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Accelerating Extremum Seeking Convergence
by Richardson Extrapolation Methods

Jan-Henrik Metsch!, Jonathan Neuhauser?, Jerome Jouffroy3, Taous-Meriem Laleg-Kirati*, Johann Reger®

Abstract—In this paper, we propose the concept
of accelerated convergence that has originally been
developed to speed up the convergence of numerical
methods for extremum seeking (ES) loops. We demon-
strate how the dynamics of ES loops may be analyzed
to extract structural information about the generated
output of the loop. This information is then used to
distil the limit of the loop without having to wait for
the system to converge to it.

I. INTRODUCTION

Extremum seeking is a model-free and robust scheme,
originally proposed in 1922 by Leblanc (see [1]), to track
an extremal operating point of an apparatus by adaptively
shifting the operating point in the direction of greatest
increase in some output function. The approach has
been widely used in the control of systems with a priori
unknown dynamics. A classical source for an in-depth
reference is e.g. [2], where a proof of convergence is given.
Tracking the extremal operating point is achieved by
adding a sinusoidal perturbation to the input signal, com-
paring its phase to the one in the generated output and
adjusting the current input based on the phase difference.
This is a robust method of tracking an extremal state, but
its convergence is rather slow. There are many approaches
to analyzing and increasing the speed of convergence as
well as eliminating oscillations around the limit available
in the literature. Robustness of several ES methods in
application to robotics are discussed in [3]. The influence
of the loop parameters on the speed as well as the domain
of convergence is studied in [4]. A method to eliminate
oscillations around the limit and achieve asymptotic
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convergence by decreasing the dithering amplitude over
time is presented in [5]. Faster convergence has also been
established in [6] by the usage of fractional operators. Ref.
[7] achieves enhanced convergence for small amplitude
and low frequency perturbations by taking the entire
plant parameter signals (instead of only the perturbation-
related ones) as well as curvature information of the
objective function into account. Quite recently Poveda
and Kristi¢ have introduced the concept of ‘prescribed
fized time’-ES (see [8], [9]). They accomplish convergence
in a given finite time independent of the initial conditions
by employing continuous gradient and Newton flows
without a Lipschitz property.

In this article, we propose to extract the limit directly
from the system dynamics. To achieve this, we conduct an
in-depth study of the dynamics governing ES to deduce
an asymptotic model for the generated output y(¢). We
then solve the asymptotic model for its limit in terms of
the output y(¢). This methodology is a form of Richardson
extrapolation; a technique originally developed to speed
up the convergence of sequences (see [10]). Similar ideas
have found applications in a variety of fields such as
perturbative quantum field theory (see e.g. [11], [12]) or
machine learning (see e.g. [13]). The method is, to the
best of our knowledge and exhaustive search through the
literature, new and has not been applied in the context
of control theory.

This paper is structured as follows: First, we discuss
preliminaries by giving a short introduction to ES and
then present the basic idea of accelerated convergence
by discussing an ES loop in its most simple form. Next,
we demonstrate how to analyze an ES loop theoretically
to apply acceleration concepts. We then proceed with
some numerical examples to illustrate the performance of
the method and close with an outlook on possible future
developments. After the bibliography we present detailed
proofs.

II. PRELIMINARIES
A. Problem formulation

We consider a function f: R — R, f(z) =y with a
local minimum at = L that we wish to find (for example
to optimize a given objective). Such problems appear
naturally in many situations such as tracking the optimal
operating point of photovoltaic systems (see e.g. [14]) or
controlling the optimal substrate flow in bioreactors (see



e.g. [15]). Similar tasks arise in the backpropagation of
neural networks (see e.g. [16], Chapter 4).

ES provides an algorithm that continuously improves
an initial guess xo such that the resulting signal x(¢) con-
verges exponentially to a neighbourhood of L. Intuitively
this is achieved by the law

dr = —f'(x(t))dt. (1)

To access the value f'(x), a small oscillation esin(wt) is
added to x leading to

f(z+esin(wt)) = f(z) +ef (z)sin(wt) + O(€2).

Running the output of f through a high-pass filter
and multiplying with sin(wt) produces the signal ¢(t) =
esin?(wt) f'(z). Replacing the actual gradient f/(z(t)) in
(1) with (¢) gives the law dz = —(¢t)dt. A block diagram
for this process is shown in Fig. 1. Closer analysis (see e.g.
Chapter 1 in [2], Equation (1.9)) of this process suggests
the approximate formula

a(t) = L+Ce™ T Lep(t), (2)

where p(t) is an oscillating function and C and b are
constants. The two error terms ‘compete’ with each
other in the following sense: For large e the exponential
converges rapidly while the oscillating terms becomes
large. For small € the oscillation get suppressed while the
exponential decay becomes slow.

This motivates studying the dynamics of the ES scheme
described above in-depth to ‘resolve’ the ‘competing
objectives’ in (2). The method we propose in this ar-
ticle is essentially designed to eliminate the exponential
decay term in (2) which allows for fast convergence for
sufficiently small values of e.

B. Accelerated convergence
We present an easy example of accelerated convergence.
A detailed review can be found in [17]. Consider the

sequence S, :=>"_, L. Tt is well known that S, — =

j=172 6
The convergence is very slow however as
2 00
s da 1
— =5, ~ / 5= (3)
6 n U n

To accelerate the convergence, we first construct an
asymptotic model. Motivated by (3) it is reasonable to
assume (and not too hard to prove) an expansion of the
form

N
Sn_L+Z:1nj. (4)
j:

Here we abbreviated the limit of S,, as L := %2. A quick
calculation shows that

~ 1
Sp = 3 (n+2)2Sp42 —2(n+1)2S,41+n2S,)  (5)

satisfies S, = L+ O (%) Hence, the convergence has
been accelerated. Indeed L = 1.64493, S = 1.64481 while
S10 = 1.54976.

III. THEORY

We show how the concept of accelerated convergence
may be applied to ES by studying two distinct loops
starting with the easiest one and then demonstrating
how a more complex situation may be analyzed. For the
latter, we need to perform perturbation analysis to extract
structural information about the dynamics. We remark
that regular dependence of solutions on a perturbation
parameter is a standard result and e.g. discussed in [18],
Chapter 2, Section 9. The analysis essentially aims to
derive a precise version of (2) similar to (4). Considering
shifts in time ¢ — ¢+ 7T we then derive extraction schemes
for the limit of the system, similar to (5). Finally, we
point out that a similar analysis has been performed in
[19] for the Mathieu equation (see Chapter 11, Section
4).

A. Basic model

Let a,b,L € R and f(z) :=a+b(z — L)2. Initially, we
analyze the ES loop depicted in Fig. 1.

f(=)

(t)
- {% = 70
esin(wt) sin(wt)
Fig. 1. Extremum seeking loop

v(t) is a noise source, which will be included in the
simulations in Section IV. Denoting the high-pass filter
by F, Figure 1 corresponds to the integral equation

z(t) = x(O)—/O Ff (x(1) +esin(wT))
+u(t)]

sin(wT)dr.

(6)

Proposition III.1. Let T := %’r, 0:=e T gnd

x:[0,00) = R be a solution to the loop in Fig. 1

with v = 0. For any t >0, put x, = x(t+nT).

Then

(a’:o — 1‘1).%‘2 +6xg (xz — ml)
xTo— (1 +0)$1 +0$2

Additionally, putting

L= +0(%).

(xo —71)(22 — 73)

(21 —22) (20 — 23)
the following extraction law for 6 holds:

1-— 1
pl-9 1

_42 _12 2
59 29 g2+ (g—1)2+0(€%)



Proof. Let y(t) :=xz(t) —
(6) and using n =0 gives
3+ €b(1 — cos(2wt) )y + by? sin(wt)
= — be?sin(wt)3. (7)

L. Then g = &. Differentiating

This is a Ricatti equation without a closed-form solution.

We consider € as a perturbative parameter and only study
(7) to first order. This justifies dropping the €2-term in
(7) which gives a Bernoulli Equation. Putting

b
xo(t) :=exp | —ebt + 2%} sin(2wt)

we derive the following formula for its solution x in

Appendix B:
xz(t)=1L

n : ?So(t) _
C+b [, sin(ws)zo(s)ds

(8)

The constant C is related to the initial value z(0).

Recalling § = e =T it is clear that zo(t+7T)

p(t) =

Lemma A.1 in Appendix A implies ¢(t) =

= 0930 (t) . Let

C+X(t) for a

constant C' and a function X satisfying X (t+7T) = 60X (t).
This gives the following equations:
x(t)— L= _mo(®)
C+X(t)
x(t+T)—L:9~¢ 9)
C+0X(t)
s(t4+2T) - L= 2200
C+02X(t)

If we regard z(t+nT') as known parameters, (9) can be
thought of as a nonlinear system of ordinary equations
for L,C, X (t) and zo(t). A solution for L then gives a

formula of the limit in terms of the values z, := z(t+nT).

Direct computation shows
(1’0 — l’l)fﬂg + 01’0(I2 — :L'l)
20— (140)x1 +0x2

Equation (10) uses the data points z(t), z(t+7) and
x(t+2T) and fits them onto the solution (8). It eliminates
the unknown values z(t), C' and X (t) and hence requires
three data points. Note however that = e =T features
in the extraction law. While T and e are part of the
design of the loop and therefore known, the parameter b
is part of the function f and in general not known. By
incorporating a fourth data point into the analysis we
can eliminate 6 from (10). Indeed we note that (10) also
holds for t — t+T and hence

(w0 —m1)22 + 030 (202 — 71)
zo— (14 60)x1+0x2

. (x1 —x2)x3 +9w1(x3 —:EQ)

oo —(1+0)z2+ 0z

L=

(10)

(11)

This is a quadratic equation for € with two solutions.

However, putting

_ (@o—a1) (22 —23)
9= (o1 w2)(zo =) -

C+bfg sin(ws)xo(s)ds so that H(t+T) = 0p(t).

we prove in Appendix C that
1— 1

p_l-g 1

29 29

—T ¢ (0,1). O

—4g>+(9—1)? (13)

by exploiting 6 = e

We have derived an extraction scheme that uses
four data points. It first applies (13) to find 6 and then
uses (10) to extract the limit L.

B. Including a drift

This Subsection demonstrates how to extend the anal-
ysis from Subsection III-A to other loops by considering
an example. We modify the ES loop in Fig. 1 by taking
f(z,t) = (x— L—q(t))? to be explicitly time dependent.
We refer to the resulting loop as modified Fig. 1. Here
q(t) = goe %t for a small positive drift parameter § > 0.

Proposition IIL.2. Let = be any solution of
modified Fig. 1 with v =0 and put z(t) := (z(t) —

L—q(t))~t. Then
9 ol
2(t) = Z 6790t Z e pir(t)| +O(E2).
j=0 k=0

where all function pji, are T'-periodic.

Proof. We put y:= x — L — q. Differentiating the
analogue of (6) with time-dependent f and exploiting
and ¢(t) = —oq(t) gives

2

§(t) + 2esin(wt)? + y? sinwt — g = —e2sin(wt)®  (14)

After dropping €2 as in the proof of Proposition III.1 and
letting z = %, we get

2 —2esin®(wt)z + 6q(t)2? = sin(wt). (15)

Equation (15) is another Riccati equation without closed-
form solution. Still we may extract structural properties
by perturbation analysis. Proposing z(t) =", < 2n(t)0"
we get the following infinite system of linear ordinary
differential equations: For n = 0:

20 — 2esin’(wt)zg = sin(wt) (16)
z0(0) = 2(0)
For n > 1:
3n — 2esin? (wt)zp = — Z ZjZp—1—j (17)

2,(0) =0
Solving for zg is trivial. Working iteratively, the n-th
equation is linear in z, with nonlinearities only in the
already known functions z; with &k <n —1. An inductive
argument shows
n j+1

eetp(()n) (t) + Z Z e(k:efjé)tpgz) (t)

j=1k=0

Zn(t) = (18)



with T-periodic functions pin) for n > 1 and
zo(t) :p(()o)(t) —|—e€tpgo) (t) with T-periodic functions pio).

Resumming gives the Lemma. O

To derive an exact extraction scheme from the
expansion given in Proposition II1.2, we would require
infinitely many data points to eliminate all terms in
the series. For small § we may, however, truncate the
perturbation series and construct a finite extraction
scheme, which we demonstrate in the following Corollary.

Corollary IIL.3. Let A := el and z be any
solution to the loop in modified Fig. 1 with v =0.
Put h(t) :=x(t) — q(t) and hy, :=h(t+nT). Then
I— hihg — (1 + A)hzho + Ahsh
—ha+ (14 A)hy — Ahg

up to an error of order O(5)+ O(€?).

(19)

Proof. As it is not entirely trivial, we also demonstrate
how to derive a O(6%)-extraction law. Let B := T and
zq = z(t+aT). It is readily checked that

0=25—(1+A+B(1+A+ A%z
+(A+B(1+A)A(1+A+A?)
+B2A(1+ A+ A?)) 23
—((AB(Q+A+A?) +(A+1)B*(A+ A* + A?)
+ ASB3)ZQ
+(ABY(A+ A2+ A%+ (A4+1)AB3)
— A4BBZO.
Summarizing this as Y ., <5 iz = 0 and recalling the
definition of z we get the implicit extraction law

5 5
> wi[[(@j—Blgo—L)=0.

i=0  j=0
J#i

For zero order extraction scheme one argues analogously.

Solving the resulting implicit law gives (19). O

Note that extraction schemes for ¢y and § are required,
which we do not include here. To derive them, one
employs the strategy that demonstrated following (11).

Considering the statement of Proposition I11.2, we must
have convergence of the series for its truncation to be a
valid approximation. For the series to be convergent on
[0,00), demanding ¢ > € is plausible as the perturbation
series grows exponentially otherwise. A sufficient but not
necessary criterion to achieve convergence on [0, %] is

2¢ 1\ !
[:=24e« |qo| (|z(0)|+6> <1. (20)
To prove (20) one applies the variation of parameters
formula to (17) and derives a recursive upper bound uy,

0.002
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Fig. 2. Classical ES vs accelerated ES

for |2y|. Solving the recursion and demanding »°, < u, 0"
to be convergent then gives (20). B

IV. SIMULATION

We implemented the equations studied above in Math-
ematica: All differential equations have been numerically
solved using the NDSolve function. The following graphics
are generated by evaluating the extraction schemes at
t > 0 and plotting the result.

A. Simple model

Fig. 2 shows the classical ES (as depicted in Fig. 1
without noise) versus the accelerated ES for parameters
T:=3,b:=2,¢:=.01 and L =0. The zoomed-in section
of the figure shows that the accelerated curve oscillates
around L = 0 with amplitude o €2 as is to be expected
from the theory. The initial conditions of the loop are
absent in the accelerated scheme for ¢ > 0. This is due to
the extraction scheme using the data points z(t + kT))
with k& <3 (see (10) and (13)).

Fig. 3 demonstrates the extraction of # and shows
excellent agreement with the exact value e~ 7 ~ .9418.

0.94241
0.9422F
0.9420F
0.9418¢
0.9416}
0.94141
0.9412F

0.9410 : - - : - 't
0 5 10 15 20 25 30

— Exact 6
Extracted 6

Fig. 3. Extraction of 0

B. Including noise

We now include the noise block in Fig. 1. The noise
is realized as a piecewise constant function that takes
randomized values in [— Ny, Np| on intervals of length dt.
In all following simulations we use b=2, T =3, ¢ = .01



1.00¢
0.98¢
0.96¢
0.94F — Exact 6
0.92¢ Extracted 6
0.90¢
0.88f
0.86¢ . . . . . .
0 5 10 15 20 25 30t

Fig. 4. Extraction of 6 (No = €2).

Xace
0.21
oof-b—"— 7 " - =

— Exact L

-0.2 5 10 15 20 25 30 Extracted L (exact 6)
—0.4} Extracted L
-0.6
-0.8

Fig. 5. Extraction of L (Np = €2).

and dt = .5. To explain the following simulation results,
we remark that the inclusion of a noise source introduces
a new term in (7):

3+ eb(1 — cos(2wt) )y + by? sin(wt)

— sin(wt)3 —v(t)sin(wt) (21)

The analysis in Subsection III-A is based on dropping
terms of order €2 suggesting that noise of higher amplitude
corrupts the method. Indeed, the scheme breaks down
for Nog = e. Taking No = €2 renders the noise-term in (21)
to be of order €2 suggesting the extraction schemes to
work. Fig. 4 and Fig. 5 show the extraction of § and L
with exact and extracted 6 respectively. The cutoff visible
in Fig. 4 is caused by cutting off g at g = % as larger
values lead to complex 6. Extraction of L using the exact
value of # works fine. However, inclusion of noise causes
noticeable oscillations in the extraction of  which render
the full extraction scheme for L to work poorly. Averaging

0 over time can, however, drastically improve this result.

Fig. 6 shows the extracted value of L that is obtained
when using the average value 6 of 6 on [0,kT] in (10).

Smaller Ny such as Ny = €% render the extraction of @
accurate enough to extract L without having to resort to
averaging procedures. Modifying dt or adding an offset
of order at most €2 to the noise does not change the
simulation results.

C. Including a drift

For all following simulations, we choose T'=3, L =0 and
z(0) = % Additionally, taking § = .4, e =.1 and ¢p = .01
gives I' = .79 thereby ensuring the scheme to function
properly as is verified in Fig. 7. Reusing the terminology
from the previous Subsection, Fig. 7 also shows the effect

Extracted L

0.05
0.00 Ja A — ExactL
1A I =t VO i == ST VIR S
005 5 10 157 20 25 30

: L for 6,
-0.101 — L for 65
-0.15]

-0.20f

Fig. 6. Extraction of L (averaged 6, No = €2).

of noise with Ny = €2 on the scheme. I" < 1 is, however, not
necessary: Taking € = .2, go = .01 and 6 € {1,.1,1079}
produces accelerated convergence with high values of
T (see Fig. 8). However, taking d =.1, e = .01 and e.g.
qo € { .4,.05} shows that that for I" > 1 the acceleration
scheme can in fact break down.

XCbVGS: Xacc

0.5; V

0.4¢ — Classical ES
0.3} ) )
Xacc Without noise
0.2¢ acc _ '
0.1} Xace With noise
0.0}
05 0 15 20 25 30

Fig. 7. Classical vs accelerated ES.

Xacc fOr various I

0.01¢ — ExactL

0.00 r=0.871519
-0.01} '=29.6316
-0.02¢ — I'=2.90506 x 108
B I S S L

Fig. 8. Various values of I'/ 4.

Fig. 8 is restricted to 0 <t < 6 to make the differences
between the curves visible. Again, modification of dt and
the inclusion of a small offset have no effect on the results.

V. SUMMARY AND OUTLOOK

We have demonstrated how ES loops can be analyzed
by considering a perturbation expansion around simpler
loops and how the resulting information can be used to
derive extraction schemes that speed up the convergence
drastically. This statement also holds in comparison to
other acceleration schemes, such as fixed-time extremum
seeking (see e.g. [9]). The obvious downside of the scheme
is that it requires more information about the structure
of the system that is to be optimized. The presented



scheme is therefore suited to systems of which the physics
(but not necessarily the system parameters!) are known
and require fast convergence with little oscillations in
the steady state, such as in robotics applications. There
are still many open questions to be considered: General
statements and formal proofs are needed to make the
proof of concept presented here more rigorous. This also

includes a detailed discussion concerning convergence.

Experimental evidence is needed to show the suitability to
real-world applications. Finally, additional generalizations
such as multidimensional ES are still to be discussed.

APPENDIX

A. Calculus Lemmata

Lemma A.1. Let L >0, 1 #a € R and y € C*(R)
such that y'(x+ L) = ay'(z). Then

y(x) = a+af P(x)
for some a € R and L-periodic P € C*(R).

Proof. We only prove the Lemma for > 0. For z <0
one argues similarly. Since (y(x) —ay(x — L))" =0 there
exists some C € R such that y(z) = C+ay(x — L). Let
x > 0. There exist unique n € Ng and h € [0, L) such that
x=nL+h. Using n = xzh we compute

y(z) =C+ay(x— L) =C(14a)+a’y(x—2L)
=.=C(l+a+..+a" Y +a"y(h)
+a"y(h)

a”—1

a—1
C z _h c
=— +aLa L(y(h)—l—a_l).

a—1

=C

Setting « := —a—(fl and P(x) := a T (y(h) — ) we get
y(x) = a+af P(x). Pis L-periodic as h(z+ L) = h(zx)
and P € C" follows from P(z) =a" I (y(z) — ). O

Lemma A.2. Let n,w,a € R, T := %’r, q € C%R) be
T-periodic and y be a solution to

y(t) + 2asin? (wt)y(t) = eq(t).
Then y(t) = e~ %py () +e"pa(t) for some T—periodic
functions p1 and po.
Proof. Using 2sin?(wt) = 1 —cos(2wt) it is readily seen
that

4
dt

_ asin(2wt)

[y(t)e‘“t 2

asin(2wt)
2,

| aeren

Lemma A.1 implies the existence of a constant pg € R
and a T-periodic function p(t) such that

__asin(2wt)

y()e® ™2 = po+elep(t).

This proves the Lemma. O

B. Proof of Equation (8)
As described in the paragraphs preceding (8) we study
the ODE
1+ €b(1 — cos(2wt) )y + by? sin(wt) = 0.
We put z:= % such that 2 = —y~2y and get
Z—eb(1—cos(2wt))z = bsin(wt).

Note that xg(t) = exp(—eb(t — Smg#t))) defines an inte-
grating factor for the left hand side. Hence

d .

T (2(t)wo(t)) = bxo(t)sin(wt).
Integrating from 0 to ¢ and abbreviating z(0)xo(0) =: C
yields

t
z2(t)xo(t) =C+ b/o xo(s)sin(ws)ds.

Equation (8) follows by definition of z.
C. Proof of Equation (13)

Proving that (13) is true up to the sign in front of
the square root is trivial. To prove that it is ‘—’, we
use 0 = e~ T € (0,1). We get (g—1)? > 492 and thus
-1<g< % as 0 € R. Additionally, g = 0 is not possible
by (12). Indeed, 0 # 1 and (9) imply zo # z1 and z2 # 3.
For g € [-1,0) we have 12;;’ < 0. Hence

!

1 !
£oy/—4g2+(g-1)2 20

29

This implies that — is the correct sign. For g € (0, %) we
note that =2 > 1 and thus

1
2g
1 2 2 !
+ 494 + 1) <0
29 \/ g (g ) =

implying again that — is correct.
D. Proof of Equations (17) and (18)
We substitute z(t) =), <o 2n(t)0" into (15) to get

o0

Z (3 — 2zne€ sin? (wt)) 6™ = sin(wt)
n=0

o0 n

—q(t) ) [0"T Y zjza
=0

n=0
Equation (17) follows by comparing the coefficients of 6™.
Equation (18) is proven inductively. For n =0 it follows
by applying Lemma A.2 to

20 — 2esin? (wt) zo = sin(wt).

Supposing (18) for zq,...,2n, it is checked by direct
computation that there exist T-periodic functions g, g
such that

n n+1 rk+1
4z =y |7 ePlapp(t)
§=0 k=1 B8=0

Using the linearity of (17) and Lemma A.2 readily implies
(18) for zp41.



E. Proof of Equation (20)

Lemma E.3. Let >0 and f € C°(R) be positive.

Then, for all t € [0, ﬁ]

t t
/ e M f(s)ds < 267’”/ f(s)ds.
0 0

Proof. Let F(t) := fot e M5 f(s)ds. As F is increasing and
F(0) =0, we may estimate
t t
/ e M f(s)ds = e M F(t) —|—,u/ e M F(s)ds
0 0
< (e M+ put)F(t).

Using x < e~ % for x <

, the Lemma follows. O

N|—=

Lemma E.4. Let € >0, w e R, Re C°(R) and £ solve
£(t) — 2esin®(wt)&(t) = R(t). Then, fort € [0, 5]
t

Proof. Tt is clear that
f(t) :eet—ﬁ sin(2wt) [5(0)

t
+/ e~ e T2 sin(2ws) p(5)ds| . (22)
0

Estimating the second term using Lemma E.3 to the
second term in (22) gives the Lemma. O

We now prove (20).

Proof. Put tg:= % and uy = supg<s<¢, |2k(s)|- Applying
Lemma E.4 to (16) gives
up < |2(0)]e25 T 4 265ty =: ay. (23)

For n >0, applying Lemma E.4 to (17) and subsequently
using Lemma E.3 gives

n tO
i1 <265 a0l 3 [ ez )y (0l ds
=00
€ n to
< degole ™0y /0 125 (s)2n—;(s)|ds
7=0

n
< e |qole™ "0ty ujun-—j.
§j=0

Note tge =% <=1 put C :=4(ed)~'es |qo| and, for n >
0, define a,, by

n
A1 =C E QjQp—j.
Jj=0

(24)

An inductive argument shows u, < «, and hence
Y n>02n0" converges absolutely when ) o a,0™ con-
verges. Consider the generating function A(z) :=

2250 ajzi. Using (24) it is readily checked that
CrA%(z) = A(z) — ap and hence

_ 1-v1-4Cagz

A 25

® S (25)

Expanding (25) and using Stirling’s approximation gives
(40)71 an+1.

0

Qp ~ —————
b JRn+1)2

Thus, >, <oond™ converges when 4Cagd < 1. Inserting
agp from (23) gives (20). O
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Supplementary
Structure of this Part

In the first section, we give more details on the technical Lemmas that are presented in Appendix A. Section 2
provides derivations that have been left out in Section III.A and the corresponding parts of the appendix. Similarly,
Section 3 provides derivations that have been left out in Section III.B and the corresponding parts of the appendix.
Finally, Section 4 describes how the simulations in Section IV have been generated.

F. Technical Lemmas

Lemma F.1. Let L >0, 1#a €R" and y € C1(R) such that y'(x+ L) = ay'(x). Then
y(2) =a+at P(x)
for some a € R and L-periodic P € C*(R).

Proof. We only prove the Lemma for z > 0. For z < 0 one argues similarly. Since (y(z) —ay(xz — L))’ = 0 there exists

some C' € R such that y(z) = C+ay(x— L). Let > 0. There exist unique n € Ny and h € [0, L) such that x =nL+h.

Using n = mzh we compute

y(@) = C+ay(o— L)
=C(1+a)+ay(z—2L)

=C(l+a+..+a" ) +a"y(h)

a"—-1

=C ] +a"y(h)

:—%-Hz%a_% (y(h)—i—a?l). (26)
We now define c

h
a:=——— and P(z):=a T (y(h)—a).
Inserting these definitions into Equation (26), we get
y(@) = a+at P(x) (27)

P is L-periodic. Indeed, if x =nL+ h, then x4+ L = (n+ 1)z +h and hence
P(x+L)=a L (y(h)—a) = P(x).
To prove P € C! we rewrite Equation (27) as
P(z)=a" T (y(z)—a)eC
In the last step we have used the regularity of y. O
Lemma F.2. Let nw,a € R, T := %’r, q € CY(R) be T-periodic and y be a solution to
y(t) 4 2asin® (wt) = e"q(t).

Then y(t) = e~ %p1(t) + e pa(t) for some T—periodic functions p1 and ps. Additionally, ps =0 if ¢ = 0.

Proof. Using 2sin?(wt) = 1 — cos(2wt), we compute

d at_asin(Qu.)t) . at_asin(th) . d aSin(th)
[ | e gy g0 (a

2w
— asin(2wt)
=TT [g(t) +y(t) (a—acos(2wt))]
asin(2wt)
=e™™ 20 [y(t) + 2asin?(wt)y]

_ asin(2wt)

= e 2o eMy(t). (28)



In the last step we have used the ODE that y solves. If ¢ =0, the right hand side in Equation (28) vanishes and we

deduce that there is a constant C' such that

asin(2wt)
- 2w

y(t)e

Hence

asin(2wt)

y(t) =e "Ce™ 2w

which is the claimed formula. For general ¢ we define

asin(2wt) d asin(2wt)
f(t) = et gj t entq(t) and Y(t):= p |:y(t)eat—25i]
Note that s
ft+T) = en(t—t-T)ea(t-i-T)e—aW _ e(a+’7)Tf(t)_

Using Equations (28) and (29) we get
Y/ (t+T)—e DTy (1) = f(t+T) —el+tMT f(1) = 0.

Lemma F.1 implies the existence of a constant pg € R and a T-periodic function p(t) such that

_ asin(2wt)

y()e =55 2 Y (1) = po+ e p(1).

This yields the claimed formula:

asin(2wt) asin(2wt)

y(t) =e Y poe” 20 +elp(t)e 2

Proof of Equation (8)
We define

ro(t)exp [—eb (t— “W)ﬂ

2w

Lemma F.3. Let €,b,w € R and y be a solution of
4 eb(1 — cos(2wt) )y + by? sin(wt) = 0.

Then there exists a constant C such that
y(t)

_ Zo(t) '
C+ bf(;S sin(ws)xo(s)ds

Proof. We put z:= % such that 2 = —y~2g or equivalently § = —z~2%. This gives
2 —eb(1—cos(2wt))z = —y 2 — eb(1 — cos(2wt))y !
= —y 2 (4 eb(1 — cos(2wt) )y)
=—y 2 (—by2 sin(wt))

= bsin(wt).
Using this ODE for z we compute
% (z(t)o(t)) = 2(t)xo(t) + 2(t)do(t)
=0 (t) [2(t) + 2(t) (—eb+ ebcos(2wt))]
=10 (t) [2(t) — ebz(t) (1 — cos(2wt))]
= xo(t)bsin(wt).

Integrating from 0 to ¢ and abbreviating z(0)zo(0) =: C' yields
¢
z(t)xo(t) =C+ b/ xo(s)sin(ws)ds.
0

The Lemma follows by inserting z(¢) = y(t) 1.

(30)



G. Supplementary Details to Section III.A

Proof of Equation (10)

We have

9”1’0(15)
ni=x(t+nT)=L+—=—"-"—""—.

=2l nT) = Lt m N ®

Let a:=xo(t), b:= X (t), ¢:=C and y,, := z,, — L. We compute

a ab ab?
(o —y1)y2 = <b+c N c+b9> c+ 002
ac+ abl — abb— abc ab?
:< (b+c)(c+b0) >c+b¢92
ac—abc ab?
(b+c)(c+b0) c+bo2"

Next, we compute

ab? ab a
0(y2=y1)yo =0 <b92+c N c+b0) ctb
ab?c+ab3b—abh3 —ach\ ba
:( (c+b62)(c+bo) )c+b
ab?c—ach fa
" (c+b02)(c+b0) c+b
abc—ac 6%a
T (c+02)(c+b0) c+b’

Combining both equations we get

0= (yo —y1)y2 +0(y2 —y1)v0-

Since y, = x, — L we have y —y; = x — x;. Consequently

0= (yo—y1)y2+0(y2—y1)vo
= (zo —1)y2 +0(w2 — 21)yo
= (IEO 7121)1‘2 +9(I2 71‘1)"[0 7L((.Z‘0 7:171) +0(172 71‘1)) .

Rearranging gives
xo—x1)x2 +0(x2 —21)X0

L=
20— (1+0)x1 + 02

Proof of Equation (13)
We consider the Equation

(mo—xl)wg—i—@xg(xg—m) ($1—$2)$C3+93;‘1(.%'3—1‘2)

1‘0—(1+9)$1 +6zo 1‘1—(1+9)1‘2+0$3 ( )
where we recall that § = e~T € (0,1), x,, = x(t+nT) and
t T 0™ xq(t
= a(t+nT) = L+ 22U p wo(t) (32)

C+X(t+nT) ~ C+0"X(t)

X (t) is a T-periodic function and zo(t) is as in Equation (30). Note that z,, — L as n — oo. This implies that C' #0
as otherwise
0" xo(t) zo(t)

W= ey T X

AL



as zo(t) > 0. Using Equation (32), we get for n >0 and k£ >1
_ 9n+k$0(t) 0™ xo(t)
" O4ontEX(t)  C+0nX(1)
e 0Mao(t)  CH0"X(1) 0"z (t)
T O+ X () CH+0mtEX(H) CH0mX (1)
_0na(t) [9’f C+omX(t) }
CH+onX(t) | CH+om+kX(1)
o 0"xo(t) [OFC+OMTEX(t)  C+0"TEX (1)
CCH0nX(t) [ C+0ont+kX (t) C+9n+kX(t)]
o 0mxe(t)  C(OF—1)
CHOnX (1) CHomtHEX ()
#0. (33)

Tntk —

We prove:
29 29

Proof. We rewrite Equation Equation (31):

(20— o0)a2+ 620l —2) ) (1= 1+ 0)22+ 623 ) = (01 = b 4 0122 =) ) (10— (14 001+ 02

We further simplify by collecting the terms with and without 6’s in the large parenthesis:

((:co —x1)w2 + 00 (22 —x1)> (;vl —zo+6(x3— x2)> = ((xl —z2)x3+ 0z (23 — m)) (a:o —z10(z2 — x1)>

Next we expand:
(33() — :L‘l).%'g (1‘1 — .7;2) +9(:L‘0(562 — 3?1)(1‘1 —.%'2) + (3?0 — xl)xg(mg — :102)) +92$0($2 — 331)(5(}3 — 332)
:(1'1 7$2).’£3(£L‘0 — 1’1) +9($1(.’£3 — ZQ)(xo 7391) + ((El — :Cg)xg(xg — :Cl)) +92x1(m3 — 1’2)(.%2 — :vl)
We subtract all terms in the second line and get:
0 2(1‘0 —xl)(xl — 332)(5(:2 — 333)
+0 [7(1’0 — 1’3)(.%1 — $2)2 —+ (fﬂo — (El)(xg 7£82)(£L'2 71’1)]
+60% (20 — x1) (21 — 22) (22 — 3)
Considering Equation (33), we may divide by (21 —22)%(2¢ —23) and get

(zo — 1) (22 —3)
(z1—z2)(T0 — 73)

(1+6+6%) —0=0.

We define
(o —1)(x2 —x3)

(x1—z2)(x0 —23)

so that g#% 4 (g —1)0+g = 0. Hence

2

1-— 1-— 1-— 1

o=""J1 (=2} 12T Ja—g2-4g
2 2g 2 2g

-2 -1

In the last step (marked by !) we have pulled out (2¢) ™ out of the square root and written the factor (2¢g) ™" in front
of it. Really, we have to write |2g| 1. However, we can absorb the potential sign difference in the still ambiguous .
Only now we determine the correct sign. To prove that is is ‘—’, we use § = e~T € (0,1). In particular, # € R and so
(g—1)% > 4g?, which implies —1 < g < % . Additionally, due to Equation (33), we deduce g # 0. Now we distinguish
two cases.



1) For g € [-1,0) we have —12_99 <0. As 6 € (0,1) we deduce
1 2 2~
+ 49° + 1) >0.
2 P+(g-1)2*=>

This implies that — is the correct sign.
2) For g € (0,%) we note that -2 >1. As 6 € (0,1) we deduce

!

1 !
+—4/—44g? —1)2<0.
2% g2 +(g—1)2<0

Again, this implies that — is the correct sign.

H. Supplementary Details to Section II1.B

For parameters b,qg,w € R, §,¢ > 0 and we consider the Equation

2 —2esin®(wt)z + dq(t)2? = sin(wt).

where ¢(t) = goe~%". We treat 6 as a perturbative parameter and propose the ansatz

o0

2(t) = zn(t)o"

n=0
with initial values zo(0) = z(0) and z,(0) =0 for all n > 1.

Proof of Equations (17) and (18)

We claim that the following Equations follow:

0 — 2esin® (wt) zg = sin(wt),
20(0) = z(0).
For n > 1:

e
2 — 2€sin2(wt)zn =—q(t) Z ZjZn—1—j,
=0

2n(0) = 0.
Proof. Inserting the ansatz into Equation (35) gives
o0
Z (n — 2zpesin? (wt )) 6"+ 8q(t (Z 210 ) <Z zk5k>
n=0

We write
t) (Zzl5l> (Z zk5k> = q(t)dz (5" Zzazn a)
=0 k=0 n=0 a=0

Inserting gives

i (%n — 2z, €esin? (wt)) 6™ = sin(wt) — i <5n+1 Z
n=0 n=0 =

Comparing coefficients gives Equations (37) and (38).

©) 4nd p(lo) such that

Lemma H.1. There exist T-periodic functions py
0 0
20(t) =y (1) + e P (1),
Further, forn>1,1<j<mn and 0 <k <j+1 there exist T-periodic functions p

n j+1
o ( )_ eetp(n) )+Zze(k€_J5)tp§‘Z) (t)

j=1k=0

= sin(wt).

<5n+1 z”: zazna> )
a=0

n
ZaZn—a | -
a=0

(()n) and py,z) such that



Proof. For n =0 we can apply Lemma F.2 with y — 29, a = —e, 7 — 0 and ¢(¢) — sin(wt) to obtain the claimed
formula. For n > 1 we argue by induction. First we consider n = 1. We have

21— 2esin?(wt)z; = —q(t)23.

We insert zo(t) :p(()o)(t) +e€tp§0)(t) and use ¢(t) = goe ™% to get

2 2
1 — 2esin?(wt)z; = —goe % [(p(()o) (t)) + 2t (pgo)(t)) + 2€Etp(()0) (t)pgo) t)] -

The general solution to this Equation is given by

z1(t) = z1,n(t +221k (39)

Here z; 5, denotes a homogeneous solution and for & = 0,1,2 the function z; j is any solution of
21k — 2€ sin? (wt)z1 k= e_‘ste’“tPlyk(t)

where
Pig:= —QO< (0)) ; P1,1:—2¢J0p(()0)pgo) and Ppo:= —QO< (0))

We can apply Lemma F.2 to obtain T-periodic functions 7, (* denotes arbitrary indices) such that

zp(t) = ey (t),
21.(t) = ey 1 (t) + POy 5 ().

Using Equation (39), we get the claimed formula for z;.

Now we consider the inductive step n — n+1. Assume that the formulas for z; with 0 <k <n are already proven.

We have to compute
n n—1
Z ZaZn—a = 220%2n + Z ZaZn—a-
a=0 a=1
For 1 <a <n-—1 we have the formulas

a J+1
zq(t) = eetp(a) )+Z Ze(ke_]é)tpg‘(llc) (t)
J=1k=0
n—aj+1 '
Zn—a<t) = €6tp(n a) )"r Z Z e(l“*]‘s)tpgz—a) (t)

j=1k=0
Multiplying gives

Zain—a = 626tp(()a)p(()nia)

( ) n—aj+1 ( )
et (a ke—j0)t, (n—a
R RC) 9
j=1k=0
a j+1 '
+ eetpén—a) Z Z e(ke—gé)tpgz)
j=1k=0
a jtl ' n—aj+1 4
Z Z e(kefyé)tpﬁ) Z Z e(kefga)tpnga)
Jj=1k=0 j=1k=0

This sum is a linear combination of e~ with x = 0,...,n. The coeflicients of e~*9¢ are linear combinations of

functions of the form e/“!p(t) where p stands for a general T-periodic function and 0 < j < x + 2. Consequently

n K+2

n—1
ORI o A SENIUE
a=1 7=0

k=0



where 7,; are some T-periodic functions. Now, we compute

z02n =(py +ep\”) | eVt +ZZ (k=39 p(m) 1)

j=1k=0
0 LB RS, 1 0
_eetp( )p(n) )+Zze(ke—j6)tp(() )PE'Z)(t)
j=1k=0
n j+1
Jrezetpgo)pén) Jrzz ((k4+1)e— ]5)t (0) (n)()
j=1k=0

— KOt — KOt

Again, this is a linear combination of e where 0 < xk < n. The coefficients of e are again linear combinations
of functions e/“'p(t) where 0 < j < k+2 and p stands for a general T-periodic function. Therefore we have shown that

n K42 n+1 rk+1
efét Z Yaim—a = Z e*(ﬁ+1)5t Z Fr e]Et _ Z e*/{ét Z T (t)ejet
a=0 k=1 7=0
for some, potentially new. T-periodic functions ;. Absorbing —qo into the definition of the functions m.; we get
n+1 k41 )
a1 4 2esin?(wt) Z ZaZn—a = Z e rot Z T (£)e | . (40)
k=1 =0
We now argue as we did for n =1 and write
n+lr+1
Zn+1 = Zn+1,h + Z Z ZK,j (t)
k=1j=0

where z,41 5, is a homogeneous solution to Equation (40) and for 1 <k <n+1and 0<j<k+1

2, +2€ sin? (Wt)2k,j = e_'“&e]“?r,w

(n+1)

Using Lemma F.2 and resumming we deduce that there exist periodic functions p and p(n+ )

such that

L n+1j+1 ' )
g1 (t) _ eetp(n+ ) )+ Z Ze(kefjé)tpg'Z-F )(t>

j=1k=0
This finishes the inductive argument. O

The last step in the proof of Proposition III.2 is to resum the perturbative series. We compute

= Z 2 ()07
n=0

n j+1
:p[() +ef pl _’_Zén eet (n +ZZ (ke— ]6)t (n ()
j=1k=0
0 0 > i 1
_p(() )+€e ( )45 Zp(n) +ZZZ(5ne(kefj5)tp§z+ )(t)
1 n=1j=1k=0
oo oo j+1 ‘
:péo) +e€ (O) 45 Zp(”) + Z Z Z 6ne(kefj5)tpgz+1) (t)
1 =in=jk=0
J+1 [eS) '
_p(()O) 4 ect (0) 45 Zp(n) + Z 5330t Z ehet Z 6n7]p§_2+1)(t)
n=j

For j>1and 0 <k <j+1 we define

piw(t) = 6" Ipl @),

n=j



Note that n—j >0, so pjp = O(1) with respect to d. In particular, p;; do not blow up when ¢ — 0. Additionally, we
put

oo
0 0
poo:=py and  por=p{” + Zpén)-
n=1
Clearly, for all 0 < j and 0 <k < j+1, the functions pj, are T-periodic. Also, we get

00 Jj+1
2(t) =poo+epor + »_ [67e7IFD " ekelp (t)l

j=1 k=0
oS ' _ J+1
-y 5Z<>]
j=0 k=0

Proof of Equation (20)

Lemma H.2. Let >0 and f € C°(R) be positive. Then, for all t € [0, ﬁ]

¢ ¢
/ e Hf(s)ds < 26_“t/ f(s)ds.
0 0

Proof. Let F(t) := fg e P f(s)ds. As F is increasing and F(0) =0, we may estimate

/Ot e M f(s)ds = /Ot e M F'(s)ds
s=t

¢
=e "F(s) _/0 (—p)e "3 F(s)ds

s=0
t
=e MF(#)— F(0)+ / e M F(s)ds
(t) = F(0) uo, . F(s)
0<...<1 2'0

<e MF(t)+put sup F(s)
0<s<t

L (e M 4 ut)F (1)
t
= (e ¥ +,ut)/0 f(s)ds.

In the second to last step (marked by !) we have used that F' is increasing. For x € [0, %] we have x < e~ *. Indeed,
xe” is increasing on [0,00) and %e% =1/e<iVi=1 TForte|o, i] we have put € [0,4] and the Lemma follows by
estimating ut < e . O

Lemma H.3. Let € >0, w € R, R € CO(R) and £ solve £(t) — 2esin(wt)E(t) = R(t). Then, for t € [0, 2%]

€ € t
K@NSK@Wﬂw“+%wAIM$M&

Proof. Using 2sin?x = 1 —cos(2z), we compute

d | esin(2wt) _, esin(wt) [ d esin(2wt)
— e T2 | = et o0 t t)— | —et+—F7—=
etne ‘ €+ D (et E

| [§(t) +£(t) (—e+ecos(2wt))]
= o=t R [E(t) — 2esin? (wh)€(1)]
esin(2wt)

=e T30 R(1). (41)

esin(2wt)
= 6_€t+ 2w

Integrating gives

esin(2wt)
2w

t .
E(t)e et —am=/6*” 557 R(s)ds.
0



We now estimate

esin(2wt)

esin(2wt) t | €sin(2ws)
el6)] < et o) et = [ oot S s
0
t
< Ig(O) 4t [ et R(s)lds
0
t
<O+t [ e R(s)ds.
0
To estimate further we use Lemma H.2 to estimate
t t 1
/ e “°|R(s)|ds < 26_€t/ |R(s)|ds  for ¢t € [0,—].
0 0 26

Inserting this Estimate gives

t
£(0)] < [6(0)|eT et + 265 e /0 [R(s)lds = [6(0)|eF et +2¢5 [ |R(s)lds.

0
O
We now prove a criterion that ensures the convergence of the perturbation series in Equation (36).
Lemma H.4. If§ > € and
2¢ 1
24e’ |qo| <|z(0) + 5) <1,
the series in Equation (36) in convergent.
Proof. Put tg:= 55 and uy 1= SUPg<s<t, |2k (5)|- Applying Lemma H.3 to Equation (37) gives
up < |2(0)]e25 €% 4 25 ¢g =: . (42)
For n > 0, applying Lemma H.3 to Equation (38) and subsequently using Lemma H.2 gives
€ n tO
Upt1 < 265|q0|2/ e_és\zj(s)zn,j(sﬂds
5=0"0
€ " to
< de |gole™ 0% Z/ |2j(5)2n—j;(s)|ds
=070
n
< 465|q0|e_6t0t02ujun_j. (43)

§=0
We use ze~* < 1 for all > 0 to estimate tge %0 < §~1 and put C :=4(ed) e |go|. For n >0, we define a,, by
n
Ap41 = CZajan_j. (44)
§=0

We claim u,, < ay, for all n > 0. For n =0 this is true by definition and for n > 1 it follows inductively. Indeed,
assuming ug < ay, for all 0 < k <n we estimate

(3 - (44)
Un+1 S C’Zujun,j §CZajan,j = Qp41-
Jj=0 J=0

Therefore 3 - 2nd™ converges absolutely when »° < a,d™ converges. To derive a criterion for the convergence of



> n>00nd"™ we consider the generating function A(z) =3, ajzd. Using (44), we compute

CzA%(z) = Z Cx (Z akxk> (Zalxl>
n=0 k=0 1=0

=Cur Z lm" i akan_kl
k=0

n=0

S

n=0

oo
= Z xn—i—l an+1
n=0

= A(z) — ayp.
This shows that A(z) satisfies the quadratic equation CzA(z)% — A(z) + g = 0. Therefore

_ 1+y1-4Capx
N 2Cx '
The correct sign is —. Indeed, assume + was correct. Then we get a contradiction as

1++v1—-4Capx lim 2
i

A(z)

ag = A(0) = lim A(z) < lim , which is divergent.

r—0 z—0 2Cx z—02Cx
So
1—+v1—-4Capx
Alz) = ————.
2Cx

We use the expansion

to expand

1

_ = 7L 2 o n+1,n
,HZ::O 20<n+1>( 4Cag)™ g,

By definition A(z) =", < anz™. Comparing coefficients, we get

_ -1 % n+1
Qp = 2°C (n+ 1) (—40040) .

We use Stirling’s approximation to get an asymptotic expansion of a,:

i 2n\ (—1)"*+!

(5) B (n>451<2711>

(2n)! (-1)"*

~ (nh24n(2n—1)

N (2n)*™ T (e)? (!
e2n (nn)Q(\/%Q 4n(2n)

_o4r (—pntt

/7 4n(2n)

_ (_1)n+1 i

2V p




Using this asymptotic formula we get

—1(-1)" 1 1 (4Cap)"t!
Qpy ~ ﬁ(2 ) ( 1)n+1(40a )n—i—l e ( aO) .
To ensure convergence of ) - ;0" we must require
" 6n+1 1 4 n+2 1 4 n+1\
1> lim 2% — 5 lim (4Ca0) (4C0) _ = (4Cag)6.
n—oo  apd n—oo | A0V (n42) ACVT (n+1)2
Inserting the definition of C' we get
! € €
1>4Capé4 (4((56)_165 |q0|) § =16 L agev|qo|.
By definition ag = ug. Hence
16e L ages |qo| < 16 e |qo| (\Z(O)|ei+6t0 +265t0) .
We have tg = % 2i The last step is justified by requiring € < . Hence
4Capd < 16 ages lqo]
<16e ‘e |qo| (|z(0)|ei+€t0 +265t0)
< 16e~"ew|qo| *32 gew
1 £ 4 c
<16e e |go|  |2(0)]e25 - 4—|—Sew
1 € € 1 ¢
< 16e ew\q0|<4 w) Sew
-1 2% 1
< 64e~ 65 go] (|2(0)|+ 5
2£ 1
<2465 g0} (12(0) + 5 ).
In the last step we have used that 64e~ ! =23.544... < 24. So, if
2£ 1
24625 aol (120 + 5 ) < 1.
the series ), <o, 0™ converges and hence ) -2, (t)0" converges absolutely. O

Detailed proof of Corollary II1.3
Step 1: A Zeroth Order Extraction Law
Including only the first term of the perturbation series gives

2(t) =po(t) +e~“pi(t)
where po and p; are T-periodic. We fix an arbitrary ¢ and put pg := po(t), p1 :=p1(t) as well as zy, := z(t+nT'). Then
zn =po+A"p1.

We consider the following two equations:

Znt1—2n = A" (A=1)p1

Znt2— g1 = A"THA-1)py
Subtracting A times the first equation from the second gives

Znt2—(1+A)zpy1+ Az, =0
Recalling that y = 1/z, puttning y,, := y(t+nT) and multiplying by ynyn+1yn+2, we get

YnYnt1 — (1+ A)ynyniz + AYnt1ynt2 = 0.



By definition y =z — L — ¢ = h— L. Putting h,, := h(t+nT), we get

0 =hnt2hn+1 — (1+A)hphnia+ Ahpiohn o
+ L% —(1+ AL+ AL?
 hnL— Lhpp1+ (14 A)(Lhyso +hn L) — A(hni1 L+ Lhn o)
=hni2hnt1— (1+A) hphnio+ Ahpyohn o
4 L(—hn— s + s + o+ Abna + Al — Ayt — Ahpso)
=hptohnt1— 1+ A)hphpyo+ Ahpiohnio
+ L(=hpny1+hng2+ Ahy — Ahpi).

Rearranging, we get

hn+2 hn+1 - (1 + A>hnhn+2 + Ahn+2hn+2

L =
o+ (1+ Ay — Ahy,

Step 2: A First Order Extraction Law
Including the first two terms of the perturbation series gives

2(t) = po(t) + e p1 () + e (p2(t) + e p3(t) + > pa(t))
where py are T-periodic functions. Putting z, := z(t+nT) and py := p;(t) for 0 <k <4, we get
Zn = po+A"p1+ B (pa+ A"p3 + A*py).

We now methodically combine these equations for various n to get an identity with right hand side 0. We begin by
computing
Zng1 —2n = A"p1(A—1)+ B"(B —1)py+ B"A"(BA —1)p3 + B"A?"(BA% —1)py.

Hence
Zn+2 — Zn+1— A(Zn+1 - Zn)
:An-i-lpl(A_ 1)+Bn+1(B— 1)p2+Bn+1An+1(BA_ 1)p3+Bn+1A2(n+1)(BA2 o 1)}74
— (A"p1(A—1)+ AB™(B —1)p2 + AB"A™(BA — 1)p3 + AB" A*"(BA? — 1)p4)
=B"(B—1)(B— A)py+B" A" (B—-1)(BA—1)p3 +B"A*" "1 (BA—1)(BA? - 1)p,.

Next we compute

Zn+3 T Zn+2 — A(Zn—i-Q - Zn-l—l) -B (Zn+2 —Zn+4+1— A(Zn+1 - Zn))
=B"tY(B—1)(B—A)py+B" 1A 2(B—1)(BA—1)p3 +B" "1 A +3(BA—1)(BA? —1)py
— (BB™(B—1)(B—A)p2+BB" A"t (B—1)(BA—1)ps+ BB"A*"*(BA—1)(BA? —1)p4)
=B" A Y A1) (B-1)(BA—1)p3+ B" 1 A" 142 _1)/BA—1)(BA? —1)ps.
We simplify

Zn+3 — Zn+2 — A(ZnJrQ - ZnJrl) -B (Zn+2 —Zn+1— A(szrl - Zn))
=zn+3— (1+ A+ B)znto+2n41(A+ B+ AB)— ABz,.

So we get

Zn+3 — (1 +A+B)ZTL+2 +Zn+1(A+B+AB) — ABZn
=B" ALY (A1) (B—1)(BA—1)p3+B" 1 A?"T1 (A2 —1)(BA—1)(BA? —1)p4.

Now we compute

Znta — (14+A+B)zny3+2n42(A+ B+ AB) — AB2y 41
—AB(zn43—(1+ A+ B)znr2+2n41(A+ B+ AB) — ABz,)
=B"T2A?" (A% —1)(A%? —1)(BA—1)(BA? —1)py.



So, we arrive at the identity

Znts —(1+ A+ B)zpya+ 2nt3(A+ B+ AB) — ABzp 42
—AB(znta— (1+ A+ B)znts+2znt+2(A+B+AB)— ABzpy1)
~A’Blzpya— (1+ A+ B)znis+ 2ni2(A+ B+ AB) — ABzy 41
—AB(zp43—(1+A+B)zni2+2n41(A+B+AB) — ABz,)]
=0.

We collect terms

0=+2zn+5
— 2nya(1+ A+ B+ AB+ A’B)
= +2,43(A+ B+ AB+AB(1+ A+ B)+ A’B(1+ A+ B) + A>B?)
= —2p49(AB+AB(A+ B+ AB) + A2B(A+ B+ AB)+ A3B?(1+ A+ B))
= +2,41(A’B? + A3B? + A3B*(A+ B+ AB))
=_—A‘B32,

. We can simplify further by taking n =0 and combining terms:

0=+425
—2(1+ A+ B(1+ A+ A?%)
=+23(A+B1+A)A1+ A+ A%+ B2A(1+ A+ A?))
= —2(AB(1+ A+ A?)+ (A+1)B*(A+ A% + A3) + A3B?)
=+21(AB*(A+ A2 + A3+ A3B3(1+ A))
= —A'B3z

H. Simulations Simple model with/without noise
We first define all parameters

1 e= .01;

2 b = 2;

3 T = 3;

1w =2 7/T;

5 0 = Expl-e b T];

Mathematica Code 1. Definitions

Next, we define the noise function. To do so, we first choose a parameter dt > 0 and define the function

1 ifo<t<dt

0 else

Bumb(t) = {
We now generate a random sequence of numbers R; and define the noise function

n(t) := € Z R; Bump(t —idt).

1 dt = .5;

2 Bump[t_] = UnitStep[t] - UnitStepl[t - dtl;

3 TableR = RandomReal [{-1, 1}, 90/dt];

+ n[t_] = €°(2) Sum[TableR[[i]] Bump[t - i dt], {i, 1, 90/dt}];
Mathematica Code 2. Definitions

Next, we implement the extremum seeking ODE

1+ €b(1 — cos(2wt) )y + by? sin(wt) = —be? sin(wt)® + n(t) sin(wt).

To generate the graphics without noise the last term in this equation must simply be dropped.



1
2

1

s = NDSolve[{y’[t] + ¢ b (1 - Cos[2 w t]) y[t]l +
b yl[t]1"2 Sinfw t] == -b € Sinf[w t]°3 +
n[t] Sin[w t], y[0] == 1.3}, y, {t, 0, 100},
AccuracyGoal -> 15];

5 sol[t_1 = y[t]l /. s;

6

8

(xPlot*)
Plot[sol[t]l, {t, 0, 30}]

Mathematica Code 3. Definitions
Next, we implement the extraction scheme

(xo—x1)x2+0(22 —21)T0

L:
20— (1+0)a1 + 02

This formula requires the knowledge of 8. To extract 6, we first define

(zo —21)(22 — 73)
(z1—x2)(T0 — 73)

and obtain 0 as

1-9g 1
0=—"2_ —\/(1—g)2—4g2.
5 g (1-9)?—4g

We define extraction formulas for L with the extracted and the exact value of 6. The first is called ExtraL(¢) and the
second one Extral.Cheat(t).

2

is
is

glt_1 = Min[
1/3, ((sol[t] - soll[t + T]) (soll[t + 2 T] -
sol[t + 3 T]))/((sol[t + T] - soll[t + 2 T]) (sol[t] -
sol[t + 3 T1))1;

Extrafl[t_1 = -(glt]l - 1)/(2 gltl) -
1/(2 gltl) Sqrtl(glt]l - 1)°2 - 4 gl[t]l"2];

ExtralL [
t_] = ((sol[t][[1]] - sol([t + TI[[1]1]) sol[t + 2 TI[[1]1] +
Extraf[t] sol[t][[
111 (sol[t + 2 TI[[1]] - sol[t + TI[[111))/(sol[t]ILL
111 - (1 + Extraf[t]) sol[t + TI[[1]] +
Extraf[t] soll[t + 2 TI1[[111);

ExtralLCheat[t_] = ((sol[t]J[[1]] - sol([t + TI1[[1]1]) sol[t + 2 TIIL
111 + 0 sol[t][[
111 (sol[t + 2 TI[[1]] - sol[t + TI[[111))/(sol[t]ILL
11] - (1 + 6) soll[t + TI[[1]] + 6 sollt + 2 TIILIL
111);

(*¥Plot for extracted 6x)

;, Ptheta = Plot[{#, Extrafd[t]l, 6}, {t, 0, 30} ,

PlotRange -> {{0, 30}, {.86, 11}},
AxesLabel -> {t, 0"}, LabelStyle -> {FontSize -> 15},
PlotLegends -> {
0", 0"},
PlotStyle -> {RGBColor [0.368417, 0.506779, 0.709798],
RGBColor [0.880722, 0.611041, 0.142051],
RGBColor [0.368417, 0.506779, 0.709798]1}]

(xPlot for g*)
Plot[gltl, {t, 0, 30}]

(x*Plot for extracted Lx)
PComp = Plot[{sol[t], ExtraL[t]}, {t, 0, 30}, PlotRange -> All,
AxesLabel -> {t,

}, LabelStyle -> {FontSize -> 15}, AxesOrigin -> {0, -.2},
PlotLegends -> { s
}]

Mathematica Code 4. Definitions
The extraction scheme is also employed with an averaged value of #. First, we define an averaged value of 6, that

obtained by averaging the extracted € over intervals [0,kT] for k =1,2,3. Afterwards, the extraction formula for L
implemented using these averaged values.



1 avfl =

> 1/(T) NIntegrate[Extraf[s], {s, 0, T}, AccuracyGoal -> 5,

3 WorkingPrecision -> 10]

. avf2 =

5 1/(2 T) NIntegrate[Extraf[s], {s, 0, 2 T}, AccuracyGoal -> 5,
6 WorkingPrecision -> 10]

7 avf3 =

& 1/(3 T) NIntegrate[Extraf[s], {s, 0, 3 T}, AccuracyGoal -> 5,
9 WorkingPrecision -> 10]

11 Extralnewmeani [

12 t_] = ((sol[t][[1]] - sol[t + TI[[1]]) sollt + 2 TI[[1]] +
13 avfl sol[t][[
14 111 (sollt + 2 TI[[11] - sollt + TI[[111))/(sol[t]1[L
15 111 - (1 + avf1l ) soll[t + TI[[1]1] +
16 avfl soll[t + 2 TI[[111);
17 Extralnewmean2 [
18 t_] = ((sol[t][[1]] - sol[t + TI[[1]]) sollt + 2 TI[[1]] +
19 avf2 sol[t][L
20 111 (sol[t + 2 TI[[1]1] - soll[t + TI[[111))/(sol[t]ILL
21 11] - (1 + avf2) sol[t + TI[[1]] +
22 avf2 soll[t + 2 TI[[111);
23 Extralnewmean3 [
24 t_] = ((sol[t][[1]1] - sollt + TI[[1]1]) sol[t + 2 TI[[11] +
25 avf3 sol[t][I[
26 111 (sol[t + 2 TI[[1]] - sol[t + TI[[111))/(sol[t]I[L
27 11] - (1 + avf3) soll[t + TI[[1]] +
28 avf3 sol[t + 2 TI[[11]1);
29
30 (*¥Plot*)
51 Plot [{ExtralLnewmeanl[t], ExtralLnewmean2[t],
32 Extralnewmean3[t]}, {t, 0, 30},
PlotLegends -> { 0 5
34 0 H
35 0 },
36 AxesLabel -> { s }, LabelStyle -> {FontSize -> 15}]

Mathematica Code 5. Definitions

Including a Drift
We first define all parameters

1 T = 3;

> w = 2 7w/T;

;3 € = .13

16 = .4;

5 y0 = 23

¢ A = Exple T1;

7 q0 = .01;

s A = Exple TI1;

9o qlt_] = q0 Exp[-0 t];

Mathematica Code 6. Definitions

Next, we define the noise in the same way as we did before

1 dt = .5;

2> Bump[t_] = UnitStep[t] - UnitStep[t - dt];

; TableR = RandomReal [{-1, 1}, 90/dt];

n[t_] = € (2) Sum[TableR[[i]] Bump[t - i dt]l, {i, 1, 90/dt}];

Mathematica Code 7. Definitions
We now implement the ODE
7+ 2esin? (wt)y + y? sin(wt) = —e?sin(wt)® + dq(t) — sin(wt)n(t).

To generate graphics without noise it again suffices to just drop the last term in this equation. We also define
h(t) :=y(t) — ¢(t) and implement the extraction scheme

hpg2hni1 — (1 +A)hyhyyo + Ahpyohn o

L=
—hnt2+ 1+ A)hy1 — Ahy

To generate graphics without noise it again suffices to just drop the last term in this equation.



1 s = NDSolvel[{y’[t] + 2 € Sin[w t]"2 y[t] +

2 y[t]1"2 Sin[w t] == - €2 Sinf[w t]1°3 + \

; 0 qlt] - Sin[w t] nlt]l, y[0]l] == yo}, y, {t, 0, 70}];
1 soll[t_]1 = y[t]l /. s;

5 h[t_]1 = sollt]l - qltl;

6 L[t_] = (hlt + T] hlt] - (1 + A) h[t + 2 T] h[

7 t] + A h[t + 2 T] h[t + T])/(-h[t + 2 T] +
8 hit + T] (1 + A) - A h[t]);

9

10 (*xPlot *)

11 Plot [{sol[t], L1[t]}, {t, O, 30}, AxesOrigin -> {0, -.1},
> PlotRange -> {{0, 30}, {-.1, .6}}, LabelStyle -> {FontSize -> 20},
AxesLabel -> { s

1,

16 PlotLegends -> {

17 Row [{ il

18 Row [{ 1]
19 ]

Mathematica Code 8. Definitions

Obtaining the graphics for various I' is achieved by generating plots for the various choices of parameters described
in Subsection IV.C and combining the plots.
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