ﬂ(IT \/V”‘\/e phenomena

Karlsruhe Institute of Technology ana I YS | San d numer | CS

On echoes in magnhetohydrodynamics with
magnetic dissipation

Niklas Knobel, Christian Zillinger

CRC Preprint 2023/5, January 2023

CRC 1173

-

phenomena

KIT — The Research University in the Helmholtz Association :.!E



Participating universities

Universitat Stuttgart

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

Funded by

VFG

ISSN 2365-662X



ON ECHOES IN MAGNETOHYDRODYNAMICS WITH
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ABSTRACT. We study the long time asymptotic behavior of the inviscid mag-
netohydrodynamic equations with magnetic dissipation near a combination
of Couette flow and a constant magnetic field. Here we show that there exist
nearby explicit global in time low frequency solutions, which we call waves.
Moreover, the linearized problem around these waves exhibits resonances
under high frequency perturbations, called echoes, which result in norm in-
flation Gevrey regularity and infinite time blow-up in Sobolev regularity.
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1. INTRODUCTION AND MAIN RESULTS

In this article we consider the two-dimensional magnetohydrodynamic (MHD)
equations with magnetic resistivity x > 0 but without viscosity

oV +V-VV+Vp=B-VB,
oB+V -VB=rxAB+ B-VV,
(1) div(B) = div(V) = 0,
(t,z,y) e Ry x T x R,
near the stationary solution

V(t,z,y) = (y,0),
(2) B(t,z,y) = (a,0).

The MHD equations are a common model of the evolution of conducting fluids
interacting with (electro-)magnetic fields in regimes where the magnetization
of the fluid can be neglected. They describe the evolution of the fluid in terms
of the fluid velocity V, pressure p and magnetic field B. The constant mass
and charge densities are normalized to 1. Here particular examples of appli-
cations range from the modeling of solar dynamics to geomagnetism and the
earths molten core to using liquid metals in industrial applications or in fusion
applications [Dav10].
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A main aim of this article is to analyze the long-time asymptotic behavior of
solutions to this coupled system and, in particular, the interaction of instabili-
ties, partial dissipation and the system structure of the equations. Here we note
that due to the affine structure of the stationary solution (2), the correspond-
ing linearized problem around this solution decouples in Fourier space and can
be shown to be stable in arbitrary Sobolev (or even analytic) regularity, as we
prove in Section 2.

Lemma 1. Let o € R be given and consider the linear problem

oV +y0,V + (V5,0) = a0, B,
OB+ y0,.B — (Bs,0) = kAB + a0,V
div(B) = div(V) =0,
(t,z) e Ry x T x R.

Then these equations are stable in H® for any s € R in the sense that there
exists a constant C' > 0 such that for any choice of initial data and all times
t > 0 it holds that

(V- V)t x —ty,y) |5 + (V2 B)(ta —ty, )%
< (L+ 6732V Vieollzs + IV - Blicol ).

Here V* -V =: W is the vorticity of the fluid and V* - B =: J is the
(magnetically induced) current.

In contrast to this to this very strong linear stability result, the stability
results for the inviscid nonlinear equations are expected to crucially rely on
very high, Gevrey regularity (see Section 2.2 for a definition). More precisely,
similarly to the nonlinear Euler equations [DM18, D721, Zil21b] or Vlasov-
Poisson equations [Bed20, Zil21a, MV11] the nonlinear equations are not a
priori expected to not remain close to the linear dynamics due to “resonances”
or “echoes”MWGOGS, YODO5], which may lead to unbounded norm inflation
of any Sobolev norm. It is the main aim of this article to identify and capture
this resonance mechanism for the resistive MHD equations. In particular, we ask
to which extent magnetic dissipation can stabilize the dynamics. As we discuss
in Section 2.2 the main nonlinear resonance mechanism is expected to be given
by the repeated interaction of a high frequency perturbation with an underlying
low frequency perturbation of (2). In this article we thus explicitly construct
such low frequency nonlinear solutions, called traveling waves (a combination
of an Alfvén waves and shear dynamics; see Section 2 and Lemma 5 for further
discussion).

Lemma 2. Let k > 0 and a € R and let (fy, go) € R% Then there exist smooth
global in time solutions of the nonlinear, resistive MHD equations (1), which
are of the form

Vit,z,y) = (y,0) + 1f+(t7)52 VEsin(x — ty),
B(t,xz,y) = (a,0) + %Vl sin(x — ty),

with (£(0),9(0)) = (fo,90). Furthermore, for a suitable choice of fo, go it holds
that

ft) — 2c,
g(t) = 0,

ast — 00.
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In view of the underlying shear dynamics it is natural to change to coordinates
(z —ty,y).

In these coordinates the corresponding vorticity W = V+ -V and current J =

V< - B read

W = —1+ f(t) cos(z),
J =0—g(t)sin(z).

Unlike the stationary solution (2) these waves have a non-trivial z-dependence.
As we discuss in Section 2.2 this x-dependence allows resonances to propagate in
frequency and underlies the nonlinear instability of the stationary solution (2).
More precisely, we show that the (simplified) linearized equations around these
waves exhibit the above mentioned nonlinear resonance mechanism (in terms
of both upper and lower bounds on solutions). In particular, we aim to obtain
a precise understanding of the dependence of the resonance mechanism on the
resistivity £ > 0 and the frequency-localization of the initial perturbation. The
research on well-posedness and asymptotic behavior of the magnetohydrody-
namic equations is a very active field of research and we in particular mention
the recent work [Lis20], which considers a related, fully dissipative setting in
3D, as well as the articles [JW22, 7722, W7Z21, BLW20, FL.L19, DYZ19, HXY 18,
LCZ118, WZ17]. More precisely, in [LLis20] Liss studied the nonlinear, fully dis-
sipative, three-dimensional MHD equations around the same stationary solution
(2) in a doubly-periodic three-dimensional channel T x R x T and established
bounds on the Sobolev stability threshold as v = k | 0. In contrast, this article
considers the 2D setting with partial dissipation v = 0, k > 0 in Gevrey regu-
larity. Similar questions on the stability of systems with partial dissipation in
critical spaces are also a subject of active research in other (fluid) systems, such
as the Boussinesq equations [C'W 13, W15, DWZZ18].

For simplicity of presentation and to simplify the analysis in this article we
modify the linearized equations for the vorticity and current perturbations w, j

ow = adyj — (2csin(x)0,A; 'w) .
(3) 01 = KA + ad,w — 2833@;A;1j,
Ay =07+ (9, — t0,)?,
and fix the x-averages of w and j, which also fixes the underlying shear flow.
Here, for simplicity we have also replaced f(t), g(t) by 2¢ and 0, respectively. In

analogy to other fluid systems [BBCZD21, BN 15a], a similar structure of the
equations can be achieved by considering the coordinates

t 1 gt
(x—/ /vlda;dt,;/ /Vlda:dt) — (X,Y),
0 0

which however makes estimates of A; ! technically more involved and less trans-
parent [Zil17]. In the interest of a clear presentation of the resonance mechanism
we hence instead fix Y = y by a small forcing.

Theorem 3. Let 0 < a < 10 and 0 < k < 1 with B :== 55 and ¢ <
min(10-35%,1074) be given. Consider the (simplified) linearized equations (3)
around the wave of Lemma 2.

Then there exists a constant C' such that for any initial data wy, jo whose
Fourier transform satisfies

> [ explCVIENIFuwoll ) + | Fiolh, e < ox
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the corresponding solution stays reqular for all times up to a loss of constant in
the sense that for all t > 0 it holds that

> [ exnGVIED(Fule O + 1730, kO Py < o

Moreover, there exists initial data wy, jo and 0 < C* < C' such that

S [ exp(C* I (1 Fwolk O + | Fjolk, €)P)d < oo,

but so that the corresponding solution w, j grows unbounded in Sobolev regularity
ast — oo.

Let us comment on these results:

e As we discuss in Section 2.2 the linearized equations around a traveling

wave closely resemble the interaction of high and low-frequency pertur-
bations in the nonlinear equations. These equations thus are intended to
serve as slightly simplified model of the nonlinear resonance mechanism.
We remark that in the full nonlinear problem the z-averages and hence
the underlying shear dynamics change with time and the corresponding
change of coordinates has to be controlled. For simplicity and clarity
the present model instead fixes this change of coordinates.

The Fourier integrability with a weight exp(C \/E ) corresponds to Gevrey
2 regularity with respect to y. For simplicity of presentation the above

results are stated with L?(T) regularity in z. All results also extend to

more general Fourier-weighted spaces, such as HY for any N € N or

suitable Gevrey or analytic spaces (see Definitions 8 and 9).

The stability and norm inflation in Gevrey 2 regularity matches the reg-
ularity classes of the (nonlinear) Euler equations. In particular, the mag-
netic field and magnetic dissipation are shown to not be strong enough

to suppress this growth. We remark that our choice of coupling between

the size of the magnetic field and magnetic dissipation is made so that

both effects are “of the same magnitude” and hence their interaction

plays a more crucial role (see Section 2.3 for a discussion).

These results complement the work of Liss [is20] on the Sobolev stabil-
ity threshold in 3D with full dissipation. Indeed, the above derived upper

and lower bounds establish Gevrey 2 as the optimal regularity class of

the linearized problem in 2D with partial dissipation. We expect that as

for the Euler [BM15b] or Vlasov-Poisson equations [BNNM16] nonlinear

stability results match the regularity classes of the linearized problem

around appropriate traveling waves.

We further point out that the instability result of Theorem 3 also implies a

norm inflation result for the nonlinear problem around each wave in slightly
different spaces (see Corollary B.1). In particular in any arbitrarily small an-
alytic neighborhood around the stationary solution (2) there exist nonlinearly
unstable solutions (with respect to lower than Gevrey 2 regularity) .

The remainder of the article is structured as follows:

e In Section 2 we discuss the linearized problem around the stationary

state (2) and introduce waves as low-frequency solutions of the nonlinear
problem.

e In Section 2.2 we discuss the resonance mechanism for a toy model. In

particular, we discuss optimal spaces for norm inflation and (in)stability
results as well as the time- and frequency-dependence of resonances.

e The main results of this article are contained in Section 4, where we

establish upper bounds and lower bounds on the norm inflation.
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e The Appendix A contains some auxiliary estimates of a growth factor
in Section 4. In the second Appendix B we prove a nonlinear instability
result for the traveling waves.

2. LINEAR STABILITY, TRAVELING WAVES AND ECHO CHAINS

In this section we establish the linear stability of the resistive MHD equations
(1)
oV +(V-V)V+Vp=(B-V)B,
(4) OB+ (V-V)B=krkAB+ (B-V)V,
V-B=V. -V =0,

around the stationary solution (2) as stated in Lemma 1. Furthermore, we
sketch the nonlinear resonance mechanism underlying the norm inflation result
of Theorem 3, which is given by the repeated interaction of high and low fre-
quency perturbations. This mechanism motivates the construction of the trav-
eling wave solutions of Lemma 5 and the corresponding (simplified) linearized
equations around these waves, which are studied in the remainder of the article.

In order to simplify notation we may restate the MHD equations with respect
to other unknowns. That is, since we consider vector fields in two dimensions
and V and B are divergence-free, we may introduce the magnetic potential ®,
magnetic current J and fluid vorticity W by

J=V"-B,
AD = J,
W=v*.V

Under suitable decay assumptions (or asymptotics) in infinity the equations can
then equivalently be expressed as

: oW + (V-V)W = (B-V)AQ,
(5) 8P + (V- V) = kA,

or in terms of J:

oW+ (V-V)W = (B-V)J,
(6) 0T + (V- V)J = kAJ + (B - V)W — 2(8,V - V)5, .

With these formulations we are now ready to establish the linear stability of
the stationary solution (2).

Proof of Lemma 1. Consider the formulation of the MHD equations as (5), then
the linearization around V' = (y,0),W = —1, B = («,0), ® = ay is given by

0P + y0, P + Voa = kKAD.

We note that all operators other than y0, are constant coefficient Fourier mul-
tipliers. Hence we apply a change of variables

(@,y) = (z —ty, y)
to remove this transport term and obtain
dw = ady Ao,
01 = —a0, A7 ' w + K@,

where w, ¢ denote the unknowns with respect to these variables and A; =
92 + (9, — td,)*. We note that this system decouples in Fourier space and
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for simplicity of notation express it in terms of the (Fourier transform of the)
current j = Ay¢:

ow = ikay,
2Rkt =8 o v L
Oj = R k(K™ + (€ = kt)")j + ikaw,

where k € Z and £ € R denote the Fourier variables with respect to x € T and
y € R, respectively. Here and in the following, with slight abuse of notation,
we reuse w and j to refer to the Fourier transforms of the vorticity and current
perturbation. For k = 0 these equations are trivial and we hence in the following
we may assume without loss of generality that & # 0. Furthermore, we note
that the right-hand-side depends on £ only in terms of % —t. Hence, by shifting
time we may further assume that & = 0.

With this reduction we first note that by anti-symmetry for all @ € R it holds
that

O(|w* +151%)/2 = (7 — kE* (L + 7)) 5.

We make a few observations:

o If kk? > 1 the horizontal dissipation is sufficiently strong to absorb
growth for all times.

o If kk? < 1 is small, then for sufficiently large times [t| > (k*k)~'/ the
right-hand-side is non-positive.

e It thus only remains to estimate the growth on the time interval || <
(k%k)~Y3, where

O(Jwl* + |j1%) <

The latter case can be bounded by an application of Gronwall’s lemma and after
shifting back in time it yields
lw(®)]* + [i(OF < (1+ (K8)7*2)2(Jw(0)* +15(0)[?)

for all t > 0.
OJ

While the ground state is thus linearly stable in arbitrary Sobolev or even
analytic regularity, nonlinear stability poses to be a much more subtle question
with stronger regularity requirements.

2.1. Wave-type Perturbations. In order to investigate the stability of the
MHD equations, it is a common approach to consider wave-type perturbation.
Here a classical result considers perturbations around a constant magnetic field
and a vanishing velocity field.

Lemma 4 ((c.f. [Alf42) Davl16])). Consider the ideal MHD equations (i.e. k =
0) in three dimensions linearized around a constant magnetic field B = Bye,
and vanishing velocity field V = 0. Then a particular solution is of the form

B = (Bi(t,2),0,0),V = (Vi(t, 2),0,0)
where By and Vy are solutions of the wave equation
0}By — B{o*B, =0,
OV — B3o*V;y = 0,
The linearized problem thus admits wave-type solutions propagating in the

direction e, of the constant magnetic field and pointing into an orthogonal
direction. These solutions are known as Alfvén waves [Alf42].
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Proof of Lemma 4. We make the ansatz that B and v only depend on ¢ and 2
and express the linearized equations in terms of the current J = V x B and
vorticity W =V x V. Then the equations reduce to

OyJ = B0, W,
@W - BO@J.

These equations are satisfied if both J and W solve a wave equation and are
chosen compatibly. More precisely, two linearly independent solutions are given

by
W =f(z+ Bot)=J
and
W= gz — Bot) = —J.

where f and g are arbitrary smooth function.

We remark that since B = B(t,z) and V' = V/(t, z) point into a direction
orthogonal to the z-axis, they are divergence-free for all times. Finally, since
both functions are independent of x it follows that all nonlinearities V - VV, B -
VV,V-VB, B-VB identically vanish, so these are also nonlinear solutions. [

In the following we consider the two-dimensional setting and extend this con-
struction to also include an underlying affine shear flow. We call the resulting
solutions traveling waves in analogy to dispersive equations and related con-
structions for fluids and plasmas [DZ21, Bed20, Zil21a, Zil21h, DMI8]. As we
sketch in Section 2.2 the non-trivial x-dependence of these waves will allow
us to capture the main nonlinear norm inflation mechanism in the linearized
equations around these waves (as opposed to linearizing around the stationary
solutions (2)).

Lemma 5. Let « € R and k > 0 be given. Then for any choice of parameters
(£(0),g(0)) € R? there exists a solution of (6) of the form

W = —1+ f(t) cos(x — yt)
(7) — () sin(z —
J = —g(t)sin(x — yt).
We call such a solution a traveling wave.

We remark that this construction also allows for general profiles h(t, z — ty)
in place of cos(z — ty). This particular choice is made so that for f(0) and g(0)
small, such a wave is an initially small, analytic perturbation of the stationary
solution (2) and localized at low frequency.

Proof of Lemma 5. For easier reference we note that for this ansatz, we obtain

V =(y,0)+ ﬁ'?Q sin(x — yt)(¢, 1)

W = —1+ f(t) cos(x — yt)

B = (a,0) + fJ(r?z cos(x — yt) (¢, 1)

J = —g(t)sin(x — yt)

O =ay+ l’j(r—?Q sin(z — yt).

Inserting this into the equation (6) the nonlinearities vanish due to the one-
dimensional structure of the waves. Therefore, this ansatz yields a solution if
and only if f and g solve the ODE system

) f'(t) = —ag(®),
g'(t) = —r(1+t)g(t) + af (t) + 9 (t).

Thus by classical ODE theory for any choice of initial data there indeed exists
a unique traveling wave solution. O
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Given such a traveling wave we are interested in its behavior, in particular
for large times, and how it depends on the choices of xk and a.

Lemma 6. Let o« > 0 and k > 0 then for any choice of initial data the solutions
f(t),q(t) of the ODE system (8)

f1(t) = —ag(t),

g (t) = —r(L+)g(t) + af(t) + TF=g(t),

satisfy the following estimates:

(10) FOP+ 19 < 1+ 2P fO)P +1g(O0)P) o<t <r'/?
FOP+ g < [fHE+ g2 ift> k15

Furthermore, for a specific choice of initial data it holds

1
1) — el < 5e

(9)

for all t > 4571
lg(t)| — 0

ast — o0.

Proof of Lemma 6. We first observe that by anti-symmetry of the coefficients it
holds that

a(If1? + 191%) = 2lg* (—r(1 + %) + Z2) .
-1/3

In particular, for t > the last factor is negative and hence |f|* + |¢?| is
non-increasing. For times smaller than this, we may derive a first rough bound
from the estimate

O£+ 1g*) < (IF17 + 191*) 1%

which yields an algebraic lower and upper bound growth bound. We next turn
to the case of special data, due to lower and upper norm bounds (9) is time
reversible. Therefore, we can obtain

f(to) =1, g(to) =0
for tyg = 437!, Then we deduce

o(t) = a [ dr exp(—s(t — 7+ 1(t* — 79)) L £(7)

to

and thus
t
ft)=1-a [ dng(n)
0

t T1
=1-5 [ dn(l+ 7) dry exp(—k(r — 7 + 5(17 — TS)))ﬁf@)

t t
1 (; 1 0 1743 3
—1-1 /t A7y s (1) (1 — exp(—r(t — 72 + 3(t° = 7)))).
This gives the estimate

(11) 0<1—f(t) <4

which implies that after time ¢, the value of f satisfies the same bound. Similarly,
for g we recall that

asg = (1+t2 - K‘<1 + t2))g(t) + Oéf(t)
and hence for t; = 2%~3 it holds that

2
g(t) < a%.
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Furthermore, this implies that for times ¢ > t; it holds that

g(t) < atg exp(—% (t—tl))+a/fexp(—§(1+t2)(t—7))

< atQ exp(—5t7(t —ty)) + ,@(i’it)

1

Finally, for times t > k™3 we may estimate

(12) g < 4o

— I{tQ

0

2.2. Paraproducts and an Echo Model. As mentioned in Section 1 the
main mechanism for nonlinear instability is expected to be given by the repeated
interaction of high- and low-frequency perturbations of the stationary solution
(2). In the following we introduce a model highlighting the role of the traveling
waves and discuss what stability and norm inflation estimates can be expected.

For this purpose we note that the nonlinear MHD equations (5) for the per-
turbations w, ¢ of the groundstate (2) in coordinates (x —ty, y) can be expressed
as

ow + VAT w - Vw = ad,A¢ + V6 - VA,
(13) 00+ VAT 'w - Vo = a0, A 'w + kA,
Ay =02+ (0, — t0,)?,

where we used cancellation properties of V+ - V. The stability result of Lemma
1 considered the linearized problem around the trivial solution (0,0), which
removes all effects of the nonlinearities. In order to incorporate these effects
into our model we thus consider the nonlinear equations as a coupled system for
the low frequency part of the solution (W, ¢1ow) (defined as the Littlewood-
Payley projection to frequencies < N/2 for some dyadic scale N) and the high
frequency part (wp;, ¢ni). If we for the moment consider the low frequency part
as given then the action of the nonlinearities on the high frequency perturbation
of the vorticity can be decomposed as

(14) VLA;leow . thz’ —+ VLA;le . leow -+ VLA;le . thi.

Here the first term is of transport type and hence unitary in L? and we expect
VA Wi to decay sufficiently quickly in time that this term should not yield
a large contribution to possible norm inflation. Similarly for the last term we
note that both factors are at comparable frequencies and that we by assump-
tion consider a small high frequency perturbation and thus this term is also
not expected to have a large impact on the evolution. The main norm inflation
mechanism thus is expected to be given by the high frequency velocity pertur-
bation interacting with a non-trivial low frequency vorticity perturbation.

In order to build our toy model we thus focus on this part and formally
replace Wi, Q10w by the traveling waves, which are solutions of the nonlinear
problem. Furthermore, as a simplification by a similar reasoning as above we
also fix the underlying shear flow for our model. Then the equations for the
(high frequency part of the) current perturbation

j = A¢ and vorticity perturbation w read
(15) dw = adyj — (2esin(x)9,A; 'w) .
OJ = KA + ad,w — 20 8tAt 7,

where we also simplified to f(t) = 2¢, g(t) = 0.
We note that compared to the linearization around the stationary solution
these equations break the decoupling in Fourier space. Indeed taking a Fourier
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transform and relabeling j — —ij we arrive at

(16)
Orw(k) = —akj(k) — cqyp 1+<i nE w(k+1) + et = 1 J)Qw(k—l),

k41

0(k) = (2t — AR+ (§ = O)i(k) + akuw(b)

Furthermore, if ¢ ~ % then the additional term is of size c(f)—Q and hence can
possibly lead to a very large change of the dynamics. In reference to the experi-
mental results mentioned in Section 1 we can interpret this as the low frequency
and high frequency perturbation resulting in an “echo” around the time ¢ ~ %
For the following toy model we neglect all modes except those at frequency k
and k£—1 and only include the action of the resonant mode k£ on the non-resonant
mode k — 1.

Lemma 7 (Toy model). Let ¢,r,a be as in Theorem 3 such that 8 = 25 > 7
and consider the Fourier variables k > 2 and & > 10 max(k™!, k—j) Then for

& L€

ty = - t
k (k+1+k)< <

DO | =

we consider the toy model

Oyw(k) = —akj(k),

0. (k) = (2t — Wk (1L+ (§ = )i (k) + akuw (k)
(17) Orw(k —1) = —alk = 1)j(k — 1) + e g w(k),
Ojlk—1)=— ii](k—l)Jra(k—l)w(k—l).

Then for initial data w(k,t;) =1 and w(k — 1,t) = j(k,tx) = j(k — 1,tx) =0
we estimate

(lw(k)| + |w(k = D] + aklj (k)] + a(k = D]7(k = D=, < 27“3%

Furthermore, this bound is attained up to a loss of constant in the sense that

£

lw(k —1,t,_1)| > Fc oL

Proof of Lemma 7. We perform a shift in time such that ¢t = % + s and thus
Sg 1= —%ink < s < %kQ + =: s1. Integrating the equations in time, for our

choice of initial data we obtain that

(s, k)= ak:/ ij:sg exp(—kk?(s — 5 + %(33 — N w(k, 72)dry
and thus

w(k:,s)zl—ak/j T, k) dm

=1- a2k:2/ /T1 11@ exp(—kk?(1y — 75 + %(7‘13 — ) w(k, 72)drodr.
S0
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For the second term we insert o? = % and deduce that

_k2/ / 11:12 exp(—kk*(1y — 72 + %(Tf — ) w(k, 75)drdr

=3 / T / kK2 (1 + 72) exp(— k2 (1 — 7 + L(r8 — 72)))w(k, 72)drdry
S0 T2

1 5 w(k,T T1=5
== 1(_]:;22) {GXP(—/‘@kz(ﬁ — T2+ %(Ti% - 7'23)))} 1: dry

5 50
-1 / wlh) (1 — exp(—rk(s — 72 + 3(s° — 3))))dro.

This further yields that

(18)  w(k,s _1——/ Ay BB (1 — exp(—kk?(s — 7 + (5° = 72)))).

Therefore, if 1 > w(k,s) > 0 we obtain
1 1 s
ik ) =1 < 5 / hadry < Y(arctan(s) + ).

and by bootstrap this assumption holds for all times if § > 7. For the current
j(k) we similarly estimate

S1 2
/SO iiﬁ; exp(—kk?(s — 15 + %(33 — ) w(k, 75)dry

& 51
<([* 4 [ ) exp(=wk(s =+ 3(s* = 7))
S0 5Kk2

< L(exp(—rE(2 +3719) + &) < 5,

2 S
which yields

akj(s, k) < (ak)*-5 = 5-

Concerning the k£ — 1 mode we argue similarly and write

jk—1)=a(k 1) /exp(/ig—(s — w(k — 1)dr

and
w(k—1) = ¢ [ Sw(k)dr —a(k — 1) /j(k ~1) dn
=c5 1Jrngw(k;)dT
—a?(k —1)* // exp(/@i—z(ﬁ — 7)) )w (T, k — 1)dTedn
=c5 /3:1 w(k)dr — %/dﬁw T,k —1).
Since

o?k?(k—1)? 1
| KE2 /dT2| S ﬁk%

we deduce by bootstrap that
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and

O

Based on this model we may thus expect that a repeated interaction or chain
of resonances starting at ko

ko> ko—1+— -1

results in a possible growth

ko
|w(17t1)| Z |w(k’0,tk0)| H C,(l + C%),
k=1

where C" = C'(f). Choosing kg =~ 1/C"c£ to maximize this product and using
Stirling’s approximation formula we may estimate this growth by an exponential

factor:
a / 6 (Cl g)ko 1
I e = Ty = op/0e

This suggests that stability can only be expected if the initial decays in Fourier
space with such a rate, which is naturally expressed in terms of Gevrey spaces.

Definition 8. Let s > 1, then a function u € L*(T x R) belongs to the Gevrey
class G, if its Fourier transform satisfies

> [ explCleM)IF &) Pde < oc

for some constant C' > 0.

In view of the more prominent role of the frequency with respect to y and
for simplicity of notation this definition only includes |£|'/* as opposed to (|k| +
|€])'/* in the exponent. All results in this article also extend to more general
Fourier weighted spaces X (see Definition 9) with respect to z with norms

S [ exp(CIel )Nl F () (k, €) .
k

We remark that any Gevrey function is also an element of H” for any N €
N and that Gevrey classes are nested with the strongest constraint, s = 1,
corresponding to analytic regularity with respect to y.

As the main result of this article and as summarized in Theorem 3 we show
that the above heuristic model’s prediction is indeed accurate and that the
optimal regularity class for the (simplified) linearized MHD equations around a
traveling wave are given by Gevrey 2.
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2.3. Magnetic Dissipation, Coupling and the Influence of /. In the pre-
ceding proof we have seen that the interaction of interaction of w(k) and j(k)
is determined by the combination of the action of the underlying magnetic field
of size o and magnetic resistivity x > 0 through the parameter

=25

More precisely, we recall that ignoring the influence of neighboring modes w(k)
and j(k) are solutions of a coupled system:

Opw(k) = —akj(k),
. £ .
0rj(k) = (21&%75”2 — kKX (1+ (5 —)%))j(k) + akw(k).
Hence starting with data w(k, so) = 1, j(k, sg) = 0 three different mechanisms
interact to determine the size of w(k, s):

e The vorticity w(k, s) by means of the constant magnetic field generates
a current perturbation j(k, s).

e The current perturbation j(k,s) is damped by the magnetic resistivity.

e The current j(k, s) in turn by means of the constant magnetic field acts
on the vorticity and damps it.

In this system several interesting regimes may arise, which are distinguished by
the parameter .

In the limit of infinite dissipation, § — oo, the current is rapidly damped
and the system hence formally reduces to the Euler equations

Juw(k) =0,
(k) =0,

where w(k, s) remains constant in time.
As the opposite extremal case, if 5 | 0 we obtain the inviscid MHD equations
and the system

asw(k:) - _akj(k)a

0sj(k) = 2155 (k) + akw(k).

Hence at least for |s| large this suggests that
w(k) = c1(1+ s)cos(aks), j(k) =~ ci(1+ s)sin(aks).

In particular, in stark contrast to the Euler equations (i.e. a = 0) for the
inviscid MHD equations with a magnetic field the vorticity w(k) and current
perturbations j(k) cannot be expected to remain close to 1 and 0, respectively.

This article considers the regime 0 < § < oo, where the interaction of both
extremal phenomena results in behavior which is qualitatively different from
both limiting cases. Indeed, recall that by a repeated application of Duhamel’s
formula w(k, s) satisfies the integral equation (18):

1+7’22

1 S
w(k,s)=1— B/ W) (1 — exp(—rk(s — 7o + L(s* — 73))))d7
S0

Hence, as a first case which we also discussed in the toy model of Lemma 7, if
we restrict to § > m then the integral term is bounded and small

1 s 1
B/SodTgmg]_.

Hence, for large ( the integral term can be treated as a perturbation and w(k, s)
remains comparable to 1 uniformly in s and thus close to the Euler case. How-
ever, unlike for the Euler equations the evolution of the current remains non-
trivial.
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If instead 0 < 8 < 7 we obtain different behaviour depending on the dissipa-
tion kk?, the size of the magnetic field and the frequencies considered, whose
interaction determines the behavior of the solution. More precisely, considering
the integrand

1
(- (ks =7 3" = )))),

we observe that for kk? > 1 large the magnetic dissipation is very strong and
hence the integrand is well-approximated by In particular, this suggests

that for these s it holds that
wks) 1= 3 [ ansta),
& Oyw(k,s)~ —3 1Jrsﬂ,u(k: s),
< wk,s)~ eXp(—E(arctan(s) + 5))w(k, s0),

1
lJrT22 :

and hence w(k, s) might decay by a factor comparable to exp(—%).

If instead xk? < 1 is small, different effects interact and involve the following
natural time scales:

e Mixing enhanced magnetic dissipation becomes relevant on time scales
(kk?)7Y3 > 1.
e The resonant interval I* is of size about
e Within this resonant interval most of the L1 norm of fEe= is achieved
on a much smaller sub-interval of size about 1.
Hence, for times |s| < s* < (kk?)~'/3 which are small compared to the disspa-
tion time scale the integrand is small and we may therefore expect that
w(k,s) ~1
remains constant. If we instead consider very large times |s| > (kk?)™Y/3 > s*
(k, s) should
largely be determined by the action of the time interval (—s*,s"), that is

provided such such s exist, that is if the size ,f—Q of I* is much bigger than the
dissipative time scale. In particular, the size of w(k, s) transitions from being
close to 1 for |s| < s* to being very far from 1 for |s| > (kk?)~/? and further
needs to be controlled on intermediate time scales. These different regimes all
have to be considered in the upper and lower bounds of Section 4 and we in
particular need to control the size of w(k, s) in order to estimate the resulting
norm inflation due to resonances. For this purpose we estimate w(k, s) in terms
of a growth factor L such that

lw(k, s)| < Lw(k, so),

as we discuss in Appendix A. For our upper bounds we will require that ¢cL < 1
is sufficiently small to control back-coupling estimates.

3. STABILITY FOR SMALL AND LARGE TIMES

In this section we establish some general estimates on the (simplified) lin-
earized MHD equations (16). We note that these equations decouple with re-
spect to £. In the following we hence treat £ as an arbitrary but fixed parameter
of the equations and consider (16) as an evolution equation for the sequences
w(-,&,t) and j(-,&,t). As mentioned following the statement of Theorem 3 in
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addition to ¢*(Z) all proofs in the remainder of the article hold for a rather
general family of weighted spaces:

Definition 9. Consider a weight function A; > 0 such that
sup ’\’)\—fl =\ < 10.
l

Then we define the Hilbert space X associated to this weight function as the
set of all sequences v : Z — C such that (u;\); € ¢2.

This definition for instance includes ¢* (\; = 1), (Fourier transforms of)
Sobolev spaces H® (A = 1+ C|I|** with C' > 0 sufficiently small) or Gevrey
regular or analytic functions with a suitable radius of convergence.

As sketched in Section 2.2 for a given frequency ¢ € R we expect the norm
inflation for evolution by (16) to be concentrated around times ¢, ~ & for
suitable k£ € Z. In particular, if the time is too large, ¢t > 2, there exists no
such k£ and we expect the evolution to be stable. Similarly, if ¢ is small also the
size of the resonance predicted by the toy model is small and we again expect
the evolution to be stable. The results of this section show that this heuristic is
indeed valid and establish stability for “small” and “large” times. The essential
difficulty in proving Theorem 3 thus lies in control the effects of resonances in
the remaining time intervals, which are studied in Section 4. In the following
we will often write LY as the supremum norm till time ¢.

Lemma 10 (Large time). Consider the equation (16) on the time interval
(2£,00). Then the possible norm inflation is controlled uniformly in time

lw, llx(t) < Zr s llw, dl1x(29),
where A = max; ﬁ—l is as in Definition 9.
Proof. Let w(k) = |(w(k),j(k))|. Then we infer
300 (k) < (a(k — Dw(k — 1) — a(k + Dw(k + 1)w(k) + b(k); (k)*,

where we introduced the short-hand notation a, b for the coefficient functions.
Since b(t, k) < 0 for t > 2¢, we further deduce that

3000* (k) < exgp (0(k + 1) + @(k — 1) + 20 (k))d(k)
v (k) < 2 (k, 26) + 2¢(|@* (k)| e + 5|0 (K + 1)| oo + |0 (k — 1)] 1),

Hence by a bootstrap argument we control

% (k, t) < 2 D020 (1, 2¢).
l

Summing this estimate with the weight A\, then concludes the proof:

w, j]x(t) < —¢Z e S0 (20) =121, 2€)

< 1_146@ N (1,26) S(2eA) 4

< Tx v, llx(28)

O

Thus it suffices to study the evolution for times ¢ < 2£. In view of the
estimates of Section 2.2 it here is convenient to partition (0,2¢) into intervals
where ¢ ~ % for some k € Z.
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Definition 11. Let £ > 0 be given, then for any £ € N we define

1 :
to = 2€.

We further define the time intervals I* = (tg,tr—1), for & < 0 we define t;
analogously for —k € N.

Note that
tr < % <t

and

1
— 5 £ ) - _¢&
bp—1 =t = 9 (k—i—l - k—l) B

Hence I}, is an interval containing the time of resonance % and is of size about
<

The next lemma provides a very rough energy-based estimate, which will
allow us to control the evolution for small times and frequencies. That is, we
show that it is easy to obtain a energy estimate with £t in the exponent. If the
time ¢ or the frequency & are small this rough estimate is sufficient. However,
for Gevrey 2 norm estimates it will be necessary to improve this control to a
C'/€ term in the exponent in subsequent estimates. Furthermore, we remark
that also the magnetic part needs to be handled adequately, since it may give

an additional growth by exp(5r 5)

Lemma 12 (Rough estimate). Consider a solution of (16), then for fized £
and for all times t > 0 it holds that

lw, jllx(8) < exp(§r77) exp((1+ A)egt) |w, j]1x(0).
Proof. We define w(k) = |w, j|(k), then
100° (k) = (a(k + Dw(k + 1) — a(k — Dw(k — 1))w(k) + b(k)j(k)?

_£
with b(k,t) = (2—

( T kk*(1+ (5 —t)%)). We further define the define the
k

growth factor

1 ift—%<0 or kk?>1,
M t) = rge H0<t—§<(32)5 and sk <1,
’ k
pie: lf( )%St—%and kk? < 1.
()

We note that this weight satisfies b(k,t) + 2L (k,t) < 0. Hence, defining the
energy

- (rl[ M(1,1))? ;Akw(k,t)z,

we deduce that

T0,E < (H M(l,t) ) > e (alk + 1)w(k + 1,t) + a(k — 1)k — 1,t)) w(k)
= (1 + \£E.

Applying Gronwall’s inequality thus yields
E(t) < exp(2(1 + \)eét)E(0).
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This in turn leads to the estimate

lw, jllx < exp((1+ Ne&t) [TIM (L 4)] ™ |wo, joll x
l

K

< exp((1+ Aegt) TT (1 + (2))l[wo, jollx-
=0

D=

Finally, we can use Stirling’s approximation of the factorial, which results in
the desired estimate:

. _1 N .
lw, jllx(t) < exp(5r72) exp((1 + A)est) wo, jollx-
U

In the following we establish upper and lower bounds for small times. Here
we use that for modes k such that % is small nay possible resonance will not
produce large enough norm inflation and the evolution can hence be treated
perturbatively. More precisely, we consider the evolution on the time interval

I=00,5(z5 + 5o7)]
for fixed kg to be determined later. For this purpose we introduce the parameter

no = k% which later will be chosen as ny ~ 1.

Lemma 13. Let w, j be a solution of (16), define d := ¢=* and let &, kqy be
such that ng < d*. Then for all times 0 <t < tr, it holds that

lw(®), 5(®)1% < exp(2(1 + X) max(eno, 1)y/Emo) [wo, jol%
< exp(Cy/9)llwo joll-
Furthermore, suppose that ko > k=3 and 10d < ]f—g <
data w(k,0) = Og, x and j(k,0) = 0 we obtain that
w(ko, ty,) > 3 max(1, w(k, tr,), j(k, tr,))
Jko, try) < 5

agy&no’

ois, then for the initial

Proof. Computing the time derivative, we obtain

20w, jlIx =Y (a(l + Dw(l + 1) + a(l = Dw(l — 1)) \w(l) + b1\ (1)?,

where the coefficient functions satisfy
CTo { Z ]{ZO
all) < {4 L <k
Cl—l—no =0

< max(cn, 4c),
b(l) < 1.

Therefore, we conclude that
Ollw, jlI% < 2(1 + A) max(eno, 1) w, jl[,
lw, 5% () < exp(2(1 + A) max(eno, 1)t)]|wo, jol%
1w, 3113 (tro) < exp(2(1 + A) max(eno, 1)y/€no)lwo, joll -

To prove lower bounds on the norm inflation we further need to show that for
w(k,0) = 0, 1 and j(k,0) = 0, the mode w(ko, tx,) will stay the largest mode.
Therefore, we introduce the short-hand notation

w(k,t) = [w, j| (k1)
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and have to estimate the growth of (-, ¢). Since on the interval [0, t,] it holds
1

that b(k) < 0 as kg > k™2, we obtain the system
o (k) <alk+ 1wk +1)+alk—1)w(k—1)
W(k,0) = O k-
Let /ém =1y > | > ko to be fixed later. We want to prove by induction that
w(m, t,_y) < 6meng(2c)m=*ol
(19) (1, t_y) < 4(2¢)lHol
W(n,t_y) < 2(2c)m=Hol

for all m > [ > n.
Induction start:
We integrate a in time to estimate

Thus we obtain that
Wk, 1) < Opo e + c(|W(k + 1)|pe + |(k — 1)[10),
which by a bootstrap argument yields that
Wk, tiy—1) < 15 (2¢) koM

for all k£ which satisfy (19).

Induction step: We fix [ and we assume that (19) holds for all [ with
lg > [>1+1> ko + 1 and then prove that it holds also for [. We here argue
by bootstrap. That is, we show that the estimate (19) at least holds up until
a time t* with ¢; < t* < t;_; and that the maximal time with this property is
given by t* = t;_;. For n <[ we estimate

w(n, t— 1)<5nk0+/ an+1,"wn+1,71)
< Onky + C<4(20>|n+171€0| + 2(20>|n7171€0|>
< 2(2¢)Inkol,

To estimate the [ mode we estimate the integral between ¢; and ¢;_; to deduce

ti_
o t) <o)+ [ al+1,7)wl+1,7)

t

< 2(2¢)7F0 4 Greny(2c)H R 4 2¢(2¢) 111 kol
< 4(2¢) .

For m > [ we split the integrals as

t
w<m7tl71) S w(mutmfl) + l a’<m+ 1,t)1f)(m+ 177-)

tm—1
trm
+/ 2a(m—l,t) —17‘+/ m—1,t)w(m—1,71)
tm—1 tm—2
< 4(2¢)™ k0 127cng(2¢) ™Rl - d7rng(2¢)™ R0 4 Greng(2¢)™ R
< 67no(2¢)™ R,
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So we finally deduce that

) 4 k<ky+1
~ |k—kol = "0
w(katko) < (20) { 67'(7)0 k>ky+1

Thus we established an upper bound for all modes, the next step is to show that
for w indeed the ky mode is one of the largest modes. Therefore, we estimate

'(k’o) by
+(5,-1)? 2 1/0¢ 3 ¢ 3
J(ko, t) = ako/ dr W exp (—lik(](t —T+3((5 )" (5 —7) )) w(ko, )
and hence obtain that
Jjt) < ako/exp(—ﬁk§n2(t —7)

< 1 — 1
- \/5115178 ak05770

and

; “kg ! o 1+(%0
Oéko/j(ko,’?’z)dTl = T 0 dT1/0 dTQ W

0

X exp (—/{ké(ﬁ — Ty + %((%0 —7)% - (%0 — 7‘2)3))

1 R S
B /dT1 (5 —m1)?

%.
With this we conclude that
ko, tr,) = 11 < [ alko + Dw(ko +1) +
< 167Tn002 +824+ AL < %,

IN

<
a(ko — Nw(ko — 1) + akoj(t)

which in turn yields

|w(ko, ta,)| = 5 = max(d(k, tiy), 17 (Ko, try))-

4. RESONANCES AND NORM INFLATION

Having discussed the evolution for small times and large times in Section 3
it remains to discuss the evolution on the interval
(th,26) = |J 1"
1<k<ko
with I* as in Definition 11.

Based on the heuristics of the toy model of Section 2.2 our aim here is to
establish both upper lower and upper bounds on the norm inflation on each
resonant interval I¥, where the resonant mode w(k) can possibly lead to a large
growth of its neighboring modes w(k + 1). In order to simplify notation we
introduce the growth factor

L= L(a,k, k),

which estimates the maximal growth of w(k) due to its interaction with the
current j(k), see Appendix A. In particular, we show that L = 1 if § > 7 and
if B < 7 we obtain an estimate L = L(«, k, k) < y/c. We define M and M,, as

M =107 (w + 7=5) (K, 50)

M, = 310717 X () 4 ) (K, 5o)
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where x = —|sgn(m) — sgn(n)|. We note that

S (@) holag, < 2,
1£0

With these notations the main results of this section are summarized in the
following theorem:

Theorem 14. Let ¢ < min(10728%,107%) , £ > 10k (1 +87") and n = 5 >
10d and t, = 5(3 + ), then it holds that
lw, jllx (te-1) < 187 LA(en)|[w, j]l x (t).
Furthermore, let k, min(3,1) > % and 3 > é
(20) w(k, ty) > 3 max(w(l, ty), j (1, te)).
Then w(k — 1,t,_1) satisfies (20) with k replaced by k — 1 and
fw(k — 1, t_y)| > min(8, ) (en) w(k, ).

To prove the estimates of Theorem 14 it is convenient to rescale j(k) = ayj(k)
in (16) to obtain

drw(k) = —j(k)

03 (k) = (27 — kB (L4 (= £))j (k) + S (k).

where we used that k = Sa?. With respect to these unknowns the norm on our
space X changes slightly

lw, 3l% = D° M(w?(k) + Za52(k))
=t [lw, 5%
In the following sections, with slight abuse of notation we omit writing the tilde
symbols both for 7 and X.

Given a choice of time interval I, considering ko as arbitrary but fixed (and
unrelated to kg of Section 3) we further introduce the relative frequencies

k, := ko +n,
where n € Z-_j, and also shift our time variable
= ﬁ + 5.
Introducing the coefficient functions
k2 1
alk) = en1% ,
(k) = engge R
(21) (s—nolEo=k), (ko—k)k 2
b(k) =2—> b — Rkp(1 4+ (=20 — 5)7),
(k) 1+(nk0(k2_k)fs)2 k( (n 2 )%)

the system (16) then reads
Daw(k) = —j(k)

(22)
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For later reference, we note that the coefficient function a satisfies the following
estimates:

a(ko) = en HISQ,
(23) a(ks) < 45,
n

for all |n| > 2.
Finally, in view of cancellations of —a(k—1) and +a(k+ 1) on any given time
interval I¥ it is convenient to work with the unknowns

Uy = w(ko),u2 = w(kl) — w(k_l), Uus = w(k:l) + w(k_l).

We then consider (22) as a forced system for these three modes (and a separate
equation for all other modes):

U1 0 —ap Qg -1 Ul

9 U9 _ 2077 1—552 0 0 0 Us

s us 0 0 0 0 Us
(ko) B0 0 2 -ml+s?) )\ ko)

where a; = $(a(k1) + a(k_1)) and as = 3(a(ki) — a(k_1)).

The analysis of this system is split into multiple subsections, where we also
split the time interval I* as
1% = [sg, —d] U [~d,d] U [d,s;] =: [, U I, U I3,
k%—gl I“;C—;rl Similarly to the setting of the Euler
equations [D721] here the interaction between growth and decay of various
modes interacts to determine the over all norm inflation.

where sg = —1 and s; = I

4.1. Proof of Theorem 3. Before proceeding to the proof of Theorem 14, in
this subsection we discuss how it can be used to establish Theorem 3. We split
the proof into two auxiliary theorems.

Theorem 15 (technical statement). Let ¢ < min(10738%,107%), € > 105 (1 +
1) and E% > 10d. Then there exists ezists a constant C' = C(k, a, c) such that
for a fized & we obtain

lw, dllx (£, €) < exp(C/€) w, 11| (0, €).

Furthermore, let & > 104d—i, B>1 ke~ 5V€ and ki = ——, then there

=
29

exists a constant C* = C*(k, a, ¢) such that for initial data w(k,
j(k,0) = 0 we obtain

) = 5]%7]C and

w(ky, t) > exp(é'\/g).
fort e [tkl — 1t + 1]
Proof of Theorem 15. For fixed &, t and ko =: 10d\/€ we consider w(-,&,t) as

an element in X. On X we define the operator S X — X as the solution
operator of (16) on [1y, 73], i.e.

S’rl,’rg [w(a ga 7_1)] = U}(', 67 7_2)
Sty © Sryrs = Sty rs-

1,72 °
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By Lemma 13, Theorem 14 and Lemma 10 this S then satisfies the following
norm estimates:

10,00, 1l = exp(Ci\/€),

HStkytk—l ”X%X = 37TC(]§2>77
1

S =2 .
ISl = 2

Combining these estimates with Stirling’s approximation formula we thus obtain
the desired upper bound:

S0.tl| x—x < 2exp( le H 3me( (32

< exp( C\/g.

Concerning the lower bound, we use first use Lemma 13 and then Theorem
14 to deduce that

(kOvtko) > %
w(k —1,t5-1) > (c¢5)" min(B, m)w(k, ty)

for \/{5E R ko >k >k ~ ﬁ. Thus, by again using Stirling’s approximation,

we conclude that
ko

klatkl Z% H len Ba )

2
81
%

0

Theorem 16 (Stability and blow-up). Let ¢ < min(1073%,10%) and w, j be
a solution to (16) , then there exists a constant C' = C(k, «, ¢) such that for all
C1 > C and initial data which satisfy

/eXp(Cl\/g)Hwo,jng((f) dé < oo,

the solution remains Gevrey 2 regular in the sense that
sup [ exp(Co/E) w3 5(6.1) d < € [ exp(Cry/E) o, o5 (&) d

where Cy = C; — C and C > 0 is a universal constant.
Furthermore, additionally suppose that 5 > %, then there exist a constant
0 < C* < C and initial data wy, jo which satisfy

/eXp<C*\/E>Hw0,J'0H§((§) dé < oo,

such that for a subsequence k1 the solution diverges in L*:
[w(s bk, )|l 222 = 00

Proof of Theorem 16. The first part follows directly from Theorem 15. For the
second part we fix & = 104d—i and define the sequence &, = n&; with the

associated kg" ~ \/f'_n and ky =~ \/— Note that the starting mode k‘g" is &,-

dependent, but the final mode k; is independent of &,. Furthermore, let z,(§)
be a function in C* N L?, such that

supp z,(+) C [€n — 1,&, + 1]
[ w2 dg=1.
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We then define the initial data

w(k,,0) = 3 Fn( (€) exp(—1C"\J€)de, o1

We observe that it satisfies the estimates

o0

lw(-&0)E =3 n—%zn<f>2exp<—c*ﬁ>,

n=1

(€Ol € 0l ds =230 % = %

Furthermore, by the norm inflation results for each mode at each time f;, , we
obtain that

(ks &t )l > S 52(6,n) exp((C — C)\/€),

and integrating in £ we conclude that

(-t Mz > 55 exp((C — C)y/6,) = oo
]

4.2. Asymptotic Behavior on the Intervals I, and /3. In this section we
consider the equation (24) on the outer intervals Iy = [sg, —d] and I3 = [d, s1].
Since a lot of calculations are similar on both intervals we in general write the
interval as [Sp, §1], where we only need to distinguish the two cases on a few
occasions and in the statement of the conclusions. For the interval I; we prove
the following proposition:

Proposition 17 (Interval I;). Let ¢ < max(107*,107!3) and £ > 10 max(x ' (1+
B, k2d). Then for a solution of (24) on the interval I, the following estimates
hold at the time d:

|ur(d)| < 2M (en) ™,
|ua(d)| < 2M(en)™,
lus|(—d) < 2My,
|w(ky, —d)| < 2M,,
[31(ko, —d) < (en)™* M inf(c, ke ™),
(ks —d) < S0,
‘ 4
51 (ks —d) < 55M,.
If we additionally assume that
(25) w<k07tk‘0> Z% 1;- (w(lvtl)vj(lvtl))v

we obtain that
[ui(—d) — (en)”*u1(so)| = 50cus(50)(cn)
|uz(—=d)| < 50cus(So)(cn)™
(26) |us|(=d), [w|(kn, —d) < 2Jul(s0)  for|m| =2,
1] (km, —d) < Jlul(so) — for |m| =1,

7] (Ko, —d) < %|u|(so)(cn)_w.

The proof of this proposition is split into several lemmas and concludes at
the end of this subsection. For the interval I3 in a first step we only establish
asymptotic estimates. The final conclusion for interval I3 will be postponed to
the proof of Theorem 14. On both intervals I; and I, the interaction of u; and
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Uy is the main effect to be analyzed. Therefore, we consider the equations for
uy and ug as an inhomogeneous linear system

U1 - 0 e U1
(27) o ()= (s o) (0 )+r

where F'is a force term. Equation (27) with F' = 0 has a explicit homogeneous
solution and we aim to show that (24) can be treated as a perturbation. In the
following we denote u as the homogeneous solution of (27). Furthermore, we
split the forcing as

F =:Fai = F3mode + Fj + Fus + Fjrox1) + Fa
where we define
Fimode = (£ — a1)ertiz — 20 gy ez,
as the 3 mode forcing
F; = —e15 (ko)
as the ko-th current forcing and
Fuy 4 Firot1) + Fo = e1aus F eaj(ks1) — eaa(kio)w(kiz)

as the forcings due to us, j(ko = 1) and w, respectively. The corresponding
R[F,] are the called r changes. We also define v = v/1 — 8¢2 and v = 3(1 +7)
and 72 = (1 — 7) and note the following equalities:

Ny = 267,
Nn+r=1
v=1+0(),
= 1+ 0(02)7

Yo = 711202 =2c% + O(ch).

Lemma 18. Consider (27) with F' = 0, then the solution is given by

u(s) = S(s)r
with
‘§|ﬂ/1 |§"Y2
5(5): _v_1§n§“/r2 _7_2§n§'yzf2 )
cn|n| 077|77|

and r = S™(50)u(sg).
Furthermore, we define the operator S* as
|§|’Yl |§|"/2
5°(s) = ( £|g|w—1 ﬁ|g|w—1 ) ;
cln cln
which gives the estimate

|S(s)r| < S*r  Vre (R,)?

The inverse of S can be computed as

S

n

(_ﬁ|§|“{21 _c
— Y'n Y
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Lemma 19. Let uy, us be a solution to (27) with given F = (Fy, Fy), then for

S0 S0

Ri[F]=(1+ 1002)202771772/ TETUR(T) dr + 077772/ 2 Fy(7) dr,

S0 S0

Ry[F] = (1 +10c%)n't ™ /s T R (T) dT e ™ /~S T Fy(T) dr,
we estimate
ju— ] < 5*(s)R[F].
Proof. Since S has an inverse, we write
u=S(s)r(s)
and our aim is to control the evolution of r(s). Therefore, we calculate
07| = STIF
|0sr1| < 27|27 F + el 22 B
|0g1a| < |%\’”71F1 + 2| Fy
and so
[r1(s) — r1(d)| < 2¢%(1 + 10c*)n' /T”Q’IF}(T) +enp /T“’QFQ(T)
ra(s) = rad)] < (1410 [0 R () e [ 70 By(r)
O

In the following we always assume that there exists ¢y, ¢o, ¢1, ¢ > 0 such that
|u] < 5%(s)C(s)
(28) Cl(S) =+ 51(%)77
Co(s) = 2+ Ga(3)"
on a maximal interval [3p,s*]. We will establish some estimates on the R;
depending on ¢; and ¢; and then we will determine specific ¢; and ¢ such that
we prove that the maximal s* will be greater than §;. Later it will be sufficient
to choose ¢; = 0 on I; and ¢ = 0 on I3. We thus deduce
[ui(s)] < (er + &)[3" + (61 + e2) [
Jus(s)] < (Ler 4+ &) 2171+ (Bé + Zep)[ 227
< 2 4 gz,
where ¢] = 2¢; + 226 and ¢; = 216, + ;. For sake of simplicity we will often

omit absolute values for the estimates.

Lemma 20 (3 mode forcing estimate ). Let u(s) = S(s)r(s) be a solution of
(24) on [0, s*|, such that |u(s)| < S*(s)C(s), then we estimate
Ri[Fymode] < 20cc1 + (20 + ¢*(2522)77)&) + (20 + ¢*(2522) 77 )¢y + 20¢" G
Ro[Fymode] < 20(%720)7(¢1 + 2¢7¢2) + 20(81 + cPca).

Proof. We have the forcing term

__(c 1
Fymode = (§ — a1)e1ug — 2engrarpyeaur.
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Therefore, we estimate

Riles2en ] < 227 [ 7274 ((en + &) (5 + (@ + ea)(2))

S0

< ey + 62) + (2 50)_7(51 + ¢2)

Rales2ensityun] = 20207 | 774 ((er + @)(2)" + (&1 + 2)(2)?)
S0

< 26°0 7 (e + &) + ¢ + ).

By Taylor formula we obtain |c% —a| < 180% and so

Ril(e} = auzer] < (14 10)e%' ™ [ 727 118e 5 ()6 + ()7 ep)
< 20c%c; + 20cc;
< 20¢%¢; 4 2081 + 20c2 ¢y + 20¢%¢,,
Ryl(cd — ar)user] = (14 102)p" " / P8 S (2 e + oD e3)
< 200|%|70’{ + 20cc}
< 20]25%0 7 (1 + 2¢%G) + 2061 + 20¢%cy.
0

Lemma 21 (ko-th current estimate ). Let u(s) = S(s)r(s) be a solution of (24)
on [80, s*] such that |u(s)| < S*(s)C(s), then we estimate

3 A lijcj;zlw (/{30, 50) on Il
) c? ~ c_ SASQ -~
Ri[Fj] < G(e+ &)+ G(352) (@ + ) + 1 G(ko, 50) on Iy
Iiko

Ro[Fy] < min(Gomn", §(552)) (1 + &) + je(ea + &)

B ) . { 4’%67;/712_*,71.](]{?075’/0) on [1

c2+"/2 . ~
Y2 Ky (]{}0’ So) on [3

Furthermore, on I, we estimate
17 (ko, 51)| < 3% eXp( 35E1%)7 (Ko, 30)
+ g((q + ) (5" + (e +a)(5)?)

and on I3

17 (ko, 51)] < *n* exp(—rkiyn*)j (Ko, 50)
+ 2%,7%(01 + o+ ¢ + Co)

Proof. The equation

6sj(k’0) = (1+32 K’ko(l +s )) (/{30) +up

leads to

(ko) = 1+ 5 exp(—#ig, (s — 50+ 3(s° — 57)))j (ko 50)

+ %&/ dry ij:f_; exp(—Fp, (s — 72 + %(53 - 7'23)))“1(7'2)
S0

=71+ J2-
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Therefore, we estimate

R\[F;,] = &glcznl—wz/ dﬁ/ dry 7% UITIQ exp(—kg, (11 — 72 + %(Tf — ))us ()

_“ko 2, 1—72 Y2 — 11+7'1
— C?’] / dTl/ dTQT 1+T

. eXp(—/@;m(Tl — Ty + —( 3

)

S 1+7’2
~ / 1+ 7 expl 2+ Hrd — )
T2
1.2 1—v2 s ~ T2 \71 ~ 2 \V2 72_'Y1
= 5 [ (e 4 @) @)+ (2 8)(3)) i
T1=8
: [— exp(—rr(Ti — 7o + 3(77 — TS)))L,Q
S %627]1772 /30 dTQ (Cl -+ 62)7]7717'272 -+ (CQ + 61)777727'27772
< (14 &) T =TS A (e +a) g [T
< %(01 +é) + %(Lnso)_v(@ + )
and
Ro[Fy,| = 5 't 71/ dr [ dry 7 1 11:712 exp(—ki, (11 — 7o + 5(17 = 75)))ua(72)
_ :‘%0 1 'yl/ d7'1 /T1 d7_2 _’YQ 1+7—1
+T
sexp(—hio (1 — 7o+ 5(1 = 1)) ((e1 + &) (B)" + (e2 + 1) (2)?)
s (e182) () A (ea 1) (F)72)7, ™2
1 2
< 3" /SO g e

T2
/ dm /ik(l—O—le)eXp(—/‘ik(Tl —724‘%(7?3_75)))
= / dry ((e1 + &)1 2T 4 (e +&1)75 20 72)
3

exp(—hing (1 — 7o+ 5(7 = )05,
<1 dn e+ a)m T (e e ).
50

We note that for the first term we obtain
S
1 =2, ca(C(sVEayy L -
5[ dmm T < min(g). (o)),

since we can either integrate it directly or first pull out s” and then integrate.
Finally, we obtain the following estimate

Ry[F,] < min(Goamn 7, 5(5572)) (1 + ) + ge(ea + &),

On I; we estimate the j(ko) influence by

RulFy] = ' (s0) [ 7727 H exp(—ny (7 = 50 + 3(7° = 1))
<4 (s0) [ (L 72) exp(— s (7 = 50+ 37 = sD))

= Hjc,;l—zlw j<80>
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and
RolF] = ' j(s0) [ 707 B expl—s (7 — s0 + (7 — s8)
J2 0 1452 p ko\T 0 0
= 7 (so) [ (1472 exp(—ri (7 — 50+ 3(* = )

= 4Wj(30)

We estimate j(ko) by
j(ko, s) = 1152 exp(—firy (s — 30 + 3(s° = 50))) (ko-30)
b8 [ e 222 exp(oiy (5 = 7+ 36— 7)us(r)
30

< 49 exp(—5:6n°)i (Ko, 30) + 5 ((c1 + &) ()" + (c2 + &)(4)2).
On I3 we estimate the j(ko) influence by

Ri[Fy] = ' [ 72 T exp(—rig, (7 = 50 + 37 = 1)) (s0)
< Pt [ (L 7%) exp(—rigy (7 — 50 + 3(7° = 7)) (s0)

<n" %j (s0)

and
Ry[Fp] =n'™ /T% i exp(—fing (T — 0 + 5(7° — 7)) (s0)
= i2eH (14 72) exp(—tigy (1 = 50 + 3(7° = 1)) (50)
=n" —c,;wj(so).
0
Next we want to estimate the evolution of j(kg)
G(ko, 31) = it exp(—riy (51 — d + 5(31 — d)))j (o, 50)
+ %/ dry 125 exp(—ru(s =7 + 5(s° = 7)) ((e1 + &) (2)" + (e2 + &) (2)7).
d
Therefore, we deduce

51 52 - )
o [ dr, E exp(—r(s — 7+ 3s® — 7)) (2

1~ ~

551 S1 ) |
<t ([ ) B entote = 36 -G

2
IV .

< o (1) e ) +
< 251
— 5 n27

which leads to
17 (Ko, $1)| < ryn® exp(—riyn*) j (Ko, 30)
+ %%(cl + co+ G + E).
OJ

Lemma 22 (Forcing estimate ). Let u(s) = S(s)r(s) be a solution of (24) on
50, s*] such that |u(s)| < S*(s)C(s). We define for |n| > 2

@(n) =2 Y (20" "X (w + ) (K, 30)

m|>2
+ (20)“7”‘ . c(2c) + 202)
+(20)"17 (us(30) + e (7(ka1, 30))
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where x = x(m,n) = —|sgn(m) — sgn(n)|. Then we estimate
Ry[Fg) = 2c¢*(w(2) + w(—2))
Ro[Fy] = c*(0(2) + w(-2)) (*52)"

n
and
Ra[Fjo)] = 250k, 80) + g (0(1) + €] +¢3)
Ry[Fjan)] = 255 (kea, 80) (2201 + 52 (d(1) + ¢f + ) (240)
and

Furthermore, we estimate
|w(kn, 5)] < @(n) In| =2
Jug| < w(1) = w(-1)
lli s—350) - ~ ~
()| < 267251750 (k, 50) + d5Lab(n).

Proof. To estimate w(k,,s) we without loss of generality assume that n > 2.
We begin with the case n > 3, where we deduce that

Osw(ky) = alkpi1)w(kni1) — alkn—1)w(kn_1) — j(kn)

< E(@(n — 1) +@(n + 1)) + 26710 j(kg + 1, 8g) + 450 D(n).

We estimate
2 / eFET0 (g 4, o) < A=k, o).

Thus integrating dsw (ko + n) over time yields

w(kn) < w(kn, 30) + c(@(n — 1) +d(n + 1)) + 455 (ko + 1, 50) + 5z10(n)

< w(n).
For the case n = 2 we deduce
Osw(kz) = a(ks)w(ks) — alki)3(us + uz) — j(k2)
S(w(3) + 2@(1) 2602 265(2) ) + 2e” 280550 5 (ko 5o) + )
w(k2) < w(ks, 50) +

< w(2).

,.;577 (ks S0) + c(w(3) + 2w (1) + 2¢} + 5cb) + 4_w(2)

We estimate ug by
Osuz = a(k 4 2)w(kz) —a(k — ) ( 2) — j(k1) +j(k-1)

< %( w(2) + w(=2)) + 272 (k¢1,§0)+5%§,](w(1)+c’{+c§)
[us] < Jus(S0)] + c(@(2) + w(—2)> gy U (R, 80) + 50(1) + i + 53)
< a(1).

Non-resonant j will often be estimated similarly. Therefore we will use the

following notation frequently. We estimate j(k,) for n > 2 by writing § =
ko (ko—Fk) ko (ko—Fk)

$S T T |

nand 7 =71 —

Osj(kn) = —#in, (1 + 8)7 (k) 42

G(ka) + Srin, w(kn)

1+32
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which gives

; 3% —kK §—50+21(8%—-52)) z
j(kn)gigge en (G=30+ 5530 5 (k. 5)

+ Eﬁkn/ dr lisge’“kn((s T p(n)

For 50 < 7 < s < §; we obtain

A

Kk, (8 — 7+ = (s — ) = /ikn3(8 —T) (8 + 5+ 24 1)
> %/@ max(k2, k3)n*(s — 7)

1452
1+7 <2

So we infer

J(kn) < 267%%”(8750)9'(]{117 So)
+ 2/%”%/ dr 6_5“5"(5_7)11)(71)

1 ;
< 26—§n£n(s—so)j(km 50) + #w(n)

We next turn to the estimate of j(k+;), where we without loss of generality
consider j(k1). With the equation

Osj(k1) = 217 — #ny (1 +8%))5(kn) + 53 hon, (ug + uz)
we estimate
(k1) < 267 3E07%0) (k) 50)
+5 [ dr BT @) 4 () 4 ()2

< 26720 (g 5) + 25 (0(1) + ¢ + ¢3).
Given these estimates, we next consider the effects on R[:] by forcing:
Fy = ei(a(k2)w(kz) + a(k-2)w(k-_2)
< e1pw(2) + erpuw(—2).
For constant ey functions we estimate
Riles] < §
Ryles] < Sp(2e)m,

Therefore, we can control Fyg by

For Fj,,) we use
Fither) = —e2 (k1)
< ey(2e7 20 (g 5) + 52 (0(1) + ¢ + ¢3)),
to estimate
Ra[Fjgn)] = ,@, J(kx1, So) + 5265( w(1) + ¢} + )
Ro[Fyhan)] = i (kaa, 50) (3572)" + g2 (0(1) + €] + c3) (5572) ™.

Furthermore, for F,, we estimate

n&n

Fu3 — €1a2U3
S 61%11}(1)
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and
Riler] <n
Roler] < (=)
to deduce
Ri[F,;] < cw(1)
Ro[Fy,] < cw(1)(572)™
O
Proof of Proposition 17. For the interval I; we have §y = sg, §; = —d. The

initial data of r can be calculated by r(59) = S~!(s¢)u(sp) and so

T1<§0) = 72( (k0+1 )72 ! ( ) c<2(k0+1) )72,“2(80)
~ —4C u1(80) + CUQ( 0),
T2<§0) = ﬂ( (kill)ylilul(go) - %(2([@@11))71?1/2(50)

~ u1(50) — 5u2(50).

For other initial data we define

N= S gl %ngﬁ(km, 50
|m|>2
+ 2¢(u3(30) + 5,27 (K1, 50))
+ g_ﬁj(kb) 50)7

to bound the impact of the less important terms in the following bootstrap. Let

C'(s) be defined by the terms

c1 = 45c%uy (s0) + 2cus(sg) + 2N,

€1 = ﬁ@,
ca = 2uy(sg) + 4bcua(so) + 2N,
¢y = 0.

AS ¢ > r1(30) and ¢y > 13(8p) and we have a smooth solution, the estimate
lu| < S*(s)C(s) holds at least for a small time. Let s* be the maximal time
such that |u| < S*(s)C(s). We then aim to show that necessarily s* > —d, since
otherwise the estimate improves, which contradicts the maximality. By Lemma
20, Lemma 21 and Lemma 22 we estimate

Rl [Fall] - Rl [FSmode] + Rl [E] + R1 [Fw] + R1 [P}(koil)] —+ Rl [Fug]
= 20c%¢; + (20 + ¢*(2)7)ér + (206 + ¢H(2) ey
+Ger+ G0l + ) + o (ko so)

+ 202( w(2) + w(-2))
+ 20 (k1 So) + 55 (0(1) + ¢ + ¢5)
+ 2cw(1)
= c3 s\~ 3/ g\ —
<2ldfe + a1+ 5(2)7) + el + S(2)7) + N
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and
Ro[Fou]l = Ro[Famode] + Ro[Fj| + Ro[Fy) + Ro[F; (ko£1) | + Ry[F,]
= 20c1 + 20¢1 + 20¢%¢,
—+ %Cl + %(CQ -+ 61) + 4,%0077712+“/1j<k07 80)
+02( ~(2) +w(—2))
+ 20w(1)
< 2]_01 + 2101 —+
We split R as

ﬁ/\lCQ + N.

Rylall] = Ry[all][1] + Ry [all][(%)”],

into the part with and without a (£)7 term, respectively. We then estimate

3

r1(80) + Rufall][1] < r1(30) + 21c%c; + 218, + 21c%cy + N,
Rufall][(2)"] < o561 + 15502,
r2(80) + Rolall][1] < r2(30) + 21ey + 218 + 235502 + N,
and thus we conclude the bootstrap that
r1(80) + Ra[all][1] < ¢4
Rilall][(3)"] < &
r9(50) + Rg[all][ ] < co.

We can therefore extend the estimates past the time s*, which contradicts the
maximally. Therefore, we obtain that for all times s < —d it holds that

u(s)| < 5*(s)C(s),
which yields the upper bound

u(~d)| < ( L e (e )

S(em)' e + (56 + cea)(en)
<anr (7).
We next aim to establish an estimate on w(n). For this purpose we note that
(26} + 5¢3) m 201 + 561 + 2
~ 2c1 + 2¢9
< 4uy(sg) + 100cus(sg) + 3N
and

() <2 % @) w0t ) (s o)
|m|>2

+ (2e)IM=2¢(2¢r + =c5)
+ (20)" 7 (us(50) + %@j(k;j:la 50)).
We hence deduce that
@(n) <2 37 (20)™ "X (w + L 5) (K, B0)

|m|>2
+ (26)1"=2 (40 (s0) + 100cus(s0) + 3N)
+ (20)1" M (us(30) + %j(go, ki1))
< 2M,,
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when x = —[sgn(m) — sgn(n)|. To prove (26) under the condition (25) we
estimate

[u(—d) — u(—d)| < S(—d)R[all]
< u1(30) ( 5(5?0)77;1 ) :
Furthermore, we use

i(—d) = ( e () ) < 462 (30) — 2cus(50) )

g;c(cn)l—% _127%(077)1_72 u1(80)+CU2<50)
(3 (en)™
I 1( 0) < O(C)(C?])q/l )

[ur(—=d) — (en) " u(So)| = 10cus (So)(en)
|ug(—d)| < 10cuq(So)(cn).
The remaining terms can be estimated by
M < ﬁul(éo),
M, < ;=s=ru1(3).

and thus

OJ
4.3. The Resonance and Upper Bounds in /5. The bounds on the evo-
lution of (24) on the interval I, = [—d,d] are summarized in the following
proposition:

Proposition 23. Let ¢ < min((87)"33%,107%). Consider a solution of (24)
on the interval I = [sq,d], then it holds that

s (d)] < 3(em) ™2 LM,

Jus(d)] < Tr(en) LM,

lus(d)| < 7m(2 ) (en)™ LM + 2My,
(ke d)] < Tr(2)" (en)" LM + 20,
(6, d) < (T (G)" o) LM + 201,
ko, )] < 4 min (s, 1)(cn) > LM.

For interval I, we are mostly concerned with the interaction between j(kq)
and u, and in particular the growth this induces for us. Therefore, consider the
ODE system

Osuy = —j(ko) + F
8sj<k0) = Hko Uy + (1+32 Hko(l + 82)>j<k0>7

our aim is to bound the growth of j(ko) and uy by a factor. Let U(r,s) be the
solution of (29) with initial data u;(7) = 1 and j(7) = 0 and L as the constant
which satisfies

(30) U(r,s)| < L =L(B, K, k).

With the restriction

(29)

¢ < (8m)716F,
L is estimated by the following two cases, if 5 > 7 we obtain L = 1 and if 8 < 7
we obtain a L = L(a, k,k) < y/e. A proof and more specific bounds can be
found in Appendix A and for simplicity of presentation we here only consider
two cases.
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Lemma 24. Let uy be a solution of (29) on [—d,d|such that (30) holds, then
we estimate

Lur| S wi(=d) + [ [F@)] dr +|j(=d)| [ £ exp(—mulr +d+ 35" + d)).

Proof. We may without loss of generality restrict to the case j(—d) = 0, since
we can choose F' = F + 1122 exp(—kp(T + d + 3(s* + d*)))j(—d). By Duhamel’
principle the equation (29) is solved by

ur(s) = U(—d, s)us(— +/U7'8
which yields the desired bound. U

Proof of Proposition 23. With Proposition 17 we estimate until time —d

|u(—=d) < 2M(cn)™
|us|(=d) < 2M (en)™,
|us|(—=d) < 2M,
lw(ky,, —d)| < 2M,,
j1(ko, —d) < §M(cn) ™ min(kg,c 2, 1),
] (kr, —d) < 55 M,
51k, —d) < M,

We next aim to prove by a bootstrap that

|us| < 3L(en) M,

Jusl < 7L (en)™ M,

Jug| < 15mL(3)*(en)™ M + 2M,,
|w (k)| < 77TL( )M=Y (en) M 4 2M,,,

/j (ky1) < 77TL3—d2(c77)“/1M,
/j %% 77TL%(C77)“/1M + 2M,).

To estimate u; we use Lemma 24 to deduce

lup| < L <u1 )+ /alug + asus + 1+d2 eXp( Kko(s — T+ %(53 — 7'3)))j(—d)>
< 2L(en) ™M + Ly (1+n72)(Te L(cn)™ M + 2My)
+ 1+Ld2 mm( d3) (k07 _d>
< 2L(en)” WM + Ly (L 4072)(TnL(en) M + 2M,) + Lg(en) M
< 3L(em) "M,
where we used that %Ml < <5 M(cn)™™ since ) > - and that 7rLe < 5. We
estimate ugy by

lus| < 2(en)" M + / 2en s + alkas)w(kss) + j(kar)

< 2(en)™ M + 2menfunlzze + Slwlkao) i + [ i(kas)
< TmL(en)" M.
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In order to control uz, we integrate dsug in time, which yields
lus| < |us|(— +/ (kio)w(kia) + j(kir)

< 2My + 2(Tr L (en)™ M+ 2Ms) + Tr L3% (en)™ M

< SWL(%)Q(CT))“M + 2M;.
For w(k,) we first consider |n| > 3. By integrating dsw(k,) we deduce

w (k)| < [w(kn, =d)| + 2(Jw(knr) 2z + [w(kn-1)|zz0) +/j(k
< TrL(2)" = (en) M+ 2M,,.

For the cases n = +2 we similarly conclude that
(k)] < Jw(kso, —d)| + Z(Juzlze + |us|ze + [w(kis)|ze)
< 77TL5(07))71M + 2Ms.
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For the estimates on the current j we argue similarly as on the interval I; and
introduce § as the shifted time coordinates. To estimate j(ki;) we integrate

057 (k41) in time:
j(kt1) = 2exp(—5rEn(s + d))j(ks1, —d)
+ B / L2 oxp(— g (5 — 7+ 2(5% — 7)) (up = ug).
The impact of j(ky1) is bounded by
[ilhsr) < silhar, —d) + 2 (Jualize + luslrze)
< 77TL53—$(C77)71M

and hence yields the estimate
j(har) < 2exp(~bdngn)j(her, —d) + s (uslz + il
< 5,2 (TmL(en)™ M + 2M,).
By integrating we thus obtain the following estimate for j(k,):
(k) = 2exp(—r&n(s + d))j(kn, —d)
+ 5 iijg exp(—ky, (8§ — 7 + 5(8° = ) w(k,),

which leads to
[ (ka) = 75, —d) + 3l ) 1
< %%(77‘([/5(07])71]\4 + 2M,,)
and
Jkn) < 2exp(—r&dn)j(kn, —d) + gz |w(kn) L=
< gz (TeL(2)" = (en) ™ M + 2M,,).
We estimate j(ko) by integrating
j(ko) = 1132 exp(—ki, (s + d + 5(s* + d°))j(ko, —d)
/ %i; exp(—FKp, (s — 7+ %(53 — 7'3)))u1(7').
The second term can be estimated by
o [ expl—riny (s = 7 + 35" = 7)) (7)

<l 3 min (kg md?, 1)|ug| e
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and thus

J(ko, d) = exp(—rix, (2d + 3d°)j (Ko, —d)
+ % min (kg md?, 1)|ug|po
< exp(—Kg, (2d + %d?’)%]\ﬂcn)_“/2 min(ky,, 1)
+ M min(kg,md*, 1)(cn)

< % min (kg 7d?, 1) (cn) 7.

O

4.4. The Echo and Lower Bounds in the Interval /,. In this section we
establish the echo mechanism on the interval I, i.e. our aim is to show that
the mode u; induces growth of the us mode. For this echo mechanism we need
the additional assumption

(31) ki min(B,1) >

Q=

As shown in Subsection 2.3, this is not only a technical assumption. When kg
is too small, the u; term can become negative due to the action of 7 and hence
negate the growth of uy and we could even obtain uy(d) ~ 0. We will use initial
data of the form

(32) |J|(ko,
(wl(k, —d), Iu3|( —d
|71(k, —d

\_/\_/\_/\_/\_/

Which corresponds to the echoes on I; normalized in terms of u(—d). We will
prove that u closely matches the following asymptotics:

Uy = exp(—%(tan_l(s) + tan"'(d))),

Uy = ug(—d) + 2enB(1 — exp(—%(tan Y(s) +tan"*(d)))).
Proposition 25. Consider a solution of (24) with initial data (32), then the
following estimates hold:

lui(d) — i (d)| = 12w,
lug(d) — tip(d)| < 24mcn,
(33) w(kn, d), us(d) < 6(cn)™,
U d) < Z(en)™,
j(ko,d) < .

In the following it is convenient to introduce the good unknown:
gls) = (1+ %) = %,
In terms of g our equations then read

_ 1 1 1
83’&1 = —Emul — a1Uo + asUz — HTQ
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and
8Sg = 28](]{30) (]_ + 82)85j(k30) — %Osul
= (g + ul)
- "ik0<1 + s )g + 1_?_12 (g + %ul)

1 1 1 1 1 1
+ @mul -+ Ea1u2 — BCLQU:; + Bmg

4541

2
= (7557 — k(1 +87))g
45—}—l
+ % Ul T+ %CHUZ - %QQUB-

Therefore, (24) can be equivalently expressed as

U1 _% IJ;SQ —a1 Az _H% (51

o | ue | _ 2en7% 0 0 0 Us

S1oug | 0 0 0 0 us

g 11 L, M (1+ %) g

(34) BTwsr BN B9 T T RS
0
alk £2w(k£2) —j(k+1)
T tatk+£ 2wk +2) Fj(k £ 1)

0

The homogeneous system with respect to (34) is given by

(35) o (@)= pme O) (@
S\ ay ) 207)@ 0 o

with the explicit solution

iy = exp(—%(tan’l(s) + tan"!(d)))uy (—d)

(36) i Lo -1
Uy = up(—d) + 2enB(1 — exp(—z(tan™ (s) + tan™ (d))))u1 (—d).

In the following, we prove that the solution of (34) can be treated as a pertur-
bation of (36). Note that we can approximate

B(1 — exp(—g(tan~"(s) + tan™"(d)))) ~ min(B, (tan™"(s) + tan™"(d))),

where “~” in this case corresponds to the explicit bounds
smin(4,) < B(1 - exp(—%-)) < min(f, ).

Proof of Proposition 25. We want to show by a bootstrap that

|U1 —’111‘ S c1 = 127c

lug — | < o = (27 + 1)eney
|us|, [w(kn)| < 6(cn)™

[ itka) < Bh(eny
/.7 S, kil) S 150_77;

Let s* be the maximal time such that (37) holds. We assume that s* < d and
show that this leads to a contradiction by improving (37). The estimates of
j(ky) for n # 0 are done similarly as in Proposition 23 and we hence omit them
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here. First, we estimate g:
go(s) = Elifp%z exp(5(tan™(s) + tan™"(d)) — k(s + d + 3(s” + d°)))g(—d),
9(5) — go(s) = & [ L2 exp (L(tan~"(s) — tan~"(7)) — kg5 — 7+ 3(s* — 7))
(4;:3 uy (1) + %QQUQ(T) - %(lgﬂg(T)) dr.
Next we estimate the size of the perturbations by
[any SR g
= /dTg/dTl eXp —= tan Y(s) —tan™'(71)) — ko (2 — 71 + 2 (75 — Tf)))
. (11;:2) <4;1L—t125u1 (11) + a2u2(7'1) - %ag’LLg(Tl))
< / dr exp(—4(tan~!(s) — tan~}(r))))
. ﬁ (4;:; ui(n) + Sasus(n) ~ Jasus(r))

< g 2lualrge + 5 (Jual e + |us|ig))

—Nkﬁ

and

1
exp(—% (tan~1(s)—tan—1(72)))
/ . 1472 go(T2) d7s

=t exp(—%(tan_l(S) + tan™'(d)))g(—
[+ ) explr -+ 3+ ) —d)

4

— %exp(—%(tan’l(s) + tan~ 1(al)))%g(—al) < %c_

d)

where we used (32) to obtain g(—d) < % To estimate u; we look at the
difference to the homogeneous system,

Os(uy — ) = —%Hlsz (uy — 1) — a1ug + asug — ﬁg
which leads after integrating to
fur = 1| < J(ualz + Juslog) + o Glulzg + 35 (lual g + Juslze)) + §i
< 8cmin(f, w) + 4(2m + 1)ccy + m(l +c1) + 56(077)“’2 <
0
since kkj > é We estimate uy — s by
8s(u2 — 112) = 2CT}1+%<U1 — ?11) + CL(/{?ig)U}(/{Zig) — ,](kil)
which implies by integrating in s, that
|u2 — 112| S 271'07701 -+ %‘U}(/{Zig)hgo -+ /](kil)
< 2meney + (12 4 107?%)0“/27)_“/1
< (27 4+ D)eney.

Next we estimate w(k,) for |n| > 3. We remark that the estimates for uz and
Wy, are similar and hence we omit them. By integrating over the derivative
we deduce

w(kn, =) < wlkn,d) + 2wk |z + flka)lez) + [ 5(k)
< 6(en).
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So the bootstrap is concluded. It is left to estimate j(kg). We write

83](k0) = %u

B
< Ty — §kyd (ko)

=
_I_
—~
—
=+ o
w

V)

|

=
>
o

—~
[
+
VA
(N
N—
SN—
.
—~
5
=)
N—

where in the second line we used (31). By integrating, we obtain

j(ko, 8) < exp(—ghi, (s + d))j(ko, —d)

+ % [ drexp(=§nu (s = D)ui(7)
which leads to

j<k07 d) < Xp<_2dg’%ko)j<k07 _d>

5luilree

IN +
oo @

™I

O

4.5. Proof of Theorem 14. In Subsections 4.2, 4.3 and 4.4 we proved lower
and upper bounds until the time s = d. Furthermore, in Subsection 4.2 we
already showed the asymptotic behavior on the interval 3. In this subsection
we need to combine the results of these subsections to obtain the final lower
and upper bounds for the complete interval I*. This will be achieved in two
steps: first we conclude the bootstrap on I3, afterwards we show that all terms
result in the desired estimates.

Proof of Theorem 14. Following we proceed similarly as in the proof of Propo-
sition 17, just for I3. In particular we use the tools from Subsection 4.2. We
thus need to prove the missing estimate on [d, s1]. Let r;(d) be the initial data
of r(s). We define the ¢; terms by

c1 = 2(r(d) + (21¢* + 2%(07))7)7“2(50) + N + N;j)
6’1 = 0

2=tz (rad) + N + )

52 = 22C1 + %52

(38)

and
N = 2¢,55 (ko £ 1,d) + 2cus(d)
+2 37 (20w + 72 (i )

|m|>2
N; = 4(en)™ %j(ko, d).
We prove by bootstrap that
(39) ul(s) < S*(s)C(s).

Since ¢; > r;(d) this estimate holds locally, and we again let s* be the maximal
time such that (39) holds. We assume that s* < s; and improve the estimate,
which gives a contradiction and thus proves that (39) holds on [d, s1]. For the
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R; we obtain with the Lemmas 20, 21, 22 that
Ri[Fui] = Ri[Fsmode] + Ri[Fj| + Ri[Fg) + Ri[F; kozl:l)] + Ry [Fy,]

< 20c%c; + 20¢*E, + (20¢% + ¢ (en)?) e
+ c—;(cl +6)+ S (077)702 + ()= dc” (ko, d)
+ 202( w(2) +w(-2))
+ i (ke d) + 55 (0(1) + ¢ + ¢3)
+ 2cw(1)
< 21c%c; + 2c G+ (212 + < ( en)V)ea + N + 2(en)' Ny,

and

2[Fsmode] + Ra[F}] + Ro[Fg| + Ro[Fj(kot1)] + Ra[Fu,]
) (c1 + 2¢%E;) + 20c%cy

(01 - 02) + §eo + (en) 5 02 (ko,d))

Therefore, we deduce that
r1(s0) + Rilall][1] < ri(d) + 21c*(c; + &) + (21 + %(cn)”)cz
+ N+ c*(en)'N; < ¢y,
’I"Q(So) + Rg[all][l] < ’I"Q(d) -+ 2%62 + N + Nj < Cg,
Rg[all][(%)’y] < 20c1 + 20262 < Co.
This concludes the bootstrap and we estimated |u|(s) < S*(s)C(s) for s < s;.

To finish the proof of the theorem we need to establish the norm estimate at
the final time. With Proposition 23 we obtain the folloiwng bounds:

|ur|(d) < 3(en) LM,
lus|(d) < Tmw(en)™ LM,
Jusl(d) < Tr(3)2 (e LM + 20,
lw(k,,d)] < 77?( Y=L (en) " LM + 2M,,,
Uy d) < (T () ()7 LM + 20,

J(ko,d) < %mm(/ﬁkoﬁd 1) (em)™

This in turn yields
N = 2¢,557(ko £ 1,d) + 2cus(d)
+2 3 (20)" N w + s ) (K, )

Im|>2

< c(en)"LM,

N; < 4(077)”%% min (kg md?, 1) (cn) 2
0

16 1 2
< - min(, :TO>LM
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Using these bounds, we consider Afterwards, we estimate

_2 2+l —72
— 9y ( ﬁc|d7| |Cn|7 ) u(d)

atlen[+t el
|71] 15mc(en)?
( Irs| (d) < LM 4
and hence deduce that

¢1 = (en)?(30me + 30% +c)LM
< 3lme(en)'LM
( 167r )LM

This implies the estimate

u(s1) < 57(s1)C(s1
1
<LM< P 1 )(317?010(21 )
2 2 )
5+ 167 cn
< LM(en)” ( 167T 5 e ;
where we used that (cn)~™ Hl = (lzz) = W < fe. For w(n) we obtain
ko 0 c§)V Kk

w(n) =2 > (2c)m X (w 4 - o)) (Ko, )

mi>2
+(20)"2le(c) + Sep)
+(20)%  uy(d)
< L(2¢)"M + M,
us(n) < L(2¢)™*20M + M.

Furthermore, by integrating over d;j(k,) we obtain

(kna 51) S
J(kir,81) <

L2 ((20)"M + M,),
L2-((20)"*2M + My).

In order to estimate j(ko) we use Lemma 21:

17 (ko, s1)] < Le*n? exp(—rkirn®)j(ko, d)
—+ 21—62i(01 +co+ ¢+ 52)
< 3wt exp(—hi ) )( )M
+ L416 — 2M(c77)
Fn—zM(Cﬁ)
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We further estimate

M= Y 107w+ 2k (w + 2 g) (k)

m,n>1
< 1—120*1 Z 107”(71}2 + %JQ)(]%)
n>1 "
DY .
< e 2 (1075 A, (07 + 7))

n>1 "
sl il (so)?

Z )\ans = Z )‘kn Z 10—\m—l|_\l—n\—xz—Xm(w + tj)Q(km)
n m,l

[n|>1
< 23T Y107 (0?4 52 (k)

IA

2
Cl{km

< # Z Ak, (W + ﬁj)Q(k‘m) Z 10_\m—n\—Xmi‘&

km

< P lw, gl

Combining these bounds we infer the norm estimate

lw, [ (51) < 167 L2M2(en)® (A, + Ao (167 + 5(cn) ~>7)?)
+ 3 L2, (107MA + M, )

In|>1
= M*(en) ™ (N, (207 + A8, +2 30 A 1072 4 12 % N M,
In|>1 In|>1
< LAA(167)” + 35%) (en) [ |w, 5% (s0)-
This finally allows us to complete the proof of the upper bound and obtain that

lw, jllx(s1) < 187 LA(en)” w, jl|x(so)-

To prove the lower bound we use Proposition 17 and Proposition 25 and obtain
that at time s = d it holds that

|u1(d) — exp(—75)(cn) ™| = O(c)

|uz(d) — 28(1 — exp(—5))(en)™| < O(c)
w(ky,,d),us(d) <6

) < 2052
jko.d) < 3.

We calculate iy by

tix(s1) = (0 1)S(s1)S H(d)u(d)
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The difference uy — 5 is estimated by
ug — Us| < (0 1)S*(s1)R[F
< 5 Ri[F] + 2¢Ry|F)]
< (en)™uz(d) + O(c)
= 2(en)"B(1 — exp(=5))ur(s0) + O(c).

Furthermore, we obtain

IN

M < —-=u1(30)
M 1_140,1 u1(§0)-
So we finally obtain since § >

w(k—la tk;l)

22 (Sl

2<cn>w<1 — exp(~Z))us(s0)

Z (w(klatkl)a

which gives

wlk-1,ty) = (en)? min(B, myw(k 1, t_,).
]

In this article we have studied the asymptotic (in)stability of the magneto-
hydrodynamic equations with a shear, a constant magnetic field and magnetic
dissipation. Here multiple effects compete to determine the long time behavior
of solutions:

e Echoes in the inviscid fluid equations may lead to large norm inflation.

e The underlying magnetic field leads to an exchange between kinetic and
magnetic energy. In particular, for large magnetic fields oscillation my
diminish norm inflation.

e Magnetic dissipation may stabilize the flow. Hence, a priori, it is not
clear whether stability requires Gevrey regularity (as for the Euler equa-
tions) or Sobolev regularity (as for the fully dissipative problem) and
how the evolution depends on the size of the magnetic field o and on
the resistivity k.

As the main result of this article we show that the balance between these effects
is parametrized by the parameter § = =5 > 0 and that the behavior for finite,
positive [ strongly differs from both the fully non-dissipative case and the large
dissipation limit (which reduces to the Euler equations). In particular, we show
that in this regime the magnetic dissipation is not strong enough to stabilize
the evolution in Sobolev regularity and establish Gevrey regularity as optimal
both in terms of upper and lower bounds. It remains an interesting problem
for future research to determine the optimal stability classes for other partial
dissipation regimes and to study the inviscid limit « | 0.

APPENDIX A. ESTIMATING THE GROWTH FACTOR

In Section 4.3 we observe the evolution of (24) on the interval Iy = [—d, d].
Here we observe the interaction between j and wu,

8sul - _j

(40) 0s] = U1 + (

- K(1+5%)j,
with ki replaced by K for snnph(nty In particular we bound the growth of wu,
by a factor. Let U(7,s) be the solution of (40) with initial data u;(7) =1 and
j(7) = 0. We show that

o [U(r.s)|<1for f>%

o |U(r,s)| < L=L(BK) for f <3.

1+32
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With the restriction

(41) ¢ < (8m)3p7.
we obtain
1 1<K
Vd %c% <K<1
(42) LBK) =1 51+3) 2o <k < Lot
1 K <%

We note that (41) is not optimal, in the sense that Section 4.3 we need Le << 1
and we could optimize the %c% term to obtain a larger L but better (41). How-
ever, this would yield a lot dependencies which would make the final theorem
more technical to state. The most important part of this estimates is to verify
that § can be very small if ¢ is chosen small enough. First we do an energy
estimate, let

E=ui+gj
which leads to

L0F < (25 — K(1+5%).E.

Therefore, we obtain for K > 1 that d,F < 0, which proves our first estimate.
Furthermore, we infer for K <1

1 s<0
E(s) < E(r)4 (1+ 52)2 0<s< (%)%3
K S

We conclude

which proves (42) for %c% <

ansatz. We write j as,

< 1. For small K we need to make a different

j(s) = % /Sd iiﬁi exp(—K(s—71+ %(83 — 73)))u(7') dr

and so
,7_2
u(s) — 1= —% // d(Tl,TQ)i—T% exp(—K(m — 1 + %(7’55 — ))u(n)
—d<T1<12<s 1
=3 temes T u(r) iz lexp(—K(n — 1 + 5( — )=,

= b [ () (1 - (K (s = 6~ D)

Now we exploit that u is decreasing till the smallest time such that u(s) = 0.
This holds, since if u is positive, then j is positive and so dsu = —j5 < 0.
Therefore, we bound

%/_dgngs dry u(n) iz (1 —exp(=K(s — 71+ 5(s* = 7))
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by 1 to deduce 0 < u(s) < 1. Let s be positive, then we estimate
%/dgngs dﬁrlﬁg(l —exp(—K(s— 1+ 3(s* = 1))

= %/—dS’rlS—s dﬁﬁ(l —exp(—K(s—1m + %(33 — 7'13))))

+ % ey dﬁﬁ(l —exp(—=K(s — 71+ 3(s* = 17))))
< &+ 51— exp(—K(2s + 35°)))
< 5+ EK(2s+ 357
1 s 3
This term is less than zero if % <s< (QfK)%. We choose s = min((%?K)%,d)
maximal. When s = d, then (3 fK)% > d which is satisfied if K < 27”03 and

so we obtain the last estimate of (42). Now we need to prove the case if
%“03 <K< %c%, with the previous calculation we obtain for s; = (27%()%7 that
0 <wu(s;) < 1. Then for s > s; we have

u@ —1=F [ dru(m)ga - ep(-K(s ()

_1<1/ dr 141 d 1
|u(8) | — B —d<7<s; ’ 1472 + B t1<11<s 7 U(T) 1472

< 5+ g lulpe

Due to K < %c% and (41) we obtain s = (275;()% > 2 and so
1 s
u(s)| < %(1 +3)
<2(1+3).

APPENDIX B. NONLINEAR INSTABILITY OF WAVES

In this appendix we consider the nonlinear instability of the traveling waves.
(43)
Ow + (VVw)y = ad,j + (bVj)x — (2esin(2)9,A; 'w),

atj -+ (UV])# = /{Atj + a@xw + (bVU))# — 28966;At_1j — (Q(GZUV)aZA_1])¢,

For brevity of notation let us denote the Gevrey 2 norm with constant C' by
(. IE, = [ 3 exp(CylEDIF(w, )lde.
k

Then the norm inflation result of Theorem 3 further implies the nonlinear in-
stability of any non-trivial traveling wave for C' sufficiently small.

Corollary B.1. Let 0 < ¢ < min(107*,107°%;) be given and consider a trav-
eling wave as in Lemma 2 and let 0 < Cy < C, where C, = Cy(c) is as in
Theorem 3. Then the nonlinear evolution equations around the traveling wave
are unstable for small initial data in Ge, in the sense that for any 0 < C7 < Oy,
e >0 and N > 1 there exists initial data with

[ (wo, jo)llge, < €

but such that for some time T' > 0 it holds that

1w, li=rllge, = Nll(wo, o) llge, -
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We stress that this results considers the instability of the traveling waves and
that the space with respect to which instability is established depends on the
size ¢ of the wave. A nonlinear instability result for the underlying stationary
state (2) in the spirit of [DM18, Bed20, DZ21] further requires that the size ¢
of the traveling is comparable to e.

Proof of Corollary B.1. We argue by contradiction. Thus suppose that the non-
linear solution is uniformly controlled in G¢, for all times:

sup |[(w, j)lge, < De.
t>0

for some constant D > 0. Given this a priori control of regularity we may
consider the nonlinear equations as a forced linear problem

O(w,j)+ L(w,j) =F

where L is the linear operator considered throughout this article and F' is the
quadratic nonlinearity. If we denote by S(t,7) the solution operator associated
to L it then follows that for any 7" > 0

(U},j)t:T = S(T, O)(wo,j()) + /OT S(T, T)F(T)dT.

By the norm inflation results of Theorem 3 for any Cs < C, there exists initial
data and a time 7" > 0 such that

(44) 1S (T’,0)(wo, jo)ll 2 = N[ (wo, jo)llge,

Since this estimate is linear after multiplication with a factor we may assume
that this initial data also has size smaller than e. On the other hand, by
the results of Section 3 and of Theorem 3 for any fixed time 7', S(T,7) is
uniformly bounded as a map from L? to L?2. More precisely, we recall that
S(T,7) decouples with respect to the frequency ¢ in y.

e For ¢ with |£] > T? by the results of Section 3 the time interval (0,7)
is considered “small time” and hence S(7',7) is bounded uniformly.

o If instead || < T? then Theorem 3 provides an upper bound of the
operator norm by exp(C/€) < exp(CT).

Thus there exists an extremely large constant F (depending on 7T') such that

H/ )dTHL2<E/ |F ()| 2dr.

Finally, we note that by assumption
|F(7)]2 < D%

Hence, choosing ¢ < m the Duhamel integral can be treated as a pertur-
bation of (44), which concludes the proof. O
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