4]. In our
numerical examples we confirm the a priori estimates for weak as well as for smooth solutions,
and we demonstrate the efficiency of the p-adaptive scheme.

Space-time computations have a long history in practical engineering applications and in
parallel time integration [13, 26]. The space-time approach allows for large-scale parallel
computing and in case of point sources the reduction to the time cone within the space-time
cylinder. Moreover, it allows for dual-primal goal-oriented error control and applications
to inverse and optimal control problems where the adjoint problem is backward in time
and relies on the forward solution in the full space-time cylinder. Space-time discretizations
for the wave equation are constructed within a second-order approach in [19, 25], with
isogeometric methods in [27], a very weak approach is presented in [15], a quasi-Trefftz
method is considered in [17], and a new approach to space-time boundary integral equations
for the wave equation is developed in [24]. In comparison with these methods the first-order
DG approach is numerically expensive. On the other hand, convergence can be established
with minimal regularity assumptions, the method easily extends to more general material
laws and to more general hyperbolic conservation laws.

The paper is organized as follows. In Sect. 2 we introduce the notation and the formulation
of wave equations as first-order systems, in Sect. 3 we introduce the DG discretization in time
and in space. In Sect. 4 we consider well-posedness and stability, in Sect. 5 we prove existence
of weak solutions and convergence estimates, in Sect. 5.3 we introduce an a posteriori error
indicator, and in Sect. 6 we present numerical results. In Sect. 7 we conclude with a discussion
of possible extensions and open problems.

2 Symmetric Friedrichs Systems

We consider weak solutions of linear hyperbolic first-order systems in the form of symmetric
Friedrichs systems. Let & C R? be a bounded domain in space with Lipschitz boundary
a2, I = (0, T) a time interval, and we denote the space-time cylinder by Q = (0, T') x Q.
Boundary conditions will be imposedon I'y C 9Q2fork =1, ..., m depending on the model,
where m is the dimension of the first-order system.
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For S C Q the L, norm and inner product are denoted by || - ||s and (-, -)s.

Let L = M9, + A be a linear differential operator in space and time, where (Mv)(t, X) =
M (x)v(t, x) defines the operator M with a uniformly positive definite matrix-valued function
M e Loo(2; R;’;é{”), and where Av = lei‘:l A.,- d;v is a differential operator in space with
mxm

matrices A i€ ]Rsym

such that

. Since M is uniformly positive definite, constants Cy; > cps > 0 exists

My y<y MXy<Cyy'y, yeR"andaaxceQ.
We observe

(Lv,w), = (Md;v,w), + (Av,w), = —(v, Md;w)

0
=—(v,Lw)

— (v, Aw)Q
v,weCé(Q;IRm),

0 0 0
Q 9
so that L* = —L is the adjoint differential operator. This is now complemented by initial
and boundary conditions.

For the unit normal vector n € Lo (3$2; RY) we define the matrix A, = Z?:l njA j €

Rg’;ﬁlm, so that

(A, W)g + (v AW)g = (A7, Whyq = (V. AgW)q. VoW e CI@RY).
Correspondingly, we get for the operator L in space and time
(Lv, W), + (V. Lw) , = (MV(T), W(I))g, — (MV(0), w(0)),
+ (40 W) o 1ympr VW E cl(o:R™),
i.e., inserting L* = —L,
(v, L*W)Q = (Lv, w)Q — (Mv(T), w(T)),,
+ (MV(0), W(0) g — (AnVs W) g 1yxpq> V> WEC(QR™).

In order to define weak solutions, we include initial values for # = 0 and boundary conditions
onTy fork =1, ..., mintheright-hand side. Therefore, we use a test space V* C c! (Q; R™)
such that

(v, L*W)Q = (Lv, W)Q + (Mv(0), W(O))sz —(Apv, w)(O,T)x&Q’
veCl(O;R"), weV*

with
m
(Apv. W)(O,T)XBQ = Z((Anv)k’ wk)(O,T)ka J
k=1
veC' (Q:R™), w=(wi,..., wy) € V*. (1
The property (1) characterizes adjoint boundaries I'; C 92 for k = 1, ..., m, so that the

test space is defined by

V' ={weC(Q:R"): w(T)=0inQ, w(t) € S*fort € [0, T)}
with §* = {W e Cl(Q;R™): AwW) =0o0onT}, k= 1,...,m}

with homogeneous final values at t = T and homogenous values at the adjoint boundaries.
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Our aim is to find a weak solution u € Ly (Q; R™) solving

(w,L*w), =(t,w), weV* (2)

0
with

<Z, W) = (f. W)Q + (Muy, W(O))Q - (g W)(O,T)xem’ weVr

for given volume data f € L,(Q; R™), initial data up € L,(2; R™), and boundary data
..... m are extended to 92 by

gk =00n0Q\ Ty fork=1,...,m.
Testing the weak solution u € Lo(Q; R™) in (2) with functions in v € Cé(Q; R™)
defines the weak derivative Lu = f in Ly (Q; R™). If in addition u(0) € L,(2; R™) and
Ajulo,7)yxr, € La((0,T) x I'y) for k = 1,..., m, the weak solution is also a strong

solution characterized by

Lu=finLy(Q;R™), w(0) =upinLy(2;R™),
(Apw = gronLa((0, T) x Ip), k=1,....m. (3)

This is now specified for acoustic, elastic and electro-magnetic waves.
Acoustic waves The second-order wave equation

0979 —V - (kVe) =b

is considered as first-order system with p = 9,¢ and q = —« V¢, i.e.,
0hp+V-q=>b andd,q+«Vp =0 in(0,T) x 2,
p(0) = pp and q(0) = qq inQatt =0,
p()=pp()onIp andn - q(r) = gn(¢) on 'y ondQ fort € (0,7T)

for volume data b, boundary data gn, pp, initial data qq, po, positive parameters o, «, and
the disjoint decomposition of the boundary 02 = I'p UT'y into Dirichlet and Neumann part.
The corresponding Friedrichs system with m = 1 4+ d components is given by

0= (0)- = () = (%))
q k7'q Vp
_(n-q (b _ [ &x
Anu_(pn)v f_(())s g_(PDn>’ (4)
so that for smooth functions ¢, ¥ withgp =0on (0,7) x 'pandn-¥ =00n (0,7) x 'y

(An(p, @), (9, '/’))(o,r)xzm =(n-q, g”)(O,T)er +(p.m- 'ﬁ)(o,r)er'

In two space dimensions, this corresponds to the boundary parts I'y = I'f = I'p and
I'y=T5=TI3=TI5=TN,and

o 0 O
M=10k"" 0 | €Loo(2RYD).
00 «!
010 001
Aj=[100]eRya. Ay=[000|eRyD.
000 100
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Elastic waves Linear elastic waves are described by the first-order system for velocity v and
stress o

0, v—V -0 =>b and 9,6 —Ce(v) =0 in0,7T) x Q,
v(0) =vp and 0(0) =09 inQatr =0,
v(t) =vp()onIp and o(f)n = gy(r) on 'y ondQ fort € (0,T)

with mass density o, the symmetric gradient & = e(v) of v, and, in isotropic media, with
Ce = 2ue + M trace(e)I3 depending on the Lamé parameters w, A > 0. This corresponds to
the Friedrichs system with

(v [ ov _(-V-o
" (a) M= (C‘%r)’ An= <—e<v>>’

_ —on _ (b _ —8N
Agu = (—nv—r — VnT> M= (0) 8= <—nvg — VDIIT> ) )

Ford =3 wehavem = 9and Ty =T} =I'pfork =1,2,3,and I'y = I’} = 'y for
k=4,...,9.

Electro-magnetic waves The first-order system for the electric field E and the magnetic field
intensity H

e E—VxH=-]J and noH+V xE =0 in(0,T) x 2,
E(0) = Ey and H(0) = Hy inQatr =0,
nxE(f)=0onTg and n x H(t) = gy;on 'y on 92 fort € (0,T)

with permittivity €, permeability 1, and boundary decomposition €2 = I'g UT'y corresponds
to a Friedrichs system with

e () e (B). e (20,
() () () e

Ford =3 wehavem = 6and 'y =TI} =g fork =1,2,3,and I'y = I'; = 'y for
k=4,5,6.

Remark 1 We only consider the case that the symmetric matrices A;, j = 1,...,d, are
constant in €2. In general, A; may depend on x € €, e.g., for the linear transport equation
Lu = d;,u +a - Vu with m = 1 and transport vector a(x) € R4. Then, 'y is the inflow
boundary, and for the adjoint equation we obtain L*v = —d,v —a - Vv — (V - a)v with
I'f = 0Q \ T'1. For the DG analysis of this case we refer to [5, Chap. 2] in the steady case
and to [6] for a Petrov—Galerkin space-time method.

The suitable choice of the subsets [y, C Q2 fork = 1, ..., m for the boundary conditions
in general Friedrichs systems is discussed in [5, Chap. 7.2]. Here we consider the special
case for wave systems. The property (1) characterizes the adjoint boundaries I'} C 9<2 for
k=1,...,m, and we observe
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m
Z ((ApV)k, wk)(O,T)xI‘k = (Ayv, W)(o,T)xaQ
k=1

m

= (v, Anw)(O,T)xBQ = Z (v, (Anw)k)(o,r)xasz\r;g
k=1

forv=(vi...,vm) € CHQ;R™) and w = (w1, ..., wy) € V* and thus, defining
V={veC (Q:R"):v(0)=0in<Q,
Ak =00n (0, T] x Tk, k=1,...,m}

with homogeneous initial value at # = 0 and homogeneous boundary values on I'y, we obtain

(A,v, w)(O’T)XM2 = (v, AnW)(O,T)xBQ =0, veV,weV*.
Boundary conditions are required in order to obtain uniqueness and well-posedness of the
solution. Therefore, we require for the subsets I'y C 92, fork = 1, ..., m, that the operators
L and L* are injective on V and V*, respectively, i.e.,
{veV:Lv=0}={0}, {weV*:L*w=0}={0}, (7
where the relatively open adjoint boundaries I';; C 0Q2 for k = 1, ..., m are determined by
property (1).

Now we show that both conditions in (7) are necessary. The first condition for I'x is
required for uniqueness for strong solutions: if v € V' \ {0} exists with Lv = 0, then this is
a non-trivial homogeneous strong solution, i.e., v solves (3) withug = 0,f = 0,and g = 0.
On the other hand, if the second condition is violated, weak solutions do not exist for all
volume data: if w € V* \ {0} and f € L,(Q; R™) exists with L*w = 0 and (f, w)p # 0, no
weak solution of (2) with homogeneous initial and boundary data up = 0 and g = 0 exists.

Remark 2 The formulation of wave equations in our examples as Friedrichs systems yields
0A, .
symmetric matrices of the form AJ- = <,§T0]> with Aj e R™M>M2 and m = my + mo.

For the boundary conditions we can select g;elatively open set I'y C 9€2. Then, defining
Iy =Tifork =2,...,m, Ty =0Q\T fork =my+1,...,m, and I';j = T for
k=1,...,m, we observe that property (1) and conditions (7) are satisfied.

Remark 3 For smooth domains and data, the solution is also smooth, e.g., for acoustics
¢ (1) € H(Q) for all t € [0, T] with s > 2. This allows for improved approximation orders
O(h*) for ¢. On the other hand, the necessary regularity requirements are quite restrictive
[21], and the second-order formulation does not allow for the convergence analysis of piece-
wise discontinuous solutions.

Remark 4 Waves in real media are dissipative and dispersive; e.g., modeling electro-magnetic
waves in matter needs to include conductivity and impedance. The DG analysis can be
extended to this case; see, e.g., [5, Chap. 7] for the steady case and [8] for visco-elastic waves
with impedance boundary conditions.

In the elastic model for Rayleigh damping or for the Kelvin—Voigt model, the linear operator
takes the form L = M3, + D + A with (Dv)(z,x) = D(X)V(z, %) and D € Loo(2; RE:)
symmetric positive semi-definite; then, L* = —Md, + D — A.

All our subsequent results extend to this case, but for simplicity we only consider the case
D =0.
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3 The Full-Upwind Discontinuous Galerkin Discretization

In this section we introduce an upwind DG discretization for the first-order system.

3.1 The DG Finite Element Space in the Space-Time Cylinder

For the discretization, we use tensor product space-time cells combining the mesh in space
with a decomposition in time. For 0 = 1y < #; < --- < ty = T, we define time intervals
Ly = (ty—1, 1), time-step sizes At, = t, — t,—1, and

Iy =(to,t)U---U(@n-1,tny) CI=(0,T), 0l ={to.t1,...,IN—1,IN}.

We set At = max At,, and we assume quasi-uniformity, i.e., A, € [CyAt, At] with Cg €
(0, 1] independent of N.

Let C;, be a mesh so that Q, = (Jg. i, K is a decomposition in space into open cells
K C Q C RY. Then, we obtain a tensor-product decomposition into space-time cells R =
Inn x K

N

Qh=1hXQh=UQn,h= U RcC Q=1xQcCR!*,
n=1 ReRy

Qn,h: U In,hXK C In,h X Q

Keky,

of the space-time cylinder Q. Let F' € Fk be the faces of the element K, and we set
Fn = Ug Fk. so that 92, = UFE}-h F is the skeleton in space; 3 Q) = U,I,V:o{fn} x 082,
is the corresponding space-time skeleton. For inner faces F € F, N Q and K € ICp, let K
be the neighboring cell such that F = 9K N 3K . On boundary faces F € Fj, N 92 we set
Kr = K. Let ng be the outer unit normal vector on K. We assume that Q = Qj U 9,
and that the boundary decomposition is compatible with the mesh, i.e., Ty = U FeFynly F
fork=1,...,m.

Wesethg = diam K, hp = diam F,and i = max h g . We assume quasi-uniform meshes
and shape-regularity, i.e., hp > cghg for F € Fg with ¢ > 0 independent of i g. In the
following, we use the mesh-dependent norms

N 12
[, = (Z 3 h‘;g||vh||§mhx,<) ,  aeR. 8)

n=1 Keky

In order to calibrate the accuracy in space and time, we assume, depending on a reference
velocity crer > 0, that the mesh size in time and space are well balanced satisfying

Cref A < . 9

Since we only consider fully implicit methods, we have no restriction with respect to stability
of the time integration.

Remark 5 For simplicity we use only tensor-product space-time meshes. For the extension
to more general meshes in the space-time cylinder we refer to [14], see also the analysis in
[2]. General meshes in R are considered in [22]. Then, the condition (9) can be relaxed
to a local condition.
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The DG discretization is defined for a finite dimensional subspace Vj, C V), C cluy; Sy,
where

Vi = {Vh € Cl(Qh; R™: Vo = Vil1,,xk €xtends continuously to
Vg € CO(Tn x K; R™Y,

Sy = {Vh € Cl(Qh; R™): vy k = vjp|k extends continuously to
vik € COK; R™).

On the space-time skeleton d Qj,, we define

N 12
th Hagh = (Z Z ||Vn,h,K||§(,nvh><K)) . VR eV, (10)

n=1 Kekj

For the positive definite matrix function M € Loo(2; RIX™) let M), € Loo (25 REX™

sym sym
be a piecewise constant approximation, and for K € ICj, let My nx € Rim" bethe contin{lous
extension of M, |k to K; in case of material jumps this can result to different values on the
left and right side of a face, i.e., My k|r # Mp k- |F.

Let L, = Mj0; + A be the corresponding linear differential operator, where the approx-
imated operator M}, is given by (M v)(t, X) = M, (x)v(t, X). Note that then L, (V) C Vj,.
For our applications, we use a tensor-product construction of the finite element space.

For every space-time cell R = I, , x K we select polynomial degrees pr = p,.xk > 0
in time and gg = g,k > 0 in space. With this we define the discontinuous finite element
spaces

Sin =[] Pox(K:R") CSp. Sh=Stn+-+Sva. (la)
KelCy
Vi = [ ook @ Poug (KiR™),  Vi=Vij+-+ Vs CVyy  (11b)
KekCy

where IP;, denotes the set of polynomials up to order p. For the following, we fix p = max pg
and ¢ = max gg, so that

Sp.n C S CPy(Q2; R™) C Sh,
Vi CPyIn) @ Si C Pp(Iy) @ Py(Qp; R™) C V.

On the space-time skeleton 0 Q) = U,Ilvzo{tn} x Q U I, x 9y, the inverse inequality and
the discrete trace inequality [5, Lem. 1.44 and Lem. 1.46] yield

[0 20 2 v, < Ciny 720,V (12a)

On

| M, < Celn™PM, Py, Vi€ Vi, (12b)

Villag,

with Cipy, Cyr > 0 depending on the space-time mesh regularity (and thus also on crer), the
polynomial degrees in V},, and the material parameters.
Let [Ty : Lo(Q; R™) — V}, be the space-time L, projection defined by

(MATIRV. Vi) o = (Miv. Vi) . Vi € Vir. (13)

For v, € Vp, let v, ), € CO([tn,l,tn];Lg(Qh;Rm)) be the extension of vulg,, €
LZ(Qn,h; Rm) to [[n—lv tn]-
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In every time interval /,, , we use the projection I, j,: Lo(2; R™) — S, C Sj, defined
by
(Mh I, pw, wn,h)Q = (thn» Wn,h)Q s Wa.h € Sp, -
In the following, we derive the discretizations in the infinite dimensional piecewise continuous
spaces Sy, and Vy,, since several properties only rely on the mesh. We use the finite dimensional

DG spaces V, C Vj, and S, C Sy, if we require additional properties of the discrete space
such as inverse and trace inequalities.

3.2 A Discontinuous Galerkin Method in Time

For v, w, € Vj, we obtain after integration by parts in all intervals 1,, , C Ij

N
(Mpdvi, wi), = — MV 0Wnn) o+ (MuVah () W () o
On On.i

n=1
- (thn,h (th—1), Wi, h (tn—l))Q> .

Introducing the jump terms [Wpl, = Wup1.0(s) — Wy n(ty) forn = 1,..., N — 1 and
[Wply = —wpn n(ty), we define the dual representation of the full upwind DG method in
time for v;,, w, € WV

N
mp(Vi, W) = —(MpVa i, 8twn,h)Qh - Z (Mo (tn), [Whln)g, - (14)

n=1

We have dual consistency by construction, i.e.,

mpy (v, W) = —(Mpvy, 0;w) we V. (15)

On’
Again integrating by parts and defining [v,]o = v1,4(0) yields the primal representation

N
ma(Vh W) = (Madivi, Wa) o, + Y (MalVila—1, Wan(n—1)) g - (16)

n=1

Together, we obtain

2mp(Vi, Vi) = mp(Vp, Vi) +mp(Vi, Vi)

N
= Z <(Mh[vh]n—1 , Vn,h(tn—l))g - (thn,h(tn)v [Vh]n)g)

n=1
= (M1 (0), va(0)) o + (Mavi(T), va(T))
N-1

+ 3 (M1 Vi1 8)) g = (¥ 6). Vil )g)

n=1
which yields

N

1
i (Vh, Vi) = 5 D (Malvale. Viln)g = 0. V4 €V, (17)
n=0
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so that
my (Vi V) =0 = my(va, wi) = —(Mpvy, 3rW)Qh
= (Mpoyvp, W)Qh . Vi, W €V (18)
For my, (v, vi) = 0 we observe v, € Hé(O, T; Sp).
This yields withdr(t) =T — ¢
T
(Mth,Vh)Q :/0 (Mpvi (1), vi (1)) dt

T
= _/0 (Mnva(0), Vi (1)) o drdr (1) dt

T
= 2/0 (Mhach(ZLVh(t))er(t) dt
=27 | M ol o, 1My il

i.e., we have ”Mh Vi HQ <2T HMh 8tvh H
This extends to discontinuous functions in V;, as follows.

Lemma 1 We have

N-1
(Mpvi, Vh)Q + Z dr () (Mu¥iln. [Valn) g < 2mu(Vi. drvn) . Vi € Vi
n=0

Proof The assertion follows from

N Iy
(Muvi,vi) g == / (Mivi(0), Vi) gdydr (1) di
In—1

T
= 2/0 (M3, va (1), vi (1)) odr (1) dt

N

=3 (dr ) My 0), Vs ()

n=1
— dr (ta—1) (M (tn—1). Vn,h(tn—l))9>

1/2
= 2(Mydhvi, drva) o, — T 1My V14 0|,

N-1
+ Z dr (tn)<(MhVn+1,h (tn)s Vat+1,n (tn))g
n=1
- (thn,h(ln)v Vn,h(tn))Q)
N1
< 2(Mp0, vy, dTVh)Qh +2 Z dr (tn) (MR[VA1n, Va0 (t))
n=1
N-1
— 3" dr ) (Mul¥aln. Vi) — T 1M, *v1 1 (O) I,
n=1
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N-1

<2my(vp, drvy) — Z dr (t) (Mp[Valn. [Valn) g
n=0

using

(MVas 10 )s Vg 1.0 @) g — (MaVi i i)y Vaon (2n))
= (My V1 n(tn) = Vo (0)s Vay 10 () + Vi (00))
= (Mulviln. Vas 1.0 (t0)) g + (MRIVAIn. Vi (80)) g
= 2(MuIViln. V1.0 (tn)) g — (Mal¥i1as Vi) g -

O
3.3 A Discontinuous Galerkin Method in Space
For v, w;, € S, we observe, integrating by parts for all elements K € Kp,
(Avy, Wh)gh = Z —(Vnk. AWn k) + Z (Ang VK> Wi K) 5
Kekp FeFk
For conforming functions v, we have forthe flux A, v = —A, x,yon inner faces F C €, and

for discontinuous functions we define the jump term [W;, |k r = Wy, k, — W5 k. On boundary
faces F' C 92 this depends on the boundary conditions, and we set (A, [vhDir = —2(A,Vi)k
onT'y C 92 and (A,[viDk =00ndQ\ Iy fork=1,...,m.

We use the discontinuous Galerkin method with full upwind discretization in space which is
of the form

an(, W) = — (Vi AWp) g + DY (ks Any Wil F) g »
KeKky, FeFgk

where the upwind flux Aﬂrl’( € R™*™ is obtained by solving local Riemann problems.
For the DG method we require dual consistency for the bilinear form and the right hand side
for the boundary values for v, € S, w € S*

an(vi, W) = — (v, AW), - and (£30.5(1), W) = (8(1), W), - (19)
and for the inconsistency complement we require that C; > ¢; > 0 exists such that
cr| Anlvil5g, < an(va.va) < Ci|Anlvill5g, - Vi € S (20)
so that for v, w, € S,
a;,(v;,, Vh) =0 = ah(vh, Wh) = —(Vh, Awh)Qh = (AV/,, wh)Qh . 21

We assume that C; > 0 only depends on the material parameters, and that

Jan (Vi wh) + (vis AWn) g, | < CoM v yg, [ AnIwil ]y, . (220)
h a h a h

Jan (i, wi) + (A, Wa)g | < Crl Anlval o, [M3 > Wi, (22b)

(a0 (D), wi) = (), Wa)yq| < Crllg®] g, 1M, Wi 1, (220)

for vy, w, € Sy,.
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For acoustic, elastic and electro-magnetic waves the upwind flux is explicitly evaluated,
e.g., in [16, Sect. 4.3]. Here, we only consider the dual representation; integration by parts
yields the primal representation.

Acoustic waves
The full upwind DG approximation for the acoustic wave equation (4) is given by

ah((th qh)’ (wh! '/,h))= Z <_ (qh,[(7 V(ph,K)K - (ph,Kv V. ’![,h,K)K

Keky

1
— FeXf:K m(pk,h + Zkp0k Ak, l9nlk F + Zgng - ['/'h]K,F)F)

for (pn, q), (pn, ¥j,) € Sp with impedance Zx = /i, k 0n, k depending on the piecewise
constant approximations for the material parameters «, 0 > 0. On inner boundaries material
discontinuities canresultin Zx # Zg,, onboundary faces we define Z, = Zx on 9QN3K.
On Dirichlet boundary faces F' € F;, N\I'p, we set [pplx, F = —2pp andn-[q,]x, r = 0.On
Neumann boundary faces F € F, N I'n, we set [pplx.F =0andn - [q,lx.F = —2n - qy.
The right-hand side is complemented by the stabilization, so that

{tag.n(®), (@, 1)) = —(pp @), m- ¥ — (an(0), on)
+ (P (@), Z, o), + (en(), Zum - Yy - (23)
Integration by parts gives

ay ((ph, q,), (Ph, Qh)) =
1 ! ( 2 F
L sz (el + Zezi, ks ).
2 K;Ch FEXT-:K Zx + ZKF ' F '

Elastic waves
The full upwind DG approximation for the elastic wave equation (5) is given by

an((V, on), (Wi mp)) = Z ((Uh.K,e(Wh,K))K+ (Vi Vo k) g
Keky

(nK “(onkng — Z%FVh,K), ng - (k. Fog — Z%[Wh]K,F)>F

p P
VA% —|—ZKF

ap>

FeFg

Z (nK x (o kng — Z, Vi.k), 0k % (]k Fog — Z‘}[Wh]K,F)>F> "
- , (

z5 zZ5
FeFx x 2k,

for (vi, o), (Wi, 1) € Sp. The coefficients Z% = \/(2;1;,,1( + Ank)onk and Zj =
/B kon k are the impedance of compressional waves and shear waves, respectively. On
Dirichlet boundary faces F € Fj, N I'p, we set [vy]x r = —2vj, and [o]x Fng = 0, and
on Neumann faces F € F, N I'ny we set [vy]x r = 0 and [o]x Fxk = —20ng. The
right-hand side is given by

{tag.n (@), (Wh.mp)) = (VD (@), mum) .+ (8n (), Wa)
+ (- vp(), (Z) " 'm- W)+ (0 gn (), Zpn - qym)

+ (n x vp(0), (Z})'n x wh)l"n + (n x gn (1), Zjn x "hn)rN
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with Z} = Z§ and Z} = Z% on 9K N 9. Integrating by parts yields

"h(("h, on), (Vi 0p)) =

Z Z (|n1< Uh]K,FnK)||§;+ZII)<ZpKF”nK'[Vh]K,FH?:

p P
KeIC;, FeFk ZK + ZKF

o i< (@l ) [+ Z3c Zi, e [Vhlwlii)
Zy + Z%, '

(25)

Electro-magnetic waves
The full upwind DG approximation for the electro-magnetic wave equation (6) is given

by
an((En, Hp), (@4, ¥p)) = Z ((Eh,K, Vx¥nx) e — Hig. VX, k)

Keky
+ FZ Zx + ZK,, ((ZKEh,K — g X Hh,[(,n]( X [¢h]K,F)F
eFk
— (ZKnK X Eh,K +Hh,]{, ZKFIIK X [(ph]K,F)F)) (26)
for (Ey, Hp), (@, ¥;) € Sy with coefficient Zx = /ex /ik. On the boundary faces, we
setng x [Elx. r = —2ng xEj ¢ andng x [Hy]x r = 0on F € F;,NT'g, and on impedance
boundary faces F € Fj NIy, wesetng x [E]lg r =0andng x [Hlx r = —2ng x Hj, k.

The right-hand side is given by

(€ao.n (@), (@n. Y1) = (g8m(D). @4 — Z; 'm x 'ﬁh)rM

with Z, = Zg on 0K N I'y. Again, integration by parts yields
ah((Eh,Hh) (Ethh)) =

= E E Zk Zk, |nk x [Eh]K,F”2 + [Ing x [Hh]K,F”z) .
+Z ( £ F F
Ke}Ch FeFk Zk

3.4 A Discontinuous Galerkin Method in Time and Space
Combining the two semi-discretizations, we obtain the full DG discretization
T
Dn(V, W) = mp(Vi, Wp) +/ ap(Va (@), Wi (D)) dt, Vi, Wy €V (27)
0
with right-hand side in the space-time cylinder for v;, € V

T
(en, wi) = (F, Wh)Q + (Mpug, wi(0)) +/O (€aq.n(), wi(n))dr . (28)

For the space-time DG method we have by construction dual consistency for the bilinear
form and the right hand side

by (Vi W) = (Va, L;W)Qh . vLeV,, weV*, (29)
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and

(en, w) = (£, W)Q + (Myuo, w(0)),,, + (g, w)(O,T)xBQ . wWeV,
and positivity for the inconsistency complement

1 N 2 2
bi(Vh. Vi) = 3 Z(j) |, g + e [Anl¥al [} o0, - Vi €VW  (BO)
n=l

by combining (17) and (20). Together with (18) and (21) we obtain
bu(Vi,va) =0 = bu(va, W) = (Va, LZWh)Qh = (Lyvp, Wh)Qh 3D
for vj,, wj, € Vp,, and (22) yields with C; > 0

|01 (Vi W) = (Vi W) g, |

< 19l o 1219113, + C | Anlwnl ]}, (32a)
|5 (V> Wa) = (LnVi Wa)g, |
2 2
= \/”M;/Q[Vh]”a]h «o T Ci ”An[vh]”IthQh I M,i/th HBQ;, (32b)
(€. wa) = (€. wa|
= ||M/i/2“0 ”Q”M/yzwh ||Q +Ci g 1,1><8§2||M/1/2wh ||1,,xaQ : (32¢)

For sufficiently smooth functions v € Lp(Q;R™) with Lyv € Lo(Q;R™), v(0) €
Lo(2; R™), [v], =0forn=1, ..., N—1,Ap[v] = 0on I, X F forinner faces F € F;\0%2,
and Ap[v] € Lo( x 92; R™), we obtain consistency of the form

|bh (V, Wh) - (Zh, Wh> - (LhV —f, wh)Q - (Mh(v(O) — ), Wh)9|

< C Y Ak = il lwnil y er, (33)
k=1

Lemma 2 We have, depending on ¢y > 0 in (20),

N—1 T
|y 2vil[3 + D dr )| My 2 1vada | + 21 /0 dr (0)]| Aglva (][5, d
n=0

<2by(Vp,drvp), VR E€Vj.

Proof By inserting v, (¢) into (20) and integrating over time we find

T T
¢l /0 dr(t)llAn[Vh(t)]HﬁQh dr < /0 dr (ap (Vi (1), v (1) dt

and thus with Lem. 1 we get for all vj, € V),

N-1

(Mavi vi) o + Y dr () (MuIvala, V1) g < 2mi(Va, drvi)
n=0

T
< 2mp(Vp, drvp) + 2A dr (t) ap (Va (1), va (1)) dt
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T
“ o fo dr ()] Apva(0]] g, dt

T
— 20y (Vi drva) — 2¢1 f dr ()] Aglvs 01, dt.
0 1

4 Well-posedness and Stability

We show that the discrete problem has a unique solution and is stable with respect to different
norms.

4.1 Well-Posedness of the Space-Time DG Discretization
The well-posedness of the discrete equation is now established as in [2, Prop. 5.1].

Lemma 3 A unique discrete approximation uy, € Vj, exists solving
bu(up, Vi) = (€n, Vi), Vi € V. (34

Proof Since dim V}, < o0, it is sufficient to show that u;, = 0 is the unique solution of the
homogeneous problem

bp(up,vp) =0, vy €V (35)
. L . . 1/2
Since (35) implies by, (uy, uy) = 0, we obtain by (30) for the jump terms ||Mh/ [uh]”Zﬂthh =
| Aplunl| 1 xog, = 0s 50 that by (s, vy) = (Lpuy, Vh)Qh = 0. Since M), is piecewise con-
stant in K € K, we observe Lyu, € Vj, so that we can test with v, = Ljuy; thus, also
(Lhuh, Lhuh)Qh =0, i.e., Lpuy, = 0. Now the assertion follows from Lem. 2 and (31) by

172 2
”Mh/ uy ||Q = (Mhllh,llh)Q <2bp(uy,druy) = Z(LhuhadTuh)Q =0.
O
Remark 6 The previous lemma shows that the discrete graph norm defined by
by (Vi, Wp)
IVally, = sup —p7—=. V4 €V, (36)

WheVi\{0) ||M;1/2Wh ”Q !

is well defined and a norm in V.
Since the discrete graph norm is only a semi-norm in V},, we have to use stronger norms for
the convergence analysis.

4.2 Stability in Space and Time

LetO0=cp0 <cp1 <- - <cpp < 1bethe Radau Ia collocation points, so that

1 14
fo $(s)ds = wpaplcpr). ¢ Py
k=0
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(with quadrature weights w,, y > Ofork =0, ..., p),andlet A, € PP, be the corresponding
Lagrange polynomials

p

s—cCpj
)= ] —2L. selo1].
j=0, jk PR TP
This defines A, px € Pp,(Inn) by Apnik(tno1 + sAt,) = Ap, k(s) for s € [0, 1] and
Ink = th—1 + Cpn,kAtn«
Together this is combined to the corresponding interpolation Zy : V;, —> Vj, by

Pn
TnnVn )t X) =D Ak OVt X) o (6,X) € Ly X Qs
k=0

Vo € CO»ty—1, 1a1; Sp), n=1,..., N

For the interpolation we will use in the following the estimate

N

Pn

| My 2 Tutarvi) [ = Y D" @p k| My Tidrvi) (0 |
n=1 k=0
N pn

ZZdT(tn k) wpnkHMh Vi (ln, k)H

N Dn

<1 Y op k| My i o = 72 1, a[ . 3T
n=1 k=0

Lemma4 If p, xk = ppforall K € Ky andn =1, ..., N, we have for v, € V,

N
[, 2l + 3 (dr o) [ M, i [

n=1
Pn

+ 2c) Z dr (tn 1)@ p, & | AnlVi (0 0] Hﬁgh) < 2by(Vi, Zn(drvp)) -
k=0

Proof We observe

Mz

(Mp 0y, dTVh)Qh (M3 3V, dTvn,h)In,hXQ

3
Il
—_

ok (M3 (0¥ 1) (tn ) A (bn 3V (fn 1))

A=Mz uMz

Pn

Z wp,

Pn

Zwm (M3 3V ) (t.i)s Tt (AT Vi 1) (t0.0))
1 k=0

hazvh, Ih(dTVh))Qh
Using Zy, (drvy)(th—1) = dr (t—1)Vn h(tn—1) forn =1, ..., N, we have

N
my(Va, dpvy) = (Mpd;vi, dTVh)Qh + Z (MuIVRTns dr (ta )V h (tn—1)) o

n=1
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N
= (Mhatvhszh(dTVh))Qh + Z (MuLvila. Zu(@rvi) (ta-1)) g

n=1

=my (Vh, Ih (dTVh)) >

and together with Lem. 1 we obtain

N
| My 2w [+ D dr () | M, P v [,

n=1
< 2my (Vi drvi) = 2mp (Vi Zn(drvp)) -
For the upwind DG discretization in space we obtain by (20)

N Pn

0<c1 Y Y drltni)wp, k| Alvin0l] 5,
n=1 k=0
N pn

<0 dr(tn )@p, k an (Va(tn k), Vit k)

n=1 k=0

N
= Z Z @py ke @ (Vi (1) Lo (A7 Vi 1) (0 1))

so that together we obtain the assertion by
2 t 2
243 vl + 3 (dr a4 v
n=1

Pn
+2¢1 Y dr(tn,00p, k| Aalvi 0015, )
k=0

T
< 2my (Vi T (drvi)) + /0 an (Vi (0). T(drvi) () dt

= 2by(Vi, Tn(drvn)) -

[m}

Remark 7 Together with (36) and (37) we obtain L, stability with respect to the discrete
graph norm by

b Ttdrvi) | Tudrvll

||M1/2 172

Ml/zvh <
e <2 arly 1Ml

= 2T |vally,

. 1/2
forvj, € Vi \ {0}, ice., [M,*villo < 2T IIVally, .
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Corollary 1 Let uy, € V}, be the discrete solution (34), and assume homogeneous boundary
datag = 0.
If pp.x = pnforall K € Kjyandn =1, ..., N, the solution is bounded by

|, |, + Zdr(rn 0 (14,1011 g, + 21| Aalwal [} o)

—1/2

<4 HdTM fHQ +4T | M) w3,

Proof We have forn =1,..., N

dr (tn—1)|| Aplup]

Pn
?n.h X0 dr(t,—1) Z Wp, .k Hén[uh (tn,k)] ”zgh
k=0

n
<3 dr(tn)wp, k| Al 01 g, -
k=0

so that together with Lem. 4 and Zj, (d7u)(0) = Tuj (0) we get the assertion by

” M, u, de D (1M, 1w b [, + 261 Ap L]

nl

< by (up, Zn(druy)) = (€n, Tn(drup))
= (f, dTllh)Q + (MhUO» Tu,(0))

In h X()Qh)

< llar a1 + IIM”zuhIIZQ

+ T uo |5, + H M, 2 )] g
[}

Remark 8 The estimate in Lem. 2 directly implies that the Petrov—Galerkin method with test
space Vh* = drVj, is well-defined and L; stable: the Petrov—Galerkin solution uEG eV

given by
br (S, drvy) = (Ln, drvi), Vi € Vi (38)
is bounded by

1/2

”MI/Z PG ”Q 7||M u%(0) ||§2 < by(upC, drup©) = (€, drup©),

and thus, in case of homogeneous boundary data g = ( we obtain

—1/2 172

1/2,) PG 12, PG 2

[0, 200 [ + T | 73 *wfC ) [ < 4 vy 8] +4T 04 uo 5

This is proposed and analyzed in [ 1] in the semi-discrete case for the advection-diffusion prob-
lem. Our numerical tests indicate, that the Petrov—Galerkin modification does not improve
the approximation quality, and in the next section we show, that stability and convergence in
the DG norm can be established also for the Galerkin method with ansatz and test space V,

and with adaptively chosen p, k.
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4.3 Inf-Sup Stability in the DG Norm

Suitable mesh-dependent DG semi-norms and norms can be defined for all v;, € V), by

\ |h,DG = Vor(Vi, Vi),

N
Vil o+ = (Z (1M, 2V n oD [ + M 22000 [3)

n=1

1/2 2 12
Lo X 1l )

Keky,

D) _
th Hh,DG = \/‘Vh‘h,DG + ”hl/2 M, =

[Villnoge = v/ vl e + 152120, (39)

2
Lpvy H o

see [5, Chap. 2 and 7]. Analogously to the proof of Lem. 3 we observe that ”vh || apg =0

implies v;, = 0, so that H . ”h’DG indeed is a norm. Using (32), we obtain for v, w, € V)

|br (i, wi) + (va, Lhwh)Qh| < }Vh|h’DG+|Wh|h7DG,

|61 (¥ Wh) = (LaVi W) o, | = Vil p [ Wal ) pe+ - (40)
We have

2|V} oG = 260 Vh. Vi) + (Lava, Vi) g, — (Vi Livi) g,
=20Vl g+ Vel -
|Vh|h pG = ’vh ’h DG+ and continuity of the bilinear form by (vy, wy) < H \7 H

”Wh l.pg+ and ba(vi, wi) < Vi, pge [Wal ) pe-

The inf-sup stability for the advection equation [5, Lem. 2.35] can be transferred to our
setting.

h,DG

Theorem 1 A constant cinf—sup > O exists such that

bn (v, Wp)
SUp T 2 Cinf—sup |V . Vi€ Vh.
wheVi\ {0} ||wh ||h oG inf sup“ ”Hh,DG h n

Proof For given v, € Vj \ {0} we define z, = th_thvh € V), and we obtain by the
discrete trace inequality (12b)

< Cul|h'PM) P ||, = Col| My P Ly

| |h,DG+ | O On
< Cu v “h,DG’
and together with the inverse inequality (12a) this yields
- 2
|2 ”h DG = ’Zh|h pG T ”h1/2M 2 Lyz, ”Q
’Zh|h pe+ T Ciw |h~ I/ZM Zn ”Q (Ctzr + C1211v) A\ Hh,DG : @D

We observe, using (40),

(Lth,Zh)Qh — by (Vp,2p) < \Vh\h,DG\Zh]h’D@
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Cc? 2 1 2
%yvh’h,DG + flzr’zh‘h,DGJr

IA

C? 2 1 2
= %’Vh’thG + 5”"’1 Hh,DG :

This yields, inserting ||h1/2M}:1/2thh ||2Qh = (thh, zh)Qh,

2 2
“"h ”h,DG = |Vh|h,DG + (Lh"h’ Zh)Q,,
2 Ccz 1 2
< |vi ’h,DG + 7""1 ’h,DG T3 O\ Hh,DG +bn(Vas Zn) s
so that with C; = 2 + C2
1vi 006 < C2lValy oG + 250 (Vh. 21) = bu(Vh. Cavi +221). 42)

Using (41), we obtain the assertion with cjnf—sup = (C2 + 2\,/Ct2r"'—ciznv)_1 by
by (v, Covy, + 22p)
|Cavi + 22, ”h,DG
by (Vi, Wp)
sup T .
wieVi\{0} “Wh ”h,DG

2
|va ”h,DG < |[Covi + 22 ”h,DG

= Ci;flfsup A ”h,DG

5 Convergence of the DG Space-Time Approximation

In the first step, we show that stability in L, implies convergence in the limit of the DG
approximation. Then, by assuming some regularity of the solution, qualitative convergence
results are obtained in the DG norm.

5.1 Convergence in the Limit

Let (Qh) ner D€ @ shape-regular family of space-time meshes with mesh sizes H =
{ho, hy, ha, -} C (0,00) and 0 € H.
Let (Vh) heH be corresponding DG finite element spaces, so that
lim inf — =0, . 43
Jim, ot V=il vev )
For h € 'H, let u, € V}, be the solution of the discrete problem (34).

The proof of existence of a unique discrete solution in Lem. 3 only relies on the properties
(30) and (31) of the DG bilinear form and thus only implicitly on the boundary parts I'y C 9€2.
In order to obtain a unique weak solution of (2) in the limit, constraints for the selection of
[y C0Q,k=1,...,m,are necessary, cf. (7). This is used in the following.

Theorem 2 Assume that p, x = p, > 1 and g,k > 1. In case of homogeneous boundary
data g = 0 and convergent approximations of the material parameters M, — M, M, LN
M~ in Loo($2; ng;’”), the discrete solutions (uh)heH are converging to a weak solution
u € Lo(Q; R™) of (2). Moreover, u is a strong solution satisfying (3), and the strong solution

is unique.
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Proof By the assumption p, x = p, we can apply Lem. 4 with the construction of the
interpolation 7 and Cor. 1, so that (up),e7 is uniformly bounded by

[0, wi [ + 7 [0, Pwi ) < 4 (a1, 2]+ 313 *uo] )

By (30) and the definition of ¢; (with g = 0), this also implies that

m
2 2
al Z“ (Aqup)k ||(0,T)><Fk =ci ”An[“h]”(o,r)xasz,,
k=1

< b(up, up) = (€y, wy) = (f, uh)Q + (Mpuo, uy,(0)),

1 — 2 1 2 1 2 T 2

< 10+ 1P+ S vy Pwollg, + 5 M w0 [,
1 — 2 1 2
= (5 +27) [0, 8 + (57 +27) [, w5

is uniformly bounded for & € H, so that together with the asymptotic consistency of the
material parameters M, — M, M, ' M~tin Loo(£2; Rg’%’") we obtain with a constant
Ct,uo > 0 depending on the data

m
1/2 2 1/2 2 2
||M / u; ”Q +T HM / llh(())“Q +cy Z ||(Anuh)k ||(0,T)><I‘k <Ctuy, heH.
k=1
The uniform stability in Ly (Q; R™) implies, that a subsequence Ho C H with 0 € Ho and a
weak limitu € Lo (Q; R™) with u(0) € L (2; R™) and (A, wil0,1)xr, € L2((0, T) x Ty)
fork =1,..., mexists, i.e.,

(Mu, V)Q = hleh?go (Mpuy, V)Q , vely(Q;R™
(Mu(0), vo)g, = hleir%f‘l (Mpuy(0), vo)g, » vo € La(Q; R™)
0
(AW, V) ¢ 7yur, = hléI%{lo ((Anun), v) 0.7y 5r, - veLy((0,T) x I'), Vk .

Then we obtain for all v € V),
u, L*v), = lim (uy, L*v = lim (uy, L}v = lim bj(uy, v
( )Q he’Ho( h )Qh heHo( ho S )Qh heHo (. V)

using dual consistency (29) for the last step. This extends to H(IJ(Q; R™), and by the
assumption py, x,qgn.xk > 1, for all v € Hé(Q; R™) a sequence (Vj)pet, exists with

vy € VN H(l)(Q; R™) and hlir7r{1 v, =V, so that by (29)
€Ho
,L* = lim b ,v) = lim b , =1 f, = (f, ,
(2 170 = i, o) = i o0 = iy, (63l = ()

i.e., for the limit u the weak derivagve Lu = f in Ly (Q; R™) exists. This extends to initial
and boundary data. Therefore, let V' c H! (Q; R™) be the closure of V* in H( 0; R™);
then, for all v e V* a sequence (vi)ner, With vy, € VN V" and h]irﬁ V), = V exists, and
€Ho
we get again by (29)
(0. L*v), = lim by(up, v) = lim by(uy, vp) = (en. vn)
heH heHy

= (f, v)Q + (Mug, v(0)),, .

lim
heHo
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Thus, using v(T) = 0 forv = (v; ..., vy) € V* yields
0= (u, L*V)Q —(f, V)Q — (Muy, V(O))Q
= (u, L*V)Q — (L, V)Q — (Muy, V(O))Q
= (Mu(0),v(0)), — (Aqu. V)(o,T)xasz — (Muo, v(0)),

m
= (M@(0) —u0), v(0) g + Y ((AgWi, %) .1, -
k=1
so that u(0) = up in  and (A u)xy = 0on (0,7) x I'y for k = 1, ..., m, and thus u is
indeed a strong solution with homogeneous boundary conditions at (0, 7)) x 9€2.

Next, we show that the weak limit is unique. Therefore, select another subsequence
Hi C 'H with 0 € H; and with a weak limit @t € L,(Q; R™) with @i(0) € Lo(§; R™)
and (A, Wi, 7)xT, € L2((0, T) x I'y) for k = 1, ..., m. Then, we also obtain u(0) = ug
and (A,u)y = 0 for k = 1,...,m. A sequence (e;);,c with e, € V), exists such that
limper €y, = u — 0, and we get

1 o2 1 2
S P —w [y =3 lim [ 1

IA

lim by (e, Zn (dren))

heH

= lim by (s, Zp(drey)) — lim by (@, Zy(drep))
heHy heH,

= hlgir%{lo <Kh, Th (dTeh)> - hleiI'II-lll <£h7 n (dTeh)>

=(t,dr(u—w) - (¢, dr(u— D)) =0,

so thatu = . This shows that the weak limit is unique, so that the full sequence is converging,

ie., limpeyu, = u.

The same argument applies to all strong solutions, i.e., u is the unique strong solution of (3).
O

Remark 9 The result extends to inhomogeneous boundary data g # 0, if ug € Lo(Q; R™)
exists with Lug € Lo(Q; R™) and (Apug)r € Lo( x I'y) satisfying (Agug)r = gk, k =
1,...,m. In particular, the regularity result that the limit of the DG approximations is a
strong solution requires sufficient regularity of the boundary data.

5.2 Convergence in the DG Norm

We adapt the convergence result for the DG norm (39) in [5, Thm. 2.37] to our setting.

Theorem 3 Assume that the strong solution of (3) is sufficiently smooth satisfying u €
H(Q; R™) with s > 1 and s < min, x{pn.k.qn k} + 1. Then, the error for the discrete
solution uy, € Vj, of (34) is bounded by

Ju—wnl, p = Ch~'2 | D*u| o™ CTh™'/? ”Mh_]/z(Mh — M)o,u 0

with C > 0 depending on the mesh regularity, the polynomial degrees in Vy,, and the material
parameters.

Proof Since we assume for the solution u € H!(Q; R™), we have Lu, Lyu € Ly(Q; R™),
for all traces ulyp, € Lo(3Qs; R™), [ul, =0forn =1,...,N — 1, and Au[v] = 0 on
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I, x F for inner faces F € Fj, \ 02, and (A u)y = gron ! x 'y fork =1,...,m, so that
by (u, vp) is well defined with

T
by(u, w;) = (Lpu, Wh)Q+ (Mpu(0), wi) o +/ (€ag.n (), wp)dr
0
= (€n, wn) + ((Mp — M)du, Wh)Q» wp € V. (44)
Thus we obtain for the discrete solution u;, € Vj Galerkin orthogonality up to data error

by (up, i) = by (u, wp) + ((M — Mp)o,u, wy,) wp € V.

0’

By the trace estimate (12) we obtain H Wy, ||i’DG+ < (Ctzr + DHr! ||M,1/2wh|

Lem. 2

2
0> S0 that by

| My Wiy < 20w drwi) < 2| Wi, pg ldrwall, pe-

< 2T |[wy, ”h,DG W ”h,DG'*'

1

_ 2 2
<27 (Co+ Vi Wi}, pg + mh [will}. e+

1
<2722+ 0 Wil s+ 2wl
so that the consistency term can by bounded by

(M = Mp)du, wi) < (M > My, = Mol o | My Wi,

_ ~1/2
<27\/C2 4+ 1h 2| (M, > (M, — mydul| o[ wall, pg
For all v, € V), this yields the estimate, using Thm. 1 and continuity of the bilinear form
by (-, -) in the DG norms

Cin—sup [ Wn — Vi ”h pg < sup b (wp = Vi, W)
’ w, eV, \{0} ||Wh ”h,DG

bp(u — vy, W) + (M — My)d;u, Wh)Q

= sup
wieVi\{0} ” Wh ”h,DG

IA

Jluw—wn ||h,DG+
+ ZTW}F”ZH(M}L_W(Mh — M)dul|, .
Now select an H!-stable quasi-interpolation v, = T1$'u of Clement-type [3, Sect. 4.4.2] with
[ M2 =TI |, < ot [Du]
|21~ )|, < Cs|Dul],

and constants Cy4, Cs depending on the mesh regularity and the polynomial degrees in V.
Using s < min{p, q}+1,

HMl/z(u — Hglu) Hth + 172 HMl/z(u - Hflu) ”Q
+ 12 |M7 2L - T, < Coh* 2D,
Then, the result follows from interpolation estimates using [5, Lem. 1.59] and

Ju =i, g =< Ju— 5], o + fun = ], o
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= ”ll - H u”h DG + cmt sup ” - l-[?u”h,DG'*'

+ 27 CE+ Leptoh™ 2 My 2y — Mo,
< Coh* "2 D], + CTh 2 My 2 (= Mo,

This recovers the convergence result [2, Prop. 6.5] for the DG semi-norm (39).

Corollary 2 Assume that the strong solution of (3) is sufficiently smooth satisfying u €
H(Q; R™) with s > 1.
Then, the error for the discrete solution uy, € Vi, of (34) is bounded in every time step by

| M, () = wn i) | < CH 2 D0 o,

+CTh™'/? ||M_1/2(Mh - M)at“”(o,t,,)xﬂ

with C > 0 depending on the mesh regularity, the polynomial degree, and the material
parameters.

For the proof Thm. 3 is applied with T = t,; then, the assertion directly follows from

310, < vl o

Remark 10 If M € Lo (2; Rg’;ﬁl”’) is smooth, the consistency term can be estimated by

1/2 1/2

7R LA PR 17 R Y Al I 1 T

If M is discontinuous and if the jumps of the material parameters are not resolved by the
mesh, the consistency error can be estimated in case of higher regularity of the solution: if
o € Lo(0, T; Ly (2; R™)) with g > 2, we obtain

172

| M2 My = Mo, < 2 (M= My M2

Log/—q) (URGM™)
a2
| m a’u”Lz(O,T;Lq(Q;R’")) :

Remark 11 For the continuous solution the energy is conserved, i.e.,

tVl
(Mu(ty), ut)), = (Mu(0), u(0),, + /0 (€(1), () di
From Lem. 4 and Cor. 2 we obtain energy conservation in the limit

(Mu(ty), uty)), = (Mpw(tn), wp(tn)) o, + Oh* ")

in case of consistent data M = Mj,.

Remark 12 The constants in Thm. 1 and 3 depend on the mesh and polynomial degrees p.
For triangulations and a quasi-uniform distribution of p it is known that C jny ~ p%, C ¢ ~ p
[23, Thm. 4.7]. Estimates of quasi-interpolations are considered in [20, Thm. 3.1] where it
is shown that the classical Clément interpolation estimate holds with & replaced by %/ p.
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5.3 Error Control

For the error u — uy, in the DG semi-norm we obtain from (18) and (20)

N-1
1
o= wilj g = 5 ([ @0) —wo) [+ 37 4, *tuna

n=1

+ M, @i (1) = u(r)3)

m
2 2
+ ) [Anude — gk} o, + CillAnlwal]} L oangy 45
k=1

and in the DG norm
Ju—uy ”i,DG =[u- “h|i,DG + ”h]/zM}?l/th(“ - “h)Hth

< Ju—w; pg + 2|82, P Lpw - 0,

+2||n' My P = Myyaulfg, (46)

Up to the error u;, — u at final time 7 in (45) and the parameter approximation error
M — Mj, in (46), this can be evaluated explicitly by the residual error indicator 7 res , =
1/2
( Z nzreS’ R) given by the local contributions
RERh

nzres,R = nzres,n.K +2hk HMh_l/z(Lhuh - ”3?

2 2
(ta—1.10) x (TkNIK) +C HAn[uh] ”(t,,,,.zn)x(mal()

+ Z | (Anun)i — g

k=1
forR=(t,_1,t,) x K,n=1, ..., N, with

1 1
Testk = 5 M@0 —wo) [ + 5 [M, w5 R= 0. x K,

1 1
nzres,n,K = EHMIIL/Z[uh]"71 ”?( + EHM;t/Z[uh]" ”?( s R=(ta-1,1) X K

l<n<N,
1
Mook = 5 1M iyt . R = (v, T) x K

Lemma5 Letu € Ly(Q; R™) be the weak solution of (2) and uy, € Vy, the discrete solution
of (34). Then, if u is a strong solution, the error in the DG norm is bounded by

o= i = (7o + M3 () —uern

172

_ 12
+2||n M o - Mh)atu”th) .

6 Numerical Experiments

The convergence estimates in the DG norm are illustrated by numerical experiments for
acoustics (4) for cases where the exact solution is know which is then used for Dirichlet
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10°

=@~ 7:cs,n uniform refinement

= Hu - u,,,“DG ,, uniform refinement
—— HAJ;L/Q (u(T) — up(7))||2 uniform refinement

L

10-1 HM)lL/2 (u—up)ll@ uniform refinement
I Hu - uh’HDG.h adaptive refinement

HM;/2 (u - u;,,) HQ adaptive refinement

Lol

10~2 4

] Ol u=nllpa 1M (0= un)llg

] 3 0.744239 0.244213

1 4 0.569868 0.135738

1073 3 ! 5 0.328281 0.047846

4 T T T T r 6 0.143545 0.011040

3 4 5 6 7 8 7 0.054274 0.002494

mesh level £ with mesh size h = 2= ¢hg 8 0.019645 0.000615

Fig. 1 Convergence test for the first experiment with y = 0.5 and m = (0, 1)T

boundary conditions. The results for uniform refinement are compared with a simple adaptive
strategy by increasing the polynomial degree for fres,g > 61 max 7 res g and decreasing the
R

polynomial degree for 1 e g < 6p max 15, g’, see [6] for details. In addition, we consider
R’ ’

an example motivated from the application to seismic imaging where the exact solution is
not known, and the convergence is demonstrated with respect to the residual error indicator.
Experiment 1 We test the convergence of the solution in Q = (0, 1) x (0, D2andf =0
with smooth initial value and piecewise constant material

1 x-m<
g(x)={ M=V ) =1/0x). y€©.1), meR*, m-m=1,
2 x-m>y,

so that the impedance is constant across the interface. We start with

sinBrx)? x €[0,1/3
wo(x) = ap(x-m) [ | with ag(x) = |57 x €[0.1/3]
m 0 else.

up(x — rm) x-m<y,

wx— (¢ +2/3)3m x-m>y.
Case a) If the material interface is resolved by the mesh (M = M},), we observe for linear
approximations in space and time on uniformly refined meshes the expected convergence
rate in the DG norm (Fig. 1). For this configuration also the dual problem is smooth which
results in better convergence rates for the L, error, in particular in the adaptive case.

Then, the solution is given by u(z, X) =

Caseb) If the material interface cannot be resolved by the mesh (M # M},), the consistency
error gets relevant, which is observed by the results in Fig. 2.

Although the material interface cannot be resolved by the mesh, the solution is sufficiently
smooth so that the approximation error of the material data M), — M can be estimated by
Rem. 10. We observe nearly optimal convergence in the DG norm, but now the L, convergence
gets worse in comparison with the first case.

In both cases, the convergence of u(7') —w; (7T') in L, is faster than the convergence in the
DG norm, and the residual error indicator yields results close to the error in the DG norm; this
confirms the estimate in Lem. 5. We observe that adaptivity provides better solutions with
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10°

=@~ 7:es,n, uniform refinement

= Hu - u,,,“DG ,, uniform refinement
—— HAJ;L/Q (u(T) — up(7))||2 uniform refinement

L

10-1 HM}L/2 (u—up)ll uniform refinement
|+ Hu - uh’HDG.h adaptive refinement

HM;/2 (u - u;,,) HQ adaptive refinement

Lol

102 o

1 lel £ Hu_uhHDG,h ‘|M}1/2(u_uh)”Q

7 3 0.803100 0.222789

1 1 4 0.566667 0.111046

10°° 3 5 0.298943 0.035623

4 T T T T r 6 0.126032 0.012112

3 4 5 6 7 8 7 0.051102 0.006775

mesh level £ with mesh size h = 27 ¢hg 8 0.022482 0.004264

Fig.2 Convergence test for the first experiment with y = 4/7 and m =(0.8,0.6)"

a substantial reduction of the required problem size dim V}, to achieve a certain accuracy.
Therefore a single adaptive step is sufficient, where the polynomial degree in space and time is
increased for 7 res, g > ¥ Maxgrcr, 1 res, & and decreased for 1 res, g < Vo MaAX /R, 1 res, R'»
depending on ¥#; > 9 > 0. Note that this results in a different refinement pattern in every
time interval, and a simple refinement in space is not sufficient for a strong reduction of the
required degrees of unknowns. Here, we select ¥ = 0.3 and ¥p = 0.02, and in the figures for
the adaptive results the mesh size is logarithmically interpolated depending on the degrees
of freedom.

Experiment2 At next, we test the convergence of a Riemann problem in Q = (0, 1/2) x
(—=1,1) x (0, 1) with f = 0, where the solution is given by

0
X-m< —f,

1
u(t,x) = () —t<x-m<t, m:(8'2>, k=1, o=1.
m .

1
t<Xx-m,

Then, Lu = 0, so that u is a strong solution, and since the condition in Rem. 9 applies,
we obtain convergence in the limit by Thm. 2. On the other hand, the solution is piecewise
discontinuous, so that the smoothness assumption in Thm. 3 is not satisfied.

We also observe convergence, cf. Fig. 3, but with a reduced rate O(hl/ 3). In particular,
the rate is not improved for the L, error, and simple adaptivity is not sufficient to increase
the efficiency.

Here, the solution is not smooth, and the results do not improve if the material parame-
ters are aligned with the mesh. Moreover, further tests show that the convergence order of
approximately O(h%%) in the DG norm cannot be improved by adaptivity, which indicates
that without sufficient regularity and jumps along the characteristics the DG norm is not
appropriate for a qualitative convergence analysis, as it is possible for point singularities, see
[2]. Then, the convergence analysis requires high regularity in weighted Sobolev spaces.
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10°
=@~ 7):cs,n uniform refinement

- HU - uh“DG h uniform refinement
— ||M,/? (u(T) — up(T))l|2 uniform refinement

HM:L/2 (u — uh) |l@ uniform refinement

= Hu — U‘h“DG.h adaptive refinement

HM}I,,/2 (u — uh) HQ adaptive refinement

. N e L A
1073 3 0.965539 0.201996
104 4 0.769326 0.152608
1 1 5 0.605518 0.116801
4 T T T T r 6 0.474996 0.089880
3 4 5 6 7 8 7 0.371885 0.069248
mesh level ¢ with mesh size h = 2= ¢hg 8 0.290613 0.053403

Fig.3 Convergence test for the Riemann Problem

=@ e, uniform refinement
= Tres,h one refinement step
—— Tres,h twWo refinement steps

1072 T T T
87 88 89
degrees of freedom

Fig.4 Convergence test for a forward problem in seismic imaging in a truncated space-time domain

Experiment 3 In our final example we test the space-time method for the forward problem in
seismic imaging. Here, we only consider 2d acoustics in 2 = (0, 10) x (0, 3) and / = (0, 4)
with homogeneous initial and Neumann boundary conditions. For this test we use a piecewise
constant right-hand side b(¢, x) = 1 for (¢, x) € (0, 0.5) x (0.25,0.75) x (0,0.5) and b =0
else.

The configuration, the distribution of the the piecewise constant parameters o and «, and
the parallel solution framework in M++ are described in detail in [8]. Since in this application
only the evaluation in a small measurement region (4.75, 7.25) x (0, 0.4) C 2 is of interest,
the space-time domain can be truncated, see [10, Lem. 2]. Here the convergence is only tested
by evaluating the residual error indicator on uniformly refined meshes and for one and two
p-adaptive steps with 6§y = 0.01 and #; = 0.1. Since all data are aligned with the mesh
but discontinuous, the regularity of the solution is limited. We observe approximately linear
convergence with respect to the estimate of the DG norm, and again we observe improved
convergence by space-time adaptivity, cf. Fig. 4.
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7 Conclusion and Outlook

The convergence analysis in the DG norm only assumes regularity of the space-time solution
uwinH! (Q; R™); this implies regularity of the solution u(z,) at all time steps in H/2(Q; R™).
This clearly extends convergence results with respect to the graph norm, where the analysis
requires higher regularity. Moreover, the simple residual error indicator yields estimates very
close to the error in the DG norm. On the other hand, for discontinuous Riemann problems
we can prove only convergence in the limit, and the numerical experiments demonstrate that
we obtain convergence in L but with a reduced rate, which can be improved by adaptivity
in L; but not in the DG norm.

All our estimates rely on a Hilbert space setting. This may be not appropriate for hyper-
bolic systems, and numerical tests demonstrate better convergence rates in L (Q; R™), but
a corresponding analysis remains an open problem.
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