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Abstract

Approximating the fast dynamics of depolarization waves in the human heart
described by the monodomain model is numerically challenging. Splitting
methods for the PDE-ODE coupling enable the computation with very fine
space and time discretizations. Here, we compare different splitting
approaches regarding convergence, accuracy, and efficiency. Simulations were
performed for a benchmark problem with the Beeler-Reuter cell model on a
truncated ellipsoid approximating the left ventricle including a localized stimu-
lation. For this configuration, we provide a reference solution for the trans-
membrane potential. We found a semi-implicit approach with state variable
interpolation to be the most efficient scheme. The results are transferred to a
more physiological setup using a bi-ventricular domain with a complex
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external stimulation pattern to evaluate the accuracy of the activation time
for different resolutions in space and time.
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1 | INTRODUCTION

To replicate the human heart's function numerically, the efficient approximation of the electrophysiology plays a key
role, since the overall cardiac mechanisms are controlled by the propagation of the depolarization waves and the chem-
ical reactions, which are initiated by the electric stimulus. This process is described by the physiology-based bidomain
equations consisting of two partial differential equations (PDEs) for modeling the intra- and extracellular potentials.
The PDEs are coupled with a system of ordinary differential equations (ODEs) for the cellular model describing the ion
currents across the membrane. A detailed derivation of the bidomain model is given by Franzone and Savaré." Under
the assumption that the anisotropic intra- and extracellular conductivities are proportional to each, the bidomain model
can be reduced to the monodomain model. This model is simpler because it involves only one parabolic PDE describing
the transmembrane voltage v, that is, the difference of the intra- and extracellular potentials. The monodomain model
is computationally less demanding but still reproduces the main phenomena of wave propagation in the heart, see, for
example, Bourgault and Pierre.?
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A major computational challenge for the monodomain model is the large range of time scales varying from about a
second for the heart beat to dozens of transitions per milliseconds for the fast gates of the ion channels. Since for realis-
tic cell models a fully implicit scheme in time is prohibitively expensive due to the large number of unknowns, the stan-
dard approach is to use a splitting method for the time integration of the coupled PDE-ODE system. This means that in
each time step, the ODEs describing the gating mechanisms, the ODEs for the evolution of the intracellular ion concen-
trations and the parabolic PDE for the transmembrane voltage are propagated successively. We denote this approach as
component-wise splitting. Commonly, an additional operator splitting of the PDE into the reaction and the diffusion
part is used. Schemes based on the reaction-diffusion splitting are for example the first-order Godunov method? or the
second-order Strang splitting.* Because of the very fast dynamics of the gating mechanisms, the operator splitting
approach is often combined with the observation of Rush and Larsen’ that the (linear) ODEs describing the gating vari-
ables can be solved exactly as long as the transmembrane voltage is kept fixed. This idea can also be used in the
component-wise splitting approach.

As there is no analytical solution of the monodomain problem, the accuracy of time integration approaches has to
be studied numerically. Niederer et al.® defined a benchmark problem on a 3d cuboid and studied the approximations
of the activation time on 11 different simulation codes for cardiac simulations. However, no systematic comparison of
different numerical schemes was performed. Sundnes et al.”> confirmed the convergence behavior of several operator
splitting methods combined with the simple FitzZHugh-Nagumo model for a 1d domain. We extend these results to
more complex membrane models and geometrical domains. The dependency of the conduction velocity on the spatial
resolution was reported in several studies.”® We study the effect of both space and time discretization on this phenome-
non in an unstructured anatomically motivated mesh. More recently, the convergence and accuracy of time integrators
were studied on 1d and 2d regular rectangular domains with simplified external stimuli, for example by Roy et al.” and
Woodworth et al.'"® However, as Krishnamoorthi et al.'* already observed, the irregularity of the mesh has an immense
impact on physiological properties and will thus be considered in the present study. As realistic heart simulations are
performed on non-uniform meshes, it is essential to test the behavior of commonly used time integration approaches
systematically for more complex and anatomically more relevant scenarios.

Here, we define a new anatomically more realistic and numerically more challenging electrophysiology benchmark
problem on a truncated ellipsoid approximating the left ventricle, similar to the elasticity benchmark of Land et al.'?
For this more realistic configuration, we investigate splitting schemes in time systematically by comparing different
approaches in terms of stability and accuracy. The latter is done by means of a reference solution computed on a very
fine mesh and with a very small time step. Furthermore, we evaluate computational efficiency. This extends results for
the Godunov splitting as well as implicit methods discretizing the parabolic PDE for the transmembrane voltage.'>*

For the numerical computation, we use the parallel finite element system M++,'> which allows for very fine resolu-
tions in space and time in order to obtain a reliable reference solution; this is required for the evaluation of the accuracy
of the different time stepping schemes.

This work is a first comprehensive comparison of splitting approaches for the cardiac monodomain model regarding
convergence in time and space, accuracy and efficiency. The test problems are anatomically more realistic and numeri-
cally more challenging than in previous works.

Nonlinear coupled PDE-ODE systems arise in many other physical applications, for example, porous-media model-
ing coupled to chemical processes or fractional diffusion realized with memory variables. But then a corresponding
comparison of splitting approaches may yield different results, since the efficiency of the methods strongly depend on
the application parameters, the nonlinearity, and the stiffness of the ODE components.

The paper is organized as follows: First, we introduce the monodomain equation and the Beeler—Reuter model,
which we use in our investigation in detail. Different numerical approximation schemes of the coupled PDE-ODE sys-
tem in space and in time are described in the third section. In Section 4, we define a benchmark problem on a truncated
ellipsoid, provide a reference solution and study the convergence behavior and accuracy of different splitting
approaches. In addition, we extend the investigation to a more realistic bi-ventricular domain. Finally, we conclude
with a summary and an outlook on possible extensions of our results.

2 | THE MONODOMAIN EQUATION IN ELECTROPHYSIOLOGY

Modeling the electrophysiology in the human heart by the bidomain equation comprises the evolution of the extra-
cellular and intra-cellular electric potentials, the concentration of several ions as well as the switching of gating
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variables which control the transport of ions across the membranes, compare, Vigmond et al.'® In our convergence
study of time integration schemes, we consider a model, which combines the monodomain equation for the transmem-
brane voltage (the difference of the extra-cellular and intra-cellular electric potentials) with a representative cell model
introduced by Beeler and Reuter.'”

Let Q C R® be a bounded Lipschitz domain and let [0, T] be a time interval. The model describes the evolution of
the transmembrane voltage v, the intra-cellular calcium ion concentration ¢, and the vector of six gating variables w,
solving the coupled PDE-ODE system

ZCmdw—V - (DVV) + yLion(v, ¢, W) = ylexs, (1a)
dic — G.(v, ¢, w) =0, (1b)
W — Gy (v, w) =0 (1c)

in [0, T] x & subject to the initial values at t =0
v(0,x)=1°(x), ¢(0,x)=c"x), Ww(0,x)=w"(x), Xx€cQ=QUJIQ (1d)
and homogeneous Neumann boundary conditions
D Vv-n=0 on(0,T)x dQ. (le)
Parameters of the monodomain model are the surface-to-volume ratio y € R, the membrane capacitance Cy, € R,
and the conductivity tensor D : Q — R**3 depending on the anisotropic cell structure, where we assume that the con-
ductivity tensor D is symmetric, bounded and uniformly positive definite. For the Beeler-Reuter cell model, the total
ionic current in (1a) is of the form
Tion (v, ¢, W) =I(v, ¢, w1, w2) +Ina (v, w3, wa, ws) + Iy, (v, we) + Ik (v), (2)
depending polynomially on the gating variables w, continuously on the electric voltage v, and logarithmically on the

concentration c. The evolution is driven by the pacing from the cardiac conduction system comprising among other the
sinus node in the atria and the Purkinje fibers in the ventricles. This is modeled by an external stimulus

— a;i(t, x) fort € [tpeair toesi+7i|» X E Qstimis
Tex : [0’ T] xQ—R, Iext<ta X) = l( ) [ begl> Thegd l] st (3)
0 else
in the stimulation area Qym= U Qgim; CQ. Here, Qqim; are disjoint sets, a; are amplitude functions,

toeg,i € [0, T —17;] is the starting timézld'f’%ﬁ"é i-th stimulus and 7; >0 is its duration (i = 1,...,Asim). In many applications
the amplitude functions of the external stimulus Iy are chosen to be constant functions, that is, a;(¢, x) = a; >0 in (3);
compare 8,10,14. In this case, however, the function I is discontinuous both in time and space, and the missing regular-
ity has the effect that convergence of the numerical methods can only be observed for very fine discretizations. This is not
appropriate for the numerical convergence study of the different time stepping schemes in Section 4. In our simulations,
therefore, we use amplitudes for the external current Iy of the form a;(t, x) = a,;(t)ax(x)a;, i = 1,...,Agim, With a; >0 and

dist(X, Qtim,i) } @

lexc

1
a,i(t) = - (arctan (Sex (£ — toeg,i) ) — arctan (Sext (t — (foegi +7i)))), axi(X)=1—min {1,

where s € R is a constant scaling factor and where the stimulus area is extended by Qgim i C Qexc; C Q in all directions
approximately by the length .. (see Figure B1 in the Appendix). With this choice, the external stimulus Iy defined in
(3) is smooth in time and both continuous and weakly differentiable in space. Alternatively, for simulations of a single
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heartbeat, the external stimulus can be replaced by suitable initial data 1° of the transmembrane voltage, see, for exam-
ple references 3,13.

The gating mechanisms at the membrane are described by the dimensionless vector w = (wy, ..., ws). Depending on
non-negative opening and closing rates ax(v) and g, (v), the evolution is determined by

Gw(V, W) = (Gr(v, Wi))_; ¢ With Gr(v, we) =ax(v) — (a(v) + 5 (v))wk, k=1,...,6. (5)

Starting with wy (0, x) € [0, 1], we obtain wy (¢, x) € [0, 1] by construction from Gk (v, 0) >0 and Gi(v, 1) <0.
The evolution of the calcium concentration depends on the ionic current I and is of the form

G:(v, ¢, W) = —a.Is(v, ¢, wy, wy) + we(a. — ). (6)

All parameters, the explicit equations for the ionic currents, and the opening and closing rates for the Beeler-Reuter
model are summarized in the Appendix A. For the extension to more complex ionic models, the corresponding function
G. has to be adapted, see, for example, (18, Supplement) for the O'Hara and Rudy model.

3 | NUMERICAL APPROXIMATION OF THE MONODOMAIN EQUATION

The PDE-ODE system (1) is discretized in space by conforming finite elements for the voltage v and nodal values for
(c, w). For the time discretization we discuss and compare different splitting methods. All methods described in
Section 3.2 are based on the component-wise splitting. The difference is the way how the PDE for the transmembrane
voltage is treated.

3.1 | Discretization in space

Let Q, = Ug ¢ i, K be a decomposition into open tetrahedra, and let V= {¢), € C°(Q) : ¢ | € Py (K)forallK € K;,} be
the approximation space of lowest order conforming finite elements. All functions ¢, € V}, are uniquely defined by their
nodal values (¢,(x)), ¢ v, at the corner points A’y C Q of the triangulation. Let IT, : C°(Q) — V/, be the corresponding
nodal interpolation defined by IT,(¢)(x) = ¢(x) for x € V. Let V), be the dual space of V}, and let (-, -) denote the
dual pairing.

We define My, A, € Z(Vi, V,) by

(Mudpp, wi) = /d’hll’hdx (Andp, wn) =2~ /Dv¢h Vy,dx, ¢y € V.
o

The discrete operators M; and A, are represented as (parallel distributed) matrices and are assembled only once. The
extension of the operator M), to M € g(Lz(Q), V’h) defined by

(M, ) = /Q dundx, b€ La(Q)wn €V

can be realized only approximately. For continuous functions ¢, M¢ can be approximated by MI1,¢. Alternatively, it
can be approximated by the numerical integration operator /%, €¢ & (CO (ﬁ) V;l) defined by a quadrature rule

Nquad

(Mndp, wy) = Z Z ok (Xkq)vn(Xkq), #€C*(Q)w, €V

KeKyg=1

with weights wg 4 >0 and integration points xg 4 € K for g =1,...,nquad, S0 that My, = Mg, for ¢, € V),. We will show
in our evaluation of different schemes that using numerical quadrature .#;¢), instead of interpolation M;I1,¢ improves
the stability in case that ¢ is not smooth enough. In the terminology introduced by Pathmanathan et al.'® the
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evaluation by the approximative L, integral corresponds to the state variable interpolation (SVI), and the Lagrange
interpolation is the ionic current interpolation (ICI).
The semi-discrete equation in space determines (vy, cp, Wy) : [0, T] — V§ by

CmMyd vy + Apvn + MpIion (Vh, Chy Wi) = Mplexe 0V, (7a)
ﬁtch—Gc(Vh, Ch, Wh) =0 forallx € Ny, (7b)
I Wp, — Gy (vy, Wp,) =0 forallx e N, (7¢)

subject to the initial values at t =0
vr(0,x) =1%(x), ¢x(0,x)=c"(x), wp(0,x)=w’(x), xXEN} (7d)

obtained by nodal interpolation of (1d), where we assume that the initial data (v°, 0, wo) are continuous. For the
numerical experiments in Section 4 the initial conditions are constant in space. Note, that for the ODE evolution in
(7b) and (7¢) the evaluation at the nodal points N7, is sufficient, but in general the application of .#}, in (7a) requires
the evaluation of (c,, wy,) at the integration points in every cell K € K.

3.2 | Discretization in time

Let N € N be the number of time steps, let At =T/N be the step-size of the time discretization, and set ¢, = nAt. Starting
with (), ¢, wj) given by (7d), we now present different methods for computing the next iterate (v, cf, wpt) from the
approximations (vi~1, ¢f~!, wi~1) in the previous time step.

It is well-known that the space discretization of the PDE (1a) leads to a stiff ODE system. If an explicit Runge-Kutta
or multi-step method is applied to this ODE, then an extremely small step-size has to be used in order to ensure stabil-
ity. Such a severe step-size restriction can be avoided by using an A-stable or A(a)-stable time integrator instead, but
such methods are implicit. This means that in every time step a nonlinear system of equations has to be solved. Apply-
ing such a method to the full system (1) is thus computationally very expensive. Another numerical challenge is the fast
switching of the gating variables. If the solution of (1c) is approximated, say, with a Runge-Kutta method, then again a
very small step-size has to be chosen to obtain an acceptable accuracy.

For these reasons the component-wise splitting is very popular and widely used.'*'* In this approach every time
step for propagating the system (7) consists of three sub-steps. In each of these sub-steps, only some of the unknowns
are updated, while the others are kept fixed: first, the gating variables are updated, then the calcium concentration, and
finally the transmembrane voltage. Interchanging the order of these three sub-steps is possible and yields a different
but similar method with nearly the same accuracy.

3.2.1 | Exact propagation of the gating variables

For fixed transmembrane voltage v} ! the ODE (1c) for the gating variables is linear in w and decoupled in all compo-
nents (see (5)). In (7c) the ODE for given (v} !, w}~!) takes the form

3twh,k =y (Vz_l) — (ak (vﬁ_l) —‘rﬁk (vz_l))wh,k for te (tnfl, tn) with Wh,k(tnfl) = WZ;{l,k =1,..,6.
As suggested by Rush and Larsen,” this ODE can be solved exactly, so that we get wy(t,) = @' (v, wi, ') with

o) ®)

0 (Vhs Whic) = Wioo (Vi) + (Wi — Wieeo (Vi) XD (—AL(ak (Vi) + B (Vh))),  Wieo (V) = PRCAET AL

This defines wf! = @ (v}, wi™!) with @* = (3"
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3.2.2 | Explicit Euler method for the calcium concentration

The ODE (7b) for the calcium concentration is not stiff. Hence, for given (vi~1, ¢!, w}!), we can simply update ¢!
with one step of the explicit Euler method

ch=ch '+ AtG (Vi ept, wi). (9)
Combining the exact solution (8) with the explicit Euler approximation (9) plus an explicit Euler approximation of the
nonlinear part of (10) is called Rush-Larsen method; compare, references 5,20,21.
3.2.3 | Time stepping for the transmembrane voltage
In the third sub-step the solution of the semi-linear parabolic equation
CMpd v+ Apvp +F(t, vy, cf, wj) =0 for t € (tn_1, tn) With vy(t,_1)=vj "' (10)
with F(t, vy, ch, Wi) = Mpn(Tion(Vi, cns Wi) —Iext(t, -)) has to be approximated for given (vﬁfl, cr, w;l‘)

‘We compare several options:

(GS) A standard approach for the monodomain problem is the Godunov splitting: with d,v, ~ (At)_1 (vﬁ - v;l’*l) and
n—1/2

F(t, v, cp, Wi) & MpITp (Tion(Vi, €n, W) —Iexi(t, -)), we can introduce an intermediate update v, and define
v 2 =yt ALC (Tion (V) €y W) —Texi(ts -)), (11a)
(CoMj + AtAR V! = CaMpV} V2, (11b)

This corresponds to one step of the Godunov splitting (which is rather called Lie-Trotter splitting in numerical analysis)
applied to (10). In this form it is realized, for example, in openCARP.** For our tests we improve the approximation of
the external current I by numerical integration, that is,

v 2=V AL ion (V) W), (12a)
(ConMpy+ AtAR WV} = CoMyvt ™ 4 At T e (1, -). (12b)

In comparison with other splitting schemes, we use (12) to exclude the error from the difference (MpI1, — #y)I ey in
the evaluation of the external current.

As an alternative to (GS) the following implicit methods are considered:

(IE-SVI) The implicit Euler method computes the approximation v} by solving the nonlinear equation

(CMp + AtAR)V} — CouMpvy "t + AtF (£, Vi, ch, Wp) =0 (13)
with several Newton steps.
(LI-SVI) If only one single Newton step is used, then this yields the linearly implicit scheme

(CoaMp + AtAR + At F (tn, vy Y, ¢, Wi) )V =CaMpvy '+ At (9F (tn, Vi ',y W)V ' =F(ty, Vi ', cf, Wh))
(14)
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with JyF(ty, Vi, ch, Wi) = MnIvIion(Vh, Cr, Wh).
(SI-SVI) If only the linear part of (10) is treated with the implicit Euler method, whereas the nonlinear part is
updated with the explicit Euler method, then this leads to the semi-implicit method

(CoaM 4+ AtAR)V = CaMpVy " — ALF (t,, Vi ', ct, Wt). (15)

The SI-SVI differs from (12) only in evaluation of total ionic current, where M;IT;Iion(Vi, ch, Wy) is replaced
by M nTion (i, Cns Wh).

The finite element matrix C,, M), + AtA}, is identical for all time steps and has to be assembled only once if the Godu-
nov splitting (GS) or the semi-implicit method (SI-SVI) are used in the third sub-step (3). For the linearly implicit
scheme (LI-SVI) we have to assemble and add the derivative of F in every time step. The implicit Euler method (IE-
SVI) is even more demanding, because here this has to be done in each iteration of Newton's method. For the SVI
method, the right-hand side F(t, vy, ch, Wi) = My (Lion (Vs Ch, Wi) —Iext(t, -)) has to be assembled in every time step.
This can be simplified by the approximation F(t, v, ¢y, Wy) & MpIT, (Lion(Vi, €hs Wi) —Iext(t, +)) using nodal interpo-
lation (ICI) and then multiplication with the sparse mass matrix My; this is realized by the Godunov splitting (11).

The ODEs (7b) and (7c) are solved in parallel at all nodal points x € A,. The only global interaction is the solution
of the PDE (7a) in every time step. In case of the Godunov splitting, (12a) is solved in parallel for all nodal points and
only for the diffusion part (12b) a global interaction is present.

In the component-wise splitting described above, the three sub-problems (1), (2), (3) are propagated one after
another with the same step-size At. This yields a first-order method, that is, the global error of the time integration is
O(At) under certain regularity assumptions on the exact solution. A second-order method with error O(A#?) could, in
principle, be obtained if the three sub-steps were arranged in a symmetric way, and if the numerical schemes in each of
the sub-steps were replaced by second-order schemes. However, each time step of a second-order method is more costly
than a step with a first-order method. Typically, one expects that the higher costs per time step are compensated by a
higher accuracy, such that a much larger step-size and thus a smaller number of time steps can be chosen. However,
this is only true if the problem is sufficiently regular, and such a degree of regularity cannot be expected for the problem
(1). This is the reason why we consider only first-order time integration in this work. Since the component-wise split-
ting is a first-order method, it does not give much of an improvement to replace the explicit Euler method in step (2) by
a higher-order Runge-Kutta method; this is confirmed by numerical tests (this can be reproduced with our code in the
git repository>> by changing the calcium update in the staggered scheme). On the other hand, higher order time
stepping schemes for the ODE system are successfully applied to cardiac electrophysiology** without PDE coupling.

4 | NUMERICAL EVALUATION OF TIME-STEPPING SCHEMES

In our numerical investigations, we propose, in a first step, a benchmark configuration in form of a truncated ellipsoid,
where the excitation is initiated at the bottom by an external current, which is smooth in space and time. The accuracy
and efficiency of the different schemes are measured by the evolution of the transmembrane voltage at several test
points. In a second step, we perform a convergence test in space and time by evaluating the activation time on a realistic
bi-ventricular domain. This requires to include a physiological stimulation model representing the effect of the His-
Purkinje system.

We start with a precise definition of the test configuration. Then, we provide a reference solution, which is used for
the evaluation of the different approaches. Finally, we test numerically the convergence in space and time of the activa-
tion time for a full bi-ventricular geometry.

41 | A benchmark configuration for the monodomain model

In the computational domain Q we prescribe fiber directions f : Q — R* which define the conductivity tensor in (1a)

D(x) =D f (x) Q£ (x) +Dt(I—f(x)®f(x)) EREZ, xe€Q, (16)
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depending on the conductivities D) and Dy in longitudinal and transversal direction (see Appendix B.1 for all parameters
and mesh data). To avoid a reduction of the regularity, we use only the space and time continuous version of Iy
defined in (4) in our simulations.

For the convergence tests, we consider the transmembrane voltage v(t, zx) in (0, T) at selected points z, € Q. Fur-
thermore, we determine the activation time at these points zx, which is a frequently used quantity in the comparison of
different cell models. In our benchmark scenario, we use an ellipsoid approximating the human ventricle, where the
geometry is truncated and the final time T =30 ms is chosen so that all evaluation points are activated in (0, T). The
evaluation points z, for the truncated ellipsoid are illustrated in Figure 1 (yellow dots) as well as the stimulus area Qe
for the discrete external current on the coarse grid. In this test, we use only one stimulation area, that is, ngim = 1. The
position of the evaluation points z; are described in detail in Table B1.

As a first test geometry, we used an idealized left ventricle based on the truncated ellipsoid defined in reference 12
with a fiber orientation ranging from —60° at the epicardial surface to +60° at the endocardial surface. Furthermore,
the geometry was truncated closer to the apex to reduce the computational load and discretized with a tetrahe-
dral mesh.

Let hy > 0 be the mesh size of the coarse mesh, and let Aty be the largest time step-size. The convergence is investi-
gated by refining in space with mesh size h, =27“h, on space level # € Ny and in time with At; =27A¢, on time level
Jj €Ny, see Table 1, where we also include the mesh data for £ =0,...,6. Note that the coarse mesh (£ =0) is only used to
represent the geometry. At least three uniform mesh refinements are required for a sufficient approximation of the evo-
lution of the system. The corresponding discrete solution is denoted by V. The distribution of the edge length Ax of
the tetrahedral elements of the truncated ellipsoid is plotted for £ =0. For the higher levels, the distribution will be the
same, only the absolute values of Ax is halved with every refinement.

All numerical experiments are performed on the high performance computing system HoreKa at KIT using the par-
tition cpuonly. The problem is solved with the open source parallel finite element system M--.>*> The number of paral-
lel processes was between 64 and 8192 depending on the problem size and memory requirements. The scalability of the

FIGURE 1 Geometry and coarse mesh on level # =0 for the truncated ellipsoid (left and middle), activation area Q.y.; and evaluation
points z (right).

TABLE 1 Mesh data for the space levels # for the truncated ellipsoid configuration and time discretization on time levels j. Here, Ax is
the length between two nodes of the mesh in mm. The figure on the right shows the relative frequency of different edge lengths in the mesh
for £ =0.

7 minAx maxAx # cells # vertices Jj N; At; (ms)

0 0.22682 1.26099 18,136 3954 0 300 0.1 40
1 0.11341 0.63049 145,088 27,851 1 600 0.05 _

2 0.05670 0.31524 1,160,704 208,021 2 1200 0.025 2 7
3 0.02835 0.15762 9,285,632 1,605,673 3 2400 0.0125 g 20
4 0.01417 0.07881 74,285,056 12,612,689 4 4800 0.00625 }é

5 0.00708 0.03940 594,280,448 99,973,281 5 9600 0.003125 1
6 0.00354 0.01970 4,754,243,584 796,078,401 6 19200 0.0015625 0-

0 0.5 1 1.5 2
edge length Ax (mm)
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TABLE 2 CPU time for different number of processes for the semi-implicit (SI-SVI) approach, fixed space level £ =3 and fixed time
level j = 3 with the benchmark configuration.

Procs 64 128 256 512 1024
CPU time (hours:minutes:seconds) 1:10:49 31:54 15:54 8:33 5:11
50

> > >

I E E

=} =} =}

{=% {=% o

—50 |
T 8 B T T T T T T T T
0 5 100 15 20 25 30 10 11 12 13 14 15 10 11 12 13 14 15
time (ms) time (ms) time (ms)

FIGURE 2 Evolution of the transmembrane voltage v at the different evaluation points z; € Q of our benchmark configuration
(cf. Figure 1) computed with the LI-SVI, and convergence of the LI-SVI scheme to the reference solution in space with fixed j =3 and in time
with fixed # = 5 evaluated for v} (t, z¢), t € [10, 15] ms.

results regarding the CPU time is ensured, see, for example, Table 2 for a test with fixed levels in space and time,
respectively.

4.2 | The reference solution

In the first step, we compute an asymptotic reference solution for the ellipsoidal configuration with different mesh
sizes and time step-sizes. We investigate in detail LI-SVI and SI-SVI by comparing the approximations of the trans-
membrane voltage computed with very fine discretizations in space and time for both time integration methods. By
extrapolation in space and time, we estimate the accuracy of the evolution of the transmembrane voltage at selected
points.

In Figure 2, the evolution of the transmembrane voltage at z4,zs,Z¢,Z; € Q and the convergence in space and in time
at zg is shown for LI-SVI. The excitation wave arrives in the expected sequence depending on the fiber directions and
the distances to the stimulus located in Q.

The computation of the error for the finest approximations of LI-SVI and SI-SVT is based on the estimate of the con-
vergence order in space and time. From the differences of the solutions in space v/ (-, z;) —v**1(-, ;) and in time
vt (-, zx) —y1e (-, z¢), compare, Table 3, the asymptotic convergence rate can be estimated from the factors f i and
g, defined by

_ [Vt =2 L0, )

=V I, )

R T R
stspace’ ., = - - 2 st"me, 17
& = = 0 1) (17)

i

that is, Sgpace ~ 10g,f i is the estimated convergence rate in space and Sgme ~ logzgj,f in time. Using extrapolation (see,
e.g., ref. 25 Chapter 4.2.8), the limit approximations in space v** and time v* for j =0,...,J and # = 0,...,L are computed
from the finest computation on # =L and j=J by

P — fir vk _ 1 YLl et 81,¢ Ve 1 VL (18)

fir—1 fir—1 g1 8r—1
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TABLE 4 Estimates for the relative error for the reference solutions.

92, 209, ) liyo, 95, 209 (-, ) liyeo, (-, )=V (-, 200 1
=, 200, 1 ==, 2l o == 200 o
ViF (- 26) 0.0055 0.0068 0.0089
Vel (-, z7) 0.0114 0.0050 0.0164
V(- 26) 0.0018 0.0026 0.0013
Vi (- z7) 0.0059 0.0070 0.0046

For both schemes, we observe quadratic convergence in space, compare, Table 3. For LI-SVI, we observe linear conver-
gence in time. This is not as good for the SI-SVI scheme, where nearly linear convergence in time is observed only for
sufficiently small time steps.

Quadratic convergence in space and linear convergence in time is now used to estimate the accuracy of the finest
solutions by extrapolation first in space and in time, and then in both. This yields

5,00 455 1 5,4

PP = _p> _gv 4 voo,S :21)5’5 —V4’S, Poo-© :2‘)5,00 _ 4oo.

Ta

Now the reference solutions V¢ = vy and v =vg;> are compared in Table 4 with the extrapolations.

We observe that the relative error estimated by extrapolation in space (left) and in time (middle) is nearly equili-
brated, and extrapolating in space and time (right) shows that the relative error of vgﬁf is below 0.5% in both tests points.
Since ereIf is computed with larger time steps, the estimated error is larger. However, the difference of the two solutions

l Vielf(" Zs) *Vg‘if(” ZG)”Lz(O, T)

i —0.0089494
1vir™ (- 26) ||, 0, )

is below 1%, so that for both reference solutions the estimated error is of the same magnitude.

In summary, we observe that the errors in space and time for the linearly implicit scheme (LI-SVI) are balanced
even for coarse space discretizations, and we can obtain the expected convergence orders in space and time. Neverthe-
less, the semi-implicit scheme (SI-SVI) is more accurate for the same discretizations, even if the space error is dominant
and the time convergence cannot be observed for larger step-sizes.

4.3 | Comparison of different approximation schemes for the total ionic current

In general, we use the L,-projection (SVI) for the evaluation of (cﬂ, wﬁ) in (7a). Since the ODEs in (7b) and (7c) are
solved on the nodal points only, simply using Lagrange interpolation (ICI) in (7a) is numerically cheaper, but also less
accurate as reported by Pathmanathan et al.'® for the semi-implicit case (SI). Here, this is confirmed for the linearly
implicit scheme on our ellipsoidal benchmark configuration, compare, Table 5: the Lagrange interpolation takes = 25%
less CPU time than the SVI approach. However, to achieve the same accuracy, one more space refinement is needed,
which results in an approximately 12 times longer CPU time compared to the SVI on the lower level. In comparison
with the reference solution the convergence of v/ ( -, z4) to the reference solution in space and in time is monotone for
SVI but not for ICI, where the error is smaller for # =j. This effect was also observed in reference 19 for different space
discretizations. In summary, we conclude that the SVI approach is more efficient than ICIL.

44 | Convergence of the conduction velocity

The spatial convergence behavior of the conduction velocity (CV) is investigated for the benchmark setup using the
semi-implicit scheme (SI-SVI). The CV between two points X,y € Q, is defined by
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TABLE 5 Accuracy of the transmembrane potential at z¢ for the L,-projection (SVI) and the Lagrange interpolation (ICI) compared to
vfjf (left) and the required parallel CPU time (given in hours:minutes:seconds) (right) to solve the full system of the benchmark
configuration with the linearly implicit scheme (LI).

V(- 26) =ViT (-, 26) a0, 7) SVI ICI
=3 Jj=3 0.2794 0.4142
j=4 0.2330 0.6917
Jj=5 0.2134 0.8328
=4 Jj=3 0.1140 0.2211
j=4 0.0622 0.1053
Jj=5 0.0485 0.2526
SVI ICI
Discretization Procs CPU time Procs CPU time
=3 Jj=3 512 11:43 512 10:11
j=4 512 22:02 512 16:13
Jj=5 512 42:07 512 30:36
‘=4 j=3 1024 1:06:44 1024 56:10
j=4 1024 2:06:18 1024 1:34:51
j=5 1024 3:39:28 1024 2:50:35
Crel(V, X, y) = [x=v| with Q,t(v) = {x € Q:v(t, z) >v,qforsomere [0, T]} CQ (19)
| tact(V, X) - tact(v’ Y) I
depending on the activation time £,
tact(v, Z) = min{t € [0, T]:v(t, z)>Vaet}, ZE Qaet (20)

indicating for a point z the time ¢ € [0, T] when the transmembrane voltage v is larger than v, > v for the first time.
We use v,s = —40 mV (see Refs. 8,10) and a spatially constant initial voltage vy(x) =vo = —84.57 mV.

Figure 3 shows the activation patterns in the truncated ellipsoid for two different mesh resolutions. To measure the
distance between the two points in the definition of (19), we use the geodesic distance in the truncated ellipsoid. To
investigate the space convergence of the CV, we choose two pairs of points X,y € Q: one pair in the center of the myo-
cardial wall and one on the inner surface (details in Table B1). Fixing the step-size at j =4, the conduction velocity con-
verges linearly in space in the center of the myocardial wall and nearly linear at the inner surface points, compare,
Table 6.

We observe, that the CV does not change significantly for space discretizations larger than £ = 3. Again, the activa-
tion pattern confirms the convergence of the scheme and shows smaller activation times f, for the finer space
discretizations.

4.5 | Comparison of the time integration approaches for the transmembrane voltage

Next, we compare the performance of the different splitting approaches defined in Section 3.2. Recall that the gating
variables and the calcium concentrations are approximated in exactly the same way in all methods, whereas different
approaches are used for the approximation of the transmembrane voltage: the Godunov splitting GS scheme, which is
used in most applications, and the three implicit schemes IE-SVI, LI-SVI, and SI-SVI. For the evaluation, we compare
the parallel computing time to solve the benchmark problem and the estimated error with respect to the reference solu-
tion vt
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FIGURE 3 Activation pattern for Z =0 (left, including the evaluation points, compare, Table B1) and for # = 3 (right, both computed
with fixed time level j =4).

TABLE 6 Conduction velocities in m/s computed with the semi-implicit (SI-SVI) scheme on the truncated ellipsoidal mesh (left) and
the convergence of the conduction velocities in space (right) both for fixed time j=4.

Cvel (l)i’f, Xk, yk) — Cvel (l}i’f_l, Xk, yk) =1 =2 =3 =4
myocardial wall (k=1) 0.0530 0.0311 0.0165 0.0068
03 | inner surface (k =2) 0.0355 0.0242 0.0144 0.0063
g
> 0.25
S
0.2 | —-@- myocardial wall
=@~ inner surface

T T T T T
0 1 2 3 4
space level £

19 2) =5 2o

ns1(zk) =
VS5 2Ly, 1)

(21)

Figure 4 shows the relation between #5g(zs) and CPU time. The number of parallel processes differs for the experi-
ments; thus, to compare the CPU times in Figure 4, they are scaled to 256 processes by multiplying the CPU time
with #used procs/256.

For a fixed step-size with j=4 (cf. left panel of Figure 4), we observe that SI-SVI is the most efficient scheme,
followed by LI-SVI. The accuracy of the implicit Euler method IE-SVI and the linearly implicit scheme LI-SVI are iden-
tical, because in our numerical tests it turned out that for the implicit Euler method one single Newton step was suffi-
cient to fulfill the stopping criterion. In this case, IE-SVI and LI-SVI yield exactly the same approximation. The reason
why the run-time of IE-SVI is slightly longer is that for the LI-SVI scheme a more efficient assembling routine is real-
ized: the semi-implicit part B}’ = C,yM}, +AtA, of the linearization is assembled only once, and in every time step only
the nonlinear part of the linearization Ato'?vF(tn, v;l’*l, ch, wﬁ) is computed in addition. This is considerably faster than
assembling the full linearization in every Newton step.

For the fixed mesh level £ =4 (cf. right panel of Figure 4), we also observe that SI-SVI is the most efficient scheme.
For the test point zg, the error 7 (z¢) with respect to the reference solution is not improving for finer time steps with
j> 2, which indicates that the error of the space discretization dominates. The computing time of the Godunov splitting
GS scheme is nearly the same as for the SI-SVI scheme, but the accuracy is considerably worse. The numerical realiza-
tion of the additional splitting (21) in GS is simpler than the assembling of the right-hand side SI-SVI. On the other
hand, the error is larger, for example, the error of v’ g, is smaller than the error of v on the next finer mesh level.
The main difference of the schemes is the approximation of the total ionic current as explained in Section 3.2. In sum-
mary, for our benchmark scenario the semi-implicit method SI-SVI is the most efficient scheme.
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27 -@- IE-SVI -@- IE-SVI
- LI-SVI - LI-SVI
—— SI-SVI —— SI-SVI
274 1 GS 27 GS
5 5
3 2 %
= < 2—6 4
2—8 -
2—7 - ’\‘/’/‘
2_10 7\ T T T T T T T T T
21 23 25 27 29 ol 213 27 28 29 210
CPU time in min (256 parallel processes) CPU time in min (256 parallel processes)

FIGURE 4 Work-precision diagram comparing the different time stepping schemes with fixed time step size with j =4 for mesh levels #
€ {2, 3, 4, 5} (left) and with fixed mesh £ =4 for j € {2, 3, 4, 5} (right), where the work load is the required CPU time to solve the benchmark
problem, and where the precision is estimated by 7 (2s)-

ZOE

FIGURE 5 Geometry and coarse mesh on level £ =0 for the ventricles (left and middle), activation areas Qim; and starting times fpeg ,
i=1,...,669 modeling the His-Purkinje system (right). The mesh features holes in the right ventricular outflow tract where the pulmonary
artery connects (left) and at the atrio-ventricular valves (middle and right). The entire domain is electrically active.

4.6 | Accuracy of the activation time on a bi-ventricular domain

For the truncated ellipsoid, we observe that SI-SVI is the most efficient scheme. Now we show that this transfers to a
full bi-ventricular configuration, compare, Figure 5. The geometric model used in this study is based on magnetic reso-
nance imaging (MRI) data of a 32-year-old healthy volunteer. The interested reader is referred to reference 18 for a
detailed description of the model. Here, we use only the ventricular part of the publicly available mesh.*

The convergence is tested by the convergence of the activation times t,¢ (v, X) at all nodal points x € Ap,,. This is
evaluated for a physiological stimulation scenario at the Purkinje muscle junctions in the ventricles.

The computational domain Q includes both ventricles. The fiber orientation is defined by a rule-based metho
with angles ranging from —41° at the epicardium to +66° at the endocardium in agreement with human data from dif-
fusion tensor magnetic resonance imaging.”” The complex stimulation of the ventricles via the His-Purkinje system is
represented by the Purkinje muscle junction model as described in reference 30,-Chapter 5.3]). Every stimulation area
Qstim,i» 1 =1,...,669, models a leaf of the Purkinje tree, that is, a Purkinje muscle junction, defining fpeg; € [0.0,0.027] in
seconds while the amplitude a =30mV and the duration z=0.003 s are fixed for all i. For the following numerical
experiments, we use the smooth version of the external current I in space and time as described in Section 4.1. We
set T =0.16 s, so that in our model the full domain is activated, that is, Q = Q.. The discretization data in space are
given in Table 7, and in time we use At; =27At, with Aty =0.4ms. The distribution of the edge length Ax is displayed
for the bi-ventricular mesh at £ =0.

d27,28
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TABLE 7 Mesh data for the space levels # for the bi-ventricular domain and time discretization on time levels j. Here Ax is the length
between two nodes of the mesh, the length scale is mm. The edge length and relative frequency for the mesh is shown for # =0 (for the
refined meshes the edge length and relative frequency is nearly identical).

7 minAx maxAx # cells Jj N; At; (ms)

0 0.365865 6.189215 102625 0 400 0.400

1 0.182933 3.216390 821000 1 800 0.200 _

2 0.091466 1.608195 6568000 2 1600 0.100 ?1

3 0.045733 0.804098 52544000 3 3200 0.050 f—f

4 0.022867 0.402049 420352000 4 6400 0.025 };
2

2 4 6
edge length Ax (mm)

1.5e+02
140

120

Activation

20

3.3e+00

FIGURE 6 Activation pattern for the ventricles with fixed j = 4 with At; = 0.00625ms for £ =0 (left) and £ =2 (right).

For fixed j =4, the distribution of the activation time t,¢(x, V"), x € Q, is displayed in Figure 6 for #=0 and # =2.
We observe that the depolarization wave propagates faster on the finer discretization so that the points x € Q\ Qe are
earlier activated. As expected, £ =0 is not fine enough to reproduce the activation time (and thus also the conduction
velocity) sufficiently accurate, and for £ =0 and j =0 the domain is not fully activated (n.f.a.) in (0, T)

To investigate the accuracy and convergence of the activation pattern, we compute

V)= | 3 a3 000 = [ 3 (s %)~ b, %) (22)

XGN},O XEN},O

for different discretizations, compare, Table 8. We observe in the limit at least linear convergence in space, and the
results show clearly that the error in space is dominant, so that in time the resolution for j =2 is sufficient. With larger
time steps the activation pattern prescribed by Iy cannot be resolved, so that a minimal resolution of Aty =0.4ms is
required. By extrapolation, we can estimate that for the reference solution v** the error of t,.(v**) is below 1%.

The reference solution v** is computed on 4096 processor kernels in 5:18 h.

4.7 | A case study with heterogeneous conductivity

Finally we show that our method yields reliable results also in scenarios with spatially heterogeneous conductivity. As
an example, we study the case that the conductivity tensor D is scaled by a factor 1/9 within a ball of 20 mm radius
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FIGURE 7 Activation time pattern (in ms) in the ventricles for a pathological case with reduced conductivity at the apex.

around the apex, which reduces the conduction velocity approximately by a factor 3. This scenario can be considered as
a simplistic representation of a slow conducting myocardial infarction scar. In this case, we observe that the activation
time pattern near the apex is qualitatively very well identified already for the coarsest levels in space and time
(Figure 7). This coarsest representation can be computed within less than 1 min on node with 64 parallel cores. On
levels £ =j=1 and ¢ =j =2 (computed within 1h on 64 cores), the results on the surface are already quite close. From
the convergence test for homogeneous conductivity, we expect also for this application that the overall error is in the
range of a few percent.

5 | CONCLUSION

Splitting (and other) methods for advection—diffusion-reaction equations are widely used and have been reviewed in
reference 31. A mathematically rigorous error analysis of different splitting methods for various types of nonlinear para-
bolic PDEs can be found, for example, in references 32-39. A corresponding analysis for the setting considered in this
work has, to the best of our knowledge, not been carried out so far.

In this study, we defined a benchmark problem on a truncated ellipsoid approximating the left ventricle. This extends
the convergence tests for the conduction velocity in Woodworth et al.' for a rectangular domain to unstructured 3d
meshes. Moreover, it also extends the results of Pathmanathan et al.'® to the truncated ellipsoid with the linearly implicit
scheme instead of the semi-implicit component-wise splitting scheme and shows that the SVI approach is more efficient
than the Lagrange interpolation of the total ionic current ICI. Additionally, we compared the convergence behavior, the
accuracy, and the efficiency of different time splitting schemes evaluating the transmembrane voltage. Krishnamoorthi
et al. evaluated different lumping variants and the effect of the mesh size on physiological properties such as the conduc-
tion velocity of the depolarization wave.'" We confirmed the difference of the approximations by ICI and SVI on the ana-
tomically relevant electrophysiology benchmark problem, and we extended the investigation to a full time and space
convergence study. We showed that the reaction-diffusion splitting has the same numerical behavior as the ICI ansatz as
it was supposed in reference 19. Furthermore, we showed that a component-wise splitting method with SVI is more
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efficient than the reaction-diffusion splitting or component-wise splitting combined with ICI. A main observation is that
the stability of component-wise splitting is considerably improved by replacing the Lagrange interpolation in the PDE-
ODE coupling by the L, projection. The smoothness of the external current in space and time has a strong influence on
the convergence properties for solutions of the transmembrane voltage, thus the stimulus current requires suitable reg-
ularization. The depolarization changes the transmembrane voltage from approximately —90 to 20mV within millisec-
onds, so that time step-sizes At < 0.1ms are required to capture the fast dynamics. Thus, the time step is so small within
the implicit Euler scheme IE-SVI that one Newton step is sufficient to achieve convergence, that is, the linearly implicit
method LI-SVI and IE-SVI compute the same approximations. Additionally, we observed that an explicit evaluation of
the total ionic current in the semi-implicit scheme SI-SVI does neither deteriorate the accuracy nor causes stability
problems although the convergence region is shifted to smaller step-sizes.

The main difference of the Godunov splitting GS and the semi-implicit scheme is the approximation of the total
ionic current I;o, in space, so that the better performance of SI is mainly due to the better approximation of Ijyy.

In space, we used linear conforming approximations, which is the standard approach. Nevertheless, a multitude of
space discretizations has been studied, for example higher order elements,*®*' isoparametric finite elements,'"** adap-
tive methods**** and non-conforming elements.*> Our results complement these contributions by a comparison of time
discretizations. For the monodomain system, also further finite methods including discontinuous Galerkin approxima-
tions were proposed.***° since our finite element system M-+ also includes nonconforming and discontinuous Gal-
erkin approximations, future studies will investigate the synergy between modern discretization in space and optimal
time stepping.

For this study, we restricted ourselves to the monodomain equation coupled with the Beeler-Reuter cell model'’
describing the evolution of the calcium ion concentration and six gating variables. This cell model is well established
and includes the characteristic properties (including fast gating kinetics) which make the design of efficient and stable
schemes challenging. The advantages of SI-SVI or LI-SVI will likely transfer to more complex cell models, as the model
by ten Tusscher and Panfilov,”” O'Hara and Rudy*® or Courtemanche.*’

The results from the benchmark problem were extended to a realistic bi-ventricular setting, where we investigated
the convergence in space and time as well as the accuracy of the activation times using the semi-implicit scheme pro-
posed in reference 14. We showed that the results for the benchmark problem of the truncated ellipsoid transfer to an
anatomically even more realistic setup of a bi-ventricular mesh with a complex stimulation model by a convergence
study for the activation time. The activation pattern converges at least linear in space using the SI-SVI and the domi-
nance of the space error on the coarse meshes is confirmed. In particular, we demonstrated that state-of-the-art high-
performance computing facilities and the efficient realization of parallel numerical methods can approximate complex
models very accurately within reasonable computing time.

We showed that using the semi-implicit SI-SVI or the linearly implicit LI-SVI scheme will increase stability and
accuracy on irregular complex coarse meshes. The proposed time integration schemes can be adapted by established
cardiac electrophysiology simulation packages,** can be incorporated in full heart electro-mechanical simulations'® and
potentially also in other application domains like modeling of gastrointestinal electrophysiology.”®
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APPENDIX A: The Beeler-Reuter cell model

The Beeler-Reuter cell model'” is defined by the transmembrane voltage v, the intracellular ion concentration of cal-

cium ¢, and six gating mechanisms w = (wy, ..., ws) = (d, f, m, h, j, x1). The total ionic current Iion (v, ¢, W) is the sum
of the two inward currents

Is(v, ¢, d, f) = g,df (v—Es(c)), Ina(v, m, h, j) = (gNam3h:j+gNaC) (v—Ena),

and the two outward currents

0.8(exp (0.04(v+77))—1)
exp (0.04(v+35))

B 1.4(exp (0.04(v+85)) —1) 0.07(v+23)
~ exp(0.08(v+53)) + exp (0.04(v+53))  1— exp(—0.04(v+23))’

Lo (v, x1) =x3

, Ix(v)

with the reversal potential E(c) =—82.3 —13.02871og(c) and En, =50 mV. Corresponding to reference 17 the con-
stants are set to

8na =4mS/cm?, gy,c =0.003mS/cm?, g, =0.09mS/cm’.
The opening and closing rates o (v) and g, (v) in (5) are defined by

_ Cl,k exXp (Cz,k(\)+ C3,k)) + C4’k(\)+ CS,k)

(V) = _ Criexp(Cox(v+Csp)) +Cag(v+Csy)
k exp (Cer(vV+Csx)) + Crx

’ V)=
ﬂk( ) exp(C6,k(v+C3,k))+C7,k

depending on different parameters Cj g,...,C7x > 0 for k=1,...,6, compare, Table Al.
The potentials are given in mV, the calcium concentration in mol/l and the gating variables are dimensionless. The
initial values at t =0 are constant in space and set to.

0 0 mol o
v =-84.57mV, Ca ZO.OOOOOOZT, W = (0.002980, 1.0, 0.9877, 0.975, 0.011, 0.00565).

In G, from (6) the constants are defined as w. =0.07 and a. = 10~". As the gating variables model the status of a gate
they switch very fast between zero and one and adopt only values in [0, 1]. As ¢ models the calcium concentration in a

TABLE A1l Constants to define a, and j, for every gate with Equation (9).

Cik Cok Csk Caik Csk Cok Crik
An=az 0 0 47 -1 47 —0.1 -1
B =P 40 —0.056 72 0 0 0 0
ap=ay 0.126 —0.25 77 0 0 0 0
Prn=Pa 1.7 0 22.5 0 0 —0.082 1
aj=as 0.055 —0.25 78 0 0 —0.2 1
B = Bs 0.3 0 32 0 0 —0.1 1
ag=m 0.095 —0.01 ) 0 0 —0.072 1
Bi=h 0.07 ~0.017 44 0 0 0.05 1
aF = 0.012 —0.008 28 0 0 0.15 1
ﬁf =4, 0.0065 —0.02 30 0 0 —0.2 1
Oy, =g 0.0005 0.083 50 0 0 0.057 1
B, =B 0.0013 ~0.06 20 0 0 —0.04 1
s s Y mv Y mvV v -
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cardiac cell it is always positive and during one action potential it has values between [2-1077, 6-10~°] mol/l. The phys-
iological range of the transmembrane voltage v is in [—90, 20] mV.

APPENDIX B: Numerical setup

FIGURE B1 Smoothed external stimulus for different sey with fixed a = 20, fpeg =0, 7= 2 and example to illustrate Qexe (left) and
visualization of the full ellipsoid and fiber orientation in the truncated ellipsoid (right).

B.1 | Parameters and constants for the numerical simulations
The domain Q is measured in mm. The surface-to-volume-ratio is given by y =140 mm~!, the membrane capacitance
is set to Cyp = 0.01-107° F/mm?, and the anisotropic conductivity in (16) is defined by the parameters

TABLE B1 Evaluation points in the truncated ellipsoid, compare, Figures 1 and 3.

z, = (0.0, 0.0, —17.0) Grid point at apex endocardial excited

z, = (0.0, 0.0, —20.0) Grid point at apex epicardial

z; = (0.88, 3.28, —16.95) Grid point inner wall middle of ellipsoid

z, =(0.2,0.2, —17.4) Besides grid next to z;

zs = (0.1, 0.1, —19.8) Besides grid next to z,

z¢ = (—0.98, —3.3, —16.2) Besides grid next to z3

z; = (1.6, 4.5, —15.8) Besides grid in wall,
Opposite(y-direction) of zg

x; = (—2.571,0.0, —15.811) y; = (—5.617,0.0, —10.105) Myocardial wall

x, =(0.0,5.166, —14.656) y, =(0.0,6.971, —10.556) Inner surface
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D; =0.0001334177215 Smm !, D, =0.00001760617761 Smm".

The mesh data and the fiber orientation are available in the data file data/monodomain/Orientation.vtu within our git
repository.”> A standard choice for the constants of the external current is the amplitude a(x)=20uA/cm? for all
X € Qgim, the scaling factor sex, =4, the start time fpeg,i = 0.0 and 7; =0.002 s for all i = 1,...,ngim. In Figure B1 the depen-
dence of the time-continuous version of Iy on the scaling factor sey is plotted at one stimulation point for fixed ampli-
tude and duration (Table B1).
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